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Continuous-Time Quantum Filters

Tommaso Grigoletto , Clément Pellegrini and Francesco Ticozzi

Abstract. The use of quantum stochastic models is widespread in dynam-
ical reduction, simulation of open systems, feedback control and adaptive
estimation. In many applications only part of the information contained
in the filter’s state is actually needed to reconstruct the target observable
quantities; thus, filters of smaller dimensions could be in principle imple-
mented to perform the same task. In this work, we propose a systematic
method to find, when possible, reduced-order quantum filters that are
capable of exactly reproducing the evolution of expectation values of in-
terest. In contrast with existing reduction techniques, the reduced model
we obtain is exact and in the form of a Belavkin filtering equation, en-
suring physical interpretability. This is attained by leveraging tools from
the theory of both minimal realization and non-commutative conditional
expectations. The proposed procedure is tested on prototypical examples,
laying the groundwork for applications in quantum trajectory simulation
and quantum feedback control.

1. Introduction

Despite the comforting unitarity of quantum dynamics as prescribed by
Schrödinger’s equation [66], its stochastic extensions have emerged as natu-
ral candidates to model quantum measurement processes as dynamical sys-
tems [2,54] and to introduce spontaneous localization mechanisms in quantum
theory [33,34]. Probabilistic behavior can be introduced in Schrödinger’s equa-
tion as a stochastic fluctuation of the Hamiltonian operator, forcing one to add
some correction terms in order to maintain its state as a valid state vector [10].

Independently, quantum stochastic evolutions of the same form have been
derived in the 1970’s as the result of the dynamical interaction of quantum sys-
tems with an infinite-dimensional environment, modeled as a quantum field in
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the framework of quantum probability [52]. In the pioneering work of Belavkin,
stochastic models of this type emerge as the quantum equivalent of a Kushner–
Stratonovich equation [25,46,61], i.e., the dynamical model for a quantum sys-
tem undergoing indirect continuous observation [16,23,24,65]. Later, similar
models emerged in quantum optics and have been used to model different types
of measurements and their fluctuations [28,69,70]. For a review of quantum
optical models from a mathematical perspective and derivations of the models
that avoid the need for non-commutative operator-valued processes, see [10].

The potential of stochastic quantum evolutions as quantum filtering equa-
tions, which provide state estimation based on measurements, to support con-
trol algorithms has been already proposed in Belavkin’s work [15] and has
been developed into a subfield of quantum control [3]. State-based feedback
control based on stochastic models has been experimentally implemented on
different platforms [22,60]. In any application of these models that requires
numerical integration of the resulting SDEs, increasing the size of the system
introduces a major hurdle. When integration has to be performed in real time,
as in feedback protocols, this issue practically limits applicability to extremely
small systems.

In this work we aim to construct smaller models that are able to exactly
reproduce the output of interest for the model, which shall be assumed to be
some linear functional of the state of the system. This is done by projecting
the dynamics onto subspaces or algebras that contain the full trajectories of
the observables of interest in Heisenberg picture. We show that the latter are
contained in a Krylov-type subspace [45] which is defined following a direct
analogy with the observability analysis in linear system theory [43]. The idea
has been introduced for deterministic dynamics in [35,38] and for discrete time
processes in [37]. The works [40,47] are similar in spirit but are limited to the
classical case. The quantum continuous-time scenario, as we shall see, presents
peculiar challenges.

The main other approach that has been proposed to limit the size of the
model to be integrated is the so-called quantum projection filter, by introducing
parametrization of the state and constructing reductions to the corresponding
manifolds approximations [30–32,39,51,58]. With respect to our case, however,
the resulting models are approximate and do not guarantee to preserve the
form of the dynamics, limiting their physical interpretability.

System and measurements: We consider a finite-dimensional quantum
system, H � C

n, whose state is described, for t ≥ 0, by the density operator
ρt ∈ D(H) and subject to p continuous measurement of homodyne type [10]
and q measurements of counting type [9]. For each measurement of homodyne
type, labeled with j = 1, . . . , p, the output signal is a scalar stochastic process
(Y j

t )t≥0, whose dynamics obeys the stochastic differential equation

dY j
t = tr[(Dj + D∗

j )ρt]dt + dW j
t , (1)

where {(W j
t )t≥0}p

j=1 are independent Wiener processes and Dj ∈ B(H) are
operators that describe the effects of the measurement on the system. For
each measurement of counting type, labeled with j = 1, . . . , q, the output
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is a scalar counting process (N j
t )t≥0 of stochastic intensity

∫ t

0
tr[CjρsC

∗
j ]ds,

where Cj ∈ B(H) are operators that describe the effect of measurement on
the system.
Stochastic master equation. The evolution of the state (ρt)t≥0 under these
assumptions is known as a quantum trajectory and is modeled by a jump-
diffusion stochastic differential equation (SDE), known in the literature as
stochastic master equation (SME) [10] or quantum filtering equation [16,24].
Given an Hermitian operator H, a set of arbitrary operators {Lj}m

j=1, and
the sets of operators that describe the relation between the state ρt and the
measurement outcomes {Dj}p

j=1, {Cj}q
j=1, the state ρt satisfies the following

stochastic differential equation:

dρt = L(ρt−)dt

+
p∑

j=1

[
Djρt− + ρt−D∗

j − tr[Djρt− + ρt−D∗
j ]ρt−

]

(
dY j

t − tr[Djρt− + ρt−D∗
j ]dt
)

+
q∑

j=1

[
Cjρt−C∗

j

tr[Cjρt−C∗
j ]

− ρt−

]
(
dN j

t − tr[Cjρt−C∗
j ]dt
)

,

(2)

where the operator L is the so-called Lindblad (or GKLS) generator and is
defined as

L(ρ) ≡ −i[H, ρ] +
m∑

j=1

LjρL∗
j − 1

2
{L∗

jLj , ρ} +
p∑

j=1

DjρD∗
j

− 1
2
{D∗

j Dj , ρ} +
q∑

j=1

CjρC∗
j − 1

2
{C∗

j Cj , ρ}.

(3)

If ρ0 ∈ D(H), then the solution (ρt)t≥0 of Eq (2) is valued in D(H) [53].
Note that in Equation (2) one can include parameters that characterize

the measurements efficiencies [5]. We here decided to not include them in order
to lighten the notations. Nonetheless, the introduction of efficiency parameters
does not change the results we derive next as those are simply scalar coefficients
that are not affected by the involved reductions.
Output functionals. In many cases of practical interest, we are not actually
interested in all the information contained in (ρt)t≥0. In particular, quantum
filtering equations are often used to estimate the state ρt which is then used
to compute estimates of linear functionals of the state. Relevant cases include:

• In simulation of quantum trajectories aimed to study the evolution of
observables of interest, e.g., tr[Oρt], subject to continuous measurement
[63]. In the case of non-demolition measurements in continuous time (
[13,14,18,19,27], see Sect. 6.1 for details and extensions) the Hamiltonian
and noise operators need to be diagonal, and the observation of interests
corresponds to the probability of finding the state in one of their common
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eigen-subspaces, i.e., pj = tr[Πjρt] with orthogonal projectors Πj such
that

∑
j Πj = 1.

• In state reduction models that mimic the asymptotic behavior induced by
quantum measurements [1,2], one obtains models that are equivalent to
the non-demolition models, in which case the observables of interest are
the set of spectral projections.

• In many feedback control scenarios, see, e.g., [4,20,36,49], the state ρt

is used to compute Lyapunov functions of the type V (ρt) = tr[Kρt] for
some K ∈ B(H) which is then used to perform feedback control on the
system.

• In Monte Carlo-type simulations of open quantum systems that employ
quantum stochastic models to explore the evolution of expectation value
of observables under Lindblad dynamics, in which case one could be in-
terested in estimating E[tr[Oρt]], [56].

In general we can assume to be interested in reproducing only the stochastic
processes {(Θj

t )t≥0}r
j=1, that are defined as

Θj
t ≡ tr[Ojρt], (4)

for a finite set of operators {Oj}r
j=1 ⊂ B(H) and for all t ≥ 0.

From a system-theoretic viewpoint [41], the paired Eqs. (2)–(4) repre-
sent a stochastic filter, that takes the signals (Y j

t )t≥0 and (N j
t )t≥0 as inputs,

and returns as an output the signals (Θj
t )t≥0. In the following, we denote by

Σ the filter described by Eqs. (2) and (4). Similarly, ΣL and ΣQ represent
the two other filters, which we shall introduce next, where (2) is substituted
with a minimal linear SDE and with a reduced-order SME, respectively. We
informally say that a filter Σ is a quantum filter if the stochastic differen-
tial equation that governs its dynamics is a stochastic master equation of the
form (2).
Reduction. The objective of this work is to construct, when possible, a more
computationally efficient quantum filter, denoted by ΣQ, that, using the mea-
surement process {(Y j

t )t≥0}p
j=1 and {(N j

t )t≥0}q
j=1 can exactly reproduce the

output process {(Θj
t )t≥0}r

j=1 of the original filter Σ.
The main result is provided in Sect. 4, where we construct a quantum

filter ΣQ, defined over a *-subalgebra Ǎ ⊆ B(Ȟ) with Ȟ ⊆ H, such that:

• to each output process (Y j
t )t≥0, for j = 1, . . . , p, is associated an operator

Ďj ∈ B(Ȟ);
• to each output process (N j

t )t≥0, with j = 1, . . . , q, there is a set of asso-
ciated operators {Čj,k}d

k=1 ⊂ B(Ȟ);
and whose state ρ̌t ∈ D(Ǎ ) evolves according to
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dρ̌t = Ľ(ρ̌t−)dt

+
p∑

j=1

[
Ďj ρ̌t− + ρ̌t−Ď∗

j − tr
[
Ďj ρ̌t− + ρ̌t−Ď∗

j

]
ρ̌t−
]

(
dY j

t − tr[Ďjρt− + ρ̌t−Ď∗
j ]dt
)

+
q∑

j=1

[ ∑d
k=1 Čj,kρ̌t−Č∗

j,k
∑d

k=1 tr[Čj,kρ̌t−Č∗
j,k]

− ρ̌t−

](

dN j
t −

d∑

k=1

tr[Čj,kρ̌t−Č∗
j,k]dt

)

(5)

where Ľ is a Lindblad generator associated with an Hamiltonian Ȟ ∈ B(Ȟ)
and noise operators {Ľj,k} ⊂ B(Ȟ), {Ďj} and {Čj,k} ⊂ B(Ȟ). Linear func-
tionals of interest can be computed using the reduced filter ΣQ via

Ξj
t ≡ tr[Ǒj ρ̌t] ∀j = 1, . . . , r (6)

where each Ǒj ∈ Ǎ is a reduced operator associated to Oj . The initial con-
dition ρ0 is also reduced trough a linear map RA : D(H) → D(Ǎ ), i.e.,
ρ̌0 = RA (ρ0).

Under reasonable assumptions, we prove in Theorem 4 that, initializing
the reduced filter with the initial condition ρ̌0 = RA (ρ0) almost surely, we
have Θj

t = Ξj
t , for all initial conditions ρ0 ∈ D(H), for all times t ≥ 0, and for

all j = 1, . . . , r.
Minimal linear filter. In the derivation of the quantum filter ΣQ, it will prove
instrumental to first derive another filter, denoted by ΣL, as detailed in Sect.
3. This filter is linear (in the sense that its evolution is governed by a lin-
ear stochastic master equation) and is minimal in the dimension of the state
(which will result to be κ = dim(N ⊥), the dimension of the minimal operator
subspace that contains all the observables of interest evolved in Heisenberg
picture). What we obtain in this case is not necessarily a quantum filter, in
the sense that its state is not necessarily a density operator, but is capable of
exactly reproducing the processes of interest {(Θj

t )t≥0} exactly as the original
filter Σ. Although it does not provide any physical intuition on the model, it
can be relevant for practical applications: for example, it allows one to effi-
ciently implement a filter that estimates the processes {(Θj

t )t≥0} on a classical
computer.

A schematic representation of the use of the three filters is shown in
Fig. 1. All the reduced filters we derive are built to correctly work for all
initial conditions ρ0 ∈ D(H): if one were to consider only pure states and
a purity-preserving measurement (i.e., with perfect detection efficiency), one
could in principle obtain smaller linear filters, but they would only work for
this restricted scenario.

2. Notation and Problem Setting

In this work, we are concerned with finite-dimensional Hilbert spaces H � C
n.

The algebra of bounded operators on H is denoted by B(H) � C
n×n, the set
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Figure 1. Schematic of the use of the original filter Σ and
reduced filters ΣL and ΣQ

of Hermitian operators by H(H) = {X ∈ B(H)|X = X∗}, and those that
are positive semi-definite by H≥(H) = {X ∈ B(H)|X = X∗ ≥ 0}, while the
set of density operators D(H) = {ρ ∈ B(H)|ρ = ρ∗ ≥ 0, tr(ρ) = 1}. With
some abuse of notation, given an operator space V ⊆ B(H) we denote by
D(V ) ≡ D(H) ∩ V the set of density operators contained in V . Throughout
the paper, with only few exceptions, we employ the calligraphic notation for
superoperators, e.g., L,D,G,K and the script notation for operator spaces,
e.g., A ,V ,W .

For any density operator ρ ∈ D(H) and operators C,D ∈ B(H), and
H ∈ H(H), we define the following superoperators:

[H, ·] : D(H) → B(H)
ρ �→ Hρ − ρH,

KC : D(H) → B(H)

ρ �→ CρC∗,

GD : D(H) → B(H)

ρ �→ Dρ + ρD∗,

DC : D(H) → B(H)

ρ �→ CρC∗ − 1
2
{C∗C, ρ},

(7)

and denote by I the identity superoperator.

2.1. Stochastic Master Equation

In this section, we rigorously introduce all the necessary concepts and as-
sumptions regarding the dynamics of interest, and outline the derivation of
continuous-time quantum filters (2) starting from a linear stochastic differen-
tial equation for the stochastic evolution operator. This allows us to introduce
two intermediate models that are going to be used in the key results of the
paper and other derivations later in the paper: the linear SDE (8) for the sto-
chastic evolution superoperator and the linear SDE (10) for the un-normalized
state. The latter, in particular, allow us to directly use the tools from control
theory to reduce the model. Equation (2) is then re-obtained as the SME (12).
We refer the reader to [10,11,17] and references therein for more details on
the derivation.
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The first step consists in introducing a matrix valued stochastic process
called the stochastic evolution operator. To this end, let (Ω,F , (Ft)t≥0, Q) be a
filtered probability space with standard Brownian motions {(Y j

t )t≥0}p
j=1 and

standard Poisson processes {(N j
t )t≥0}q

j=1, with intensity 1, such that the full
family {(Y j

t )t≥0}p
j=1 ∪ {(N j

t )t≥0}q
j=1 is independent. The filtration (Ft)t≥0 is

assumed to satisfy the standard conditions, we denote F∞ by F , and the
processes

(
Y j

t

)
t≥0

and
(
N j

t − t
)
t≥0

are (Ft)t≥0-martingales under Q.
On (Ω,F , (Ft)t≥0, Q), for s ∈ R+, let (As

t )t∈[s,∞) be the solution to the
following SDE:

dAs
t = L ◦ As

t− dt +
p∑

i=1

GDi
◦ As

t− dY i
t +

q∑

j=1

(KCj
− I) ◦ As

t− dN j
t , As

s = I,

(8)

with

L(ρ) ≡ −i[H, ρ] +
m∑

j=1

LjρL∗
j − 1

2
{L∗

jLj , ρ}

+
p∑

j=1

DjρD∗
j − 1

2
{D∗

j Dj , ρ} +
q∑

j=1

CjρC∗
j − 1

2
{C∗

j Cj , ρ}.

(9)

where the operators {Lj}m
j=1, {Dj}p

j=1, {Cj}q
j=1 ⊂ B(H) and the Hamiltonian

H are the same we mentioned before.
A fundamental relation satisfied by (As

t ) is

As
t ◦ Ar

s = Ar
t , ∀ 0 ≤ r ≤ s ≤ t.

We then call the superoperator As
t the stochastic evolution superoperator, as in

[10]. This superoperator is also called the propagator in the physics literature.
We can now derive the linear stochastic master equation. To this end,

let (τt)t≥0 be a family of un-normalized states valued in H≥0(H) (Hermitian,
positive semi-definite) , such that τ0 = ρ0 and defined by

τt = A0
t (ρ0), ∀t ≥ 0.

Using Ito rules, that is

dY j
t dY k

t = δjkdt, dN j
t dNk

t = δjkdNk
t , dY i

t dNk
t = 0, dY i

t dt = 0

and dNk
t dt = 0,

we can show that (τt)t≥0 satisfies the linear stochastic differential equation
(SDE):

dτt =

⎡

⎣L + I −
q∑

j=1

KCj

⎤

⎦ (τt−)dt +
p∑

j=1

GDj
(τt−)dY j

t +
q∑

j=1

[KCj
− I] (τt−)dN j

t

= L(τt−)dt +
p∑

j=1

GDj
(τt−)dY j

t +
q∑

j=1

[KCj
− I] (τt−)(dN j

t − dt).

(10)
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In the sequel, we shall denote

Q(τ) ≡
⎡

⎣L + I −
q∑

j=1

KCj

⎤

⎦ (τ), (11)

for all positive operators τ . Under the probability measure Q, the processes
{(Y j

t )t≥0}p
j=1 and {(N j

t − t)t≥0}q
j=1 are martingales. Using the fact that

tr[L(τt)] = 0 then the process (tr(τt))t≥0 is also a martingale satisfying
E[tr(τt)] = 1, t ≥ 0. This is the key to making the following Girsanov change
of measure. Let T ≥ 0, one can consider the change of probability measure

P
ρ0
T (F ) = EQ[1F tr(τt)], ∀F ∈ FT ,

where 1F is the indicator function for F ∈ FT . The family of probability
measures (Pρ0

T )T≥0 constructed by this procedure is consistent: that is, for all
F ∈ Fs, we have P

ρ0
t (F ) = P

ρ0
s (F ), for all t ≥ s. In this way, one can extend

this family of probability and define a unique probability measure P
ρ0 such

that
P

ρ0(F ) = P
ρ0
t (F ), ∀F ∈ Ft.

Note that intrinsically this probability depends on the initial state ρ0. Never-
theless, all our study is robust with respect to this dependency, and the choice
does not influence the reduction procedure.

Now consider the process (ρt)t≥0 defined by

ρt =
τt

tr(τt)
, t ≥ 0,

we obtain (2) satisfied by (ρt)t≥0 from (10) using the Ito stochastic calculus
for jump and diffusion processes.

Again, using Ito stochastic calculus, one can show that (ρt)t≥0 ⊂ D(H)
satisfies the stochastic master equation (SME) [10,24] or quantum filtering
equation [16]:

dρt = L(ρt−)dt

+
p∑

j=1

[GDj
(ρt−) − tr[GDj

(ρt−)]ρt−
] (

dY j
t − tr[GDj

(ρt−)dt]
)

+
q∑

j=1

[ KCj
(ρt−)

tr[KCj
(ρt−)]

− ρt−

](
dN j

t − tr[KCj
(ρt−)]dt

)
.

(12)

We thus recover the equation (2) presented in Introduction.
A particular feature of the Girsanov change of measure is that the pro-

cesses (W i
t )t≥0, i = 1, . . . , p defined by

W i
t = Y i

t −
∫ t

0

tr[GDj
(ρs)]ds,

are independent Brownian motions under probability P
ρ0 . The processes

(N j
t )t≥0, j = 1, . . . , q are Poisson processes with intensity

t → tr[KCj
(ρt)],
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which, in particular, implies that the processes defined by

N j
t −

∫ t

0

tr[KCj
(ρs)]ds

are martingales under P
ρ0 .

2.1.1. Linear Functionals. In many application scenarios for SMEs, one is not
interested in the entire information contained in the state ρt but only in a
limited set of processes that depend linearly on the state ρt. In this work we
focus on linear functionals of the state as they cover many cases of interest.
Namely, we assume to be interested in reproducing only the stochastic pro-
cesses {Θj

t}r
j=1, that are defined as

Θj
t ≡ tr[Ojρt], (13)

for a finite set {Oj}r
j=1 ⊂ B(H) and for all t ≥ 0.

Often times, in practical situations, the set {Oj}r
j=1 is composed of Her-

mitian matrices, i.e., observables. For this reason, in the following we re-
fer to the set {Oj} as the set of observables of interest and assume that
{Oj}r

j=1 ⊂ H(H). Note, however, that this extra assumption is only made
for convenience of presentation and can easily be lifted. A particularly rele-
vant example is when H = HS ⊗HE , and the output of interest is the reduced
state on HS . In this case, the output of the linear map trE can be equivalently
obtained by choosing Oj = Sj ⊗ 1E where {Sj} form an Hermitian basis for
B(HS) [35].

We here make two assumptions on this set of operators.

Assumptions. The set {Oj} is such that:
1. {Dj + D∗

j }p
j=1 ∪ {C∗

j Cj}q
j=1 ⊆ span{Oj}r

j=1;
2. 1 ∈ span{Oj}r

j=1.

Assumption 1 will prove to be necessary to ensure that the statistics of
the measurement process {(Y j

t )t≥0}p
j=1 and {(N j

t )t≥0}q
j=1 are preserved by

the reduced model. In fact, Assumption 1 is equivalent to requiring that the
reduced filter is capable of reproducing just the expectation values of the drift
terms in the measurement signals. This fact is showcased in concrete examples
in Sect. 6. On the other hand, Assumption 2 is technical and derives from the
fact that linear functionals can be computed equivalently from states ρt or
un-normalized states τt, since

tr[Ojρt] =
tr[Ojτt]
tr[τt]

.

Assumption 2 thus allows us to ensure that requiring to preserve tr[Ojτt] im-
plies that tr[Ojρt] is also preserved. Note that Assumption 2 is satisfied in most
cases of practical interest, as it physically means that we can test the presence
of the system undergoing continuous measurements. Note that one can always
include more operators into the set of observables of interest {Oj}r

j=1, so that
both Assumption 1 and 2 are satisfied, at the cost of potentially obtaining a
larger model.
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3. Non-observable Space and Linear Reduced Filters

We next introduce the notion of indistinguishable states, which we leverage in
the reduction of the models. This concept is well known in the literature on
control theory [41,43,50,72] and has also been used in the context of quantum
filtering [65]. The definitions that we give here are dual with respect to what
is given in [65] (are given in Schrödinger instead of Heisenberg picture).

Definition 1 (Indistinguishable states and non-observable subspace.). We say
that two states ρ0 and ρ1 are indistinguishable from {Oj}r

j=1 if we have

tr
[
OjA0

t (ρ0)
]

= tr
[
OjA0

t (ρ1)
]

(14)

for all t ≥ 0, and all operators {Oj}r
j=1.

The non-observable space is then defined as the set of operators that are in-
distinguishable from 0:

N ≡ {X ∈ B(H)| tr[OjA0
t (X)] = 0, ∀t ≥ 0, ∀Oj}. (15)

The connection between indistinguishable states and the non-observable
subspace comes naturally: because of linearity of the map A0

t · A0
t
∗, we have

that two states ρ0, ρ1 are indistinguishable if their difference belongs to the
non-observable subspace, that is, ρ0 − ρ1 ∈ N . Verifying that N is, in fact,
an operator space is also trivial.

Now we shall explore the properties of N , and we start with a techni-
cal lemma that we only prove and express in the case p = q = 1 since the
generalization is straightforward.

Lemma 1. Assume that p = q = 1 and let D and C the corresponding mea-
surement operators. Assume that, for some operators O,X0 ∈ B(H) we have
tr[OXt] = 0 (where Xt ≡ A0

t (X0)) for all t ≥ 0. Then:

tr[OL(Xt)] = 0, and tr[OGD(Xt)] = 0 and tr[OKC(Xt)] = 0

for all t ≥ 0.

Proof. From the assumption that tr[OXt] = 0, we have

tr[OX0] +
∫ t

0

tr[OL(Xs−)]ds +
∫ t

0

tr[OGD(Xs−)]dWs

+
∫ t

0

tr[O(KC − I)(Xs−)](dNs − ds) = 0.

Note that, by assumption tr[OX0] = 0. Then, as the above quantities are
complex-valued, then we should take the real � and � imaginary part which
yields

∫ t

0

�(tr[OL(Xs−)])ds +
∫ t

0

�(tr[OGD(Xs−)])dWs

+
∫ t

0

�(tr[O(KC − I)(Xs−)])(dNs − ds) = 0,
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and similarly for the imaginary part. Now, computing the conditional quadratic
variation and using Ito’s rules we obtain

∫ t

0

�(tr[OGD(Xs−)])2ds +
∫ t

0

�(tr[O(KC − I)(Xs−)])2ds = 0.

Hence

�(tr[OGD(Xt)]) = 0 and �(tr[OKC(Xt)]) = 0.

for almost all t ≥ 0. More precisely, since the involved processes are càdlàg, the
two equalities hold for all t ≥ 0. The same reasoning holds for the imaginary
part thus tr[OGD(Xt)] = 0 and tr[OKC(Xt)] = 0, for all t ≥ 0. Finally coming
back to the first equation, we have

∫ t

0

tr[OL(Xs−)]ds = 0

which directly implies tr[OL(Xt)] = 0 for all t ≥ 0 (again using the càdlàg
property). �

We next list the main properties of the non-observable subspace.

Proposition 1. Provided the SDE (10), the non-observable subspace
N ⊆ B(H) is the largest operator subspace such that the following proper-
ties simultaneously hold:
1. tr[OjX] = 0 for all X ∈ N and for all j = 1, . . . , r, i.e., N ⊆ ∩r

j=1{X ∈
B(H)| tr[OjX] = 0};

2. It is L-invariant, i.e., L(X) ∈ N , for all X ∈ N ;
3. It is GDj

-invariant, i.e., GDj
(X) ∈ N , for all X ∈ N , for all j =

1, . . . , p;
4. It is KCj

-invariant, i.e., KCj
(X) ∈ N , for all X ∈ N , for all j =

1, . . . , q.
Furthermore, if we denote by N ⊥ the orthogonal complement w.r.t.

〈·, ·〉HS, i.e., B(H) = N ⊕ N ⊥ with κ ≡ dim(N ⊥), and denote by T the
superoperator algebra

T ≡ Alg
(
{I,L∗} ∪ {G∗

Dj
}p

j=1 ∪ {K∗
Cj

}q
j=1

)
,

closed with respect to linear combinations and composition (i.e., for any A,B ∈
T and α, β ∈ C we have αA + βB ∈ T and AB ∈ T ), we have that

N ⊥ = T
[
span{Oj}r

j=1

]
, (16)

where the right-hand side of the equation is intended as span{E [O], E ∈ T ,
O ∈ span{Oj}r

j=1}.
Proof. By definition, N is contained in ∩r

j=1{X ∈ B(H)| tr[OjX] = 0} since
A0

0 = 1.
We next want to prove that N is L-invariant, GDj

-invariant for all j =
1, . . . , p and KCj

-invariant for all j = 1, . . . , q, that is, for all X ∈ N we
want to show that tr[OjA0

t (L(X))] = 0, tr[OjA0
t (GDj

(X))] = 0, j = 1, . . . , p,
tr[OjA0

t (KCj
(X))] = 0, j = 1, . . . , q for all t ≥ 0.
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Consider then X ∈ N . By definition, ∀t, s > 0, we have

0 = tr[OA0
t+s(X)] = tr[OAs

t+s ◦ A0
s(X)] = tr[As

t+s
∗(O)A0

s(X)].

Let us then define the shift operator θt acting on Ω as

θtω(s) ≡ ω(t + s) − ω(t).

Now for all measurable functions h ∈ F , multiplying by h ◦ θs the previous
inequality, we have

tr[(As
t+s)

∗(O)A0
s(X)] · (h ◦ θs) = 0,

where · is the scalar multiplication. Now remarking that As
t+s = A0

t ◦ θs, we
have

tr[(h ◦ θs) · (A0
t ◦ θs)∗(O)A0

s(X)] = 0.
By noting that the random variable (h ◦ θs) · (A0

t ◦ θs)∗(O) is independent of
Fs, we have

0 = EQ

[
tr[(h ◦ θs) · (A0

t ◦ θs)∗(O)A0
s(X)]|Fs

]

= tr
[
EQ

[
(h ◦ θs) · (A0

t ◦ θs)∗(O)|Fs

]A0
s(X)

]

= tr
[
EQ

[
(h ◦ θs) · (A0

t ◦ θs)∗(O)
]A0

s(X)
]

= tr
[
EQ

[
h · ((A0

t )
∗(O))

]A0
s(X)

]
.

Then by using Lemma 1 with O replaced by EQ

[
h · (A0

t )
∗(O)

]
, we have

for example for L
tr
[
EQ

[
h · (A0

t )
∗(O) L(X)

]]
= 0.

Therefore, for all measurable functions h and all t ≥ 0, we have

EQ

[
h · tr

[
(A0

t )
∗(O) L(X)

]]
= 0.

The since h is arbitrary it follows that

0 = tr[(A0
t )

∗(O) L(X)] = tr[OA0
t (L(X))],

which was the required results. The same holds for the other superoperators.
To prove that N is indeed the largest subspace such that properties

1–4 hold, one can recur to a common argument from the system-theoretic
literature (see, e.g., [50, Property 2.6.8] or [41,43,65,72]) which we include
next for completeness: Assume W ⊆ B(H) is an operator space such that
properties 1–4 hold for W , then it is easy to prove that W ⊆ N .

Let us now consider N ⊥. By definition of N and of orthogonal comple-
ment (w.r.t. 〈·, ·〉HS) we have that

N ⊥ = span{(A0
t )

∗(Oj), t ≥ 0, ∀j = 1, . . . , r}.

By common properties of the orthogonal complement, we have that properties
1–4 imply that N ⊥ is the smallest operators subspace such that:

• 1a) N ⊥ ⊇ span{Oj}r
j=1;

• 2a) N ⊥ is L∗-invariant;
• 3a) N ⊥ is G∗

Dj
-invariant for all j = 1, . . . , p;

• 4a) N ⊥ is K∗
Cj

-invariant for all j = 1, . . . , q.
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Consider then the superoperator algebra

T ≡ Alg
(
{I,L∗} ∪ {G∗

Dj
}p

j=1 ∪ {K∗
Cj

}q
j=1

)
.

By properties 2a–4a we then have that N ⊥ is invariant under the action of any
superoperator contained in T , i.e., ∀X ∈ N ⊥, and ∀A ∈ T , A(X) ∈ N ⊥.
Combining this with property 1a, the statement naturally follows. �

We can observe that Assumption 2 directly implies that 1 ∈ N ⊥. We
shall further notice that the superoperator algebra T includes the superopera-
tor Lie algebra L = LieAlg{L̃∗,G∗

Dj
} closed with respect to linear combination

and the operation [A,B] = AB − BA as it was defined in [7]. The reason why
we use the superoperator algebra T instead of the Lie algebra L as it is
commonly done in bilinear system theory, see, e.g., [29], is that we are here
interested in the operator space that is generated by observables of interest
evolved in Heisenberg picture instead of the set of observables itself.

3.1. Reduced Linear Filters

In this subsection we formalize the intuition that N ⊥ contains all the necessary
degrees of freedom and we can thus restrict the original quantum filter onto it
to obtain a reduced filter that correctly reproduces the processes {(Θj

t )t≥0}r
j=1.

More precisely, let N be the non-observable subspace defined in equation
(15) and let N ⊥ its orthogonal complement (w.r.t. 〈·, ·〉HS), i.e., B(H) =
N ⊕N ⊥. Let then ΠN ⊥ be the orthogonal projector onto N ⊥ and let RN ⊥ :
B(H) → C

κ and JN ⊥ : C
κ → N ⊥ be full-rank factors such that

ΠN ⊥ = JN ⊥RN ⊥ and RN ⊥JN ⊥ = 1κ ∈ C
κ×κ

where κ = dim(N ⊥). Notice that the choice of the two factors RN ⊥ and
JN ⊥ of ΠN ⊥ is not unique and what follows works for any choice of the
factors. Nonetheless, a possible choice of these two factors can be constructed
as follows: let {Ek} be an orthonormal operator basis for N ⊥ and let {ek} be
an orthonormal vector basis for C

κ, then

RN ⊥(X) =
∑

k

ek 〈Ek,X〉HS and JN ⊥(x) =
∑

k

Ek 〈ek, x〉Cκ

for all x ∈ C
κ and where by 〈·, ·〉Cκ we intend the standard Euclidean inner

product for C
κ.

The restriction of SDE (10) onto the subspace N ⊥ is given by the process
(vt) ∈ C

κ with initial condition v0 = RN ⊥(ρ0) and evolving through the SDE

dvt = Qvt−dt +
p∑

j=1

Gjvt−dY j
t +

q∑

j=1

(Kj − 1κ)vt−dN j
t , (17)

where

Q ≡ RN ⊥QJN ⊥ ∈ C
κ×κ,

Gj ≡ RN ⊥GDj
JN ⊥ ∈ C

κ×κ,

Kj ≡ RN ⊥KCj
JN ⊥ ∈ C

κ×κ. (18)
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Notice that the driving increments of the SDEs (17) and (10) are the same:
{dW j

t }p
j=1 and {dN j

t }q
j=1. The observables can be reduced as well by consid-

ering

〈Oj , τt〉HS = 〈Oj ,ΠN ⊥(τt)〉HS = 〈J ∗
N ⊥(Oj),RN ⊥(τt)〉Cκ = 〈ζj ,RN ⊥(τt)〉Cκ

where we defined ζj ≡ J ∗
N ⊥(Oj) ∈ C

κ so that Λj
t = 〈ζj , vt〉Cκ . We next prove

that tr[Ojτt] = 〈ζj , vt〉Cκ for all t ≥ 0.

Theorem 1. Consider the two processes (τt)t≥0 and (vt)t≥0 driven by the lin-
ear SDEs (10) and (17) with the same output processes {(Y j

t )t≥0}p
j=1 and

{(N j
t )t≥0}q

j=1 and with initial conditions ρ0 and v0 = RN ⊥(ρ0). Then on
(Ω,F , (Ft), Q), we have Q-almost surely:

• vt = RN ⊥(τt), for all t ≥ 0;
• tr[Oτt] =

〈J ⊥
N (O), vt

〉
Cκ , for all initial conditions, ρ0 ∈ D(H), for all

t ≥ 0 and for all O ∈ N ⊥.
Furthermore, the reduced linear filter (17) is a linear filter of minimal

dimension such that the conditions above hold.

Proof. Let us start by recalling that, by Proposition 1, we have that N is L-,
GDj

- and KCj
-invariant. As a consequence,

RN ⊥L = RN ⊥L(ΠN ⊥ + ΠN )
= RN ⊥LΠN ⊥ + RN ⊥LΠN

= RN ⊥LΠN ⊥ +�����RN ⊥ΠN LΠN

= RN ⊥LΠN ⊥

where ΠN is the orthogonal projector onto N and we used the fact that
N ∈ ker ΠN ⊥ and RN ⊥ is a full-rank factor of ΠN ⊥ ; hence, RN ⊥ΠN = 0.
Similarly, RN ⊥GDj

= RN ⊥GDj
ΠN ⊥ and RN ⊥KCj

= RN ⊥KCj
ΠN ⊥ .

Recalling then that

τt = τ0 +
∫ t

0

Q(τs−)ds +
p∑

j=1

∫ t

0

GDj
(τs−)dY j

s +
q∑

j=1

∫ t

0

(KCj
− I)(τs−)dN j

s

and defining ṽt = RN ⊥(τt), we have

ṽt = RN ⊥(τ0)
︸ ︷︷ ︸

v0

+

∫ t

0

RN ⊥Q(τs−)ds

+

p∑

j=1

∫ t

0

RN ⊥GDj (τs−)dY j
s +

q∑

j=1

∫ t

0

RN ⊥(KCj − I)(τs−)dN j
s

= v0 +

∫ t

0

RN ⊥QJN ⊥
︸ ︷︷ ︸

Q

RN ⊥(τs−)
︸ ︷︷ ︸

ṽs−

ds +

p∑

j=1

∫ t

0

RN ⊥GDjJN ⊥
︸ ︷︷ ︸

Gj

RN ⊥(τs−)
︸ ︷︷ ︸

ṽs−

dY j
s +

+

q∑

j=1

∫ t

0

⎛

⎜
⎜
⎝RN ⊥KCjJN ⊥
︸ ︷︷ ︸

Kj

−RN ⊥JN ⊥
︸ ︷︷ ︸

1κ

⎞

⎟
⎟
⎠RN ⊥(τs−)
︸ ︷︷ ︸

ṽs−

dN j
s
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= v0 +

∫ t

0

Qṽs−ds +

q∑

j=1

∫ t

0

Gj ṽs−dY j
s +

q∑

j=1

∫ t

0

(Kj − 1κ)ṽs−dN j
s

and thus vt = ṽt = RN ⊥(τt), for all t ≥ 0 Q-almost surely (this comes from
the uniqueness of strong solution of involved SDEs [57, Section V.3]). We can
then notice that we have for all O ∈ N ⊥ for all t ≥ 0

tr[Oτt] = tr[OΠN ⊥(τt)] = tr[OJN ⊥RN ⊥(τt)] = tr[J ∗
N ⊥(O)RN ⊥(τt)]

= 〈J ∗
N ⊥(O), vt〉Cκ .

To prove the minimality of the reduced filter, we proceed by contradic-
tion. Assume there exists an operator space W � B(H) such that dim(W ) <
dim(N ⊥) and allows for an exact model reduction. That is, let the orthog-
onal projector ΠW on W to be factorized as ΠW = JW RW such that, with
w0 = RW (τ0) and wt obtained from the dynamics reduced on W , we have a
valid reduction such that

tr[O∗τt] = 〈J ∗
W (O), wt〉Cs , (19)

for all τ0 ∈ D(H), all O ∈ N ⊥ and for all time t ≥ 0. Since (19) holds for
all density operators, by linearity it also holds for any X0 ∈ B(H) as density
operators generate the full operator space.

Since we assumed that dim(W ) < dim(N ⊥), we have that
dim(ker RW ) > dim(B(H)) − dim(N ⊥) and kerRW ∩ N ⊥ �= {0}. There-
fore, there exists X0 �= 0 ∈ N ⊥, such that RW (X0) = 0. Consider as initial
condition τ0 = 1

tr(1) . Given any realization of the model noises, the output
generated by the reduced model on W with initial condition w0 = RW (τ0) is
identical to that generated by the initial condition w̃0 = RW (τ̃0) with

τ̃0 = τ0 + X0,

since X0 ∈ ker(RW ). Notice that despite τ̃0 does not correspond to a density
operator, the linear reductions must still work as we noted above. On the other
hand, Proposition 1 ensures that tr[O∗

j Xt] = 0 for all j and t ≥ 0 if and only
if X0 ∈ N , where (Xt) is the solution of linear evolution corresponding to
initial condition X0. Since we chose X0 ∈ N ⊥, there must exist a j such that
tr[O∗

j Xt] �= 0 for some t ≥ 0. Thus, the outputs of the original model differ
when considering initial conditions τ0 and τ̃0. This contradicts the fact that
the evolution on W were an exact reduction of the original model. �

With the previous theorem we showed that the reduced process (vt)t≥0

reproduces the processes tr[Ojτt]. However, we are actually interested in re-
producing the processes tr[Ojρt] which can be retrieved by a posteriori re-
normalization.

Corollary 1. Under the assumptions of Theorem 1 and assuming 1 ∈ N ⊥, we
have

tr[Ojρt] =
〈ζj , vt〉
〈e, vt〉 ,

for all t ≥ 0 and all j = 1, . . . , r, where we recall that ζj ≡ J ∗
N ⊥(Oj) ∈ C

f

and where we put e ≡ J ∗
N ⊥(1).
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Proof. First, we shall notice that, for all X ∈ N ⊥, we have

〈X, τt〉HS = tr[Xτt] = tr[XΠN ⊥(τt)] = tr[J ∗
N ⊥(X)RN ⊥(τt)]

= (J ∗
N ⊥(X))∗vt = 〈J ∗

N ⊥(X), vt〉Cκ .

The rest follows from the fact that 1 ∈ N ⊥ and tr[Ojρt] = tr[Ojτt]
tr[τt]

. �

This corollary implies that, in order to reproduce the processes
{(Θj

t )t≥0}r
j=1 using the reduced process (vt)t≥0, it is sufficient to ensure that

1 ∈ N ⊥. As we can see in Lemma 1, the easiest way to ensure this holds, is
to assume that 1 ∈ {Oj}r

j=1, that is Assumption 2. This allows us to ensure
that, under Assumption 2, the reduced filter ΣL is capable of reproducing the
processes {(Θj

t )t≥0}r
j=1.

4. Reduced Quantum Filters

We can notice that Theorem 1 provides a partial solution to the model reduc-
tion problem presented in the Introduction. In fact, if one is only interested in
finding a linear filter that correctly reproduces the expectation values of the
observables {Oj}r

j=1, then one can find a minimal one by choosing as state
vt = RN ⊥(τt). The main limitation of this approach is the fact that the re-
duced filter described by equation (17) does not correspond to a valid SME,
i.e., if v0 is not properly initialized, the output one obtains might be non-
physical, in the sense that they might not be replicated by any evolution in
the density operator set, and the resulting equation is hard to interpret.

In order to ensure that the reduced filter is a valid quantum model, we
leverage the algebraic framework developed in recent works, [35,37,38]. We
next collect and summarize the results that are necessary to continue for the
reader’s convenience.

4.1. Properties of ∗-Algebras and Conditional Expectations

We here consider operator *-algebras A ⊆ B(H), that in this finite-
dimensional settings, are operator subspaces closed with respect to the stan-
dard matrix product and adjoint, i.e., for all X,Y ∈ A then αX + βY ∈ A
for all α, β ∈ C, XY ∈ A , and X∗, Y ∗ ∈ A [21]. An algebra A is unital
if it contains the identity operator, i.e., 1 ∈ A . A key result regarding the
structure of *-algebras is known as Wedderburn decomposition [68]. Given a
unital algebra A ⊂ B(H), there exists a decomposition of the Hilbert space

H =
K⊕

k=1

HF,k ⊗ HG,k

for some K ∈ N, and there exists a unitary operator U ∈ B(H), UU∗ = 1
that decomposes the algebra A :

A = U

(
K⊕

k=1

B(HF,k) ⊗ 1G,k

)

U∗. (20)
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A conditional expectation onto a unital ∗-algebra A , E|A : B(H) →
B(H) with ImE|A = A , is a completely positive projector, i.e., E|A [X] = X
for all X ∈ A and E|A [X∗X] ≥ 0 for all X ∈ B(H) [21]. Note that while
idempotent, a conditional expectation need not be self-adjoint and in general
is thus not an orthogonal projection. The dual (w.r.t. 〈·, ·〉HS) of a conditional
expectation E|∗A is called a state extension and is a CPTP projector onto its
image. Conditional expectations also assume a specific structure related to the
Wedderburn decomposition (20). In particular, there exists a set of full-rank
density operators {σk ∈ D(HG,k)} such that, for all X ∈ B(H)

E|A [X] = U

(
K⊕

k=1

trHG,k
[(V ∗

k XVk)(1F,k ⊗ σk)] ⊗ 1G,k

)

U∗ (21)

where Vk are non-square isometries from HF,k ⊗ HG,k to H and such that
VkV ∗

k = 1F,k ⊗ 1G,k, see, e.g., [71].
Through the Wedderburn decomposition of A , one can further reduce

the representation of A by avoiding the repeated blocks created by the tensor
products ⊗1G,k. More precisely, given a unital algebra A = U

(⊕K
k=1 B(HF,k)

⊗ 1G,k

)
U∗, we can observe that it is isomorphic to Ǎ =

⊕K
k=1 B(HF,k),

Ǎ ⊆ C
m×m with m =

∑K
k=1 dim(HF,k). As proven in [38, Theorem 1], the

dual of a conditional expectation E|∗A can be factorized in two CPTP factors
RA : B(H) → Ǎ and JA : Ǎ → B(H) with ImJA = ImE|∗A such that
E|∗A = JA RA and RA JA = I ˇA . Explicitly, one can derive the block structure
of the CPTP linear maps of interest to be

RA (X) =
K⊕

k=1

trHG,k
(V ∗

k XVk) =
K⊕

k=1

XF,k = X̌,

JA (X̌) = U

(
K⊕

k=1

XF,k ⊗ σk

)

U∗.

(22)

The main reason why we are interested in conditional expectations, their
duals, and their factorizations is the following. Consider a CPTP map A :
B(H) → B(H), an algebra A and a conditional expectation E|A . Then the
restriction of A onto Im(E|∗A ) is Ǎ = RA AJA with Ǎ : Ǎ → Ǎ and most
importantly is CPTP since RA , JA and A are CPTP. A similar result, proven
in [35], holds for Lindblad generators, and we report the statement here for
the reader’s convenience.

Theorem 2 [35]. Consider a ∗-subalgebra A of B(H). Let then RA and JA be
the CPTP factorization of E|∗A = JA RA as defined in equation (22). Then for
any Lindblad generator L(·), its reduction onto Im(E|∗A ), Ľ(·) ≡ RA LJA (·)
is also a Lindblad generator, i.e., Ľ : Ǎ → Ǎ and {eĽt}t≥0 is a quantum
dynamical semigroup.

Furthermore, any unital algebra A admits a CPTP and a unital condi-
tional expectation E|A which is an orthogonal projector onto A , i.e., E|2A =
E|A = E|∗A and E|A (1) = 1. For orthogonal conditional expectations, the
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representation (21) holds with σk = 1Gk

dim(HG,k)
. In the rest of this work, we will

only focus on orthogonal conditional expectations.
The main idea that we use in the next subsection is to use this property to

ensure that the reduced model is a valid quantum model, i.e., Ľ is a Lindblad
generator. In particular, we compute an algebra A that contains N ⊥, i.e.,
A ⊇ N ⊥, and define E|A to be the orthogonal conditional expectation onto
A . We then use its factor RA and JA to compute the reduced model. Notice
that we can pick A to be the smallest algebra that contains N ⊥, i.e., A =
alg(N ⊥) in case we are interested in the smallest model but we could also
consider larger algebras if for example we want to preserve other properties
of the model. Moreover, from Assumption 2, we have 1 ∈ N ⊥; hence, any
algebra A such that A ⊇ N ⊥, including alg(N ⊥), is unital and we will thus
work under this assumption in the following.

The relation between the dimensions of the involved spaces is clearly
dimN ⊥ ≤ dimA ≤ dimB(H), while the dimension of the smallest algebra
that contains the compact representation of the algebra Ǎ ⊆ C

m×m is entirely
determined by the Wedderburn decomposition, since it depends on the number
of blocks and their dimensions. For this reason, m cannot be determined a-
priori.

Notice that, while considering a conditional expectation E|A onto a unital
algebra is sufficient to ensure that the reduced generator Ľ is Lindblad, this
is not necessary. It is thus, in principle, possible to find a reduced Lindblad
generator without using conditional expectations and their duals, but to the
best of the author’s knowledge necessary conditions for a reduced generator
to be Lindblad are not known.

Remark 1. Proving that alg(N ⊥) is the smallest operator space that admits
the existence of (the dual of) a conditional expectation is non-trivial. While
in classical probability theory the existence of a conditional expectation fixing
any state is always guaranteed, for quantum systems this need not be the
case. Necessary and sufficient conditions for this to be the case are provided in
Takesaki’s modular theory and its specializations to the finite-dimensional case
[38,55,62]. These issues have been addressed in [38, Theorem 4]. We refer the
reader to [38, Sections IV and V] for more details on the matter. Interestingly,
the construction of minimal algebras that contain a set of states of interest
emerges also when one aims to generalize the notion of sufficient statistics to
the quantum domain [42], or when one considers the set of maps that do not
disturb a given subset of states [44].

4.2. Reduced Quantum Filters

The main idea of the following is to construct a stochastic process which we
denote (τ̌t)t≥0 by restricting the SDE (10) onto a ∗-algebra A that contains
N ⊥. Let us consider A to be a ∗-algebra such that N ⊥ ⊆ A (e.g., A =
alg(N ⊥)). Let then E|A be the orthogonal conditional expectation onto A and
let RA and JA be its full-rank factors as defined in (22), i.e., E|A = JA RA

and RA JA = I ˇA . We can then consider the stochastic process (τ̌t) ∈ Ǎ
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defined over the ∗-algebra Ǎ ⊆ B(Ȟ) with initial condition τ̌0 = RA (ρ0) ∈ Ǎ
and evolving through the linear SDE

dτ̌t = Q̌(τ̌t−)dt +
p∑

j=1

ǦDj
(τ̌t−)dY j

t +
q∑

j=1

[ǨCj
− I ˇA

]
(τ̌t−)dN j

t , (23)

where

Ľ : D(Ǎ ) → Ǎ

ρ̌ �→RA LJA (ρ̌)

ǦDj
: D(Ǎ ) → Ǎ

ρ̌ �→RA GDj
JA (ρ̌)

ǨCj
: D(Ǎ ) → Ǎ

ρ̌ �→RA GDj
JA (ρ̌)

(24)

and

Q̌ ≡ Ľ + I ˇA −
q∑

j=1

ǨCj

where I ˇA is the identity superoperator over the algebra Ǎ . Note that the SDE
(23) is driven with the same innovation processes {(dY j

t )t≥0}p
j=1,

{(dN j
t )t≥0}q

j=1 as the SDE (10), and, by Theorem 2, Ľ is a Lindblad generator.
The observables of interest Oj are also reduced to obtain Ǒj ≡ J ∗

A (Oj) ∈ Ǎ .
We next prove that tr[Ojτt] = tr[Ǒj τ̌t] for all Oj and for all t ≥ 0.

Theorem 3. Consider the two processes (τt)t≥0 and (τ̌t)t≥0 evolving through
the linear SDEs (10) and (23) with initial conditions τ0 = ρ0 and τ̌0 = RA (ρ0).
Then, for all initial conditions, ρ0 ∈ D(H), for all t ≥ 0 and for all Oj , j =
1, . . . , r we have

tr[Ojτt] = tr[Ǒj τ̌t]

with Ǒj = J ∗
A (Oj).

Proof. Let us denote by ΠN ⊥ the orthogonal projection onto N ⊥. Recalling
that by Proposition 1 we have that N is both L- and GDj

-invariant for all
{Dj}p

j=1 and KCj
-invariant for all {Cj}q

j=1 we have ΠN ⊥L = ΠN ⊥LΠN ⊥

and, similarly, ΠN ⊥GDj
= ΠN ⊥GDj

ΠN ⊥ , ΠN ⊥KCj
= ΠN ⊥KCj

ΠN ⊥ .
We first want to prove that ΠN ⊥(τt) = ΠN ⊥JA (τ̌t) for all t ≥ 0 and

for all initial conditions ρ0 ∈ D(H). Defining Xt ≡ ΠN ⊥(τt) ∈ N ⊥, we then
have:

Xt = ΠN ⊥(ρ0) +
∫ t

0

ΠN ⊥Q(τs−)ds

+
p∑

j=1

∫ t

0

ΠN ⊥GDj
(τs−)dY j

s

+
q∑

j=1

∫ t

0

ΠN ⊥ [KCj
− I](τs−)dN j

s

= ΠN ⊥(ρ0) +
∫ t

0

ΠN ⊥QΠN ⊥(τs−)
︸ ︷︷ ︸

Xs−

ds +
p∑

j=1

∫ t

0

ΠN ⊥GDj
ΠN ⊥(τs−)
︸ ︷︷ ︸

Xs−

dN j
s
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+
q∑

j=1

∫ t

0

ΠN ⊥ [KCj
− I] ΠN ⊥(τs−)

︸ ︷︷ ︸
Xs−

dN j
s

= ΠN ⊥(ρ0) +
∫ t

0

ΠN ⊥Q(Xs−)ds

+
p∑

j=1

∫ t

0

ΠN ⊥GDj
(Xs−)dN j

s +
q∑

j=1

∫ t

0

ΠN ⊥ [KCj
− ΠN ⊥ ](Xs−)dN j

s .

On the other hand, by defining Γt ≡ ΠN ⊥JA (τ̌t) ∈ N ⊥, we have:

Γt = ΠN ⊥JA (τ̌0)

+

∫ t

0

ΠN ⊥JA Q̌(τ̌s−)ds +

p∑

j=1

∫ t

0

ΠN ⊥JA ǦDj (τ̌s−)dY j
s

+

q∑

j=1

∫ t

0

ΠN ⊥JA [ǨCj − I ˇA ](τ̌s−)dN j
t

= ΠN ⊥E|A (ρ0) +

∫ t

0

ΠN ⊥E|A QJA (τ̌s−)ds +

p∑

j=1

∫ t

0

ΠN ⊥E|A GCjJA (τ̌s−)dY j
s

+

q∑

j=1

∫ t

0

ΠN ⊥E|A [KCj − I ˇA ]JA (τ̌s−)dN j
t

= ΠN ⊥(ρ0) +

∫ t

0

ΠN ⊥QΠN ⊥JA (τ̌s−)
︸ ︷︷ ︸

Γs−

ds +

p∑

j=1

∫ t

0

ΠN ⊥GCj ΠN ⊥JA (τ̌s−)
︸ ︷︷ ︸

Γs−

dY j
s

+

q∑

j=1

∫ t

0

ΠN ⊥ [KCj − I ˇA ] ΠN ⊥JA (τ̌s−)
︸ ︷︷ ︸

Γs−

dN j
t

= ΠN ⊥(ρ0) +

∫ t

0

ΠN ⊥Q(Γs−)ds

+

p∑

j=1

∫ t

0

ΠN ⊥GCj (Γs−)dY j
s +

q∑

j=1

∫ t

0

ΠN ⊥ [KCj − ΠN ⊥ ](Γs−)dN j
s ,

where we used the fact that, since A ⊇ N ⊥, we have E|A ΠN ⊥ = ΠN ⊥ . We
can then notice that the two processes (Xt)t≥0 and (Γt)t≥0 coincide by per-
forming the change of variable Γs = Xs. This proves that ΠN ⊥(τt) = ΠN ⊥(τ̃t)
for all t ≥ 0 and for all initial conditions ρ0. We can then recall that N is con-
tained in ker tr[Oj ·] for all Oj and thus for all Oj , tr[Ojτt] = tr[OjΠN ⊥(τt)]
while, on the other hand, tr[Ǒj τ̌t] = tr[OjJA (τ̌t)] = tr[OjΠN ⊥JA (τ̌t)] =
tr[OjΠN ⊥(τ̃t)]. �

Theorem 3 proves that the reduced process (τ̌t)t≥0 is such that tr[Ojτt] =
tr[Ǒj τ̌t] for all t ≥ 0 and for all ρ0 ∈ D(H). This is however not sufficient to
ensure that the process τ̌t is capable of reproducing the processes {Θj

t}. A
sufficient (not necessary) condition to obtain this is to require that tr[τt] =
tr[τ̌t] for all t ≥ 0 and all initial conditions. The next corollary shows that,
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under Assumption 2, since 1 ∈ N ⊥, we have that the reduced process (τ̌t)t≥0

correctly reproduces the processes (Θj
t ), j = 1, . . . , r.

Corollary 2. Under the assumptions of Theorem 3 and assuming that 1 ∈ N ⊥

we have that

Θj
t =

tr[Ǒj τ̌t]
tr[τ̌t]

,

for all t ≥ 0 and all j = 1, . . . , r.

The proof of this corollary is identical to the proof of Corollary 1.
Up to this point we proved that the reduced process (τ̌t)t≥0 is capable of

reproducing the output processes {Θj
t} under Assumption 2. Note that we have

not yet shown that the linear SDE (23) generates a valid quantum process.
Before we move to deriving the reduced quantum filter we need to focus

on the operators that define the reduced superoperators Ľ(·) (or more pre-
cisely RA [H,JA (·)] and ĎL(·)), ǦDj

(·) and ǨCj
(·). For example, we know

from Theorem 2 that Ľ is a Lindblad generator but we did not specify yet
how to compute the reduced Hamiltonian and noise operators. The following
Proposition takes care of this.

Proposition 2. Given an unital algebra A ⊆ B(H) which is isomorphic to
Ǎ ⊆ B(Ȟ), and given the CPTP factorization of E|∗A = E|A , RA and JA

as defined in equation (22) we have that:
1. For any Hamiltonian H ∈ H(H), there exists an operator Ȟ = Ȟ∗ ∈ Ǎ

such that [Ȟ, ρ̌] = RA [H,JA (ρ̌)];
2. For any operator L ∈ B(H), there exist a set of operators {Ľk}d

k=1 ⊂
B(Ȟ) such that

ĎL = RA DLJA =
d∑

k=1

DĽk
;

3. For any operator D ∈ B(H), there exist an operator Ď ∈ Ǎ and a set of
operators {Ď′

k}d
k=1 ⊂ B(Ȟ) such that

ǦD = RA GDJA = GĎ and ĎD = RA DDJA = DĎ +
d∑

k=1

DĎ′
k
;

4. For any operator C ∈ B(H), there exist a set of operators {Čk}d
k=1 ⊂

B(Ȟ) such that

ǨC = RA KCJA =
d∑

k=1

KČk
and ĎC = RA DCJA =

d∑

k=1

DČk
;

where d ≡ maxj=1,...,N dim(HG,j)2 of the Wedderburn decomposition (20) of
A .

This proposition is constructively proven in “Appendix A”.
Applying this proposition to the superoperators that appear in the SDE

(23), we obtain:
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• A reduced Hamiltonian Ȟ = Ȟ∗ ∈ Ǎ ;
• A set

⋃m
j=1{Ľj,k}d

k=1 of reduced noise operators that describe the inter-
action with an un-monitored Markovian bath;

• Two sets of noise operators {Ďj}p
j=1 and

⋃p
j=1{Ď′

j,k}d
k=1 that describe

the effects of homodyne-type measurement on the reduced model;
• A set

⋃q
j=1{Čj,k}d

k=1 of noise operators that describe the effects of
counting-type measurements on the reduced model.

Combining this into SDE (23) we obtain:

dτ̌t =

⎡

⎣τ̌t− − i[Ȟ, τ̌t−] +
m∑

j=1

d∑

k=1

DĽj,k
(τ̌t−)

+
p∑

j=1

⎛

⎜
⎜
⎜
⎜
⎝

d∑

k=1

DĎ′
j,k

︸ ︷︷ ︸
�

+DĎj︸︷︷︸
��

⎞

⎟
⎟
⎟
⎟
⎠

(τ̌t−) +
q∑

j=1

d∑

k=1

(
DČj,k

− KČj,k

)
(τ̌t−)

⎤

⎥
⎥
⎥
⎥
⎦

dt

+
p∑

j=1

GĎj
(τ̌t−)dY j

t +
q∑

j=1

[
d∑

k=1

KČj,k
− I ˇA

]

(τ̌t−)dN j
t .

(25)

From this equation we can observe that, for every noise operator Ďj associated
to a diffusive innovation process dY j

t , the reduced SDE correctly include a dis-
sipative term DĎj

(denoted in equation (25) by ��), but can also, in principle,
include more dissipative terms that are not directly associated to the innova-
tion process dY j

t (in the equation (25) denoted by �). Note that, by Corollary
4, this term (denoted by �) is null if Dj ∈ A .

We can further observe that to every noise operator Cj associated to a
jump innovation process dN j

t in the original model, we have, in the reduced
model, more than one noise operators that is associated to the same jump
process dN j

t , namely {Čj,k}. In other words, in the reduced models multiple
jumps are observed simultaneously whenever a single jump is observed in the
original model.

Applying the Kallianpur–Striebel formula [24, Theorem 6.2] (or a pos-
teriori re-normalization) we have ρ̌t = τ̌t

tr(τ̌t)
. The process ρ̌t ∈ Ǎ has initial

condition ρ̌0 = RA (ρ0), and applying the Ito rules to equation (25), one ob-
tains the SME

dρ̌t = Ľ(ρ̌t−)dt +
p∑

j=1

[
GĎj

(ρ̌t−) − tr
[
GĎj

(ρ̌t−)
]
ρ̌t−
]
(dY j

t − tr[GĎj
(ρ̌t−)])

+
q∑

j=1

[ ∑d
k=1 KČj,k

(ρ̌t−)
∑d

k=1 tr[KČj,k
(ρ̌t−)]

− ρ̌t−

](

dN j
t −

d∑

k=1

tr[KČj,k
(ρ̌t−)]

)

.

(26)
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Theorem 4. Consider the process (ρt)t≥0 evolving through the SME (2) with
initial condition ρ0 ∈ D(H) and with driving processes {(Y j

t )t≥0}p
j=1 and

{(N j
t )t≥0}q

j=1. Consider then the reduced process (ρ̌t)t≥0 evolving through the
SME (26), initial condition ρ̌0 = RA (ρ0) and the same two driving processes
{(Y j

t )t≥0}p
j=1 and {(N j

t )t≥0}q
j=1. Then, under Assumptions 1 and 2, we have

that:
• for all ρ0 ∈ D(H) and for all t ≥ 0, tr[Ojρt] = tr[Ǒj ρ̌t] for all j =

1, . . . , r;
• tr[GDj

(ρt)] = tr[GĎj
(ρ̌t)] for all t ≥ 0 and for all j = 1, . . . , p;

• tr[KCj
(ρt)] =

∑d
k=1 tr[KČj,k

(ρ̌t)] for all t ≥ 0 and for all j = 1, . . . , q.

Proof. From Theorem 3 and Corollary 2, under Assumption 2, we have that
for all ρ0 ∈ D(H), for all t ≥ 0, we have that

tr[Ojρt] =
tr[Ojτt]
tr[τt]

=
tr[Ǒj τ̌t]
tr[τ̌t]

= tr[Ǒj ρ̌t]

for all j = 1, . . . , r. Furthermore, using Assumption 1, Lemma 5, and the above
we have

tr[(Dj + D∗
j )ρt] = tr[(Ďj + Ď∗

j )ρ̌t]

tr[CjρtC
∗
j ] = tr[J ∗

A (C∗
j Cj)ρ̌t] =

∑

Č∈X (Cj)

tr[Čρ̌tČ
∗],

thus concluding the proof. �

Remark 2. Notice that the proof of Theorem 3 holds for any algebra A that
contains N ⊥. alg(N ⊥) is, by definition, the smallest such algebra so it is
possibly the best choice in case one aim to find the smallest quantum model
that reproduces the output dynamics; however, it is also possible to consider
larger algebras than alg(N ⊥) if this is necessary to impose further properties
on the reduced model. For example we might have that alg(N ⊥) is not L∗-
invariant but there might exist an algebra A ⊇ N ⊥ which is L∗-invariant
which might be preferable in certain cases. See the next section for an example
of why one might desire invariant algebras.

5. Algebra Invariance and Filter Stability

An important difference between the two reduced filters ΣL and ΣQ shall be
noted. From Theorem 1 we have vt = RN ⊥(ρt) for all t ≥ 0 while, from
Theorem 3, we have that τ̌0 = RA (τ0) but this does not hold in general for
all t, i.e., there might exist sometime t > 0 such that τ̌t �= RA (τt). This is due
to the fact that the algebra A is not necessarily L∗-, G∗

Dj
and K∗

Cj
-invariant.

This prompts the following proposition.

Proposition 3. Under the assumptions of Theorem 3, we have that: τ̌t =RA (τt)
for all t ≥ 0 and for all τ0 ∈ D(H) if and only if A is L∗-, G∗

Dj
- and K∗

Cj
-

invariant for all {Dj}p
j=1 and all {Cj}q

j=1.
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Proof. Let us denote τ̃t ≡ RA (τt). Assume that A is L∗-, G∗
Dj

and K∗
Cj

-
invariant for all {Dj}p

j=1 and all {Cj}q
j=1, then we have that E|A L=E|A LE|A ,

E|A GDj
= E|A GDj

E|A and E|A KCj
= E|A KCj

E|A . Recalling that RA =
RA E|A we have

τ̃t = RA (τt)

= RA (τ0)︸ ︷︷ ︸
τ̌0

+
∫ t

0

RA Q(τs−)ds

+
p∑

j=1

∫ t

0

RA GDj
(τs−)dW j

s +
q∑

j=1

∫ t

0

RA [KCj
− I](τs−)dNs

j

= τ̌0 +
∫ t

0

RA E|A QE|A (τs−)ds +
p∑

j=1

∫ t

0

RA E|A GDj
E|A (τs−)dW j

s

+
q∑

j=1

∫ t

0

RA E|A [KCj
− I]E|A (τs−)dNs

j

= τ̌0 +
∫ t

0

RA QJA︸ ︷︷ ︸
Q̌

RA (τs−)
︸ ︷︷ ︸

τ̃t

ds +
p∑

j=1

∫ t

0

RA GDj
JA

︸ ︷︷ ︸
ǦDj

RA (τs−)
︸ ︷︷ ︸

τ̃t

dW j
s

+
q∑

j=1

∫ t

0

RA [KCj
− I]JA

︸ ︷︷ ︸
ǨCj

−I ˇA

RA (τs−)
︸ ︷︷ ︸

τ̃s

dNs
j

= τ̌0 +
∫ t

0

Q̌(τ̃s−)ds +
p∑

j=1

∫ t

0

ǦDj
(τ̃s−)dW j

s +
q∑

j=1

∫ t

0

[ǨCj
− I ˇA ](τ̃s−)dNs

j ,

where

τ̌t = τ̌0 +
∫ t

0

Q̌(τ̌s−)ds

+
q∑

j=1

∫ t

0

ǦDj
(τ̌s−)dW j

s +
p∑

j=1

∫ t

0

ǦDj
(τ̃s−)dW j

s

+
q∑

j=1

∫ t

0

[ǨCj
− I ˇA ](τ̌s−)dNs

j ,

which implies τ̃t = τ̌t for all t ≥ 0 by strong uniqueness of the solution.
Assume now that RA (τt) = τ̌t for all t ≥ 0 and for all τ0 ∈ D(H). Then,

it holds

����RA (τ0) +
∫ t

0

RA Q(τs−)ds

+
q∑

j=1

∫ t

0

RA GDj
(τs−)dW j

s +
q∑

j=1

∫ t

0

RA (KCj
− I)(τs−)dN j

s
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= ��̌τ0 +
∫ t

0

Q̌(τ̌s−)ds +
q∑

j=1

∫ t

0

ǦDj
(τ̌s−)dW j

s +
q∑

j=1

∫ t

0

(ǨCj
− I ˇA )(τ̌s−)dN j

s .

We then have
∫ t

0

RA Q(τs−)ds +
p∑

j=1

∫ t

0

RA GDj
(τs−)dW j

s +
q∑

j=1

∫ t

0

RA (KCj
− I)(τs−)dN j

s

=
∫ t

0

RA QE|A (τs)ds

+
q∑

j=1

∫ t

0

RA GDj
E|A (τs)dW j

s +
q∑

j=1

∫ t

0

RA (KCj
− I ˇA )E|A (τs−)dN j

s .

In particular this yields
∫ t

0

[RA Q − RA QE|A ](τs−)ds +
p∑

j=1

∫ t

0

[RA GDj
− RA GDj

E|A ](τs−)dW j
s

+
q∑

j=1

∫ t

0

[RA KCj
−��RA − RA KCj

E|A +��RA ](τs−)dN j
s = 0.

Taking again conditional quadratic variation (as in the proof of Lemma 1) in
the above equality, we have for all s ≥ 0

RA Q − RA QE|A (τs) = 0
RA GDj

− RA GDj
E|A (τs) = 0

RA KCj
− RA KCj

E|A (τs) = 0,

for all {Dj}p
j=1 and for all {Cj}q

j=1. Since this is true for arbitrary τ0, we have
RA Q−RA QE|A = 0, RA GDj

−RA GDj
E|A = 0 and RA KCj

−RA KCj
E|A =

0. Using the definition of Q, we deduce RA L − RA LE|A = 0.
Then, left-applying JA to both sides of both equations we obtain E|A L =

E|A LE|A , E|A GDj
= E|A GDj

E|A and E|A KCj
= E|A KCj

E|A or, in other
words, A is L∗-, G∗

Dj
-and K∗

Cj
-invariant for all {Dj}p

j=1 and all {Cj}q
j=1, con-

cluding the proof. �

Albeit the two trajectories (RA (τt))t≥0 and (τ̌t)t≥0 might differ in prin-
ciple, as shown in Fig. 2, the important property to ensure that the two filters
produce the same expectation values is that their projection onto N ⊥ is iden-
tical, which was proven in the previous sections.

5.1. Filter Stability

Given a quantum filter of the type (2), we might imagine it is initialized in
an estimated state ρe

0 of the true initial condition of the system ρ0. This is
typically the situation where the initial state ρ0 is unknown. We then update
a process (ρe

t ), initialized with an arbitrary state ρe
0, following the result of

the measurement as if it was the true trajectory. Note that the results of
measurement rely on the true trajectory. Assuming that the original filter is
stable, i.e., the estimate (ρe

t ) converges to the true state (ρt)t≥0, we want to



T. Grigoletto et al. Ann. Henri Poincaré

Figure 2. Graphical representation of the reduced model
when the algebra A is or is not L∗-, G∗

Dj
- and K∗

Cj
-invariant

investigate if the reduced model (26), initialized in the state ρ̌e
0 = RA (ρe

0)
converges to the quantum trajectory that is initialized in ρ̌0 = RA (ρ0). Let
F denote the quantum fidelity, that is F (ρ, σ) = tr

[√√
ρσ

√
ρ
]
, for any two

states ρ, σ ∈ D(H). Recalling that F (ρ, σ) = F (σ, ρ) and 0 ≤ F (ρ, σ) ≤ 1,
with F(ρ, σ) = 1 if and only if ρ = σ and F (ρ, σ) = 0 if and only if ρ and σ
have orthogonal images, we have that the fidelity F provides a good similarity
measure between states. We refer the reader to [67, Section 3.2] for more details
on the quantum fidelity function.

Proposition 4. Assume that the algebra A on which we restrict our model is
L∗-, G∗

Dj
and K∗

Cj
-invariant for all j. Then, for all t ≥ 0,

F (ρ̌t, ρ̌
e
t ) ≥ F (ρt, ρ

e
t ).

Proof. From the assumption that A is L∗- and G∗
Dj

and K∗
Cj

-invariant for all j

and from Proposition 3, we have that ρ̌t = RA (ρt) and ρ̌e
t = RA (ρe

t ) with RA

CPTP for all t ≥ 0. Then, it is known that for any CPTP map Ψ and any states
ρ, σ, we have F (Ψ(ρ),Ψ(σ)) ≥ F (ρ, σ); hence, F (ρ̌t, ρ̌

e
t ) ≥ F (ρt, ρ

e
t ). �

The following corollary expresses that under the condition of the previous
proposition the stability of a quantum filter is preserved by the reduction.

Corollary 3. Under the assumptions of Proposition 4 and assuming that the
original quantum filter is stable, i.e., limt→∞ F (ρt, ρ

e
t ) = 1, we have

limt→∞ F (ρ̌t, ρ̌
e
t ) = 1.

The above convergences can be in any sense, almost surely, in Lp, in
probability. In particular, we know that if purification occurs

lim
t→∞F (ρt, ρ

e
t ) = 1

almost surely and in L1 [6], then the results holds for the reduced model.
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6. Illustrative Applications

6.1. Generalized Quantum Non-demolition

Let us now consider a case where all the operators are block-diagonal in the
same basis. This represents a generalization of the quantum non-demolition
(QND) condition, which will be later derived as a special case.

Consider an Hilbert space

H =
K⊕

k=1

Hk.

This decomposition of the Hilbert space induces a natural block-decomposition
of the set of operators B(H). In the following we consider operators that are
block-diagonal in the block-decomposition induced by the decomposition of H.

As announced, an important model which fits this situation is the so-
called quantum non-demolition measurement model. This case is given by one-
dimensional component Hk = C|ek〉, where {e1, . . . , eK} is an orthonormal
basis for H. This basis is called a pointer basis and the involved operators are
diagonal in this basis. When studying the long-time behavior of the monitored
system under non-demolition measurements, the quantities (tr(|el〉〈el|ρt)), l =
1, . . . ,K play a crucial role. It is then natural to consider our reduction model
in this situation. In particular we study the general case where block diagonal
is of any dimension (not only one)

6.1.1. Generalized QND. Consider a Hamiltonian, noise operators and mea-
surement operators that are block-diagonal in the basis provided by this de-
composition of the Hilbert space H, i.e.,

H =
K⊕

k=1

Hk, Lj =
K⊕

k=1

Lj,k, Dj =
K⊕

k=1

Dj,k, and Cj =
K⊕

k=1

Cj,k

with Hk, Lj,k,Dj,k, Cj,k ∈ B(Hk). We further assume to be interested in re-
producing the expectation value observables Oj that are also block-diagonal:

Oj =
K⊕

k=1

Oj,k

where Oj,k ∈ B(Hk). As an example one can consider to be interested in
reproducing the probability of the state being in each of the subspaces Hj ,
which implies the observables of interest are the orthogonal projectors onto
each Hj . In order to satisfy both Assumptions 1 and 2, we need to include 1,
Dj + D∗

j and C∗
j Cj to the set of observables of interest. One can easily verify

that these operators are block-diagonal as well.
For generic choices of the diagonal blocks, the space orthogonal to the

non-observable space N ⊥ generates the entire block-diagonal algebra

A =
K⊕

k=1

B(Hk).
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Note that, it is possible, for specific choices of the diagonal blocks, that the
non-observable space is such that N ⊥ ⊆ alg(N ⊥) � A or, in other words, a
smaller reduction could exist. An example of this is shown in the next subsec-
tion. Furthermore, for any choice of the diagonal blocks of Lj ,Dj , Cj and Oj ,
the algebra A contains span{Oj}, is L∗-, G∗

Dj
- K∗

Cj
-invariant (trivially since

sums and products of block-diagonal matrices remain block-diagonal); hence,
in general, we have N ⊥ ⊆ alg(N ⊥) ⊆ A . This shows that, albeit in certain
cases the reduction of the filter onto A could be non-minimal, it is always
possible to reduce the filter onto A .

In such a case the reduction and injection superoperators result to be

RA (X) ≡
K⊕

k=1

V ∗
k XVk =

K⊕

k=1

Xk = X̌,

JA (X̌) ≡ X̌

where Vk = |k〉 ⊗ 1Hk
are the isometries Vk : Hk → H.

The reduced un-normalized state

τ̌t = RA (τt) =
K⊕

k=1

τ̌t,k

then evolves according to the linear stochastic differential equation

dτ̌t,k = Ľk(τ̌t−,k)dt +
p∑

j=1

GDj,k
(τ̌t−,k)dY j

t

+
q∑

j=1

[KCj,k
− I ˇA

]
(τ̌t−,k)(dN j

t − dt) ∀k = 1, . . . , M

where

Ľk(τ̌) = −i[Hk, τ̌ ] +
m∑

j=1

DLj,k
(τ̌)

+
p∑

j=1

DDj,k
(τ̌) +

q∑

j=1

DCj,k
(τ̌).

With this, one can observe that each block τ̌t,k of the un-normalized state τ̌t

evolves independently of all the others. This is not the case when considering
the normalized state

ρ̌t =
τ̌t

tr(τ̌t)
= RA (ρt) =

K⊕

k=1

ρ̌t,k

where each block evolves trough the SME

dρ̌t,k = Ľk(ρ̌t−,k)dt +
p∑

j=1

[

GDj,k
(ρ̌t−,k) − ρ̌t−,k

K∑

h=1

tr[GDj,h
(ρ̌t−,h)]

]
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(

dY j
t −

K∑

h=1

tr[GDj,h
(ρ̌t−,h)]dt

)

+
q∑

j=1

[
KCj,k

(ρ̌t−,k)
∑K

h=1 tr[KCj,h
(ρ̌t−,h)]

− ρ̌t−,k

](

dN j
t −

K∑

h=1

tr[KCj,h
(ρ̌t−,h)]dt

)

,

which clearly depends on all the blocks (see also the discussion in [6]).
The expectation values of interest is then obtained as

tr[Ojρt] =
K∑

k=1

tr[Oj,kρ̌t,k] =
∑K

k=1 tr[Oj,k τ̌t,k]
∑K

h=1 tr[τ̌t,h]
.

Note that the fact that each block of the reduced un-normalized state τ̌t

evolves independently of the others might provide a computational simulation
advantage. In fact, to simulate the expectation values of interest, one can
simulate each block τ̌t,k independently, either in parallel or in series depending
on the available resources, and then sum the results to obtain the desired
expectation values. Notice that the potential for independent block simulation
for the average semigroup dynamics was also found in [35] in presence of strong
symmetries, albeit in that case the evolution is already linear and can be
simulated directly in block form.

6.1.2. Quantum Non-demolition Continuous Measurement. As a special case
of the example we just presented, we can focus on quantum non-demolition
measurements in continuous time. Consider an Hamiltonian and noise opera-
tors that are block-diagonal in the basis provided by the decomposition of the
Hilbert space H, i.e.,

H =
K⊕

k=1

Hk, and Lj =
K⊕

k=1

Lj,k

with Hk, Lj,k ∈ B(Hk). Furthermore, let us consider measurement operators
that, in each diagonal block, are proportional to the identity operator acting
on the relative subspace Hk, i.e.,

Dj =
K⊕

k=1

dj,k1Hk
, and Cj =

K⊕

k=1

cj,k1Hk

with dj,k, cj,k ∈ R. Assume then that we are interested in reproducing the
probability of the state being in each of the subspaces Hj , i.e., we consider the
observables of interest Oj to be the orthogonal projectors onto Hj :

Oj =
K⊕

k=1

1Hk
δj,k ∀j = 1, . . . ,K,

where δj,k denotes the Kronecker delta. With this, one can verify that both
Assumptions 1 and 2 are satisfied, and we can thus proceed with our proposed
procedure. Note that the typical QND setting [19,48] can be seen as a special
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case where dim(Hk) = 1 for all k or where H,Lj are also diagonal in the
standard basis.

As a first step, we shall compute the operator subspace N ⊥. From the
properties of the non-observable subspace presented in Proposition 1 we know
that span{Oj}K

j=1 ⊆ N ⊥. We also know that N ⊥ is also L∗- G∗
Dj

- and K∗
Cj

-
invariant. One can then observe that span{Oj}K

j=1 is G∗
Dj

- and K∗
Cj

-invariant
since

G∗
Dj

(Oh) = DjOh + OhD∗
j =

K⊕

k=1

2dj,kδh,k1Hk
,

K∗
Cj

(Oh) = C∗
j OhCj =

K⊕

k=1

c2j,kδh,k1Hk
.

Verifying that span{Oj}K
j=1 is also L∗-invariant is also straightforward. One

can in fact verify that span{Oj}K
j=1 is contained in ker L∗ by computing:

[H,Oh] = HOh − OhH =
K⊕

k=1

[Hk,1Hk
]δh,k = 0

D∗
Lj

(Oh) = L∗
jOhLj − 1

2
{L∗

jLj , Oh} =
K⊕

k=1

(L∗
j,k1Hk

Lj,k

− 1
2
{L∗

j,kLj,k,1Hk
})δh,k = 0,

and D∗
Dj

(Oh) = 0 and D∗
Cj

(Oh) = 0.
Then, since span{Oj}K

j=1 is L∗-, G∗
Dj

-, and K∗
Cj

-invariant and is trivially
the smallest operators subspace that contains itself we find

N ⊥ = span{Oj}K
j=1.

To proceed with the reduction procedure, one should then find the algebra
alg(N ⊥) generated by the subspace N ⊥. One can, however, notice that N ⊥

is already an abelian algebra of dimension M ; hence,

A = span{Oj}K
j=1 =

K⊕

k=1

C1Hk

where we also expressed its Wedderburn decomposition. This allows us to
write the reduction and injection superoperators that factor the conditional
expectation:

RA (X) ≡
K⊕

k=1

tr[V ∗
k XVk] =

K⊕

k=1

xk = X̌ ∈ C
K

JA (X̌) ≡
K⊕

k=1

xk1Hk
,

where Vk = |k〉 ⊗ 1Hk
are the isometries Vk : Hk → H.
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We finally have all the elements to compute the reduced model. First of
all, one can notice that the action of the Lindblad generator on the algebra
is null, i.e., L ◦ R = 0; hence, there is no need in computing the reduced
Hamiltonian and noise operators since Ľ = 0.

For the measurement operators, the reduction process is quite simple.
First of all, we can notice that, by assumption, both Dj and Cj are all
block-diagonal. This implies that the reduced operators will also result (block-
)diagonal (in the terminology used in “Appendix A” we only have e = 0).
We then need to construct an orthonormal operator basis for the spaces
that get factored out and express the original operators in that basis. Let
us consider a set of operator basis {Ek

j } for the spaces B(Hk) such that
Ek

0 = 1Hk
/dim(Hk)

1
2 for all k. Then the original measurement operators can

be written as

Dj =
K⊕

k=1

dj,k dim(Hk)
1
2 Ek

0 , Cj =
K⊕

k=1

cj,k dim(Hk)
1
2 Ek

0 .

Using then Proposition 2, we can then directly compute the reduced measure-
ment operators:

Dj → Ďj =
K⊕

k=1

dj,k, Cj → Čj =
K⊕

k=1

cj,k.

The reduced state

ρ̌t = RA (ρt) =
K⊕

k=1

pt,k

with pt,k ∈ [0, 1] and
∑K

k=1 pt,k = 1, ∀t ≥ 0 then evolves according to the
SME

dρ̌t =
p∑

j=1

(GĎj
(ρ̌t−) − tr[GĎj

(ρ̌t−)]ρ̌t−)dW j
t

+
q∑

j=1

( KČj
(ρ̌t−)

tr[KČj
(ρ̌t−)]

− ρ̌t−

)

(dN j
t − tr[KČj

(ρ̌t−)]).

Because the reduced state ρ̌t is diagonal, one can also represent the same
evolution explicitly expressing each diagonal element, obtaining

dpt,k =
p∑

j=1

(

2dj,kpt−,k − pt−,k

K∑

h=1

2dj,hpt−,h

)

dW j
t

+
q∑

j=1

(
c2j,kpt−,k

∑K
h=1 c2j,hpt−,h

− pt−,k

)(

dN j
t −

K∑

h=1

c2j,hpt−,h

)

rediscovering the form found in [19]. The probability of the state being in a
subspace Hj can then be computed as
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tr[Ojρt] = tr[Ǒj ρ̌t] = pt,j

where Ǒj =
∣
∣j
〉〈

j
∣
∣.

6.2. Measured Spin Chains

We consider here a model consisting of a spin chain undergoing both
homodyne- and counting-type measurement. Specifically, we here consider a
model composed by N qubits, i.e., H = ⊗N

j=1Hj with Hj � C
2. Let then σq

with q ∈ {0, x, y, z} denote the usual Pauli matrices with σ0 ≡ 12 and

σ(j,N)
q ≡ 12j−1 ⊗ σq ⊗ 12N−j

the operators in B(H) = C
2N ×2N

that act non-trivially only on the j-th qubit.
Similarly, we denote by σ

(j,N)
± ≡ 1

2

(
σ
(j,N)
x ± iσ

(j,N)
y

)
local raising and lowering

operators. Whenever there is no confusion on the space onto which σ
(j,N)
q acts,

we drop the dependence on N using the symbol σ
(j)
q .

6.2.1. Model Description. We assume that the spins in the chain interact
trough an inhomogeneous Ising Hamiltonian with transverse field, which reads

H =
N−1∑

j=1

δjσ
(j)
x σ(j+1)

x +
N∑

j=1

μjσ
(j)
z , (27)

with δj , μj ∈ R. Furthermore, the entire system undergoes continuous-time
local measurement described by the operator

Dj ≡ γjσ
(j)
z , ∀j = 1, . . . , N

as well as counting-type measurements described by the operators

Cj ≡ αjσ
(j)
− , ∀j = 1, . . . , N.

These measurement operators can be considered either as physical de-
scription of measurement processes such as photon emission (or absorption1),
or as unravelings of Lindblad generators [56,64]. While the simultaneous
continuous- and counting-type measurement considered in this example might
not be physically realistic, handling both of them presents no mathematical
challenge. More importantly, as we shall see, this model allows us to study
the effects of off-diagonal blocks that can be present only in counting-type
measurement operators. For these reasons, we consider and reduce the model
with both processes. Removing either counting-type or continuous type mea-
surement is possible by simply setting the parameters αj or γj to zero.

One could then be interested, for example, in reproducing the probability
distribution in the standard basis, i.e., the considered observables of interest
are

Ok =
∣
∣k
〉〈

k
∣
∣ , ∀k = 1, . . . , 2N .

1Note that if one were to consider Cj = σ
(j)
+ the derivation that follows would not change.
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With this, one can verify that, Dj +D∗
j ∈ span{Ok}2N

k=1, since Dj are diagonal
in the basis given by |k〉, as well as C∗

j Cj ∈ span{Ok}2N

k=1 since

σ
(j)
+

∗
σ
(j)
+ = σ

(j)
− σ

(j)
+ = 12j−1 ⊗ ∣∣1〉〈1∣∣⊗ 12N−j ,

σ
(j)
−

∗
σ
(j)
− = σ

(j)
+ σ

(j)
− = 12j−1 ⊗ ∣∣0〉〈0∣∣⊗ 12N−j ;

hence, both assumptions 1 and 2 are satisfied. Note that, since Dj ∈
span{Ok}2N

k=1, the reduced model is also able to reproduce the expectation

value of the local magnetization
〈
σ
(j)
z

〉
as well as the probability distribution

〈Ok〉.

6.2.2. Numerical Reduction for N = 2, 3. To perform the proposed model
reduction procedure, one can then compute the superoperator algebra T , the
space orthogonal to the non-observable space N ⊥ defined in Proposition 1,
compute the algebra alg(N ⊥), the conditional expectation and its two factors
E|A , and then compute the reduced model as described in “Appendix A”.

Note that, in principle, these tasks can be performed on a (classical)
computer by obtaining numerically the required spaces, algebras and opera-
tors. This, however, can be computationally demanding (the computation of
T in particular) and depends on the size and the complexity of the dynam-
ics for the system at hand. For this toy model, for example, we were able to
compute numerically the spaces of interest, N ⊥ and alg(N ⊥) as well as the
reduced Hamiltonian and noise operators only for N = 2, 3.

Specifically, for N = 2, 3 we numerically verified that

alg(N ⊥)=alg
(
{σ(j)

z }N
j=1 ∪ {σ(j)

x σ(j+1)
x }N−1

j=1

)
�C

2N−1×2N−1 ⊕ C
2N−1×2N−1

.

(28)

While the computational complexity of the numerical methods might
constrain us to reduce numerically only systems of small sizes, the intuition
we can develop for systems of small sizes, as well as the theoretical results we
developed in this work, allows us to extend some of the results theoretically to
larger systems. This is in fact the approach undertaken in the next subsection,
where we compute a sub-optimal reduced model that can provably be defined
for any system size N and is inspired by the numerical computations we just
described.

6.2.3. Sub-optimal Reduction for Any N . Although it may be difficult to ana-
lytically compute N ⊥, we can take inspiration from the numerically computed
∗-algebra given in (28) and define the algebra

A ≡ alg
(
{σ(j)

z }N
j=1 ∪ {σ(j)

x σ(j+1)
x }N−1

j=1

)

with N ≥ 2. We might then wonder if, at least, such an algebra contains N ⊥,
which would be a sufficient condition for reduction. The following Lemma
answers this question.
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Lemma 2. For the measured spin chain example described above and for A ,
we have:

1. span{Oj}2N

j=1 ⊂ A ;
2. A is L∗-, G∗

Dj
- and K∗

Cj
-invariant for all j = 1, . . . , N ;

3. alg(N ⊥) ⊆ A .

Proof. Let us start by defining A0 ≡ alg{σ
(j)
z }N

j=1 = span{Oj =
∣
∣j
〉〈

j
∣
∣}2N

j=1

where {|j〉}2N

k=1 forms the standard basis for H and Oj are the observables of
interest. By definition of A we have that A0 ⊂ A ; hence, span{Oj}N

j=0 ⊂ A .
To prove the second claim, we can observe that H ∈ A hence, A is

invariant under the action of [H, ·], i.e., [H,X] ∈ A for all X ∈ A . Similarly,
since Dj ∈ A , we have that A is also D∗

Dj
- and G∗

Dj
-invariant. It thus remains

to prove that A is K∗
Cj

- and D∗
Cj

-invariant. Let us first observe that for any op-

erator X ∈ B(H), we have QC∗
j XCjQ

∗ = C∗
j QXQ∗Cj where Q ≡ ∏N

j=1 σ
(j)
z .

Direct calculations lead to

QC∗
j XCjQ

∗ = F σ(j)
z σ

(j)
+︸ ︷︷ ︸

σ
(j)
+

X σ
(j)
− σ(j)

z︸ ︷︷ ︸
σ
(j)
−

F = Fσ
(j)
+ Xσ

(j)
− F

C∗
j QXQ∗Cj = σ

(j)
+ σ(j)

z︸ ︷︷ ︸
−σ

(j)
+

FXF σ(j)
z σ

(j)
−︸ ︷︷ ︸

−σ
(j)
−

= Fσ
(j)
+ Xσ

(j)
− F

where we defined F ≡ ∏
k 	=j σ

(k)
z for convenience. Then, since the super-

operators K∗
Cj

and S(X) ≡ QXQ∗ commute, they share the same eigen-
decomposition and, more importantly, every eigenspace of S is K∗

Cj
-invariant,

see, e.g., [35, Sec. V.B] or [26]. In particular, we shell note that the 1-eigenspace
of S coincides with {Q}′ = A and is K∗

Cj
-invariant. This proves that A is K∗

Cj
-

invariant. The proof of the fact that A is also D∗
Cj

-invariant follows from this
fact and from the fact that C∗

j Cj ∈ A .

From the first and second claim, we have that N ⊥ ⊆ A by Proposition
1, i.e., the fact that N ⊥ is the smallest operator space that contains span{Oj}
and that is L∗-, G∗

Dj
- and K∗

Cj
-invariant for all j. Then, by definition of alg

we have that alg(N ⊥) is the smallest operator ∗-algebra that contains N ⊥;
hence, N ⊥ ⊆ alg(N ⊥) ⊆ A . �

This lemma allows us to conclude that we can reduce the spin chain
quantum filter onto the algebra A , regardless of the number of spins N . Note
that we here only proved that alg(N ⊥) ⊆ A hence, in principle, there could be
smaller model than the one we compute next. We next show how to unitarily
obtain the Wedderburn decomposition of the operators in the algebra A , which
we need in order to find the reduced model.
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Lemma 3. Let us define the permutation matrix

P ≡ 14 + σx ⊗ 12 + 12 ⊗ σz − σx ⊗ σz =

⎡

⎢
⎢
⎣

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

⎤

⎥
⎥
⎦ ∈ C

4×4

and define, for any N ≥ 1, the unitary operator

UN =

{
12 if N = 1
(P ⊗ 12N−2)(12 ⊗ UN−1) if N ≥ 2

.

Then for all N :
1.

UNσ(j)
z U∗

N =

{
σ
(j)
z σ

(j+1)
z if j < N

σ
(N)
z if j = N

;

2. UNσ
(j)
x σ

(j)
x U∗

N = σ
(j+1)
x ;

3. UNA U∗
N = B(C2N−1

)
⊕

B(C2N−1
);4.

UNσ
(j)
− U∗

N =

{
1
2

[
σ

(0)
x σ

(1)
x . . . σ

(j−1)
x σ

(j)
x − iσ

(0)
x σ

(1)
x . . . σ

(j−1)
x σ

(j)
y σ

(j+1)
z

]
if j < N

σ
(0)
x σ

(1)
x . . . σ

(N−1)
x σ

(N)
− if j = N

.

Proof. Note that the fact that UN is unitary can be easily proven by induction.
The first claim of this lemma is also proven by induction. We start by proving
the case N = 2. Simple calculations show that

U2σ
(1,2)
z U∗

2 = P (σz ⊗ 12)P ∗ = σz ⊗ σz

U2σ
(2,2)
z U∗

2 = P (12 ⊗ σz)P ∗ = 12 ⊗ σz.

Now assume that UN−1σ
(j,N−1)
z U∗

N−1 = σ
(j,N−1)
z σ

(j,N−1)
z for j < N − 1 and

UN−1σ
(N−1,N−1)
z U∗

N−1 = σ
(N−1,N−1)
z . Then,

UNσ(1,N)
z U∗

N

= (P ⊗ 12N−2)(12 ⊗ UN−1)(σz ⊗ 12N−1)(12 ⊗ U∗
N−1)(P

∗ ⊗ 12N−2)

= P (σz ⊗ 12)P ∗ ⊗ 12N−2 = σz ⊗ σz ⊗ 12N−2 = σ(1,N)
z σ(2,N)

z ,

and, for j ≥ 2

UNσ(j,N)
z U∗

N

= (P ⊗ 12N−2)(12 ⊗ UN−1)(12 ⊗ σ(j−1,N−1)
z )(12 ⊗ U∗

N−1)(P
∗ ⊗ 12N−2)

= (P ⊗ 12N−2)(12 ⊗ σ(j−1,N−1)
z σ(j,N−1)

z )(P ∗ ⊗ 12N−2)

= (12 ⊗ σ(j−1,N−1)
z σ(j,N−1)

z ) = σ(j,N)
z σ(j+1,N)

z

concluding the proof of the third point.
The next point is also proven by induction. We then prove the base case

N = 2. Simple calculations show that U2σ
(1,2)
x σ

(2,2)
x U∗

2 = P (σx⊗σx)P ∗ = 12⊗
σx concluding the base case. Similar calculations show that P (σx ⊗ 12)P ∗ =
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σx ⊗ 12 and P (12 ⊗ σx)P ∗ = σx ⊗ σx which are useful in what comes next.
We then assume that UN−1σ

(j,N−1)
x σ

(j,N−1)
x UN−1∗ = σ

(j+1,N−1)
x and consider

UNσ(1,N)
x σ(2,N)

x U∗
N = (P ⊗ 12N−2)(12 ⊗ UN−1)(σx ⊗ σ(2,N−1)

x )

(12 ⊗ U∗
N−1)(P

∗ ⊗ 12N−2)

= (P ⊗ 12N−2)(σx ⊗ σ(1,N−1)
x )(P ∗ ⊗ 12N−2)

= (P ⊗ 12N−2)(σx ⊗ σx ⊗ 12N−2)(P ∗ ⊗ 12N−2)

= 12 ⊗ σx ⊗ 12N−2 = σ(2,N)
x

where we used the fact that UNσ
(j,N)
x U∗

N = σ
(j,N)
x which can also be proved

by induction, and, for j > 1:

UNσ(j,N)
x σ(j+1,N)

x U∗
N = (P ⊗ 12N−2)(12 ⊗ UN−1)(12 ⊗ σ(j−1,N−1)

x σ(j,N−1)
x )

(12 ⊗ U∗
N−1)(P

∗ ⊗ 12N−2)

= (P ⊗ 12N−2)(12 ⊗ σ(j,N−1)
x )(P ∗ ⊗ 12N−2)=σ(j+1,N−1)

x

which concludes the proof of the second statement.
The third claim is a direct consequence of the first two claims as, by

definition A = alg({σ
(j)
z }N

j=1 ∪ {σ(j)
x σ

(j+1)
x }N−1

j=1 ) and the fact that UNσ
(j)
z U∗

N

and UNσ
(j)
x σ

(j)
x U∗

N act on the first qubit either as the identity operator or as σz;
thus, the off-diagonal blocks must be zero, e.g., 〈k|⊗12N−1σ

(j)
x |l〉⊗12N−1 = 0.

The fourth claim is proven by induction as the first two claims and its
proof is here omitted. �

Using the previous lemma, not only do we know the Wedderburn de-
composition of the algebra, A =� C

2N−1×2N−1 ⊕ C
2N−1×2N−1

, but we can
also compute the reduced Hamiltonian and noise operators. Specifically, the
operators that define A , for any N have the form:

UNσ(1)
z U∗

N = σ(1)
z σ(2)

z =

[
σ
(1,N−1)
z 0

0 −σ
(1,N−1)
z

]

,

UNσ(j)
z U∗

N = σ(j)
z σ(j+1)

z =

[
σ
(j−1,N−1)
z σ

(j+1,N−1)
z 0

0 σ
(j,N−1)
z σ

(j+1,N−1)
z

]

,

j = 2, . . . , N − 1,

UNσ(N)
z U∗

N = σ(N)
z =

[
σ
(N−1,N−1)
z 0

0 σ
(N−1,N−1)
z

]

,

UNσ(j)
x σ(j)

x U∗
N = σ(j+1)

x =

[
σ
(j−1,N−1)
x 0

0 σ
(j−1,N−1)
x

]

j = 1, . . . , N − 1.
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Hence, the reduced Hamiltonian takes the form

Ȟ = UNHU∗
N = Ȟ1

⊕
Ȟ2 =

[
Ȟ1 0
0 Ȟ2

]

where

Ȟ1 =
N−1∑

j=1

δjσ
(j−1,N−1)
x + μ1σ

(1,N−1)
z +

N−1∑

j=2

μjσ
(j−1,N−1)
z σ(j,N−1)

z

+ μNσ(N−1,N−1)
z

Ȟ2 =
N−1∑

j=1

δjσ
(j−1,N−1)
x − μ1σ

(1,N−1)
z +

N−1∑

j=2

μjσ
(j−1,N−1)
z σ(j,N−1)

z

+ μNσ(N−1,N−1)
z ,

while the reduced measurement operators associated to homodyne-type mea-
surements are Ďj = UNDjU

∗
N = γjUNσ

(j)
z U∗

N . Note that, as expected, both
operators are block-diagonal in the basis defined by UN .

The noise operators associated to counting-type operators instead do not
belong to A and are thus not block diagonal in the basis provided by UN .
Nonetheless, they present a particular block structure that can be described
as follows:

Čj = UNCjU∗
N =

[
0 F

F 0

]

j < N

ČN = UNCNU∗
N =

[
0 σ

(0,N−1)
x . . . σ

(N−1,N−1)
x

σ
(0,N−1)
x . . . σ

(N−1,N−1)
x 0

]

where F = 1
2 [σ(0,N−1)

x . . . σ
(j−1,N−1)
x − iσ

(0,N−1)
x . . . σ

(j−2,N−1)
x σ

(j−1,N−1)
y

σ
(j,N−1)
z ]. Here, it is interesting to observe that the noise operators Cj have a

structure which is not block-diagonal in the basis given by UN , and yet they
leave the algebra alg(N ⊥) KCj

-invariant. This shows a departure from the
generalized QND example where all operators were block-diagonal in the same
basis. Furthermore, one should notice that this type of structure is only pos-
sible with operators associated to counting-type measurement as off-diagonal
blocks that are nonzero in measurement operators associated to homodyne-
type measurement would break the invariance of N ⊥.

If we then represent the state UNρU∗
N into its block-diagonal structure,

i.e.,

UNρU∗
N =

[
ρ0,0 ρ0,1

ρ1,0 ρ1,1

]

,

with ρj,k ∈ C
2N−1×2N−1

, the reduced density operator results to be

ρ̌ ≡ R(ρ) =
⊕

j=0,1

ρj,j =
[

ρ0,0 0
0 ρ1,1

]

.



T. Grigoletto et al. Ann. Henri Poincaré

The observables of interest also belong to the algebra by construction,
i.e., Oj ∈ A , and remain diagonal in the basis given by UN and thus can easily
be put in block-diagonal form Ǒ = UNOjU

†
N .

To conclude, for any number of qubits N , it is possible to reduce the
filter onto A obtaining a reduction of the dimension of the state by a factor
1/2 and, while it could be non-minimal, can be effectively computed for any
number of spins. Furthermore note that while the involved operators remain
of the same dimension as the original ones, the reduction comes from the fact
only the diagonal blocks of the state are populated at any time.

6.2.4. Numerical Simulations. In order to further test the validity of the re-
duced filter, we performed numerical simulations of the described model for
N = 4. The numerical experiments have been performed as follows. Starting
from a random initial condition ρ0 we simulated the stochastic evolution of the
filter using the technique proposed by [59] and obtaining a realization of the
quantum trajectory (ρt)t≥0 as well as the measurement records (Y j

t )t≥0 and
(N j

t )t≥0. Using the measurement records we then simulated the evolution of
the original quantum filter starting from the initial condition ρ0 and the evo-
lution of the reduced filter starting from the initial condition ρ̌0 and computed
the expectation values for the observables of interest 〈Oj(t)〉 and for the local
magnetization 〈σ(j)

z 〉. In Fig. 3 (first two rows) one can in fact observe that
the population obtained in the standard basis 〈Oj(t)〉 and local magnetization
〈σ(j)

z 〉 for both the full (dotted curves and empty circles) and reduced quantum
model (continuous curves) are identical; hence, as expected, the reduced filter
correctly reproduces the expectation of the observables of interest.

To conclude, since we have that A is L∗-, G∗
D- and K∗

Cj
- invariant, Propo-

sition 4 applies and hence F (ρ̌t, ρ̌
e
t ) − F (ρt, ρ

e
t ) ≥ 0. This is depicted in the

last row of Fig. 3 where the simulation has been run ten times with the origi-
nal filter initialized in a random density operator ρe

0 and the reduced filter has
been initialized ρ̌e

0 = R(ρe
0) while using the measurement records (Y j

t )t≥0 and
(N j

t )t≥0 computed from the evolution of the original filter initialized in ρ0.
One can see that the difference between the fidelity of the original model and
that of the reduced one is always greater than 0. This shows that the reduced
filter is less sensitive to initialization errors.

7. Conclusion and Outlook

In this paper, we presented a model reduction method for quantum filters that
is capable of exactly reproducing the stochastic processes associated to the ex-
pectations of observables of interest, while maintaining the reduced model in
the form of a quantum filtering equation. This ensures complete positivity and
trace preservation of the state evolution as well as physical interpretability.
The results derived here build on the notion of observability of linear systems
from control and system theory, and leverage results from quantum probabil-
ity, specifically the theory of non-commutative conditional expectations. The
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Figure 3. Numerical simulations for the measured spin chain
with N = 4, δj sampled from a Gaussian distribution with
mean 2 and standard deviation 0.2, μj sampled from a Gauss-
ian distribution with mean 1 and standard deviation 0.2, and
γj = γ and αj = α for all j. The left column shows a diffusive-
type evolution, i.e., γ = 0.5, α = 0, while the right column
shows a counting-type evolution, i.e., γ = 0, α = 4. From
top to bottom we have: Comparison of the population in the
standard basis versus time 〈Oj(t)〉 for the original (dots) and
reduced (continuous curves) filters; comparison of the local
magnetization versus time

〈
σ
(j)
z (t)

〉
for the original (empty

circles) and reduced (continuous curves) filters; difference be-
tween the fidelity between a filter initialized in the correct
initial condition ρ0 and a filter initialized in a random initial
condition ρe

0 for the original and reduced model
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method also offers a way to compute the minimal linear realization of the filter,
which is not necessarily in the form (10), but may be used for numerical sim-
ulation. While the numerical complexity of the proposed method might limit
the capability of reducing large models, the theoretical framework can still be
useful to derive sub-optimal reduced model that work even for large systems.
This has been showcased in a concrete example in Sect. 6.2.3.

This work significantly extends the findings of previous studies [35,37,38]
in several ways. First, the non-observable space defined and utilized in this
paper represents a non-trivial generalization of the non-observable subspace
introduced in [35]. Specifically, our framework incorporates the effects of con-
ditioning into the non-observable space, which were not accounted for previ-
ously. In particular, the presence of diffusion terms in the filtering equation,
which act as a stochastic input for a dynamical system, necessitates a novel
approach to defining the relevant invariant operator subspaces. Second, this
paper provides explicit methods for deriving the reduced Hamiltonian, noise
and measurement operators from their original counterparts. This addresses a
key open problem left unresolved in prior works.

Possible extensions of this work include developing a reduction method
based on the reachability analysis of the model, that is, leveraging the knowl-
edge of initial conditions. Since in many practical cases only a few initial
conditions are considered when studying or simulating a quantum system, one
can devise a dual approach to the one presented here that reduces quantum
models to the algebra that contain the trajectories of interest, see, e.g., [35,38].
Such an extension is, however, more challenging: first, one needs to introduce
distorted (or smeared) algebras to ensure that the subspaces on which one
projects are minimal, see [38] for more detail on the matter; second, as dis-
cussed in Sect. 2, the Girsanov change of measure necessary to connect the
linear stochastic evolution (10) and the SME (2) depends on the initial condi-
tion of the model, and this should be taken into account when considering a
reduction based on initial conditions.

Other extensions of this method include approximate model reduction
protocols that are still capable of guaranteeing the complete positivity and
preservation of total probability properties of the reduced model. These types
of approaches promise to have direct applications in practical scenarios, where
the reduced filters obtained through the exact method we propose here are
too large to be implemented. Lastly, to further develop these results toward
applications in feedback control, where the dynamics is made nonlinear by a
state-dependent Hamiltonian perturbation, it could be convenient to extend it
to a hybrid quantum-classical scenario, as those presented in [8,12].
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Appendix A. Reduction at the Operator Level

In this section we shall prove Proposition 2 by constructing the necessary
reduced operators. As in the rest of the paper we shall here focus only on
the case of orthogonal conditional expectations E|A = E|∗A . The fundamental
superoperators that appear in the SDE (5) and defined in equation (7) are all
linear in the state ρ but are either linear or quadratic in the operators that
parameterize them, that is H,C,D,L. In particular, we have that [H, ·] and
GD are linear in both the state and the operators H and D while DL and KC

are linear in ρ but quadratic in L and C.
We start by computing the reduced operators that define the superoper-

ators that are linear in both arguments, as they are simpler to derive. For that
purpose, we recall a useful result.

Proposition 5 [[35], Proposition 5]. Consider a ∗-subalgebra A of B(H) with
Wedderburn decomposition

A = U

(
K⊕

k=1

B(HF,k) ⊗ 1G,k

)

U∗ �
K⊕

k=1

B(HF,k) =: Ǎ .

Let then RA and JA be the CPTP factorization of the conditional expectation
E|A = JA RA as defined in equation (22). Then, for all A ∈ Ǎ and for all

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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X ∈ B(H), we have

RA (XJA (A)) = J ∗
A (X)A, RA (JA (A)X) = AJ ∗

A (X). (29)

Using this proposition, we can directly compute the reduced operators
for the terms [H, ·] and GD(·). Specifically, we have:

• RA [H,JA (ρ̌)] = [J ∗
A (H), ρ̌];

• RA GDJA (ρ̌) = RA (DJA (ρ̌) + JA (ρ̌)D∗) = J ∗
A (D)ρ̌ + ρ̌J ∗

A (D)∗ =
GĎj

(ρ̌).

This proves points (1) and part of point (3) of Proposition 2 with the reduced
Hamiltonian Ȟ = J ∗

A (H) ∈ Ǎ and with Ď ≡ J ∗
A (D). It thus remains to

prove points (2), (3) and (4). This requires the computation of the reduced
operators for the two quadratic superoperators DL and KC .

Lemma 4. Let A ⊆ B(H) and a decomposition H =
⊕K

k=1 HF,k ⊗ HG,k so
that we can write

A = U

(
K⊕

k=1

B(HF,k) ⊗ 1G,k

)

U∗.

Then, any operator X ∈ B(H) admits a decomposition of the form

X =
K∑

j,k=1

d∑

�=1

Vj(X
(j,k)
�,F ⊗ G

(j,k)
� )V ∗

k

where:
• Vk are non-square isometries Vk : Hk ≡ HF,k ⊗ HG,k → H such that

V ∗
k Vj = 1dim(Hk)δj,k and VkV ∗

j = δj,kΠHk
, with ΠHk

the orthogonal pro-
jector onto Hk;

• {G
(j,k)
� }dj,k

�=1 are orthonormal operator basis for B(HG,j ,HG,k), i.e.,
tr[G(j,k)∗

� G
(j,k)
f ] = δ�,f with dj,k = dim(HG,j) dim(HG,k);

• for convenience we fixed d ≡ maxj dim(HG,j)2 and X
(j,k)
�,F = 0 and

G
(j,k)
� = 0 for all � = dj,k + 1, . . . , d.

Proof. As mentioned above, for a unital algebra A ⊆ B(H), there exists a
decomposition of the Hilbert space H =

⊕K
k=1 HF,k ⊗ HG,k and a unitary

matrix U such that A = U
(⊕K

k=1 B(HF,k) ⊗ 1k

)
U∗ with 1k ∈ B(HG,k).

Such a decomposition of the Hilbert space induces a decomposition for B(H),
namely,

B(H) =
K⊕

j,k=1

B(HF,j ,HF,k) ⊗ B(HG,j ,HG,k)

where B(HF,j ,HF,k) (B(HG,j ,HG,k)) is the set of bounded operators from
HF,k to HF,j (from HG,k to HG,j respectively). Let us then denote by Vk

the non-square isometries Vk : Hk ≡ HF,k ⊗ HG,k → H such that V ∗
k Vj =

1dim(Hk)δj,k and VkV ∗
j = ΠHk

δj,k the orthogonal projector onto Hk. Then, for
any operator X ∈ B(H) we have X =

∑K
j,k=1 VjV

∗
j XVkV ∗

k since
∑K

j=1 VjV
∗
j =
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1dim(H) which, by defining Xj,k ≡ V ∗
j XVk ∈ B(Hj ,Hk), can be rewritten as

X =
∑K

j,k=1 VjXj,kV ∗
k .

Let us then consider an orthonormal operator basis {G
(j,k)
� }dj,k

�=1 for
B(HG,j ,HG,k), i.e., tr[G(j,k)∗

� G
(j,k)
f ] = δ�,f . Each Xj,k ∈ B(Hj ,Hk) can then

be represented by its operator Schmidt decomposition, i.e.,

Xj,k =
dj,k∑

�=1

X
(j,k)
F,� ⊗ G

(j,k)
�

with {X
(j,k)
F,� } ⊂ B(HF,j ,HF,k). To practically compute the operators X

(j,k)
F,�

one can construct two orthonormal vector basis {|φa〉} and {|ψb〉} for HF,j and
HF,k respectively, so that {∣∣φa

〉〈
ψb

∣
∣} forms an orthonormal operator basis for

B(HF,j ,HF,k) so that

X
(j,k)
F,� =

∑

a,b

∣
∣φa

〉〈
ψb

∣
∣ tr
[
(
∣
∣φa

〉〈
ψb

∣
∣⊗ G

(j,k)
� )∗Xj,k

]
,

which is simply a generalization of the partial trace for operator spaces of the
type B(Hj ,Hk) with Hj = HF,j ⊗ HG,j and Hk = HF,k ⊗ HG,k. To avoid
carrying with us the dependence of dj,k on the indexes j, k one can define
d ≡ maxj,k dj,k = maxj=1,...,N dim(HG,j)2 and complete the sets of operators
{X

(j,k)
F,� }dj,k

j=1 and {G
(j,k)
� }dj,k

�=1 with zeros operators until their cardinality is ex-
actly d. In this manner � = 1, . . . , d regardless of j and k. By composing the
two representations, we then obtain the statement. �

Similarly, we can obtain a natural representation for the reduced rep-
resentation of the algebra A , Ǎ ⊂ B(Ȟ) whose Wedderburn decomposition
is Ǎ =

⊕K
k=1 B(HF,k) with Ȟ =

⊕K
k=1 HF,k. Let us then denote by Wk

the non-square isometries Wk : HF,k → Ȟ, such that WjW
∗
k = ΠHF,k

δj,k

and W ∗
k Wj = 1dim(HF,k)δj,k. A density operator ρ̌ ∈ D(Ǎ ) is of the form

ρ̌ =
∑K

k=1 Wkρ̌kW ∗
k with each ρ̌k ≥ 0 and such that

∑K
k=1 tr[ρ̌k] = 1 while

any operator X̌ ∈ B(Ȟ) can be represented as

X̌ =
N∑

j,k=1

WjX̌j,kW ∗
k .

Let us now focus on the term KC for any C ∈ B(H). Because KC , RA

and JA are CP, we know that ǨC ≡ RA KCJA is CP and thus admits a
Kraus representation ǨC(ρ̌) =

∑
j Čj ρ̌Č∗

j for a set of Kraus operators {Čj} ⊂
B(Ȟ). We now want to obtain one possible set {Čj} starting from C and the
Wedderburn decomposition of A .

Notice that: (1) there are clearly multiple, equivalent Kraus representa-
tions of ǨC and (2) the reduction does not necessarily preserve the Kraus rank,
i.e., the Kraus rank of ǨC might be greater or equal than the Kraus rank of
KC . This means that, in general, the cardinality of {Čj} could be greater than
1.
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e = −2 e = −1 e = 0 e = 1 e = 2

Figure 4. Pictorial representation of the block-diagonal in-
dex e ∈ [−N + 1, N − 1] of the principal block diagonals

Among all possible representations of the reduced map ǨC we decided, for
convenience, to use a representation where the Kraus operators are (principal)
block diagonals. For this reason before the next important result we introduce
the block-diagonal index e. Let N be the number of blocks in the Wedderburn
decomposition of Ǎ (and thus of A ), i.e., j = 1, . . . , N . We can now define the
principal block-diagonal index e ≡ k − j and observe that e ∈ [−N +1, N −1].
In order to specify a single block of X̌ we can specify either its row j and
column k position or, equivalently, its column k and its principal diagonal e,
since j = k−e. Once a block-diagonal index e is specified, the possible column
indexes are max(1, 1 + e) ≤ k ≤ min(N,N + e). This means that we can
equivalently rewrite any operator X̌ ∈ B(Ȟ) as

X̌ =
K∑

j,k=1

WjX̌j,kW ∗
k =

N−1∑

e=−N+1

min(N,N+e)∑

k=max(1,1+e)

Wk−eX̌k−e,kW ∗
k .

This description divides the operator X̌ into its principal components as de-
picted in Fig. 4. In particular we find that e = 0 is associated with the main
block diagonal, i.e., the blocks X̌k,k, while e > 0 is associated with upper
diagonals and e < 0 is associated with lower diagonals.

We are now finally ready for the following proposition.

Proposition 6. Let KC be the CP map K(ρ) ≡ CρC∗ and let

C =
K∑

j,k=1

d∑

�=1

Vj(C
(j,k)
�,F ⊗ G

(j,k)
� )V ∗

k

be the representation of the Kraus operator C ∈ B(H) induced by the Wed-
derburn decomposition of A as above. Then, the reduced CP map ǨC ≡
RA KCJA , with ρ̌ =

∑K
k=1 Wkρ̌kW ∗

k , can be written as

ǨC(ρ̌) =

N−1∑

e=−N+1

d∑

�=1

KČ�,e
(ρ̌)

=

N−1∑

e=−N+1

d∑

�=1

Č�,eρ̌Č∗
�,e with Č�,e =

min(N,N+e)∑

k=max(1,1+e)

Wk−e

C
(k−e,k)
�,F

dim(HG,k)
1
2

W ∗
k .
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Proof. The application of the injection map JA to ρ̌ gives JA [ρ̌] =
∑

h Vh

(
ρ̌h ⊗ 1h

dim(HG,h)

)
V ∗

h . We can then compute

ǨC [ρ̌]

= RA

⎡

⎢
⎢
⎢
⎣

K∑

j,k,
h,s,
t=1

d∑

�,u=1

Vj(C
(j,k)
�,F ⊗ G

(j,k)
� ) V ∗

k Vh︸ ︷︷ ︸
1dim(Hh)δk,h

(

ρ̌h ⊗ 1h

dim(HG,h)

)

V ∗
h Vt︸ ︷︷ ︸

1dim(Hh)δh,t

(C(s,t)∗
u,F ⊗ G(s,t)∗

u )V ∗
s

⎤

⎥
⎦

= RA

⎡

⎣
K∑

j,h,s=1

d∑

�,u=1

Vj

(

C
(j,h)
�,F ρ̌hC

(s,h)∗
u,F ⊗ G

(j,h)
� G

(s,h)∗
u

dim(HG,h)

)

V ∗
s

⎤

⎦

=
K∑

k,j,h,s=1

d∑

�,u=1

Wk trHG,k

⎡

⎢
⎢
⎢
⎣

V ∗
k Vj
︸ ︷︷ ︸

1dim(Hk)δk,j

⎛

⎜
⎜
⎜
⎝

L
(j,h)
�,F ρ̌hL

(s,h)∗
u,F

︸ ︷︷ ︸
∈B(HF,k)

⊗ G
(j,h)
� G

(s,h)∗
u

dim(HG,h)
︸ ︷︷ ︸

∈B(HF,k)

⎞

⎟
⎟
⎟
⎠

V ∗
s Vk︸ ︷︷ ︸

1dim(Hk)δs,k

⎤

⎥
⎦W ∗

k

=
K∑

k,h=1

d∑

�,u=1

Wk

C
(k,h)
�,F ρ̌hC

(k,h)∗
u,F

dim(HG,h)
tr
[
G

(k,h)
� G(k,h)∗

u

]

︸ ︷︷ ︸
δ�,u

W ∗
k

=
K∑

k,h=1

d∑

�=1

Wk

C
(k,h)
�,F ρ̌hC

(k,h)∗
�,F

dim(HG,h)
W ∗

k .

On the other hand:

N−1∑

e=−N+1

d∑

�=1

Č�,eρ̌Č∗
�,e

=

N−1∑

e=−N+1

d∑

�=1

⎛

⎝
min(N,N+e)∑

s=max(1,1+e)

Ws−e

C
(s−e,s)
�,F

dim(HG,s)
1
2

W ∗
s

⎞

⎠

(
K∑

h=1

Whρ̌hW ∗
h

)

⎛

⎝
min(N,N+e)∑

t=max(1,1+e)

Wt

C
(t−e,t)∗
�,F

dim(HG,t)
1
2

W ∗
t−e

⎞

⎠

=

N−1∑

e=−N+1

d∑

�=1

K∑

h=1

min(N,N+e)∑

s,t=max(1,1+e)

Ws−e

C
(s−e,s)
�,F

dim(HG,s)
1
2

W ∗
s Wh

︸ ︷︷ ︸
1δs,h

ρ̌h W ∗
hWt

︸ ︷︷ ︸
1δs,t

C
(t−e,t)∗
�,F

dim(HG,t)
1
2

W ∗
t−e
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=

N−1∑

e=−N+1

min(N,N+e)∑

h=max(1,1+e)

dh−e,h∑

�=1

Wh−e

C
(h−e,h)
�,F ρ̌hC

(h−e,h)∗
�,F

dim(HG,h)
W ∗

h−e

=
K∑

k,h=1

d∑

�=1

Wk

C
(k,h)
�,F ρ̌hC

(k,h)∗
�,F

dim(HG,h)
W ∗

k

where in the last line we substituted k = h − e. This concludes the proof. �

Example 1. To provide better intuition on how the reduced operators are con-
structed, we consider here a simple example. Consider four finite-dimensional
Hilbert spaces HF,j ,HG,j with j = 1, 2, dim(HF,1) = dim(HF,2) and dim
(HG,1) = dim(HG,2). Assume that the total Hilbert space is given by H =
⊕2

j=1 HF,j ⊗HG,j and consider the unital algebra A ⊂ B(H) whose Wedder-
burn decomposition is A =

⊕2
j=1 B(HF,j) ⊗ 1G,j . Consider then a CP map

KC(ρ) = CρC∗ with Kraus operator C ∈ B(H) constructed as follows:

C =
[

F1,1 ⊗ G1,1 F1,2 ⊗ G1,2

F2,1 ⊗ G2,1 F2,2 ⊗ G2,2

]

with generic operators Fj,k ∈ B(HF,j) and Gj,k ∈ B(HF,j). The reduced CP
map ǨC(ρ̌) ≡ RA KCJA (ρ̌) can be written in Kraus form as

ǨC(ρ̌) =
1∑

e=−1

KČe
(ρ̌) =

1∑

e=−1

Čeρ̌Č∗
e

with

Č−1 =
[

0 0
γ2,1F2,1 0

]

, Č0 =
[

16γ1,1F1,1 0
0 γ2,2F2,2

]

, Č1 =
[

0 γ1,2F1,2

0 0

]

where γj,k = tr[G∗
j,kGj,k]

1
2

dim(HG,k)
1
2

. �

Let us denote with X the map that takes the noise operator C and
returns the set X (C) ≡ {Č�,e}�,e defined in Proposition 6, and such that
ǨC(ρ̌) =

∑
Č∈X (C) Čρ̌Č∗.

Clearly, for CP maps with Kraus rank > 1, i.e., Ψ(ρ) =
∑

j CjρC∗
j , it

holds that, RA ΨJA [ρ̌] =
∑

j

∑
Č∈X (Cj)

Čρ̌Č∗ by linearity. One can further
verify that if Ψ is CPTP then, since RA ,JA are CPTP then RA ΨJA is
CPTP, and thus

∑
j

∑
Č∈X (Cj)

Č∗Č = 1. This solves the problem, left open in
[38], of finding the reduced operators in Kraus representation for the reduction
of a CPTP map Ψ.

The connection between the map X and the map J ∗
A we used for linear

terms follows from the next corollary.

Corollary 4. Under the assumptions of Proposition 6, and assuming, without
loss of generality, that G

(j,j)
1 =

1HG,j

dim(HG,j)
1
2
, we have that J ∗

A (C) ∈ X (C).

Moreover, if C ∈ A , we have X (C) = {J ∗
A (C)}.
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Proof. Note that, by picking the basis {G
(j,k)
� } so that G

(j,j)
1 is proportional

to 1HG,j for all j, we have tr[G(j,j)
� ] = 0 for all � �= 1 and for all j = 1, . . . , N .

Considering then C =
∑K

j,k=1

∑d
�=1 Vj(C

(j,k)
�,F ⊗ G

(j,k)
� )V ∗

k and recalling that

J ∗
A (X) =

K∑

q=1

WqtrHG,q

[

V ∗
q XVq

(

1HF,q
⊗ 1HG,q

dim(HG,q)

)]

W ∗
q

we have:

J ∗
A (C) =

K∑

j,k,q=1

d∑

�=1

WqtrHG,q

⎡

⎢
⎣V ∗

q Vj
︸ ︷︷ ︸
1δj,q

(C(j,k)
�,F ⊗ G

(j,k)
� )V ∗

k Vq
︸ ︷︷ ︸
δk,q

(

1dim(HF,q) ⊗ 1dim(HG,q)

dim(HG,q)

)
⎤

⎥
⎦W ∗

q

=
K∑

q=1

d∑

�=1

WqtrHG,q

[

C
(q,q)
�,F ⊗ G

(q,q)
�

dim(HG,q)

]

W ∗
q =

K∑

q=1

d∑

�=1

Wq

C
(q,q)
�,F

dim(HG,q)
tr
[
G

(q,q)
�

]

︸ ︷︷ ︸
δl,1tr[G

(q,q)
1 ]

W ∗
q

=
K∑

q=1

Wq

C
(q,q)
1,F

�����dim(HG,q)
�����tr[1HG,q

]

dim(HG,q)
1
2
W ∗

q =
K∑

q=1

Wq

C
(q,q)
1,F

dim(HG,q)
1
2
W ∗

q = Ľ1,0.

The second statement follows directly from the fact that L ∈ A implies L =
∑

k Vk(L(k,k)
1,F ⊗ G

(k,k)
1 )V ∗

k . �
Proposition 6 proves the first half of point (4) of Proposition 2 and we

next focus on the terms DL and ĎL = RA DLJA for which the following
lemma comes useful.
Lemma 5. Under the assumptions of Proposition 6, we have

∑
Ľ∈X (L) Ľ∗Ľ =

J ∗
A (L∗L).

Proof. Recalling that L =
∑K

j,k=1

∑d
�=1 Vj(L

(j,k)
�,F ⊗ G

(j,k)
� )V ∗

k we have

J ∗
A (L∗L) =

K∑

j,k,s,t=1

d∑

�,u=1

J ∗
A

⎡

⎢
⎢
⎢
⎣

Vk(L
(j,k)∗
�,F ⊗ G

(j,k)∗
� ) V ∗

j Vs
︸ ︷︷ ︸

1Hj
δj,s

(L
(s,t)
u,F ⊗ G

(s,t)
u )V ∗

t

⎤

⎥
⎥
⎥
⎦

=
K∑

j,k,t=1

d∑

�,u=1

J ∗
A

[
Vk(L

(j,k)∗
�,F L

(j,t)
u,F ⊗ G

(j,k)∗
� G

(j,t)
u )V ∗

t

]

=

K∑

j,k,t,q=1

d∑

�,u=1

WqtrHG,q

⎡

⎢
⎢
⎢
⎣

V ∗
q Vk
︸ ︷︷ ︸

1Hq δq,k

(

L
(j,k)∗
�,F L

(j,t)
u,F ⊗ G

(j,k)∗
� G

(j,t)
u

dim(HG,q)

)

V ∗
t Vq
︸ ︷︷ ︸

1Hq δq,t

⎤

⎥
⎥
⎥
⎦

W ∗
q
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=

K∑

j,q=1

d∑

�,u=1

WqtrHG,q

[

L
(j,q)∗
�,F L

(j,q)
u,F ⊗ G

(j,q)∗
� G

(j,q)
u

dim(HG,q)

]

W ∗
q

=
K∑

j,q=1

d∑

�,u=1

Wq

L
(j,q)∗
�,F L

(j,q)
u,F

dim(HG,q)
tr
[
G

(j,q)∗
� G

(j,q)
u

]

︸ ︷︷ ︸
δ�,u

W ∗
q =

K∑

j,q=1

d∑

�=1

Wq

L
(j,q)∗
�,F L

(j,q)
�,F

dim(HG,q)
W ∗

q .

On the other hand, instead we have:

N−1∑

e=−N+1

d∑

�=1

Ľ∗
�,eĽ�,e

=
N−1∑

e=−N+1

d∑

�=1

min(N,N+e)∑

s,t=max(1,1+e)

Ws−e

L
(s−e,s)∗
�,F

dim(HG,s)
1
2

W ∗
s Wt︸ ︷︷ ︸
δs,t

L
(t−e,t)
�,F

dim(HG,t)
1
2
W ∗

t−e

=
N−1∑

e=−N+1

d∑

�=1

min(N,N+e)∑

s=max(1,1+e)

Ws+e

L
(s−e,s)∗
�,F L

(s−e,s)
�,F

dim(HG,s)
W ∗

s−e

=
K∑

k,s=1

d∑

�=1

Ws

L
(k,s)∗
�,F L

(k,s)
�,F

dim(HG,s)
W ∗

s

where we substituted s−e = k, which confirms that
∑

Ľ∈X (L) Ľ∗Ľ = J ∗
A (L∗L). �

We are now ready to compute the reduced noise operators for the dissi-
pative terms of the type DL.

Proposition 7. Under the assumptions of Proposition 6, given DL(ρ) = LρL∗−
1
2{L∗L, ρ}, we have ĎL(ρ̌) = RA DLJA (ρ̌) =

∑
Ľ∈X (L) DĽ(ρ̌).

Proof. Combining Propositions 5, 6 and Lemma 5, we have

ĎL(ρ̌) ≡ JA DLRA (ρ̌) =
∑

Ľ∈X (L)

Ľρ̌Ľ∗ − 1
2
{J ∗

A (L∗L), ρ̌}

=
∑

Ľ∈X (L)

Ľρ̌Ľ∗ − 1
2
{Ľ∗Ľ, ρ̌} =

∑

Ľ∈X (L)

DĽ(ρ̌).

�

With this, we have a description of the reduced Lindblad generator Ľ in
terms of the defining operators, namely

Ľ(·) = −i[Ȟ, ·] +
m∑

j=1

∑

Ľ∈X (Lj)

DĽ(·) +
p∑

j=1

∑

Ď∈X (Dj)

DĎ(·) +
q∑

j=1

∑

Č∈X (Cj)

DČ(·)

(30)
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Notice that this solves the problem left open in [35] of finding the reduced
description of the noise operators in the general case, e.g., in the presence of
weak (not strong) symmetries.

In summary, the proof of Proposition 2 then follows from direct applica-
tions of the Propositions shown in this subsection.

Proof of Proposition 2. Point (1) follows from Proposition 5, with Ȟ =J ∗
A (H).

Similarly, point (2) follow from Proposition 7 with {Ľk} = X (L). Point (3)
follows from Proposition 5, Proposition 7 and Corollary 4 with Ď = J ∗

A (D)
and {Ď′

k} = X (D)/{J ∗
A (D)}. To conclude, point (4) follows from Proposition

7 and Proposition 6 with {Čk} = X (C). �
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