F-ANALYTIC B-PAIRS

by
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Abstract. — In this note, we define the notion of F-analytic B-pairs and we prove that
its category is equivalent to the one of F-analytic (¢4, 'k )-modules.

Introduction

Let p be a prime and let K be a finite extension of Q,. One of the main tools to study
p-adic representations of G = Gal(Qp /K) is to operate a “dévissage” of the extension
Q,/K through an intermediate extension K, /K which contains most of the ramification
of Q,/K but such that K, /K is nice enough (for example when K. /K is an infinite
almost totally ramified p-adic Lie extension).

In some sense, the simplest extension one can choose for K, /K is the cyclotomic
extension of K. Using the theory of fields of norms [21] attached to the cyclotomic
extension of K, Fontaine has constructed [13] a theory of cyclotomic (¢, 'k )-modules,
which are finite dimensional vector spaces defined on a local field B which is of dimension
2, and endowed with semilinear actions of a Frobenius ¢ and of I'yx = Gal(K (pp~)/K)
that commute one to another. Moreover, Fontaine has constructed a functor V' +— D(V)
which is an equivalence of categories between p-adic representations of Gx and étale
(¢, 'x)-modules (which means that ¢ is of slope 0). The main theorem of [6] show
that these (¢, 'x)-modules are overconvergent and it allows us to relate the cyclotomic
(¢, 'x)-modules with classical p-adic Hodge theory, using the fact that the resulting
overconvergent (¢, I )-modules give rise to what we still call (¢, I' ¢ )-modules but defined
on the cyclotomic Robba ring BL& K-

The construction of the p-adic Langlands correspondence for GLy(Q,) [10] relies heav-
ily on this construction, and in particular on the computations made by Colmez in the
trianguline case [9].

In order to extend this correspondence to GLo(F'), it seems necessary to replace the
theory of cyclotomic (¢, Ik )-modules by Lubin-Tate (¢, Ik )-modules, where F' C K and
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K /K is generated by the torsion points of a Lubin-Tate group attached to a uniformizer
of F. Specializing Fontaine’s constructions, Kisin and Ren have shown that we can attach
to each representation of Gk a Lubin-Tate (¢4, 'k )-module D(V') over a 2-dimensional
local field By (which is not the same as in the cyclotomic case) and such that V' — D(V)
gives rise to an equivalence of categories when the image is restricted to the subcategory
of étale objects.

However, unlike in the cyclotomic case, the resulting Lubin-Tate (¢4, I'k)-modules are
usually not overconvergent. The main theorem of [2] shows that F-analytic (pg, I'k)-
modules are always overconvergent. The generalization of trianguline representations in
the Q,-cyclotomic case to F-analytic representations has been studied in [15] (and Kisin
and Ren mainly studied F-analytic crystalline representations in [16]).

A generalization of trianguline representations in the cyclotomic case for G has been
done by Nakamura in [18] using the language of Berger’s B-pairs [1] (and their natural
extension to E-representations which are called ' — B—pairs in [18]) but as noted in the
introduction of [15], this language does not appear well suited to deal with Lubin-Tate
objects.

In [2, Rem. 10.3] Berger notes that his results and methods should extend to prove that
there is an equivalence of categories between F-analytic (¢4, Ik )-modules and F-analytic
B-pairs, and it is this result this note is meant to prove.

In the cyclotomic case, it is often useful to switch between cyclotomic (¢, I'x)-modules
and B-pairs, some properties being easier to prove using one of the categories instead of
the other, and it so should be in the Lubin-Tate case, using the following:

Theorem 0.1. — There is an equivalence of categories between F'-analytic B-pairs and
F-analytic (¢4, I'x)-modules.

In particular, a recent result of Porat [19, Thm. 6.8] shows that for F-analytic 2-
dimensional representations of Gg, V' is trianguline in the cyclotomic sense if and only
if it is trianguline in the sense of [15]. His theorem actually extends to F-analytic
representations of arbitrary dimension as a straightforward consequence of our theorem
0.1:

Theorem 0.2. — Let V' be an F-analytic representation of Gyx. Then V' is trianguline
in the cyclotomic sense if and only if it is trianguline in the sense of [15].

As stated above, the usual language of B-pairs is not well suited to deal with Lubin-
Tate objects. Ding has constructed in [11] a variant of Berger’s B-pairs with a Lubin-Tate
flavour. For any embedding o : F' — Qp, and for any B-pair D, Ding constructs what
he calls a B,-pair D,, such that D — D, is an equivalence of categories between B-
pairs and B,-pairs. In the F-analytic case, we construct a functor D — W (D) from
the category of F-analytic (¢4, I )-modules to the category of F-analytic Bjg4-pairs and
which is the natural Lubin-Tate analogue of the constructions of Berger [1]. In particular,
the following ensues from theorem 0.1 but the correspondence between objects is easier
to see:

Theorem 0.3. — The functor D — W (D), from the category of F-analytic (¢4, I'x)-
modules to the category of F-analytic Biq-pairs is an equivalence of categories.
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Structure of the note

The first three sections of this note are meant to recall the setting, notations and few
properties of Lubin-Tate extensions, (¢4, I'k)-modules and locally analytic vectors from
[2] that are needed for the rest of this note. In particular, these are pretty much the
same as [2, §1, 2 and 3|. Section 4 explains the notion of F-analyticity in the case of F-
representations and (g,, I'x)-modules. In section 5, we recall the notion of (B, E)-pairs,
define F-analyticity for (B, F)-pairs and prove the main theorem of this note, and how
to derive from it theorem 0.2 which is the generalization of Porat’s result. In section 6
we explain how to replace the category of F-analytic B-pairs by the one of F-analytic
Big-pairs. The last section is a quick summary of the rings that appear throughout this

paper.
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1. Lubin-Tate extensions

Let F' be a finite extension of Q,, let Op, 7 and kp denote respectively its ring of
integers, a uniformizer of O and its residue field. Let h > 1 be such that |kp| = ¢ = p".
We let Fy = W (kp)[1/p], the maximal unramified extension of Q,, inside F’, and we let e
to be the ramification index of F. Let Y be the set of embeddings of I in Qp, and let o
be the absolute Frobenius on Fy. For 7 € 3, there exists a unique n(7) € {0,...,h — 1}
such that 7 = @™ on kpr. We also let F to be a field of coefficients which is a finite
Galois extension of Q,, containing F' (hence F&), and write X for Gal(E/Q,). We let
Yo =X\ {id}.

Let S be a formal Op-module Lubin-Tate group law attached to mw, such that the
endomorphism of multiplication by 7 is given by the power series [7|(T) = T?+ nT. For
a € Op, we will denote [a](T") the power series giving the endomorphism of multiplication
by a for S. Let F,, be the field generated by F' and the points of 7"-torsion, that is the
roots of [7"](T). Let Foo = Ups1 Fr, T'rp = Gal(Fio/F) and Hp = Gal(Q,/F.). Let x,
be the attached Lubin-Tate character. Note that there exists an unramified character
n:Gr — Z; such that N F/Qp(Xﬂ) = NXcycl, Where Xeyq is the cyclotomic character.

If K is a finite extension of F', we write K,, = KF,, and K, = KF,,. We let 'y =
Gal(K./K) and Hx = Gal(Q,/K). We let K7, = kaernxcyd’ so that K7, C K and
that nxcya identifies Gal(KZ /K) with an open subgroup of Z.

Now let I',, = Gal(K/K,) so that I, = {g € 'k such that x,(g9) € 1+ 7"OF}.
Let ug = 0 and for each n > 1, chose u,, € Qp such that [7](u,) = u,—1, with uy # 0.
We have vy(u,) = 1/¢" (g — 1)e for n > 1 and F, = F(u,). We also let Q,(T)
be the minimal polynomial of u, over F', so that Qo(T) = T, Q1(T) = [#|(T)/T and
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Qn1(T) = Qu([7)(T))ifn > 1. Letlog;(T) = T+0O(deg > 2) € F[T] denote the Lubin-
Tate logarithm map, which converges on the open unit disk and satisfies log;([a|(T)) =
a -log;r(T) if @ € Op. Note that we have logi(T) = T - [Tp>1 Qr(T) /7. We also let
exprp(T') denote the inverse of log; (7).

Let ObCp = {(zo,x1,...), with z,, € O¢,/m and such that 2}, = x, for all n > 0}.
This ring is endowed with the valuation vg(-) defined by vg(z) = lim,,_, 4~ ¢"v,(Z,) where
7, € Og, lifts x,,. The ring Obcp is complete for vg(-). If the {u,},>0 are as above, then
u = (o, Uy,...) € O%p and vg (@) = ¢/(q — 1)e. Let C’ be the fraction field of O%p.

Let Wr(-) = Or ®o, W(:) be the F-Witt vectors. Let At = Op R0, I/V((’)bcp)7
~ . L o ‘

A = 0p®o, W(C)) and let B* = A*[1/7] and B = A[l/7]. Thesirlngs are preserved
by the Frobenius map ¢, = id ® ¢". By [7, §9.2], there exists u € A*, whose image in
(’)bcp is W, and such that ¢,(u) = [7](u) and g(u) = [xx(g)](u) if g € I'p.

Every element of B¥[1/[z]] can be written uniquely as a sum Y. 7°[x] where
{2k }rez is a bounded sequence of C). For r > 0, we define a valuation V(-,r) on
BT[1/[u]] by

Viz,r) = inf <k+p_ 1UE(xk)> T )

keZ \ e pr S oo

If I is a closed subinterval of [0; +o00], then let V(z,I) = inf,e; V (x,7). We define Bf
to be the completion of B*[1/[x]] for the valuation V' (-, 1) if 0 ¢ I. If I = [0;7], then let
B! be the completion of B* for V (-, ).

Forp>0,let p)=p-e-p/(p—1)-(¢—1)/q as in [2, §3]. We have V(u’,r) = i/r’ for
ieZifr>1 (see [2,§3]).

Let I be either a subinterval of |1;4+o00[ or such that 0 € I, and let f(Y) = Xz arY*
be a power series with a; € F' and such that v,(ax) + k/p" — +oo when |k| — 400 for
all p € I. The series f(u) converges in B! and we let B denote the set of f(u) where
f(Y) is as above. It is a subring of BL = (B)*, which is stable under the action of
['r. The Frobenius map gives rise to a map ¢, : BL — B%I. If m > 0, then we have
¢, "(BE'") € B and we let B, = ¢, ™(B% ).

We will write BL’Q - for BIP®L Let BY" denote the set of f(u) € BL’;F such that

the sequence {ag }rez is bounded. Let B} = UT>>0BPAT. Its residue field Ef is isomorphic
to F,(@)). If K is a finite extension of F' then by the theory of the field of norms (see
[21]), there corresponds to K/F a separable extension Ex/Ep, of degree [K : Fi).
Since B, is a Henselian field, there exists a finite unramified extension Bl /B, of degree
f = [Kw : Fx] whose residue field is Ex (see §2 and §3 of [17]). There exist therefore
) guch that Bl = @/, Bl -, for all s > r(K).
Note that the rings B} are actually contained inside B. We also let By to be the p-adic
completion of B}( inside B, and Ay its ring of integers for the p-adic topology (note
that we could have defined Ay as the p-adic completion of Op[u][1/u] inside A, put
Br = Ap[l/7] and used the same argument as in the beginning of [8, §6.1] to define
Bg). Let B be the p-adic completion of Uy, r Bx inside B.

r(K) > 0 and elements 21, . ..,z in BY'
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Let BL’Q « denote the Fréchet completion of BY for the valuations {V (-, [r;s])}ssr.

Let BL’;’K’m :~go(;m( I;gf’}g") and BL’;KOO = UmZOBL’;Km. LetNEI{; denote the Fréchet

completion of B*[1/[@]] for the valuations {V (-, [r; s]) }s>,. Let B, = U,50Bli, BL’;K =
(Blip)"x and BIig,K = (Blyp)"x.

Recall that K7 /K is the extension of K attached to nxcya. Let Iy = Gal(KZ /K).

Let Bkn, Bj, and BL&K’” be as in [2, §8]. By the same arguments as in [2, §8], there

(it is

also true over F ®q, Bkm) and E-representations of Gx. We will also denote by ELM

the ring BLg in the specific case of F' = Q,, so that BLg = F ®p, BLM. Note that the
ring ELgm does actually not depend on 7 but we use this notation for convenience.

A (¢4, I'k)-module over By is a Bg-vector space D of finite dimension d, along with a
semilinear Frobenius map ¢, and a commuting continuous and semilinear action of I'k.
We say that D is étale if there exists a basis of D in which Mat(y) belongs to GL4(A k).
By specializing the constructions of [13], Kisin and Ren prove the following theorem [16,

Thm. 1.6].

Theorem 1.1. — The functors V +— (B ®@r V)% and D — (B ®p, D)%~ give rise
to mutually inverse equivalences of categories between the category of F-linear represen-
tations of Gk and the category of étale (g, 'k )-modules over B.

is an equivalence of categories between étale (¢, )-modules over E ®q, BL& Ko

We say that a (@4, I )-module D is overconvergent if there exists a basis of D in which
the matrices of ¢, and of all g € I'x have entries in Bk. This basis generates a Bk—vector
space DT which is canonically attached to D. Theorem 1.1 extends more generally to an
equivalence of categories between the category of E-linear representations of Gx and the
category of étale (¢4, I'x)-modules over £ ®p B.

2. Locally, pro-analytic and F-analytic vectors

In this section, we recall the theory of locally analytic vectors of Schneider and Teit-
elbaum [20] but here we follow the constructions of Emerton [12] as in [2]. We also
define the notion of F-analytic vectors relative to the Galois group of a Lubin-Tate ex-
tension, following the definitions of [2]. We will use the following multi-index notations:
ifc=(ci,...,cq) and k = (ky,..., kg) € N? (here N = Z29), then we let ¢ = ¢}*-. ... ¢k,

Let G be a p-adic Lie group, and let W be a Q,-Banach representation of G. Let H be
an open subgroup of G such that there exists coordinates ¢y, -+ ,cq : H = Z,, giving rise
to an analytic bijection ¢ : H — Zg. We say that w € W is an H-analytic vector if there
exists a sequence {wy b na Such that wy — 0 in W and such that g(w) = Y ene ¢(g) wi
for all ¢ € H. We let WH2" be the space of H-analytic vectors. This space injects
into C**(H, W), the space of all analytic functions f : H — W. Note that C*(H, W)
is a Banach space equipped with its usual Banach norm, so that we can endow W20
with the induced norm, that we will denote by || - ||g. With this definition, we have
|w||zr = supyena ||wk|| and (WH=n || - ||g) is a Banach space.

We say that a vector w of W is locally analytic if there exists an open subgroup H
as above such that w € W2 Let W' be the space of such vectors, so that W' =
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Uy WH2 where H runs through a sequence of open subgroups of G. The space W is
naturally endowed with the inductive limit topology, so that it is an LB space. Note that
in the Lubin-Tate setting, we have W = (J,,cpy W20,

Let W be a Fréchet space whose topology is defined by a sequence {p; },., of seminorms.
Let W; be the Hausdorff completion of W at p;, so that W = l&an The space W'

1>1

can be defined but as stated in [2], this space is too small in general for what we are
interested in, and so we make the following definition, following [2, Def. 2.3]:

Definition 2.1. — If W = @ W; is a Fréchet representation of G, then we say that a
1>1

vector w € W is pro-analytic if its image m;(w) in W; is locally analytic for all i. We let

WP2 denote the set of all pro-analytic vectors of W.

We extend the definition of W' and WP for LB and LF spaces respectively.

Proposition 2.2. — Let G be a p-adic Lie group, let B be a Banach G-ring and let
W be a free B-module of finite rank, equipped with a compatible G-action. If the B-
module W has a basis wy, ..., wq in which g — Mat(g) is a globally analytic function
G — GL4(B) C My(B), then

1. WH-an — EB?zl B0, if H is a subgroup of G
2. Wla — ;l:l B].a * wj.
Let G be a p-adic Lie group, let B be a Fréchet G-ring and let W be a free B-module
of finite rank, equipped with a compatible G-action. If the B-module W has a basis
wy, ..., wq in which g — Mat(g) is a pro-analytic function G — GL4(B) C My(B), then
d
WP = B*™ - wj.
j=1
Proof. — The part for Banach rings is proven in [4, Prop. 2.3] and the one for Fréchet
rings is proven in [2, Prop. 2.4]. ]

The map ¢ : g = log, xx(g) gives an F-analytic isomorphism between I', and 7"Op
for n > 0. If W is an F-linear Banach representation of I'x and n > 0, then we say,
following [2], that an element w € W is F-analytic on T, if there exists a sequence
{wg} >0 of elements of W with 7wy, — 0 such that g(w) = Y gz (g) wy, for all g € T,
Let Whn-anf1a denote the space of such elements. Let W =, o, Whn-anfla,

Lemma 2.3. — We have WTnana — pyTn-an o pj/Hla,
Proof. — See [2, Lemm. 2.5]. O

If 7 € X, we let V, denote the derivative in the direction 7, which belongs to E ®q,
Lie(I'r). It can be defined as follows: the E-vector space Homgq, (F, E) is generated by
the elements of ¥.. If W is an E-linear Banach representation of I'x and if w € W' and
g € 'k, then there exists elements {V, },cx of FGal ®q, Lie(I'r) such that we can write

log g(w) = Y 7(£(g)) - V+(w).

TEY
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With the same notation, there exist m > 0 and elements {wy }iens such that if g € T,
then g(w) = Yens £(9)%wy, where £(g)¥ = 1,5, T04(g)*. We have V,(w) = w;, where
1, is the Y-tuple whose entries are 0 except the 7-th one which is 1. If k € N*, and if
we set VE(w) = [T,ex VA (w), then wy, = V¥(w)/k!.

Remark 2.4. — If w € W' then w € W if and only if V, (w) = 0 for all 7 € ¥\ {id}.

_ We have the following structure result for locally and pro-analytic vectors in the rings
B!

Theorem 2.5. — Let I = [rg;rg| with £ < k, let K be a finite extension of F, and let
m > 0 be such that t, and t,/Qy belong to (BL)lm+r-anfla,

1. (E%)Fm_,_k—an,F—la C B%’,m;
2. (E%)F_la = Bg(,oo;

RT7¢ \Fpa _ ptre
3. (Brig,K) - Brig,K,oo'

Proof. — This is [2, Thm. 4.4]. O

3. F-analyticity

We say, following [2, §7] that an F-linear representation V of Gy is F-analytic if
C, ®% V is the trivial C,-semilinear representation of Gx for all embeddings 7 # id € X.

The following lemma shows that the condition for an E-representation to be F-analytic
depends only on the restriction of the elements of ¥z to F.

Lemma 3.1. — IfV is an E-representation of Gi, then the following are equivalent:
1. V seen as an F'-representation is F-analytic;

2. C, ®% V is the trivial Cy,-semilinear representation of Gk for all g € Gal(E/Q,)
such that g|p # id.

Proof. — See [2, Lemm. 7.2]. O

Definition 3.2. — If DLg is a (¢4, 'k )-module over BL&K, and if ¢ € I'k is close

enough to 1, then the series log(g) = log(1 + (g — 1)) gives rise to a differential operator

V,: DLg — Dlig. The map Liel'x — End(DLg) arising from v = Vg is Qp-linear,
and we say, following [16, §2.1], [15, §1.3] and [2, §7], that Diig
Lg to be pro-F-analytic vectors

is F-analytic if this map
is F-linear. This is the same as asking the elements of D
for the action of I'k.

Given 7 € ¥ and f(Y) = Y ez arY" with ap € F, let f7(Y) = ez 7(ar)Y*. For 7 €
¥, let 12(7) be the lift of n(7) € Z/hZ belonging to {0,...,h—1}. Recall that F is a finite
extension of F that contains F'2 and that if 7 € ¥, then we have V, € E ®p Lie(T'p).
The field FE is a field of coefficients, so that Gx acts E-linearly below.

Let tr = logp(u) € B, ;- Note that we actually have ¢, € B, p, and that ¢(t.) =

mtr and g(tr) = xx(9)tx if g € Gp. Let y; = (7 ©@ ¢"M)(u) € Op ®p, AT. We have
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9(yr) = [Xx(9)]"(y-) and @q(y,) = [m ] (yr) = 7(Myr +yi Let t; = (1@ ¢"D)(tr) =
logir(yr), let @n = Qn(u) and Q] = Q7 (y-), so that t, =y, [1,>1 @} /7.

We have V. (y ) tr - v, where v, = (0(T @r U)/OU) (y,,0) is a unit (see §2.1 of
[16]). Let 0, = t7'v 'V, so that 0.(y,) = 1. If 7,v € &, then 9, 09, = 9, 0 9, and
O0-(yy) = 0 if 7 # v.

Lemma 3.3. — We have 0,((E ®p Eiig’K)pa) C (E®F ELgK)pa
Proof. — See [2, Lemm. 5.2]. O

Proposition 3.4. — Let M be a (g, I'k)-module over E @ (Brlg )P Let
Sol(M) = {z € M such that V. (z) =0 for all T € ¥o} .

If for all T € ¥y, V(M) C t, - M, then there ezists a unique (gpq,FK) module D;
over E ®p BL&K such that Sol(M) = (E ®p (Brlg )P ®E®F3Lg,z< Drig
M= (E®F (BL&K)W) ®erB! . DLg, and Dilg is an F-analytic (g, ' )-module.

Moreover, if D is a (goq,FK) module over E ®p Brng, and if M = (F ®p
Eilg k) ®pg.Bl B D, then D is F-analytic if and only if for all 7 € Xy, V,.(MP*) C

rig,

-+ MP?, and in this case we have D = Dilg

Proof. — We first prove the first part of the theorem. Let M be a (p,, 'k )-module over
E®p (BL&K)pa. Theorem 6.1 of [2] shows that

Sol(M) = {x € M such that V,(z) =0 for all 7 € ¥4}

is a free F ®p (Brlg ) FPamodule of rank d such that

rig
and such that

(E ®F Brlg K) ®E®F(]§Iig,K)F—pa)F-pa Sol( ) = (E ®F Biig K) ®E D

By (3) of theorem 2.5, we have (B, ;)™ = Bl . = UnsoBl, g, Since Ik is
topologically of finite type there exist n > 0, and a basis s1, ..., s4 of Sol(M) such that
Mat(p,) € GL4(E ®p BmgKn) and Mat(g) € GL4(F ®Fp BmgKn) for all g € T'g. If
Dl =@ (E®p BrigJ() @y (si), then D!, is a (¢4, ['x)-module over E ®p BLgvK such

rig rig

that SOl( ) = (E Qp (Biig,K)F_pa) ®E®FB‘L D},

rig, K ng’

The module DIlg is uniquely determined by this condition: if there are two such modules
and if X denotes the change of basis matrix and P;, P, denote the matrices of ¢,, then
X € GLy(F ®F BngKn) for n > 0, and the equation X = P;'p(X)P; implies that
X € GLy(E ®@p Brlg i)

Since Sol(M) is a free F ®p (Brlg ) FP-module, DY is also free of the same rank.

rlg
Now, let D be a (¢, 'x)-module over E @ BngK7 such that M = (F ®p

]NBLg,K)pa ®pg,pl D is such that for all 7 € %o, V(M) C ¢ - M. We then

rig, K

have D C Sol(M) so that D is F-analytic by the above. If D is an F-analytic (p,, ['x)-
module over F ®p BngK, then we have V. (z) = 0 for all z € D by remark 2.4 and so

V(M) C t,- M for M = (E @p B, ;)P @ ppm), , D by lemma 3.3.
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We have
M = (E OF Brlg K)p (X>E®FBJr D= (E F Brlg K)p (X>E®F]3Jr DLgv

rig, K rig, K

and by taking the F-analytic elements, since both D and Drlg are F-analytic, we get that
MF P = (E ®F Brlg K)F pa ®E® BJr F—pa D (E ®F Brlg K)Fipa ®E® BJr F— Pd Drlg

rig, K rig, K

As above, if X denotes the base change matrix between D and Dng, we obtain that

X € GLy(E ®F B, x) so that D = D}, O

rig*

4. (B, E)-pairs

Let Big, Bar, B}, and B be the usual Fontaine’s rings of p-adic periods, defined
for example in [14]. These rings come equipped with an action of Gq,, and the rings B,
and B, are endowed with an injective Frobenius ¢. We let B, (BCHS)‘FI. Berger
defined in [1] the notion of B-pairs, that is pairs W = (W, WjR), where W, is a free
B.-module of finite rank, equipped with a semilinear continuous action of G and where
W, is a Gr-stable Bji-lattice inside Wyp = Bgr ®B, We. To a p-adic representation V/,
one can attach the B-pair W (V) = (B, ®q, V, B ®q, V), and the functor V — W (V)
is fully faithful since B, N Bz = Q,. Recall that ¢ is the usual ¢ in p-adic Hodge theory
(note that ¢ corresponds to the element ¢, for ' = Q,) and that Bl /tBj; = C,.

Berger showed [1, Thm. 2.2.7] how to attach to any B-pair a cyclotomic (¢, I')-module
D(W) on the (cyclotomic) Robba ring, and that this functor induces an equivalence of
categories.

Let E be a field of coefficients as previously. Let Bep = E ®q, Be, Birp =
E ®q, BIR and Bar,r = E ®q, Bar, where Gq, acts E-linearly on E. A (B, E)-pair
is a pair W = (W,, W), where W, is a free B, g-module of finite rank, equipped with
a semilinear continuous action of Gx and where Wy, is a Gg-stable By p-lattice in-
side Wyr = Bar.g @B, , We. To an E representation V, one can attach the (B, E)-pair
W({V) = (B.®q,V, BdR ®q, V), and this functor is once again fully faithful. Theorem
2.2.7 of [1] has been extended by Nakamura [18, Thm. 1.36] for (B, E)-pairs and cyclo-
tomic E-(p,I')-modules, that is (¢, I')-modules over the cyclotomic Robba ring tensored
by E over Q,.

Let F), E/ be as in §1. Note that we have an isomorphism E ®q, F' ~ [] E, given by

TEX
a®b— (ar(b)),ex. Since F' C By, we have natural isomorphisms

E ®q, Bir ~ (E ®q, I) ®r Big ~ (][ E) ®r Big = [[ Bir-

TEX TEN

where BZ{RJ = F ®% Bli, and

E ®q, Bar ~ || Bar,-
TEX
where BdR r = =F ®F BdR

We thus get decompositions WdR ~ H WdRT and Wyr ~ 1 Wyg-.
TEY
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We say that a (B, E)-pair is F-analytic if for all 7 € Xo, Wi . /tWi . is the trivial
C,-semilinear representation of Gx. The following lemma shows that this definition is
compatible with the one of F-analytic representation:

Lemma 4.1. — Let V be an E-representation of Gi. Then V is F-analytic if and only
if the (B, E)-pair W(V) = (W,, W) = (B. ®q, V.Big ®q, V) is F-analytic.

Proof. — We have B, /tBj; = C,, so that Wi /tW, = C,®q, V ~ [ (C, ®% V),

TEX

and WdR’T / thR’T = C, ®% V, and so the equivalence is clear. ]
Lemma 4.2. — We have B,y = E @5 (B, [1/t])7=".

Proof. — First, recall that B, = (B ngn[l/t])so ! (this is [1, Lemm. 1.1.7]). Since ¢, is
F-linear, we have (B, [1/t])#=! = (F ®p, Bl,,[1/1])?=" = F ®p, (B}, [1/1])*"='. Now
since Gal(Fy/Q,) acts Fy-semi-linearly on (BIlg a1/ t])?"=! by ¢, Speiser’s lemma implies
that (Bilgn[l/t])“"h:1 = Fy ®q, Be. Thus, we get that

B.r=FE®q,B.=FE®p F®p (Fy®B,)
and what we just did implies that

B67E =FE QF ( rlg[l/t])wqil

Lemma 4.3. —

1. The t-adic valuation of the T'-component of the zmage of t, by the map Brlg
F ®q, Bar = [Iyes Bar given by x — {(7/ ® ¢" N (2) prex is 1 if 7/ =171 and O
otherwise.

2. There ezists u € (F ® Q;unr)x such that [T estr =u -t in Brlg

Proof. — These are items 2 and 3 of [5, Prop. 2.4], using B}, instead of F @y, BL,.,. O

rig cris*

Lemma 4.2 allows us to see F Qp fﬂig[l/t] as a B, g-module.

Let Q = {(r,n) € Gal(£/Q,) x Z such that n(7|r) = nmod h}. For n > 0, let
r, = p"t(p—1), and for r > 0, let n(r) be the least integer n such that r, > r. For
r >0, we let Q, = {(r,n) € Q such that n > n(r)}. For g = (1,n) € Q, we let 7(g) =7

and n(g) = n. fmin(I) > r and if g € Q,., we have amap ¢, : EQrB! — E®}(g)‘FB:{R =

Buar,7(g), > defined in [2, §5] and given by z +— (¢7' @ (g|' ® ©™9))(z).
Lemma 4.4. — Let W be a (B, E)-pair of rank d, and let
D'(W) = {y € (E@p Bl[1/t]) @p, , We such that 1,(y) € Wir(g),p for all g € Q o}

rig
Then:
1. D" (W) is a free E ®p Brlg -module of rank d;

2. D"(W)[1/1] = (E ©r Bly[1/1]) ®8, , W..
Proof. — This is [1, Lemm. 2.2.1] tensored by E. O
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If W is a (B, E)-pair, we let D(W) = (E @p Bly,) @, 51 D'(W), and if T is a
subinterval of [r;4oco[, we let DI(W) = (E @5 BY) ® pep Bt D"(W). By the same
rig
argument as in [1, Lemm. 2.2.2], this does not depend on the choice of r € I.

Proposition 4.5. — IfW is a (B, E)-pair of rank d, then there exists a unique (gngF’K)—

module D, (W) over E ®p, BL&KW such that (E ®pg, P)Lg) ® D, (W)= D(W).

1
EQF, Brig,K,n

Proof. — This is [1, Prop. 2.2.5] up to a tensor product, and using the twisted cyclotomic
case instead of the classical one, but again by using [2, §8], it does not change the
arguments of the proof. O

For r > 0 such that D, (V) and all its structures are defined over E ®p, BI{Q Ko
we let D (W) be the associated (E ®p, BL’;KW)—module so that D,(W) = (£ ®F
BIig,K,n) D pep Bl D;(W). For I = [r;s], we let D] = (E ®p, Bf,) ®E®FOBI;;,KJ,
DZ(W); Let DI, (W) = (DI(W))AH/K and Dy (W) = D(W)Hx | so that DL (W) =
(E ®r BY) @peypy Dy(W) and Dk (W) = (B ®p Bly i) ©p,, 5; Dy(W) (since

K,
D, (W) is invariant under Hg). !

Proposition 4.6. — We have

1. Di(W)* = (E ©r Bi)"* @pe,m Dy(W);
2. Dx(W)P = (B @p Bly )™ @pg 1 Dy(W).

Proof. — The same proof as [16, §2.1] shows that the elements of D} (W) are locally
analytic vectors, and the result now follows from proposition 2.2. m

Theorem 4.7. — IfW is an F-analytic (B, E)-pair of rank d, then there exists a unique
F-analytic (¢4, 'x)-module D(W) over E @ B:rrig,K such that

(E @ Bly) @pg,pi_, D(W) =D(W).
Proof. — Let W be an F-analytic (B, E)-pair of rank d, and let Dy (W) be as above.
Let 7 > 0 and let y € (D) (W))P2. Let 7 € X\ {id} and let

Q,, ={g € Q such that n(g) > n(r) and 7(g9) =7} .

Let g € Q,,. We have 1,(y) € W, .. Write z, for the image of ¢,(y) in Wiy  /tWi, ..
Since the filtration on Wyr, is Galois stable, we get that z, is invariant under Hyg
(since 4(y) is), and is a locally analytic vector of (Wg ./tWip )< using the fact that
y € (D (W)r)P=. Note that Viqg = 0 on (Wig /tWir.)7€)? since W is F-analytic and
by [2, Prop. 2.10]. This shows that Vi4(z,) = 0 and so Viq(ty(y)) = 0 mod ¢, (recall
that ¢ and ¢, both generate the kernel of § in Bz by lemma 4.3). Using the fact that
Lty © V. = Viq 014, this implies that t;|t, o V,(y) in Wj}h. By lemma 4.3, this proves
that 1,((Q7)™" - V-(y)) € Wi, for n = n(g). By definition of D"(W), this proves that

V.(y) € Q7 - D"(W) for all n > n(r), and so V, is divisible by Jﬁo Q7 in D"(W) (the

n=n(r
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argument for the divisibility by an infinite product is the same as the one given in the
proof of [2, Lemm. 10.2]), hence by ..

In particular, for all 7 € X3, we have VT(ET(W)W) ET(W)pa. By proposi-
tion 3.4, there exists a unique (g, I'x)-module DY, g over E/ ®p Brng such that (F ®p
Bilg) Opernl, Dilg — D(W), which is what we Wanted. O

Proposition 4.8. — If D is a p,-module over Brng, then there exists r(D) > r(K)
such that, for all v > r(D), there exists a unique sub Bll’gK module D, of D such that:

.Z D BI‘lg K ®B'I‘ T DT’;

rig, K

2. the BLY -module Brlg K ®Bt . D, has a basis contained inside ¢,(D). Moreover,

rig, K e

if D is a (¢, I'x)-module, one has g(D,) =D, for all g € T'k.

Proof. — This is exactly the same proof as [1, Thm. 1.3.3] but using Lubin-Tate (¢g, I'k)-
modules instead of cyclotomic ones, and tensoring by E over F. O]

Proposition 4.9. — If D is a (pg,I'k)-module over E @ Bjig’K, free of rank d, then

1. We(D) = (E ®p Eiig’K[l/t] ®gt D)#=! is a free B, g-module of rank d which is
Gx-stable; i

2. Wik = Ilrex <(E ®r Bir) ®z LB
rig, K

D”n<9>> does not depend on n(g) > 0
QGQTT

and is a free E ®@q, Big = (Bg,)ren-module of rank d and Gy -stable.

3. W(D) = (W.(D),W;x(D)) is a (B, E)-pair. Moreover, if D is F-analytic, then so
is W(D).

Proof. — The proof of items 1 and 2 is the same as [1, Prop. 2.2.6]. Assume now that
D is F-analytic, and let us prove that W (D) is F-analytic. Let 7 € ¥\ {id}.

By item 2, we have Wi, . = (F ®r Bgg) ®2’ frnggy D@ for some g € Q... We
F rig, K

can find a basis ej1,...,e4 of D™ over I ®p BL’g"(g) such that the image of the basis
tg(er), ..., tg(ea) of Wip over E®pBgg modulo t, is a basis of the E® jC,-representation
Wi /Wi

Since the e; are pro-analytic vectors of D" for the action of 'k, the same argument
as in the proof of theorem 4.7 shows that their image in Wy, /tWy _ are invariant under
Hp and locally analytic vectors of (Wi /tWi ). Since

v, ((E @B O D’“n<g>> Ct, ((E B ® DT"@))

by lemma 2.4 and since

Trn( ) a r
Wt = (F®rpBh)®" E @p Bl Moypa ir DM
dR,T ( dR) E®FBI;;T;£Q> (( rig, K ) E®FBrig,7;§g) )

we get that Viq(e;) = 0 mod ¢, for all ¢ since 1, 0 V, = Viq 0 ¢4 and since ¢4(t,) = t.
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This implies that Vig = 0 on (Wi /tWis )" so that (Wi, /tWik ) is Cp
admissible as an F ®p C, representation of Gx, using the discussion following [4, Thm.
4.11]. m

Theorem 4.10. — The two functors W — D(W) and D — W(D) are inverse one
to another and induce an equivalence of categories between the category of F-analytic
(B, E)-pairs and the category of F-analytic (g, ' k)-modules.

Proof. — Let W = (W,, W) be an F-analytic (B, E)-pair and let D = D(W). By
definition of W (D), we have

(E ®p Bl,[1/t]) ®p, , We(D) = (E@r Bl,[1/t]) ®p, 5 D

rig, K

and by definition of D(W), we have
(E @p Bl[1/1]) @p, s We = (E ©p Bly[1/1])) ® g g D

rg rig, K
so that, taking the invariants by ¢,, we get that W, ~ W(D) as B, g-representations.

Let 7 € ¥. By definition of Wy, (D), we have Wy, (D) = (E ®p Bg) ®" D™ for
some g € 2, with r big enough, and hence

Wi, (D) = (E ®p Bjg) ®" D™

where D" = D"(W) = (E @5 Bl

te) ®E®FBI{;,K D" by proposition 4.5. Recall that

D' (W) = {y e (E®p BI[1/t]) ®B, , We such that ¢,(y) € WC&T(Q)

rig

" for all g € QT} ,

so that, after tensoring by E ®@p By over 1 , we get Wi, (D(W)) = Wi ..
Let D be an F-analytic (¢, T'x)-module and let W = W(D) and D = (F Qp
B

rig) ® pe B D. The same reasoning as above shows that

rig, K

(B @p Bl,[1/1]) ©py, 1 D= (E@rBl[1/t]) ®p 5 DWV(D))

rig, K rig, K
and that
(E F Ellg[l/t]) ®E®FBIig,K D= (E F Eilg[l/tb ®E®FBL$’K D(W(D))

If M is a (¢4 I'x)-module over E ®@p BLg, note that we can recover M inside M[1/t]
by

M = {x € M][1/t] such that ¢,(z) € (E @r Bjg) ®;§® 51 M for all g with n(g) > 0} :
F rig

In particular, since

(B @r Bly[1/1]) ©py iD= (E@rBl[1/t]) ®p g DW(D)),

rig, K rig, K

this shows that
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Since D is F-analytic, we have V. ((Dg )P®) C t,-(Dg)**) for all 7 € X\ {id} by proposition
3.4, hence there exists, still by proposition 3.4, a unique F-analytic (¢4, Ik )-module DLg
over £ ®@p BLg x such that

Sol(DR) = (E ®p (Bliyx)"™) ©py,5 Dl

rig, K
and such that
D = (E QF BIig,K) ®E®FBT DIig

rig, K

In particular, we have D = D(W (D)) = D!

rig»

which concludes the proof. O

We now explain how to use this result to generalize Porat’s result [19, Thm. 6.8].
Recall that an FE-representation V is said to be split trianguline if its corresponding
cyclotomic (¢, I")-module Diycl(V) over the Robba ring £ ® BL& K., (here we take 7 to
be the trivial unramified character of G ) is a successive extension of (p,I')-modules of
rank 1. Note that this is the same as asking that D = Diyd(V) is equipped with a
strictly increasing filtration Filo(D) = {0} C Fil;(D) C --- C Fily(D) = D of cyclotomic
(p,T')-modules over E ®Biig7 k., Which are direct summands of D as £ ®Biig7 k,-modules,
where d = dimg(V).

Recall (see the beginning of §3 of [3]) that it is equivalent to ask the (B, E)-pair W (V)
attached to V' to be a successive extension of (B, F)-pairs of rank 1.

An E-representation V is said to be trianguline if there exists an extension E’ of E
such that £’ @ V is split trianguline.

An F-analytic F-representation V' of G is said to be split Lubin-Tate trianguline if its
(g, 'k )-module over £ ® BLg’ x 1s a successive extension of (¢4, Ik )-modules of rank 1,
and to be Lubin-Tate trianguline if there exists £’/ F a finite extension such that E'®@gV
is Lubin-Tate trianguline.

Theorem 4.11. — LetV be an F-analytic representation of Gx. Then V is trianguline
in the cyclotomic sense if and only if it is Lubin-Tate trianguline.

Proof. — First note that it suffices to prove the result for split trianguline representations.
Now let V' be an F-analytic representation of Gx. Assume that it is trianguline in the
cyclotomic sense. Then its corresponding (B, E)-pair W (V') is a successive extension of
(B, E)-pairs of rank 1. There exists therefore a triangulation of the (B, E)-pair W(V),
that is a filtration
O=WoCcWyC-CWy=W(V)

by sub-(B, E)-pairs such that W; is saturated in W;,; and the quotient Wi, /W; is a
rank 1 (B, E)-pair.

Since V' is F-analytic, so is W(V') by lemma 4.1, and thus so are the W;. By theorem
4.10, for any i, D; := D(W;) is an F-analytic Lubin-Tate (¢,, I'x)-module over E(X)BL&K7
and we have

0=DyC Dy C-C Dy=D(W(V)) =D/, (V).

rig
Moreover, because W; is saturated in W;,; and the quotient W, /W, is a rank 1 F-
analytic (B, E)-pair, we get that D; is saturated in D;,; and that the quotient is a rank
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1 F-analytic Lubin-Tate (¢4, Ik )-module, so that V is split trianguline in the Lubin-Tate
sense.

For the converse, assume that DLg(V) is a successive extension of rank 1 F-analytic
Lubin-Tate (p,, ['x)-modules. Then we have a triangulation

0=DyC D, C-CDyg=DW(V)) =D]

rig

V)

where D, is saturated in D, 1 and the quotient is a rank 1 F-analytic Lubin-Tate (¢, I'x)-
module. By theorem 4.10, if W; = W(D;) then

0=WoC W, C-CWy=W(DL(V)=W()

is a triangulation of W (V') such that W is saturated in W;,; and the quotient W, 1/W;
is a rank 1 (B, F)-pair and thus V is split trianguline in the usual sense. O

5. A simpler equivalence in the F-analytic case

Let B = (B, [1/t:])#~! = (Bf;,[1/t.])?=!. Following [11], we make the following
definition:

Definition 5.1. — 1. Let 0 € Y be any embedding. A B,-pair is the data of a
couple W, = (W5, Wik ,) where WG is a finite free E ®% By z-module equipped
with a semi-linear G action and Wi , is a Gg-invariant B3y ,-lattice in Wag o :=
Wk BDpggit, Bar,o-

2. For two B,-pairs W,, W/, a morphism f : W,—W, is a Gx-invariant E @ B -
linear map frp : WEp— (W, 5)"" such that the induced Bag o-linear map fag o, :=
o g ®id : Wag o—Wig , sends Wik , to (W')iz .-

Let W = (W,, Wik) be a (B, E)-pair. Let WL, =

{w € We: 7(w) € Wag 4or 1 for all 7 € Gal(E/Q,), Tjr # id} .

By [11, Lemm. 1.3], this is an £ ®% B -module. Proposition 3.7 of [11] shows that for
o € Xp, the functor F, : {(B, E) — pairs}—{B, — pairs} given by W = (W,, W) —
W, = (WyE, Wik,,) induces an equivalence of categories.

For o € ¥, let G, denote the inverse functor of F, defined by Ding in [11, Lemm.
3.8]. We say that a Bjg-pair W is F-analytic if for all 0 € X such that op # idp,
then Wik ,/tWik,, is the trivial Cp-representation of G, where Wg , is the second
component of the B,-pair F, o Giq(WW). By [11, Lemm. 3.9], this is the same as asking
that the corresponding (B, E)-pair Giq(W) is F-analytic.

Proposition 5.2. — IfD is a (¢,,'x)-module over E ®p BLgK, free of rank d, then

1. WEL(D) = (E @p B, x[1/t:] ®g1 D)%~ is a free E @ BYL.-module of rank d
s ’ rig, K ’
which is G -stable;
2. WJR,id = ((E ®F B;IFR) ®

tg
T
E®FBrigj}£g>

D’”n<9>> does not depend on n(g) > 0 and
9E€Qid,r

is a free Big jq-module of rank d which is Gy -stable.
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3. WD) = (Wip(D), Wik, a(D)) is a Bia-pair. Moreover, if D is F-analytic, then

1

so is W (D).

Proof. — The proof of items 1, 2 and 3 is the same as in 4.9. The part on F-analyticity
now follows from the remark above and the fact that the Bjg-pair W (D) we just con-
structed is exactly Fiq(W’) where W’ is the (B, E)-pair attached to D constructed in
proposition 4.9. O

Lemma 5.3. — Let D"(W)'T =
(v € (B ©r BI1/1]) @ poynis, Wi 15(0) € Wik 0 € ©.7(0) = id)

Then:

1. DWW s a free E @p Eii’g—module of rank d;

2. ET(W)LT[l/tw] =E®r Bj{;[l/tw] ®pgrBLT, VVlﬁTE
Proof. — This is the same proof as in lemma 4.4 but here we do not need to keep track
of all the embeddings. m

We know that there are enough pro-analytic vectors inside E(W)LT, just because we
already know by the constructions of §4 that it contains the F-analytic (¢,, ['x)-module
D(W’) attached to W’ = Gia(W) of theorem 4.7. We can now recover it by taking the
pro-analytic vectors of D(W)'T and taking the module D, (D(W)'T) given by propo-
sition 3.4. In particular, the following is a straightforward consequence of our previous
constructions:

Theorem 5.4. — The functors D — W(D)" and Wiq — DI (D(W)'T) are inverse of
each other an give rise to an equivalence of categories between the category of F-analytic

(0g: L' )-modules and the category of F-analytic Biq-pairs.

6. Quick summary of the rings

While most of the rings mentioned in this paper should be well known to the experts,
we give here a description or an interpretation of those rings in order for the reader to
have a better intuition of what they are.

Recall that Fj is a finite unramified extension of Q,,, F'/Fy is a finite totally ramified
extension and K/F is a finite extension. We also let F,,/F denote the Lubin-Tate
extension of F' attached to a uniformizer 7 of F. We let K’ denote the maximal unramified
extension of F' inside K F.

For I = [r, s] a compact subinterval of [0, 4o0[ such that 0 € I or I C [1,+o0], we let
C(I) denote the annulus

{z € Cp,p’l/rl <|z|, < p’l/sl}

where if p > 0, then p' = p-e-p/(p—1)-(¢—1)/q, and we admit that p~'/" = 0 if r = 0.
For I = [r,4+o00|, we let C'(I) denote the annulus

{z € C,,p V" <2, < 1}
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Let X be a variable. Then we have the following description of the rings B, B}’{ and

T
Krig*

Bi, = {Laurent series f(X) with coefficients in K’, which converges on C(I)}

BI7 = {Laurent series f(X) with coefficients in K’ which converges on
C([r, +o0]) and is bounded}

BL’Q = {Laurent series f(X) with coefficients in K, which converges on C(I)}.

If F = K, then Gal(Q,/F) acts on these rings by g(X) = [xx(¢)](X) and we have

maps ¢, : Bl.—BY¥, B — B} Bl . — Bl defined by X — [7](X).

When F' # K, there is still a way to define actions of Gal(Q,/K) and ¢, but they are
usually no longer explicit.

The elements of B/, B and BL’; x cannot be directly interpreted as functions on
some annulus, but one should think of them as limits of algebraic functions. With that in
mind, B is the ring of limits of algebraic functions on C' (), Eii’g is the ring of limits of

algebraic functions on C([r, +00[), and B" is the subring of EL’;
elements. N B

The rings B/, ]N?)” and BL’;K come equipped with an action of Gal(Q,/F'), and with
maps ¢, : Bl—BY Bl —Bh" BL’Q—)BT-’W which coincides with the actions defined

rig »
I tor tor
above on By, By and By, .

consisting of bounded
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