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Analytical Solutions of the Driven Time-Dependent
Jaynes–Cummings Model

Antonio Vidiella-Barranco,* Antonio Sérgio Magalhães de Castro, Alessandro Sergi,
José Antonio Roversi, Antonino Messina, and Agostino Migliore*

This study explores the dynamics of a Driven Time-Dependent
Jaynes–Cummings (DTDJC) model, in which the atom and the field are
influenced by an external classical field with time-varying amplitude
modulation. By applying a series of unitary transformations and establishing
suitable conditions for the time-dependent parameters of the system, the
Hamiltonian operator is transformed into one representing a system not
driven by an external field, namely a Free TDJC (FTDJC) system. This mapping
allows us to determine, in both the time-independent and time-dependent
cases, forms of the pumping modulating the field and the atomic population
that are amenable to exact analytical solution. The effects of an off-resonance
parameter emerging from the analytical solution of the model and the
intensity of the classical pumping field on the dynamics of the atomic
population are investigated. The exact solution allows us to reveal a rich
dynamics of the system (including long-time super-revivals) that could be of
use in future quantum technologies.

1. Introduction

To accurately represent the physical behavior of both classical and
quantum systems, one must resort to mathematical methods or
ingenious tricks to find exact analytical solutions that describe the
time evolution of the system’s properties. Typically, the descrip-
tion of the dynamics of a physical system requires the solution of
linear or nonlinear differential equations with time-independent
or, more generally, time-dependent parameters. Many efforts
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have been devoted to find analytical
expressions for the time-evolution
operators associated with prescribed
time-dependent Hermitian and non-
Hermitian Hamiltonian operators.[1–6]

In particular, exact analytical solutions of
the dynamics of two- or few-level systems
are relevant to control theory and various
quantum technologies.[6–14] For example,
quantum computing requires not only
the production of well-defined qubits,
but also the precise initialization and
measurement of their states.[15] These
aspects depend on the temporal evolu-
tion of the qubits. Therefore, analytical
solutions to their dynamics under appro-
priate control fields can lead to relevant
quantum computing settings.
The Jaynes–Cummings (JC) model

represents a milestone in the study of
atoms interacting with cavity quantum

fields, with widespread use in describing physical systems rang-
ing from trapped ions with quantized motion to superconduct-
ing qubits coupled to quantum electromagnetic fields in cavities,
nanomechanical resonators, etc. Although deviations from the
predictions of JC models may appear in ultra-strong coupling
regimes of light-matter interaction, there are many quantum
technology contexts in which these models continue to hold and
provide the theoretical basis for predicting and understanding
experimental results.[16–19] For example, recently implemented
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small-scale quantum processors have relied on the physics of the
JC model to achieve coherent quantum control of coupled quan-
tum systems.[20]

The JC model was introduced in 1963[21] to describe the quan-
tum dynamics arising from the interaction of a two-level atom
with a mode of the quantized electromagnetic field in a lossless
cavity. Themodel can be solved exactly in its various forms under
the rotating wave approximation (RWA). A semiclassical version
of the model describing the interaction between a quantum sys-
tem with finite degrees of freedom and a classical field was pre-
viously introduced by Rabi[22] and turned out to be an essential
model for the study of the atom-radiation interaction in the early
days of quantum mechanics. Of equal importance, and essential
to understand the effects of the quantum nature of the field, is
the JC model, which can be seen as the quantum Rabi model in
the RWA.[23]

Experiments conducted since the 1980s have demonstrated
the applicability of the JC model to describe the dynamics of a
cavity field mode coupled to a single Rydberg atom in one-atom
masers.[24,25] Over the years, growing attention has been paid to
the study of the JC model with time-dependent parameters,[26,27]

which can also result from suitable coupling to the environment
for coherent control of the quantum dynamics.[28] Particular at-
tention has been devoted to the time dependence of the coupling
between the (effective) two-level system and the cavity field.[17,29]

Indeed, the atom-field interaction generally changes when the
atom moves in the cavity,[17] and the atom on-site energy is also
expected to change,[29,30] since the atom-field mode interaction
depends on the position of the atom with respect to the cav-
ity (and therefore to the spatial variation of the sustained cavity
field mode).[17,31] In some cases, and in particular when ultracold
atoms are not involved, it is necessary to describe the motion of
the atom using quantummechanics.[32–34] However, in many cir-
cumstances, thanks to the large value of the atom’s kinetic en-
ergy, it is a very good approximation to replace the momentum
operator of the atom with its classical momentum. This means
that the kinetic energy term can be excluded from the quantum
Hamiltonian operator and the atomic position (whence the atom-
field coupling, which depends on the position of the atom inside
the cavity) can be treated as a time-dependent quantity.[17,35–37]

In both cases, Mesa and sinusoidal functions have been used
as analytically solvable models for the transversal and longitu-
dinal modulations of the atom-field coupling, respectively.[17] A
Gaussian shape would provide a more realistic description of the
atom-field coupling as the atom travels perpendicularly to the
(longitudinal) field of the Fabry-Pérot cavity generally used in a
micromaser,[38] and this model has been addressed using differ-
ent numerical approaches.[39,40]

Being able to control the atom-field coupling (as well as
the frequencies involved) is important to determine the dy-
namics of a system for multiple purposes in quantum tech-
nologies. Recent experiments offer rapidly increasing oppor-
tunities for tuning and modulating the coupling between the
(effective) two-level system and the quantized field,[30,41–46] as
well as the energy of the two-level system.[41] In fact, while in
most solid-state experimental setups the geometry of the de-
vice and the position of the atom (or other two-level system) in
the cavity cannot be modified in situ, and therefore the atom-
field coupling is fixed, superconducting circuit devices have al-

lowed an in situ access to the strength of the qubit-resonator
coupling.[41,42] Control of both the amplitude and the phase of
the coupling, and sometimes of the energy of the two-level sys-
tem, has been more recently achieved in different experimen-
tal settings[43–46]). The time dependence of the coupling param-
eter clearly influences the Rabi oscillations predicted by the
JC model, and has been used in inverse problem approaches
to investigate physical scenarios that produce preassigned time
evolutions of the atomic (or other two-level system) population
inversion.[47,48]

Interest in solutions to the TDJC and DTDJC models is fur-
ther increased by the observation that the Landau-Zener prob-
lem involving a two-level system at an avoided level-crossing can
be formulated in terms of a suitable TDJC Hamiltonian.[49] This
fact opens many experimental and theoretical scenarios for the
study of two-level system dynamics and its control, adding to cav-
ity stimulated-Raman adiabatic passage techniques for quantum
state manipulation[50] and to a wide range of measurements and
optimal control techniques that apply (D)TDJC models to quan-
tum radiation-matter systems for the fundamental study of quan-
tized electromagnetic fields, quantum information processing,
and quantum computation.[51–59]

Summarizing, the use of time-dependent parameters in the JC
model can (a) represent a more accurate modeling of the atom-
cavity field interaction in many experiments traditionally inter-
preted using the standard JC model; (b) be necessary to describe
increasingly accurate experiments that allow control of the phys-
ical parameters of confined radiation-matter systems; and (c) be
the basis for studies on quantum technologies, starting from
quantum computer simulators.
The above provides the general context and motivation for

the present study, which focuses on the time-dependent Jaynes-
Cummings model driven by general time-dependent classical
fields and provides the exact analytical solution to thismodel over
a wide range of physical conditions.
The main goal of our study is to define a systematic approach

to construct exact solutions to the JC model in its most general
form. This means considering time dependence in all parame-
ters of the system, as well as the action of external classical fields
with arbitrary time dependence, to the highest possible degree
of generality. The JC model with explicit time dependence of
system parameters such as the atomic energy, the field energy,
and the atom-field coupling has been systematically addressed
in the literature.[36,60–63] Different formulations have been devel-
oped, including both algebraic formulations that use the symme-
try properties of the model and analytical formulations that ex-
ploit the structure of the differential equations for the time evo-
lution operator. For example, the dynamics of both one-photon
and two-photon JCmodels with time-dependent coupling are de-
scribed in ref. [36], while the resonant case with an arbitrary cou-
pling term is discussed in ref. [60]; and an algebraic construction
of the solutions to the TDJC model with nonlinear terms is pre-
sented in ref. [63].
The degree of generality of any analytical solution procedure

depends on the dynamical symmetries of the Hamiltonian oper-
ator, which can imply a greater or lesser difficulty in finding the
exact analytical expression for the evolution operator by solving
the relevant system of differential equations. Clearly, the symme-
tries of a Hamiltonian model have implications for the analytical
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solution of its dynamics and related experimental implementa-
tions.
In ref. [64], a method has been formulated to derive analyt-

ical solutions for non-stationary quantum systems, specifically
targeting the TDJC model. This method reveals universal char-
acteristics of the temporal evolution of the TDJC model on a dy-
namic time scale defined by the time integral of the modulus of
the field-atom coupling strength. Exploiting the conservation of
the total excitation number and the symmetry properties of the
Hamiltonian, the infinite-dimensional Hilbert space of the sys-
tem is divided into a 1D and infinitely many 2D dynamically in-
variant subspaces. Within these subspaces, the dynamical prob-
lem is addressed using the Messina-Nakazato parameterization
method.[1]

This procedure, however, cannot be extended to the TDJC
model with an arbitrary classical driving field due to a sym-
metry breaking in the conservation of the excitation number.
The driven time-independent JC (DTIJC) model with a classi-
cal pumping field was instead studied in ref. [65]. Through the
Lewis-Riesenfeld invariant method,[66] the JC model with pump-
ing can be reduced to the standard free time-independent JC
(FTIJC) model, which implies the solubility of the pumped (or
driven) model. Therefore, by finding the conditions on the time-
dependent parameters of the DTDJCmodel with arbitrary pump-
ing under which the system dynamics can be mapped onto that
of the FTDJC model, it is possible to apply ready-made methods
to determine the exact solutions to the dynamic evolution of the
system.[64]

In Section 2, we examine the DTDJC model and explain why
the approach in ref. [64] cannot be applied directly to the driven
system. In Subsection 2.1, we map the DTDJC model onto an
FTDJC model. In Subsection 2.2, we revisit the method for find-
ing the evolution operator of the TDJC model, delving into the
dynamics of the atomic population depending on the pumping
parameters. In Subsection 2.3, we explore the dynamics of the
atomic population in three different scenarios. Concluding re-
marks are presented in Section 3.

2. Exact Solutions of the Driven Time-Dependent
Jaynes–Cummings Model

The most general TDJC model includes arbitrary external fields
that drive both the quantized cavity field mode and the two-level
atom (or molecule, as recent experiments have realized condi-
tions in which molecules behave as two-level quantum systems
with coherent dynamics inside suitable cavities[67]). Its Hamilto-
nian operator then has the general form (ℏ = 1)

HDJC(t) = 𝜛(t)a†a +
𝜔(t)
2
𝜎z + l(t)a𝜎+ + l∗(t)a†𝜎−

+ 𝜁 (t) 𝜎− + 𝜁∗(t) 𝜎+ + 𝜉(t) a + 𝜉∗(t) a†
(1)

(the simplified notation DJC is used instead of DTDJC in the sub-
script of the Hamiltonian, since the time dependence of the pa-
rameters is evident from the formula; a similar choice is adopted
in the next equations, where FJC is also used instead of FTDJC),
where 𝜁 (t) and 𝜉(t) are the couplings to arbitrary classical driving

fields applied to the atom and the quantized field, respectively.
They can be written as

𝜁 (t) = 𝜁0(t) exp[i𝜙𝜁 (t)], 𝜉(t) = 𝜉0(t) exp[i𝜙𝜉(t)] (2)

where 𝜁0(t) and 𝜉0(t) are time-dependent positive-definite func-
tions describing the modulation amplitudes of the couplings. At
this stage of the formulation, the phases 𝜙𝜁 (t) and 𝜙𝜉(t) are ar-
bitrary time-dependent real functions. In the Hamiltonian (1),
𝜎± = (𝜎x ± i𝜎y)∕2 are ladder operators constructed from the Pauli
operators 𝜎i, i = x, y, z, with 𝜎± and 𝜎z representing the standard
generators of the SU(2) Lie algebra.[68] The frequencies𝜛(t) and
𝜔(t) are analytical real functions of time, and l(t) = l0(t) exp[i𝜙l(t)]
describes a general time-dependent complex coupling strength
between the atom and the quantized field, l0(t) being themodulus
of the coupling. a and a† are the boson annihilation and creation
operators, respectively, and therefore satisfy the boson commuta-
tion rules [a, a†] = 1, [n̂, a] = −a, and [n̂, a†] = a†, where n̂ = a†a
is the bosonic number operator.[69] Note that the interaction term
in (1) only couples states |−, n + 1⟩ and |+, n⟩, which can be used
as basis state vectors to generate the invariant subspace n of the
quantum system. Here, |−⟩ and |+⟩ denote the ground and ex-
cited states of the atom (or other two-level system), respectively,
and obey the relations 𝜎z|±⟩ = ±|±⟩, while |n⟩ represents a Fock
state of the (quantum) cavity mode. At any time, all system prop-
erties can be determined from the atom-field state vector |𝜓(t)⟩,
which evolves according to

|𝜓(t)⟩ = UDJC(t)|𝜓(t0)⟩ (3)

In Equation (3), UDJC(t) is the unitary evolution operator and|𝜓(t0)⟩ is the initial state vector of the system. UDJC(t) is obtained
by solving the Cauchy–Liouville problem

i
dUDJC(t)

dt
= HDJC(t)UDJC(t), UDJC(t0) = I. (4)

To solve the dynamics of a non-stationary quantum system, it
is always convenient to consider its symmetries, which are associ-
ated with conserved quantities (i.e., Hermitian time-independent
operators commuting with the Hamiltonian of the system) that
may be exploited to obtain closed analytical expressions for the
evolution operator. Ref. [64] describes a procedure to generate
the exact solution for the evolution operator on the entire Hilbert
space of the TDJC model in terms of an infinite number of evo-
lution operators, each corresponding to a fictitious Rabi model
for a two-level quantum system. The procedure is based on the
existence of a conserved quantity defined by the total excitation
number operator

N = a†a + 1
2
𝜎z +

1
2

(5)

The eigenvalues of the total excitation number allow the decom-
position of the infinite-dimensional Hilbert space of the sys-
tem into a 1D and infinitely many 2D dynamically invariant
subspaces. The dynamical problem in each invariant subspace
can then be solved exactly by applying the Messina-Nakazato
ansatz,[1] thus arriving at the dynamical solution over the full
Hilbert space for an arbitrary time dependence of the TDJC
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model. For the Hamiltonian model studied here, instead, it is
[N,HDJC(t)] ≠ 0 and thus the total excitation number is not con-
served, due to the driving terms in the Hamiltonian (1). There-
fore, the approach presented in ref. [64] is no longer suitable for
determining the evolution operator associated with the Hamil-
tonian (1). However, we will show in this study that mapping
the DTDJC model onto the FTDJC model allows one to obtain a
closed analytical solution for the Cauchy-Liouville problem with
some restrictions on the systemparameters. Next, wewill present
this procedure.

2.1. Mapping the DTDJC Model to the FTDJC Model

The dynamics of the DTIJC model was exactly solved by Bocane-
gra et al.[65] Their procedure is based on an invariant approach
in which constraints imposed on the parameters of the DTIJC
Hamiltonian operator allow its mapping onto the Hamiltonian
of a time-independent JC (TIJC) model. We will show that this
approach can be extended to treat the DTDJC model. Our gen-
eralization of the method will require us to impose appropriate
constraints on the parameters of the Hamiltonian operator (1).
The first step is to eliminate the time-dependent phases 𝜙𝜁 (t) and
𝜙𝜉(t) in the Hamiltonian operator (1) by making use of the uni-
tary operator

T(t) = exp
[
i
(
𝜙𝜉(t)a

†a + 𝜙𝜁 (t)
𝜎z

2

)]
(6)

Applying the transformation (6), the Hamiltonian to be used in
the time-dependent Schrödinger equation for the transformed
state is given by

HT(t) = T(t)HDJC(t)T
†(t) − iT(t)

dT†(t)
dt

(7)

resulting in

HT(t) =
(
𝜛(t) − 𝜙̇𝜉(t)

)
a†a +

(
𝜔(t) − 𝜙̇𝜁 (t)

)𝜎z
2

+ l0(t)
[
exp

[
i𝜙c(t)

]
a𝜎+ + exp

[
−i𝜙c(t)

]
a†𝜎−

]
+ 𝜁0(t)

(
𝜎− + 𝜎+

)
+ 𝜉0(t)

(
a + a†

)
(8)

where

𝜙c(t) = 𝜙l(t) + 𝜙𝜁 (t) − 𝜙𝜉(t) (9)

The Hamiltonian operator HT(t) does not yet represent an FT-
DJCmodel. To achieve our goal, inspired by the procedure in ref.
[65], we consider a time-dependent displacement operator D𝜅 (t)
of the Glauber form

D𝜅 (t) = exp
[
−
(
𝜅∗(t)a − 𝜅(t)a†

)]
(10)

In Equation (10), 𝜅(t) is the complex function of time

𝜅(t) = 𝜅0(t) exp[i𝜙𝜅 (t)], 𝜅0(t) ≥ 0 (11)

where the phase 𝜙𝜅 (t) is a real function of time. Applying the
further transformation (10) to the system with Hamiltonian (8),

the Hamiltonian operator to be used in the time-dependent
Schrödinger equation for the further transformed state of the sys-
tem becomes

HD(t) = D𝜅 (t)HT(t)D
†
𝜅
(t) − iD𝜅 (t)

dD†
𝜅
(t)

dt
(12)

Using known properties of similarity transformations involving
the harmonic oscillator algebra,[70] the Hamiltonian HD(t) can be
written in the explicit form

HD(t) =
(
𝜛(t) − 𝜙̇𝜉(t)

)
a†a +

(
𝜔(t) − 𝜙̇𝜁 (t)

)𝜎z
2

+ l0(t)
[
exp

[
i𝜙c(t)

]
a𝜎+ + exp

[
−i𝜙c(t)

]
a†𝜎−

]
+
[
𝜉0(t) − 𝜅∗(t)

(
𝜛(t) − 𝜙̇𝜉(t)

)
− i

d𝜅∗(t)
dt

]
a

+
[
𝜉0(t) − 𝜅(t)

(
𝜛(t) − 𝜙̇𝜉(t)

)
+ i

d𝜅(t)
dt

]
a†

+
[
𝜁0(t) − l0(t) exp[−i𝜙c(t)]𝜅

∗(t)
]
𝜎−

+
[
𝜁0(t) − l0(t) exp[ i𝜙c(t)]𝜅(t)

]
𝜎+

+
(
𝜛(t) − 𝜙̇𝜉(t)

)
𝜅20 (t) − 𝜉0(t)

(
𝜅(t) + 𝜅∗(t)

)
+ i
2

(
𝜅(t)

d𝜅∗(t)
dt

− 𝜅∗(t)
d𝜅(t)
dt

)
(13)

The transformed Hamiltonian operator (13) reveals the presence
of terms corresponding to classical pumps in the linear factors
multiplying the creation, annihilation, and atom ladder opera-
tors. There is no restriction on the time-dependent parameters of
the Hamiltonian operator (13), which offers a wide range of pos-
sible dynamic scenarios. However, in general, closed analytical
solutions cannot be obtained by direct application of the method
described in ref. [64], because both atom and field pumping cause
the quantity (5) not to be conserved. This obstacle to the closed-
form analytical solution of the dynamical problem is removed by
eliminating the driving terms in Equation (13) through the con-
ditions

𝜉0(t) − 𝜅(t)
(
𝜛(t) − 𝜙̇𝜉(t)

)
+ i

d𝜅(t)
dt

= 0 (14)

𝜁0(t) − l0(t) exp
[
i𝜙c(t)

]
𝜅(t) = 0 (15)

The conditions in Equations (14) and (15) enable the transfor-
mation of the Hamiltonian operator to a TDJC model, which ad-
mits an exact analytical solution. The dynamics of the system is
restrained and thus characterized by such conditions, which set
relationships among the time-dependent coupling parameters in
the Hamiltonian (1), regardless of the specific time dependence
of the parameters𝜛(t), 𝜔(t), and l(t) that define the TDJC model.
The time-dependent parameter defined by Equation (11) and in-
volved in the displacement operator (10) links the coupling pa-
rameters at play so as to allow the mapping of the real Hamil-
tonian model to the supporting FTDJC model used for the exact
solution of the dynamic problem. With conditions (14) and (15),
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the transformed Hamiltonian becomes

HΓ(t) =
(
𝜛(t) − 𝜙̇𝜉(t)

)
a†a +

(
𝜔(t) − 𝜙̇𝜁 (t)

)𝜎z
2

+l0(t)
[
exp

[
i𝜙c(t)

]
a𝜎+ + exp

[
−i𝜙c(t)

]
a†𝜎−

]
+ Γ(t) (16)

where

Γ(t) =
(
𝜛(t) − 𝜙̇𝜉(t)

)|𝜅(t)|2 − 𝜉0(t)(𝜅(t) + 𝜅∗(t)
)

− i
2

(
𝜅∗(t)

d𝜅(t)
dt

− 𝜅(t)
d𝜅∗(t)
dt

)
(17)

Condition (14) is the differential equation that determines the
complex time-dependent function 𝜅(t). Its solution reads

𝜅(t) = exp
(
−i∫

t

t0

(
𝜛(t′) − 𝜙̇𝜉(t′)

)
dt′

)[
𝜅(t0)

+ i∫
t

t0

𝜉0(t
′) exp

(
i∫

t′

t0

(
𝜛(t′′) − 𝜙̇𝜉(t′′)

)
dt′′

)
dt′

]
(18)

and depends on 𝜉0(t),𝜛(t), and 𝜙̇𝜉(t), while 𝜅(t0) is a nonzero con-
stant.
Condition (15) represents a constraint on the real functions

𝜁0(t), l0(t), 𝜅0(t) and 𝜙c(t), which can be rewritten

𝜁0(t) = l0(t)𝜅0(t) exp
[
i
(
𝜙𝜅 (t) + 𝜙l(t) + 𝜙𝜁 (t) − 𝜙𝜉(t)

)]
(19)

Equation (19) implies the equality

𝜙𝜅 (t) + 𝜙l(t) + 𝜙𝜁 (t) − 𝜙𝜉(t) = 2p𝜋, p ∈ ℤ (20)

which yields 𝜙𝜅 (t) in terms of the given phases 𝜙𝜉(t), 𝜙l(t), and
𝜙𝜁 (t). Then, we see that

𝜅0(t) =
𝜁0(t)
l0(t)

(21)

Equation (21) defines the amplitude of the function of time 𝜅0(t)
to be used in the displacement operator as the strength of the
coupling of the atom to the driving field relative to the strength
of its coupling to the cavity mode.
At this point, Equation (14) reduces to

𝜉0(t) =
(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

)
𝜅0(t) cos

[
𝜙c(t)

]
− 𝜅̇0(t) sin

[
𝜙c(t)

]
− i

[(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

)
𝜅0(t) sin

[
𝜙c(t)

]
+ 𝜅̇0(t) cos

[
𝜙c(t)

]]
(22)

Equation (22) requires that the imaginary part of the quantity on
its right-hand side be zero, thus leading to the following differ-
ential equation for 𝜅0(t):

𝜅̇0(t)
𝜅0(t)

= −
(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

)
tan

[
𝜙c(t)

]
(23)

Its general solution is

𝜅0(t) = 𝜅0(t0) exp
[
−∫

t

t0

(
𝜛(t′) − 𝜙̇l(t

′) − 𝜙̇𝜁 (t′)
)

× tan
[
𝜙c(t

′)
]
dt′

]
(24)

which can be seen to be consistent with Equation (18). In addi-
tion, the insertion of Equation (23) into (22) gives

𝜉0(t) = 𝜅0(t)
(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

)
sec

[
𝜙c(t)

]
(25)

with 𝜙c(t) given by Equation (9). Note that, since 𝜉0(t) is a modu-
lation amplitude, the condition(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

)
sec

[
𝜙c(t)

] ≥ 0 (26)

must be satisfied. Equation (26) leads to two alternative sets of
interrelated conditions on the ranges of values of the physical pa-
rameters consistent with the analytical solution of the dynamical
problem via the transformation to the Hamiltonian (16):(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

) ≥ 0 ∧ −𝜋∕2 ≤ 𝜙c(t) ≤ 𝜋∕2 (27)

or(
𝜛(t) − 𝜙̇l(t) − 𝜙̇𝜁 (t)

) ≤ 0 ∧ 𝜋∕2 ≤ 𝜙c(t) ≤ 3𝜋∕2 (28)

Let us note that (i) the angle values on the right-hand sides of
(27) and (28) can be incremented by multiples of 2𝜋 and (ii) the
endpoint values of 𝜙c(t) cannot be used in the equality (25), but
they can be inserted directly into the real part and the zero imagi-
nary part of 𝜉0(t) expression (22). Conditions (27) and (28) are very
flexible and involve inequalities that can be realized in infinitely
many ways. For example assume that the tuning of the atom-field
coupling (which, in particular, can be a constant) and the modu-
lation of the atom pumping are such that the first inequality (27)
is satisfied. Then, based on the expression (9) for 𝜙c(t), it is suffi-
cient to choose the phase of the field pumping so as to satisfy the
double inequality on the right-hand side of Equation (27).
In short, Equations (20) and (25) represent necessary condi-

tions for the mapping of the Hamiltonian operator (8) onto (25).
Since (20) links the value of 𝜙𝜅 (t) to those of 𝜙l(t), 𝜙𝜁 (t), and 𝜙𝜉(t),
we conclude that the values of these three time-dependent phases
that satisfy (25) enable the analytical solution of the original DT-
DJC Hamiltonian model (1).
To conclude this section, we make a simple example of a sit-

uation in which the transformation to the FTDJC Hamiltonian
operator in Equation (16) is allowed and therefore the dynamic
problem can be solved exactly exploiting the method described
in ref. [64]. Suppose that the phases 𝜙l(t), 𝜙𝜁 (t), and 𝜙𝜉(t) sat-
isfy the condition 𝜙c(t) = 0, namely, considering Equation (9),
𝜙𝜉(t) = 𝜙l(t) + 𝜙𝜁 (t). Equations (20) and (22) then give

𝜙𝜅 (t) = 2p𝜋, p ∈ ℤ (29)

and

𝜉0(t) =
(
𝜛(t) − 𝜙̇𝜉(t)

)
𝜅0(t) (30)
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respectively. If we also take

𝜛(t) = 𝜙̇𝜉(t) (31)

(when the frequency 𝜛 of the cavity mode does not depend on
time, this condition, per se, means that𝜛matches the frequency
of the classical driving field pumping the mode) from (22) we
obtain 𝜉0(t) = 0, whence 𝜉(t) = 0. Using the zero imaginary part
of 𝜉(t), we get 𝜅̇0(t) = 0, from which 𝜅0(t) = 𝜅0(t0). Consequently,
Equation (21) yields 𝜁0(t) = 𝜅0(t0)l0(t). Thus, the situation exam-
ined in this example amounts to the absence of pumping on the
cavity field mode and to an atom pumping amplitude propor-
tional to the time-dependent coupling between atom and quan-
tized field.

2.2. Solution of the DTDJC Model Through the FTDJC Model and
Its Application to the Atom Dynamics

In this section, we first review the key elements of the method in
ref. [64], which provides exact analytical solutions for the time
evolution operator UFJC(t) associated with the FTDJC model.
Then, considering the transformation from the DTDJC to the FT-
DJCHamiltonian, and therefore also using the restrictions on the
Hamiltonian parameters that lead to the form (16) of the Hamil-
tonian, the time-evolved quantum state |Ψ(t)⟩ determined by the
Hamiltonian operator (1) is derived from

|Ψ(t)⟩ = S(t)|𝜒(t)⟩ (32)

where

S(t) = exp
[
−i∫

t

t0

Γ(t′)dt′
]
exp

[
−i
(
𝜙𝜉(t)a

†a + 𝜙𝜁 (t)
𝜎z

2

)]
× exp

[ (
𝜅∗(t)a − 𝜅(t)a†

)]
(33)

and the transformed state vector |𝜒(t)⟩ obeys the time-dependent
Schrödinger equation

i
d|𝜒(t)⟩
dt

= HFJC(t)|𝜒(t)⟩ (34)

with

HFJC(t) = HΓ(t) − Γ(t) (35)

The Hamiltonian model HFJC(t) represents the fictitious time-
dependent JCmodel that allows the analytical solution of the real
dynamic problem: it does not include driving fields, but the time
dependence of its parameters reflects the pumping of the real
system. Note that the factor Γ(t) is not relevant for the measure-
ments, since it only introduces a global phase factor in the time
evolution of the quantum state |Ψ(t)⟩. Using Equations (32) and
(33), the evolution operator UDJC(t) of the driven system is easily
written as

UDJC(t) = e−i ∫
t
t0
Γ(t′)dt′T†(t)D†

𝜅
(t)UFJC(t)D𝜅 (t0)T(t0) (36)

which shows that Γ(t) only produces a global phase factor in the
evolution operator. In Equation (36), UFJC(t) is the evolution op-
erator for the FTDJC model (34), in which the time-independent

Hermitian operator N is a constant of the motion and therefore
[N,HFJC(t)] = 0. As a consequence, the eigenstates of N associ-
ated with each eigenvalue n + 1 of N span an invariant subspace
n. Denoting by Pn the (time-independent) projector onto the
subspace n, we have

[64]

HFJC(t) =
∑
n

PnHFJC(t)Pn =
∑
n

Hn(t) (37)

where Hn(t) = PnHFJC
(t)Pn is the Hamiltonian acting on the sub-

space n. The corresponding evolution operator Un(t) obeys the
equation

i
dUn(t)
dt

= PnHFJC(t)UFJC(t)Pn = PnHFJC(t)P
2
nUFJC(t)Pn

= HnUn (38)

withUn(t) ≡ PnUFJC(t)Pn andUn(t0) = In. Each operatorUn(t) acts
as the evolution operator in n and UFJC(t) is given by the sum-
mation UUJC(t) =

∑
nUn(t).

Each 2D subspace n, (n = 0, 1, 2, 3,…), generated by the ba-
sisn = {|+, n⟩ ; |−, n + 1⟩}, is dynamically invariant. The restric-
tion Hn(t) of HFJC(t) to n has the matrix representation

Hn(t) =

(
Ω(n)

+ (t) 𝜔n(t)

𝜔∗
n(t) Ω(n)

− (t)

)
(39)

where

Ω(n)
+ (t) = n

(
𝜛(t) − 𝜙̇𝜉(t)

)
+
𝜔(t) − 𝜙̇𝜁 (t)

2
(40)

Ω(n)
− (t) = (n + 1)

(
𝜛(t) − 𝜙̇𝜉(t)

)
−
𝜔(t) − 𝜙̇𝜁 (t)

2
(41)

and

𝜔n(t) =
√
n + 1 l0(t) exp

[
i𝜙c(t)

]
(42)

The Hamiltonian (39) can be decomposed into the sum of the di-
agonal operator hd(t) = (n + 1∕2)

(
𝜛(t) − 𝜙̇𝜉(t)

)
I2 and the trace-

less operator

hn(t) =

(
Ω(t) 𝜔n(t)

𝜔∗
n(t) −Ω(t)

)
(43)

with the n-independent diagonal element Ω(t) =(
𝜔(t) −𝜛(t) + 𝜙̇𝜉(t) − 𝜙̇𝜁 (t)

)
∕2. The operator hn(t) describes

a system with SU(2) dynamical symmetry. The evolution
operator can then be written in the form [64]

Un(t) = cn(t)un(t) (44)

where

cn(t) = exp[−i𝜑n(t)], 𝜑n(t) = (2n + 1)𝜑0(t) (45)

𝜑0(t) =
1
2 ∫

t

t0

(
𝜛(t′) − 𝜙̇𝜉(t′)

)
dt′ (46)
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and un(t) is the solution to the Cauchy–Liouville problem

i
dun(t)
dt

= hn(t)un(t), un(t0) = I2 (47)

The evolution operator un(t) can be written in the form [71]

un(t) =

(
an(t) bn(t)

−b∗n(t) a∗n(t)

)
(48)

where an(t) ≡ |an(t)| exp[i𝜙an
(t)] and bn(t) ≡ |bn(t)| exp[i𝜙bn

(t)] sat-

isfy the normalization condition ||an(t)||2 + ||bn(t)||2 = 1.
Equations (43), (47), and (48) lead to the linear system of non-

autonomous first-order differential equations

n =
⎧⎪⎨⎪⎩
ȧn(t) = −iΩ(t)an(t) + i

√
n + 1 l(t)b∗n(t)

ḃn(t) = −i
√
n + 1 l(t)a∗n(t) − iΩ(t)bn(t)

(49)

with the initial conditions an(t0) = 1 and bn(t0) = 0. The approach
developed in ref. [64] provides the following closed analytical ex-
pressions for an(t) and bn(t):

|an(𝜇; t)| =
√
𝜇2 + (n + 1) cos2 Φn(𝜇; t)

𝜇2 + n + 1
(50)

|bn(𝜇; t)| =
√

(n + 1) sin2 Φn(𝜇; t)
𝜇2 + n + 1

(51)

with the respective phases

𝜙an
(𝜇; t) =

𝜙c(t) − 𝜙c(t0)
2

− tan−1
[

𝜇√
𝜇2 + n + 1

× tanΦn(𝜇; t)
]

(52)

𝜙bn
(𝜇; t) =

𝜙c(t) − 𝜙c(t0)
2

− sgn[sinΦn(𝜇; t)]
𝜋

2
(53)

The quantities in Equations (50–53) depend on the real parame-
ter 𝜇 ∈ [0,∞), which we call the off-resonance parameter because
it must satisfy the condition[1,3]

2𝜇l0(t) = 𝜔(t) −𝜛(t) + 𝜙̇l(t) (54)

Using expression (9) for 𝜙c(t), the expression for the diagonal
term Ω(t) of the matrix (43) in terms of the Hamiltonian param-
eters, and Equation (42), condition (54) can be rewritten

𝜇l0(t) = Ω(t) +
𝜙̇c(t)
2

(55)

Considering (42), Equation (55) has exactly the same form as the
generalized out-of-resonance condition in Equation (25) of ref.
[3] and Equation (24) of ref. [64] (note that 𝜇 is denoted 𝜇0 in ref.
[64]). Therefore, 𝜇 is a determinant of the off-resonance condition
of the JC system. The departure from resonance is proportional to

𝜇 and therefore, in particular, tends to zero as 𝜇 vanishes. Refs. [3]
and [64] show that 𝜇 determines an attenuation of the amplitude
of the transition probability between the two (atomic) levels, and
this characteristic remains valid in the presence of pumping (vide
infra).
The real function Φn(𝜇; t) has the expression

Φn(𝜇; t) =
√
𝜇2 + n + 1 𝜏(t), n ≥ 0 (56)

where 𝜏(t) is a dimensionless “dynamical time” defined by

𝜏(t) = ∫
t

t0

l0(t
′)dt′ (57)

Fromnow on, we assume t0 = 0 and consider initial conditions
in which the cavity mode is in the coherent state |𝛼0⟩, hence with
a mean photon number n̄𝛼0 = |𝛼0|2, while the atom can be either
in its ground state |−⟩ or in its excited state |+⟩:[68]
|Ψ(r)(0)⟩ = e−

|𝛼0 |2
2

∞∑
n=0

(𝛼0)
n√
n!

|r, n⟩, r = ± (58)

The initial transformed state |𝜒 (r)(0)⟩ = S†(0)|Ψ(r)(0)⟩ is
|𝜒 (r)(0)⟩ = e−

|𝛼0 |2
2

∞∑
n=0

(𝛼0)
n√
n!
D𝜅 (0)T(0)|r, n⟩ (59)

where

T(0) = exp
[
i
(
𝜙𝜉0a

†a + 𝜙𝜁0
𝜎z

2

)]
(60)

D𝜅 (0) = exp
[
−
(
𝜅∗
0a − 𝜅0a

†)] (61)

with𝜙𝜉0≡𝜙𝜉(0),𝜙𝜁0≡𝜙𝜁 (0), and 𝜅0(0) ≡ 𝜅0.We can thereforemore
explicitly write

|𝜒 (r)(0)⟩ = e−
|𝛼0 |2
2

∞∑
n=0

(𝛼0)
n√
n!
ei(n𝜙𝜉0+

r
2
𝜙𝜁0
)D𝜅 (0)|r, n⟩ (62)

The operator D𝜅 (0) acting on |r, n⟩ results in an atom-cavity field
state, with a displaced Fock state of the latter, of the form[72–74]

D𝜅 (0)|r, n⟩ = ∞∑
m=0

mn(𝜅0)|r, m⟩ (63)

where mn(𝜅0) reads

mn(𝜅0) =
⎧⎪⎨⎪⎩
e−

|𝜅0 |2
2

√
m!
n!

(
−𝜅∗

0

)n−m
Ln−mm

(|𝜅0|2), m ≤ n,

e−
|𝜅0 |2
2

√
n!
m!

(
𝜅0
)m−n

Lm−n
n

(|𝜅0|2), m ≥ n

(64)

and Ln−mm (x) is the associated Laguerre polynomial,[75] deter-
mined using the Rodrigues formula[76]

Ln−mm (x) = exx−(n−m)

m!
dm

dxm
(e−xxn) (65)
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To simplify the notation in the following equations, we write

|𝜒 (r)(0)⟩ = ∞∑
m=0

 (r)
m (𝜅0)|r, m⟩ (66)

with the coefficients  (r)
m (𝜅0) given by

 (r)
m (𝜅0) = e−

|𝛼0 |2
2

∞∑
n=0

(𝛼0)
n√
n!
ei(n𝜙𝜉0+

r
2
𝜙𝜁0

)mn(𝜅0) (67)

The non-driven initial states (66) evolve over time as

|𝜒 (−)(t)⟩ =  (−)
0 ei𝜃0(t)|−, 0⟩ + ∞∑

m=0
 (−)
m+1e

−i𝜑m(t)[bm(t)|+, m⟩
+ a∗m(t)|−, m + 1⟩] (68)

|𝜒 (+)(t)⟩ = ∞∑
m=0

 (+)
m e−i𝜑m(t)[am(t)|+, m⟩

− b∗m(t)|−, m + 1⟩] (69)

with 𝜑m(t) determined by Equations (45) and (46), and

𝜃0(t) =
1
2

[
∫

t

0
𝜔(t′)dt′ − 𝜙𝜁 (t) + 𝜙𝜁 (0)

]
(70)

The state vector corresponding to the actual DTDJCHamiltonian
model is then obtained from Equations (68) and (69) by means
of the transformation (32).
At this point, we can investigate the dynamics of the atomic

population inversion, that is,

r(t) = ⟨Ψ(r)(t)|𝜎z|Ψ(r)(t)⟩, r = ± (71)

for the initial state (58). Equation (71) can be reduced to the form

r(t) = ⟨𝜒 (r)(t)|𝜎z|𝜒 (r)(t)⟩, r = ± (72)

since 𝜎z commutes with the operator (33). Equation (72) shows
that, as expected, the time evolution of the atomic population
inversion does not depend on the transformation S(t) in Equa-
tion (33). We obtain the following results for the atomic popula-
tion inversion starting from the r = ± atomic states:

−(t) = −

[
0(𝜅0)

+
∞∑
m=0

𝜇2 + (m + 1) cos
[
2Φm(𝜇; t)

]
𝜇2 +m + 1

m+1(𝜅0)

]
(73)

+(t) =
∞∑
m=0

𝜇2 + (m + 1) cos
[
2Φm(𝜇; t)

]
𝜇2 +m + 1

m(𝜅0) (74)

The coefficients m(𝜅0) = | (r)
m (𝜅0)|2 in Equations (73) and (74)

read

m(𝜅0) = e−|𝛼0|2 ∞∑
k,l=0

(𝛼0)
k(𝛼∗0 )

l√
k!
√
l!
ei(k−l)𝜙𝜉0mk(𝜅0)∗

m l(𝜅0) (75)

We note, incidentally, that as a consequence of Equation (75) the
following inequality is verified:

e−|𝛼0|2 ∞∑
k,l=0

(𝛼0)
k(𝛼∗0 )

l√
k!
√
l!
ei(k−l)𝜙𝜉0mk(𝜅0)∗

m l(𝜅0) ≥ 0 (76)

We also note that the coefficients m(𝜅0) must satisfy the equality

∞∑
m=0

m(𝜅0) = 1 (77)

which represents the normalization of the initial state vector (66).
In the absence of pumping, and hence for 𝜅0 = 0 according to
Equation (21), we verify that

mk(0) = 𝛿mk (78)

which leads to

m(𝜅0 = 0) = e−|𝛼0|2 |𝛼0|2m
m!

(79)

In fact, in the absence of the classical driving fields, the corre-
sponding atomic population inversions (0)

− (t) and (0)
+ (t) read

(0)
− (t) = −e−|𝛼0|2

[
1 +

∞∑
m=0

|𝛼0|2(m+1)

(m + 1)!

×
𝜇2 + (m + 1) cos

[
2Φm(𝜇; t)

]
𝜇2 +m + 1

]
(80)

(0)
+ (t) = e−|𝛼0|2 ∞∑

m=0

|𝛼0|2m
m!

𝜇2 + (m + 1) cos
[
2Φm(𝜇; t)

]
𝜇2 +m + 1

(81)

highlighting the explicit dependence of the initial cavity field state
on both the parameter 𝜇 and the mean photon number |𝛼0|2.[64]
We conclude this section with a note on the non-conservation

of the operator N in Equation (5), which prevented the direct use
of the method in ref. [64] to treat the pumped TDJC model. The
pumping causes an increase in the excitation of the atom-field
system. Through the analysis in Appendix A, we obtain the fol-
lowing expression for the time-dependent expectation value of N:

 (t) ≡ ⟨N(t)⟩ = ⟨𝜒 (r)(t)|a†a|𝜒 (r)(t)⟩ − 2ℜ[𝜅∗(t)⟨𝜒 (r)(t)|a|𝜒 (r)(t)⟩]
+ |𝜅(t)|2 + 1

2

[r(t) + 1
]
, r = ± (82)

In Equation (82), the transformed states |𝜒 (±)(t)⟩ evolve in time
according to Equations (68)–(69), and |𝜅(t)| is determined from
(18). Applications of this formula are presented in Section 2.3.1.

2.3. Examples: Pumping with a Classical Field of Frequency 𝝎e

In this section, we present some examples of applying the above
formalism to study the evolution of the atomic population inver-
sion in theDTDJCmodel. Let us consider, for example, situations
in which pumping is performed with the same frequency 𝜔e on

Ann. Phys. (Berlin) 2025, 537, e00148 e00148 (8 of 15) © 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH
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the atom and field components. In our approach, this implies

𝜁 (t) = 𝜁0(t) exp
[
i(𝜔et + 𝜙𝜁0 )

]
(83)

𝜉(t) = 𝜉0(t) exp
[
i(𝜔et + 𝜙𝜉0 )

]
(84)

which can be inserted into Equation (20) to obtain

𝜙l(t) = 2p𝜋 + 𝜙𝜉0 − 𝜙𝜁0 − 𝜙𝜅 (t), p ∈ ℤ (85)

In the simple case in which 𝜙𝜅 (t) does not depend on time, 𝜅(t) =
𝜅0 exp[i𝜙𝜅0 ], 𝜙l(t) is also time-independent; then, the insertion of
equations (83) to (85) into conditions (14) and (15) yields

𝜙l(t) = 𝜙𝜉0 − 𝜙𝜁0 + 2p𝜋, 𝜙𝜅0 = 2q𝜋 (86)

𝜁0(t) = 𝜅0l0(t) (87)

𝜉0(t) = 𝜅0
(
𝜛(t) − 𝜔e

)
(88)

with p and q integers.
In the next subsection, we consider the special class of situ-

ations in which the quantities (87) and (88) are also constant,
which allows us to explore some aspects of the system dynamics,
in relation to the abovemethodology and also, in particular, to the
value of the off-resonance parameter 𝜇 in (54). Afterwards, we ex-
amine an example in which both the atom-cavity field coupling
and the couplings to the driving classical field depend on time.

2.3.1. Pumping Modulation of a Time-Independent JC Model

We first consider cases in which the excitation energy of the
atom, the frequency of the cavity field, and the atom-cavity field
coupling are, per se, time independent, but the system prop-
erties are subject to a temporal modulation by the application
of a time-dependent classical field with frequency 𝜔e. Assume
that the model parameters have, in units of 𝜔e, the expressions
𝜔(t) = 𝜂 𝜔e, 𝜛(t) = 𝜆𝜔e, l0 = 𝜒𝜔e, and 𝜙l(t) = 𝜙l0

which can be
taken equal to zero, with 𝜂 ≥ 𝜆 ≥ 1. Then, condition (54) for the
applicability of Equations (50) and (53) (which determine the
form of the evolution operator) reads

2𝜇𝜒 = 𝜂 − 𝜆 (89)

With the expressions for 𝜔(t) and 𝜛(t) used in this example,
𝜇 = 0 in Equation (89) implies the resonance condition 𝜂 = 𝜆,
in which the atom-field coupling strength l0 does not appear in
condition (89) and can thus be arbitrarily chosen to determine
the dynamical time scale (57). The modulation amplitudes are
given by 𝜁0 = 𝜅0𝜒𝜔e and 𝜉0 = 𝜅0(𝜆 − 1)𝜔e. Note that for 𝜂 = 𝜆 = 1
the classical field is simultaneously resonant with the atom and
the cavity field, since 𝜔e = 𝜔 = 𝜛. In this case, it is 𝜉0 = 0, and
only the atom interacts directly with the driving classical field.
In other words, imposing the double resonance condition, the
class of analytical solutions found entails no direct pumping on
the cavity field, as is the case for the model in the study of ref.
[65]. On the other hand, for 𝜂 = 𝜆 > 1, the double resonance of
the classical field with the atom and the cavity field is removed.
There is thus pumping of the quantized field, since 𝜅0 ≠ 0 and

Figure 1. Atomic population inversion for the resonant time-independent
JC model (𝜇 = 0), with the atom initially in state |+⟩ and the field in a
coherent state with |𝛼0|2 = 30.0. Other parameters are 𝜒 = 0.1, 𝜔e = 1.0,
and 𝜂 = 𝜆 = 2.0. The orange line corresponds to the non-driven system
(𝜅0 = 0) and the red line to the driven one (𝜅0 = 3.0, fromwhich the pump-
ing modulation amplitude 𝜁0 = 0.3). The series (93) and (75) were trun-
cated at Fock state m = 200 and k, l = 300, respectively.

𝜉0 = 𝜅0(𝜆 − 1) > 0. Equal modulation amplitudes 𝜉0 = 𝜁0 are al-
lowed for 𝜇 = 0, provided that the atom-cavity field coupling
strength takes the value 𝜒 = 𝜆 − 1.
For 𝜇 = 0, Eqs. (50–51) simplify to

|an(t)| = | cos[√n + 1𝜏(t)]| (90)

|bn(t)| = | sin[√n + 1𝜏(t)]| (91)

and the corresponding atomic population dynamics is described
by

(0)
− (t) = −

[
0(𝜅0) +

∞∑
m=0

cos
[
2
√
m + 1 𝜏(t)

]m+1(𝜅0)

]
(92)

(0)
+ (t) =

∞∑
m=0

cos
[
2
√
m + 1 𝜏(t)

]m(𝜅0) (93)

Note that the effect of pumping on both atom and field en-
ters the above expressions through the coefficients m(𝜅0), since
𝜅0 = 𝜁0∕l0 according to (21). Turning both pumps off amounts
to setting 𝜅0 = 0 in equations (92) and (93), which leads to the
known atomic population dynamics in the FTDJC model:[64]

(0)
0−(t) = −e−|𝛼0|2

[
1 +

∞∑
m=0

|𝛼0|2(m+1)

(m + 1)!
cos

[
2
√
m + 1𝜏(t)

]]
(94)

(0)
0+(t) = e−|𝛼0|2 ∞∑

m=0

|𝛼0|2m
m!

cos
[
2
√
m + 1𝜏(t)

]
(95)

Figure 1 describes the inversion of the atomic population ac-
cording to Equation (93) for 𝜇 = 0. The orange line corresponds
to the absence of pumping (𝜅0 = 0), while the red line describes
the pumping effect for 𝜅0 = 3.0. The time displacement in the
first revivals observed in Figure 1 results from the action of the
driving field on the JC model, as first reported in ref. [65].
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Figure 2. Atomic population inversion at long times for 𝜇 = 0, with the
atom initially prepared in its excited state and the cavity field in a coher-
ent state with |𝛼0|2 = 60.0. The frequencies of the model are determined
setting 𝜔e = 1.0 with 𝜂 = 𝜆 = 2.0. Orange and magenta lines correspond
to the cases 𝜅0 = 0 and 𝜅0 = 6.0, with 𝜒 = 0.1 and therefore l0 = 0.1. The
series (93) and (75) were truncated atm = 200 and k, l = 300, respectively.

In Figure 2, compared to Figure 1, we used an initial coher-
ent state of the field mode with a larger average photon num-
ber and a stronger pumping of the atom (which, based on Equa-
tion (21), means a larger 𝜅0 value, given the same l0 value as in
Figure 1) to better visualize peculiar features in the long-time be-
havior of the atomic population inversion. Before focusing on the
atomic inversion, we notice that increasing the average photon
number enhances the revivals of the field under resonance con-
ditions. This is a well-known fact in the standard JC model and
can be expected to hold, but it is not trivial, in the presence of
pumping. The increase in the revivals accordingly influences the
super-revivals, that is, revivals of the revivals. The study of ref. [77]
first reported these superstructures under very different physical
conditions than those explored here. The recent study in ref. [65]
shows, instead, the occurrence of super-revivals in the time evo-
lution of the fieldmode population for aHamiltonianmodel sim-
ilar to the one considered in this subsection. In the presence of
pumping, it is however not trivial that super-revivals are observed
in the time evolution of the atomic inversion, as in Figure 2, once
they are observed for the field population. In fact, their observa-
tion here is not a trivial implication of the super-revivals in the
field of ref. [65] because the JC total excitation number N of Equa-
tion (5) is not a conserved quantity under pumping. Inspecting
different sets of parameters in our analysis, we also noticed that
the super-revivals are increasingly clearer with larger |𝛼0|2 values
(which led us to select |𝛼0|2 = 60.0 for an optimal visualization in
Figure 2), thus indicating a correlation between the super-revivals
in the field and atom components under pumping.
The long-time oscillation of the atomic inversion represented

by the orange line in Figure 2 results from the interaction of the
atom only with the cavity field, since 𝜅0 = 0, while the magenta
line shows super-revivals in the long-time behavior of the atomic
population inversion for large 𝜅0. The higher 𝜅0 value used in
Figure 2 compared to Figure 1 was motivated, during our inspec-
tion, by the observation of more distinct super-revivals with evi-
dent superstructures with increasing atom pumping, which de-
serves further analysis in future studies.
If we assume 𝜇 > 0, the atom-cavity field coupling strength

can no longer take arbitrary values. In fact, it has the expression

Figure 3. Atomic population inversion in the driven off-resonance (𝜂 ≠ 𝜆)
time-independent JC model with 𝜇 = 2.0. The atom is initially prepared in
its excited state and the cavity field in a coherent state with |𝛼0|2 = 30.0.
The parameters that determine the frequencies involved in the model are
𝜔e = 1.0, 𝜂 = 2.0 and 𝜆 = 1.6. The orange and red lines correspond to
𝜅0 = 0.0 and 𝜅0 = 3.0, respectively. In the latter case, it is 𝜒 = 0.1, which
means l0 = 0.1𝜔e = 0.1. Then, 𝜁0 = 0.1𝜅0𝜔e and 𝜉0 = 0.6𝜅0𝜔e. The series
(93) and (75) were truncated at m = 200 and k, l = 300, respectively.

l0 = (𝜂 − 𝜆)𝜔e∕2𝜇, which implies the proportionality of 𝜁0 to 𝜇
−1,

inversely to the modulation amplitude 𝜉0, which is proportional
to 𝜇 as in Equation (21). Therefore, the nonzero off-resonance pa-
rameter (𝜇 > 0) has well distinct effects on the two modulation
amplitudes. Yet, the latter can be equal, 𝜁0 = 𝜉0, provided that

𝜇 = 𝜂 − 𝜆
2(𝜆 − 1)

, 𝜂 > 𝜆, 𝜆 > 1 (96)

Figure 3 shows the time evolution of the atomic inversion for
𝜇 = 2.0 and two 𝜅0 values: 𝜅0 = 0 and 𝜅0 = 3.0 (which results in
different pumping amplitudes). Compared to Figure 1, we see
that the pumping on both the atom and the field for 𝜇 ≠ 0 deter-
mines both a temporal displacement of the revivals and an over-
all shift[64] of the atomic population inversion. Looking closely at
Equations (54) and (80)–(81), we see that the parameter 𝜇 gives
rise to an effective detuning between the atom and the cavity
mode. This is why, as the value of 𝜇 increases, the oscillations in
the population dynamics occur around nonzero values. However,
as the value of 𝜅0 increases, oscillations tend to occur around val-
ues closer to zero, thus resembling the dynamics observed when
𝜇 approaches zero (see Figure 4). Therefore, the classical field
competes with the detuning between atom and cavity field em-
bodied by parameter 𝜇.
As we pointed out in the introduction, the total excitation num-

ber of Equation (5) is not a constant of motion in the presence of
the pumping. In fact, Figure 5 shows the non-conservation of N
in the present case, for different values of 𝜅0. As expected, the
total excitation number increases with the pumping.

2.3.2. Pumping Modulation in the Time-Dependent JC Model

In this section, we treat an example in which not only the pump-
ing external field but also the part of the Hamiltonian opera-
tor describing the atom and cavity field components, as well as
their coupling, depend explicitly on time. We assume 𝜙l(t) =

Ann. Phys. (Berlin) 2025, 537, e00148 e00148 (10 of 15) © 2025 The Author(s). Annalen der Physik published by Wiley-VCH GmbH
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Figure 4. Atomic population inversion in the driven off-resonance (𝜂 ≠ 𝜆)
time-independent JCmodel with 𝜇 = 4.0. Initially, the atom is in its excited
state and the field in a coherent state with |𝛼0|2 = 30.0. The frequencies are
determined by 𝜔e = 1.0, 𝜂 = 2.0, and 𝜆 = 1.2. The orange line represents
the scenario without pumping (𝜅0 = 0), while the red and magenta lines
show situations where 𝜅0 = 3.0 and 𝜅0 = 6.0, respectively. The dynamic
time scale is characterized by 𝜒 = 0.1. The series (93) and (75) were trun-
cated at m = 200 and k, l = 300, respectively.

0.05𝜈 sin(𝜔et), 𝜙𝜁0 = 𝜙𝜉0 = 0, 𝜔(t) = 5.0𝜔e, and 𝜛(t) = 𝜔e[4.9 +
0.05𝜖 sin(𝛾𝜔et)]. Consequently, 𝜙𝜅 (t) = 2p𝜋 − 0.05𝜈 sin(𝜔et) and,
using Equations (9), (24), (83), and (84),

𝜅0(t) = 𝜅0 exp
[
−∫

t

t0

𝜔e

(
3.9 + 0.05𝜖 sin(𝛾𝜔et

′) − 0.05𝜈 cos(𝜔et
′)
)

× tan[0.05𝜈 sin(𝜔et
′)]dt′

]
(97)

With the above parameters, our expression for the evolution
operator can be used under condition (54), namely, for the atom-
cavity field coupling strength

l0(t) = 0.025
𝜔e

𝜇

(
2 − 𝜖 sin

(
𝛾𝜔et

)
+ 𝜈 cos(𝜔et)

)
(98)

Figure 5. The total excitation number in the off-resonance (𝜂 ≠ 𝜆) DTIJC
model for 𝜇 = 2.0. The atom is initially prepared in its excited state and
the cavity field in a coherent state with |𝛼0|2 = 30.0. The frequencies in-
volved in the model are determined by the parameters 𝜔e = 1.0, 𝜂 = 2.0,
and 𝜆 = 1.6. The orange, red, and magenta lines correspond to 𝜅0 = 0,
𝜅0 = 3.0, and 𝜅0 = 6.0, respectively. In the last two cases we also set
𝜒 = 0.1, which means l0 = 0.1𝜔e = 0.1, and therefore 𝜁0 = 0.1𝜅0𝜔e and
𝜉0 = 0.6𝜅0𝜔e. The series in Equation (69) was truncated atm = 200, while
the series in Equations (67) and (75) were truncated at k = 300.

Figure 6. Time-dependent coupling (98) between the atom and the cavity
mode for 𝜅0 = 3.0, 𝜔e = 1, 𝛾 = 2.5, 𝜖 = 0.5, and 𝜈 = 1.

which has the temporal behavior shown in Figure 6 and clearly
decreases with 𝜇. In general, a periodic coupling with a single
frequency can represent the actual coupling of the atom as its po-
sition varies in the longitudinal direction of the cavity mode.[17,35]

In ref. [35], for example, the atom-field coupling is written as the
product of two factors: one is the product of the transition matrix
element of the atom by a ”per photon” electric field, and the other
is the shape function f (vt) (where v denotes the atomic classical
velocity) of the cavity mode. From an experimental point of view,
the expression (98) for the coupling depends on two frequencies,
and therefore its implementation would require suitable engi-
neering of the cavity. Continued advances in the ability to tune
the atom-field coupling discussed in the introductionmay enable
the implementation of similar couplings in the not-too-distant fu-
ture, for example using suitable Floquet engineering (which has
recently been proposed for the quantum Rabi model in the ul-
trastrong coupling regime[78]). From a theoretical point of view,
(98) reduces to the experimentally relevant case in which a sin-
gle frequency is involved for an adequate choice of parameters.
Therefore, the present analysis highlights the opportunities that
this theoretical approach offers for application to cases of both
present and potential future experimental interest.
Using the parameter expressions (97) and (98), from Equa-

tions (21) and (25) we obtain the modulation amplitudes

𝜁0(t) = 0.025
𝜔e

𝜇
𝜅0(t)

(
2 − 𝜖 sin

(
𝛾𝜔et

)
+ 𝜈 cos(𝜔et)

)
(99)

𝜉0(t) = 𝜔e𝜅0(t)
(
3.9 + 0.05𝜖 sin(𝛾𝜔et) − 0.05𝜈 cos(𝜔et)

)
× sec[0.05𝜈 sin(𝜔et)] (100)

which are shown in Figure 7. Figures 6 and 7 highlight the protec-
tion of the atom from the influence of both the cavity and external
fields embodied in the off-resonance parameter𝜇, thus extending
the meaning of this parameter to the DTDJC model.
Figure 8 represents the time evolution of the atomic popula-

tion inversion for two different values of 𝜅0 and the same value
of 𝜇. Increasing 𝜅0 entails: (a) attenuating the effect of an en-
hanced off-resonance parameter 𝜇 on the coupling of the atom
to the driving field (for example, see Equation (99), which shows
the dependence of 𝜁0 on the ratio 𝜅0∕𝜇), and this is the reasonwhy
the atom departs more from the initial excited state (namely, it is
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Figure 7. Time-dependent modulation amplitude for the atom, 𝜁0(t), and
for the cavity mode scaled by a factor of 50, 𝜉0(t)∕50. 𝜅0 = 3.0 was used.
The parameters that determine the frequencies at play are𝜔e = 1, 𝛾 = 2.5,
𝜖 = 0.5, and 𝜈 = 1. The blue and red lines refer to the atom, while the
brown line refers to the field, for which the modulation amplitude does
not depend on 𝜇.

subject to a greater population inversion) for 𝜅0 = 3.0 (red line)
than for 𝜅0 = 0 (orange line); (b) increasing the coupling of the
atom to the external field with respect to its coupling to the cavity
field, which is the reason for a more pronounced time displace-
ment of the revivals. In short, the pumping partly undermines
the off-resonance atomic protection, while also slowing down the
collapse/revivals in the oscillations of the population dynamics.
Figure 9 shows the long-time behavior of the atomic pop-

ulation inversion. As in Figure 2, we observe the presence of
super-revivals. Furthermore, the nonzero value of 𝜇 determines
the occurrence of these revivals around a nonzero value of the
atomic inversion.

2.3.3. Atom Crossing the Cavity

The atom-field coupling for an atom passing transversally
through a Fabry-Pérot resonator is known to have a Gaussian
time dependence,[17,79] which in the literature has been replaced
by a Mesa function to obtain an analytically solvable problem. In

Figure 8. Atomic population dynamics for the time-dependentmodel con-
sidered in this section, with the atom initially in its excited state. The
model parameters used are 𝜔e = 1.0, 𝛾 = 2.5, 𝜖 = 0.5, 𝜈 = 1, 𝜇 = 2.0, and|𝛼0|2 = 30.0. The orange and red lines correspond to 𝜅0 = 0 and 𝜅0 = 3.0,
respectively.

Figure 9. Long-time behavior of the atomic population inversion for an
initially excited atom, obtained using the same model parameters as in
Figure 8 except for 𝜇 = 4.0 and |𝛼0|2 = 60.0. The orange and magenta
lines correspond to 𝜅0 = 0 and 𝜅0 = 6.0, respectively.

this section, we apply ourmethodology to cases in which the time
dependence of the atom-field coupling has the Gaussian shape

l(t) = l0(t) = 𝜒 exp
[
−
(t − T)2

4𝛿2

]
(101)

(hence, the phase of the coupling is set to zero) and either there
is no pumping or the atom pumping is synchronized with the
atomic passage.
Let us first consider the case in which there is no pumping:

𝜁0(t) = 𝜉0(t) = 0, from which 𝜅0(t) = 0. For the sake of simplicity,
we assume that the other model parameters are constant and the
system is at resonance, namely, the frequency of the atomic tran-
sition matches that of the field mode: 𝜛(t) = 𝜔(t) = 𝜔e. Further-
more, we use 𝜇 = 0. Conditions (14), (15), and (54) are thus all
satisfied. Starting with the atom in the excited state and the field
mode in a coherent state, the resulting temporal evolution of the
atomic inversion is represented by the orange line in Figure 10.

Figure 10. Time evolution of the atomic population inversion as the atom
traverses the cavity and its coupling to the cavity field mode undergoes a
Gaussian-like variation. The atom is initially prepared in its excited state
and the field in a coherent state with |𝛼0|2 = 30. 𝜇 = 0, 𝜔e = 1, and the
parameters in Equation (101) are set to T = 240𝜋, 𝜒 = 0.1, and 𝛿 = 120𝜋.
The orange line is obtained for 𝜁0(t) = 𝜉0(t) = 0, whence 𝜅0 = 0. The red
and magenta lines are obtained for 𝜅0 = 3.0 and 𝜅0 = 6.0, respectively,
with r = 1∕2. Series (93) and (75) were truncated at Fock states m = 200
and k = l = 300, respectively.
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Compared to the case of Figure 1 (where the atom-field coupling
was a constant equal to the central value of the present Gaussian
pulse), the dynamics of the atomic population inversion is slowed
down where the atom-field coupling is smaller. Therefore, the
first revival in the atomic inversion for 𝜅0 = 0 is delayed; then,
where the coupling is sufficiently close to the maximum value
of the Gaussian and thus also has a lower variation rate, we ob-
serve two revivals with shapes very similar to those of the corre-
sponding revivals in Figure 1; finally, as the couplingmore signif-
icantly decreases, the evolution of the next revival is significantly
slowed down.
Similar features are observed for nonzero values of 𝜅0. The red

and magenta lines in Figure 10 were obtained using couplings
𝜁 (t) and 𝜉(t) to the driving fields with

𝜙𝜉(t) = 𝜙𝜁 (t) = (1 − r)𝜔et (r > 0),

𝜉0(t) = 𝜉0 = r𝜅0𝜔e, 𝜁0(t) = 𝜅0𝜒 exp
[
−
(t − T)2

4𝛿2

]
(102)

which satisfy conditions (14) and (15) by implying 𝜅0(t) = 𝜅0 and
𝜙c(t) = 0. Consider, for example, the first revival for 𝜅0 = 3.0
(which occurs later than for 𝜅0 = 0). This revival is similar in
shape to the corresponding one in Figure 1, while the second re-
vival is distorted and spread over a longer time interval, since it
takes place over a time range in which the atom-field coupling is
already rapidly decreasing and significantly smaller than the one
in Figure 1.

3. Concluding Remarks

We present an approach that, extending a method proposed
in a recent study,[65] enables the transformation of the time-
dependent Jaynes–Cummings model with arbitrary pumping
into an equivalent model that can be exactly solved. The exact an-
alytical solution of the dynamic problem entails the definition of
an off-resonance parameter 𝜇 involved in a relationship between
the main frequencies that characterize the JC model system, that
is, condition (54).
The analytical solution of the model allows us to describe the

dynamics of the atomic excitation as a function of 𝜇 and another
parameter, 𝜅0, that quantifies the relative strengths of the atom
coupling to the driving classical field and the quantized cavity
field, as described by Equation (21).
As in the time-dependent JC model without driving field, the

size of the off-resonance parameter𝜇 anti-correlates with the abil-
ity of the cavity field to influence the atomic state population: the
larger 𝜇, the smaller the departure of the atomic state from the
initially populated state.However, in the driven system, this effect
combines with that of pumping by the external field, as embod-
ied in the parameter 𝜅0, thus making the dynamics of the system
richer and more flexible. A strong coupling of the atom to the
driving field, described by a large 𝜅0 value, attenuates the effect
of the cavity field on the atomic population inversion and, at the
same time, produces a delay in the appearance of its revivals. The
dynamics is further enriched by the occurrence, at long times, of
super-revivals of the atomic population inversion. This rich dy-
namics underlines the usefulness of the proposed theoretical ap-

proach to design dynamic scenarios of potential interest to new
quantum technologies.

Appendix A: Computation of the Total Excitation
Number

To determine the total excitation number (5) in the presence of pumping,
we first use Equations (32), (33) and Equation (2.31) of ref. [70] to obtain

 (t) ≡ ⟨𝜓 (r)(t)|N|𝜓 (r)(t)⟩ ≡ ⟨𝜒 (r)(t)|S†(t)NS(t)|𝜒 (r)(t)⟩
= ⟨𝜒 (r)(t)|a†a|𝜒 (r)(t)⟩ − 2ℜ[𝜅∗(t)⟨𝜒 (r)(t)|a|𝜒 (r)(t)⟩] + |𝜅(t)|2

+ 1
2
(r(t) + 1), r = ± (A1)

with |𝜅(t)| and the transformed states |𝜒 (±)(t)⟩ given by Equations (18)
and (68)-(69), respectively. Using (68)–(69) and the definitions of the cre-
ation and annihilation operators of the field mode, it is found

⟨𝜒 (−)(t)|a|𝜒 (−)(t)⟩ = (−)1

[(−)0

]∗
a∗0(t)e

−i[𝜃0(t)+𝜑0(t)]

+
∞∑
l=0

(−)
l+2

[(−)
l+1

]∗
e−i[𝜑l+1(t)−𝜑l(t)][

√
l + 1bl+1(t)b

∗
l (t)

+
√
l + 2al(t)a

∗
l+1(t)] (A2)

and

⟨𝜒 (+)(t)|a|𝜒 (+)(t)⟩ = ∞∑
l=0

(+)
l+1

[(+)
l

]∗
e−i[𝜑l+1(t)−𝜑l(t)][

√
l + 1al+1(t)a

∗
l (t)

+
√
l + 2bl(t)b

∗
l+1(t)] (A3)

Similarly,

⟨𝜒 (−)(t)|a†a|𝜒 (−)(t)⟩ = ∞∑
l=0

(−)
l+1

[(−)
l+1

]∗[
l |bl(t)|2 + (l + 1)|al(t)|2] (A4)

and

⟨𝜒 (+)(t)|a†a|𝜒 (+)(t)⟩ = ∞∑
l=0

(+)
l

[(+)
l

]∗[
l |al(t)|2 + (l + 1)|bl(t)|2] (A5)

The insertion of (A2)–(A5) in Equation (A1) produces the expression for
 (t) represented in Figure (5).
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