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Classes of Kernels and Continuity
Properties of the Double Layer Potential
in Holder Spaces
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Abstract. We prove the validity of regularizing properties of the bound-
ary integral operator corresponding to the double layer potential asso-
ciated to the fundamental solution of a nonhomogeneous second order
elliptic differential operator with constant coefficients in Holder spaces
by exploiting an estimate on the maximal function of the tangential
gradient with respect to the first variable of the kernel of the double
layer potential and by exploiting specific imbedding and multiplication
properties in certain classes of kernels of integral operators and a gen-
eralization of a result for integral operators on differentiable manifolds.
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1. Introduction

In this paper, we consider the double layer potential associated to the fun-
damental solution of a second order differential operator with constant coef-
ficients in Holder spaces. Unless otherwise specified, we assume throughout
the paper that

n € N\ {0,1},

where N denotes the set of natural numbers including 0. Let o € [0, 1],
m € N\{0}. Let €2 be a bounded open subset of R™ of class C"™% with m > 1.
Here we understand that C™°% = C™. For the definition and properties of
the classical Schauder spaces we refer for example to Dalla Riva, the author
and Musolino [7, Chap. 2], Dondi and the author [8, §2]. We employ the same
notation of Dondi and the author [8] that we now introduce.
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Let vg or simply v = (1);=1,....», denote the external unit normal to 0€2.
Let Ny denote the number of multi-indexes v € N™ with |y| < 2. For each

a= (a’Y)|’Y|§2 € (CNZ, (11)

we set

a® = (a)1j=1,.0 aM =(a))j=1..m  a=ao.

with a;; = 21 Qe te; for j #1, aj; = Aejte; and a; = e, where {e; :
j =1,...,n} is the canonical basis of R". We note that the matrix a® is

symmetric. Then we assume that a € CV2 satisfies the following ellipticity
assumption

inf  Re a, &7 5 >0, 1.2
geRM J¢|=1 2wt (1-2)
[v]=2
and we consider the case in which
aj; € R Vi,j=1,...,n. (1.3)

Then we introduce the operators

Pla, DJu = Z Oz, (a0, ,u) + Z a;0z,u + au,

l,j—l =1
Biv = E @1 0z;0 — E viav,
l,j=1

for all u,v € C?(Q), and a fundamental solution S, of Pla, D], and the
boundary integral operator corresponding to the double layer potential

Wala, Sa, 1l(z) = /8 ) B (Sa(e =) do

/ Z a;iv(y ( —y) doy,

l,j=1

— / w(y) Z vi(y)arSa(xz —y) doy Vo € 012,
o0 =1
(1.4)

where the density or moment p is a function from 02 to C and doy, is the
ordinary (n — 1)-dimensional measure. Here the subscript y of B ., means

that we are taking y as variable of the differential operator B .y The role
of the double layer potential in the solution of boundary value problems for
the operator P[a, D] is well known (cf. e.g., Giinter [16], Kupradze et al. [22],
Mikhlin [26].)

The analysis of the continuity and compactness properties of Wq[a, Sa, |
is a classical topic and several results in the literature show that Wgla, Sa, -]
improves the regularity of Holder continuous functions on 0€2. We briefly
recall some references ‘(see Dondi and the author [8]).
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In case n = 3, a €]0, 1] and Q is of class C** and S, is the fundamental
solution of the Laplace operator, it has long been known that Wg[a, Sa, -] is
a linear and compact operator in C1:*(99) and is linear and continuous from
C°(99) to CY*(99Q) (cf. Schauder [33,34], Miranda [28].)

In case n =3, m > 2 « €]0,1] and Q is of class C™* and if Pla, D] is
the Laplace operator, Giinter [16, Appendix, § IV, Thm. 3] has proved that
W[OS, a, Sa, ] is bounded from C™~2%(82) to C™ 1" (9Q) for o’ €]0, al.

In case n > 2, m > 2, a €]0,1], O. Chkadua [2] has pointed out that
one could exploit Kupradze, Gegelia, Basheleishvili and Burchuladze [22,
Chap. IV, Sect. 2, Thm 2.9, Chap. IV, Sect. 3, Theorems 3.26 and 3.28]
and prove that if Q is of class C"™%, then W[0Q,a, S,,-] is bounded from
Cm=1e(90) to C™(9Q) for o €0, al.

Incase n =2, m =1, o €]0,1] and 5 €]0,1], a + 5 > 1 and if P[a, D]
is the Laplace operator Fichera and De Vito [9, LXXXIII] have proved that
the operator Wq|a, Sa, -] is bounded from C%#(99Q) to C1+A=1(9Q).

In case n = 3, a €]0,1[, and Q is of class C? and if P[a, D] is the
Helmholtz operator, Colton and Kress [4] have developed previous work of
Giinter [16] and Mikhlin [26] and proved that the operator Wgla, Sa, | is
bounded from C%*(9Q) to C**(9Q) and that accordingly it is compact in
CLe(09).

In case n > 2, a €]0, 1] and Q is of class C? and if P|a, D] is the Laplace
operator, Hsiao and Wendland [18, Remark 1.2.1] deduce that the operator
W[OS, a, Sa, -] is bounded from C%(9Q) to C1:*(92) by the work of Mikhlin
and Prossdorf [27].

Incase n =3, m > 2 « €]0, 1] and €2 is of class C™ and if P[a, D] is the
Helmholtz operator, Kirsch [20] has proved that the operator Wga, Sa, -] is
bounded from C™~1%(9Q) to C™*(dN2) and that accordingly it is compact
in C™*(992).

Then Heinemann [17] has developed the ideas of von Wahl in the frame
of Schauder spaces and has proved that if € is of class C™*5 and if S,
is the fundamental solution of the Laplace operator, then the double layer
improves the regularity of one unit on the boundary, i.e., Wq|a, Sa, -] is linear
and continuous from C™<(9Q) to C™+1:2(90Q).

Mitrea [30] has proved that the double layer of second order equations
and systems is compact in C%%(9Q) for 3 €]0, a[ and bounded in C%(9€2)
under the assumption that Q is of class C*®. Then by exploiting a formula
for the tangential derivatives such results have been extended to compactness
and boundedness results in C*#(9Q) and C1*(99), respectively.

In Dondi and the author [8], we have proved that if m > 1, 3 €]0, o], a €
10, 1[, then Wqla, S, -] is linear and continuous from C™#(9Q) to C™*(99)
and a related result if we chose 3 = 0.

In this paper we plan to consider the case in which € is of class C1®
for @ €]0,1]. If « €]0,1[, 8 €]0,1], 8+ a > 1, we prove that Wgla, Sa, | is
linear and continuous from C°%#(992) to C1**+#=1(9Q) for 3 €]0, 1[ and that
it is linear and continuous from C%!(9Q) to the generalized Schauder space
C1wa (9€2) of functions with 1-st order tangential derivatives which satisfy a
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generalized w,-Holder condition with
We(r) ~ 7% lnr| as r — 0,

see Theorem 5.1. If a = 1, we show that if the maximal function of the
tangential gradient with respect to the first variable of the kernel of the
double layer potential is bounded, then Wqla, Sa, ] is linear and continuous
from C%#(99Q) to C1#(9Q) for B €]0,1[ and is linear and continuous from
C%1(99) to the generalized Schauder space C1#1(9) of functions with 1-st
order tangential derivatives which satisfy a generalized wi-Holder condition
with

wi(r) ~r|inr| as r — 0,

see Theorem 5.5. For the validity of condition on the maximal function, we
refer to [25].

Our proofs are based on a Theorem of [24, Thm. 6.3] on integral oper-
ators, that we report here in the case in which the domain of integration is
a compact differentiable manifold, see Theorem 3.10. Theorem 3.10 develops
an approach that has been introduced within the frame of Holder spaces by
Garcia-Cuerva and Gatto [10,11], Gatto [12] and in case a = 1 it requires
that we can estimate the maximal function associated to the tangential gradi-
ent of the kernel of the double layer potential with respect to its first variable
and that the same tangential gradient belongs to a certain class of kernels.

Then we prove the membership in the class of kernels by exploiting the
imbedding and multiplication properties that we have highlighted and proved
n [24], that extend the validity of corresponding statements for the classes
that had been introduced in Giraud [15], Gegelia [13] and Kupradze, Gegelia,
Basheleishvili and Burchuladze [22, Chap. IV] and that we report here in the
special cases we need, see Sect. 3. Here we note that the properties of Sect. 3
actually simplify a proof that would be otherwise long to explain.

2. Notation

Let M, (R) denote the set of n x n matrices with real entries. ¢; ; denotes the
Kronecker symbol. Namely, 6; ; = 1ifl = j, 8 ; = 0if | # j, with [, j € N. | A|
denotes the operator norm of a matrix A, A’ denotes the transpose matrix
of A. We set

B,(§,r)={neR": [¢—n| <7}, (2.1)
for all (§,r) € R"x]0, +oo[. If D is a subset of R™, then we set
BD)={feC”: fisbounded}, |f|pm Es%p|f\ Vf € B(D).
Then C°(D) denotes the set of continuous functions from D to C and we

introduce the subspace CP (D) = C°(D) N B(D) of B(D). Let w be a function
from [0, +oo] to itself such that

w(0) =0, w(r)>0  Vrel0,+oo],

w is increasing, lim w(r) =0,
r—0+
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t
and sup w(at)
(a,)€[1,+00[x]0,+o0] AW (t)

< +00. (2.2)

Here ‘w is increasing’ means that w(ry) < w(re) whenever r1, ro € [0, +o0]
and r; < ro. If fis a function from a subset D of R™ to C, then we denote by
|f : D]y the w(-)-Holder constant of f, which is delivered by the formula

[f(x) = f(y)]
w(lz —yl)

If [f : D[y < oo, we say that f is w(-)-Holder continuous. Sometimes, we
simply write | f|.,(.) instead of | f : D[,(.). The subset of C°(ID) whose functions

|f:ID)|w(,)Esup{ :ayeD,x;&y}.

are w(-)-Hélder continuous is denoted by C%*()(D) and |f : D|,,(.) is a semi-
norm on C%“()(D). Then we consider the space C’g’w(')(D) = C%“0(Dd) N
B(D) with the norm

IFllegecrmy =suplf @] +1fluey  VF € PO D).
Remark 2.1. Let w be as in (2.2). Let D be a subset of R™. Let f be a bounded
function from D to C, a €]0, +oo[. Then,
vy @10

z,y€D, |z—y|>a UJ(|$ - y|)

2
< 2@ Slﬂ;plfk

In the case in which w(-) is the function r* for some fixed o €]0, 1],
a so-called Holder exponent, we simply write |- : D|, instead of |- : D|a,
C%(D) instead of C%* (D), CP*(D) instead of CZ?’TQ (D), and we say that
f is a-Holder continuous provided that |f : D], < +o0.

3. Special Classes of Potential Type Kernels in R"

In this section we collect some basic properties of the classes of kernels that
we need. For the proofs, we refer to [24, §3]. If X and Y are subsets of R,
then we denote by Dx «y the diagonal of X X Y, i.e., we set

Dxxy ={(z,y) e X XY : 2=y} (3.1)
and if X =Y, then we denote by Dx the diagonal of X x X, i.e., we set
DX EDXX)(.

An off-diagonal function in X x Y is a function from (X X Y)\Dx«y to C.
We now wish to consider a specific class of off-diagonal kernels.

Definition 3.1. Let X and Y be subsets of R". Let s € R. We denote by
Ks,xxy (or more simply by K;), the set of continuous functions K from
(X xY)\Dxxy to C such that

1K

Kaxxy = sup |K(z,y)| |z —y|® < +oc.
(2,9)€(XxY)\Dx xy

The elements of K xxy are said to be kernels of potential type s in X x Y.
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We plan to consider ‘potential type’ kernels as in the following definition
(see also Dondi and the author [8], where such classes have been introduced
in a form that generalizes those of Giraud [15], Gegelia [13] and Kupradze,
Gegelia, Basheleishvili and Burchuladze [22, Chap. IV]).

Definition 3.2. Let X,Y C R™. Let s, s2, s3 € R. We denote by Ky, 5,5, (X X
Y') the set of continuous functions K from (X x Y)\Dxxy to C such that

1K1

Kayog ey (X XY) = Sup{x —y[" K (z,y)] : (2,y) € X xY,x # y}
' — y|*2
+sup{|||K(x’,y) - K(z",y)|

|J}/ _m//|33

22" e X, x £y e Y\B, (2,22 — a:”)} < +o00.

One can easily verify that (K, s, (X ¥ Y), [ [k, .,.,(xxv)) is a
normed space. By our definition, if s;, s2, s3 € R, we have
K:51752783(X X Y) g Ksl,XxY
and

HK| Ksq,s9,853 (XXY) VK € ]Csl,32,53 (X X Y)

We note that if we choose s5 = s1 + s3 we have a so-called class of standard
kernels. Then we have the following elementary known embedding lemma
(cf. e.g., [24, Lem. 3.1]).

Lemma 3.3. Let X, Y C R™. Let sy, s, s3 € R. If a € [0,+00|, then
KCsy 59,55 (X X Y) is continuously embedded into Ks, sy—qs5—a(X X Y).

Ksi,xxy < ||K|

Next we introduce the following known elementary lemma, which we
exploit later and which can be proved by the triangular inequality.

Lemma 3.4. If2/,2" e R", o' # 2", y € R"\B,, (¢/, 2]z’ — 2"|), then
1
sl =yl < 2" —yl < 22" —yl.
Next we state the following two product rule statements (cf. [24, Thm. 3.1,
Prop. 3.1]).

Theorem 3.5. Let X, Y C R". Let s1, sa, 83, t1, ta, t3 € R.
(1) If K1 € Ky, 55,55 (X xXY) and Ko € Ky, 4,.4,(X X Y), then the following
inequality holds
|K1(x/,y)K2(l‘/, y) - K1($//7y)K2(x/,7y)|
SNE ks, a,es X5 2011 0y 0y (X xY)

|:E/ o x//|53 2|SI||:C/ o 1,//|t3
: < i >

@ — y[s2th |2/ — y|tats1

forallx' 2" € X, o' # 2", y € Y\B,(2,2]2" — 2"]|).
(i) The pointwise product is bilinear and continuous from

ICS1,51+83,53 (X X Y) X Kt1,t1+83783 (X X Y) to ICS1+t1781+83+t1753 (X X Y)
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Proposition 3.6. Let X, Y C R". Let s1, s2, s3 € R, a €]0,1]. Then the
following statements hold.

(i) If K € Ky, 0y (X xY) and f € C)*(X), then
K (@, y) f(@)] |z =y < [[Kllk., xxv sup Ifl - V(z,y) € X x Y\Dxxy.

and
K1)~ K616
|$/—1‘//|S3 s ||1‘/—$H‘O‘
< Nyl gy § Tt + 20 =

forall ',z € X, o' # 2", y € Y\B,(2/, 2|2 — 2"]).
(i) If so > s1 and X and Y are both bounded, then the map from

Ky oonss (X XY) X CP(X) to Ky ey (X X Y)

that takes the pair (K, f) to the kernel K(xz,y)f(x) of the wvariable
(z,y) € (X x Y)\Dxxy is bilinear and continuous.
(iii) The map from

Koy onss (X XY) X CUY) to Ky sp.55(X X Y)

that takes the pair (K, f) to the kernel K(x,y)f(y) of the wvariable
(z,y) € (X xY)\Dxxy is bilinear and continuous.

Next we have the following imbedding statement that holds for bounded
sets (cf. [24, Prop. 3.2]).

Proposition 3.7. Let X, Y be bounded subsets of R™. Let s1, so, S3, t1, to,
t3 € R. Then the following statements hold.
(i) If t1 > s1 then KCs, x <y 1s continuously embedded into ICy, x xy -
(it) If t1 > s1, t3 < s3 and (to —t3) > (s2 — s3), then
Ko, 55.55(X X Y) is continuously embedded into ICy, 151, (X X Y).
(111) If t1 > s1, t3 < s3, then Ky, s, +s4,55(X X Y) is continuously embedded
into the space K, ¢, 41,45 (X X Y).

We now show that we can associate a potential type kernel to all Holder
continuous functions (cf. [24, Lem. 3.3]).

Lemma 3.8. Let X, Y be subsets of R". Let a €]0,1]. Then the following
statements hold.

(i) If p € CO*(X UY), then the map Z[u] defined by

Elpl(z,y) = p(z) —ply)  V(w,y) € (X x Y)\Dxxy (3:2)
belongs to K_q0,o(X xY).
(ii) The operator Z from C¥*(X UY) to K_q0.a(X xY) that takes p to
E[u] is linear and continuous.

In order to introduce a result of [24, Thm. 6.3], we need to introduce
a further norm for kernels in the case in which Y is a compact manifold of
class C' that is imbedded in M = R" and X =Y.
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Definition 3.9. Let Y be a compact manifold of class C! that is imbedded in
R™. Let s1, s2, s3 € R. We set

K? (Y xY)= {K € Ky sns5(Y XY)

$1,52,53
sup sup / K(z,y)doy, <+°°}
z€Y re)0,4o00[ |/ Y \B, (z,r)
and
s, oy vy = 1 iy e (7
+sup  sup / K(z,y)do,| VK & ’Cgh%% (¥ xY).
z€Y r€]0,4+o00[ |J Y \B, (z,r)

Clearly, (Kt Y xY),| - |

$1,582,83

definition, ICQMS%53 (Y xY) is continuously embedded into Ky, ;.55 (Y X Y).
Next we introduce a function that we need for a generalized Holder norm. For

each 6 €]0,1], we define the function wy(-) from [0, +o0] to itself by setting
0 r=20,
wo(r) =< r|lnr|  r €)0,74],
rollnrg| 7 €]rg, +ool,

Kt SZ,SB(YXY)) is a normed space. By

where rg = e 1/% for all § €]0,1]. Obviously, wy(-) is concave and satisfies
condition (2.2). We also note that if D C R™, then the continuous embedding

() c V() € ¢ (D)

holds for all 8" €]0,6[. Here the subscript b denotes that we are consider-
ing the intersection of a (generalized) Holder space with the space B(ID) of
the bounded functions in D. Then we introduce the following result of [24,
Thm. 6.3].

Theorem 3.10. Let Y be a compact manifold of class C' that is imbedded in
R™. Let s; € [0, (n—1)[. Let 8 €]0,1], t1 € [3,(n—1)+ 3, t2 € |8, +o0|, t3 €
10,1]. Let the kernel K € K, s,+11(Y X Y) satisfy the following assumption

K(,y) € CT(Y\{y}) WyeY.
Let grady . K (-,-) denote the tangential gradient of K (-,-) with respect to the

first variable. Then the following statements hold.

(i) Ift1 < (n—1) and grady K (-,-) € (K, 1,,4,(Y x Y))", then the follow-
ing statements hold.
(a) Ifta — B> (n—1),ta < (n—1)4+ B +t3 and

/ K(,y)doy, € Cl’min{ﬁv(n*1)+t3+ﬁft2}(Y),
Y

then the map from COP(Y) to CtwindA(n=D+ts+8-t2}(y) that
takes pu to the function [, K(-,y)u(y)do, is linear and continu-
ous.
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(aa) Ifto — B =(n—1) and
1,max{r”,w
/ K(-y)do, € CLmaxtrwu O (v),

then the map from C%8(Y) to CLmaX{Tﬂ""fs(')}(Y) that takes p to
the function [, K(-,y)u(y) doy is linear and continuous.
(i) If ty = (n — 1) and grady K (-,-) € (IC?MN63 (Y x Y)) , then the fol-

lowing statements hold.
(b) Ifto—B3>(n—1),ta <(n—1)+ 5 +t3 and

/K dO’ 601 min{3,(n—1)+t3+8— t2}< )7

then the map from CO8(Y) to C’;’min{ﬁ’(n_l)+t3+ﬂ_tz}(Y) that
takes pu to the function [, K(-,y)u(y)do, is linear and continu-
ous.

(bb) Ifta — B =(n—1) and
/K dO’ 6C«lmax{r “’td()}( )’

then the map from COB(Y) to C1max{r’wis OY(Y) that takes p to
the function [, K(-,y)u(y)doy is linear and continuous.
(i) If ty > (n—1) and grady K (-,-) € (K¢, 15,65(Y X Y))", then the follow-
ing statements hold.
(c) Ifta—B>(n—1),ta<(n—1)+ B +t3 and

)

/K ) doy, e otmin{B,(n=1)+p—t1,(n=1)+ts+5— tg}( )

then the map from C%P(Y) to
CLmin{B,(nfl)Jrﬁfh,(n*1)+t3+ﬂ*t2}(Y)

that takes p to the function [, K(-,y)u(y)doy is linear and con-
tinuous.
(cc) Ifta — B=(n—1) and

/ K(y)do, € Chmaxtr?r T e () (v

B =Bty o, (.

then the map from COP(Y) to Clmax{r YY) that
takes p to the function [y, K(-,y)u(y) doy, is linear and continuous.

We also need to consider convolution kernels, thus we introduce the
following notation. If n € N\{0}, m € N, h € R, a €]0, 1], then we set

Ky = { € Cl*(R™\{0}) : k is positively homogeneous of degree h},

(3.3)
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where C2“(R™\{0}) denotes the set of functions of C™(R™\{0}) whose re-

striction to € is of class C"™%(Q) for all bounded open subsets Q of R™ such
that Q C R™\{0} and we set

k|l = [[kllema @B, 0,1)) Yk € KRS

m

We can easily verify that (/Ch - ||zch’”*°‘) is a Banach space. We also men-

tion the following variant of a well known statement.
Lemma 3.11. Let n € N\{0}, h € [0, 4+o0[. If k € C2L(R™\{0}) is positively

homogeneous of degree —h, then k(x —y) € Kh7h+11?f(R” x R™). Moreover,
the map from K(i’}ll to K nt1,1(R™ x R™) which takes k to k(x —y) is linear
and continuous (see (3.3) for the definition of IC(i’}ll).
Proof. Since k is positively homogeneous of degree —h, we have
k@ -l < ( swp KDle -y V(e,y) € (R x R")\Dgoar.
9B, (0,1)

Since k is positively homogeneous of degree —(n—1), the inequality of Cialdea
[3, VIII, p. 47] (see also Dalla Riva, the author and Musolino [7, Lem. 4.14]
with a = 1) implies that if 2/, 2" € R, 2’ # 2", y € R"\B,, (2, 2|2" — 2"|),
then

k(2" —y) — k(=" —y)|

< (2! +2h)max{ sup |k|,|k: 0B,(0,1)]1}

OB,,(0,1)
x|(z" —y) = (" = y)l(min{|(z" —y)|, |(z" —y)[}) "

Then Lemma 3.4 implies that [2” — y| > |2’ — y|, and thus we have

k(2" —y) — k(2" —y)| < (2+2h)

x max{ K], [k 5 OB, (0, 1))} L2 gns
max{ sup sk OBn (U, 1) 7
OB, (0,1) |2/ — y|h+1
and the proof is complete. O

If X and Y are subsets of R", then the restriction operator
from Kp p41,1(R® x R"™) to Kp pt1,1(X xY)
is linear and continuous. Thus Lemma 3.11 implies that the map
from the subspace K} of C2H(R™\{0}) to Kpnni11(X x Y),

loc
which takes k to k(z — y) is linear and continuous.
Remark 3.12. As Lemma 3.11 shows the convolution kernels associated to
positively homogeneous functions of negative degree are standard kernels.
We note however that there exist potential type kernels that belong to a
class Ks, s5.55(X X Y) with sg # 51 + s3.

4. Technical Preliminaries on the Differential Operator

Let Q be a bounded open subset of R” of class C'*. The kernel of the boundary
integral operator corresponding to the double layer potential is the following
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n

B, , (Sa(z =-> aumly ~y)
l,j=1
— Zl/l alS ) V(z,y) € (89)2\]1])39 (41)

(cf. (1.4)). In order to analyze the kernel of the double layer potential, we
need some more information on the fundamental solution S,. To do so, we
introduce the fundamental solution S,, of the Laplace operator. Namely, we
set
B In |x| Ve € R"\{0}, ifn=2,
Sn(@) = {(2“|x2 " Vo e R"\{0}, ifn>2,

where s, denotes the (n — 1) dimensional measure of 0B,,(0,1) and we follow
a formulation of Dalla Riva [5, Thm. 5.2, 5.3] and Dalla Riva, Morais and
Musolino [6, Thm. 5.5], that we state as in Dondi and the author [8, Cor. 4.2]
(see also John [19], and Miranda [28] for homogeneous operators, and Mitrea
and Mitrea [31, p. 203]).

Proposition 4.1. Let a be as in (1.1), (1.2), (1.3). Let S be a fundamental
solution of Pla,D]. Then there exist an invertible matriz T € M, (R) such
that

a® =17, (4.2)

a real analytic function Ay from 0B, (0,1) x R to C such that A;(+,0) is odd,
by € C, a real analytic function By from R™ to C such that B1(0) =0, and a
real analytic function C from R™ to C such that

Sa(z) = \/ﬁsn@*m el A ()
+(B1(z) + bo(1 — d2,,)) In |z| + C(x), (4.3)

for all x € R™"\{0}, and such that both by and By equal zero if n is odd.
Moreover,

1
det a(®
is a fundamental solution for the principal part of Pla, D).

Sp (T 1)

In particular for the statement that A;(-,0) is odd, we refer to Dalla
Riva, Morais and Musolino [6, Thm. 5.5, (32)], where A;(+,0) coincides with
fi(a,-) in that paper. Here we note that a function A from (0B, (0,1)) x R
to C is said to be real analytic provided that it has a real analytic extension
to an open neighbourhood of (9B, (0,1)) x R in R"*!. Then we have the
following elementary lemma.

Lemma 4.2. Let n € N\{0,1}. A function A from (0B, (0,1)) xR to C is real
analytic if and only if the function A from (R™\{0}) x R defined by

Az, 1) = A(%,T) V(z,7) € (R"\{0}) x R (4.4)

is real analytic.
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Proof. If A is real analytic, then it has a real analytic extension A to an
open neighborhood U of (9B,,(0,1)) x R in R™*!. Since the function T I8
real analytic in z € R™\{0}, then the composition A of A* and of (‘i—‘,r) is
real analytic.

Conversely, if A is real analytic, we note that A is an extension of A to
the open neighborhood (R™\{0}) x R of (9B,(0,1)) x R in R**! and that
accordingly A is real analytic. O

Then one can prove the following formula for the gradient of the fun-
damental solution (see Dondi and the author [8, Lem. 4.3, (4.8) and the
following 2 lines]. Here one should remember that A;(-,0) is odd and that
bp = 0 if n is odd).

Proposition 4.3. Let a be as in (1.1), (1.2), (1.3). Let T € M,(R) be as
in (4.2). Let Sa be a fundamental solution of Pla, D]. Let By, C be as in
Proposition 4.1. Then there exists a real analytic function Ay from 0B, (0, 1) x
R to C™ such that

1
DSa — T71 —n .t (2) —1
(z) oV da® /7deta(2)| x|z (a')
22" A (- |2]) + DBy(z) In |z + DC(z) Vo € R™\{0}.

||
(4.5)
Moreover, As(-,0) is even.

Then one can prove the following formula for the kernel of the double
layer potential

B, (Sa(z —y)) = —DSa(z — y)a®v(y) — v (y)ah Sa(z — y)
1

B _muﬂ(w SRR IRAC)

n x —
—Ja — y> " Ag (L |z — y)a®@w(y)

|z -yl
—DBi(z — y)a?v(y) In |z — y| = DC(z — y)aP v (y)
—t(y)aM Sa(z —y) Ve, y € 0Q,x # y. (4.6)

(see Dondi and the author [8, (5.2) p. 86]). Then the following statement
holds (see Dondi and the author [8, Lem. 5.1, inequality at line 13 of p. 86]).

Lemma 4.4. Let a be as in (1.1), (1.2), (1.3). Let Sa be a fundamental solu-
tion of Pla, D). Let « €]0,1]. Let Q be a bounded open subset of R™ of class
CY. Then the following statements hold.

(i) If a €]0,1], then
bao = sup{|x - y|”’1’a|B;27y (Salx —y))|: z,y € 0N,z # y} < +o0.

(4.7)

If n > 2, then (4.7) holds also for « = 1. If n = 2 and DB;1(0) = 0,
then (4.7) holds also for a = 1.
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(ii) If n =2 and o = 1, then

B,y (Salz =) |
(14 [Infz —yl])

b = sup{ Cx,y €00,k # y} < +o00. (4.8)
In particular, the kernel By, , (Sa(z —y)) belongs to K. (o) aq) for all
€ €]0, +o0].

(iii)

bo . = |x/_y|niaBTS r _BE (S.(z" — .
Qo = supy —————|Bg | (Sa(z’ —y)) — By, (Sa(z” —y))|:

|$/ _x//| ,

22" €00, 2" # 2"y € OO\B, (2, 2]2" — J:”|)} < +o00.

By applying equality (4.6), we can compute a formula for the tangential
gradient with respect to its first variable of the kernel of the double layer
potential and establish some of its properties. To do so we introduce the
following technical lemma (see Dondi and the author [8, Lem. 3.2 (v), 3.3]).

Lemma 4.5. Let Y be a nonempty bounded subset of R™. Then the following
statements hold.

(i) Let F € Lip(0B,,(0,1) x [0,diam (Y)]) with

. _ [ IF(@ ") = F(O",7")|
Llp(F)—{ 0 — 0" + [/ — | :

(9/,7”/), (9//’ 7,//) c a]Bn(O, 1) X [O,diam (Y)]’ (9’,7”/) 7& (0//’ 7’”)},

Then

2 —y " —y
(i) - F (o -

-
< Lip(F)(2 + diam (V) 2= vy e vABL(o/, 20/ — 2,

X

|z — |
(4.9)

for all 2’2" € Y, ' # 2”. In particular, if f € C1(0B,(0,1) x R,C),
then

:E/*y J?llfy
A4yzwm{v<,f—y)—f< o —y
s oy 1” Y g1 Y

s 2l a e, #£2" y e Y\By (2, 2]2 — x”|)}

|z" -yl
|l‘/ —I”|

is finite and thus the kernel f <|§:Z\ Sz — y\) belongs to Ko1,1(Y xY).

(ii) Let W be an open neighbourhood of (Y —Y). Let f € C*(W,C). Then
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AhyzwﬁuW—w—fwuwnf—w-%

22 eY,x #£2"yc Y} < 400.

HereY =Y ={y1 —y2 : y1,y2 € Y}. In particular, the kernel f(x —y)
belongs to the class Ko,0,1(Y xY), which is continuously imbedded into
K:O,I,I(Y X Y)

(111) The kernel In|x —y| belongs to Ke11(Y xY) for all € €]0,1].

Proof. For the proof of (i), the first part of (ii) and (iii), we refer to Dondi
and the author [8, Lem. 3.2 (v), 3.3]. The imbedding of the second part of
(ii) follows by the imbedding Proposition 3.7 (ii). O

We are now ready to prove the following statement. For the definition
of tangential gradient grad,, and tangential divergence divpq, we refer to
Kirsch and Hettlich [21, A.5], Chavel [1, Chap. 1].

Lemma 4.6. Let a be as in (1.1), (1.2), (1.3). Let Sa be a fundamental solu-
tion of Pla, D]. Let « €]0,1]. Let Q be a bounded open subset of R™ of class
CY®. Then the following statements hold.

(i) If h € {1,...,n}, then

@m%mﬂﬁgwux—w»h oo By (Sale = 1)

v }j am Bg,, (Sala — 1))

n (z—y)" - v(y)

snVdeta®@ [T~z —y)|"

= i (T a2 = y2) (T
DWEIFE 1z~ )P
() S (T a2 — yz)(Tl)jl}

" Tz = y)P
@) @) (y) — vi(@)u(y)]

spVdet a@|T—1(z — y)|"

n x—
~2= e =y (L e =l ) )

Th — Yh Ty — Y
1”@””“)wfy|‘%@%z—m]

A »
L (Lo yl) a®ule -l
1 J

() [Vl(x) (§jh|x -yl - (25 = y3)(@n = yh))

|z -y

-

M:

J

NE

X

l

1
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(w5 — i) (@1 —y1)
_ Sirlz — vyl —
on(e) (Ske = - =200
0Ay -y @)
5 <|x_ ‘,Ix y|>a v(y)
Th — Yh Ty — U
XZ” [| —yrt ”h(””)|xy|"1]

n n 2 2
Y S ) oo 9) = o)y o)

~DBi(z — y)aPu(y) Z v(z) {W(m)xh—yh () B ]

pust |z —y|? |z —y|?
& 0*C o0*C
—Z: lg_j () [w) (o= ) =) 5@ = )| sty

for all (z,y) € (GQ) \Dgq, where we understand that the symbols
04,
8yj

denote partial derivatives of any of the analytic extensions of As to an
open neighborhood of (0B,,(0,1)) x R in R*+L,
(i) The kernel gradyg . B, (Sa(r —y)) belongs to (Kn—a,n,a(0Q x 0Q))".

vie{l,...,n}

Proof. (i) By formula (4.6), we have
0 Br (_n)

x En: (T s (@ —y) (T jn (z —y)" - v(y)
P C el ) e e
\/W| ( Y| "vn(y)
—nTh —Yn r—yY 2)
~@2=n)lz —yl' A Nz —yl)a®Pu(y
@=mle =y — rAa— e e u(y)
o — | — @imyi)(@h—yn)
ZMZ e — ya@u(y) 2 Y ==y
dy; = yl z —y|"
8A2 Th — Yn
Ee ( |,|x yl)a® (y)‘x_y‘n_1

- 823
- Z - ‘(xfy)ajzyz(y) In |z —y|
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Th — Y
—DBy(x — y)a(2)u(y)ﬁ

" g2 Y
_ E ) _ g A
6xh8x] y)aJSVS (y) V(y) a On (iﬂ y)

for all (z, y) € (09)*\Dpg. Then the definition of tangential gradient implies
the validity of formula (4.10).

We now turn to the proof of (ii). If suffices to show that if h € {1,...,n},
then each addendum in the right hand side of formula (4.10) belongs to the
class Kp—a.n,a (00 x 0Q).

By Lemma 3.11 the kernel W
Since there exists cq o €]0,+00[ such that

() (z—y)| < caalr—y/'™™  Va,yecon

the kernel v(y) - (x — y) belongs to K_1_q,—q,1(02 x 0Q) (cf. e.g., Dondi and
the author [8, Lem. 3.4 and p. 87 line 8]). Then the product Theorem 3.5
implies that the kernel uﬂ'(?{)((wimy% belongs t0 Kn—1-a,n—a,1(02 x Q). By
Lemma 3.3, K;,—1—a,n—a,1 (02 x 0Q) is contained in KCp,_1_q n—1,q (02 x O).

By Lemma 3.11 the kernel % belongs to 1 2,1 (90 x 0Q). By
Lemma 3.3, 1.21(9Q x 0Q) is contained in Ki 144,q(9Q2 x 02). Then the

a-Holder continuity of v and Propostion 3.6 imply that

. 3t (e~ ) (T
) o) ==

(@) D e T G yz)(T_l)jl}
" T-1(z - y)]?

belongs to K1 140,0(02 x 9). Then the product Theorem 3.5 (ii) implies
that

(z — y)t v(y) Z v (z) |:Vl(3;‘) Zj,z:l(T_ )iz(®2 =y ) (T )jn

belongs to Ky, 41,1 (00 x 09).

T=1(z = y)|" = Tz —y)]2
" (@) Dt (T 1) ga (e — Z/t)(Tl)jl}
" T-1(z — y)]?
€ Knama(0Q x 0Q). (4.11)

We now consider the second addendum in the right hand side of formula
(4.10) and we observe that

2o (@) [m@)valy) — vn(@)n(y)]
spVdet a@|T—1(z —y)|”
_ s @) @) @ny) — vn(@)) — va(@)(m(y) — n(2))]
spVdet a@|T=1(z — )|

for all (z,y) € (09)?\Dggq. Since v is a-Holder continuous, Lemma 3.8 implies
that v, (z) — v, (y) belongs to K_q.0,4 (02 x 0Q). By Lemma 3.11 the kernel
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W belongs to Kn7n+171(89 X 39) - ’Cn,n+1—(1—a)7l—(1—a) (39 X 69)
Then the product Theorem 3.5 (ii) implies that

V() — valy)
Tz —y)|"

Then the a-Hoélder continuity of v and Propostion 3.6 implies that

S ’Cn—a,n+a—a,a(69 X 89)

; Ww(@uh(m) € Kn—am.a(09Q x 09).

Hence,

Sy vi(@) [m(@)vn(y) — va(x)n(y)]
Tz —y)I"
We now consider the third addendum in the right hand side of formula (4.10).
Since A, is real analytic in 9B, (0, 1) xR, Lemma 4.5 (i) implies that the kernel
Ay (I§:Z|’ |x — y|) belongs to Ko.1.1(9Q x 99). Since the function |¢['~"% il
of the variable ¢ € R™\{0} is positively homogeneous of degree —(n — 1),
Lemma 3.11 implies that the kernel |z fy|1*"% is of class K1 1 (082 X

09). Then the product Theorem 3.5 (ii) and Proposition 3.6 (iii) imply that
the kernel

—nTh — Yn r—1Yy
=l (L2 ) )

belongs to the class K,,—1,,,1(092 x 9Q). By the imbedding Proposition 3.7
(ii) with

€ Knana(02x 0Q).  (4.12)

s1=n—1, so=mn, s3=1, ti1=n—a, ty=n, it3=aq,

Kn—1,n,1(002 x 99) is contained in KCp,_ 4 5,0 (992 x 092). Since the components
of v are of class C%“, the product Proposition 3.6 (ii) implies that

_ T —
(2wl — g4y <|x3| o= 41) )

n thyh T — Y
X vi(x —vp(x € Kn—an,a(002 x 09).
2 ) =y — )] € K (00 00)

(4.13)

We now consider the fourth addendum in the right hand side of formula
(4.10). Let j € {1,...,n}. Since %A2 »(0,1) xR, Lemma

4.5 (i) implies that the kernel aAZ ( =Y | — y|) belongs to Ky 1,1 (092 x 0R).

|z— u\

By Lemma 3.3,
Ko,1,1(092 x 02) C Ko1-(1-a),1-(1-a) (02 X 02) = Ko,a,0(02 x 09Q).

Since the functions |¢|~("~1) and |¢|7"71¢;& of the variable ¢ € R™\{0}
are positively homogeneous of degree —(n — 1), Lemma 3.11 implies that the
kernels |z—y|~"~ Y and |z—y| " (x;—y; ) (x1—y;) are of class K,,_1 .1 (02
0R). By Lemma 3.3, Kp,—1,,,1(0Q x 09) is contained in KC;,—1 p—14a,q (002 X
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09). Then the product Theorem 3.5 (ii) implies that the product is continuous
from

]C71_1,n_1+a7a(89 X 89) X ’Co,aya(ﬁﬂ X 69) to Kn_l,n_l_;.a,a(aQ X 39)

Then the a-Hoélder continuity of the components of v, Proposition 3.6 (ii),
(iii) and the imbedding Proposition 3.7 (iii) imply that

"L 0A, ( T —y ) @) o
-y — x— a“v(y)|z —
> a9, |z —yl (Y)lz -yl

= |z -yl
Sl R e )

— |z -yl

(zj = y5) (@1 = y1)

_ Sile — yl —

on(a) (Bl - y] - =1
€ Kn—1,n-140,a(0 x 0Q) C Ky —q.n,a (00 x 00). (4.14)

We now consider the fifth addendum in the right hand side of formula (4.10).

Since 35‘;,2 is real analytic in 0B, (0,1) x R, Lemma 4.5 (i) implies that the

kernel %2 (|§:§\ |z — y|) belongs to Ko,1,1(92 x 9€) that is contained in

K000 (02x99Q) (cf. Lemma 3.3). Since the function |¢|~ ("~ V¢ of the variable
¢ € R™"\{0} is positively homogeneous of degree n — 2, Lemma 3.11 implies
that the kernels |z — y|_("_1)(xl — ) are of class KC;,—2 ,—1,1 (00 x 09), that
is contained in K,—2 n—24a,0(0Q2 X 9Q) (cf. Lemma 3.3). Then the product
Theorem 3.5 (ii) implies that the product is continuous from

]Cn_z,7l_2+a7a(aQ X 6‘9) X ’Co,ava(aﬂ X 69) to Kn_g,n_g_;.a,a(aﬂ X 3(2)

Then the a-Hoélder continuity of the components of v, Proposition 3.6 (ii),
(iii) and the imbedding Proposition 3.7 (iii) imply that

% ( Y gy y|) a®u(y) znj vi(z)

|z —y|’ —
Th — Yn T =y
X |y(x)——— —vp(r) ———
e ]
€ Kn—2,n—2+0,a(02 x Q) C Ky—q.n,a (00 x 09). (4.15)
We now consider the sixth addendum in the right hand side of formula (4.10).

Since By is analytic, Lemma 4.5 (ii) implies that the kernel a?ig; (z —y)
J

belongs to Ko 1,1 (09 x 99Q) that is contained in Ko 4 o (992 x ON) for each j,1 €
{1,...,n} (cf. Lemma 3.3). Then the a-Holder continuity of the components
of v and the product Proposition 3.6 (ii), (iii) imply that

>0 Yo ule) ) s (o= ) = )t o= )] 4l
jz=11=1 J g

€ Ko,a,a (02 x 09).
By Lemma 4.5 (iii) and by the imbedding Proposition 3.7 (ii), we have
Injz —y| € Ke1,1(00Q x 0Q) C Ke qte,a(0 x 00Q) Ve €]0,1].
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Theorem 3.5 (ii) implies that the product is continuous from
Ko,0,0 (090 x 00) X K¢ ate,a (02 X 00) 10 K¢ ate,a(02 x 0Q).

Hence, inequalities n — a > ¢, a < a and the imbedding Proposition 3.7 (iii)
imply that

& 2B, 2B,
> Do) o) oo =) = o) g e =)
7,2=11=1

Xa;j v, (y)In |z —y| € K¢ ate,a(0Q x 0Q) C Kp_a n,a(002 x 00Q).

(4.16)

We now consider the seventh addendum in the right hand side of formula
(4.10). Since By is analytic, Lemma 4.5 (ii) and the product Proposition 3.6
(iii) imply that DBy (x — y)a®v(y) belongs to Ko 1,1(992 x Q) that is con-
tained in Ko o o (02 x 9Q) (cf. Lemma 3.3). Since the functions |£|72¢ of the
variable £ € R™\{0} are positively homogeneous of degree —1, Lemma 3.11
implies that the kernels |z — y|=2(2; — y;) are of class K1 2.1(992 x 9Q) that
is contained in Ky 144,q (082 x 0€2) (cf. Lemma 3.3). Hence the a-Hélder con-
tinuity of the components of v and the product Proposition 3.6 (ii) imply
that

n

3 () {m yLh T (2) él_;';] € Ki14aa(09 x 89).

= |z —y[?

Theorem 3.5 (ii) implies that the product is continuous from
Koya,a(aﬁ X 89) X K1,1+a7a(aﬂ X 89) to /C1’1+a7a(aQ X 89)
and thus the imbedding Proposition 3.7 (iii) implies that

n

DBz — 9)a®u(y) 3 m(a) [mx)“‘yh O Bt

— |z —y|? |z — y|?
€ K1140,a(02 x 9Q) C Ky—q.n,a (09 x 09).
(4.17)
We now consider the eighth addendum in the right hand side of formula

(4.10). Since C'is analytic, Lemma 4.5 (ii) implies that the kernel az Bm (z—y)

belongs to Ko 1,1(09 x 0N2) that is contained in Ko o, (02 x 09) for each j,le
{1,...,n} (cf. Lemma 3.3). Then the a-Holder continuity of the components
of v, the product Proposition 3.6 (ii), (iii) and the imbedding Proposition 3.7
(iii) imply that

0*C 0*C
> S ute ) [0 g =) = ) (o = )] )

7,s=11=1

€ Ko,0,a (02 x Q) C Ky .n,0 (09 x 09). (4.18)
We now consider the nineth addendum in the right hand 51de of formula
(4.10). By Dondi and the author [8, Rmk. 6.1], (x y) belong

to the class KC;,—1 5,1 (09 x 0Q) that is contained in ICn_lyn 1+a,a (092 x 092)
for each I € {1,...,n} (cf. Lemma 3.3). Hence the a-Hélder continuity of the
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components of v, the product Proposition 3.6 (ii), (iii) and the imbedding
Proposition 3.7 (iii) imply that

“@ D @ PR ) - @G )

S ICn_l,n_Ha,a(@Q X 60) - IC,L_(X,ma(aQ X 89)
(4.19)

By the memberships of (4.11)—(4.19), we conclude that each addendum in the
right hand side of formula (4.10) belongs to the class KCp,— g n.o (02 x0Q). O

5. Continuity Properties of the Double Layer Potential

As a consequence of Lemmas 4.4 and 4.6, we can apply Theorem 3.10 and
prove the following classical result on the continuity of the double layer po-
tential on the boundary (see Miranda [29, 15.VI], where the author mentions
a result of Giraud [14]. For the Laplace operator in case n = 2 see Fichera
and De Vito [9, LXXXIIT]).

Theorem 5.1. Let n € N\{0,1}. Let a be as in (1.1), (1.2), (1.3). Let S, be
a fundamental solution of Pla, D]. Let « €]0,1[, 8 €]0,1], « + 8 > 1.

Let Q be a bounded open subset of R™ of class C*. Then the following
statements hold.

(i) If B < 1, then the operator Wqla, Sa, -] from C%P(982) to C+8-1(9Q)
defined by (1.4) for all p € C*P(9RQ) is linear and continuous.

(ii) If 3 = 1, then the operator Wqla, Sa, -] from C%8(0Q) = C%1(99Q) to
Clwets-1(9Q) = C1@=(90) defined by (1.4) for all p € CO1(9NQ) is
linear and continuous.

Proof. By formula (4.6), we have B, (Sa(- —¥))) € C'((9Q)\{y}) for all
y € 09). By Lemmas 4.4 and 4.6, we know that the kernel of the double layer
potential belongs to K, —1—qa,n—a,1(02 x 0Q) and that its tangential gradient
with respect to the variable x belongs to (K;,—a,n,q (02 x 02))™. We now plan
to apply Theorem 3.10 (iii). We first note that Theorem 9.2 of Dondi and the
author [8] implies that Wq[a, Sa, 1] € C1(9£2). Moreover,

f<l<n—-l<n—a=ti=n-1)+(1-a)<(n—-1)+p,

to=n>n-1)+p, 0<ss=n—-1)—a<n-1
HIfpg<1,thents—f=n—0F=mn-1)+1-0F>n—-1,

B<2<ty=n<n+a+fB—-1=m—1)+08+ts,
where t3 =
and
min{ﬁ,(n—l)—I—ﬁ—tl,(n—l)—l—tg—l-ﬁ—tg}
=min{f,(n—-1)+pf—-(n—a),(n—1)+a+F—-nt=a+p—-1<a.

Then

Wala, Sa, 1] € C1*(00)
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C Cl’a+ﬂ71(aﬂ) — Cl,min{,@,(nfl)Jr,Bftl,(n71)+t3+ﬁ7t2}(aﬂ)

and Theorem 3.10 (iii) (c) implies that Wg[a, Sa, -] is linear and continuous
from C%?(9Q) to

Cl,min{ﬁ,(n71)+ﬁ*t1,(n*1)+t3+ﬁ*t2}(89) _ Cl,a+ﬁfl(aQ).
(i) IfB=1,thenta—f=n—F=n—1and
Clamax{r?.r" TV 0, (0} (9Q) = ohmax{rr®wa (O} (9Q) = C1we()(9Q).
Then
Wala, Sa, 1] € C1¥(8Q) € C1=0)(9Q) = gtmaxdr sOH Q)

and Theorem 3.10 (iii) (cc) implies that Wqla, Sa, -] is linear and continuous
from C%P(02) = C*1(99) to

Clmax{r? r" T w, (O} (90) = 01we () (9Q). U

B =148ty

Next we introduce the following two technical statements in case n = 2.
Lemma 5.2. Let Q be a bounded open Lipschitz subset of R%. Then

cg) = sup |slogs|_1/ |log |2 — yl| doy < +o0.
0,1/¢[ (992)NB2 (0,5)

z€9Q,s€]
Proof. By the Lemma of the uniform cylinders, there exist r, § €]0,1/e[ such
that if x € 01, then there exist a 2 x 2 orthogonal matrix R, such that
C(z,R;,7,6) = x+ RL(By_1(0,7)x] — §,d])

is a coordinate cylinder for Q around z, i.e., there exists v, € C%1(B;(0,7))
such that

R.(2—2) N (Ba—1(0,7)x] — 4, 4])
={(n,y) € B2—1(0,r)x] = 6,8[: y <2(n)} = hypograph,(y2),
|ve(m)] <46/2 V€ Ba1(0,7), ~vz(0) =0, (5.1)
and the corresponding function -, satisfies the inequality

A= sup el gos g < +0

(cf. [23, Defn. 10.1, Lem. 10.1]). By the continuity of the logarithm, it suffices
to show that the supremum of the statement is finite with s €]0,r[ and we
note that (0Q2) NBa(x,s) C (02) N C(x, Ry, r,d) for all s €]0,r[ and = € O
Then we have

/ |log |z — yl|do,
(0Q)NB2 (x,s)

<

/ | og | (7, 7a(m))] | d/T T esssup 7L

{nel—r,ri:Inl2+~(n)2<s?}

s/{ sl < 2l gl VT AR
nel—r,ri:n|<s

< 4|slogs|yv1+ A? Vo € 0Q,s €]0,1/e].
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Proposition 5.3. Let n = 2. Let a be as in (1.1), (1.2), (1.3). Let S, be
a fundamental solution of Pla, D]. Let  be a bounded open Lipschitz sub-
set of R2 Let Sy be a fundamental solution of Pla,D]. Let vo[Sa, p](x) =
Joq Sa Ju(y) doyVe € R™ for all € L>(0S2). Then va[Sa,-] is contin-
uous fmm L“(@Q) to CO1()(9Q).

Proof. By Theorem 7.2 of Dondi and the author [8], we already know that
v0[Sa, -] is continuous from L (92) to C°(9€2). We now take u € L>(09)
and we turn to estimate the Holder constant of vg[Sa, u]. By formula (4.3)
above, by the inequality |T~'z| > |T|7!|z| for z € R?\{0} and by Lemma
4.2 (ii) of Dondi and the author [8], there exists a constant ¢ €]0, +oo[ such
that

[log 1€]| 7" |Sa(§)] < ¢ V& € Ba(0,1/e)\{0},
=Yg o ) — Saa” —y)| <o

|z — 2|
Vo' 2" € 00, 2" # 2y € (0Q)\B,(2/,2]z" — 2"]).
Let 2/,z"” € 0Q, ' # 2. By Remark 2.1, there is no loss of generality in
assuming that 0 < 3|z’ — 2”| < 1/e. Then the inclusion Ba(a/, 2|2’ — 2”']) C
Bo(z”,3|a’ — 2”|) and the triangular inequality imply that

[va[Sa, ul(2") = valSa, ul(z")|

< Iullon{ | Sala’ )l do,
Bo (22|’ —x'"|)NOQ
+ [ Sala” — y) do,
Bo (2’ 3|z’ —2'"|)NOQ
+ [Sala’ = 1) = Sala” — 1) oy ). (52
OO\B2 (2’ 2|z’ —z'"|)
Then Lemma 5.2 implies that
/ |Sa(x/ - y)' day
By (z/,2|x’ —2'"|)NOQ
+f Sala” — y)] do,
Bo ('3’ —x'|)NOQ
< c{/ |log |2 — yl|do
By (z/,2|x’ —x'|)NOQ

- g " i,
Bo (232! —a'|)NOQ

< 0209”)3|x — 2"||1og(3|z" — 2"])]
< 6ect |2 — 2”|(|log 3| + |log |2’ — 2"||)
< 6cct |log 312|2" — || log |« — =" (5.3)
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Moreover,
/ [Sala’ = y) — Sala” =) | doy
OQ\Bo (22|’ —a'|)
rn
<c / =2 4, (5.)
AO\By (22| —z'|) |z — vl
Then Lemma 3.5 (iv) of Dondi and the author [8] implies that there exists
¢ €]0, +oo[ such that

d .
/ L < iyl logla’ — "
AO\Bo (z/ 2|z’ —z''|) 2’ — y

for all 2/, 2" € 90, 0 < |2’ —2"”| < 1/e. Hence, the statement holds true. O

Next we prove a regularity statement for the double layer potential of
a constant function. To do so, we need to exploit the tangential derivatives
of a function defined on the boundary of an open set of class C'. If [,r €
{1,...,n}, then M, denotes the tangential derivative operator from C1(9Q)
to CY(09) that takes f to
of _ Vra—f on 09, (5.5)

My |f] = ox, ox;

where f is any continuously differentiable extension of f to an open neigh-
borhood of 992. We note that M;,.[f] is independent of the specific choice of f
(cf. e.g., Dalla Riva, the author and Musolino [7, §2.21]). Then we can state
the following.

Lemma 5.4. Let n € N\{0}. Let Q be a bounded open subset of R"™ of class
CYl. Let a be as in (1.1), (1.2), (1.8). Let Sa be a fundamental solution of
Pla, D]. Then Wqla, Sa, 1] € Ct*10)(9Q).

Proof. By Theorem 9.1 of Dondi and the author [8], we know that Wqa, Sa, 1]
belongs to C1(9Q) and that the tangential derivatives of Wq[a, Sa, 1] are de-
livered by the following formula.

M;;[Wala, Sa, 1]] = 1Q; [1/ . a(l), 1} —viQ |:V . a(l), 1]
+v-aM{Q [v5,1] — Q; [wi, 1]} + Rlm, vj,1] on 99,  (5.6)

where

QUlanil) = [ (0(0) = o) G2 e = nlw) do, Vi€ 09,

for all (g, u) € C%1(9N2) x L>(99Q) and
R[Vhl/ju 1] = Za’r‘ {QT[Vle7 1] - VlQT[”j? 1] - QT[Vj7Vl]}
r=1

+a{vvalSa, vj] — v;va[Sa, ]} on 0,

vo[Sa, vj](x) = /89 Sa(z —y)vj(y) doy Vo e R"
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for all I,5 € {1,...,n}. By the Lipschitz continuity of the components of v,
Proposition 5.3 above and Theorem 7.2 of Dondi and the author [8] imply
that vg[Sa, ;] belongs to C%«1()(9Q). By the Lipschitz continuity of the
components of v, Theorem 8.2 (i) of [8] implies that Q,[vv;,1], Q[v;,1],
Q; [1/ ~aW, 1], Qr[vj, ], belong to CO1()(9Q) for all 4, I, r € {1,...,n}.
Hence, the tangential derivatives M;;[Wa[a, Sa, 1]] belong to C%«1()(99) for
all j, 1 € {1,...,n}, and accordingly Wq[a, Sa, 1] belongs to C1+1()(9Q)
(cf. e.g., Dondi and the author [8, Lem. 2.3]). O

As a consequence of Lemmas 4.4, 4.6, 5.4, we can apply Theorem 3.10
and prove the following theorem on the continuity of the double layer poten-
tial on the boundary.

Theorem 5.5. Let 3 €]0,1]. Let Q be a bounded open subset of R™ of class
chi.

Let a be as in (1.1), (1.2), (1.3). Let Sa be a fundamental solution of
Pla, D). Assume that the following condition holds

sup  sup
€00 10,400

/ gradaQ)IBay (Sa(z —y)) doy| < +o0, (5.7)
(O)\B, (z,7)

i.e., the mazimal function of the tangential gradient of the kernel of the double
layer potential with respect to its first variable is bounded.
Then the following statements hold.
(i) If B < 1, then the operator Wqla, Sa, -] from C%8(9Q) to C*P(09)
defined by (1.4) for all u € C%P(9R) is linear and continuous.
(ii) If B = 1, then the operator Waqla, Sa, -] from C%1(9Q) to C1+1()(9)
defined by (1.4) for all u € C%Y(9N) is linear and continuous.

Proof. By formula (4.6), we have %(Sa(- —y))) € CH{(0Q)\{y}) for all
y € 00. If n = 2, we choose € €]0,1] and Lemma 4.4 (ii), (iii) implies that
the kernel of the double layer potential belongs to e 1,1 (082 x 992). Then the
imbedding Proposition 3.7 (ii) implies that K. 1,1(0Q x 0) is contained in
’Ce,1+571(aﬂ X 8(2)

If n > 3 Lemma 4.4 (i), (iii) implies that the kernel of the double layer
potential belongs to the class Kp_2.,—1,1(0 x 09Q).

Then if n > 2 Lemma 4.6 and condition (5.7) imply that the tangential
gradient with respect to the variable z of the kernel of the double layer
potential belongs to the class (le%Lnyl(QQ x 02))™. We now plan to apply

Theorem 3.10 (ii). By Lemma 5.4, we have
Wala, Sa, 1] € C110)(9Q) C C1*(0Q)  Va €]0,1].
Moreover,
B<1<n—-1=t1<(n—1)+7,

e<2—1=n—-1 ifn=2,

tz=nz22>p SlE{(n—l)—1<n—1ifn>3.
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(i) If 8 < 1, then

to—B=n—-0F>n-1, ta=n<(n-1)+p+1=n—-1)4+0+1;3
where t3 = 1.

and Wola, Sa,1] € C+10)(9Q) € ¢tmindf.(n=D+ts+8-t2}(H0)). Thus The-
orem 3.10 (ii) (b) implies that Wqla, Sa,-] is linear and continuous from
C%8(09) to

Clmin{B(n=Dtstb-t2} () = cLmin{f.(n=D+1+6-n)} 50)) = 18 (9Q).

(i) If 8 =1, then ty — 8 =n — f =n — 1 and Wa|a, Sa, 1] € C11()(9Q) C
C’l’max{rﬁ7“1(r)}(89). Thus Theorem 3.10 (ii) (bb) implies that Wgla, Sa, ]
is linear and continuous from C%#(982) = C%1(99) to

CLmaX{’I‘ﬁ:wl(T)}(aQ) _ Cl,max{rl,wl(r)}(ag) = Cl’wl(')(aQ). O

For the validity of condition (5.7), we refer to [25].

6. Conclusion

We have considered the boundary integral operator Wga, Sa, ] correspond-
ing to the double layer potential on the boundary of a bounded open subset
Q of R™ of class C1 for o €]0,1].

If « €]0,1], B €]0,1], we have considered the case in which §+ « > 1
and we have proved that Wgqla, S,, | improves the Holder regularity of a
function of precisely « if the Holder function has Holder exponent 8 €]0, 1]
and instead of a with some loss if 5 =1 (cf. Theorem 5.1).

Thus we have extended result of Fichera and De Vito [9, LXXXIII])
who has considered the Laplace operator in case n = 2.

If « = 1, we have proved that if condition (5.7) on the tangential gra-
dient of the kernel of the double layer potential is satisfied, then Wg[a, Sa, -]
improves the Holder regularity of a function of precisely one unit if the Holder
function has Holder exponent 8 €]0, 1] and instead of one unit with some loss
if =1 (cf. Theorem 5.5).

Thus for @ = 1, we have extended the results of Colton and Kress [4]
for the Helmoltz operator and of Hsiao and Wendland [18, Remark 1.2.1]
for the Laplace operator, who have considered the case in which with Q of
class C?, for the generality of the operators involved, for the regularity of the
boundary of €2 and for the analysis of case § = 1.

Now within the frame of the theory of pseudo-differential operators on
the boundary of a smooth set €2, the operator Wq[a, Sa, -] is known to increase
the regularity of one unit. Thus the present paper shows that the threshold
for such increase to be of order one within the frame of Holder/Schauder
spaces is the C1! regularity of the boundary. Indeed for boundaries that are
only of class C*® with o < 1 such increase is lower than one.

Instead, one cannot expect any increase of regularity if €2 is only a
Lipschitz set (cf. Mitrea, Mitrea and Mitrea [32, Prop. 25.5.21]).
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Another outcome of the present paper is that we have shown that one
could prove technical results on layer potentials by exploiting the some ba-
sic imbedding and multiplication properties of classes of kernels that gen-
eralize previus work of Giraud [15], Gegelia [13] and Kupradze, Gegelia,
Basheleishvili and Burchuladze [22, Chap. IV] and the abstract results that
have been proved in [24].
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