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1. Introduction. The paper “Praefrattinigruppen”[23] appeared in the Archiv
der Mathematik in 1962. In that paper, Gaschiitz proved that every finite sol-
uble group G contains a characteristic conjugacy class of subgroups, called the
prefrattini subgroups of G, with several remarkable properties. In particular,
these subgroups turned out to be an important tool for obtaining information
on the normal subgroups of the group. They appear as the intersection of some
maximal subgroups of the group. After the original Gaschiitz paper, several
generalizations of prefrattini subgroups have been constructed by intersecting
some cleverly chosen maximal subgroups. But the paper of Gaschiitz is not
only important for having initiated and stimulated the study of the properties
of subgroups of prefrattini type, but also for having introduced the notion of
crowns. Indeed, in order to investigate the properties of the prefrattini sub-
groups of a finite soluble group G, Gaschiitz analyzed the structure of the chief
factors of G as G-modules. Associated with a G-module A, there exists a sec-
tion of the group, called A-Kopf, or A-crown in English. This section, viewed
as a G-module, is completely reducible and homogeneous and has a composi-
tion series of length the number of complemented chief factors G-isomorphic
to in any chief series of G. Later, the study of non-soluble chief factors made
by Lafuente [34] allowed him to discover that some sections associated with
non-abelian chief factors can be constructed enjoying similar properties to
Gaschiitz’s crowns. This originated the concept of non-abelian crowns, which
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turns out to be quite useful in the study of the generating properties of finite
groups. More generally, crowns turned out to be a very useful tool in asymp-
totic and probabilistic group theory, for the help that they can give in the
investigation of the maximal subgroup growth of a group G.

The structure of this survey paper is as follows. In Section 2, we describe the
results obtained by Gaschiitz in his paper. Section 3 analyzes how the concept
of prefrattini subgroup has been extended and generalized by several authors.
A more exhaustive description of this kind of results can be found in [4, Chapter
4]. Section 4 describes how the notion of crowns has been generalized to non-
abelian chief factors and arbitrary finite groups, mentioning some applications.
In Section 5, we concentrate on the role of crowns in asympotic group theory, in
particular, in the study of the generating properties of finite groups. Finally,
in Section 6, we see that the notion of crowns can be extended to profinite
groups, and we analyze some important applications in that context.

2. The Gaschiitz paper. In the introduction of his paper, Gaschiitz motivated
the paper starting from the following observation: the knowledge of the Frattini
subgroup Frat(G) of a finite group G is not enough to determine the Frattini
subgroup of G/N, when N is a normal subgroup of G. For example, Frat(G) =
1 does not imply Frat(G/N) = 1. This observation led Gaschiitz to ask whether
some analogue’s of the Frattini subgroup can be found, that are preserved
under taking epimorphism images. He answered this question in the universe
of the finite soluble groups, proving the following result:

Theorem 1 ([23, Satz 6.1, Satz 6.4, Satz 6.5]). To every finite soluble group G,
a family of subgroups, called the prefrattini subgroups of G, can be associated,
which satisfy the following properties:
(1) the prefrattini subgroups of G are conjugate in G;
(2) the intersection of the prefrattini subgroups of G coincides with the Frat-
tini subgroup;
(3) if NG and H is a prefratting subgroup of G, then HN/N ‘s a prefrattini
subgroup of G/N;
(4) a subgroup K of G is contained in a prefrattini subgroup of G if and only
if every mazimal subgroup of G contains a conjugate of K.

In particular, if G is a finite soluble group, N < G, and H is a prefrattini

subgroup of G, then
HIN
fa (&) = s

One of the main contributions in the paper by Gaschiitz is the observation
that, although the methods he uses are quite different, his results are in close
analogy with those concerning the system normalizers investigated by Hall [27].
Let us recall some definitions. A Hall system of a finite soluble group G is a set
3} of pairwise permutable Hall subgroups of G such that, for each set of primes
7, X2 contains exactly one Hall m-subgroup. The intersection of the normalizers
N¢(H) of the subgroups H € ¥ is the system normalizer of G associated to
Y. If Y < X are normal subgroups of G and K < G, then K covers X/Y
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if X < KY, K avoids X/Y if X N K <Y. Moreover, K is a complement of
X/YitG=XKandY = X NK.If X/Y is a chief factor of a finite soluble
group G (or more general an abelian chief factor of a finite group), then X/Y
is complemented if and only if X/Y £ Frat(G/Y). If X/Y < Frat(G/Y),
then X/Y is called a Frattini chief factor of G. The system normalizers of a
finite soluble group G form a canonical system of conjugated subgroups and
the hypercentre Z,,(G) of G coincides with their intersection. Moreover, if K
is a system normalizer of GG, then K covers the central chief factors and avoids
the non-central chief factors of G. The following theorem proved by Gaschiitz
indicates that there are strong similarities between system normalizers and
prefrattini subgroups if one swaps the terms ‘central’ and ‘Frattini’.

Theorem 2 ([23, Satz 6.1]). If H is a prefrattini subgroup of a finite soluble
group G, then H avoids the complemented chief factors of G and covers the
Frattini chief factors.

In particular, the previous theorem implies that given a chief series of a
finite soluble group G, the number of complemented factors in this series is
independent of the choice of the series and the order of a prefrattini subgroup
coincides with the product of the orders of the Frattini factors in the series.
Notice that the covering-avoidance property alone does not in general char-
acterize the prefrattini subgroups (see for example [24, Example 3.5]). More
precisely, H is a prefrattini subgroup of G if and only if H has the covering-
avoidance property described in Theorem 2 and, in addition, permutes with at
least one Sylow p-complement of G for each prime p (see [24, Theorem 2.3]).

In order to construct the prefrattini subgroups and investigate their proper-
ties, Gaschiitz introduced the notion of crowns associated with an irreducible
G-module. Consider an irreducible G-module A. Let Rg(A) be the small-
est normal subgroup contained in Cg(A) and satisfying the property that
Ca(A)/Rc(A) is isomorphic as a G-module to a direct product of copies
of A. It turns out that Rg(A) coincides with the intersection of the nor-
mal subgroups X of G that are contained in Cg(A) and have the prop-
erties that Cg(A)/X is complemented and G-isomorphic to A. The factor
Cc(A)/Rg(A) is called the A-crown of G. The number 05(A) such that
Ca(A)/Ra(A) =g A% s called the A-rank of G' and coincides with the
number of complemented factors G-isomorphic to A in any chief series of G. If
0c(A) # 0, then the A-crown is the socle of G/Rg(A) and has a complement
in G/Rg(A). Let A be the set of irreducible G-modules that are G-isomorphic
to a complemented chief factor of G. Gaschiitz constructs the prefrattini sub-
groups in the following way. For each A € A, let K4 be a complement of
Cc(A)/Rc(A) in G. The intersection

N s
AcA

s a prefrattini subgroup of G.
At the end of his paper, Gaschiitz asks whether there are any restrictions
for the structure of prefrattini subgroups. In this direction, he notices that a
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prefrattini subgroup is in general not nilpotent. For example, if
G=(a,b|a* =b"=1,a"=4d"),

then (a®,b?) is a non-nilpotent prefrattini subgroup of G. Forster showed that
every finite soluble group is a quotient of a prefrattini subgroup [19, Theorem
4.2]. Nevertheless, there are many examples of groups which are not themselves
prefrattini subgroups. For example, if K is a maximal soluble subgroup of
GL(n,p), with p® # 2, acting irreducibly upon the n-dimensional GF(p)-
space V', then there is no finite soluble group containing a prefrattini subgroup
isomorphic to the semidirect V' x K (see [19, Example 4.1]).

3. Generalizing the notion of prefrattini subgroups. Prefrattini subgroups are
interesting because they localize some particular information of the normal
structure of the whole group. Ever since, the original idea of Gaschiitz has
been widely investigated by many authors and generalized in several ways.

The first extension is due to Hawkes [28]. Let us recall some definitions
in order to describe his results. If H < G, a Hall system X of G is said to
reduce into H if {K N H | K € ¥} is a Hall system of H. Let § be a class
of finite groups. A maximal subgroup of a finite group G is called §{=/f-
abnormal if G/Mg ¢ § (here and in the following, we denote by Mg the
normal core of M). Moreover, a chief factor of G is said to be §-eccentric if it
is complemented by an §-abnormal subgroup of G. In the particular case when
§ is a saturated formation (see [17, Chapter II, Section 2] for the definitions
of formation, saturated formation, and Schunck class), Hawkes defined the §-
prefrattini subgroup Wz(X) of a finite soluble group G associated to a Hall
system ¥ of G as the intersection of the maximal subgroups M of G that are
$-abnormal and have the property that > reduces into M. He proved that an
$-prefrattini subgroup of G avoids each §-eccentric chief factor of G and covers
the remaining ones. Moreover, if § = {1}, then the F-prefrattini subgroups of
G are precisely the prefrattini subgroups defined by Gaschiitz: each of them
can be obtained as the intersection W (X) of the maximal subgroups M of G
into which a Hall system 3 reduces. To give an example, consider G = Sy,
and let §1 be the class of the finite nilpotent groups and F2 be the class
of the finite supersoluble groups. If P = D, is a Sylow 2-subgroup of G and
Q@ = (5 is a Sylow 3-subgroup, then ¥ = {1, P, Q, G} is a Hall system of G. The
maximal subgroups of G into which ¥ reduces are M, = P, My = Ng(Q) =2 Ss,
and M3 = Ay and therefore W(X) = M; N My N M3 = 1 is the unique
prefrattini subgroup of G. Moreover, M5 is §i-abnormal and §s-abnormal,
M, is §1-abnormal but not §s-abnormal, and M3 is neither §;-abnormal nor
§2 abnormal. Thus, Wy, (¥) = My N M3 = C5 is an §;-prefrattini subgroup of
G, and Wk, (X) = Ms is an Fo-prefrattini subgroup. Denoting by K the Klein
subgroup of G, it can be easily seen that W5, (X) covers G/A, and A4/ K and
avoids K (which is the unique §a-eccentric chief factor of G), while Wy, (X)
covers G/A4 (the unique chief factor of G which is not §1-eccentric) and avoids
K and A4/K.

An interesting property of the §-prefrattini subgroups of a finite soluble G
is that they permute with certain relevant subgroups of G. To describe these
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kind of results, we need to recall the definition of an §-normalizer. This notion
was introduced by Carter and Hawkes [10]. If 91 is the saturated formation
of the nilpotent groups, then the Dt-normalizers are exactly the Hall system
normalizers. A maximal subgroup of G is said to be monolithic if G/M¢ is a
monolithic primitive group. A monolithic maximal subgroup M of G is said
to be a critical subgroup of G if M supplements a chief factor of G of the form
N/ Frat(G). A maximal subgroup M of G is said to be §-critical in G if M is
an §-abnormal critical subgroup of G. A subgroup D < G is an §F-normalizer
if there exists a chain of subgroups

D=Hy<H <.---<H,=G

such that H; is an §-critical maximal subgroup of H;, 1, and Hy contains no §-
critical maximal subgroup. We say that a Hall system X is associated with D if
¥ reduces into H; for each i € {0,...,n}. A Hall system X is associated with
exactly one §-normalizer, and Hawkes proved that if D is the §-normalizer
associated to X, then W3 (X) = DW(X).

In the soluble universe, Forster [19] extended Hawkes’s theory to the larger
family of Schunck classes. Forster’s approach is still based on the concept of
crowns. He distinguishes the crowns of a soluble group according to a Schunck
class ) and obtains the $-prefrattini subgroups as intersection of the comple-
ments of certain crowns into which a fixed Hall system reduces.

The first attempts to develop a theory of prefrattini subgroups outside
the soluble universe appeared in the papers of Klimowicz [32] and Brandis [7].
Both defined some types of prefrattini subgroups in m-soluble groups, adapting
the arithmetical methods of soluble groups to the complements of crowns of
p-chief factors for p € m. All these types of prefrattini subgroups keep the
original properties of Gaschiitz: they form a conjugacy class of subgroups,
they are preserved by epimorphic images, and they avoid some chief factors,
exactly those associated to the crowns whose complements are used in their
definition, and cover the remaining ones. Moreover, other authors ([11,42,43])
analyzed their permutability properties, following the example of the theorem
of factorisation of Hawkes.

The extension of prefrattini subgroups to the general finite non-necessarily
soluble universe was an intriguing challenge, solved by Ballester-Bolinches and
Ezquerro [2,3]. The first step to develop the theory of prefrattini subgroups for
arbitrary finite groups was to define something playing the role of Hall systems
in order to choose maximal subgroups. Two monolithic maximal subgroups of
a finite group G are said to be core-related if they have the same normal core.
This is an equivalence relation and a system S of maximal subgroups of G is a
complete set of representatives of the core-relation in the set of all monolithic
maximal subgroups of G which satisfies the following property: if two distinct
elements M, My of & complement the same abelian chief factor H/K of G,
then (My N My)H € S. In [2], it is proved that every finite group G possesses
a system of maximal subgroups (although all systems of maximal subgroups
are conjugate in G if and only if G is soluble). If $) is a Schunck class and
S is a system of maximal subgroups of G, then the $)-prefrattini subgroup
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associated to S is defined as the intersection of the elements of S that are 9-
abnormal. This definition includes the classical ones due to Gaschiitz, Hawkes,
and Forster in the soluble universe.

The final generalization was presented in [3]. In that paper, using some
ideas due to Tomkinson [50], the authors introduced the concept of a w-solid
set of maximal subgroups: a set X of monolithic maximal subgroups of G is
w-solid if whenever two distinct elements M7, My of X complement the same
abelian chief factor H/K of G, then (M; N My)H € X. If X is a w-solid
set of maximal subgroups and § is a system of maximal subgroups, then the
X-prefrattini subgroup associated to S is defined as the intersection of the
maximal subgroups M with M € X N'S. Given a Schunck class $ and a w-
solid set X of maximal subgroups of G, the set Xy of the $-abnormal maximal
subgroups of G which are contained in X is also w-solid. When X' is the set
of all maximal subgroups of G, the Xg-prefrattini subgroups are just the $-
prefrattini subgroups described above. In general, the X'-prefrattini subgroups
are not conjugate and they do not have the cover and avoidance property, but
they keep their excellent permutability properties (see for example the results
presented in [18]).

4. Generalizing the notion of crowns. Let G be a finite group and let A be an
irreducible G-module. Gaschiitz defined the A-crown Cg(A)/Rg(A) when G
is soluble, but his definition works for an arbitrary finite group, and it remains
true in general that Cg(A)/Rg(A) is G-isomorphic to a direct product of
0c(A) copies of A, where the A-rank g (A) coincides with the number of
complemented factors G-isomorphic to A in any chief series of G. The A-
crown of GG appears in relation to the principal indecomposables of a modular
group algebra (see for example [1,25,35]). Moreover, again generalizing a result
proved for finite soluble groups by Gaschiitz [22, Satz 3], Aschbacher and
Guralnick showed that the A-crown plays a crucial role in computing the first
cohomology group H' (G, A) (see [1, 2.10]). Indeed

|H'(G, A)| = [H'(G/Ca(4), A)|| Enda(4)[ <. (4.1)

The first attempts to define the A-crown of G in the case when A is a non-
abelian chief factor of G' can be found in [20,34]. An exhaustive theory was
later developed by Jiménez-Seral and Lafuente [30]. Their approach requires
the definition of a suitable equivalence relation between the irreducible G-
groups. Let us recall the related definitions. If a group G acts on a group A
via automorphisms, then we say that A is a G-group. If G does not stabilize
any non-trivial proper subgroup of A, then A is called an irreducible G-group.
Two G-groups A and B are said to be G-isomorphic, or A =g B, if there
exists a group isomorphism ¢ : A — B such that ¢(g(a)) = g(¢(a)) for all
a€ A, g €G. Two G-groups A and B are G-equivalent and we put A ~g B, if
there is an isomorphism ® : AxG — B x G which restricts to a G-isomorphism
¢: A — B and induces the identity G =2 AG/A — BG/B = G, in other words,
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such that the following diagram commutes:

1 A AxG G 1
CE L
1 B BxG G 1.

Note that two G-isomorphic G-groups are G-equivalent. In the particular
case where A and B are abelian, the converse is true: if A and B are abelian
and G-equivalent, then A and B are also G-isomorphic. It was proved (see
for example [30, Proposition 1.4]) that two chief factors A and B of G are G-
equivalent if and only if they are either G-isomorphic, or there exists a mazimal
subgroup M of G such that G/M¢ has two minimal normal subgroups X and
Y that are G-isomorphic to A and B respectively. For an irreducible G-group
A, denote by L4 the monolithic primitive group associated to A. That is,

{A % (G/Cg(A)) if A is abelian,
=

G/Ca(A) otherwise.

If A is a non-Frattini chief factor of G, then L 4 is a homomorphic image of G.
More precisely, there exists a normal subgroup N of G such that G/N = L,
and soc(G/N) ~¢ A. Consider now all the normal subgroups N of G with the
property that G/N = L4 and soc(G/N) ~g A. Let Rg(A) be the intersection
of all these subgroups and let I(A)/Rg(A) be the socle of G/Rg(A). It turns
out that I5(A) coincides with the set of the elements g € G that induce by
conjugation an inner automorphism of A (so, in particular, I¢(A) = Cg(A) if
A is abelian) and Ig(A)/Rg(A) ~g A% where §g(A) coincides with the
number of non-Frattini chief factors G-equivalent to A in an arbitrary chief
series of G. The section I¢(A)/Rg(A) is the A-crown of G.

Unlike the soluble case, the number of chief factors which are complemented
in a finite group G may not be the same in two chief series of G. P. Jiménez-
Seral and J. Lafuente used crowns in finite groups to investigate the possible
changes on that number (see [30, Section 2]).

In [34], crowns are used to define a new closure operation of Schunck classes
of arbitrary groups which allows to discover new relations between Schunck
classes and saturated formations.

Forster [20] used the crowns to give an alternative approach of the gen-
eralised Jordan-Ho6lder theorem. He proved in particular the following result.
LetX:N0§N1§~~~§Nn:YandY:M0§M1§~~§Mm
be sections of a chief series of the group G. Then n = m and there exists a
permutation m € S,, such that, for 1 < i < n, N;/N;_; and M;~/M;=_; are
G-isomorphic; moreover N;/N;_1 < Frat(G/N;_1) if and only if M= /M;=_1 <
Frat(G/Mi«_l).

We mention that in a recent paper [5], Ballester-Bolinches, Esteban-Romero,
and Jiménez-Seral obtained an extension of the notion of crowns for isomor-
phic chief factors, not necessarily G-equivalent. Namely, they proved that if
G is a group that has a chief series with precisely k& non-Frattini chief factors
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isomorphic to a characteristically simple group A, then G has a normal sec-
tion C'/R that is the direct product of k£ minimal normal subgroups of G/R
isomorphic to A.

5. The crowns in probabilistic and asymptotic group theory. One the most
important applications of crowns was in the study of generating properties of
finite groups. A crucial step in this direction has been done in [14], where the
authors enlighten the relation between the theory of crowns developed in [30]
and the notion of crown-based powers. Let L be a monolithic primitive group
and let A be its unique minimal normal subgroup. For each positive integer k,
let L* be the k-fold direct product of L. The crown-based power of L of size k
is the subgroup Lj of L* defined by

Ly ={(l1,....lg) € L* | Iy =--- =} mod A}.

Equivalently, L, = AFdiag(LF), where diag(L¥) := {(I,l,...,1):1 € L} <
LE. Crown-based powers were introduced in [13] where it was shown that
any finite group which needs more generators than its proper quotients is
isomorphic to a crown-based power. In [14, Proposition 9], the authors establish
a correspondence between crowns and crown-based powers: if A is a non-
Frattini chief factor of a finite group G, then G/Rg(A) is isomorphic to a
crown-based power of the monolithic primitive group associated with A and the
size of this crown-based power coincides with the A-rank é¢(A). In particular,
denoting by d(G) the smallest cardinality of a generating set of a finite group
G, and combining [14, Corollary 15], [41, Proposition 2.6], and [16, Lemma
6.1] it follows:

Theorem 3. Let G be a finite group and let A be the set of the irreducible
G-groups that are G-equivalent to a non-Frattini chief factor of G. Then

d(G) = maxd (G/Ra(4)).

Moreover, if d(G) = d(G/Rg(A)) > 3, then d(G) < dG(A) + 1 if A is abelian,
d(G) < log|4(0c(A)) + 1 otherwise.

The previous theorem has been applied in the study of several questions
concerning the generating properties of a finite group. For example, it can be
used to prove that a finite group contains a 2-generated subgroup with the
same set of prime divisors of the order [38, Theorem A] and a 3-generated
subgroup with the same exponent [16, Theorem 1.6].

Theorem 3 can be obtained as a corollary of a more general and deep
result, that is proved in [14] using crowns and crown-based powers. Given a
finite group G, consider the function Pg(t) defined for ¢ € N as the probability
that ¢ random elements generate G. It is a theorem of Hall [26] that

u(H, G)
Pe(t) = G H"
H<G
where 1 is the Mobius function of the subgroup lattice of G. Hence Pg(t) is
a finite Dirichlet series with integer coefficients. The normal subgroups of G
play a crucial role in the factorization of Pg(t). If N is a normal subgroup of G
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and ¢ is an integer with ¢ > d(G/N), define Pg n(t) = Pg(t)/Pg/n(t); this is
the conditional probability that a ¢t-tuple generates G, given that it generates
G modulo N. Gaschiitz [21] gave a formula for Pg n(t), generalizing Hall’s
formula. As it is noticed in [8], although Gaschiitz avoided explicit mention of
the Mobius function, his formula can be written as

p(H, G)

Pen(t) = T T
G.N v [G: H|

When N is a minimal normal subgroup of G, Pg n(t) can be computed working
modulo Rg(N). If N < Frat(G), then Pg n(t) = 1. Otherwise, from [14,
Proposition 13], it follows that
Pa,n(t) = Pa/re(N),NRe(N)/Re (V) (1) (5.1)

Let L be a monolithic primitive group, and let M be its socle. We define

Ppa(t) = Pru(t),

~ 1+ 4o g2

Pri(t) = Ppam(t) — Lt | M|t (il

where vy = |Cawt m(L/M)| and gy = |Endy M| if M is abelian, ¢y = 1
otherwise. With this notation, (5.1) can be rewritten as
P (t) = Pry 5o (0)- (5.2)

As a consequence of the previous formula, in [14], the following is proved:

fori>1,

Theorem 4. Let G be a finite group. Then

Ps(t) = H H ]SLA,i(t) , (5.3)

A \1<i<sa(4)

where A runs in the set of irreducible G-groups G-equivalent to a non-Frattini
chief factor of G, and L 4 is the monolithic primitive group associated with A.
Corollary 5. A finite group G can be generated with d elements if and only if
Sc(A)—

Proa@A]" > (1+qa+--+q 7

for every non-Frattini chief factor A of G.

)y

The effect of the previous corollary is to reduce the study of many questions
about the generating properties of finite groups to the estimation of the number
Pr, 4(d), when L is a monolithic primitive group and A is it socle. In this
context, it is very useful to know that if d(L) > d, then Pr,_a(d) tends to 1 as
|A| tends to infinity (see [37, Theorem 1.1]), and in any case, Pr 4(d) > 53/90
(see [16, Theorem 1.1]).

We mention that Gaschiitz obtained an analogue of Theorem 4 in the par-
ticular case when G is soluble in [22]. That paper precedes by three years the
one in which he defines the crowns and the prefrattini subgroups, but the idea
of crowns is already implicitly used.

The concept of crowns plays a relevant role in all the questions in as-
ymptotic and probabilistic group theory in which it is important to estimate



A. LUCCHINI Arch. Math.

the number of maximal subgroups of a given index in a finite group G. For
n € N, denote by m,,(G) the number of maximal subgroups of G with index
n. The ‘polynomial degree’ of the rate of growth of m,(G) is the quantity

M(G) = sup,>, %. This rate has been studied for finite groups by
many authors since it plays a central role in the study of probabilistic ques-
tions related to the generation of finite groups. Indeed, if e(G) is the expected
number of elements of G which have to be drawn at random, with replace-
ment, before a set of generators is found, then M(G) —4 < ¢(G) < M(G) +4
(see [40, Theorem 1.1]). In particular, in 2002, Lubotzky [36] gave a bound
for m,,(G) in terms of the numbers r, and 7, of abelian and non-abelian chief
factors of G and used this bound to settle a conjecture of Pak on the expected
number of elements needed to generate G. In a recent paper [6], the authors
use the property of the crowns to improve Lubotzky’s bound, with a formula
which separates in a more detailed way the contribution from chief factors
with different properties. This allows them to prove that m,,(G) < r-n¥@)+2,
r being the number of factors in a chief series of G.

The intersection number «(G) of a finite group G is the minimal number of
maximal subgroups whose intersection coincides with Frat(G). In [9, Theorem
4], the properties of the crowns are used to obtain an upper bound for a(G).
Let Bap, (respectively Bponan) be the set of non-Frattini chief factors of G that
are G-equivalent to some abelian (respectively, non-abelian) minimal normal
subgroup of G/Frat(G). In addition, let ng be the number of composition
factors of A. Then

a(G) < Y da(A) + > max{4,06(A)} + > dimpua,(a) A

A€Bay A€Bnonab A€Bay
3TLA —1
+ g T .
A€Bnonab

In particular, if G is soluble, then

a(G) < > (6a(A) +3). (5.4)

A€eBan

The bound in (5.4) for soluble groups is best possible (see [9, Remark 3]).
However, the general upper bound involves the composition length of each
A € Buonap and it remains an open problem to determine if it is possible to
bound (@) only in terms of the number of non-Frattini factors in a chief series
when G is insoluble.

Finally, we notice that crowns are also useful to investigate invariable gen-
eration of finite groups. A subset {g1,...,g4} of a finite group G is said to
invariably generate G if the set {g7*,..., ¢} generates G for every choice
of z; € G. The Chebotarev invariant C(G) of G is the expected value of the
random variable n that is minimal subject to the requirement that n randomly
chosen elements of GG invariably generate G. Confirming a conjecture of Kowal-
ski and Zywina, in [39], it is proved that there exists an absolute constant
such that C(G) < 8+/|G]. The crucial step in the proof is to estimate the ratio
C(G/N)/C(G), when N is a minimal normal subgroup of G. If N < Frat(G),
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then C(G) = C(G/N). Otherwise a sharp upper bound for the ratio can be
obtained working in the crown-based power G/Rg(N).

6. Crowns in profinite groups. Recall that a profinite group is a compact
Hausdorff topological group whose open subgroups form a base for the neigh-
borhoods of the identity; these groups are exactly those obtained as inverse
limits of finite groups. In [15], it is proved that the G-equivalence relation
in the set of G-irreducible groups can be extended to the case when G is a
profinite group, and the definitions of A-crown and A-rank are still possible.
In particular, if G is (topologically) finitely generated, then, for every non-
Frattini chief factor A, the A-rank dg(A) is finite, Rg(A) is an open normal
subgroup of G, and G/Rg(A) = (La)s(a)-

A profinite group G is called positively finitely generated (PFG) if for some
r a random r-tuple generates G with positive probability. This concept actually
first arose in the context of field arithmetic. Answering a question of Fried and
Jarden, Kantor and Lubotzky [31] have shown that the free profinite group
of rank d is not PFG if d > 2. On the other hand, Mann [44] has proved
that finitely generated prosoluble groups are PFG. A group G is said to have
polynomial maximal subgroup growth (PMSG) if m,(G) < n¢ for all n (for
some constant ¢). A one-line argument shows that PMSG groups are PFG.
By a very surprising result of Mann and Shalev [45], the converse also holds.
In his 1998 International Congress of Mathematicians talk [49], Shalev stated
that ‘we are still unable to find a structural characterization of such groups, or
even to formulate a reasonable conjecture’. In [29], A. Jaikin-Zapirain and L.
Pyber, using the crowns, gave a semi-structural characterization which really
describes which groups are PFG. Let L be a finite group with a non-abelian
unique minimal normal subgroup A and denote by [(A) the minimal degree of
a faithful transitive permutation representation of A.

Theorem 6. Let G be a finitely generated profinite group. Then G is PFG if
and only if there exists a constant ¢ with the following property: for every
primitive monolithic group L with a non-abelian socle M, if the crown-based
product Ly, is a quotient of G, then k < I(M)°.

As a corollary of the previous theorem, it follows that G is PFG if and
only if there exists a constant ¢ such that for any almost simple group R, any
open subgroup H of G has at most l(R)C‘G:H | quotients isomorphic to R. This
immediately implies a positive solution of a well-known open problem of Mann
[44]: an open subgroup of a PFG group is also a PFG group.

It is not surprising that there is a direct connection between the growth
of (linear or projective) representations of a profinite group and the theory of
crowns associated to chief factors. A result in [12] makes this correspondence
explicit. Given a profinite group G and a finite field F, let r(G, F,n) be the
number of irreducible representations of G over F' of dimension n. It is said
that a profinite group G has UBERG (uniformly bounded exponential repre-
sentation growth) if there exists a constant ¢ > 0 such that (G, F,n) < |F|*"
for every finite field F. In [12, Theorem A], the authors use crown-based powers
to obtain some necessary and some sufficient conditions for a profinite group to
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have UBERG. As an application, they prove that the class of UBERG groups is
closed under split extensions but fails to be closed under extensions in general.
We conclude mentioning another recent result that has been proved using
crown-based powers. Let H be the set of subgroups of finite index in a residually
finite finitely generated group G. The rank gradient rg(G) of G is defined as

.. dH)-1
= inf ———.
RG(G) = It Sa
Similarly, given a prime number p,
. d(H) -1
RGy(G) = il e

N, being the set of the normal subgroups of G, whose index in G is a power of
p. It is tempting to believe that finitely generated abstract groups with positive
rank gradient are in some way related to free groups. Notable progress in this
was obtained by Lackenby [33] who proved that finitely presented residually p-
groups with RG,(G) > 0 are large (meaning that a finite index subgroup has a
free nonabelian homomorphic image). However, Osin [47] and Schlage-Puchta
[48] constructed residually finite torsion groups with positive rank gradient
showing that the finite presentability condition in Lackenby’s theorem cannot
be omitted and indeed the connection with free groups is not true in general.
In a recent paper [46], N. Nikolov approached this question in the category
of profinite groups where the relationship between positive rank gradient and
free groups is more compelling. His main result, proved using crowns, is the
following: if G has positive rank gradient, then G does not satisfy a non-trivial
group law [46, Theorem 1].
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