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... you can’t connect the dots looking forward; you can only connect them
looking backward. So you have to trust that the dots will somehow connect

in your future. You have to trust in something: your gut, destiny, life,
karma, whatever. This approach has never let me down, and it has made all

the difference in my life.

- Steve Jobs





A B S T R A C T

The increasing demand in the manufacturing market for highly cus-
tomizable products requires high agility in the production systems.
High agility means that these systems must be flexible enough to
adapt quickly to product changes, ensuring, at the same time, high
quality of the products.
In response to these new requirements, the actual trends among robotic
researchers search for ways to reintroduce human operators’ intrinsic
flexibility in the production system. In particular, the actual trends
regard using artificial intelligence and collaborative robotics. The for-
mer can be employed to learn a task directly from the human oper-
ator by direct demonstration or imitation. In contrast, the latter rein-
troduces the human operator in the workspace, making them work
side by side with the robots. Both trends can successfully increase the
flexibility of the robotic cell, but they come with some downsides. In
particular, by using artificial intelligence, the task is no longer hard-
coded in the robot program but it results from the predictions of ded-
icated algorithms. On the other hand, the reintroduction of human
operators in the workspace implies that their safety must be ensured.
Therefore, the added stochasticity and unpredictability of these sys-
tems demand the introduction of an additional safety layer to limit
possible risks of collisions between the robot and the environment in
which it moves, comprising the human operator eventually.
In this scenario, this work aims at providing possible solutions to
collisions. Firstly, a mechanical approach is deployed to study mono-
dimensional impacts between the robot and movable objects and be-
tween the robot and fixed obstacles. A mathematical model of the im-
pacts is developed, comprising robot compliance, end-effector compli-
ance, and impact characteristics. A mechanical solution, in the form
of a non-linear bi-stable mechanism, is proposed to mitigate these col-
lisions, and experimental validation corroborates the validity of the
models. Two prototypes are designed for mono-dimensional tasks,
and one other prototype is designed for extending these concepts to
bi-dimensional impacts. All these prototypes confirm the usefulness
of the proposed mechanical system in mitigating collisions. Then, a
multi-physics approach is adopted to design a hydraulic system as
an alternative to the mechanical one. A comparison between the two
solutions is proposed, showing the pros and cons of adopting either
one or the other system.
Finally, a collision avoidance algorithm is designed to tackle the prob-
lem of avoiding human operators during a collaborative task. The sys-
tem adopts a state-of-the-art algorithm to calculate the trajectory of
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the robot. However, it uses a novel preprocessing phase to eliminate
the robot from the images and avoid the estimation of the distances
between the human operator and the robot.

Keywords: Industrial robot, flexible systems, smart robotics, collab-
orative robotics, collision mitigation, collision avoidance
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1
I N T R O D U C T I O N

1.1 changes in robotics trends

In the last decades, industrial robotics has been facing the challenge
of coping with a rapidly changing environment, driven by the de-
mand for small lots of highly customizable products. This new type
of demand requires the adoption of highly flexible and agile systems.
In other words, there is a need to secure both quick market responses
and high-quality products [1].

In the past, automation substituted the highly flexible human as-
sembly system to reduce the cost of labor in Western countries and
increase the productivity and competitiveness of the companies. With
the increase in product variety demand, different designs have been
proposed to increase the flexibility of the robotic system. One exam-
ple is the so-called Flexible Assembly System (FAS), where the human
is substituted with a manipulator and a series of reconfigurable bowl
feeders. However, despite the very short cycle time, their cost and set-
up time are directly proportional to the complexity of the assembly
that can influence the final dimension of the system and the number
of feeders. Moreover, changing the product could require a complete
transformation of the system. Therefore, Fully Flexible Assembly Sys-
tems (F-FAS) [2] have been designed to overcome some limitations.

The overall system consists of a manipulator, a single flexible feeder,
and a vision system. This constructive simplicity eliminates the neces-
sity for modifications to the system at product change but reduces the
throughput with respect to FAS. As an intermediate solution, Hybrid
Flexible Assembly System (H-FAS) [3] reintroduced the bowl feeders
for the most complex or numerous parts of the assembly, reducing
the cycle times but incrementing the cost and set-up time.

These systems are examples of the effort of the researchers to over-
come the new market trends. However, the flexibility is still much
lower than the manual assembly system.

Thus, the researchers’ interest shifted toward finding ways to rein-
sert the human operators in the task, trying to instruct the systems
based on their expertise, or using them to cover for the most complex
phases of the task. Consequently, the trends turned toward intelli-
gent and collaborative robotics [4]. The former can increase flexibility
through the ability of the robot to learn directly from the operator [5]
or to generalize its expertise to different tasks [6]. Therefore, consid-
ering that the cost of a robotic application is related 50/70% to the
robot programming and integration [7], the use of intelligent robots
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can reduce the time and resources required to implement a new solu-
tion.

The second trend sees collaborative robotics as a way to increase
production flexibility by reintroducing the human worker in the task
[8]. In this way, humans’ flexibility and complex reasoning ability are
mixed with the precision and repeatability of the robots.

These new trends can be seen as a direct evolution of the F-FAS
[2] or the H-FAS [3] systems to increase their flexibility further. For
example, an artificial intelligence (AI) algorithm can improve those
systems by detecting multiple 3D grasping poses in real-time. Then,
it can send them to an autonomous robot that can select and reach
the most suitable pose [9]. Without an AI, all those poses must be
hard-coded in the robot program slowing down the robot integration
and the overall performance.

The increase in flexibility consequent to adopting either of these
two systems is undoubted. However, since they can be considered
new frontiers in robotics, there is still much work to be done from a
regulation point of view [7, 10]. Therefore, current regulations lengthen
the time necessary to implement these solutions, making them less
attractive than traditional systems and limiting their application. The
main issue with these solutions is related to safety reasons. Indeed,
the possible inaccuracy of the predictions or the unpredictability of
the human movement can put in danger the various components of
the robotic system, including the human operator, if present.

In the next paragraph, an overview of the two trends is proposed,
and safety considerations are drawn.

1.2 learning algorithms : learning from demonstration

The literature about applications of artificial intelligence algorithms
in industrial robotics is mainly focused on vision systems [6]. These
systems are designed to replace the human operator in tasks of detec-
tion, localization, recognition, and scene understanding. For example,
they can be used to inspect parts for defects [11], to predict grasping
poses of objects disposed on a plane [12, 13], or objects poses even
when overlapped [14].

Aside from vision systems, the literature offers interesting applica-
tions where authors made use of the so-called learning from demon-
stration (LfD) approach [5]. Recalling that collaborative robotics is
born to take advantage of human dexterity during a task, with LfD,
the authors are trying to learn that ability and transmit it to the
robots.

Humans use demonstrations to teach other humans.
With the same logic, robotic tasks can be taught by observing a hu-

man operator executing the task [15]. The Learning from Demonstra-
tion (LfD) approach is fascinating because the teaching phase does
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not require specific programming skills from the person that executes
it. Indeed, a robot can learn the task through direct demonstration or
imitation. The direct approach demonstrates the task using teleopera-
tion or kinesthetic movements. The mapping between demonstration
and execution is one-to-one. Hence, transformations are not required.
On the other hand, in the imitation framework, the learning system
observes the human executing the task. Thus, it does not influence
normal behavior.

A basilar approach uses kinesthetic movements to show the sys-
tem how to grasp an object. In [16], the authors fed a Convolutional
Neural Network (CNN) with all the robot and gripper poses and
all the data available from the sensors. The resulting trained model
generates a heat map over the objects representing how suitable a
particular position is for grasping. Consequently, the algorithm can
generalize the demonstration over the entire workspace and object
orientations.

Furthermore, demonstrations can also be used to learn trajecto-
ries. A common approach is to use Dynamic Movement Primitives
(DMP) [17] to generalize the trajectories learned from the operator.
With only fixed obstacles, one single demonstration is required to ob-
tain a model able to generalize to different operative conditions (i.e.,
different starting or ending positions) [18].

Another interesting way to demonstrate the task to the robot is
through imitation. In [19], the operator executes an assembly task
while being recorded by an optical device. This method prevents
workers’ natural assembly motion from being modified. The only dif-
ference from everyday work is the presence of markers on the opera-
tor’s hand that are necessary to track the hand movements.

Although these examples generalize the operator work, in most
cases, they will not improve over it. Therefore, the resulting policies
can be sub-optimal. One way to do this is by implementing demon-
stration in a Reinforcement Learning (RL) framework [20]. This fam-
ily of learning algorithms learns through a trial and error approach,
trying to maximize a reward function. However, considering the high
amount of variables to be controlled in a robotic cell (for example,
all the robot joints’ positions and velocities), the reward function re-
quires a lot of effort from a design point of view to be effective, and
the training requires a lot of time to achieve high accuracy. For exam-
ple, in [21], the authors taught a robot to assemble a circuit breaker
without any prior knowledge. The teaching lasted 1380 minutes to
achieve 94% of accuracy.

Due to the amount of training necessary and the high number of
variables to tweak, the training is often executed in simulators to pre-
vent damage to the system. However, the resulting accuracy is higher
than the one shown in the real world [20].
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A possible solution to speed up the training and increase the accu-
racy is to use human demonstrations to show a plausible policy to the
robot. This demonstration can be used to generate a reasonable initial
policy [22]. Thanks to demonstrations, the RL algorithm can achieve
a high success rate in a reasonable time [23]. Moreover, thanks to its
exploratory nature, it can improve over the demonstration, increasing
its efficiency and coping with unexpected and untrained scenarios.

In conclusion, artificial intelligence algorithms are stochastic, and
a minimum variation in the operative conditions or sensor readings
can take to a completely different outcome. Therefore, their predic-
tions are not always accurate enough to rely on them entirely, and
errors can occur. Consequently, industrial environments require an
additional safety system to prevent collisions and costly damages to
the robotic system [24].

1.3 collaborative robotics

As mentioned in the first paragraph, human-robot interaction (HRI)
can take advantage of both the dexterity and flexibility of human op-
erators and the repeatability, speed, accuracy, and strength of robots
[10]. As a result, higher agility is achieved, and complex tasks can be
completed without the need to hard-code them in the robot control
program.

Even if traditional robots can be employed in a collaborative envi-
ronment, a new family of robots, called cobots, is born to answer this
specific purpose. Cobots are equipped with sensors and procedures
to detect, prevent and react to impacts [25, 26], or their frame can
be designed for this purpose [27]. In addition, thanks to their ability
to work with human operators, they are not restricted inside closed
cells. Therefore, they can be mounted over mobile robots and moved
around factories with extreme simplicity to, for example, cover for ill
workers or assist inexperienced operators [28].

This freedom comes at a cost. The operators’ safety must be en-
sured, and the risk of a specific application must be assessed [29, 30].
The risks can be categorized into three different classes [30]: robot-
related hazards, hazards related to the robot system, and application-
related hazards. Moreover, due to the unpredictability of the human
worker and the general dynamics of a collaborative task, the safety
systems must assess all these risks in real-time to be effective.

Consequently, it is not a coincidence that the current research trend
in the field is related to the development of systems to be paired with
cobots to decrease the risk of their use [31, 32]. In addition, pure
collaboration is mainly avoided to reduce that risk intrinsically. In-
deed, in general, the Human-Robot Interaction can be divided into
five categories [4]: cell with a fenced robot, coexistence, sequential col-
laboration, cooperation and responsive collaboration. Most works are
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related to coexistence and sequential collaboration. The former sees
operators and robots execute tasks in a separated workspace, whereas
the latter sees them execute tasks at different times. Therefore, there
is no direct human-robot interaction.

This limitation is mainly due to the impossibility of the robot to
perceive the environment in which it moves. Indeed, the robot should
master the three fields of obstacle avoidance, predictive control, and
task recognition to be fully autonomous [33]. As an example, the hu-
man can interfere in the robot workspace as a result of a trajectory
error or of a time sequence error [34]. In the former, the robot should
predict the probability of a possible collision. In the latter, it should
redefine its task and warn the operators of their poor performance.
Knowing or predicting operators’ intentions prevents useless move-
ments, increasing productivity [35].

1.4 aim of the work

The new industrial robotics trends increase the unpredictability in an
industrial setting and, consequently, the number of risky scenarios
during the execution of a robotic task.

This research aims to provide solutions to compensate for these
new challenges, reducing the possible damages to the robot or the
environment in which it moves.

The main part of this thesis adopts a mechanical approach to de-
sign systems that ensure a passive and instantaneous response to un-
predicted collisions at the end-effector level. In other words, it as-
sumes that the control algorithm can be faulted or that the sensors
can be inaccurate enough to cause an imprecise analysis of the possi-
ble risks [24]. Moreover, it can also be exploited in a collaborative task.
Indeed, in general, aside from the built-in features of cobots, collision
avoidance approaches use vision systems [36]. However, they can be
faulty due to possible occlusions when multiple persons or objects are
present in the scene. In that cases, the human worker can go unseen
and be hit by the moving robot.

The final part looks at the problem of preventing collisions between
the robot and human operators. Therefore, the solution must detect
and react to human movements in real-time, modifying the robot’s
trajectory when the operator is too close to the robot.

The works presented in this dissertation can answer to a "safety
through control" approach to human-robot interaction. Indeed, four
types of safety can be identified in collaborative robotics [37]: safety
through control, motion planning, prediction, and consideration of
psychological factors. Control methods can be divided into two cat-
egories: pre and post-collision. Pre-collision methods increase safety
by trying to avoid collisions or limiting robot speed and energy in
specific risky areas. However, if the system fails and a collision oc-
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curs, post-collision methods must detect and minimize the damage to
the human and the robot. Therefore, this work will present, firstly, a
post-collision mechanical approach to mitigate collisions between the
robot’s end-effector and the environment and, finally, a pre-collision
approach to collision avoidance.

1.5 overview of the dissertation

Aiming to address the problem of collisions raised in the previous
Sections, this dissertation presents solutions to both collision miti-
gation and collision avoidance problems. In particular, the collision
mitigation solutions are novel since they employ a mechanical ap-
proach to the problem, whereas typically, the approaches are related
to improving the control systems. On the other hand, the collision
avoidance solution proposes novel alternatives to the preprocessing
phase of state-of-the-art algorithms.

Chapter 2 presents a study of mono-dimensional collisions between
the robot and objects that are free to move. The study considered the
influence of robot and end-effector compliance during the collision
between the end-effector and the environment. The study brought
to the design of a novel end-effector that can mitigate the collisions
between the robot and objects disposed on a plane, reducing the mo-
mentum transferred to them. In particular, the end-effector uses a
non-linear bi-stable mechanism to decouple the tool from the robot.
The experimental validation of the models by means of a prototype
of this end-effector is proposed.

Chapter 3 extends the previous study by considering the impacts
of the robot against hard surfaces. Again, the bi-stable mechanism
is proposed as a solution. A new prototype has been designed to
validate the models experimentally. Finally, the Chapter presents an
extension of the bi-stable mechanism to 2D by employing a rotational
device that aligns the bi-stable mechanism along the direction of the
impacts. The tool has been validated experimentally, demonstrating
its functioning.

Chapter 4 addresses the collision mitigation problem with a multi-
physics approach. A hydraulic solution has been designed, and an
analytical comparison with the bi-stable mechanism is proposed. The
two solutions present peculiarities that make them suitable for differ-
ent situations and must be considered in the choice of the mitigation
system.

Chapter 5 shifts the focus to collision avoidance. A novel approach
to the problem is presented that employs Radial Basis Functions to
remove the robot from depth images of the workspace and generate
a repulsive function to divert the robot’s trajectory from the possible
obstacles.

Finally, in Chapter 6, conclusions and future work are presented.
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published work Parts of this dissertation, including figures, have
been published or will be published in the future. The published works can
be found in [6, 38, 39, 40, 41].
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2
M I T I G AT E C O L L I S I O N B E T W E E N R O B O T S A N D
O B J E C T S

This Chapter presents the study of monodimensional impacts between the
robot and objects disposed on a plane and free to move. A mathematical
model of impacts comprising robot dynamics, end-effector compliance, and
impact characteristics is proposed. This study brought to the design of an
end-effector able to reduce the momentum transferred to the objects. This
end-effector can be helpful, for example, to speed up positioning tasks in
teleoperation without increasing the risks of the operation. In addition, the
model exposed in this Chapter will be the basis for the one in Chapter 3 where
it is integrated to mediate collisions with hard surfaces.

2.1 impact between the robot and its environment

Recalling the LfD approach exposed in Chapter 1, one possibility to
teach a task to a robot is by teleoperating it. Teleoperation sees a hu-
man operator moving a robot remotely by means of a dedicated joy-
stick. Its effectiveness relies on the control system that tries to achieve
the goals of stability and telepresence [42, 43]. Stability means that
the system remains stable independently of an operator and environ-
ment behavior. In contrast, telepresence, or transparency, is the ability
of the system to render the environment to the operator accurately.
The main issues with this approach are related to the delay in the
communication channel or the operator’s inexperience.
Therefore, in the LfD framework using teleoperation, two scenarios
can bring to a collision:

1. The inexperienced operator misreads the situation or gets dis-
tracted;

2. The AI prediction is inaccurate.

In both cases, the collision must be detected and mitigated to reduce
possible damage to the robot or the environment.
The literature offers different solutions that focus on the improvement
of the control system, such as wave variables [44], adaptive [45], and
model predictive [46] algorithms. As control algorithms, they modify
the system’s response depending on the external perturbation. There-
fore, they can be considered active responses.
On the other hand, a mechanical approach can be used to develop
passive systems able to react almost instantly to an unexpected col-
lision or perturbation. For example, in [47], the authors proposed a
simple variable stiffness mechanism whose compliance can reduce
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unexpected peak forces during a robotic deburring. In [48], the end-
effector is designed so that its internal compliance can passively re-
duce the cutting force during a teleoperation task.

These examples show how the impact can be mitigated using a
proper tool design or acting on the robot’s control system. Many dif-
ferent situations require the mitigation and control of impact.

The study exposed in this Chapter is related to impacts between the
robot and objects that are free to move on a plane. In this scenario,
if the robot moves too fast, a hard impact will lead to a large final
velocity of the object that may separate it from the tool and be shot
far away. Therefore, managing the impact force is important because
it may damage the object, the robot, and, in general, the work cell.
Moreover, the robot control system is usually designed to decelerate
a robot when a contact is detected, and measuring the impact force is
one of the best ways to detect the impact. The duration of the impact
is significant as well. If the impact is short in comparison with the
typical response time of the robot, the robot has a short time window
to decelerate after impact detection. Conversely, the robot has enough
time to decelerate and mitigate the impact if the impact is rather long.

2.1.1 Instantaneous impact

If the duration of the impact is very short and the impact force is so
large that other forces can be neglected, the impact between the tool
of the moving robot and the object can be studied according to the
classical impact theory [49]. Two limit cases are represented in Figure
1a and 1b.

In the first limit case, the tool, which has a plane face, is rigidly
connected to the robot, and the object is a spherical point mass. Since
the mass of the robot with the tool is much larger than the mass
of the object, its velocity change is negligible. In other words, the
velocity of the tool after the impact (Vt) is equal to the velocity before
the impact (vt) and is imposed by the control system of the robot.
The final velocity of the object can be calculated using the restitution
coefficient (e), which is the ratio of the relative velocity of the two
masses after the impact to that before; e = 1 means that the contact is
elastic (no kinetic energy is lost), and e = 0 means that the contact is
completely inelastic.

The following equation holds:

Vp = Vt + e(vt − vp) (1)

in which vp and Vp are the initial and final velocities of the object,
respectively. It is worth noting that the mass of the object has no
effect on its final velocity. If the tool is moving with velocity vt = 1

ms
−1. and the object is initially stationary, the final velocity of the
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(a)

(b)

Figure 1: Instantaneous impacts: (a) A tool rigidly fixed to the robot; (b) a
tool decoupled from the robot.

object is Vp = 2 ms
−1 with e = 1 (pure elastic impact) and Vp = 1

ms
−1 with e = 0 (completely inelastic impact).

In the second limit case, the tool is completely decoupled from the
robot and is represented by a simple point mass mt with plane faces.
The initial velocity vt of the tool is imposed by the motion of the robot,
but it can change after the impact and the tool can move backwards.
The conservation of momentum of the mechanical system depicted
in Figure 1b leads to the following:

mtvt +mpvp = mtVt +mpVp (2)

The final velocities of the two masses can be found by coupling
Equation 2 with Equation 1:

Vt = vt +
mp

mt +mp

(1+ e)(vp − vt) (3)

Vp = vp −
mt

mt +mp

(1+ e)(vp − vt) (4)

Figure 2 shows the effect of e on the final velocities. A tool with
mt = 0.125 kg and vt = 1 ms

−1 and an object with mp = 0.25 kg and
vp = 0 ms

−1 are considered. The increase in the restitution coefficient
leads to increases in the final velocity of the object and in the velocity
variation of the tool.
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The effect of tool mass is depicted in Figure 3. A decrease in the
mass of the tool causes a decrease in the final velocity of the object
for every value of the restitution coefficient.

Figure 2: Influence of e on the end velocities of the tool and of the object.

V
t
; e = 0.1

V
p
; e = 0.1

V
t
; e = 0.5

V
p
; e = 0.5

V
t
; e = 1

V
p
; e = 1

Figure 3: Influence of moving mass on end velocities.

The comparison between the final velocities of the object calculated
in the two limit cases shows that the variation in the velocity of the
tool leads to a large reduction in the final velocity of the object. In fact,
the tool is neither rigidly fixed to a massive and stiff robot nor com-
pletely free to move. Nevertheless, this simple analysis shows that the
decrease in the restitution coefficient and the mechanical decoupling
between the tool and the robot are needed to minimize the object’s
final velocity.
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2.1.2 Non-instantaneous impact

The theoretical analysis presented in the previous sub-section in many
practical cases gives a good prediction of final velocities, but it does
not give information about the contact force and duration, which are
very important for robot control.

In recent years, many contact force models have been presented
[50]. The impact between the two bodies can be schematized as in
Figure 4, in which an elastic element and a damping element in par-
allel are present.

(a)

(b)

Figure 4: Non-instantaneous impacts: (a) A tool rigidly fixed to the robot;
(b) a tool decoupled from the robot.

The elastic element can be linear or non-linear; the damping ele-
ment is usually non-linear and the damping force depends both on
the deformation velocity δ̇ and on deformation δ. Most of the pro-
posed contact models [50, 51, 52] can be formulated according to this
equation:

F = kcδ
m + χcδ

n
δ̇ (5)

in which kc is stiffness, χc is a constant and m and n are two expo-
nents.

In the present case, F is the force that a tool exerts on the object,
and δ = xt − xp, with xt − xp > 0 to guarantee the contact.
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The motion of the two masses after the impact can be calculated by
solving the two differential equations:

mtẍt = −F

mpẍp = F
(6)

If the tool is rigidly connected to the robot, only the second equa-
tion has to be solved, because xt is assigned. Since in general F is non-
linear, a numerical integration was carried out by means of Simulink.

It is worth noting that Equation 5 with m = 1 and n = 0 represents
a simple linear spring-damper contact model. The simple linear con-
tact model makes it possible to predict the contact forces and impact
duration and leads to a simple relationship between the damping ra-
tio of the relative motion and the coefficient of restitution [49], but it
has some drawbacks. The coefficient of restitution does not depend
on the relative velocity before the impact (as experimentally assessed
[51]). The viscous component of the contact force is discontinuous,
since it suddenly increases at the beginning of the contact, is not zero
at the end of the contact and is opposed to the separation between
the object and the tool. This behavior is not consistent with physical
intuition, since at the beginning and at the end of the contact there is
no penetration and the force should be zero [51].

A non-linear contact model overcomes most of the above-mentioned
limits. In the framework of this research, a contact model with m = 3

2

and n = 3
2 was considered. Since the tool and the object can be

schematized as a plane surface and a sphere, respectively [53], the ex-
ponent of the elastic force comes from the well-known Hertz contact
law [51]. The calculation of the energy lost in the hysteresis loop of
the damping force shows that exponent n has to be set equal to m

[51]. The damping constant χ is related to the contact stiffness and to
the restitution coefficient by this equation, as derived in [54]:

χc =
3

2

(1− e)

e
kc

1

δ̇in
(7)

in which δ̇in is the initial relative velocity. It is worth noting that Equa-
tion 7 comes from an improvement of the impact model presented in
[51], which extends the validity of the model in the range of small
restitution coefficients.

Figure 5 shows the total contact force and its elastic and damping
components calculated for the two limit cases of Figure 4. In the sim-
ulations, the parameters in Table 1 were adopted.

The non-linear model leads to a realistic shape of the damping force
(without discontinuities) and of the contact force. If the tool is rigidly
connected to the robot, the contact force peak is almost twice that of
the peak that occurs when the tool is decoupled. The duration of the
contact decreases if the tool is decoupled from the robot.
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Parameter Unit Value

mt kg 0.125

mp kg 0.25

kc Nm
−1.5

10
5

e / 0.5

vt ms
−1

1

vp ms
−1

0

Table 1: Parameters used to simulate the non-instantaneous impact.

(a)

(b)

Figure 5: Temporal evolution of contact force for the non-linear model. (a)
Limit case of Figure 4a; (b) limit case of Figure 4b

Referring to Figure 5a, it is worth noting that the damping com-
ponent of the contact force becomes negative for t > 0.321 s. This
result does not mean the presence of a force that is opposed to the
detachment of the two bodies; in fact, even if in Figure 4 the spring
and the damper are depicted as two separate lumped elements, they
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are associated to the deformation of the same body, and a negative
damper force only means that damping decreases the contact force
with respect to the theoretical value corresponding to a purely elastic
contact.

The effects of the contact stiffness kc and of the restitution coeffi-
cient e on the contact force and impact duration were analyzed by
carrying out series of numerical simulations with mt = 0.125 kg and
mp = 0.25 kg. The initial velocities were set to vt = 1 ms

−1 and vp =
0 ms

−1. The simulations considered both cases, as shown in Figure
4.
Figure 6 shows that, when e is assigned, an increase in contact stiff-
ness kc leads to an increase in contact force. This behavior is consis-
tent with physical intuition. When kc increases, the deformation de-
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Figure 6: Influence of kc and e on contact force. (a) Limit case of Figure 4a;
(b) limit case of Figure 4b.

creases, but the elastic energy transferred from the tool to the object
has to remain constant, since e is fixed. Thus, the reduction in defor-
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mation is compensated by the increase in contact force. If the contact
stiffness kc remains constant, the global contact force increases as the
restitution coefficient e decreases, owing to the increasing contribu-
tion of the damper force.
Figure 7 shows that an increase in contact stiffness kc leads to a de-
crease in the impact duration. This effect takes place because deforma-
tion decreases when kc increases. The increase in the impact duration
with the decrease in restitution coefficient e is related to the fact that
if e tends to zero (inelastic impact), the two masses move together
after the impact.
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Figure 7: Influence of kc and e on contact duration. (a) Limit case of Figure
4a; (b) limit case of Figure 4b.

2.2 effects of robot compliance

In the analysis of the interaction between the tool of the robot and
an object, it is important to consider three essential aspects of robot
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dynamics. Firstly, as the mass of colliding objects dramatically influ-
ences the momentum transfer (see Figure 3), it is important to quan-
tify the robot mass involved in the collision. Secondly, since industrial
robots are characterized by an intrinsic compliance [55], this feature
could be exploited to mitigate the impacts. Finally, the combination
of joint elasticity and link inertia induces vibrations in the robot that
affect the motion of the tool and the impact velocity. Thus, this section
aims to develop a one-DOF robot model that is useful to evaluate the
contribution of the inertia and elasticity of a robot along the approach
direction during the collision.

2.2.1 Model of robot compliance

The mathematical model of Figure 8 was developed. The slider moves

Figure 8: Scheme of the impact between the compliant robot and an object.

along the approach direction with the motion law imposed by the
robot control system (coordinate xr). It is connected to the motors of
the robot by means of ideal transmissions without compliances and
clearances. The spring with a stiffness of kr and the damper with
a constant of cr represent the compliance and the damping of the
robot in the approach direction. A share (mr) of the mass of the robot
is added to the tool. The friction force between the object and the
plane of motion is not taken into account, but it may cause small
(and beneficial) reductions in the final velocity of the object.

During the collision, the system is described by the following equa-
tions of motion:

(mr +mt)ẍt = cr(ẋr − ẋt) + kr(xr − xt) − kcδ
m − χδ

n
δ̇ (8)

mpẍp = kcδ
m + χδ

n
δ̇ (9)

Equations 8 and 9 hold if δ > 0.
The main issue is the identification of the robot’s parameters, which

appear in this model (kr, cr, mr). In this research an Omron Adept
Viper s650 is considered. The robot is represented in Figure 9.
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Figure 9: Robot: Adept Viper s650.

It is assumed that robot compliance is due to the compliance of
the joints around their rotation axes, while the links and bearings are
considered perfectly rigid. With these hypotheses, if the i-th actuator
imposes a rotation qi(t) on the i-th joint, the actual rotation ϑi(t)

of the joint does not coincide with qi(t). In order to consider this
behavior, each joint was schematized by means of a spring-damper
model, so that the torque produced by the actuator was transmitted
to the joint by means of these elements. The motion of a serial six-
DOF robot with compliant joints is represented by a system of six
second order differential equations:

Mq (q) ϑ̈+C(q, q̇) +Dq(ϑ̇− q̇) +Kq(ϑ− q) +G(q) = 0 (10)

where

q is the vector which contains the joint variables imposed by
actuators;

ϑ is the vector containing actual joint variables;

Mq(q) is the robot mass matrix in the joint space;

C(q, q̇) is the term related to centrifugal and Coriolis forces;

Dq is the robot viscous damping matrix in the joint space;

Kq is the robot stiffness matrix in the joint space; and

G(q) is the term related to gravity forces.

It is possible to neglect centrifugal and Coriolis forces and the effect
of gravity when dealing with small oscillations [56]. Therefore, the
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equations of motion of the robot in the joint space can be simplified
as follows:

Mq(q)ϑ̈+Dq(ϑ̇− q̇) +Kq(ϑ− q) = 0 (11)

The mass matrix Mq(q) can be estimated using the data provided
by the computer-aided design (CAD) model of the robot, retrieved
from the website of the manufacturer. The matrices Dq and Kq are
diagonal and independent of the robot configuration q. In particular,
the terms of these matrices represent the viscous damping coefficient
and the stiffness of each joint around its rotation axis, and they can
be identified by means of an impulsive modal analysis of the robot
[56, 57]. The movement of the tool and its collision with an object in
the plane of motion are described in the operational space, so it is
necessary to transfer the description of robot dynamics from the joint
space to the cartesian space. Thus, the mass, stiffness and viscous
damping matrices in the cartesian space (MX , DX , KX ) have to be
calculated. The relationships which correlate the matrices in the two
spaces [58] are the following:

MX(q) = J(q)−T Mq(q) J(q)
−1 (12)

DX(q) = J(q)−T Dq J(q)−1 (13)

KX(q) = J(q)−T Kq J(q)−1 (14)

where J(q) represents the robot’s Jacobian matrix. It is worth noting
that both stiffness and viscous damping matrices (KX , DX ) are de-
pendent on the robot configuration q. Consequently, it is possible to
write the equations of motion in the cartesian space:

MX(Xr)Ẍt +DX(Xr)(Ẋt − Ẋr) +KX(Xr)(Xt −Xr) = 0 (15)

In Equation 15, Xr is the vector containing the coordinates of the
imposed position of the tool in the cartesian space, whereas Xt is
the vector containing the coordinates related to the actual position
of the tool. The robot configuration q is a function of the imposed
position Xr, obtained through the equations of the inverse kinematics
of the robot. Thus, the mass, stiffness and damping matrices can be
expressed as functions of Xr as in Equation 15.

Equation 15 makes it possible to describe the dynamics of the robot
along the imposed tool trajectory. However, it is assumed that the
robot control system is able to exactly generate the desired trajectory.
In fact, this is not possible in real applications, due to a series of
small-entity causes, such as structural imperfections and external dis-
turbances, which introduce small position errors. As already stated,
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the aim of this model is to estimate the influence of joint compliances
and robot inertia properties during a collision, so the hypothesis of
perfect control is reasonable.

In the one-DOF model, only the cartesian coordinate that describes
the motion of the tool in the direction of approach (x) is considered.
Therefore, the equations of motion of the robot are reduced to a single
second-order differential equation:

MX,11(xr)ẍt +DX,11(xr)(ẋt − ẋr) +KX,11(xr)(xt − xr) = 0 (16)

where xr is the x-coordinate imposed by the robot control system, xt
is the actual x-coordinate of the tool, and MX,11, DX,11 and KX,11 are
the elements (1,1) of mass, viscous damping and stiffness matrices,
respectively.

The mass, damping and stiffness terms of this equation physically
represent the lumped element components (mr, cr, kr respectively),
which are added to the impact model represented in Figure 8. Mass
MX,11 = mr simply adds to the tool mass.

The terms in Equation 16 depend on the robot configuration. For this
reason, a MATLAB script was developed to calculate the robot con-
figuration from the current position in the cartesian space and to de-
termine the parameters of the one-DOF model. The script follows the
steps reported in the flow chart presented in Figure 10.

2.2.2 Numerical results

In the simulations, the tool approached an object along a linear tra-
jectory. Moreover, it was assumed that the tool moved between the
starting and final point following a trapezoidal velocity profile, and
a collision occurred when the robot moved at a constant velocity.
The position and velocity are referred to the fixed reference frame
of the first joint of the robot (see Figure 9). Figure 11 represents the
imposed position (xr) and the imposed velocity (vr = ẋr) of the robot
flange before the collision. In order to evaluate the behavior of the
robot during the interaction with an object, the robot was assumed
to be equipped with a control system that was capable of detecting
the contact force and ordering the robot to start braking. The force
detection threshold was set to 1 N. The reaction to the impact was
not instantaneous, but it was assumed that the robot began to per-
form braking after 16 ms in order to take into account the delay in
processing the external input signal [59]. The circular marker (Figure
11) indicates when the impact happens.

The trends of the lumped element parameters of the robot mr, cr,
kr as functions of the imposed position xr are depicted in Figure 12.
The circular marker highlights the values of these parameters when
the impact occurs. Several scenarios were simulated, with the aim of
evaluating the effects of robot properties during the collision. The sim-
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Figure 10: Flow chart of the steps taken to evaluate the terms MX,11, DX,11
and KX,11 along the trajectory of the tool. DOF: degree of free-
dom.

ulation results depicted in Figure 13a and 13b represent the velocities
of the tool and of the object when the robot had rigid and compliant
joints, respectively. A perfectly elastic collision was considered (e = 1)
with kc = 10

5
Nm

−1.5; the masses of the tool and of the object were
mt = 0.125 kg and mp = 0.25 kg, respectively.

In Figure 13a, the object velocity is exactly twice the approach ve-
locity of the robot and the collision is so short that the robot actu-
ators start braking after the impact. In this condition, as the impact
occurred in a period of time in which the mass (mr+mt) maintained
the same velocity, the robot with rigid joints was equivalent to a slider
moving at constant velocity. The final velocity of the object confirmed
this assumption (see Section 2.1.1).
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Figure 11: Position and velocity profiles imposed on the tool by the robot
control system. The circular dot indicates the impact time.
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Figure 12: Lumped components mr, cr and kr as a function of the imposed
position xr. The circular dot indicates the impact time.

In the case of compliant joints (Figure 13b), the impact velocity is
about 0.98 ms

−1 due to the vibrations of the tool (the impact takes
place when there is a local minimum of robot velocity), and the ve-
locity of the object is about 1.94 ms

−1, which is almost twice the
approach velocity of the robot. Although the total colliding mass of
the robot (mr +mt) is not rigidly coupled with the imposed motion,
due to the compliances represented by the elements kr and cr of the
model in Figure 8, the actual behavior is nearly the same as the robot
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(a)

(b)

Figure 13: Time history of tool and object velocity. (a) Robot with rigid joints;
(b) robot with compliant joints.

with rigid joints. Two factors explain these results: firstly, the collid-
ing masses are very different, since the term (mr +mt) is equal to
5.35 kg just before the impact, and Equation 4 shows that object ve-
locity increases asymptotically towards the limit case, when the tool
mass becomes large; secondly, since the contact force is small, joint
compliances have a small influence.

In Figure 14a, a heavy object with a mass of 2.5 kg is considered.
This mass roughly corresponds to the rated payload of the robot and
is about 48% of the term (mr +mt), which is equal to 5.35 kg just
before the impact. The contact stiffness is set to kc = 10

5
Nm

−1.5. In
Figure 14b the impact against a heavy object (mp = 2.5 kg) is still
simulated, but the contact stiffness is set to kc = 10

6
Nm

−1.5. The
collision is perfectly elastic (e = 1) in both cases.
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(a)

(b)

Figure 14: Time history of tool and object velocity with robot with compliant
joints and: (a) kc = 10

5
Nm

−1.5; (b) kc = 10
6
Nm

−1.5.

With kc = 10
5
Nm

−1.5, the final velocity of the object is about 1.88

ms
−1; this value is very close to that in Figure 13b, despite the dif-

ference in the masses of the objects. The impact velocity is about 0.95

ms
−1, due to a small deformation of the robot and to the vibration of

the tool. Although the momentum transferred to the robot is not neg-
ligible, the contact force is not able to significantly deflect the robot
arm; therefore, the robot is perceived by the tool as a slider moving
with constant velocity.

The effect of the robot compliance is more relevant when the object
is heavy and the contact stiffness is large (kc = 10

6
Nm

−1.5), which
is the case depicted in Figure 14b. These conditions lead to a larger
contact force that is able to deflect the joints of the robot. The compar-
ison between Figure 14a and 14b shows that in the second scenario,
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the tool is subjected to a significant deceleration during the impact,
which means that the robot has been deformed. The deformation im-
plies that a portion of the mechanical energy involved in the collision
is stored as elastic energy inside the joints, and this phenomenon gen-
erates an increment in the amplitude of vibrations of the tool, whereas
the velocity of the object decreases with respect to the previous cases.
However, the elastic response is so quick, due to the high stiffness,
that the restitution of part of the stored elastic energy occurs during
the collision and the object is pushed away.

These results highlight that in most cases, the robot is perceived
by the object as a slider moving with an imposed motion. In conclu-
sion, joint compliances cannot significantly reduce the velocity of the
object.

2.3 effects of tool compliance

Section 2.2 shows that the inherent elastic and inertial properties of
the robot have a small effect on the momentum transfer between the
tool and the object. Therefore, in order to compensate for the small
compliance of the robot, it is necessary to decouple the tool from the
robot. The decoupling system and its effect on the final velocity of the
object are discussed in this section.

2.3.1 Model of tool compliance

If robot compliance is negligible, the model that describes the colli-
sion comprises the rigid robot, the decoupling elements and the tool
(see Figure 15).

Figure 15: Model of the collision between a tool with decoupling elements
and an object.
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The corresponding equations of motion during the collision are as
follows:

mtẍt = ct(ẋc − ẋt) + kt(xc − xt) − kcδ
m − χδ

n
δ̇ (17)

mpẍp = kcδ
m + χδ

n
δ̇ (18)

The rigid body moving with imposed motion is the robot flange.
The parameters kt and ct represent the stiffness and damping charac-
teristics of the system that decouple the tool from the robot. The set
of the decoupling system and the tool represents the end-effector. It is
worth noting that the mass-spring-damper system that represents the
end-effector is excited by the imposed motion xc, which represents
the x-coordinate of the robot flange.

If the two equations are summed, the impact force disappears:

mtẍt +mpẍp = ct(ẋc − ẋt) + kt(xc − xt) (19)

If Equation 19 is integrated between the instant (t1), in which the
contact between the tool and the object begins, and the instant (t2), in
which the contact ends, the following result is obtained:

mtVt+mpVp = mtvt+mpvp+ ct

∫t2
t1

(ẋc− ẋt)dt+kt

∫t2
t1

(xc−xt)dt

(20)

Equation 20 shows that the linear momentum of the system is no
longer conserved owing to the effect of the impulses of the damp-
ing and elastic forces. It is worth noting that the elastic and damping
forces increase the final momentum as long as the terms in the in-
tegrals are positive. The total impulse generated by the decoupling
elements is

I = ct

∫t2
t1

(ẋc − ẋt)dt+ kt

∫t2
t1

(xc − xt)dt (21)

Introducing Equations 1 and 21 into Equation 20 leads to the fol-
lowing equation:

Vp = vp −
mt

mt +mp

(1+ e)(vp − vt) +
I

mt +mp

(22)

Equation 22 highlights that the total impulse generated by the de-
coupling system increases the final velocity of the object.

2.3.2 Simulated results

The effects of the stiffness and damping of the decoupling system on
impact mechanics were analyzed by carrying out parametric simula-
tions with mt = 0.125 kg, mp = 0.25 kg, vt = 1 ms

−1 and vp = 0 ms
−1.

The robot was assumed to start braking after the collision.
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The damping coefficient was defined by means of the viscous damp-
ing ratio [60]

ζ =
ct

2
√
ktmt

. (23)

Figure 16 represents the final velocity of the object for different
values of contact stiffness kc, as a function of the stiffness kt and
considering a constant damping ratio, which is equal to the critical
value ζ = 1. A perfect elastic impact (e = 1) is assumed.
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Figure 16: Effects of the stiffness and of the damping of the decoupling sys-
tem on the final velocity of the object with e = 1.

The comparison between Figures 13a and 16, shows that the de-
coupling system leads to a significant reduction in the velocity of the
object after the collision. The increase in stiffness kt and in damping
ct of the decoupling system increases the final velocity of the object,
in agreement with Equations 20 and 22. Moreover, Figure 16 shows
that an increase in kc leads to a decrease in the final velocity of the
object. This phenomenon is related to the fact that an increase in kc
produces an increase in the contact force which, in turn, generates a
large compression of the decoupling system, which moves backwards.
Since e = 1, the relative velocity Vrel before and after the impact are
equal and, when there is a backwards motion of the tool, the absolute
final velocity of the object Vp = Vt + Vrel is reduced.

When kt is about 90 Nm
−1, the curve corresponding to the largest

contact stiffness suddenly changes its slope. After the collision, the
elastic energy stored inside the spring of the decoupling system is re-
leased and the tool is subjected to a rebound. If the impact duration
is short, the restitution of the elastic energy starts very quickly. In
this condition, multiple impacts can occur. Therefore, the sudden in-
crement in slope highlights the presence of multiple collisions, which
leads to an increment in the final velocity.
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Figures 17a and 17b represents the robot, tool and object velocities
with kt = 150 Nm

−1, ζ = 1, e = 1. In Figure 17a, the contact stiffness
is set to kc = 10

5
Nm

−1.5, whereas in Figure 17b, the contact stiffness
is set to kc = 10

4
Nm

−1.5. The contact force applied to the object and
the force generated by the decoupling system on the tool are depicted
in Figures 17c and 17d, respectively.

(a) (b)

(c) (d)

Figure 17: Velocity comparison: (a) kc = 10
5
Nm

−1.5; (b) kc = 10
4
Nm

−1.5.
The contact force and total force generated by the decoupling ele-
ments are as follows: (c) kc = 10

5
Nm

−1.5; (d) kc = 10
4
Nm

−1.5.
e = 1.

The end-effector is compressed by the inertia force during the ac-
celeration of the robot. Therefore, the velocity of the tool is slightly
higher than the robot velocity when the latter moves at a constant ve-
locity due to the restitution of the elastic energy absorbed during the
acceleration. The increase in contact stiffness increases the decelera-
tion of the tool. Figure 17c highlights two clear peaks in the contact
force profile and confirms the presence of multiple impacts.

When inelastic impacts are considered, the results show that the
final velocity of the object decreases (see Figure 2). Furthermore, the
decrease in contact stiffness kc leads to a reduction in the final veloc-
ity of the object; this behavior is opposite to that found with e = 1.
Parametric simulations were carried out to analyze this aspect con-
sidering mt = 0.125 kg, mp = 0.25kg, vt = 1ms

−1 and vp = 0ms
−1.

The robot was assumed to start braking after the collision.
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Figure 18 represents the final velocity of the object for different val-
ues of contact stiffness kc as a function of the stiffness kt considering
a constant damping ratio equal to the critical value (ζ = 1). A nearly
completely inelastic impact (e = 0.1) was simulated.

The comparison between Figures 16 and 18 highlights that the re-
duction in the coefficient of restitution inverts the effect of the con-
tact stiffness. A coefficient of restitution near to zero means that the
tool and the object move almost synchronously after the collision, be-
cause the final relative velocity is only a small fraction of the initial
relative velocity. There are two contributions to the final velocity of
the object: the momentum transferred during the collision and the
momentum transferred during the transient after the impact, when
the robot brakes.
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Figure 18: Effects of the impulses of the damping and elastic forces on the
final velocity of the object with e = 0.1.

Figures 19a and 19b represent the velocities of the robot, tool and
object. Figures 19c and 19d show the contact force and the total force
generated on the tool by the decoupling elements. All simulations
were carried out with kt = 150 Nm

−1, ζ = 1, e = 0.1. The contact
stiffness was set to kc = 10

5
Nm

−1.5 in Figures 19a and 19c and to
kc = 10

3
Nm

−1.5 in Figures 19b and 19d, respectively.
Furthermore, in this case, the increase in contact stiffness increases

the deceleration of the tool. When the contact stiffness is low (Figure
19b), even if the deceleration of the tool is reduced, the duration of the
total momentum transfer is made longer, and the robot is therefore
able to markedly reduce its velocity during the contact between the
tool and the object. An inelastic impact makes the dynamics of the
object strictly dependent on the robot control system. Thus, the robot
control system can be exploited to reduce the final velocity of the
object. Figures 19c and 19d show that the total force applied on the
tool by the decoupling elements is positive during the contact with
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(a) (b)

(c) (d)

Figure 19: Velocity comparison: (a) kc = 10
5
Nm

−1.5; (b) kc = 10
3
Nm

−1.5.
Contact force and total force generated by the decoupling ele-
ments: (c) kc = 10

5
Nm

−1.5; (d) kc = 10
3
Nm

−1.5. e = 0.1.

the object, since the decoupling system is compressed and the velocity
of the tool is lower than the robot velocity. Figure 20 compares the
total impulse generated by the decoupling system during the contact
in the two cases analyzed in Figure 19.

It is worth noting that the larger impulse corresponds to a larger
final velocity of the object, in agreement with Equation 22.

Since the impulse generated is equal to the integral of the force
applied during the contact time between the tool and the object, the
force profile generated by the end-effector during the contact repre-
sents a key factor in the optimization of the decoupling system.

2.4 end-effector design

2.4.1 A bi-stable mechanism to mitigate collisions

In order to optimize the force profile generated by the decoupling
system, non-linear solutions were analyzed to meet the following re-
quirements:

1. The system has to be able to exert a minimum force on the tool
to keep it in the desired position during the acceleration of the
robot;
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Figure 20: Impulse generated by the decoupling system.

2. The system has to prevent rebounds of the tool in order to avoid
multiple collisions and the restitution of the energy absorbed in
the impact;

3. The impulse transmitted to the object should be as small as
possible, according to Equation 22.

The bi-stable mechanism shown in Figure 21 is considered.

Figure 21: Schematic representation of a bi-stable mechanism with a single
spring.

This system is characterized by two stable equilibrium positions
and, in general, consists of a spring connected to a sliding element,
which is constrained to move along the x-axis. The spring generates
an elastic force on the sliding element which has two components:
the first is parallel to the x-axis (FT ) and influences the dynamics of
the slider; the second is orthogonal to the sliding path and does not
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have important effects on the movement of the slider. The component
Ft generated by the spring is given by the following equations:

Ft = kb(L0 − L)
x

L
(24)

L =

√
H

2 + x
2 (25)

where kb is the stiffness of the spring, L is its actual length, L0 is the
spring free length, x is the position of the slider relative to the vertical
alignment position of the spring and H is the distance between the
upper revolute joint of the spring and the sliding direction. In real
applications, the slider could be constrained to move between two
mechanical constraints that introduce a limit to its movement [61, 62].
The trends of the elastic force Ft as a function of the distance from
the vertical alignment position are reported in Figure 22a in the case
with L0 = 0.07 m and kb = 50 Nm

−1. In the same figure, the effect
on the force profiles of two mechanical constraints are schematized
through the two orange areas, which identify the off-limit zones. The
scheme depicted in Figure 22b shows a physical representation of the
mechanical constraints.

Figure 22a shows for x > 0 that the force is positive, whereas for
x < 0, the force is negative. The limitation of the movement of the
slider between the two mechanical constraints leads to a system that
is characterized by a specific portion of the force profile. If the tool is
leaning against the constraint placed on the right of the x = 0 position
and an external force pushes it back towards the negative direction of
the x-axis, the system reacts with a positive elastic force that tends to
counterbalance the external force. However, when the vertical align-
ment position of the spring is crossed, the tool is pulled back against
the left constraint and is kept there by the elastic force. The figure
shows that it is possible to adjust the maximum positive and nega-
tive values of the force profiles modifying the geometrical parameter
H, but also to vary the vertical alignment position of the spring in
relation to the mechanical constraints. The maximum positive value
of the elastic force should be large enough to keep the tool in posi-
tion against the right constraint before the impact, in order to avoid
oscillations, but, at the same time, it should be as small as possible to
minimize the impulse transmitted to the object. The maximum nega-
tive value of the elastic force should be large enough to pull the tool
back and keep it against the robot flange (left constraint).

This bi-stable mechanism was integrated in the numerical model of
the end-effector. The new lumped model can be seen in Figure 23.

Following the new model, the equation of motion 17 and 18 be-
comes:

mtẍt = Fb − kcδ
m − χcδ

n
δ̇+ Fe (26)

mpẍp = kcδ
m + χcδ

n
δ̇ (27)
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(a)

(b)

Figure 22: (a) Tangential force profiles for different values of the parameter
H; (b) physical representation of mechanical constraints.

Figure 23: Lumped parameter model of the interaction between the robot
and objects free to move.
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where

• Fb is the force exerted by the non-linear spring in the direction
of the impact. It is equal to the tangential force expressed in
equation 24;

• Fe represents the contact force on the tool due to the impact
with one of the two end-stops.

If the tool impacts against the front end-stop, Fe follows:

Fe = −kfe(x−C1) − cfeẋ (28)

whereas, if it impacts against the back end-stop, Fe follows:

Fe = kbe(|x|−C2)
m + χbe(|x|−C2)

n
|ẋ| (29)

As can be inferred from the two equations above, the front end-stop
follows a linear contact law, whereas the back end-stop follows a non-
linear one. This choice was done to speed up the simulation. Indeed,
the tool is in contact with the front end-stop before the impact, and it
can oscillate due to the robot’s movements. This small vibration of the
tool against the front end-stop is computationally expensive, and the
use of a linear contact law can save up some time. Moreover, due to
the magnitude of the vibrations, the two laws return the same result.

Figure 24a shows the effect of the bi-stable mechanism on the ve-
locities of the tool and of the object, and this is compared with the
end-effector comprising a linear spring-damper system (Figure 24b).
Figure 24c and 24d show the contact force and the total force gener-
ated on the tool by the end-effector. The parameters of the simulation
are listed in Table 2.

Parameter Unit Value

H m 0.028

e / 0.1

kc Nm
−1.5

10
3

L0 m 0.07

kb Nm
−1

50

kt Nm
−1

50

ζ / 1

mt kg 0.125

mp kg 0.25

Table 2: Parameters used to simulate the bi-stable mechanism.

Figure 24a shows that the tool follows the movement of the robot
during the acceleration phase, without oscillating, owing to the posi-
tive elastic force applied by the spring on the tool (see Figure 24c). The
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(a) (b)

(c) (d)

Figure 24: Velocity comparison: (a) end-effector with bi-stable mechanism;
(b) end-effector with a linear spring-damper system. Contact
force and total force generated by the end-effector: (c) bi-stable
mechanism; (d) linear spring-damper. (e = 0.1).

tool is subjected to a hard deceleration during the collision, since its
velocity changes nearly instantaneously from 1.0 ms

−1 to 0.4 ms
−1.

When the tool reaches 0.4 ms
−1, the effect of the collision is complete,

but, when the velocity seems to stabilize, the tool crosses the vertical
alignment position of the spring and is pulled back towards the robot
flange. The velocity of the tool is subjected to a second rapid change.
Then, the tool velocity suddenly adapts to the robot velocity when the
tool hits the robot flange. Figure 24c shows that the force applied on
the tool by the bi-stable mechanism is lower than the total force gen-
erated by the the spring and the damper in the end-effector with the
linear behavior (Figure 24d): the force generated in the bi-stable mech-
anism decreases when the end-effector is compressed. Moreover, the
tool is separated from the object after the collision, and this feature
leads to the interruption of the momentum transfer. The comparison
between the impulses generated by the bi-stable mechanism and by
the linear spring-damper system is represented in Figure 25, which
clearly shows that the bi-stable mechanism leads to a reduction in the
impulse transmitted to the object.

In order to show the effect of the bi-stable mechanism on the ve-
locities of the tool and of the object, Figure 24a is compared with the
case in which the tool is rigidly connected to the rigid robot, which is
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depicted in Figure 26. This comparison shows that the bi-stable mech-
anism leads to a 51% reduction in the final velocity of the object.

0.3 0.32 0.34 0.36 0.38 0.4
0

0.025

0.05

0.075

0.1

0.125

0.15

0.175

0.2

Linear spring-damper

Bi-stable mechanism

Figure 25: Impulse generated by the decoupling system.

Figure 26: Tool rigidly connected to the rigid robot with e = 0.1, kc =

10
3
Nm

−1.5, mt = 0.125 kg and mp = 0.25 kg.

2.4.2 End-effector prototyping

A prototype has been developed to validate the bi-stable mechanism
design of the previous section. The task considered to design the end-
effector is sorting small components positioned on a plane and free
to move. Consequently, the tool design sees the bi-stable mechanism
coupled with a paddle. The geometric model can be seen in Figure
27.

Four aspects drove the design of the end-effector:
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Figure 27: Geometric model of the bi-stable mechanism (vista from above).

1. since the aim is to move small objects, it must be light to reduce
the momentum transferred to them;

2. the friction between the various components of the end-effector
should be as low as possible;

3. it should be as close as possible to the rotation axis to allow a
quick reset to a stable equilibrium position, but it should not
interfere with the robot’s movements;

4. it is hard to find commercial springs with low stiffness.

The last aspect infers that the mechanism’s length should be enough
to house common commercial springs. Therefore, this consideration
and the third one led to the tool design shown in Figure 28. The de-
sign shows the spring placed horizontally to bring the paddle close
to the rotation axis, to allow long lengths of the springs, and to avoid
interferences with the joint’s rotation. Indeed, if the paddle is placed
vertically, a joint rotation can cause the prototype to collide with the
link of the robot. In addition, the design exploits a simple way to regu-
late the height of the bi-stable mechanism and, consequently, the stiff-
ness of the spring. The regulation system is shown in Figure 28b. It
comprises an interchangeable 3D printed flange. This flange presents
a series of holes that can be used to connect the rod that acts as a
hinge for the bi-stable mechanism.

The main focus during the design process was to reduce friction
and clearances between the movable parts of the mechanisms to guar-
antee that the sliding of the paddle was as smooth as possible. In par-
ticular, a ball-bearing guide has been used as the sliding element of
the prototype. However, they can also be realized in materials with a
low coefficient of friction, such as PTFE.

The second aim was to reduce the weight as much as possible.
Therefore, the prototype was realized in plastic material (PLA) em-
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(a)

(b)

Figure 28: Two views of the CAD model of the proposed prototype.

ploying additive manufacturing. However, this process brought some
downsides. Indeed, the small Young’s modulus of the PLA can in-
troduce uncontrollable compliance in the system. Consequently, the
components must be thick enough to have a reasonable stiffness. More-
over, it is hard to obtain small dimensional and geometric tolerances;
generally, the surfaces can be very rough. Since both aspects increase
the friction and stick-slip phenomena, the contact PLA-to-PLA was
reduced to the minimum and restricted to the hinges of the spring
support. The mathematical model must consider this added friction.
Equations 17 and 18 can be updated as follows:

mtẍt = Fb − kcδ
m − χδ

n
δ̇+ Fe + Fftool

mpẍp = kcδ
m + χδ

n
δ̇+ Fffloor

(30)
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where Fftool is the friction force acting on the sliding component
of the paddle, and Fffloor is the one on the object due to the plane
friction. Fffloor is dependent on the object velocity and mass, and on
the friction coefficient of the plane on which it moves, whereas Fftool
can be defined as follow:

Fftool = µFn tanh
(
ẋr − ẋt

v0

)
(31)

From Figure 21 and Equation 24, Fn is defined as:

Fn = Nkb tanh (L0 − L)
H

L
(32)

where N is the number of springs used.
The final prototype can be seen in Figure 29.

Figure 29: 3D printed prototype

In conclusion, as can be deducted from Figure 29, the impact is de-
tected by means of an inductive sensor positioned in correspondence
of the front end-stop. The sensor detects the metallic surface of the
cursor of the guide. Therefore, it is on until an impact occurs. After a
certain displacement of the paddle, the sensor turns off, detecting a
hazardous impact. In the prototype shown in Figure 29 that displace-
ment is equal to 1.5mm from the front end-stop.

2.5 experimental validation

Experimental validation of the mathematical model was carried out
by means of the prototype exposed in the previous section.
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The experimental setup is constituted of a MITSUBISHI RV-4FRL-
D robot, a linear guide, and a high frame rate camera, as shown in
Figures 30 and 31.

Figure 30: Experimental setup for the validation of the mathematical model

The robot moves linearly along an axis following a trapezoidal ve-
locity profile. It moves from its home position to a specified location
after the object. The robot is planned to collide with the object while
moving at a constant velocity of 1 ms

−1. The object is cylindrical
to ensure repeatable contact with the paddle. Indeed, a surface-to-
surface contact is impossible to carry out experimentally, and there
would be no certainty about the actual contact area. Moreover, the
object is mounted on the cursor of a linear guide to limit its move-
ment to one direction. This limitation will intrinsically increment the
friction on the object’s movement, but it will avoid projection errors
on the measure of its position.

The tracking is performed utilizing three (3) markers disposed on
the three moving components of the system (the robot, the tool, and
the object), as shown in Figure 30. The markers are tracked at 300fps
using the high frame rate camera (TELEDYNE DALSA - Genie Nano
GigE M640) shown in Figure 31.

Before the start of the data collection, a calibration process must
occur. The calibration estimates the parameters of the camera lens
that will be used to remove the effects of lens distortion from an
image. It is performed in MATLAB using a standard procedure. The
procedure detects a well-defined pattern (i.e., a checkerboard) with
known dimensions and estimates the camera parameters. Therefore,
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Figure 31: Camera used during the experiment: Genie Nano GigE M640,
TELEDYNE DALSA.

a checkerboard is positioned in front of the camera as distant as the
markers during the tests. Finally, a series of images are taken with
the camera. Figure 32 shows an image used for the calibration.

Figure 32: Photo taken by the camera showing the checkerboard necessary
for the calibration.

After the calibration procedure, the task starts. The video process-
ing consists of the binarization of every single frame captured by the
camera, the detection of the markers, and the determination of their
centers. Figure 33 shows the binarization result of a single frame. The
threshold was selected by hand since it depended on the amount of
light in the scene. Moreover, the frame images were zeroed out above
the robot’s marker and below the object’s marker to delete the robot
and the sliding guide.

The markers are identified employing the regionprops function in
MATLAB. This function detects the white areas in the binarized im-
age and gives the centroid of those areas in the output. The positions
of their centers are saved and derived to estimate the velocity of the
three components.
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Figure 33: Frame captured from the camera and consequent binarization
showing the isolated markers

The tests were carried out using a fixed impact velocity of 1 ms
−1.

The delay in the communication channel, equal to about 60 ms, was
measured from the experimental data. The sources of this delay are
related to:

1. the scan cycle time of the protocol of the controller connected
to the sensors;

2. the time necessary for MATLAB to receive the event from the
controller and analyze it;

3. the time necessary for the robot controller to receive the new
command from MATLAB.

These three sources have been addressed to reduce the delay as
much as possible. In particular, the controller chosen is a BECKHOFF
master/slave hardware that, thanks to the EtherCAT protocol, can en-
sure a scan cycle time of 100 µs. Even if it can go faster, tests have
shown that the reception of the signals from MATLAB would be de-
terministic only above that cycle time. Moreover, the computer used
in the tests crashed using faster cycle times. The other two sources
have been addressed simplifying and optimizing the code.

Figure 34 shows some of the velocity plots resulting from video
processing.

The plots show the velocities of the three markers in 2 of the condi-
tions tested. In particular:

• Figures 34a and 34c are the results with an object of mass mobj =

136gr, whereas Figures 34b and 34d use a mass mobj = 246gr;

• Figures 34a and 34b are the results with a deceleration of the
robot drobot = 5ms

−2, whereas Figures 34c and 34d use a de-
celeration drobot = 9ms

−2.

From the plots, it can be inferred that the deceleration of the robot
does not influence the object’s final velocity. This fact is consequent to
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Figure 34: Velocity plot in different conditions: (a) mp = 136gr, drobot =

5ms
−2; (b) mp = 246gr, drobot = 5ms

−2; (c) mp = 136gr,
drobot = 9ms

−2; (d) mp = 246gr, drobot = 9ms
−2

the high velocity of the object that detached it from the tool before the
deceleration begins. With a lower delay, the deceleration should have
a higher effect since it could prevent multiple impacts and reduce the
amount of momentum transferred during those impacts.

It is also worth noticing that the impact dynamics last around 0.1
s. Thus, the camera detects around 30 points for every impact. This
factor can affect the peak values.
A series of tests has been performed under different properties to
perform the validation. In particular, the main tests were carried out
using the values shown in Table 3. Each test results from the combi-
nation of the possible choices for each variable.

mobj drobot H

[kg] [ms
−2] [mm]

0.136 5 45

0.246 7 53

0.336 9

Table 3: Variable values used in the tests
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The tests were carried out using one spring with kb = 490Nm
−1.

Recalling Figure 21, H is the height of the bi-stable mechanism. Mod-
ifying it will change the overall stiffness of the spring.

A qualitative match between the experimental and the analytical
results is sought to validate the models. The simulations were carried
out using the parameters in Table 4. Some results are shown in Figure
35.

Parameter Unit Value

N / 1

L0 m 0.062

kb Nm
−1

490

C m 0.047

C1 = C2 m 0.0235

Vc ms
−1

1

ac ms
−2

5

mt kg 0.048

kc Nm
−1.5

0.6·105

ec / 0.8

kbe Nm
−1.5

1·106

ebe / 0.3

kfe Nm
−1

1·106

cfe Nsm
−1

235

DT s 60 · 10−3

µ / 0.23

v0 ms
−1

0

Table 4: Values of the parameters used in the simulations for the matching
with the real system

Figures 35e and 35f show a test performed using a rigid tool to
show the effectiveness in the reduction of the momentum transferred
to the objects. These tests have been carried out using the tool shown
in Figure 36. Furthermore, since the tool and the robot are rigidly
fastened, a single marker attached to the tool is used to track their
movements. Therefore, the oscillations visible in the blue line of plot
35e are related to the tool’s flexibility consequent to its length. This
factor is not considered in the model.

The comparison in Figure 35 shows that the simulated model is
able to describe qualitatively and quantitatively the results obtained
experimentally. For example, considering the plots in Figures 35a and
35b, the model correctly predicts the number of collisions with the
object, the various rebounds of the tool, and almost all the peak val-
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Figure 35: Matching between velocity plots obtained experimentally and in
simulation in different conditions: (a,b) mp = 136gr, drobot =

5ms
−2; (c,d) mp = 246gr, drobot = 9ms

−2; (e,f) rigid tool with
mp = 136gr

ues of the velocities. However, it is worth stating that the peaks of
the experimental velocities can be approximated due to the sampling
frequency. For example, a statistic analysis for the tests highlighted
in Figure 35 returns the following results for the peak velocities of
the object after the impact: 1.231 ± 0.054ms

−1 for mp = 0.136kg,
1.430± 0.040ms

−1 for mp = 0.246kg, and 1.798± 0.037ms
−1 for the

rigid tool and mp = 0.136gr.
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(a) (b)

Figure 36: Rigid tool realized to evaluate the effectiveness in the reduction of
the momentum: (a) CAD model; (b) 3D printed model mounted
on the robot.

2.6 conclusions

This section presented a study of 1D impacts that resulted in the de-
sign of a novel end-effector that could reduce the momentum trans-
mitted to the objects with which the robot impacts. The fundamental
analysis carried out with the classical impact theory highlights that
reductions in the mass of the tool and in the restitution coefficient
result in significant decreases in the final velocity of the object. A
more detailed model of contact mechanics, taking into account con-
tact stiffness and damping, confirms the previous results. Moreover,
the model highlights that a decrease in contact stiffness leads to an in-
crease in contact duration, which can be exploited by the robot control
system, which can start braking during the contact with a reduction
in the momentum transferred to the object. Reductions in the resti-
tution coefficient and in contact stiffness can be achieved by means
of the proper selection of the material of the surface of the tool that
impacts the object.
The reduction in the mass of the tool is a more complex problem.
Numerical simulations have shown that a relevant share of the mass
of the robot moves together with the tool in the approach direction
and that the intrinsic compliance of robot joints has a small effect on
impact dynamics. Therefore, a proper elastic system that decouples
the tool from the robot is needed to minimize the impacting mass.
The stiffness of the elastic system has to be sufficient to keep the tool
in the desired position when the robot accelerates towards the object.
Rebounds of the tool, which give back energy to the object and cause
multiple collisions, have to be avoided. These requirements are met
by the proposed bi-stable mechanism, which can reduce the final ve-
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locity of the object by about 50% with respect to the case of a rigid
connection between the robot and the tool. The calculated results re-
fer to a tool moving at a velocity of 1 ms

−1 and impacting a stationary
object. The extension of the results to different velocities is complex
due to the non-linearities of the system. Some simulations showed
that a decrease in the impact velocity may prevent the bi-stable mech-
anism from reaching the second stable configuration. Conversely, a
small increase in the impact velocity does not significantly change
the behavior of the system. Therefore, the bi-stable mechanism has to
be tuned to the impact velocity.
The results obtained were used to design a prototype of the end-
effector with a bi-stable mechanism. The prototype was realized in
additive manufacturing to be lightweight. The prototype was experi-
mentally tested to validate the effectiveness of the system regarding
the reduction of the momentum transmitted to the object. The model
is shown to correctly predict the behavior of the bi-stable mechanism
and of the object both qualitatively and quantitatively.
In conclusion, the sorting task studied in this section is very specific.
In the next section, an extension of the study is proposed to address
the case of collisions with hard surfaces. Those cases are more com-
mon and allow the creation of a module to be interposed between the
robot flange and the tool to mitigate the collisions in a more general
case.
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3
M I T I G AT E C O L L I S I O N S B E T W E E N R O B O T S A N D
O B S TA C L E S

This Chapter presents an implementation of the study carried out in Chap-
ter 2. Previously, collisions with small objects that are free to move were
considered. This Chapter extends the study to consider collisions with fixed
obstacles or hard surfaces. This case is more general than the previous one
and more severe regarding forces at play and consequent damage to the sys-
tem.

3.1 hard impacts with fixed obstacles

In robotics, the risk of collisions with hard surfaces is an important
issue when the robot does not carry out repetitive tasks and moves
in unknown environments [63]. Methods and algorithms have been
developed to create, for example, collision-free paths also in cluttered
environments [64] or to execute tasks requiring a controlled contact
force [65]. However, independently from the considered task, if those
collisions can happen, the velocity of the robot must be limited, and
the efficiency of the system will be penalized. Furthermore, as shown
in the previous Chapter, the dead time necessary to detect and react
to collisions worsens the scenario because no action is taken during
this time.

In addition, in the case of teleoperation tasks, hard collisions can
generate instability in the control system that can have disruptive con-
sequences (both for the robot and the system on which it acts) [66].
The study of stability is well documented in the literature [67], and
various algorithms have been developed to guarantee optimal behav-
ior and reduce the risk of instabilities [42]. These solutions generally
work at the control level exploiting a mix of impedance and admit-
tance systems [43].

From a mechanical point of view, many researchers have developed
technologies for the mitigation of the effect of hard collisions, devel-
oping compliant coverings of the links, back-drivable transmissions,
elastic transmissions that are able to decouple joint actuator inertia
from link inertia [68], and end- effector air-bags [69].

Mechanisms to mitigate collisions at the end-effector level can be
found on the market in the form of compensation units that are
placed between the end effector and the robot flange [70]. However,
they compensate for imprecise tolerances or small misalignments in
the position of the objects to be picked up. Therefore, their movement
is limited.
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Other examples regard the field of soft robotics [71]. Indeed, the prod-
ucts manipulated in a flexible work cell can present different dimen-
sions or features, and deploying tools with rigid joints and links can
lead to a collision. Unless very carefully controlled, these collisions
can damage the object or push it out of the desired path. In response,
soft grippers present an added compliance given by a particular de-
sign or by employing elastic materials that deform under external
perturbations. Moreover, the mechanism’s stiffness can be manipu-
lated accordingly to the object enabling the same tool to manage very
different objects [72].

The study presented in this Chapter integrates the one in Chap-
ter 2. Therefore, a mechanical approach is employed to study hard
impacts at the end-effector level. The previous study shows that the
impact can be mitigated by exploiting a non-linear decoupling system
to delay the instant the robot starts to push the impacted obstacle di-
rectly. Consequently, the decoupled movement of the tool masks the
dead-time in collision detection and reaction. These findings are im-
plemented in this Chapter considering impacts with fixed obstacles.
As with moving objects, hard contact with surfaces will be softened,
and the robot will have the time to stop or, at least, slow down and
reduce the effects of impacts. Consequently, this solution eliminates
extreme limitations of the velocity of the robot, and the overall per-
formance can be increased.

It is worth stating that impacting hard surfaces can be sought for
some specific applications. For example, in [73], the stability of an
aerial teleoperated robot is studied during controlled contact with a
surface. The task requires pushing buttons or keeping the UAV in
contact with the surface. Another example is approaching a surface
to execute robotic deburring [47].

The introduction of passive compliance in a robotic system has to
cope with two opposite requirements: on the one hand, compliance
has to mitigate the consequences of unexpected collisions between the
end-effector and an obstacle; on the other hand, the robot has to be
stiff enough to follow a specific trajectory or perform the task. There-
fore, the end-effector has to be characterized by a variable stiffness
able to exert the necessary force on the environment before yielding.
Consequently, the specifics of the end-effector must respond to these
requirements. For example, a linear spring embedded between the
robot flange and the end-effector represents a passive compliant me-
chanical system that increases compliance and reduces the reflected
inertia at the interaction between the end-effector of the robot and the
environment. However, the compliance and the equilibrium position
cannot be adjusted when linear springs are selected. On the other
hand, using non-linear springs allows control of both the compliance
and the equilibrium position [74, 75].
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The bi-stable mechanism, proposed in the previous Chapter, rep-
resents a passive adjustable compliant system that acts as a non-
linear spring and introduces the following advantages over the linear
spring:

• the force applied to the obstacle during the interaction gradu-
ally decreases when the compression of the non-linear spring
increases. This property prevents overloading the robot and the
obstacle when the pre-load is exceeded;

• the second position of stability of the bi-stable mechanism al-
lows detaching the end-effector from the obstacle, interrupting
the interaction. This property is critical when the interaction has
to be interrupted as soon as possible to preserve the integrity of
the obstacle or the end-effector.

This Chapter presents a validation of the new model using the
bi-stable prototype used in Chapter 2. Nevertheless, a new proto-
type has been designed and validated to extend the generality of
the bi-stable mechanism. The new model exploits the bi-stable mech-
anism inside a module to be interposed between the robot flange
and the tool. Finally, an extension of the bi-stable mechanism in 2D
is proposed and validated experimentally. This solution couples the
bi-stable mechanism with a rotational device to align it along the di-
rection of the impact.

The main limitation of the proposed end-effectors is that they are
not able to protect the robot from possible collisions of the links with
obstacles in the workspace.

3.1.1 Mathematical model

The mathematical model proposed in Chapter 2 considered impacts
between the robot and objects disposed on a plane and free to move.
The model is now extended to estimate the effects of accidental colli-
sions with hard surfaces on the end-effector and the robot. The math-
ematical model simulates the behavior of the robotic system in the
approach direction. The complete model, represented in Figure 37,
consists of three sub-models: the robot, the end-effector, and the ob-
stacle. The analysis assumes a one-dimensional model of the collision.
Hence, only planar movements of the robot are considered. In these
hypotheses, the multi-degree of freedom (DOF) model of the robot is
reduced to a one-dimensional model, represented by a base excited
mass-spring-damper system. The resulting model considers the iner-
tia and compliance of the robot along the approach direction.
As stated in Chapter 2, the compliance of the robot is engaged when
the robot impacts heavy objects. Since hard surfaces, such as walls,
can be seen as an object with infinite weight, the current model con-
siders the compliance of the robot.
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The mechanical properties of the robot were identified by means
of impulsive modal analysis [56, 76], then, the measured properties
were reduced to the trajectory of the robot flange in the Cartesian
space [38].

Figure 37: Lumped parameter model of the interaction between the robot,
the end-effector and the obstacle

The lumped parameters mr, kr and cr represent the reduced mass,
stiffness and damping of the robot, respectively. Coordinate xc rep-
resents the motion law of the robot flange imposed by the control
system, i.e., the motion of the robot flange which is generated by the
robot with ideal motors, without compliances and clearances. The co-
ordinate xr represents the actual motion of the robot flange, account-
ing for the inertia and the compliance of the robot. The end-effector,
schematized through the mass mt, is connected to the robot flange
by means of a bi-stable mechanism, as proposed in Chapter 2.

Bi-stable mechanisms are widely used in micromechanics, space
and energy harvesting applications for their unique properties [77],
[78], [79]. Bi-stable mechanisms are mechanical systems equipped
with flexible elements (springs, membranes or foils) which have two
stable equilibrium positions separated by an un-stable equilibrium
position. When the mechanism in a stable equilibrium position is
stimulated by an external force, first the elastic elements deflect and
store energy, then, after the un-stable equilibrium position is reached,
the stored energy is released and the system is attracted towards the
second stable equilibrium position.

The bi-stable mechanism considered in this analysis is represented
in Figure 38. It is a chevron-type mechanism [77] and is equipped
with two simple linear springs connected to a sliding element, which
is constrained to move along the x-axis.

The component Fb of the force generated by the springs of the bi-
stable mechanism in the sliding direction is calculated using Equation
24.
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Figure 38: Geometric model of the bi-stable mechanism. C is the total stroke.
In the first part (C1) of the total stroke the bi-stable mechanism
generates a positive force, in the second part (C2) the bi-stable
mechanism generates a negative force

In the configuration of Figure 37 and 38 the spring forces perpen-
dicular to sliding direction cancels out and no net force is transmitted
to the robot in this direction.

The geometric parameters assumed for the bi-stable mechanism are
listed in Table 5.

Parameter Unit Value

N / 2

kb Nm
−1

200

H m 0.03

C m 0.03

C1 m 0.015

C2 m 0.015

L0 m 0.05

Table 5: Reference values of the parameters of the bi-stable mechanism (Fig-
ure 38)

The impact between the mass mt of the end-effector and the ob-
stacle is schematized by means of an elastic element and a damping
element in parallel, see Figure 37. The contact force depends on the
deformation δ = (xt−xo) and the deformation velocity δ̇ = ẋt, where
xt is the coordinate of the end-effector and xo is the position of the
obstacle in the cartesian space.
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The contact force is formulated according to Equation 5. The equa-
tions of motion of robot and end-effector during the collision are:

mrẍr =cr(ẋc − ẋr) + kr(xc − xr) − Fb (33)

mtẍt =Fb − kcδ
m − χcδ

n
δ̇ (34)

They are non-linear owing to the formulations of the contact force
and of mechanism force. Equation 33 shows that the force exerted
on the robot is Fb , which can be calculated from equation 34 that
represents the dynamic equilibrium of the end-effector.

The movement of the slider of the end-effector, inside the bi-stable
mechanism, is restricted by the robot flange on one side and by a me-
chanical constraint on the other side. In order to simulate the contact
between the slider and these end-stops, each constraint is modelled
by means of an elastic element in parallel with a damping element.
The end-stop on the robot flange uses the same formulation of Equa-
tion 5. It activates when |x| > C2 and physically represents a layer of
elastomeric material with equivalent stiffness kbe and coefficient of
restitution ebe. The other end-stop is modelled using a simple linear
spring-damper system. This approach reduces the computational ef-
fort of the simulation. This end-stop consists in a layer of elastomeric
material, with an equivalent contact stiffness kfe and damping coeffi-
cient cfe (Figure 37). It activates when x > C1.

When an end-stop is impacted the equations of motion become:

mrẍr =cr(ẋc − ẋr) + kr(xc − xr) − Fb − Fe (35)

mtẍt =Fb − kcδ
m − χcδ

n
δ̇+ Fe (36)

where Fe represents the contact force due to the impact with an end-
stop. Fe is given by:

Fe = kbe(|x|−C2)
m + χbe(|x|−C2)

n ˙|x| (37)

when the end-effector impacts with the back end-stop. Fe is given by:

Fe = −kfe(x−C1) − cfe ẋ (38)

when the end-effector impacts with the forward end-stop.

3.1.2 Numerical Simulations

The mathematical model of Figure 37 was implemented in MATLAB
and Simulink, which is suited to carry out non-linear simulations.
Simulations are aimed to verify that the bi-stable mechanism is able
to mitigate the contact force and the force on the robot when an ac-
cidental collision occurs. To verify the effectiveness of the bi-stable
mechanism, two cases are considered:
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1. the end-effector is rigidly fastened on the robot flange. In this
case the bi-stable mechanism is not adopted and the mass mt of
the end-effector is added to the reduced mass mr of the robot;

2. the bi-stable mechanism is mounted between the end-effector
and the robot flange.

The robot considered in this analysis is the Omron Adept Viper
s650. Simulations assume a generic operation of the robot, in which
the end-effector is initially stationary and moves towards a target po-
sition along a linear trajectory. A trapezoidal velocity profile with
acceleration ac and deceleration dc is assumed. An accidental colli-
sion occurs between the end-effector and an obstacle, when the robot
is moving at a constant velocity Vc.

It is assumed that the robot stops when the impact with the obstacle
is detected. The impact sensor of the end-effector equipped with the
bi-stable mechanism is an inductive sensor. This sensor switches on
when the end-effector moves of 5 mm from the forward end-stop.
When the end effector is rigidly fastened to the robot, the collision
is detected by means of a force sensor embedded in the end-effector,
which switches on when the force overcomes 25 N.

When the interaction between the end-effector and the obstacle
is analyzed, three events take place: the collision, in which the con-
tact begins; the detection of the collision, when the impact detector
is switched on; the reaction, when the robot brakes. It is assumed
that the reaction does not coincide with the detection, since the time
needed by the robot control system to process the external input from
the sensor is considered. External inputs are updated at every scan cy-
cle, which is a specific feature of the robot. In the worst case, when
the input signal switches on after being requested by the control sys-
tem, it is necessary to wait a full scan cycle to detect it. Hence, the
scan cycle represents the maximum time needed to process the ex-
ternal signal. The difference between the detection and the reaction
is defined as dead time DT. In this analysis the dead time is assumed
coincident with the scan cycle of the robot. The difference between
the instant in which the collision begins and the instant in which the
robot brakes is defined as reaction time tr.

The values of the parameters adopted in the simulations are listed
in Table 6.

The configuration q of the robot in the joint space just before the
collision and the related reduced mass mr, stiffness kr and damping
cr are reported in Table 7.

Figure 39a represents the velocity profiles ẋc, ẋr and ẋt when the
end-effector is rigidly fastened on the robot flange. Figure 39b rep-
resents the corresponding contact force generated in the collision be-
tween the end-effector and the obstacle. For the sake of simplicity, the
contact force applied on the end-effector is represented in Figure 39b
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Parameter Unit Value

ac ms
−2

1

dc ms
−2

2

mt kg 0.75

kc Nm
−1.5

10
8

ec / 0.65

kbe Nm
−1.5

10
6

ebe / 0.6

kfe Nm
−1

10
6

cfe Nsm
−1

278

DT s 16 · 10−3

Table 6: Reference values of the parameters assumed in the simulations

Parameter Unit Value

q ◦ [0; -87; -105; 0; -78; 0]

mr kg 8.4

kr Nm
−1

2.3 · 105

cr Nsm
−1

71

Table 7: Values of the parameters correlated to the robot configuration q in
the joint space just before the collision

as a positive force, although it is negative in the mathematical descrip-
tion. It is worth noticing that, in this case, the contact force coincides
with the force which directly excites the robot. Robot flange velocity
is Vc = 0.05 ms

−1.
The velocity of the robot mass is characterized by a damped os-

cillation when the robot reaches Vc, since the spring and the damper,
which represent the mechanical properties of the robot, are compressed
during the acceleration phase. The collision between the end-effector
and the obstacle causes the sudden deceleration of the robot mass.
However, since the reaction time of the robot is not fast enough, the
motors of the robot keep running. The collision, detection and reac-
tion of the robot are highlighted in Figure 39a. The detection occurs
in 4 ms, whereas the reaction time tr is 20 ms. The contact force pro-
file in Figure 39b reveals that the robot deforms, as the contact force
increases far beyond the force threshold of 25 N.

Figure 40a represents the velocity profiles ẋc, ẋr and ẋt when the bi-
stable mechanism is adopted. Figure 40b represents the contact force
generated in the collision between the end-effector and the obstacle,
and the force applied on the robot. For the sake of simplicity, the
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(a)

(b)

Figure 39: End-effector rigidly fastened on the robot flange: (a) velocity pro-
files; (b) contact force profile. Parameters of the simulation are
listed in Table 6

contact force and the force on the robot are represented in Figure
40b as positive forces, although they are negative in the mathematical
description. It is worth noticing that in this case the contact force
does not coincide with the force which directly excites the robot. The
parameters of the simulation are listed in Table 5 and 6. Robot flange
velocity is Vc = 0.05 ms

−1.
Figure 40a highlights that the force generated by the bi-stable mech-

anism is enough to counterbalance the force of inertia acting on the
end-effector and, before the collision, the end-effector moves with the
robot. The collision causes a sudden deceleration of the end-effector,
while the robot mass is moving forward smoothly. It is worth notic-
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(a)

(b)

Figure 40: End-effector with bi-stable mechanism: (a) velocity profiles; (b)
profiles of the contact force and the force on the robot. Parameters
of the simulation are listed in Table 5 and 6

ing that the reaction time tr of the robot with the bi-stable mechanism
(tr = 120 ms) is longer than the one of the robot with rigidly fastened
end-effector (tr = 20 ms). Actually, the end-effector takes more time
to move of 5 mm from the forward end-stop than the contact force
to rise up to 25 N. The time needed to detect the collision is an im-
portant parameter that has to be taken into account in the design of
such mechanisms. The increase in the reaction time requires larger
decoupling distance, hence a longer stroke of the mechanism. In Fig-
ure 40a the bi-stable mechanism allows to decouple the movement of
the robot from the movement of the end-effector, because the robot
mass does not change its velocity during collision, but only when
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the impact is detected and the robot brakes. After braking the robot
oscillates because it is not in direct contact with the obstacle.

Figure 40b highlights that the end-effector bounces many times on
the obstacle. The robot equipped with the bi-stable mechanism re-
duces the contact force by about 85%.

The decoupling between the end-effector and the robot absorbs the
collision, preventing that the large inertia and stiffness of the robot
are involved in the collision.

In the case analysed in Figure 40 the end-effector does not cross
the neutral position of the spring in the bi-stable mechanism, since
after the collision end-effector velocity with respect to the robot (ẋt-
ẋr) does not show a negative mean value corresponding to the attrac-
tion towards the second equilibrium position. Therefore, the bi-stable
mechanism behaves as a spring with variable stiffness. In this con-
dition the maximum force applied to the robot coincides with the
maximum force generated by the springs of the bi-stable mechanism,
since there is no impact with the back end-stop.

However, if the end-effector crosses the neutral position of the sys-
tem (x = 0), the end-effector moves towards the robot flange and
a collision occurs when the end-effector reaches the end-stop. This
behavior is highlighted in Figure 41a, which represents the veloc-
ity profiles ẋc, ẋr and ẋt, assuming a higher velocity of the robot
(Vc = 0.25 ms

−1) with respect to the one of Figure 40. Figure 41b rep-
resents the corresponding contact force and total force on the robot.
Figure 41a shows that after the collision the velocity of the end-

effector becomes negative, then it increases as Fb > 0 in the first
portion of the stroke. When the neutral position of the spring (x = 0)
is crossed the velocity of the end-effector decreases, until the back
end-stop is reached.

Actually, after the collision, the negative mean value of end effec-
tor velocity with respect to the robot corresponds to the attraction
towards the second equilibrium position.

Figure 41b shows that the contact force has a single peak, as the
end-effector directly moves towards the robot flange after the colli-
sion with the obstacle. The change in the sign of the robot force high-
lights the passage through the neutral position of the bi-stable mecha-
nism. The force on the robot is characterized by several peaks, due to
multiple bouncing of the end-effector on the back end-stop. However,
the force applied on the robot is much smaller than the contact force.
In this case the reaction time tr is shorter than in the previous case,
as the higher velocity Vc and contact force reduce the time needed by
the end-effector to move away from the forward end-stop. It is worth
noticing that the mechanism allows to decouple the end-effector from
the robot only if the stopping distance of the robot is shorter than the
total stroke of the system. If this condition is not fulfilled, a second
collision occurs and this time the inertia and the stiffness of the robot
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(a)

(b)

Figure 41: End-effector with bi-stable mechanism: (a) velocity profiles; (b)
profiles of the contact force and the force on the robot. Parameters
of the simulation are listed in Table 5 and 6

are involved, as the end-effector is laying directly against the robot
flange.

3.2 parametric analysis of the mechanism

In the mitigation of an accidental collision, the main goals are:

• minimization of the contact force, to prevent damages of the
end-effector;

• minimization of the force applied to the robot, as the robot is
very expensive to repair or replace.
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This section analyses the effects of different parameters on the con-
tact force and the force applied on the robot.

The parameters of the simulations listed in Tables 5 and 6 refer
to end-effector properties corresponding to general purpose grippers
and to impact with hard obstacles, which can be found in the indus-
trial environment.

3.2.1 Effect of parameters on contact force

In the collision of two masses, the contact force mainly depends on
the momentum of the masses, just before the collision, and on the
contact stiffness kc [49]. The decrease in the mass of the end-effector
allows the robot to move at higher velocity, without increasing the
contact force due to accidental collisions.

Figure 42 shows the maximum value of the contact force as a func-
tion of the mass mt and the velocity of the robot Vc.

Figure 42: Maximum value of contact force as a function of robot velocity
Vc and end-effector mass mt

The contact force increases almost linearly as a function of the ve-
locity of the robot, considering a certain mass mt.

The reduction in the contact stiffness decreases the maximum value
of the contact force, allowing to increase the velocity of the robot.
Figure 43 represents the maximum value of the contact force as a
function of velocity Vc and contact stiffness kc.

The increase in kb leads to a slightly increase in the peak of the
contact force. Figure 44 represents the peak value of the contact force
as a function of the velocity of the robot Vc and the stiffness kb of the
bi-stable mechanism.

The dead time DT is related to the effect of the robot control system
on the interaction between the robot, the end-effector and the obstacle.
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Figure 43: Maximum value of contact force as a function of robot velocity
Vc and contact stiffness kc

Figure 44: Maximum value of contact force as a function of robot velocity
Vc and stiffness kb of the bi-stable mechanism

Figure 45 represents the maximum value of the contact force as a
function of the velocity of the robot Vc and the dead time DT .

The maximum value of the contact force is independent from the
time delay DT. It is worth noticing that this result holds true when the
total stroke of the mechanism C is larger than the stopping distance.
On the contrary, a collision between the robot flange and the obstacle
occurs. Actually, the stroke of the bi-stable mechanism is just enough
to decouple the end-effector from the robot for Vc = 0.25 ms

−1 and
DT = 0.05 s. In these conditions, the robot flange reaches the obsta-
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Figure 45: Maximum value of contact force as a function of robot velocity
Vc and dead time DT

cle, but a small collision occurs, as the robot has already reduced its
velocity. This small collision is highlighted by the peak in the upper
right corner in Figure 45.

3.2.2 Effect of parameters on the force applied on the robot

The end-effector moves towards the robot flange up to reach the end-
stop when it crosses the neutral position of the bi-stable mechanism
(x = 0). The force on the robot caused by the collision between the
end-effector and the end-stop depends not only on the mechanical
properties of the end-stop and on the momentum of the end-effector
before the collision, but also on the dynamics of the robot after the
collision. Figure 46 represents the maximum force on the robot as
a function of the velocity Vc and the mass mt. Figure 46 allows to
define three main scenarios:

1. the end-effector does not impact with the back end-stop;

2. the end-effector impacts with the back end-stop after the robot
stop;

3. the end-effector impacts with the back end-stop before the robot
stop.

The three scenarios highlighted in Figure 46 refers to the end-effector
with mt = 0.75 kg.
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Figure 46: Maximum value of the force on robot as a function of robot ve-
locity Vc and end-effector mass mt

The first scenario, which is depicted in Figure 40, is characterized
by the smallest value of the force on the robot, since the contact force
is not enough to move the end-effector beyond the neutral position of
the springs.

In the second scenario the increase in the contact force is enough
to move the end-effector beyond the neutral position of the springs.
Hence, the force on the robot significantly increases, due to the colli-
sion of the end-effector with the back end-stop. It is worth noticing
that the second scenario represents a transition phase, in which the
non-linear interaction between the robot, the end-effector and the ob-
stacle is also affected by the inertia force, due to the braking of the
robot. Figure 47 represents the velocity profiles ẋc, ẋr and ẋt, assum-
ing a velocity of the robot Vc = 0.20 ms

−1, which refers to scenario
2.

Figure 47 highlights that the collision between the end-effector and
the back end-stop occurs when the robot is stationary. The relative
velocity between the robot and the end-effector is smaller in Figure
47 than in Figure 41, causing a smaller force on the robot. It is worth
noticing that in Figure 41 the end-effector moves towards the robot
flange only when the robot is braking, whereas in Figure 47 a portion
of the movement of the end-effector occurs when the robot is sta-
tionary. This behavior affects the maximum negative velocity reached
by the end-effector before impacting with the back end-stop, hence
the relative velocity of impact. The direct comparison between the
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Figure 47: End-effector with bi-stable mechanism: velocity profiles in sce-
nario 2 (Vc = 0.20 ms

−1, mt = 0.75 kg). Parameters used in the
simulation are listed in Table 5 and 6

velocity of the end-effector in the scenarios of Figures 41 and 47 is
represented in Figure 48.

Figure 48: Comparison between the velocity of the end-effector for Vc =

0.20 ms
−1 and Vc = 0.25 ms

−1 (Scenarios 2 and 3, respectively)
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In the third scenario, which is reproduced in Figure 41, the force
on the robot increases with the velocity of the robot and the mass of
the end-effector. The impact velocity increases for higher velocity of
the robot, as the robot takes more time to decelerate.

The force on the robot as a function of the velocity of the robot Vc

and the dead time DT is represented in Figure 49. Figure 49 corrob-
orates the existence of three working modes of the end effector. The
bi-stable behavior does not occur when the velocity Vc and dead time
are small. The end-effector collides with the back end-stop for higher
velocities and dead times.

Figure 49: Maximum value of the force on robot as a function of robot ve-
locity Vc and dead time DT , mt = 0.75 kg

In conclusion, numerical simulations showed the presence of three
working modes of the end-effector with bi-stable mechanism. With
low impact speed and short dead time the bi-stable mechanism does
not cross the neutral position and a very large reduction in the force
applied on the robot is achieved. Then, there is a range of speeds
and dead times in which the end-effector crosses the neutral position
and impacts the back end-stop, but the impact takes place when the
robot is stationary, and a moderate increase in the force on the robot
takes place. For large impact velocities the end-effector crosses the
neutral position and impacts the back end-stop when the robot is
moving. The force on the robot is larger than in the previous cases and
depends on the mass of the end-effector. Nevertheless, even in this
working mode the bi-stable mechanism strongly reduces the forces
with respect to the values that are found with rigid end-effector.
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3.3 experimental validation of forces

The mathematical model described in the previous Section is vali-
dated by means of a new prototype designed to be adaptable to any
linear 1D tool. The prototype is presented in the next Section. Initially,
it was decided to perform a pilot validation by means of the same pro-
totype used for the model of impacts with small objects. This decision
was done out of two advantages:

• show the validity of the prototype in the mitigation of both type
of impacts;

• take advantage of the design of the tool to validate the model’s
estimation of forces on the tool.

The second point is possible thanks to the reduced velocities of the
robot used in the tests. Indeed, the bi-stable mechanism cannot ensure
safety at any velocity of the robot. The maximum guaranteed velocity
reachable by the robot depends on the efficiency of the control system
(i.e., the dead-time) and the length of the tool. Therefore, keeping
the total size of the tool reasonable restrained the maximum velocity
reachable. Thanks to the lower velocities, an accelerometer could be
attached to the paddle to estimate the forces during the impact.

Before showing the validation results, it is worth remembering that
the surfaces of the moving components can be very rough due to
the use of additive manufacturing in their realization. Therefore, the
large clearances and the high roughness of the surfaces increase the
friction and stick-slip phenomena. Therefore, the mathematical model
described by Equation 36 can be updated as follows:

mrẍr =cr(ẋc − ẋr) + kr(xc − xr) − Fb − Fe − Ff (39)

mtẍt =Fb − kcδ
m − χcδ

n
δ̇+ Fe + Ff (40)

where Ff is the friction force acting along the sliding axis of the pad-
dle and it is defined as follows:

Ff = µ Fn tanh

(
ẋr − ẋt

v0

)
(41)

where µ is an equivalent friction coefficient, v0 is a constant and Fn
is the force component generated by the bi-stable mechanism perpen-
dicular to the sliding direction.

Fn = Nkb(L0 − L)
H

L
(42)

The end-effector is equipped with an inductive sensor, which de-
tects the detachment of the paddle from the forward end-stop due to
the collision with the obstacle. Such sensor provides a digital signal
once the paddle has slid 1.5 mm from the forward end-stop.
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A series of experimental tests were performed in order to validate
the mathematical model. The robot used in the tests is a Mitsubishi
RV-4FRL-D. As stated in Section 2.2.1, its parameters are estimated
using the CAD model of the robot, and an impulsive modal analysis
of the robot [56, 80]. The robot moves towards an obstacle, follow-
ing a linear trajectory with a trapezoidal velocity profile. In order to
minimize the risk of robot damage during the tests, a "soft" obstacle
made of a polystyrene block was used. This aspect will not affect the
generality of the validation since it affects only the value of stiffness
and damping of the contact (kc and χc).

The validation is performed tracking two markers attached on the
impact actors: the robot, and the paddle. A high frame rate camera
is used to track such markers at ∼300 fps, during the interaction be-
tween the end-effector and the obstacle. Figure 50 represents a snap-
shot of the experimental setup, where the black cards are used to
eliminate reflections and improve the performance of the tracking
system. A calibration process was performed by means of the same

Figure 50: Position of the three markers: on the obstacle, on the paddle and
attached to the robot.

standard procedure described in Section 2.5.
The experimental result of a typical tracking and the corresponding
simulation can be seen in Figures 51a and 51b. The values of param-
eters used in the simulation are listed in Table 8. It is worth noticing
that the parameters are different from the ones in Table 6 since the
prototype was built using the available components and manufactur-
ing technology, and the obstacle is made of polystyrene, which re-
duces the contact stiffness to kc = 0.6 · 105 Nm

−1.5, in order to avoid
possible damages of the robot and the end-effector.
The experimental velocities show the typical features of scenario 3
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Figure 51: Results of tests with the prototype: (a) experimental velocities; (b)
simulated velocities. Parameters of the simulation are listed in
Table 8

since the impact with the back end-stop occurs when the robot is still
moving. A good agreement between experimental and numerical re-
sults is found.

Besides observing the velocities, the aim of this pilot test was the
validation of the contact force. The contact force was validated through
the measurement of the acceleration of the end-effector. First, the re-
lation between an impulsive force applied on the tip of the paddle
and the acceleration of the paddle was determined. Then, the acceler-
ation during the interaction between the end-effector and the obsta-
cle was measured, and the contact force was estimated. These tests
were performed by attaching an accelerometer (PCB 352C23) to the
upper part of the blade and exerting an impulsive force on the tip of
the paddle by means of an instrumented hammer for modal analysis
(PCB086C03), as represented in Figure 52.
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Parameter Unit Value

N / 1

L0 m 0.062

kb Nm
−1

490

H m 0.053

C m 0.047

C1 = C2 m 0.0235

Vc ms
−1

0.25

ac ms
−2

1

dc ms
−2

2

mt kg 0.048

kc Nm
−1.5

0.6·105

ec / 0.8

kbe Nm
−1.5

2.25·106

ebe / 0.3

kfe Nm
−1

2.25·106

cfe Nsm
−1

235

DT s 70 · 10−3

µ / 0.12

vend ms
−1

0

Table 8: Values of the parameters used in the simulations of the real system

The tests showed that the peak force, applied by the hammer, and
the peak acceleration, measured by means of the accelerometer, are
proportional through the mean coefficient of 0.564 Ng

−1± 0.19 (95%).
Figure 53a represents the acceleration profile measured with the

accelerometer during the interaction between the end-effector and the
obstacle. In contrast, Figure 53b represents the acceleration profile of
the end-effector calculated by means of the numerical model.

Figure 53 highlights that the numerical results are in good agree-
ment with experimental measurements. The experimental plot is cut
to observe the acceleration after the impact occurs. In the experi-
mental acceleration profiles, the first negative peak, about -6.9 g at
0 s, is due to the collision between the end-effector and the obstacle,
whereas the first positive peak, about 65.5 g at 0.23 s, is due to the
collision between the end-effector and the back end-stop. The com-
parison with the numerical simulation highlights that the two colli-
sions are well-described. However, the experimental tests of Figure
53a show a second negative peak (about -14.5 g, just after the colli-
sion with the back end-stop), which is not represented in the simula-
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Figure 52: Accelerometer and instrumented hammer

tion of Figure 53b. The reason for that negative peak is related to the
force’s application point. The general behavior caught by the model
considers the impact occurring along the sliding axis of the tool. In
the prototype, the impact force is not applied along the sliding axis
of the paddle. Therefore, the torque generated during the interaction
can generate an oscillation of the paddle when the force applied to
the paddle is large. Moreover, since the paddle is realized in additive
manufacturing, its vibratory response depend on the internal struc-
ture. The numerical model does not include these aspects.

Considering the mean proportionality factor between the force ap-
plied on the paddle and the measured acceleration, the experimental
acceleration profile allows to estimate the peak in the contact force as
follows:

max contact force = 0.564Ng
−1 · 6.9 g = 3.9 N (43)

It is worth noticing that the max contact force is much lower than
the one found in Figure 41, because the impacting mass of the end-
effector and the contact stiffness are much smaller (0.048kg compared
to 0.75kg and 0.6 · 105 Nm

−1.5 compared to 10
8
Nm

−1.5).
Figure 54 represents the absolute value of the contact force during

the interaction between the end-effector and the obstacle, calculated
by means of the numerical model.

Figure 54 shows that the numerical simulation is in good agree-
ment with the experimentally estimated peak of the contact force.

In conclusion, as can be inferred from Figures 51, 53 and 54 the
model can predict the behavior of the end-effector with a good ap-
proximation, both qualitatively and quantitatively. In particular, a dif-
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Figure 53: Acceleration profiles: (a) from experimental measurement; (b)
from the numerical model.

ference of about 5% can be observed in the maximum negative veloc-
ity of the end-effector which is influenced by the real friction of the
ball bearing guide.

These results are promising and confirm the effectiveness of the
end-effector in mitigating the impact of the robot with obstacles.

3.4 generalization of the design to 1d tasks and vali-
dation

The validation performed in the previous Section had the focus on
the estimation of the contact force. Indeed, the paddle allows the easy
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Figure 54: Contact force profile calculated by means the numerical model.
The obstacle is made of soft polystirene.

attachment of an accelerometer to its frame. In this Section, a second
validation is performed. A new prototype has been realized in the
form of a module to be interposed between the robot flange and any
linear 1D tool, such as a paddle or a gripper. This design led to a more
general system that can be applied to a various scenarios. In this work,
a gripper is attached to the tool. The test recalls an erroneous pick-
and-place task where the height of the pick/place location is wrongly
measured. Another possible example is the execution of the pick-and-
place task in teleoperation, where the operator misreads the distance
from the surface and hits it.

The new prototype is shown in Figure 55. The movable hinge of
the bistable mechanism is connected rigidly to a beam long enough
to ensure the complete backward movement of the slider. At the end
of the beam, a changeable flange connects the module to the tool.

The system’s response can be modified using the regulation system
showed in Figure 56. Depending on the desired preload, the upper
hinge of the bi-stable mechanism can be moved in one of the holes.
More holes can be prepared to increase the system’s adaptability to
different scenarios.

Figure 56 shows the main difference in the design of this prototype
with respect to the one described in Chapter 2. Following Figure 57,
the regulation modifies the ratio between the two half strokes, C1 and
C2. In the previous prototype, the regulation is on the H parameter.
This difference is partly due to an optimization of the design to re-
duce the total size of the system. In addition, this decision enables
the system to take advantage of the weight of the attached tool. In
particular, two scenarios can take place with respect to the case with
C1 = C2:

1. if C1 > C2, the initial resistance force offered by the bi-stable
mechanism is increased, whereas the force exerted on the back
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(a) (b)

Figure 55: Prototype developed for the experimental validation of the mod-
els: (a) CAD model; (b) real model.

Figure 56: Detail of the regulation system of the bi-stable mechanism in the
Z-axis prototype.

end-stop is reduced. Consequently, if the weight of the tool is
higher than the force of the spring on the back end-stop, the
weight can be used to restore the initial position of the tool
once the external perturbation is removed;
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Figure 57: Geometric model of the bi-stable mechanism in the Z-axis proto-
type. C is the total stroke. The ratio between C1 and C2 is modi-
fied based on the desired behavior.

2. if C1 < C2, the system is more sensitive to external perturba-
tions since the force of the spring against the front end-stop is
reduced. In addition, the switching position is closer to the tool.

The second scenario can be helpful when the robot has to manip-
ulate fragile components. In contrast, the first one can be exploited
for tasks requiring the application of a force (for example, pressing of
button [73]).

Changing the H parameter increases/decreases the force equally
on the two end-stops. In the previous prototype, this is a necessary
feature to optimize the design and enable its functioning against im-
pacts on both the faces of the paddle (with the opportune rotation
of the tool). Figure 58 shows the effect of modifying C1 on the force
expressed by the spring against the front end-stop. In particular, the
force on the front end-stop decreases with the distance of the hinge
from it (C1).

Using the bi-stable mechanism along the Z-axis requires a slight
modification of the motion laws. The weight of the module and tool
are now acting along the direction of the impact. Therefore, they have
to be considered, and the motion laws become:

mrz̈r =cr(żc − żr) + kr(zc − zr) − Fb − Fe − Ff − Fw (44)

mtz̈t =Fb − kcδ
m − χcδ

n
δ̇+ Fe + Ff + Fw (45)

where Fw is the total weight of tool and module. It is worth noticing
that this factor is constant throughout the impact. In the considered
case, it works as an added resistance to the upward translation of the
tool.
In the design proposed in Figure 55b, the total mass attached to the
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Figure 58: Force expressed by the spring (Fb) on the front end-stop as a
function of the rations (C1/L0) and (H/L0), with the parameters
of Table 5

robot is equal to about 230gr. Thus, the total weight of the compli-
ant system is about 2.26N. The pneumatic tubes and sensor’s cable
contribution is considered negligible.

Experimental tests were carried out with the aim of validating the
velocities estimated by the model. First, the robot (Mitsubishi RV-
4FRL-D) approaches the fixed obstacle linearly using a trapezoidal
velocity profile. Then, it hits the surface at a constant velocity. Finally,
the sensor detects the impact after a displacement of the tool of about
0.5 mm.

The object is realized in polystyrene to prevent damage during the
validation due to a malfunctioning of the prototype. The characteris-
tics of the impacted object do not interfere with the validation. They
affect only the value of kc and χc. Figure 59 shows the experimental
setup.

The validation is performed by tracking two markers attached to
the two actors involved in the task: the robot and the tool (i.e., the
gripper). The markers are highlighted in Figure 60.

The tests were carried out by combining the parameters in Table 9.

v0 C1

[ms
−1] mm

0.150 15.25

0.240 25.25

Table 9: Variable values used in the tests.
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Figure 59: Experimental setup for the validation of the Z-axis prototype.

Two different springs were employed thanks to the reduced veloc-
ity of the robot and the increased forces. In the previous case of mov-
ing small objects, a stiffer spring would have prevented the bi-stable
mechanism from switching, limiting the functionality of the mecha-
nism.

kb L0

[Nm
−1] [m]

446 34.1

477 50.0

Table 10: Characteristics of the two springs used for the validation.

Figure 61 shows the experimental results and the corresponding
simulated matching in some conditions. The tests are identified by the
values [Ni, C1,i, v0,i], representing the spring, the frontal half stroke
of the mechanism and the impact velocity of the robot, respectively. i
represents the row of the parameter in the corresponding table (see

77



Figure 60: Detail of the markers on the robot and the tool tracked during
the experimental validation.

Tables 9 and 10). From Figure 61, it can be inferred that the bi-stable
mechanism switches only in the third comparison. In the other two,
the spring is too weak to overcome the weight of the tool and push
it against the robot flange. Consequently, the tool hops against the
impacted surface in the first two plots until the robot stops.

The simulations were carried out with the parameters listed in Ta-
ble 11. Therefore, the three simulations in Figure 61 simulate the same
system in three different conditions. This aspect prevents a perfect
matching between tests and simulations. Indeed, a perfect matching
would have required modifying the parameters to match every situ-
ation better. For example, in Figure 61e, the dead-time appears to be
lower than in the other tests. The corresponding simulation in Figure
61f sees the tool impacting with the robot at a higher velocity. More-
over, the second spring is longer than the first one. Consequently, it is
more compressed during the impact and can generate more friction
on its support system.

Even considering these considerations strictly related to the exper-
imental setup, Figure 61 shows good consistency between the exper-
imental results and the simulated ones. Therefore, the model is able
to qualitatively predict the behavior of the tool, as for the case of im-
pacts with small objects. In addition, it is worth remembering from
Section 2.5 that the experimental velocity peaks values depend on the
tracking frequency.

Concluding, experiments corroborate the validity of the model and
the effectiveness of the proposed solution for mitigating unexpected
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Figure 61: Comparison between experimental and simulated velocities for
the Z-prototype.

collisions with hard surfaces. Finally, in the next Section, a prototype
is proposed to extend the bi-stable mechanism to 2D.

3.5 exploitation of the bi-stable mechanism in 2d

This Section presents the design and experimental validation of a
module to extend the use of the 1D bi-stable mechanism to two di-
mensions. The design assumes planar movements of the robot. There-
fore, the prototype should be able to mitigate collisions along the XY
plane. The proposed solution is constituted of a rotational module to
be interposed between the robot flange and the tool able to align the
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Parameter Unit Value

H m 0.035

ac ms
−2

1

dc ms
−2

2

mt kg 0.230

kc Nm
−1.5

3·105

ec / 0.85

kbe Nm
−1.5

2.25·106

ebe / 0.3

kfe Nm
−1

2.25·106

efe / 0.4

DT s 70 · 10−3

µ / 0.15

vend ms
−1

0

Table 11: Values of the parameters used in the simulations of the real system

bi-stable mechanism along the direction of the impact. A system of
this kind is useful if we consider the cases in Figure 62.

(a) (b)

Figure 62: Possible case scenarios for 1D impact with bi-stable mechanism:
(a) correct impact direction; (b) incorrect impact direction.

The 1D impact can occur in two directions. However, the bi-stable
mechanism can mitigate only one. In particular, in Figure 62a, the
bi-stable mechanism can mitigate the collision with the obstacle. In
contrast, in Figure 62b, the bi-stable mechanism is at the end of the
possible stroke. As a result, the tool appears rigidly fastened to the
robot, and it cannot mitigate the collision. Attaching the tool to the
center of the linear guide can prevent this scenario, but it also in-
creases the size of the mechanism to allow the same response. More-
over, the non-linear spring has to prefer one of the two directions
to guarantee an initial resistance along that direction. Otherwise, for
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symmetry reasons, it must be set perpendicular to the direction of the
impact resulting in no initial force along that direction. The design of
the prototype of Chapter 2 reflects these considerations.
A system able to orient the bi-stable mechanism can guarantee the
optimal functioning of the tool. Moreover, it can make it functions in
2D.

Another example for which a 2D mitigation system can be useful
is the task of bin picking. In this task, the robot has to approach
and pick objects overlapped and chaotically arranged in a bin. The
will to automate this task is related to the necessity to increase the
flexibility of the existing production systems. In particular, it will help
to reduce space, avoiding the need for parts feeders [81]. However,
the automation is complex due to the infinite scenarios that can occur.
Moreover, the robot’s motion must be planned carefully to prevent
impacts with one of the bin’s four borders or any other object while
reaching its goal.

On the other hand, some scenarios require the search for a collision.
For example, the robot can face the necessity to move the objects to
put them in a graspable position [82] or to free up the targeted object
(when different components are overlapped) [83, 84].

A compliant end-effector, such as the one proposed in the previ-
ous Section, can easily cover both tasks. In particular, the bi-stable
mechanism described above can:

• offer an initial resistance to the tool movement that opportunely
tuned can move or push small objects;

• mitigate an unexpected collision with objects (as shown in Chap-
ter 2) and hard surfaces (as shown in Chapter 3.

However, in the current state, these advantages can be exploited for
mono-dimensional impacts only, whereas the cases described above
are at least bi-dimensional. Hence, the research exposed in this Sec-
tion extends the bi-stable solution to 2D.
Different designs have been evaluated. The first and more straightfor-
ward possible approach follows the idea exposed in [27]. In this paper,
the authors designed a compliant frame for a robot by stacking multi-
ple 1D systems together. However, doing the same with the bi-stable
mechanism would end up with a bulky system. The solution adopted
and developed combines the bi-stable mechanism with a rotational
system. This system is interposed between the robot flange and the
bi-stable mechanism. During an impact, it orients the bi-stable mecha-
nism along the direction of the impact. The designed system is shown
in Figure 63. The module is designed to align the tool along the axis
of the last joint of the robot when there are no external perturbations.

The internal design is shown in Figure 64. The system is constituted
of three main parts that can freely move one with respect to the other.
The part highlighted in blue is attached to the robot flange and fixed.
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(a) (b)

Figure 63: Prototype developed for 2D mitigation: (a) CAD model; (b) real
model.

The red part is attached to the tool and can rotate thanks to ball bear-
ings. Two ball bearings are employed to keep the beam parallel to the
axis of the robot’s final joint. The remaining central part houses the
bi-stable mechanism and contains a ball bearing and an axial roller
bearing to allow the rotation around the blue part.

The two rotating parts are kept in position during free motion by
two springs, as shown in Figure 65.

The two springs are also helpful in restoring the initial position
of the parts after a weak impact. Indeed, a weak impact does not
cause the bi-stable mechanism to switch. If the system switches, an
opportune motion or a manual restore has to be performed.

During an impact, the system rotates thanks to a momentum cre-
ated around its center. The momentum is created by offsetting the
tool with respect to the cursor of the ball bearing guide to which it
is attached. Figure 66 shows the displacements (identifiable by the
letters a and b) between the axis of the tool and the cursor.

Decoupling the beam attached to the tool from the other part of the
mechanism is necessary to avoid undesirable movements of the tool
that can damage manipulated objects. For example, during an impact,
the tool can remain in contact with the cause of the perturbation while
the rest of the system rotates.
Experimental tests have been carried out to test the functioning of the
prototype. Figure 67 shows the experimental setup for these tests.
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Figure 64: Lateral section of the XY-prototype evidencing the three different
parts.

(a) (b)

Figure 65: Detail of springs used to retain the position of the parts during
free motion: (a) upper spring; (b) lower spring.

The mitigation system is mounted on an Adept Viper s650. The
robot hits a polystyrene beam at a constant speed of 100 ms

−1. A
marker is attached to the moving part of the mitigation system and
is tracked at ∼ 300 fps by a high frame-rate camera. In Figure 68,
frames captured during the worst-case scenario are shown. In this
scenario, the rotational system must rotate 180

◦ to align the bi-stable
mechanism to the direction of the impact.
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Figure 66: Detail of the displacements between the tool and the cursor to
generate the momentum to rotate the mechanism

Figure 67: Experimental setup for XY-prototype validation.

The sequence of frames shows that the system successfully delays the
collision with a hard surface. However, it is worth noticing that, in
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(a)

(b)

(c)

Figure 68: Succession of frames in the worst-case scenario (rotation of 180◦

to align bi-stable mechanism along the direction of the impact):
(a) instant of the impact; (b) instant in which the bi-stable mecha-
nism starts to push; (c) bi-stable mechanism fully extended.
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the worst-case scenario, the bi-stable mechanism worked only from
Figure 68b to frame 68c. Therefore, the rotation alone is sufficient to
avoid damage. However, if the control system is inefficient, the bi-
stable mechanism allows for an additional rotation. For example, if
Figure 68c is considered, the switching of the bi-stable mechanism
grants the robot more space to brake.

The tests were carried out by modifying the approaching angle θ,
shown in Figure 68a. θ is the angle between the impacted surface
and the linear guide’s axis. The system is useful when θ ⩾ 0

◦. If θ <

0
◦, the bi-stable mechanism is immediately engaged in the impact,

without the need for rotations. If θ ⩾ 0
◦, the system must rotate to

free the bi-stable mechanism. Figures 69a and 69b show the variation
of the angle of the mechanism in the two extreme cases that requires
a rotation: θ = 0

◦ and θ = 90
◦. θ = 90

◦ is the worst-case scenario
depicted in Figure 68.
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Figure 69: Rotation angle of the mechanism during the collision with start-
ing angle (a) θ = 0

◦; (b) θ = 90
◦

The plots are cut in the instant in which the bi-stable mechanism
starts to move. It is interesting to observe that the final angle is com-
parable. Therefore, the system shows repeatability in the results, with
a mean angle equal to −24.73± 0.64◦. The final angle corresponds to
the instant in which the force of the external perturbation, exerted
along the guide’s axis, surpasses the force opposed by the bi-stable
mechanism.

In conclusion, the 2D mitigation prototype is able to exploit the
rotational system to correctly align the bi-stable mechanism along a
direction in which it can work. However, it is essential noticing that
due to the force necessary to reorient the system, the proposed so-
lution is suitable only for impacts with hard surfaces. Nevertheless,
if the robot is required to sort objects arranged on a plane, its final
joint can be oriented to optimize the use of the bi-stable system. Con-
sequently, limiting the 2D system to impacts with hard surfaces is
acceptable. Indeed, it can function when unexpected impacts occur
in other directions. Moreover, its rotation can be used to overcome
inaccurate measures of the orientation of the objects to be moved by
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rotating the tool accordingly. Finally, it can be inferred that the pro-
totype can be extended to three dimensions by superimposing the Z
prototype developed in the previous Section.

3.6 conclusions

This Chapter proposed an extension of the mathematical model of
Chapter 2. The new model considers impacts with hard surfaces.
These impacts are more severe than those with small objects since
higher forces are at play.

Experimental tests carried out on a prototype impacting a soft ob-
stacle corroborated the validity of numerical results. It is worth notic-
ing that the novel solution has a positive effect on the operating ve-
locity of the robot since high velocities, that can damage the robot
with a rigid end-effector in case of collision, can be tolerated if the
solution with the bi-stable mechanism is adopted. The designed bi-
stable mechanism has some significant advantages with respect to
other collision-mitigation technologies. In particular, the proposed so-
lution can be introduced in existing robots with only minor modifi-
cations in the control system. Moreover, building the new solution
is relatively simple and does not require expensive components and
sensors. In addition, a new prototype is designed in the form of a
module to be interposed between the tool and the robot flange. Any
tool (e.g., a gripper for assembly operations, a paddle) can be attached
to it to take advantage of the mitigation of collisions provided by the
bi-stable mechanism. The generalization of the solution to multiple
tasks increases the flexibility of the bi-stable mechanism. However,
according to the envisaged application, the end effector design can
be optimized according to the stiffness of the potential obstacles and
the operational velocities. Indeed, the maximum impact velocity de-
pends on these factors as well as on the efficiency of the control sys-
tem. The latter affects the dead-time between the impact and the reac-
tion. Therefore, depending on these parameters, the module requires
modifications to its geometric parameters to ensure a better response.

Finally, an extension to 2D is proposed. The bi-stable mechanism is
coupled with a rotational device that reorients it along the direction
of the impact. The 2D prototype has been tested experimentally, vali-
dating its functioning. In its actual design, the prototype is suitable to
mitigate impacts with hard surfaces only due to the forces necessary
to reorient the tool. However, it can also be helpful against impacts
with small objects when the object’s orientation is inaccurate.

In conclusion, the next Chapter presents a different approach to
mitigating impacts. A multi-physics approach is employed to evalu-
ate the effectiveness of the bi-stable mechanism with respect to other
solutions and get more insights on the impacts in general.
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4
M U LT I - P H Y S I C S A P P R O A C H T O C O L L I S I O N
M I T I G AT I O N

This study presents an alternative solution to the bi-stable mechanism pro-
posed in the previous Chapters. Using a multi-physics approach to collision
mitigation, this study presents a hydraulic solution to mitigate collisions be-
tween the robot and either a moving or a fixed object. A comparison with
the bi-stable mechanism is proposed to look at the pros and cons of the two
solutions.

4.1 hydraulic compliant system

In Chapters 2 and 3, collision mitigation is achieved by employing
a bi-stable mechanism that decouples the tool from the robot. The
mechanism exploits a non-linear spring to achieve the opposite goals
of offering an initial resistance to the impact to perform the task and
mitigating forces when a certain threshold is achieved.
The study in this Chapter develops an alternative solution to the mit-
igation to evaluate the bi-stable mechanism’s effectiveness or have
insights on how to improve it. The novel solution adopts a multi-
physics approach in the form of a hydraulic system. Again, initially,
impacts with moving objects are considered. Then, the model is im-
proved considering hard surfaces.
The hydraulic system is installed between the robot flange and the
end-effector. It consists of a main hydraulic cylinder connected to
an external auxiliary cylinder by means of an orifice. The auxiliary
cylinder is divided into two chambers by a floating piston. The first
chamber is filled with the liquid that has moved from the main to the
auxiliary cylinder. The second chamber is filled with gas pressurized
by a pneumatic line. Figure 70 schematizes the hydraulic system.
The functioning recalls the bi-stable mechanism. During the colli-
sion, the end-effector moves backward since the dynamics of the end-
effector and the robot are decoupled. After the collision, the liquid
is forced to flow from the main cylinder to the auxiliary cylinder
through the orifice. The pressure drop through the orifice and the
increase in pressure due to gas compression gradually reduce the rel-
ative velocity between the end-effector and the robot, avoiding hard
impacts between the two. Indeed, the movement of the end-effector
is restricted by the robot flange on one side and by a mechanical end-
stop on the other side.

The compliant system is equipped with an impact detector based
on a magnetic sensor, typically used in cylinders to detect the move-
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Figure 70: Scheme of the end-effector with the hydraulic compliant system.

ment of the piston. This sensor switches on when the piston moves
away by 1.5 mm from the forward end-stop. Therefore, the robot can
detect the collision and react, for instance, by stopping its movement.
It is worth remembering from the previous Chapters that the robot
is characterized by a delay in the reaction to the collision. This time,
called dead-time, is due to the time needed for detecting and process-
ing of the signal from the impact detector. The dead time is a feature
of the considered robot and signal processing system. As for the bi-
stable mechanism, the dead time is constituted of the following time
intervals:

1. the time needed for the system to move enough to activate the
signal;

2. the time for the controller to detect the sensor activation and
notify the control system;

3. the time for the control system to analyze the sensor signal and
deploy a reaction to the impact;

4. the time for the robot to receive the new command and execute
it.

The hydraulic system is designed to adapt its compliance to differ-
ent scenarios. By adjusting the pressure of the gas, the robot can per-
form specific tasks, such as assembling or plugging, for which a com-
pletely compliant system would not be suitable. In addition, the gas
in the auxiliary cylinder is pressurized to pre-load the end-effector to
prenvent movements due to robot accelerations and restore the initial
position of the end-effector after the collision.

The presented design can be extended to a compliant system acting
in multiple directions. Relying on [27], in which the mathematical
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model of a N-DOF compliant structure is presented, a set of hydraulic
systems arranged in series and connected by pre-loaded hinges is able
to absorb unexpected collisions from multiple directions.

4.2 impacts with small objects

As for the bi-stable mechanism, the hydraulic solution is first evalu-
ated to mitigate collisions with small objects free to move on a plane.
The mathematical model analyses the collision between a small object
(hundreds of grams) and the end-effector with the hydraulic compli-
ant system. The simulations aim to highlight the effects of this decou-
pling system in terms of mitigation of collisions on the robot, the end-
effector and the object. The analysis considers only a one-dimensional
model of the collision, since it is assumed that the end-effector ap-
proaches the object along a linear trajectory. The links of the robot
are assumed rigid, and the joints are assumed without compliance
and clearances, since the stiffness of links and joints are much larger
than the stiffness of the decoupling system [56, 57]. Hence, the robot
is equivalent to a rigid plate, moving along the direction of approach
with a trapezoidal velocity profile. The end-effector and the object
are modelled as lumped masses. The hydraulic decoupling system is
schematized using a non-linear lumped parameter model. Three phe-
nomena are considered in the lumped model of the hydraulic system
[85]:

• The pressure drop through the orifice, having a diameter much
smaller than the diameter of the main cylinder, which is given
by:

∆p =
1

2
c0ρL

A
2
p

A
2
o

(ẋr − ẋt)
2 (46)

where c0 is a coefficient, ρL is the liquid density, Ap and Ao are
the areas of the main cylinder and the orifice respectively, ẋr
and ẋt are the velocities of the robot and the tool respectively.

• An adiabatic variation in gas pressure in the auxiliary cylinder
is assumed since there is no time to heat exchange due to the
impulsivity of the collision. Hence, gas pressure p1 is given by
the following equation:

p1(t) =
p10 · V

k
g,0

Vg(t)
k

(47)

where p10 and Vg,0 are the initial pressure and volume of the
gas; k is the adiabatic constant of the gas (in this case air with
k = 1.4); Vg is the effective volume of the gas chamber.
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• The friction force between the pistons and the cylinders, which
includes both a dry friction term (coefficient d) and a viscous
term (coefficient b) [85]:

Ff = d · sgn(ẋr − ẋt) + b · (ẋr − ẋt) (48)

Figure 71 shows the lumped parameter model. The variables xr, xt
and xp are the coordinates of the robot flange, the end-effector and
the object, respectively.

Figure 71: Lumped parameter model of the system for impacts with small
objects

The equations of motions of end-effector and object during the col-
lision are:

mtẍt = (p1 +∆p) ·Ap − Fc + Ff (49)

mpẍp = Fc (50)

in which mt and mp are the mass of the end-effector and the object,
respectively; Fc is the contact force between the end-effector and the
object, which is expressed using a non-linear contact model as pre-
sented in [38, 50]:

Fc = kcδ
3
2 + χcδ

3
2 δ̇ (51)

where kc and χc are constants.
The force on the robot due to the collision is calculated as follows:

Fr = −(p1 +∆p) ·Ap − Ff + Ff,e + Fb,e (52)

in which Ff,e and Fb,e are the contact force due to the impact between
the piston of the end-effector and the forward and backward end-
stops, respectively. These forces are expressed using the same non-
linear formulation presented in Chapter 2.

The non-linear analytical model was implemented in Simulink to
carry out the simulations presented in the following Section.

92



4.2.1 Numerical results and comparison with bi-stable mechanism

The results of the numerical simulations of the end-effector with the
hydraulic system are presented and compared with the ones obtained
with the bistable mechanism. It is assumed that the robot approaches
the object with a trapezoidal velocity profile and starts to decelerate
after a certain dead time (DT) from the collision detection. The final
velocity of the robot is set to 0 ms

−1. The simulations were carried out
using the values in Table 12. The parameters L, Rp and Ro represent
the stroke of the piston, the radius of the main cylinder and the radius
of the orifice, respectively. ẋrmax

is the robot velocity before the impact
with the objects.

Parameter Unit Value

L m 0.023

mt kg 0.048

Rp m 0.020

mp kg 0.246

Ro m 0.008

p10 Pa 1000

c0 / 3

Vg,0 m
3

7.63 · 10−5

b kgs
−1

0.5

ρL kgm
−3

900

d N 0

ẋrmax
ms

−1
1

kc Nm
−1.5

0.6 · 106

χc Nsm
1/2

1.35 · 106

kbe Nm
−1.5

1·106

ebe / 0.3

kfe Nm
−1

1·106

cfe Nsm
−1

235

DT s 70 · 10−3

Table 12: Values of the parameters of the model used in simulations of im-
pacts with small objects.

Figure 72 shows the calculated positions and velocities. The verti-
cal line represents the instant at which the impact occurs. After that
instant, a dead time DT = 70 ms is assumed.

At the impact, the end-effector is slowed down. Then, after the ini-
tial transient, the end-effector and the object move together. Therefore,
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(a)

(b)

Figure 72: Simulation results for the hydraulic system with DT = 70 ms: (a)
positions and (b) velocities for robot (Xr, Ẋr), end-effector (Xt, Ẋt)
and object (Xp, Ẋp)

(a) (b)

Figure 73: Simulation results for the hydraulic system with DT = 70 ms: (a)
pressure inside the gas chamber and (b) force on the robot Fr
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Parameter Unit Value

N / 1

L0 m 0.062

kb Nm
−1

490

C m 0.047

C1 = C2 m 0.0235

mt kg 0.048

µ / 0.23

vend ms
−1

0

Table 13: Values of the parameters used in Chapter 13 to validate the bi-
stable mechanism impacting against small objects.

the object is exerting a force on the end-effector that keeps active the
flow between the chambers. The end-effector continues moving back-
ward until the pressure in the gas chamber stops the flow. In Figure
73a the pressure inside the gas chamber is depicted. It can be ob-
served that the pressure has a maximum in correspondence to the
instant in which the robot starts decelerating. The velocity of the end-
effector is larger than the velocity of the robot during braking, hence
gas expands.

To analyze the performance of the system, Figures 74a and 74b
show the position and velocity plots of the bi-stable mechanism pro-
posed in Chapter 2. The parameters used for the simulations are listed
in Table 13.

Both systems have a non-linear behavior. However, since the bi-
stable mechanism exploits a mechanical phenomenon, its dynamics
are more jerky. Consequently, the forces exerted on the robot include
large impulses (see Fig. 74b). Moreover, the final velocity of the ob-
ject is lower with the hydraulic system than the one reached with the
bistable mechanism.
This result is true when there is a certain dead-time between the im-
pact and the reaction. Figures 74 and 75 show that the object velocity
with the bistable mechanism depends on the number of collisions
with the end-effector. If the control system is improved, consequently
reducing the dead time, the bistable mechanism is more efficient re-
garding to momentum reduction. This change is due to the fact that
the subsequent impacts, if they occur, happen when the robot has al-
ready decelerated. However, it is still the worst system when forces
on robot are considered, as can be inferred from Figure 76.

The forces with the hydraulic system are lower than the ones with
the bistable mechanism, as can be inferred from Figure 76. However,
it is worth noting that the force peaks occur on different instants.
For the hydraulic system, there are two main peaks. The first corre-
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(a)

(b)

Figure 74: Simulation results for bi-stable mechanism with same general pa-
rameters as the hydraulic one, such as approaching velocities,
end-stops and objects characteristics. (a) Velocities of the three
components of the systems; (b) force on the robot Fr

sponds to the impact with the object, whereas the second (having
opposite sign) corresponds to the impact of the end-effector with the
front end-stop. Since the end-effector is pushed back to the starting
position when the gas pressure is released. Conversely, the bistable
mechanism shows three peaks. The first corresponds to the impact
with the object and its the minor of the three. The second and the
third correspond to impacts with the back end-stop. They are caused
by the presence of the spring that pushes the end-effector against the
back end-stop.
In summary, with the hydraulic solution, the maximum force is reached
when the end-effector impacts the object, whereas with the bistable
mechanism, it is reached when the end-effector impacts the back end-
stop. Therefore, with low dead time, the bistable mechanism can be
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(a)

(b)

Figure 75: Comparison between velocities with DT = 10 ms for the (a) hy-
draulic system and (b) bistable mechanism

preferred because it transfers less momentum to the object in the first
collision.
In conclusion, this study shows that the hydraulic solution is a valid
alternative to the bi-stable mechanism in mitigating collisions. Fur-
thermore, the comparison shows how the two different behaviors are
reflected in the interaction with the object. The main differences are
related to the instant in which the force is transmitted to the robot
and the fact that, after the impact, the tool is detached from the ob-
ject when using the bi-stable mechanism. Therefore, the preferable
system depends on the task and the control system’s efficiency.
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(a)

(b)

Figure 76: Comparison between forces exerted on the robot with DT =

10 ms for the (a) hydraulic system and (b) bi-stable mechanism

4.3 impacts with hard surfaces

The previous Section presents the work related to impacts with mov-
ing objects. As stated in Chapter 2, the collisions with small moving
objects are not dangerous for the robot, to the point that its compli-
ance’s influence on impacts is negligible. Indeed, a small object is
unable to exert a force sufficient to deform the robot or modify its
trajectory. However, it is shown how the robot’s dynamic is engaged
during impacts with hard surfaces due to the increased forces.

In this section, impacts with hard surfaces are considered and the
model is modified accordingly. The new lumped parameter model
of the system is shown in Figure 77. The variables xr, xt, xo are the
coordinates of the robot flange, the end-effector, and the obstacle, re-
spectively. xc is the desired position of the robot as imposed by the
control system, whereas xr is the actual position of the robot. xr is
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different from xc since it considers the inertia and compliance of the
robot.

Figure 77: Lumped parameter model of the system for impacts with hard
surfaces

The equations of motion presented in Equations 49 and 50 are mod-
ified accordingly to the new scenario:

mrẍr = cr(ẋc − ẋr) + kr(ẋc − ẋr) − Fhyd − Ff − Fe (53)

mtẍt = Fhyd + Ff + Fe − Fc (54)

where Fe is the force exerted by the end-stop (either the front or
the back one depending on the position of the tool), Ff is the friction
force described by Equation 48, Fc is the contact force defined with
the same formulation as 51, and Fhyd is the hydraulic force following
from Equations 46,47 and 49:

Fhyd = (p1 +∆p)Ap (55)

=
p1,0V

k
g,0

Vg(t)
k
Ap +

1

2
c0ρL

A
3
p

A
2
o

(ẋr − ẋt)
2 (56)

The analytical model is simulated using Simulink. The results and
a comparison with the bi-stable mechanism is proposed in the next
Section.

4.3.1 Numerical results and comparison with the bi-stable mechanism

Simulations were carried out with the parameters in Table 12 with the
modifications listed in Table 14. The modification are done to match
the values used in Chapter 3 to validate the bi-stable mechanism.
The robot moves linearly along a direction following a trapezoidal
velocity profile. It hits the obstacle while moving at a constant speed.
The robot considered in the simulations is an Omron Adept Viper
s650 to keep consistency with the simulations in Chapter 3. The esti-
mation of the parameters of the robot is described in Section 2.2.1.
Figure 78 shows the simulation results of the modified model.
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Parameter Unit Value

ẋrmax
ms

−1
0.25

kc Nm
−1.5

0.3 · 105

χc Nsm
1/2

4.5 · 104

kbe Nm
−1.5

2.25·106

ebe / 0.3

kfe Nm
−1

2.25·106

cfe Nsm
−1

235

Table 14: Modified values of the parameters in Table 12 for the simulation
of impacts of the hydraulic system with hard surfaces.

(a)

(b)

Figure 78: Simulation results of impacts with hard surfaces with the hy-
draulic system and DT = 70 ms showing (a) velocities of robot
(Ẋc,Ẋr) and end-effector (Ẋt), and (b) force on the robot
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Interestingly, the tool velocity goes smoothly towards 0 ms
−1 and

then oscillates around that velocity. This particularity means that the
tool tends to remain in contact with the external surface. Therefore,
the system acts as if the robot is actively pushing against the liquid
mass. This phenomenon is well shown in Figure 78b. After the im-
pact, the force on the robot increases because the dead-time causes
the robot to push against the wall at a constant velocity, compressing
the gas. Conversely, when the robot starts to decelerate, the force de-
creases due to the reduction of the friction force.
These plots are meaningful if compared with the one gathered simu-
lating the bi-stable mechanism. The bi-stable mechanism is simulated
using the same values used in Chapter 3 to validate the model. The
values are listed in Table 15.

Parameter Unit Value

N / 1

L0 m 0.062

kb Nm
−1

490

H m 0.053

C m 0.047

C1 m 0.0235

C2 m 0.0235

Vc ms
−1

0.25

mt kg 0.048

µ / 0.12

v0 ms
−1

0.001

Table 15: Values of the parameters used in Chapter 3 to validate the mathe-
matical model.

The simulated plots are showed in Figure 79.
The hydraulic system is better the bi-stable mechanism also when

impacts with hard surfaces are considered. In particular, the tool os-
cillates close to the surface, whereas the bi-stable mechanism is sub-
jected to a series of strong oscillations. Those oscillations results in
a higher force transferred to the robot. However, as seen in the case
of impacts with moving objects, reducing the dead-time can be ben-
eficial. Indeed, comparing Figures 78b and 79b, it is clear that the bi-
stable mechanism exerts lower forces on the robot than the hydraulic
solution during the first instants after the impact.
Figure 80 shows the velocity and force plots for the hydraulic and the
bi-stable mechanism in the case of DT = 10ms. From Figure 80c, it
can be inferred that the external perturbation is insufficient to make
the bi-stable mechanism switch. Therefore, in this case, the reduction
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(a)

(b)

Figure 79: Simulation results of impacts with hard surfaces with the bi-
stable system and DT = 70 ms showing (a) velocities for robot
(Ẋc,Ẋr) and end-effector (Ẋt), and (b) force on the robot

in the dead-time eliminates the impacts of the tool against the back
end-stop. Consequently, the peaks of Figure 79b are not present any-
more. In conclusion, comparing Figure 80b with 80d, it is clear that
the bi-stable mechanism is better than the hydraulic one regarding
the force transferred to the robot.

4.4 estimation of an equivalent stiffness

In the previous Sections, a comparison between the bi-stable mecha-
nism and the hydraulic system is proposed. The two systems’ charac-
teristics are chosen to have a comparable initial stiffness. In this way,
they should react similarly to the first impact, whereas their internal
behavior characterizes the dynamics of the components during the
following instants. Therefore, this Section proposes the estimation of
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(a) (b)

(c) (d)

Figure 80: Comparison of velocities and forces during impacts with hard
surfaces and DT = 10 ms with: (a,b) hydraulic system, and (c,d)
bi-stable mechanism.

an equivalent stiffness for the hydraulic system. This estimation al-
lows the selection of the values of the parameters suitable for the
comparison.
The equivalent stiffness is estimated for the hydraulic system at the in-
stant of the impact. Therefore, the hydraulic force in Equation 56 must
be expressed with respect to the movement xt of the tool. Moreover,
the terms dependent on the velocities can be neglected. Consequently,
the derivation of the equivalent stiffness is reduced to expressing the
pressure p1 of the gas in function of xt.

Starting from Equation 47, the volume can be expanded using Tay-
lor series:

Vg(t) = Vg,0

(
1+

∆V

Vg,0

)
(57)

= Vg,0

(
1+

Ap(C− xt)

Vg,0

)
(58)

where ∆V is the variation of volume in the cylinder due to the
movement of the tool, and C is the height of the cylinder.

Equations 47 and 58 can be combined together:
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p1(t) =
p1,0 · V

k
g,0

V
k
g,0

(
1+

Ap(C−xt)

Vg,0

)k
(59)

=
p1,0(

1+
Ap(C−xt)

Vg,0

)k
(60)

Considering an infinitesimal movement of the tool at the impact,
Equation 60 can be expanded using Taylor series as follows:

p1(t) = p1,0

(
1+

Ap · k · (xt(t) −C)

Vg,0

)
(61)

Therefore, the hydraulic force becomes:

Fhyd(t) = p1,0

(
1+

Ap · k · (xt(t) −C)

Vg,0

)
Ap (62)

Deriving with respect to tool’s movement xt returns the equivalent
stiffness of the system:

khyd =
δFhyd

δxt
=

A
2
p · k · p1,0

Vg,0
(63)

whereas the stiffness of the bi-stable mechanism is given by the
equation of the non-linear spring:

kbm = k

(
L0 − L

L

)
(64)

The parameters in Table 14 have been chosen to gather a similar
stiffness between the two systems. Those values lead to a stiffness
khyd = 27.28 Nm

−1 for the hydraulic system, and kbm = 34 Nm
−1

for the bi-stable mechanism.

4.5 conclusions

The study in this Chapter presents a novel multi-physics approach to
collision mitigation. The hydraulic system proposed is a valid alter-
native to the bi-stable mechanism, and it clearly shows how different
tool designs lead to completely different tool behaviors. Moreover, it
shows how different tool behaviors can be useful depending on the
task and the control system’s efficiency.

Simulations demonstrate that the hydraulic solution is able to mit-
igate the impacts between the robot and both small objects and fixed
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obstacles. In particular, simulations show that the hydraulic system
can outperform the bi-stable mechanism proposed in the previous
Chapters when high dead-times occur. This inference comes from the
fact that the hydraulic solution can exert smaller forces on the robot
and a smoother movement of the compliant system. In addition, an-
other advantage is the easiness of regulation since the pressure of the
gas is the only variable of the system. In contrast, in its actual design,
the bi-stable mechanism must be dismounted to modify its stiffness.
This advantage must be considered when there is high variability in
the environment. However, the bi-stable mechanism should be pre-
ferred if more efficient control systems are employed and lower dead
times are achieved. Indeed, in those conditions, it provides a more
significant reduction in the momentum transferred to objects. More-
over, when impacts with hard surfaces are considered, the bi-stable
mechanism can also see a reduction of the forces on the robot if the
delay is small enough to prevent the switching of the tool and the
consequent impact with the back end-stop.
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5
C O L L I S I O N AV O I D A N C E I N A C O L L A B O R AT I V E
F R A M E W O R K

The work carried out in the previous Chapters aimed to mitigate collisions
after they occurred. Their goal was to design mechanical systems that pas-
sively react to unexpected impacts reducing the force transferred to the robot
and the external environment. In this Chapter, the focus shifts to collision
avoidance. The goal is to design solutions to prevent those collisions from
happening. In particular, this Chapter presents an active collision avoidance
algorithm to prevent collisions in a human-robot collaboration framework.

5.1 collision avoidance in human-robot collaboration

As stated in the introduction of this dissertation, human-robot collab-
oration (HRC) is an actual research trend [4] that searches to combine
human flexibility and dexterity with the robot’s repeatability, speed,
accuracy, and strength [10]. The critical aspect of this framework is
that the collaborative robot is no more constrained inside a fenced
cage, safely working at fast speeds far from the human operators.
Now, it works actively and responsively with the human operators,
sharing the workspace with them.
The modality in which the human operator and the robot share this
common workspace defines the type of collaboration. One possible
distinction is presented in [86], where the authors defined four cate-
gories:

• coexistence, when robot and human operator share the environ-
ment without any direct interactions;

• synchronized (or sequential), when they can work on the same
area, but sequentially, not at the same time;

• cooperation, when they can work in the same area at the same
time but on separate tasks;

• collaboration, when they can work together on the same task
and at the same time.

It is clear that, in some conditions, the operator and the robot can
interfere with each other during the execution of a task. Therefore, in-
ternational standards have been defined to determine safety require-
ments for collaborative robots. These standards can be identified in
the technical specification ISO/TS 15066:2016 [26], which extends the
Technical Standard UNI EN ISO 10218-1:2011 and UNI EN ISO 10218-
2:2011 [25, 87]. Four classes are defined:
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• Safety-rated Monitored Stop (SMS), when robot and operators
work at different times, with the former completely stopped
during the movements of the latter;

• Hand Guiding (HG), when the human operator moves the robot
manually;

• Speed and Separation Monitoring (SSM), when the robot’s speed
and trajectory are dynamically adjusted depending on the hu-
man’s distance, and the robot is eventually stopped when this
distance is too short;

• Power and Force Limiting (PFL), when the robot’s control sys-
tem is designed to limit the contact force to reduce possible
damages.

Dedicated robots, called cobots, have been designed with particular
sensors and procedures to ensure the possibility of operating in one
of these four safety classes [32]. These systems are required because
the robot is not able to perceive the environment in which it moves.
Therefore, increasing its perception is fundamental to exploiting the
benefits of collaboration. This property can be achieved through ob-
stacle avoidance, predictive control, and task recognition [33]. For ex-
ample, in [88], the authors equipped an industrial robot with a 6D
force/torque sensor and analyzed its frequency content to delineate
the two scenarios of soft contact and hard collision. In the former case,
the robot enters an HG mode, whereas, in the latter, it is stopped.

Except for specific tasks, the literature generally offers solutions to
the SSM mode. This mode requires the implementation of methodolo-
gies to avoid collisions as much as possible, preventing the activation
of other safety measures, such as emergency stops. The SSM mode
responds to a risky scenario by either reducing the velocities of the
robot until eventually stopping it [89] or modifying the robot’s trajec-
tory online [90, 91]. Moreover, in an HRC framework, this task must
be performed in real-time due to the unpredictability of the human
worker.

The approaches generally rely on detecting the human workers
with cameras, the embedding of their bodies within simple geome-
tries, and the calculation of their distance with respect to the robot
links [92]. The detection of the human operator can be performed us-
ing different devices. For example, in [93], the authors used infrared
cameras and reflective spheres to detect the human operator and IMU
devices attached to the human body to close possible gaps due to oc-
clusions of the vision system. Another example is using relatively
simple RGB-D cameras and dedicated algorithms [94] to achieve the
same goal. More cameras can be employed to avoid the problem of
occlusions of the vision system [91]. Depth cameras are extensively
used for their simplicity and reduced cost.
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After detection, the human and the robot are generally embedded
into simple geometries to speed up the calculation of the distances
between the two [92].
Once the distance is calculated, it can be used to reduce the robot’s ve-
locity dynamically. For example, a decreasing distance can reduce the
robot’s velocity depending on the robot’s speed or direction [95]. An-
other possible response is the modification of the robot’s trajectory
achieved in general by employing Artificial Potential Fields (APF)
[91].

In this Chapter, a collision avoidance algorithm is developed to ac-
complish a cooperative task. Therefore, the human operator and the
cobot share the same workspace but work on different tasks. The only
assumption in the design is that the human operator and the cobot
work face-to-face. Thus, only the wrist of the cobot is expected to col-
lide with the operator, whereas the human operator’s collisions with
the cobot’s links are considered improbable. Nevertheless, the cobot
will eventually react to them, thanks to its internal PFL control. The
algorithm uses a single depth camera to capture the workspace from
above, detect risky scenarios for the robot, and eventually divert the
robot’s trajectory in real time.
Figure 81 shows a depth image taken during the task. It shows the hu-
man operator’s hand while reaching something inside the workspace.
A pre-processing phase is required to prepare the image for the fol-
lowing operations. Indeed, since the depth image represents the dis-
tance of the objects from the camera, the captured image represents
the world upside-down. The higher the objects with respect to the
plane, the lower their respective points in the image. Therefore, the
images must be flipped to represent the actual world. In addition, the
actual image can have some pixels with a null value due to external
disturbances, such as light or dust. Those pixels have been adjusted
by imposing their values equal to the mean value of the surrounding
pixels. This simple filter is sufficient for the success of the following
image processing described in the next Section.

Furthermore, as can be inferred from Figure 81, the camera cap-
tures both the human operator and the cobot. Therefore, they have
to be identified. As stated above, most state-of-the-art works rely on
human tracking software to detect the human. In contrast, this work
adopts an approach similar to the one adopted by [89]. The robot is
removed by the image by means of a simple calibration process. In
this way, the image presents only obstacles and is easier to analyze.

Whereas implementing traditional algorithms for trajectory gener-
ation (APF), the work presented in this Chapter brings two main con-
tributions to the collision avoidance field:

• a method to avoid the estimation of distances by exploiting the
interpolation of the environment by means of Radial Basis Func-
tions;
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Figure 81: Image captured by the depth camera after a preprocessing phase

• a method to remove the robot from depth images.

The interesting thing about the approach of this work is that it relies
entirely on the use of Radial Basis Function, a powerful interpolation
tool.

5.2 interpolation using radial basis functions

The collision avoidance algorithm proposed in this Chapter uses Ra-
dial Basis Functions [96] to eliminate the robot from the image and
interpolate the environment before planning the trajectory. Radial Ba-
sis Functions (RBF) were firstly introduced by [97], and they have
been applied in many fields over the years [96]. They are widely used
to approximate multivariate functions thanks to their ability to han-
dle high-dimensional problems with scattered data [96]. This prop-
erty made RBFs suitable as neural network models [98]. In particular,
their introduction in this field was driven by their simplicity in model-
ing nonlinear relationships using a linear combination of the weights
of the variables. Moreover, they can be used as an interpolation func-
tions. For example, in [99], authors use RBFs to fit point-clouds rep-
resenting 3D objects. As a result, they obtained smooth surfaces and
were also able to repair incomplete meshes. Similarly, in this Chapter,
we used RBFs to approximate depth images to obtain a more regular
environment where searching for paths.

RBFs are defined as a combination of functions [96]:

s(x) =
∑
ξ∈Ξ

λξϕ(∥x − ξ∥) (65)
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where x ∈ R
n, λξ represents the coefficients of the combination,

ϕ(∥x − ξ∥) is the basis and Ξ is the set of distinct points used as
centers for the RBFs.

In this work, the RBFs are built using the Gaussian function. Thus,
the basis is described by the following equation:

ϕ(∥x − ξ∥) = e
−

∥x−ξ∥
2σ

2 (66)

where x are the coordinates (x,y) of the points in which evaluate
the function and ξ are the coordinates of the centers of the Gaussian
functions. σ is the canonical standard deviation. In this case, σ repre-
sents a measure of the influence of a single Gaussian over the others,
as can be seen in Figure 82. The higher σ, the wider the spread of the
Gaussian function.

(a)

(b)

Figure 82: Mutual influence of RBFs with: (a) σ = 5, (b) σ = 12.
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Since the function is constituted of a linear combination of the vari-
ables, the weights can be estimated using the least square method.
Considering the following simplification:

Gi = ϕ(∥x − ξ∥) (67)

the weights are obtained with Equation 68:

λξ = (GTG)−1GT
f(x,y) = G+

f(x,y) (68)

where G+ is the pseudoinverse of the matrix G, and f(x,y) contains
the depth image data. Finally, the interpolated image f

∗(x,y) can be
estimated using:

f
∗(x,y) = G · λξ (69)

One of the advantages of interpolating using RBFs is that the calcula-
tion of G+ can be performed in advance and stored. Indeed, depend-
ing on the dimension of the grid of RBFs, the estimation of G+ can
be time-consuming, making their use for real-time collision avoidance
impossible. Therefore, thanks to the pre-calculation, weights estima-
tion is reduced to a simple and fast matrix multiplication.

The value of σ is arbitrary; thus, tests were conducted on fitting
different images to find the best value for σ. For an equally spaced
grid of RBFs, the best interpolation results have been achieved when:

σ =
Dξiξj

2
(70)

where Dξiξj
is the distance between the Gaussian centers.

Moreover, the number of RBFs is another essential factor. Too many
functions result in a more fine interpolation, but they will lengthen
the time to interpolate the environment, in particular, the estimation
of the pseudoinverse. On the other hand, too few functions result in
a coarser interpolation, but they require less time to interpolate the
environment. For example, Figure 83a shows a depth image of the
robot, while Figures 83b and 83c show the same image interpolated
using 15 × 15 and 30 × 30 grids of evenly distributed RBFs on the
plane, respectively. The image is 210× 210 pixels.

In the case shown in Figure 83, the 30 × 30 grid of RBFs led to
a better representation of the robot than the 15× 15 grid. However,
the computational time to calculate the pseudoinverse of the 30× 30

grid is almost 13 times higher than in the other case. Indeed, the
calculation takes around 0.268 ± 0.006 s for the 15 × 15 grid and
3.440± 0.104 s for the 30× 30 grid. Again, this estimation can be done
offline before the beginning of the actual task, where the stored pseu-
doinverse is multiplied by the depth image to estimate the weights.
This estimation takes around 1.8 · 10−3 ± 2.7 · 10−4

s for the 15× 15
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(a)

(b)

(c)

Figure 83: Example of interpolation of the depth image of the robot using
RBFs: (a) flipped depth image of the robot, (b) interpolation result
using 15x15 RBFs grid, (c) interpolated result using 30x30 RBFs
grid.

113



grid and 1.03 · 10−2 ± 7.08 · 10−4
s for the 30× 30 grid. Therefore, the

15× 15 grid speeds up the estimation of the weights by a factor of
about 5.7.
Another advantage of using fewer RBFs can be inferred by comparing
Figures 83b and 83c. Indeed, cutting the functions around the base re-
turns a bigger area if fewer RBFs are used. This property implies
that the interpolation augments the object.Therefore, if the goal is to
avoid the object, this extra distance from the actual object increases
the safety of the operation.
It is worth noting that the depth image of Figure 83a is raised by
about 65 mm. This additional random height improves the interpo-
lation without affecting the final result. Indeed, fitting a function
containing a lot of near-zero values results in more oscillations that
would affect the gradient direction in the proximity of the peaks. Fi-
nally, to clear up the result of possible small oscillations, the weights
of the interpolation are filtered by zeroing out the ones under one
standard deviation from the mean. This filtering process is described
by the system of equations:

λϵ =

λϵ if λϵ ⩾ λϵ + σλϵ

0 if λϵ < λϵ + σλϵ

(71)

where λϵ is the mean weight, and σλϵ
is the standard deviation of the

weight vector.
As can be seen in Figures 83b and 83c, the resulting function is regu-
lar and continuous. Such a function is easier to work with and can be
easily added to other functions.
An additional property is that the calculation of the gradient is straight-
forward. Hence, it is not necessary to calculate the gradient directly
from the final function. Indeed, from Equation 65 and 67, the gradient
is given by:

δf(x,y)
δx

=
δG
δx

λξ (72)

δf(x,y)
δy

=
δG
δy

λξ (73)

Thus, it is only necessary to analytically derive Equation 66, calcu-
late its values over the workspace, and store the results.

5.2.1 Robot removal from depth images

Independently of the vision system adopted, the robot will always
appear in the images taken during the task.
Most of the works track the robot or use its kinematics to understand
where its joints are to calculate its distance from the operator [92, 94].
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Another approach is shown in [89]. The robot is removed from the
scene using its augmented CAD model to eliminate possible distur-
bances or false alarms. As a result, the processed depth image data
contains only obstacles.

Following this last work, this Section presents another method to re-
move the robot from the images. This process is performed by means
of a simple calibration method. First, the robot moves on the plane
following a zig-zag pattern, as shown in Figure 84. Meanwhile, the
camera takes snapshots of its movements, and the robot’s position
(xr,yr) at every snapshot is read from the robot controller. After this

Figure 84: Trajectory followed by the robot during the calibration process

process, the images are interpolated using RBFs, as shown in Figure
83b and 83c. The interpolation generates an augmented representa-
tion of the robot that is useful to be more conservative during the
elimination phase. Then, the images are binarized, and the MATLAB
function regionprops is used to find the pixels occupied by the robot.
Finally, a matrix is populated with those pixels and the correspond-
ing position of the robot in the collaboration space. This calibration
method is easy to implement and convenient when a reliable CAD
model of the robot is unavailable.
Figure 85 shows the binarized images. The threshold for the binariza-
tion is selected experimentally, searching for a good approximation
of the robot. The threshold corresponds to the height at which the in-
terpolated function is cut. Therefore, higher thresholds mean greater
heights for the cut and a closer match with the original image. This
iterative process is simplified since the threshold selected for one po-
sition has shown good consistency for all the other positions of the
robot. Comparing Figures 85a and 85b clearly shows that the inter-
polation augments the robot’s encumbrance. On the other hand, if
the threshold is too high, as in Figure 85c, the augmentation becomes
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(a)

(b) (c)

Figure 85: Example of binarization: (a) original depth image, (b) interpo-
lated image with a threshold of 100 mm, (b) interpolated image
with a threshold of 500 mm.

negligible and insufficient.
The augmentation simplifies the calibration process since it is unnec-
essary to have a snapshot of the robot at every point of the plane.
Consequently, the parameter d in Figure 84 must be modified accord-
ingly to the threshold.
During the actual task, the algorithm searches the database for the
closest point to the actual robot position and retrieves the matrix of
pixels occupied by the interpolated robot. Finally, it clears all those
pixels in the actual image, setting their value to 0 mm.

In Figure 86, the result of the filtering is proposed. Figure 86a
shows the human operator’s hand approaching the collaboration space
and the robot performing a task. In Figure 86b, the robot is removed
from the scene, and the human operator is interpolated. The image
shown in 86b is the one used for future operations.

The final function can be employed in different ways. For example,
the height of the function can be used to define different scenarios. In-
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(a)

(b)

Figure 86: Example of filtering: (a) original depth image, with the operator
hand on the left and the robot on the right; (b) filtered and inter-
polated image, where the robot has been completely removed.

deed, the closer the human operator to the cobot, the higher the func-
tion is. The cobot’s speed can be adjusted depending on this height.
Another possibility is to use the function as a potential function. For
example, from Figure 86b, it can be inferred that a gradient descent
method can be used to move the cobot away from the human opera-
tor, represented as a hill. The following Section presents this possible
use. Again, the interpolated environment does not require estimating
the distance.
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5.3 trajectory generation using artificial potential fields

The previous Sections presented a novel approach to detecting hu-
man interference in a cooperative framework, providing a solution
that does not require the calculation of distances. The interpolation of
the human operator generates a continuous function that sees them
(or any other obstacles) as hills. Therefore, if it is coupled with a
convex function that represents the target position for the robot as a
minimum, a traditional gradient descent method can be employed to
drive the robot versus the target and, simultaneously, divert it away
from the operators. In such a way, the robot can avoid the operator
without feature recognition. This method can be formalized as Artifi-
cial Potential Field (APF). This method is used extensively in the field
of path planning [100] to modify the trajectory of the robot online. Tra-
ditionally, the method requires the generation of a repulsive function
depending on the distance of the moving agent from the obstacles
[58]. On the contrary, in this work, the interpolated environment is
used directly as a potential.

After removing the robot, the filtered image can be analyzed to find
the optimal path for the robot. An attractive force drives the robot to
the target, and a repulsive one moves it away from obstacles.

The attractive force is imposed constant and is formulated as [58]:

Fa = ka
e(p)
∥e(p)∥

(74)

where ka is a constant, and e(p) = (pgoal − p) is the distance
between the current Cartesian position of the robot (p) and the target
(pgoal).

The repulsive force is derived from the gradient of the interpolated
image. It is worth remembering that this operation is a simple multi-
plication between the gradient of the RBFs stored in the database and
their estimated weights.
The repulsive force is defined as:

Fr = −kr

[
δf∗
δx
δf∗
δy

]
(75)

where kr is a constant, and f
∗ is the result of the depth image inter-

polation and filtering to remove the robot.
The repulsive force generated in this way sees the gradient pointing
out of the hill radially, as in Figure 87.

However, using this modality can lead to the problem of local min-
ima. For example, if the robot is asked to move horizontally along
y = 50 pixels, it will find itself stuck in the local minima on the left
of the obstacle. This minimum point is generated by the equality of
the attractive force pointing at the target and the repulsive force point-
ing in the opposite direction. In a cooperative context, this problem
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Figure 87: Trajectory generated using APF that drives the robot from
Pstart = [0; 60] to Pend = [100; 60] and avoids the red obstacle

will rarely appear due to the continuous movements of the operator.
However, in a cooperative framework, the gradient can be exploited
in another way to generate a more practical trajectory for the robot.
Indeed, using the classic gradient of Equation 75 generates a trajec-
tory along the fastest route. In other words, the robot is attracted to
the areas where the repulsive force is weakest. Anyhow, Figure 86b
shows that if the robot is moving along x, it has just one possible road
to avoid the operator, which is by increasing its y coordinate. To opti-
mize the trajectory and avoid the local minima problem, the repulsive
force can be defined as follows:

Fr = ∓kr

[
δf∗
δy

−δf∗
δx

]
(76)

Inverting the gradient along the two directions creates a vortex field,
as shown in Figure 88. The sign in Equation 76 decides the direction
of rotation.
Since the operator comes from outside the workspace, only one of the
two directions of the vortex (clockwise or counterclockwise) can be
used. The right direction depends strictly on the direction of motion
of the robot. For example, the vortex field in Figure 88 is clockwise,
following the robot’s direction.
Finally, the total force acting on the robot is :

Ft(p) = Fa(p) + Fr(p) (77)

This force can be used in different ways to modify the trajectory [58].
In this work, it is used as Cartesian velocity:

ṗ = Ft(p) (78)
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Figure 88: Trajectory generated using a vortex repulsive field around the
obstacle.

Then, the path is generated using the gradient descent method [58]:

pi+1 = pi + ṗ∆t (79)

where ∆t is the time elapsed between two path computations.
In Figure 89, a typical path is shown. For display purposes, the

operator is static. The robot successfully diverts its trajectory from the
straight one to compensate for the human interference in the scene.

Figure 89: Path generated with APF method showing the deviation in cor-
respondence to human interference. The red dots represent the
robot tool center point.

It can be stated that the path in Figure 89 seems too close to the
operator’s hand. The maximum distance from the operator can be
adjusted in two ways:
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1. tuning the coefficients of the potentials;

2. increasing the σ of the RBFs (without modifying the weights).

The second way shows another advantage of the use of RBFs. Once
the weights have been calculated, they can be assigned to another
grid of RBFs to generate a function that is always an approximation
of the system but can have different σ. The final result is tighter or
broader than the original, as shown in Figure 90.

Figure 90: Path generated with APF method using an augmented value for
σ (σ ′ = 1.5σ)

Finally, a fundamental parameter analyzed to ensure that the algo-
rithm has adequate capabilities for online control is the time neces-
sary to compute a new command for the robot. This parameter was
measured experimentally. The algorithm was tested using a Techman
TM5-700 and a Kinect depth camera; both controlled from MATLAB.
The images were interpolated using a 15× 15 Gaussian grid. The tests
returned a mean total time of 0.081± 0.008 s to capture a new image
and generate the successive point. This time comprises the time nec-
essary to gather the robot’s position from its controller and the image
from the camera. Therefore, it can be influenced by the efficiency of
those acquisitions. The time related to only algorithm processing was
estimated at 0.022± 0.004 s. As can be seen, about 70% of the time is
independent of the algorithm, that alone can perform at about 45 Hz,
confirming its online capabilities.

5.4 conclusions

This Chapter presents a novel approach to human detection and avoid-
ance in cooperative tasks.
The algorithm can detect the presence of the human operator in the
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workspace and modify the robot trajectory accordingly, avoiding po-
tential collisions. This algorithm can be used online at a frequency
dependent mainly on the robot and the camera.

The algorithm mixes Radial Basis Functions to interpolate the scene
and Artificial Potential Fields to generate the path. In particular, RBFs
create a continuous function on which the gradient is calculated. Then,
such a gradient is used as a repulsive potential for APFs that automat-
ically generate robot trajectory. The algorithm requires only a single
depth camera. Therefore, it does not require complex elaborations on
multiple images or complex setups. Instead, it requires just the classi-
cal calibration of the camera and a second simple calibration in which
the robot moves over the workspace. The second calibration is neces-
sary to remove the robot from future images so that only the obstacle
(i.e., the human operator) is present in the scene.
It is worth stating that using a single depth camera presents some
limitations. For example, the algorithm is very conservative since it
can not consider the third dimension. However, the only safe case not
considered is when the operator executes actions above the robot. In-
deed, possible worst-case scenarios can take place when the operator
is working beneath the robot, such as the one in which the robot is
handling a sharp object. Unfortunately, it is impossible to overcome
this limitation using a single depth camera without restricting other
views. For example, the operator can move one arm over the robot
and the other beneath it at the same time. Thus, the safety of the op-
erator is not guaranteed in any case.
Finally, it is worth noticing that the algorithm is proposed to avoid
dynamic obstacles (human operators). However, the simplicity of the
method makes it suitable to be implemented also for static obstacles.
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6
C O N C L U S I O N S

This thesis addressed the problem of collision management in indus-
trial robotics, a trending topic in the past years due to the increased
interest in autonomous robots and collaborative robotics. These two
trends increase the flexibility of the robotic cells, but they also in-
crease the unpredictability of the robot’s movements and of the envi-
ronment in which the robot moves.
The main contribution of this thesis consists in a mechanical approach
to mitigating unexpected collisions between a robotic end-effector
and the environment in which the robot moves. The literature offers
many ways to cope with these collisions that work on the control sys-
tem. However, in the era of collaborative robotics and autonomous
robots, an additional safety layer constituted of a passive mechani-
cal system can improve the overall safety of the tasks. This thesis
achieves this by proposing a compliant mechanism that decouples
the tool from the robot, increasing the possible response time to the
collision and reducing the force transferred to the environment and
to the robot. Moreover, having a system to mitigate the collisions can
increase the operative velocities, increasing the overall performance
of the task.
In the first Chapter, an introduction is outlined, defining the actual
trends in industrial robotics and the risks consequent to their adop-
tion.
The second Chapter presents a mono-dimensional study of the im-
pacts between the robot end-effector and objects disposed on a plane
and free to move. First, the study analyzes the effects of the robot dy-
namics, the end-effector compliance, and the impact characteristics.
Then, a new end-effector is designed that reduces the momentum
transferred to the robot and to small objects with which the robot im-
pacts. This property is achieved by employing a bi-stable compliant
mechanism in the form of a non-linear spring. In this form, the sys-
tem is able to impose an initial resistance to the collision, necessary to
the execution of the task, and yield when the impact force is too high.
In particular, the tool is decoupled from the robot. Therefore, the two
systems can move separately during a hard collision. Based on this
solution, a novel end-effector is proposed for a sorting task, and ex-
perimental validation confirms the validity of the predictions of the
mathematical model. Moreover, the compliant system was compared
to a rigid tool, showing a significant reduction in the momentum
transferred to the objects.
In the third Chapter, the study of impacts has been integrated by
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considering impacts with hard surfaces. These impacts can lead to
more damage to the overall system and must be mitigated as much
as possible. A new prototype is proposed. It is constituted of a mod-
ule (containing the bi-stable mechanism) to be interposed between
the robot flange and the tool. This module generalizes the bi-stable
mitigating solution to any 1D tool. Moreover, it was used to validate
the updated model. The Chapter concludes with an extension of the
bi-stable mechanism in 2D. The new prototype introduces a rotational
module that orients the 1D bi-stable mechanism along the direction
of the impact. The prototype was tested and validated experimentally,
successfully mitigating hard collisions. However, due to the force nec-
essary for the rotation, the system is not suitable for impacts with
small objects when they require high rotations. Instead, it can be help-
ful when the object orientation is inaccurate. In this case, the 2D tool
can compensate for the misalignment.
In the fourth Chapter, a different solution is sought for collision miti-
gation. In particular, a multi-physics approach is adopted that brought
to the design of a hydraulic solution. This study is practical to ana-
lyze the effectiveness of the bi-stable mechanism against other possi-
ble mitigation approaches and have more insights on how to mitigate
collisions. The new solution is constituted of a main hydraulic cylin-
der connected to an auxiliary one, partially filled with pressurized
gas. During an impact, the tool pushes the fluid from one cylinder
to the other, compressing the gas. Therefore, unlike the mechanical
bi-stable mechanism, the hydraulic solution exerts an increasing re-
sistance to the movement of the tool. The solution has demonstrated
not only to be able to mitigate collisions but also to be better than the
bi-stable mechanism when the control system is inefficient (i.e., when
the reaction comes with a high delay from the instant of the impact).
However, with a lower dead-time, the bi-stable solution is more effi-
cient and leads to lower forces and velocities of the impacted objects
than the hydraulic solution.
Finally, in the fifth Chapter, the focus is shifted to collision avoid-
ance algorithms. The Chapter proposes an approach to divert the
robot trajectory to avoid human operators. This method uses a single
depth camera and does not require estimating the distance between
the robot and the human operator. The algorithm is based on the in-
terpolation of the environment and the removal of the robot from the
images using Radial Basis Functions (RBF) and the calculation of the
robot’s trajectory in real-time using Artificial Potential Fields (APF).
The interpolated environment is used as a repulsive potential to ac-
tively divert the robot’s trajectory when the operator is too close to
the robot. The algorithm was tested experimentally and successfully
modified the robot’s trajectory online to avoid the operator.
Future works regard the experimental validation of the hydraulic
solution, the extension of the study of collisions in two and three
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dimensions and the design of alternative solutions to collision miti-
gation. Furthermore, from the collision avoidance point of view, im-
provements can be made to enhance the overall performance of the
algorithm. For example, analyzing the variation in the weights of the
RBFs caused by the movements of the human operator may help pre-
dict those movements and the consequent intentions of the operator.
These predictions would lead to better trajectories and reactions.
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