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Abstract

With the advent of precision cosmology, it is possible to test in an extremely accurate
way a variety of theories which describe the history of our Universe. The Planck ex-
periment has been able to detect with high signiőcance the anisotropies of the Cosmic
Microwave Background, measuring the parameters that characterize the Standard Model
of Cosmology. However, a conclusive proof that inŕation took place in the early Universe
has not been found yet. The inŕationary stochastic background, which would be a decisive
evidence of the inŕationary epoch, has not been discovered neither by looking at the po-
larization of the B-modes of the CMB or by a direct detection of a stochastic signal by the
LIGO-Virgo-KAGRA collaboration. The recent observation of a stochastic background by
the International Pulsar Timing Array collaboration raises the tantalizing hypothesis of a
detection of a primordial signal, but the measurement is not precise enough to establish
if this signal has a cosmological or astrophysical genesis. Future surveys of gravitational
waves will improve the current sensitivities to stochastic backgrounds, therefore it is likely
that in the incoming decades stochastic backgrounds will be detected in a very accurate
way. Therefore, one one the main goals of theoretical cosmology and astrophysics is the
characterization of stochastic backgrounds, in order to analyze properly the future data.
Stochastic backgrounds are expected to be dominated by a homogeneous and isotropic
contribution and to exhibit tiny anisotropies of the order 10−2 − 10−5. This is consis-
tent with the Cosmological Principle, which states that the Universe is homogeneous and
isotropic, when smoothed over sufficiently large scales. In this Thesis, we describe from a
theoretical and observational perspective the anisotropies of cosmological and astrophys-
ical background, characterizing their features, like the dependence on the frequency and
angular scale considered, and forecasting their detectability.

In this dissertation, we compute the anisotropies of stochastic backgrounds for three
sources of primordial gravitational waves: the quantum ŕuctuations of the metric during
inŕation, primordial black holes and phase transitions. All these mechanisms produce grav-
itational waves at energy scales much larger than the ones of particle experiments, therefore,
because of the decoupling of gravitational interactions at early times, which makes the Uni-
verse transparent to gravitational waves, the cosmological background is a unique probe
that keeps track of the physics at temperatures typical of Grand Uniőed Theories. The
angular power spectrum of the cosmological background can be computed by introducing
a distribution function for the primordial graviton and solving the Boltzmann equation in
our perturbed Universe. The solution of this equation shows that the anisotropies are due
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to the initial conditions on the distribution function and to the propagation of the gravi-
tational waves through the large-scale perturbations of the metric encountered along their
paths. We evaluate the initial conditions for the background generated by the quantum
ŕuctuations during inŕation, őnding that a large amount of non-adiabatic initial conditions
are present. This peculiar term generates an enhancement of the angular power spectrum
by an order of magnitude, making easier the detection with future interferometers. For the
case of a cosmological background generated by primordial black holes we őnd that a large
amount of non-Gaussianity could also amplify the anisotropies by orders of magnitude. In
this Thesis, we compute then the contribution to the angular power spectrum due to the
propagation of gravitons through the perturbed Universe, obtaining the interesting result
that it is sensitive to the fractional energy density of relativistic and decoupled species at
the production. Since the production of cosmological signals takes place at temperatures
much higher than the ones accessible by modern colliders, the distribution of gravitons
in the sky could be used to test theories Beyond the Standard Model of Particle Physics.
At large angular scales, gravitons and the photons of the Cosmic Microwave Background
follow similar geodesics, therefore a large correlation between these two probes is expected.
A computation of the angular power spectrum of the cross-correlation of these two signals
shows that this is actually the case and the correlation is about 1 for the őrst ten mul-
tipoles. This close relation could be used in the future to test in a very robust way the
large-scale structure of the Universe.

The Astrophysical Gravitational Wave Background considered in this work is generated
by the superposition of the gravitational waves emitted by the black hole binaries in the sky
which are too weak to be individually resolved. Its angular power spectrum contains three
different sources of anisotropies: the intrinsic, the shot noise and the kinetic ones. The
intrinsic anisotropies are due to pertubations of the number of sources in the sky and of
the geodesics of gravitons. They can be estimated by using the Cosmic Rulers formalism,
which accounts for all these effects by adopting gauge invariant quantities. The shot
noise is induced by Poisson ŕuctuations in the discrete number of emitters of gravitational
waves and it has a ŕat angular power spectrum. The kinetic anisotropies consist in a dipole
generated by the relative velocity between the observer and the rest frame of the sources and
it is typically and order of magnitude larger and smaller than the intrinsic anisotropies and
the shot noise respectively. Although the homogeneous and isotropic contribution to the
astrophysical background has zero circular polarization in General Relativity, because of
the isotropic distribution of the inclination angle of the binaries, the shot noise ŕuctuations
in the signal generate a non-vanishing V Stokes parameter which could be detected by the
network Einstein Telescope and Cosmic Explorer with signal-to-noise ratio larger than 2
in one year of observations. We provide a characterization of this new signal, showing
how its angular and frequency dependence could be very powerful tools to subtract it
in order to measure a cosmological polarized background. The intrinsic, shot noise and
kinetic anisotropies exhibit different frequency dependences above 100Hz, because at each
frequency binaries in distinct stages of the evolution and at separate distances contribute,
weighting (in redshift) differently the three contributions to the anisotropies. The speciőc
scalings with the frequency of the intrinsic, kinetic e shot noise anisotropies could be used to
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separate the individual components from the total angular power spectrum. In particular,
the kinetic dipole could be reconstructed with signal-to-noise ratio larger than three in ten
years of observation, giving better constraints on our peculiar motion than other probes,
such as galaxy surveys.

The impressing progresses that could be done in theoretical physics and in the compre-
hension of the early and late Universe through the characterization of the anisotropies of
cosmological and astrophysical backgrounds of gravitational waves indicate that this őeld
could be one of the most important to increase our knowledge in the future.
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Preface

This Thesis collects the results of the research activity conducted during the three years
of my Ph. D. at the Department of Physics and Astronomy łGalileo Galileiž, University of
Padova, Italy, under the supervision of Prof. Angelo Ricciardone.

In Chapter 1 we have carried out a survey of stochastic backgrounds of gravitational
waves, showing the main statistical properties of these signals and the current detection
strategies, providing also the most recent constraints at different frequencies.
In Chapter 2 we have outlined the main characteristics of the ΛCDM model, summarizing
the features of the particle content and of the geometry of the Universe, focusing in par-
ticular on their departure from homogeneity and isotropy.
In Chapter 3 we have introduced the Boltzmann approach to compute the anisotropies of
the SGWB of cosmological origin, providing also a description of the primary candidates
which can source a primordial signal. During my visiting at the Institute for Theoretical
Particle Physics and Cosmology, RWTH Aachen University, Germany, we have developed
an optimized code GW_CLASS, presented in [1], to compute the anisotropies of cosmological
backgrounds.
In Chapter 4 we have computed the initial conditions for any inŕationary gravitational
wave background. These calculations are based on the results I have obtained in [2]. We
have provided also a shorter computation of the initial conditions for other sources of cos-
mological backgrounds, according to what has been done in [1].
In Chapter 5 we have presented the őrst numerical predictions of the angular power spec-
trum of the cosmological background we have found in [3], where we have investigated also
the impact of relativistic and decoupled degrees of freedom at high temperatures on the
anisotropies of gravitons. In this chapter, we have extended the numerical computation
of [3] by using the optimized code GW_CLASS developed in [1].
In Chapter 6 we have explored the cross-correlation between the cosmological backgrounds
and the Cosmic Microwave Background, utilizing the outcomes of the letter [4].
In Chapter 7 we have overviewed the stochastic background of astrophysical origin. In this
chapter we have listed the most important features of a code authored by me to compute
the homogeneous and isotropic part and the anisotropies of astrophysical backgrounds,
which will be extensively used in the next two chapters.
In Chapter 8 we have recapped the outcomes about the circular polarization of the astro-
physical background achieved in the letter [5], written during the period I spent at the
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Research Center for the Early Universe, University of Tokyo, Japan.
In Chapter 9 we have studied the dipole of the astrophysical background, following [6]. In
this chapter we have described also the őrst, in the context of the anisotropies of stochastic
gravitational wave backgrounds, component separation technique based on the different fre-
quency dependence of the contributions to the angular power spectrum. We have adopted
this method to reconstruct, with high accuracy, our peculiar motion.
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Introduction

In less than ten years from the őrst direct detection of a gravitational wave (GW) signal
by the LIGO-Virgo-KAGRA (LVK) collaboration [7], substantial improvements have been
achieved. After the third observing run (O3), the LVK collaboration has been able to
detect more than 90 GW signals generated by the merging of binary black hole (BBH),
binary neutron star (BNS) and black hole-neutron star systems (BHNS) [8], supplying
information about the population of astrophysical binaries and General Relativity (GR).
Furthermore, the recent detection of a stochastic background of GWs (SGWB) in the
nHz band by the Pulsar Timing Array (PTA) collaboration [9, 10, 11, 12], conőrmed
the power of GW observatories to understand our universe in a very unique fashion. In
addition, many ground- and space-based detectors are planned to be built in the incoming
decades. The third-generation interferometers Einstein Telescope (ET) [13] and Cosmic
Explorer (CE) [14] are expected to detect around 105 − 106 mergers of compact objects of
stellar masses in the deca-Hertz frequency band, while space-based missions like LISA [15]
and Taiji [16] will search for GWs in the mHz band. The most advanced and futuristic
detectors BBO [17] and DECIGO [18], which operates in the dHz range, are presumed
to be sensitive to the weakest gravitational signals from the very early Universe. The
increasing in sensitivity requires at the same time an exhaustive characterization of the
SGWBs, therefore it is crucial to have a theoretical understanding of the sources and of
the properties of stochastic backgrounds that could be inspected by these future surveys.

Different mechanisms which take place in the early Universe, such as inŕation [19],
phase transitions [20], cosmic strings [21, 22], second-order scalar perturbations [23] or
vector őelds [24], can generate a stochastic background of cosmological origin (CGWB) with
amplitudes large enough to be detected by future interferometers. The peculiar frequency
spectra of the waves sourced by these different phenomena, could help the comprehension
of the physics operating at very high energy scales, allowing to distinguish the epoch
of the production of the background and the features of the processes which originate
the CGWBs. For instance, the detection of an inŕationary CGWB would be a conclusive
proof of inŕation. On the other hand, waves from phase transitions or cosmic strings would
improve our knowledge of the content of the Universe and of the fundamental interactions
at energies larger than the ones accessible by modern colliders, sheding light on the physics
Beyond the Standard Model. The different frequency bands spanned by the future earth-
and space-based interferometers will allow to constrain the models which could source the
CGWBs. Since these primordial GWs started propagating at early times, the observed
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spectra are not just related to the properties of the sources, but also to the chronology
of the Universe, making clear that there is a deep connection between study of SGWB
(and GWs in general) and cosmology. The deep relation between these two branches of
physics implies automatically that SGWBs could be used as an additional observable to
gain information on the unsolved problems in the description of our Universe.

Since the detection of the Cosmic Microwave Background (CMB) in 1965 [25], enormous
theoretical and experimental progresses have been made in cosmology, which has led to
the formulation of the ΛCDM model. This model represents, nowadays, the most accurate
description of the content and expansion history of our Universe. One of the main pillars
of the Standard Model of Cosmology is the assumption that the Universe is homogeneous
and isotropic on large angular scales, exhibiting anisotropies of approximately 1 part in
105. CMB observations have supported these hypotheses [26], although some anomalies
have been noticed in the WMAP [27] and Planck [28] data on large scales. On the other
hand, the cosmic history of the Universe is well explained by the Hot Big Bang Model [29],
which describes the evolution over time of the abundance of cosmological relics in terms
of the physics of the fundamental interactions and General Relativity. Nevertheless, this
model alone cannot account for the homogeneity, isotropy and ŕatness of our Universe.
Therefore inŕation, a period of accelerated expansion that occurred in the very early times,
was introduced [30, 31, 32, 33]. The great ŕexibility of the inŕationary paradigm makes it
extremely challenging to conőrm (or falsify) inŕation. As a result, numerous attempts have
been made to validate the most exciting theory of the last century. For instance, upper
limits on the amplitude of inŕationary CGWBs have been set by the non-observation of
the B-mode polarization of the CMB [34] and could also be put by the direct measurement
of the SGWB by future interferometers.

The homogeneity and isotropy of the Universe on large scales is reŕected also in the
spatial features of CGWBs, which are presumed to display a dominant term (i.e., the
monopole), which depends just on the frequency, and small anisotropies which are sup-
pressed by a factor 10−3−10−5 w.r.t. the leading contribution. The amount of anisotropies
is quantiőed by the excess in the intensity (or in any other Stokes parameter) along a given
direction of observation w.r.t. the value averaged over the whole celestial sphere. The fre-
quency f of the GWs considered stays within the band of PTA, ground- and space-based
detectors, f ∈ [10−9, 103] Hz, while the inhomogeneities considered are generated in regions
separated by distances of the order of r0∆Ω, with the distance between the observer and the
surface of production of the background and the angular scales of the anisotropies equal to
r0 ≈ 104Mpc and ∆Ω ≈ π/ℓ, with ℓ the multipole of the angular power spectrum. Since
2πc/r0∆Ω ≪ f , in our framework we are considering the anisotropies of GWs of small
wavelenghts, generated by perturbations of the spacetime on much larger scales. The most
convenient technique to compute the angular power spectrum of CGWB anisotropies is
to introduce a distribution function for the stochastic GWs, which can be treated, in the
limit of high frequencies, as collisionless and massless particles (gravitons) [35, 36, 37], and
to solve the Boltzmann equation in the perturbed Universe [38, 39, 40]. As it happens for
the CMB [41, 42], the anisotropies of the CGWB are imprinted at the production, due to
spatial inhomogeneities in the energy density at that time, and during the free-streaming,
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as a consequence of the redshift of gravitons due to the potential wells encountered along
their geodesics. In Chapter 3 we will discuss the deőnition of the graviton distribution
function, the initial time of propagation and the Boltzmann equation.

The initial overdensity of GWs at the time of the cosmological background production
strongly depends on the source. For adiabatic perturbations, the computation is similar to
the CMB case [42], up to a factor which depends on the spectral tilt of the CGWB at the
pivot frequency at which the anisotropies are computed. The adiabatic initial conditions
for cosmological gravitons have been inspected in [4, 1] and presented in this Thesis in
Chapter 4. Unlike many other cosmological relics, the initial conditions of the CGWB
originated by the quantum ŕuctuations of the metric during inŕation are not adiabatic,
because they are not generated by the same őeld which produces photons, baryons, neu-
trinos and, eventually, Cold Dark Matter (CDM). The computation of these non-adiabatic
initial conditions has been performed in [5], adopting the original approach of evaluating
the overdensity of gravitons at early times starting from the perturbed energy-momentum
tensor of the gravitational őeld. These results will also be presented in Chapter 4, where
we will show how this peculiar contribution could increase the angular power spectrum
of the CGWB by an order of magnitude. A small section of this chapter is dedicated
to quantifying the initial conditions for scalar-induced GWs in the case of non-Gaussian
perturbations, following [23].

The anisotropies due to the propagation of gravitons through a perturbed Universe
consist in the standard Sachs-Wolfe (SW) and Integrated Sachs-Wolfe (ISW) terms [43],
which are the redshifts experienced by gravitons at their production and during their
free-streaming respectively. An interesting aspect is that the decoupling of gravitational
interactions at early times [37] allows to test the content of the Universe at much earlier
times than the CMB, baryons and neutrinos, which were tightly coupled until recombi-
nation, thus any trace of early-times physics has been erased by the scatterings [42]. In
Chapter 5, details on the numerical computation of these two effects for the primordial
GWs have been reported, showing that the angular power spectrum of the CGWB is sen-
sitive to the particle content of the Universe at energy scales larger than 1012GeV. The
results, derived for the őrst time in [3], have been improved by optimizing the Boltzmann
solver Cosmic Linear Anisotropy Solving System (CLASS) [44, 45] in the branch GW_CLASS

presented in [1]1. The sensitivity of the CGWB to other parameters (e.g., the equation of
state of the Universe) which affect the evolution of the perturbations of the Universe at
early times has been studied in [46].

Gravitons and photons propagate along null geodesics, thus it is natural to expect
that a large correlation is present between (the sky maps of the) two signals, since, at
large angular scales, the paths followed by light and GWs are the same. Under adiabatic
initial conditions, the correlation between the CMB and the CGWB is almost one, up to
ℓ = 10 [4]. Such a strong correlation implies that, by using the observed CMB maps, it is
possible to predict the expected CGWB uniquely through constrained realizations [4]. Such
constrained maps are extremely useful for testing foregrounds or systematic contaminations

1The branch is available under the name GW_CLASS at https://github.com/lesgourg/class_public/

tree/GW_CLASS.
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in future data. Chapter 6 provides all the contributions to the cross-correlation, and the
physical interpretation.

The CGWB is intrinsically stochastic, but it is not the only non-deterministic su-
perposition of GWs which could be observed at interferometers. For instance, the GWs
emitted by the individual binaries which are too weak to be resolved or overlap in time in
such a way they become indistinguishable, generate a stochasic background of astrophysi-
cal origin (AGWB) [47, 48]. The possible sources of an AGWB could be rotating neutron
stars [49, 50], core collapse supernovae [51, 52] or massive stars [53, 54], magnetars [55, 56],
compact binary systems of black holes (BBH), neutron stars (BNS) or black hole and neu-
tron stars (BHNS) [57, 58, 59, 60, 61, 62, 63]. According to the latest constraints by the
LVK collaboration on the population of GW sources [8], the most promising candidates
are expect to be BBH binaries and in this Thesis we have focused just on the amplitude of
their AGWB. The population of binary systems of stellar mass and the expected monopole
have been computed in detail in Chapter 7. As the CGWB, also the AGWB is homoge-
neous and isotropic at the leading order, and it is characterized by anisotropies due to
the ŕuctuation in the number of discrete events which contribute to the total signal (shot
noise) [64, 65, 66], to the peculiar velocity of the observer w.r.t. the rest frame of the emit-
ters (kinetic dipole) [67, 6, 68], and to the inhomogeneities in the distribution of the sources,
because of the cosmological perturbations (intrinsic anisotropies) [69, 70, 71, 72, 73, 74, 75].

In GR, the AGWB is supposed to be unpolarized at the leading order, because of the
isotropic distribution of the inclination angle of the binaries. This property could be used
to disentangle astrophysical and cosmological backgrounds, which reveal a large amount of
circular polarization in the case of violations of parity in the mechanism which generates
the CGWB [24, 76, 77, 78, 79, 80, 81, 82]. However, at the anisotropic level, the shot noise
ŕuctuations in the number of astrophysical sources generates a non-negligible amount of
circular and linear polarization [2]. This polarized AGWB could represent a troublesome
foreground that has to be subtracted in order to measure the circular polarization of cos-
mological backgrounds. In Chapter 8 we show that the amount of circular polarization
could be detected by the network of interferometers ET+CE in one year of observations.
Moreover we show that a cosmological background could be distinguished from the as-
trophysical one by exploiting the different angular and frequency dependence. A similar
analysis has been performed for PTA in [83, 84].

The AGWB keeps also track of the peculiar velocity of the observer w.r.t. the rest frame
of the sources, which generates a large dipole that dominates the intrinsic anisotropies [6].
The same peculiar velocity of the Large-Scale Structure (LSS) should impact the distribu-
tion of radio sources [85, 86, 87, 88, 89, 90] and quasars [91, 92], and, in the ΛCDM model,
the CMB maps [93]. However, discrepancies in the estimates of our peculiar velocity by
using LSS and CMB probes have been found [94, 90], thus a third additional, independent,
probe should be used to shed light on this łtensionž. In Chapter 9 we show that detecting
the AGWB it is possible to reconstruct the kinetic dipole with high precision, by using a
multi-frequency analysis of the anisotropies, which allows to disentangle the intrinsic, the
kinetic and the shot noise dipole [6].

The different őelds involved in this Thesis, from theoretical physics and cosmology
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to astrophysics, statistics and GW interferometry, demonstrate that the anisotropies of
SGWBs are an extremely complex subject that should be understood in depth, because it
could contain a plethora of new information about different aspects of Nature.
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Chapter 1

Stochastic Gravitational Wave

Backgrounds

1.1 Radiative degrees of freedom of the gravitational őeld

General Relativity (GR) accurately describes the relationship between the geometry of
spacetime and the energy densityof the Universe’s contents through the Einstein equations,

Gµν(x) = 8πGTµν(x) , (1.1)

where Gµν is the Einstein tensor, which can be written as a function of the derivatives of
the metric, and Tµν is the total energy-momentum tensor in the region of space and time
around the four-vector x. In analogy with electromagnetism (EM), a natural question to
ask is whether the Einstein equations admit waves as solutions. Since GR is invariant
under diffeomorphisms, in order to properly deőne GWs it is crucial to show that each
solution of the wave equation carries physical information and it is not an artifact due to
a particular choice of the coordinates [95]. It has indeed been shown [96] that in GR some
plane waves could be merely sinuosities in the coordinate system their velocity changes
under diffeomorphisms. In some cases, they can even exhibit superluminal behaviour
and thus violating special relativity. In [96], it was also demonstrated that plane waves,
speciőcally those that are transverse-traceless [97], propagate at the speed of light in all
reference frames, deőning the true radiative degrees of freedom of the system. Given the
complexity introduced by the nonlinearity of the Einstein equations, we begin by deőning
gravitational waves in a ŕat spacetime and subsequently explore their propagation in a
curved spacetime as a second step.

1.1.1 Wave solutions in Linearized Theory

We consider the simplest case in which there is no source of energy and momentum in the
Universe, Tµν = 0, and the there is a tiny perturbation hµν on top of a ŕat (Minkowski)
geometry. The natural deőnition of GWs is simply then

hµν(x) ≡ gµν(x)− ηµν , (1.2)
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where |hµν(x)| ≪ 1. By introducing a coordinate transformation

xµ → x′µ = xµ + ξµ(x), (1.3)

with ξµ(x) an inőnitesimal vector őeld, the metric transforms as

g′µν(x
′) =

∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x) = gµν − ∂µξν − ∂νξµ → h′µν(x

′) = hµν(x)− ∂µξν − ∂νξµ . (1.4)

In order to preserve the condition of having a weak gravitational őeld that perturbs a ŕat
spacetime, we impose the additional constraint

|∂αξ(x)| ≤ |hµν(x)| . (1.5)

The Christoffel symbols in the presence of a small perturbations around a Minkowski
spacetime are

Γµνρ ≡
1

2
gµα(∂νgαρ + ∂ρgνα − ∂αgνρ) =

1

2

(

ηµα + hµα
)

(∂νhαρ + ∂ρhαν − ∂αhνρ) =

=
1

2
(∂νh

µ
ρ + ∂ρh

µ
ν − ∂µhνρ) .

(1.6)

The Riemann tensor at őrst order in the perturbation of the metric assumes the simple
form

Rρµσν =∂σΓ
ρ
νµ − ∂νΓ

ρ
σµ + ΓρσλΓ

λ
νµ − ΓρνλΓ

λ
σµ = ∂σΓ

ρ
νµ − ∂νΓ

ρ
σµ =

=
1

2

[

∂σ∂νh
ρ
µ + ∂σ∂µh

ρ
ν − ∂σ∂

ρhνµ −
(

∂ν∂σh
ρ
µ + ∂ν∂µh

ρ
σ − ∂ν∂

ρhσµ
)]

=

=
1

2
(∂σ∂µh

ρ
ν + ∂ν∂

ρhσµ − ∂ν∂µh
ρ
σ − ∂σ∂

ρhνµ) ,

(1.7)

while the Ricci tensor and the Ricci scalar are

Rµν ≡Rρµρν =
1

2
(∂µ∂ρh

ρ
ν + ∂ν∂

ρhρµ − ∂ν∂µh
ρ
ρ −□hµν) ,

R ≡Rµµ = ∂µ∂ρh
ρ
µ −□hµµ .

(1.8)

The Einstein tensor at the leading order in hµν is given by

Gµν ≡Rµν −
1

2
Rgµν =

=
1

2

[

∂µ∂ρh
ρ
ν + ∂ν∂

ρhρµ − ∂ν∂µh
ρ
ρ −□hµν − ηµν(∂

µ∂ρh
ρ
µ −□hµµ

)]

.

(1.9)

In order to extract the physical degrees of freedom from the solution of the Einstein equa-
tions, Gµν = 0, we need to remove any spurious information carried by the gauge trans-
formation w.r.t. ξµ. Therefore we őx the gauge by imposing the conditions

∂µ
(

hµν −
1

2
ηµνh

ρ
ρ

)

= 0 , hµµ = 0 , h0i = 0 . (1.10)

16



It is easy to check indeed that in order to go from a gauge h′µν to the gauge hµν we need
to apply to Eq. (1.4) the transformations

□ξµ = −∂µ
(

h′µν −
1

2
ηµνh

ρ ′
ρ

)

, ∂µξµ = −1

2
hµ ′
µ , ∂0ξi + ∂iξ0 = −h′0i , (1.11)

which completely saturate any residual gauge in ξµ. In this gauge, the Einstein tensor
given in Eq. (1.9) has a much less complicate expression and the Einstein equations do
indeed take the form of wave equations,

□hµν = 0 → □hij = 0 . (1.12)

It is also possible to show that, in this gauge, h00 is not a dynamical quantity, but depends
solely on the spatial coordinates. It represents the Newtonian gravitational potential,
which is zero in the vacuum since there is no source of energy and momentum. In these
few steps we have shown that there is a gauge-independent perturbation of the metric
which evolves according to the wave equation. From the 10 initial degrees of freedom of
the perturbation of the metric hµν only two of them carry physical information. These
two degrees of freedom can be interpreted as the two polarization states of the propagating
radiation.

When a tiny source of energy is present, it is possible to write the perturbations of the
energy-momentum tensor by using

T00 =δρ ,

T0i =v
⊥
i + ∂iv ,

Tij =δijδP + πij + ∂(iπ
⊥
j) +

(

∂i∂j −
1

3
δij∇2

)

π ,

(1.13)

where we have deőned with the round parentheses the symmetrization of tensors w.r.t. the
indices within the parentheses. δρ is the energy density, δP the pressure, π⊥i a transverse
vector őeld, while πij is the anisotropic stress (a transverse-traceless tensor őeld). The
velocity vi has been decomposed into a scalar and solenoidal contributions, v and v⊥i
respectively. Four of these degrees of freedom are constrained by the conservation of the
energy-momentum tensor,

∂µTµν = 0 . (1.14)

It is possible to write the metric perturbation according to the same decomposition,

h00 =− 2A ,

h0i =−B⊥
i − ∂iB ,

hij =2D δij + ∂(iF
⊥
j +

(

∂i∂j −
1

3
δij∇2

)

F +Hij ,

(1.15)

with B⊥
i , F⊥

i solenoidal vectors, while Hij is a transverse-traceless tensor. We will provide
additional details on the decomposition of the energy-momentum tensor and of the metric
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in Appendix A.1 and in Section 2.4.1. In order to show that there are physical degrees
of freedom that also in this case obey the wave equation, we deőne the following gauge
invariant variables (denoted by the subscripts łGIž)1 which are combination of the metric
perturbations,

ΦGI ≡A− ∂0B − 1

2
∂20F ,

ΘGI ≡2D − 1

3
∇2F ,

ΞGI ≡−B⊥
i − ∂0F

⊥
i .

(1.16)

The transverse-traceless perturbation Hij are gauge invariant and, as we will see in Sec-
tion 2.4.1, the Einstein equations can be recasted in the following form

∇2ΘGI =− 8πGδρ,

∇2ΦGI =4πG
(

δρ+ 3δP − 3 ∂0v
)

,

∇2ΞGI =− 16πGv,

□HTT
ij =− 16πGσij .

(1.17)

We conclude therefore that also in this case the transverse-traceless perturbations of the
metric propagate according to the wave equation and that their dynamics does not depend
on the gauge choice. The r.h.s. of the equation of motion of the GWs shows that any
transverse-traceless contribution in the energy-momentum tensor would act as a source
term in the Einstein equations, amplifying or damping the propagation of GWs.

In the next section, we will extend this result to scenarios where the background ge-
ometry of the Universe is not ŕat. We will demonstrate that it remains possible to provide
a meaningful deőnition for the concept of radiative degrees of freedom of the gravitational
őeld.

1.1.2 High frequency expansion and linearized Einstein equations

In this Thesis, we characterize SGWBs in the high-frequency limit or shortwave approxi-
mation [98, 35, 36, 37], in which the GWs have a small amplitude and their wavelengths are
much smaller than the typical scales over which the background varies. As we will see in
more detail in Sections 1.4.1, 1.5, the former hypothesis is well motivated by the fact that
only a tiny fraction of the enegy density of the Universe is expected to be in form of GWs,
since all the known sources studied here emit weak GWs. The latter assumption is justiőed
by the comparison between the frequencies of the GWs observed at interferometers and the
distance between the emitters and the observer for the angular scales of the anisotropies
considered (related to the size of the region over which the background changes signiő-
cantly), see e.g. Section 3.1 for a more quantitative estimate of the separation of these

1The gauge invariance can be proved by applying the gauge transformations deőned in Appendix A.1,
keeping in mind that in this case the background spacetime is a Minkowski spacetime, therefore the terms
proportional to H in the gauge transformations have to be neglected.
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scales. Therefore, the underlying idea of this shortwave approximation is that it is possible
to distinguish in the metric the slowly varying background from the oscillating GWs,

gµν(x) = g(B)
µν (x) + γ(GW)

µν (x) , (1.18)

where the background and the waves change on scales k and q respectively,

∂αg
(B)
µν (x) ∼k O [gµν(x)] ,

∂αγ
(GW)
µν (x) ∼q O

[

γ(GW)
µν (x)

]

.
(1.19)

When the weak őeld limit is hold, |γ(GW)
µν (x)| ≪ 1, and the frequency of the GWs is much

larger than the inverse of the timescales over which the background varies, q ≫ k, the
waves can be thought as small ripples that propagate through a spacetime that curves
very slowly compared to them. According to the splitting into high- and low- frequency
modes deőned in Eq. (1.18), the Ricci tensor can be expanded into terms of order zero,

linear, quadratic and cubic in γ(GW)
µν ,

Rµν(x) = R(0)
µν (x) +R(1)

µν (x) +R(2)
µν (x) +R(3)

µν (x) . (1.20)

The linear and the quadratic terms in γ(GW)
µν can be written as2 the following combinations

of covariant derivatives,

R(1)
µν ≡1

2

(

−DνDµγ
(GW)α
α −DαDαγ

(GW)
µν +DαDνγ

(GW)
µα +DαDµγ

(GW)
αν

)

,

R(2)
µν ≡1

2

[1

2
Dµγ

(GW)
αβ Dνγ

(GW)αβ

+ γ(GW)αβ
(

DµDνγ
(GW)
αβ +DαDβγ

(GW)
µν −DνDβγ

(GW)
αµ −DµDβγ

(GW)
αν

)

+Dβγ(GW)α
ν

(

Dβγ
(GW)
αµ −Dαγ

(GW)
βµ

)

+
(1

2
Dαγ

(GW)β
β −Dβγ

(GW)αβ
)

(Dνγ
(GW)
αµ +Dµγ

(GW)
αν −Dαγ

(GW)
µν

)]

,

(1.21)

where the covariant derivative for a tensor of mixed covariant and contravariant indices is
deőned by

DρT
µ
ν ≡ ∂ρT

µ
ν + ΓµρσT

σ
ν − ΓσρνT

µ
σ , (1.22)

with Γαβγ the Christoffel symbols that, in this framework, are computed w.r.t. the back-
ground metric. A similar expansion can be done for the Riemann tensor and for the Ricci
scalar, and it is easy to show [35, 36] that their contributions related to the high-frequency
waves are non-vanishing and gauge invariant. Since these two quantities carry the physical
information of the system and remain independent of the coordinate choice, it precisely
conőrms that GWs are physical degrees of freedom of the gravitational őeld, as one would

2An easy way to compute these terms is to evaluate the Ricci tensor around a ŕat spacetime and to
substitute the partial derivatives that appear with covariant derivatives.
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expect from the generalization of the results obtained in the previous section. According
to Eq. (1.20), the Einstein equations in vacuum give

Gµν = 0 → Rµν = 0 → R(B)
µν +R(1)

µν (x) +R(2)
µν (x) +O

[

(

γ(GW)
µν (x)

)3
]

= 0 , (1.23)

where we have considered just terms of order zero, one and two in γ
(GW)
µν , neglecting the

corrections due to contributions at third order. In the shortwave approximation, it is
possible to solve the Einstein equations by separating the high- and the low-frequency
modes, with the introduction of an averaging scheme over the small scales [35, 36]. More
speciőcally, we introduce the Brill-Hartle average [98], which consists on an average in a
region of size LBH, with 1/k ≫ LBH ≫ 1/q. In this way, the contribution of the GWs
to the background, i.e., the averaged one, is disentangled from the rapidly-oscillating one,
whose average goes to zero. Intuitively, we expect indeed that terms independent of γ(GW)

µν

are invariant under the average, while objects linear in the GWs have zero average, and
terms quadratic in the rapidly-oscillating waves could have both negligible or non-negligible
averages. A formal deőnition of this averaging scheme and of its rules have been given in
Appendix B, where we show also which kind of tensors quadratic in the GWs have negligible
averages. It is possible then to solve separately Eq. (1.23) for the part whose average gives
zero and for the high-frequency contribution,

R(0)
µν (x) =−

〈

R(2)
µν (x)

〉

BH
,

R(1)
µν =−R(2)

µν +
〈

R(2)
µν (x)

〉

BH
.

(1.24)

By looking at the expression of the Ricci tensor linear in the GW degrees of freedom, the
őrst row of Eq. (1.21), it is clear the the Einstein equation for the high-frequency modes

corresponds to the the wave equation for γ(GW)
µν in GR, including nonlinear corrections

sourced by terms quadratic in the GWs. For instance, if we consider the Lorentz gauge in
which

Dαγ(GW)
µα (x) = 0 , (1.25)

and we deőne

γ̄(GW)
µν (x) ≡ γ(GW)

µν (x)− 1

2
γ(GW)α
α g(B)

µν (x) , (1.26)

the equation of motion of the radiative degrees of freedom becomes

DαDαγ̄(GW)
µν (x) + 2R

(B)
αµβν γ̄

(GW)αβ(x) = O
[

(

γ(GW)
µν

)3
]

, (1.27)

with R
(B)
αµβν the Riemann tensor evaluated w.r.t. the background metric. The averaged

part of the Einstein equations, given by the őrst row of Eq. (1.24), determines the structure
of the energy-momentum tensor of the gravitational őeld, as we will discuss in detail in
the next section. The r.h.s. of Eq. (1.27) represents the corrections to the equation of
motion of the GWs due to the nonlinear nature of gravitation and they could be thought
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as an interaction between the GWs while they propagate. Nevertheless, in this work, we
will focus just on terms linear (in the equation of motion) and quadratic (in the energy-
momentum tensor) in the small-scale waves, neglecting the higher-order contributions,
which are expected to be suppressed by the large separation between the scales k and q.

1.1.3 Energy-momentum tensor of the GWs

According to the equivalence principle, any gravitational őeld can be transformed locally
by a diffeomorphism, thus one could argue whether the GWs deőned in the previous section
really carry energy and momentum. Intuitively, the r.h.s. of the őrst row of Eqs. (1.24)
looks like the standard energy-momentum tensor [35, 36] that appears in r.h.s. of the
Einstein equations, Eq. (1.1),

T (GW)
µν (x) ≡ − 1

8πG

〈

R(2)
µν (x)

〉

BH
. (1.28)

The interpretation of this result is that the curvature of spacetime at large-scales could be
generated by the smoothed small-scale ŕuctuations of the metric, which act as a source
of energy and momentum. The averaging procedure is a crucial step in the deőnition of
the energy-momentum tensor, because it makes clear that is possible to deőne an energy-
momentum tensor for the gravitational őeld only when we pass from a łmicroscopicž de-
scription of the metric, in which g(B)

µν and γ(GW)
µν are indistinguishable, to a coarse-grained,

łmacroscopicž, description [99]. By exploiting some properties of the Brill-Hartle average,
discussed in Appendix B, it is possible to show that, despite the complicated form of the
Ricci tensor generated by terms quadratic in the GWs, deőned in Eq. 1.21, the Einstein
tensor for the gravitational őeld, deőned in Eq. 1.28, reduces [35, 36, 37] to a very simple
expression given in terms of the covariant derivatives of the radiative degrees of freedom
of the metric,

T (GW)
µν (x) =

1

32πG

〈

Dµγ
(GW)
αβ (x)Dνγ

(GW)αβ(x)
〉

. (1.29)

It is possible to show that, up to negligible terms in the shortwave approximation, the
energy-momentum tensor of the GWs is conserved,

DµT (GW)
µν (x) = 0 . (1.30)

It is important to stress that the deőnition of the energy momentum tensor given in
Eq. (1.28) is valid just in the shortwave approximation, while there are ambiguities in the
general deőnition of the energy density, pressure and anisotropic stress of the GWs when
q ≈ k, because it is not possible to deőne a gauge-invariant energy-momentum tensor [100].
This could be also interpreted as the difficulty in distinguishing the background from its
perturbations, thus generating issues in discriminating the source of curvature with the
curvature itself. Alternative deőnitions of T (GW)

µν have been given for instance in [101],
where the conservation law of the total momentum of the gravitational őeld and matter
has been imposed, or in [102, 103], where the Einstein-Hilbert action has been perturbed at
second order in the GW amplitude, while in [104], gravity has been treated as a nonlinear
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tensor őeld in a ŕat spacetime. Although all these ambiguities in the deőnition of GWs of
łlow frequenciesž, in this Thesis we will introduce the concept of energy density of GWs only
when the shortwave approximation is valid, thus we will use just the energy-momentum
tensor deőned by Eq. (1.28), which converges, for q ≪ k, to the other deőnitions mentioned
in this paragraph.

1.2 Stochastic signals

In Section 1.1, we have provided a formal characterization of the GWs and of their energy-
momentum tensor, independently on the nature of the sources and on the properties of
the gravitational signal itself. Currently, all the GWs signal which have been detected
at the interferometers [7, 105, 106, 107, 108, 8] have been generated by isolated resolved
astrophysical sources. As we will discuss in more detail in Sections 7.3, these GWs are char-
acterized by known waveforms that depend on few parameters of the emitters. Therefore
the evolution of the waves in time (or, equivalently, in frequency) is quite well understood.
However, recently, the Pulsar Timing Array (PTA) collaboration (i.e., NANOGrav, EP-
TA/InPTA, PPTA, and CPTA [9, 10, 11, 12]) has claimed a detection of GWs produced
by a stochastic process, for which the shape of the waveform is aleatory and unpredictable.
In this Thesis, we will focus only on this second type of GWs, which, as we will see, is
extremely interesting for many reasons that we will explain in the next chapters.

An SGWB is a random signal hij(t,x) that can be characterized only in terms of its
statistical properties, for instance by its probability density function (PDF), P [hij ]. Such
a PDF depends on the values of the tensor perturbations of the metric at different locations
and times3, hij(tn,xn), with n that goes from one to N . In this case, the observables that
carry physical information about the mechanism that produced the GWs are the moments
of the distribution,

〈

M
∏

m=1

hij(tm,xm)

〉

≡
∫ N
∏

n=1

dhij(tn,xn)
M
∏

m=1

dhij(tm,xm)P [hij ] . (1.31)

For instance, when M = 0, the normalization condition on the PDF gives
〈

(hij(t,x))
0
〉

=

1, while for M = 1, M = 2, M = 3, M = 4, the moments of the distribution are equal to
the mean, the covariance, the skewness and the kurtosis respectively.

Although this deőnition of SGWBs is very intuitive and clear, we would like to provide
some practical criteria which ensure that the data collected at interferometers reŕect the
stochastic nature of the incoming GWs. From an observational point of view, a signal is
stochastic if a probabilistic description of the evolution in space and time of the waves
is preferred to any other deterministic waveform predicted by the theory [109, 110]. In a
Bayesian context, this is equivalent to state that the model selection computation prefers
a SGWB to any other causal GW [110]. More formally, we describe a model in which

3In this case, we discretize the spacetime in order to write down the PDF of hij as a joint PDF of
many (correlated) random variables. We avoid in this Section the formal discussion of the limit N → ∞,
in which the PDF can be written in a slightly more complicated expression.
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the signal is stochastic as MSGWB (P,θSGWB), with θSGWB the moments that univocally
determine the distribution of hij . Given some observed data d, the PDF of the parameters
θSGWB associated to the model MSGWB is computed by using Bayes’ theorem [111],

p (θSGWB|P;d) =
L (d|θ,P)π (θSGWB)

p (d)
, (1.32)

where L is the likelihood of the data given the SGWB model and a speciőc experiment,
π (θSGWB) is the prior that keeps into account our degree of belief on the PDF of the
parameters θSGWB before the experiment, and p (d) is the evidence, which represents the
total probability that the data are distributed according to the measurements, keeping into
account for all the possible models,

p (d) ≡
∫

dM
∫

dθM L (d|θM,M) π (θM) . (1.33)

The probability associated to the SGWB model given the data is computed by marginal-
izing the posterior of the parameters, w.r.t. all the possible values of the parameters,

p (MSGWB|d) =
∫

dθSGWB p (θSGWB|P;d) , (1.34)

which can be written according to Bayes’ theorem as

p (MSGWB|d) =
p (d|MSGWB)π (MSGWB)

p (d)
. (1.35)

In Bayesian analysis, we compare two models by looking at the Bayes factor between a
model in which there is a stochastic background and the ones in which the GWs come from
deterministic processes,

BSGWB−det ≡
p (d|MSGWB)

p (d|Mdet)
, (1.36)

where the deterministic model has been deőned by its own parameters θdet and by an
ensemble of different known waveform models hdet

ij ,

p (d|Mdet) ≡
∫

dhdet
ij

∫

dθdet L
(

d|θdet,h
det
ij

)

π
(

θM,hdet
ij

)

. (1.37)

A large Bayes factor supports the model for the SGWB more than the ones for deterministic
sources, with an evidence than increases with BSGWB−det. For instance, for BSGWB−det ≥
12, the evidence for SGWB relative to causal waves is strong [109, 110].

In the discussion up to now, we did not care about the origin of the stochasticity of the
gravitational őeld, but we have just considered a generic PDF with some non-vanishing
moments. It is important however to discriminate between SGWBs that are intrinsically
stochastic, because of the nature of their sources, or łobservationally stochasticž, because
they are generated by the superposition of many deterministic signals that are too weak
to be detected or that overlap in time in such a way that they cannot be decomposed
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into individual GWs. We discuss the former case in Section 1.4.1, illustrating the example
of SGWBs produced during inŕation, phase transitions (PTs) and primordial black holes
(PBHs) [112, 113, 114, 115], while we list some examples of the latter in Section 1.4.2,
focusing in particular on the background generated by the superposition of the waves
emitted by binary astrophysical systems [48]. We stress that the PDF of the second kind
of SGWB could depend on the detector considered, since with larger sensitivities it would
be possible to resolve more individual sources and to reduce the amplitude of the moments
of the distribution of the background.

As we will show in Section 1.3, it is useful to characterize the SGWB in the frequency
domain, by Fourier transforming the incoming signal in time. According to the standard
plane-wave expansion [99], we can write4 the SGWB as

hij(t,x) =

∫ +∞

−∞
df

∫

dn̂
∑

α

hα(n̂, f)e
α
ij(n̂)e

−2πif(t−n̂·x) , (1.38)

where n̂ is the direction of observation, eαij(n̂) is the polarization tensor of the GWs in the
direction of observation n̂ for the polarization α, while hα is the (stochastic) amplitude
of the GW background that we are typically interested in. In the most general scenario,
to fully characterize the PDF of the SGWB, it is necessary to know an inőnite number of
moments of the distribution, deőned in Eq. (1.31). In Fourier space, these moments are
univocally related to the M -point correlators

〈

M
∏

u=1

hαu(n̂u, fu)

〉

, (1.39)

with M that goes from one to inőnity. In most of the cases of interest, it is possible to
assume that the amplitude of the SGWB is a Gaussian random variable with zero mean
and covariance given by

〈

hα(n̂, f)h
∗
α′(n̂′, f ′)

〉

≡ Cαα′

h (n̂, f ; n̂′, f ′) . (1.40)

In Sections 1.4.1 and 1.4.2, we show that the Gaussian approximation for the SGWB is
almost always valid, and we specify the limits in which the Gaussian limit does not hold.
For example, if the source of the SGWB keeps track of some primordial non-Gaussianity,
the statistics of the background could be more complicated. In the case of an AGWB
generated by the superposition of many unresolved GWs, the Gaussian limit is guaranteed
by the fact that the number of discrete events which source the AGWB is very large and
it is possible to apply the Central Limit Theorem (CLT), őnding that P[hij ] approaches
a Gaussian distribution. Another assumption that is usually done in the SGWB context
is that the stochastic background is stationary, which means that its statistical properties
are invariant under the time shift t → t + τ . This assumption is motivated by the fact
that the timescales over which the correlators of hij could change are much larger than

4With a little abuse of notation, we refer to h in real space and in Fourier space with the same symbol,
writing explicitly the dependence of h case by case.
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the times over which observations are performed. For instance, as we will see in further
sections, GWs propagate through an expanding Universe, which means that the energy
density of stochastic backgrounds decreases with time. However, the characteristic time
of the evolution of the Universe, given in terms of the Hubble constant at the present
epoch by τ0 ≡ 1/H0 ≈ 5 × 1010 yr, is much larger that the duration of our observations,
Tobs ≈ 1 − 10 yr. Therefore it is possible to assume that the SGWB is stationary. The
stationarity condition is equivalent to say that the distribution of hij(t,x) and hkl(t

′,x′)
should depend only on |t − t′|, which is equivalent, in the simpliőed case of a Gaussian
background, to the condition

Cαα′

h (n̂, f ; n̂′, f ′) ∼ δ(f − f ′) . (1.41)

Furthermore, it is reasonable to assume that the GWs produced in the points (t, tn̂) and
(t′, tn̂′) are uncorrelated, which implies that

Cαα′

h (n̂, f ; n̂′, f ′) ∼ δ(n̂− n̂′) . (1.42)

Any violation of this relation would imply that statistical isotropy is broken, generating a
coupling between different frequencies that should be studied in a different framework w.r.t.
the one introduced here. Since statistical isotropy is conserved for all the cosmological and
astrophysical sources of stochastic backgrounds considered in this Thesis, from now on we
will use just Eq. (1.42) as a condition on the covariance between two GWs from different
directions in the sky. Under these assumptions, it is possible to connect the two-point
correlation functions for different polarizations to the Stokes parameters I, V , Q and U ,
used, for example, in the CMB context [116]. They represent the intensity, the circular
polarization and the two orthogonal modes of linear polarization respectively. In the +, ×
polarization basis, deőned in detail in Appendix C.1, we get the following relations

⟨h+(n̂, f)h∗+(n̂′, f ′)⟩ ≡
δ(f − f ′)δ(n̂− n̂′)

4π

SI(n̂, f) + SQ(n̂, f)

2
,

⟨h+(n̂, f)h∗×(n̂′, f ′)⟩ ≡
δ(f − f ′)δ(n̂− n̂′)

4π

−iSV (n̂, f) + SU (n̂, f)

2
,

⟨h×(n̂, f)h∗+(n̂′, f ′)⟩ ≡
δ(f − f ′)δ(n̂− n̂′)

4π

iSV (n̂, f) + SU (n̂, f)

2
,

⟨h×(n̂, f)h∗×(n̂′, f ′)⟩ ≡
δ(f − f ′)δ(n̂− n̂′)

4π

SI(n̂, f)− SQ(n̂, f)

2
.

(1.43)

In this Thesis, we will rescale the Stokes parameters, characterizing the two-point corre-
lation function of the amplitudes of stochastic backgrounds in terms of the adimensional
parameters

ΩαSGWB(n̂, f) ≡
4π2f3

3H2
0

Sα(n̂, f) , (1.44)

where H0 is the Hubble factor at the present time. These parameters are equivalent
to the energy density (associated to the Stokes parameter α) per logarithmic frequency,
normalized to the critical energy density of the Universe today,

ΩαSGWB(n̂, f) =
1

ρcrit

dραSGWB

d ln f
(n̂, f) , (1.45)
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with

ρcrit ≡
3

8πG
H2

0 . (1.46)

In the case of unpolarized backgrounds, ΩαSGWB = 0 for α ̸= I. The dependence of the
expectation value of the covariance of h on the direction of observation implies that the
stochastic background is not isotropic and that the energy density could change for GWs
propagating in different directions in the sky. The main target of this Thesis is the detailed
discussion of the angular dependence of the GW signals for different polarization states,
showing that deviations from statistical homogeneity and isotropy would carry important
physical information that could be useful to discriminate between stochastic backgrounds
and to gain a deeper understanding of the large-scale perturbations of the Universe. The
violation of statistical isotropy could be large or small, depending on the mechanism that
generated it. More formally, we deőne the homogeneous and isotropic contribution to the
SGWB (the monopole) as

Ω̄αSGWB(f) ≡
1

4π

∫

dn̂ΩαSGWB(n̂, f) , (1.47)

where the frequency dependence of the monopole could be encoded in the form of a tilt
deőned by

ngwb(f) ≡
∂ ln Ω̄αSGWB(f)

∂ ln f
. (1.48)

We describe the ŕuctuations in different directions in the sky with

δαSGWB(n̂, f) ≡
ΩαSGWB(n̂, f)− Ω̄αSGWB(f)

Ω̄αSGWB(f)
. (1.49)

When the amount of anisotropy is very small, as it is the case of cosmological back-
grounds [117, 38, 39, 40, 3] or of the astrophysical background generate by BBH, BNS and
BHNS [74, 75], the relative overdensity of GWs assumes values in the range 10−2 − 10−5,
depending on the properties of the source [1]. On the other hand, it is possible that the
dominant contribution to the background is anisotropic, as it happens for the signals emit-
ted by compact galactic binaries which comes just from the Milky Way and not from the
whole celestial sphere [118, 119, 120]. In the next sections we will enter more into the
detail, discussing different sources of stochastic backgrounds, showing that in most of the
cases the isotropy is broken just in a soft way.

The averages introduced in Eqs. (1.31), (1.40), (1.43) represent ensemble averages,
which correspond to averages over an inőnite number of realizations of the system. Even
if it is not possible to compute exactly these expectation values, because we do not have
access to all the possible realizations of the system, it is still achievable to deőne an unbiased
estimator for the energy density of SGWBs, by making use of the ergodic hypothesis. The
ergodic hypothesis states that in a sufficiently long period of time a system explores all
the phase space, with the amount of time spent in a given point proportional to the
PDF associated to such a conőguration [121]. This implies that we could estimate the
expectation values of the ensemble average by using temporal averages, having a clear
connection between the theoretical correlators we are interested in and the quantities that
can be measured at GW detectors.
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1.3 Detectability of isotropic stochastic backgrounds

Over the last few decades, numerous experiments have been proposed to detect stochastic
backgrounds, utilizing various techniques to constrain the amplitude of SGWBs at differ-
ent frequencies. The stochastic backgrounds of cosmological origin, characterized by the
longest wavelengths accessible, have been subject to constraints by the Planck collabora-
tion [122, 123, 34, 124], which looked for a contribution to the B-mode of the polariza-
tion of the CMB due to the CGWB [125, 116, 126]. These observations have been able
to put only an upper bound on the tensor-to-scalar perturbation ratio, or, equivalently,
to the amplitude of the tensor perturbations, around the scale 10−2Mpc−1, which cor-
responds to frequencies of the order 10−17Hz. The upper limit obtained by combining
Planck and BICEP/Keck[127] is r < 0.032 at 95% CL [128]. SGWBs with frequencies in
the nHz band can be probed by pulsar timing arrays (PTA) experiments, which look for
variations in the orbital periods of many pulsars due to the presence of a SGWB. It is
known indeed that pulsars are expected to exhibit highly regular spin periods, emitting
subsequent pulses at regular times. Thus any GW that perturbs the propagation of the
signals between the emitters and the observer would generate time residuals in the pulses
that could be correlated to get information about the waves [129, 130, 131]. Recently,
NANOGrav [132] found a strong evidence for a stochastic process modeled as a power
law in frequency [133], which only few months ago, thanks to the joint effort of the PTA
collaborations NANOGrav, EPTA/InPTA, PPTA, and CPTA have been conőrmed to cor-
respond to a SGWB [9, 10, 11, 12]. The amplitude of the background has been estimated
to be of the order of 10−8 around 10−8Hz, see Eqs. (1.91), (1.92) for more details. In
the past years, GW observations did non focus only on the monopole of SGWBs, but
also on the anisotropies of these signals. For example, the LVK collaboration found the
maximum value of the angular power spectrum of SGWB between 20 and 1726Hz. The
most recent upper bound given by terrestrial detectors is Cℓ ≲ 3.6 for 1 ≤ ℓ ≤ 4 and
ngwb = 2/3 [134]. Searches for anisotropic SGWBs have been done recently also at PTA,
őnding Cℓ ≲ 10−2 − 10−1 in the nHz band [135]. As we will see in the next chapters,
these bounds are few orders of magnitude larger than the anisotropies expected for cosmo-
logical and astrophysical backgrounds, therefore the most promising candidate to provide
information about the sky maps of SGWBs are the ground-based interferometers ET [13],
CE [14] and the space-based missions LISA [15], BBO [17] and DECIGO [18]. In the
next sections, we will discuss the main techniques adopted in GW interferometry to detect
isotropic SGWBs, discussing also the speciőcs of these future ground- and space-based
interferometers.

1.3.1 Response of interferometers to the signal

In Section 1.1.2, we have deőned the GWs as small perturbations of the metric with high
frequency, hij(t,x). It is therefore possible to investigate the presence of GWs in a given
region of space by looking at geodesic deviations w.r.t. the case in which the background
geometry is unperturbed. The data can be written as the sum of the signals, which is
proportional to the amplitude of the GW, plus some noise which depends on the speciőcs
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of the interferometers under consideration,

dA(t) =

∫

dn̂Dij
A(t)hij(t, n̂) + nA(t) , (1.50)

where we have introduced the detector tensor Dij
A that can be obtained by computing the

response of the instrument to a GW passing through it or, equivalently, by computing the
effect induced by a GW on the observable [99]. The detector tensor takes into account the
length of the arms of the detector, the orientation and the type of interferometry used.
We compute it for a generic network of interferometers in Appendix C.2. The noise of the
detector is in general a random variable that can be characterized by its PDF P[n], as
the stochastic background, and its PDF could be non-Gaussian and non-stationary [99] in
some particular cases that will be mentioned later on. In this work we assume that n(t)
is stationary and Gaussian, with zero mean, thus fully characterized by its covariance. As
mentioned in the previous section, in GW data analysis we divide the data stream in many
time segments of duration Tseg and we perform the Fourier transform of the signal in this
time interval, obtaining a resolution ∆f ≡ 1/Tseg. For a discrete time interval, the Fourier
transform of a variable x(t) is deőned by

x(f) ≡
∫ t+Tseg/2

t−Tseg/2
dt̃ e−2πif t̃ x(t) , (1.51)

which implies that the Dirac delta does not diverge in zero, δ(0) = Tseg. The noise is
characterized by its power spectral density (PSD)5, deőned by

〈

nA(f)n
∗
B(f

′)
〉

≡ 1

2
δ(f − f ′)NAB(f) . (1.52)

As we will discuss in Section 1.3.3, the noises between two different interferometers could
be correlated, as it happens for instance in LISA [15]. In 1.3.3 we will also discuss the PSD
of the noise for LVK, ET, CE, LISA, BBO and DECIGO, providing analytical formulas
for computing them and discussing the source of noise. The Fourier transform of the data
taken at interferometers in a time segment of duration Tseg is

dA(f) =

∫

dn̂
∑

α

FαA(n̂, f)hα(n̂, f) + nA(f) , (1.53)

where the detector pattern function for the polarization α is deőned by

FαA(n̂, f) ≡ dijA(n̂, f) e
α
ij(n̂) , (1.54)

with dijA(n̂, f) that depends on the detector tensor and on the transfer function of the
signal at the interferometers. More details on the computation of dijA can be found in
Appendix C.2.

5In the literature the strain sensitivity
√

NAB(f) is also used, but in this Thesis we will consider only
the PSD.
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1.3.2 Estimator of an homogeneous and isotropic background

In this section, we discuss the detectability of the Stokes parameters of a homogeneous
and isotropic stochastic background, characterized by Ω̄αSGWB(f), deőned in Eqs. (1.43),
(1.44) and (1.47). In order to quantify the capability of measuring a SGWB, we would like

to deőne some estimators for the Stokes parameters, denoted by ˆ̄ΩαSGWB(f), to compute
the error bars associated to them and to evaluate the signal-to-noise ratio (SNR). The
SNR is directly related to the signiőcance that the data observed at interferometers are
not generated by random ŕuctuations of the noise, but by a SGWB. The choice of the
SNR to claim a detection depends on the signiőcance required in rejecting a false alarm;
for instance, in the context of resolved GW sources, the SNR should be greater than the
the value that gives a false alarm probability equal to 2.5 × 10−15 [99]. In general, we
would like to estimate together the amplitude of the background and its scaling with the
frequency, but in this őrst example we will work under the hypothesis that we have a full
knowledge of the frequency shape of the background and we are interested in constraining
just its amplitude. The Stokes parameters of the SGWB in this case can be written then
as a product of a frequency template, that encodes the scaling of the SGWB with the
frequency, and of the amplitude we are interested in,

Ω̄αSGWB(f) = Aα Eαp (f) , (1.55)

where p identiőes the pivot frequency fp at which we estimate the amplitude Aα. Since
the energy density of the CGWB is quadratic in the metric perturbations hij , it is natural
to build an estimator which is quadratic in the data. To understand better this, we look
at the following expectation values of the data,

⟨dA(f)⟩ =0 ,

〈

dA(f)d
∗
B(f

′)
〉

=

∫

dn̂
∑

α,β

FαA(n̂, f)F
β ∗
B (n̂, f)

〈

hα(f)h
∗
β(f)

〉

+
1

2
NAB(f)δ(f − f ′) (1.56)

and we note that the second expression contains the amplitudes Aα we want to constrain.
By using the relations given in Eq. (1.43) and exploiting the fact that the background is
homogeneous and isotropic, it is possible to recast the two-point correlation function in
the following way,

〈

dA(f)d
∗
B(f

′)
〉

=

[

3H2
0

4π2f3

∑

α

γαAB(f)Aα Eαp (f) +
1

2
NAB(f)

]

δ(f − f ′) , (1.57)
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where we have deőned the overlap reduction functions (ORFs)

γIAB(f) ≡
∫

dn̂

8π

(

F+
A F

+ ∗
B + F×

A F
×∗
B

)

,

γVAB(f) ≡
∫

dn̂

8π
i
(

F+
A F

×∗
B − F×

A F
+ ∗
B

)

,

γUAB(f) ≡
∫

dn̂

8π

(

F+
A F

×∗
B + F×

A F
+ ∗
B

)

,

γQAB(f) ≡
∫

dn̂

8π

(

F+
A F

+ ∗
B − F×

A F
×∗
B

)

.

(1.58)

The most natural estimator of the amplitude of the Stokes parameters of the SGWB at
the pivot frequency fp is therefore a linear combination (in frequency and in the detector
space) of objects quadratic in the data,

Âα ≡
∫

df
∑

A,B

dA(f)E
α
AB(f)d

∗
B(f)− bα , (1.59)

where the bias bα and the weights EαAB have to be determined by requiring that the
estimator is unbiased and by minimizing its covariance. The unbiasedness condition is

〈

Âα

〉

= Aα , (1.60)

which gives the following constraints on the bias and on the weights,

bα =
Tseg
2

∫

df
∑

A,B

EαAB(f)NAB(f) ,

Tseg

∫

df
3H2

0

4π2f3

∑

A,B

γαAB(f)E
α
AB(f)Ep(f) = 1 ,

(1.61)

where Tseg comes from the Dirac delta evaluated in zero. For simplicity we work in the
case in which the SGWB could have just one non-vanishing Stokes parameter, thus there is
no contamination of different polarizations in the maps. The covariance for the estimator
we have deőned is then computed by using

CÂα
≡
〈

(

Âα −Aα

)2
〉

=

〈

(

Âα

)2
〉

− (Aα)
2 =

=
∑

A,B,C,D

〈∫

df df ′EαAB(f)E
α
CD(f

′) dA(f)d
∗
B(f)dC(f

′)d∗D(f
′)

〉

− (Aα)
2 .

(1.62)

The four-point correlation function in the data can be decomposed, in the Gaussian limit,
into two-point correlation functions, for all the three possible combinations. It is immediate
to see that the (A,B) − (C,D) combination cancels with the (Aα)

2 term and that the
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(A,D)− (B,C) combination is equivalent to the (A,C)− (B,D), because of the symmetry
of the weights, therefore we get

CÂα
= 2Tseg

∫

df

(

3H2
0

4π2f3

)2
∑

A,B,C,D

EαAB(f)E
α
CD(f)

[

γαAD(f)γ
α
CD(f) (Aα)

2 Ep(f)Ep(f)

+
1

4
NAD(f)NBC(f)

]

.

(1.63)

In most of the cases considered, it is possible to work in the low-SNR regime, in which
Aα ≪ NAB(f), therefore we can neglect the terms proportional to the amplitude of the
signal in the computation of the covariance,

CÂα
=2Tseg

∫

df

(

3H2
0

4π2f3

)2
∑

A,B,C,D

EαAB(f)E
α
CD(f)

1

4
NAD(f)NBC(f) . (1.64)

Note however that the contribution to the covariance provided by the monopole of the
SGWB in general is not negligible and, as shown in [136, 137], it corresponds to an intrinsic
variance term, which could play a crucial role in the estimate of the anisotropies of the
SGWB. The weights EαAB are computed by minimizing the covariance, under the condition
that the estimator is unbiased, Eq. (1.61). The simplest way to do this is by introducing
a Lagrangian function

L = CÂα
+ λ



Tseg

∫

df
3H2

0

4π2f3

∑

A,B

γαAB(f)E
α
AB(f)Ep(f)− 1



 , (1.65)

and by minimizing it w.r.t. the weights and the Lagrange multiplier,

δ

δEαAB(f)
L =

∂

∂λ
L = 0 . (1.66)

The derivative w.r.t. λ gives the unbiasedness condition on EαAB(f), while the functional
derivative w.r.t. the weights gives

(

3H2
0

4π2f3

)2
1

4

∑

C,D

EαCD(f)NAD(f)NCB(f) + λ
3H2

0

4π2f3
γαAB(f)Ep(f) = 0 . (1.67)

We can isolate in this expression the contribution coming from the weights, by using the
inverse matrix of the noise PSD,

3H2
0

4π2f3
Ep(f)

1

4
EαAB(f) + λ [Ep(f)]2

∑

C,D

N−1
AC(f)γ

α
CD(f)N

−1
DB(f) = 0 . (1.68)
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By multiplying this equation by Tseg γαAB(f), summing over A,B and integrating over the
frequency we get

λ = − 1

4Tseg

1
∫

df [Ep(f)]2
∑

A,B,C,D γ
α
AB(f)N

−1
BC(f)γ

α
CD(f)N

−1
DA(f)

. (1.69)

The weights are then given by

EαAB(f) =
1

Tseg

4π2f3

3H2
0

Ep(f)
∑

C,DN
−1
AC(f)γ

α
CD(f)N

−1
DB(f)

∫

df [Ep(f)]2
∑

A,B,C,D γ
α
AB(f)N

−1
BC(f)γ

α
CD(f)N

−1
DA(f)

.

(1.70)
The covariance of the estimator can be computed by plugging (1.70) into (1.63), őnding

CÂα
=

1

Tseg

2
∫

df [Ep(f)]2
∑

A,B,C,D γ
α
AB(f)N

−1
BC(f)γ

α
CD(f)N

−1
DA(f)

. (1.71)

The result shows that the covariance in a single time segment is inversely proportional to
the duration of the time segment. Since the measurements in several time segments are
independent in the case of a stationary background, the covariance in an observing time
Tobs will be just

CÂα
=

1

Tobs

2
∫

df [Ep(f)]2
∑

A,B,C,D γ
α
AB(f)N

−1
BC(f)γ

α
CD(f)N

−1
DA(f)

. (1.72)

The SNR is deőned by the ratio between the signal and the noise, thus we get

SNR =
Âα
√

CÂα

. (1.73)

The value of the observed SNR depends on the realization of the signal and of the noise,
that could be larger or smaller than their expected amplitudes, but, on averge, we expect
that the SNR is equal to

⟨SNR⟩ =

〈

Âα

〉

√

CÂα

=
Aα
√CÂα

. (1.74)

In this simple scenario, the SNR depends on the ORFs, on the PSD of the interferometers,
on the observing time, on the amplitude of the signal and on Ep(f). In particular, we
stress that the different scaling of the signal and of the noise in frequency, Ep(f) and
NAB(f)/NAB(fp) respectively, allows to disentangle a tiny SGWB from a random noise
that could be several orders of magnitude larger. This is possible because, thanks to the
large number of frequencies accessible at interferometers, one could choose a őlter on the
data (the weights EαAB), to select just the components which vary with the frequency like
Ep(f). This is a sort of generalization of the Internal Linear Combination (ILC) technique
presented in [138, 139] and used to do component separation in the CMB context.
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Since the quantity that represents the detectability of a homogeneous and isotropic
SGWB is the average SNR computed in Eq. (1.74), it would be useful to give a pictorial
representation of the sensitivity of a network of interferometers to an incoming signal.
When Ep(f) is a power law of tilt ngwb, it is possible to construct the power-law sensitivity
curve (PLS) [140], which contains all the information about the SNR. The PLS, deőned here
as Ω̄α PLS

SGWB(f), is constructed in a way that it constitutes a threshold for the amplitude of a
SGWB to get an SNR larger than SNRSGWB

thr for an observing time Tobs. More speciőcally,
if we have that at some frequency f

Ω̄αSGWB(f) ≥ Ω̄α PLS
SGWB(f) (1.75)

then we have that for Tobs
SNR ≥ SNRSGWB

thr . (1.76)

To construct the PLS of a detector network it is sufficient to do the following steps:

1. compute the amplitude Athr
α (ngwb) that gives ⟨SNR⟩ = SNRSGWB

thr for Tobs for differ-
ent values of ngwb(f). Typically we use ngwb ∈ [−10, 10];

2. at each frequency őnd the tensor tilt nmin
gwb(f) which minimizes the amplitude of the

background,

nmin
gwb(f) = logf/fp

{

1

Athr
α (ngwb)

min
[

Athr
α (ngwb)(f/fp)

ngwb

]

}

;

3. the PLS at the frequency f is equal to

Ω̄α PLS
SGWB(f) = Athr

α

(

nmin
gwb(f)

)

(

f

fp

)nmin
gwb(f)

. (1.77)

The PLS is a particularly intuitive and useful graphical representation of the SNR, because
it encodes automatically the constraints given by the integration over all the frequencies
accesible to interferometers. A different way to quantify the detectability of SGWB is the
sensitivity in a single bin,

Ω̄α SSB
SGWB(f) ≡

4π2f3

3H2
0

1

2
NAB(f) , (1.78)

which does not rely on template őtting and thus it provides less stringent upper bounds in
the single bins. In Figure 1.1 we plot the PSD and the PLS for all the detectors considered
in this work, for SNRSGWB

thr = 1 and Tobs = 1yr.
The analogous computation of the optimal estimator for an anisotropic SGWB will be

done in Sections 8.3, 8.4 and 9.6.
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Figure 1.1: Plot of the PSD (left) and of the PLS (right) for different detectors.

1.3.3 GW Interferometers

Reference frames

The computation of the covariance of the optimal estimator for the amplitude of an
isotropic SGWB found in Eq. (1.72) does not rely on the choice of the basis through
which we characterize the orientation of the arms of the interferometers. In this section
we will therefore introduce a coordinate system which will be used to describe univocally
n̂, FαA(n̂, f) for all the networks of interferometers considered in this Thesis.

The positions of the objects in the celestial sphere have been evaluated in the helio-
centric and ecliptic coordinate system, in which the Sun occupies the position (0, 0, 0), ẑ is
perpendicular to the ecliptic plane and x̂ points towards the vernal equinox. It is possible
then to introduce the galactic longitude and latitude6, which parametrize the position in
the components parallel and perpendicular to the ecliptic plane respectively,

x = r
(

cos (ϑ) cos (φ) cos (ϑ) sin (φ) sin (ϑ)
)

. (1.79)

Since we are considering sources very far from the Solar System, we assume that for any
detector the direction of observation 7 coincides with

n̂ =
(

cos (ϑ) cos (φ) cos (ϑ) sin (φ) sin (ϑ)
)

. (1.80)

The position of the center of mass of the Earth orbiting around the Sun as a function of
time is then just

xcom
E = rcomE

(

cos
(

2π
TE−S

t
)

sin
(

2π
TE−S

t
)

0
)

, (1.81)

with TE−S = 1yr and REart−Sun ≡ 1AU = 1.5 × 108 km = 4.8 × 10−6 pc. In Eq. (1.81),
we have set to zero the eccentricity of the orbit of the revolution of the Earth around the
Sun, since it provides negligible effects in the estimate of the anisotropies of SGWBs [141].
We describe the position of an object co-rotating with the Earth by a reference frame with

6By deőnition, the latitude is deőned in the range [−π/2,+π/2].
7With a little abuse of notation, the latitude ϑ deőned here coincides with π/2− θ, where θ is the polar

angle used in the rest of this Thesis.
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the zE axis oriented along the axis of Earth’s rotation and we use as angular coordinates
the declination δE and the right ascension αE .

xE = rE
(

cos (ϑE) cos (αE) cos (δE) sin (αE) sin (δE)
)

. (1.82)

Following [142], we connect the ecliptic coordinates to the equatorial coordinates by using

sinϑ =sin(δE) cos(ϵD)− cos(δE) sin(ϵD) sin

(

αE − αE,0 +
2π

TE
t

)

,

cos(φ− φ0) = cos

(

αE − αE,0 +
2π

TE
t

)

cos(δE)

cos(ϑ)
,

sin(φ− φ0) = sin(δE) sin(ϵD) + cos(δE) cos(ϵD)
sin
(

αE − αE,0 +
2π
TE
t
)

cos(ϑ)
,

(1.83)

where we have used TE = 1d. The angle ϵD is the obliquity of the ecliptic and, neglecting
effects due to precession and nutation, it is roughly equal 23.4◦. The angles φ0, α0 are őxed
at a given epoch and represent just a normalization factor. For instance, in 1950 [142],
φ0 = 32.93◦ and αE,0 = 282.86◦.

In the next sections, we list the main detector networks considered in this Thesis,
mentioning all the speciőcs needed to evaluate the detectability of the anisotropies of
SGWBs.

Einstein Telescope

ET is a proposed third-generation GW detector that will probably start collecting data
in the middle of 2030s [13]. Thanks to an increase in the length of the arms and to new
technologies, such as a cryogenic system to cool some of the main optics and new quantum
technologies to reduce the ŕuctuations of the light [143, 13, 144], ET is expected to achieve
a better sensitivity than at least one order of magnitude than the current ground-based
interferometers LIGO, Virgo and KAGRA. The location of the ET could be in the Sos
Enattos site in Sardinia or in the Meuse-Rhine region at the border of Germany, Belgium
and the Netherlands [145]. In this work we will consider the case where ET is located in
Sardinia, for which we take the following coordinates

(

δE αE
)

=
(

40◦ 31′ 9◦ 25′
)

. (1.84)

Among the possible different conőgurations, we consider a triangular detector with 10 km
arms [145], with ET-D sensitivity [146]. Although the PSD of the cross-correlation between
two channels of ET has not been clariőed, in this work we consider as an example NXY =
−NXX/2.

Cosmic Explorer

As ET, CE is future third-generation GW detector, planned to start collecting data in the
2030s [147, 14]. Different number of L-shaped interferometers have been considered for
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the CE, such as one single 40 km interferometer, one 20 km interferometer, combinations
of two interferometers 40 or 20 km long. In this Thesis, we will consider one CE of 40 km,
combined with a 20 km CE, located in Hanford and Livingston as the LIGO detectors.
A more realistic choice for the 20 km interferometer would be Australia, but we expect
that the choice of the location will not alter too much the results. The locations for the
detectors in Hanford and Livingston are therefore

(

δ
(H)
E α

(H)
E

)

=
(

46◦24′ 119◦24′
)

,
(

δ
(L)
E α

(L)
E

)

=
(

30◦33′ 90◦46′
)

.
(1.85)

The CE project will be divided in two stages. During the őrst one, it is expected to
used the improved sensitivity of LIGO łA+ž, scaled up to a 40 km detector with improved
sensitivity. In the second stage, new technologies will be used to reduce the quantum and
the thermal noise of the interferometer. The sensitivity we have used for the two CE can
be found in [146].

LISA

LISA is a future space-based interferometer that is scheduled to be launched in the early
2030s [15]. LISA will consists of three spacecrafts in an Earth-trailing heliocentric orbit,
with a separation angle of 19−23◦ from the Earth (w.r.t. the Sun). In this work we consider
this separation equal to 20◦, consistently with [148, 115, 149]. The three spacecraft are
arranged in an equilateral triangular conőguration, with a separation L = 2.5 × 106 km.
The plane containing this triangle will be tilted of 60◦ w.r.t. the ecliptic plane. The PSD
has been computed by accounting for the presence of acceleration noise, which accounts
for random displacements of the test masses, and the łInterferometry Metrology Systemž
(IMS), which includes also the shot noise in the laser beams. The parametrization for these
two terms can be found in [150, 151, 152, 148], and it depends on two parameters A, P ,

Pacc(f,A) =A
2 fm2

s4Hz

[

1 +

(

0.4mHz

f

)2
][

1 +

(

f

8mHz

)2
]

(

1

2πf

)4(2πf

c

)2

,

PIMS(f, P ) =P
2pm

2

Hz

[

1 +

(

2mHz

f

)4
]

(

2πf

c

)2

.

(1.86)

The PSD of the noise, deőned in Eq. (1.52), is evaluated for the auto- and cross-channel
following [152, 148],

NXX(f,A, P ) =16 sin2
(

2πfL

c

)

{[3 + cos

(

4πfL

c

)

]Pacc(f,A) + PIMS(f, P )} ,

NXY (f,A, P ) =− 8 sin2
(

2πfL

c

)

cos

(

2πfL

c

)

+ [4Pacc(f,A) + PIMS(f, P )] .

(1.87)

In this Thesis we adopt P = 15 and A = 3.
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DECIGO

DECIGO consists of four clusters observatories placed in heliocentric orbit. Each of them
is made of three spacecrafts, as LISA, which form three interferometers. The spacecrafts
are separated by 60◦ in the heliocentric plane, while the fourth one is placed in the same
location of one of them, forming a Star of David conőguration [153, 18, 154]. The arm
length is expected to be L = 103 km and the sensitivity should increase by an order of
magnitude w.r.t. LISA around 0.1Hz. The PSD of DECIGO is given following [155, 156,
157], including the acceleration and IMS noise in analogy with LISA,

Pacc(f) =6.2× 10−49 1

s4Hz

(

1

2πf

)4

,

PIMS(f) =4.48× 10−48 1

Hz

(

7.5Hz

f

)2 1

1 +
(

7.5Hz
f

)2 .
(1.88)

The PSD of the auto- and cross-channels are computed by plugging Pacc and PIMS in
Eq. (1.87).

Big Bang Observer

BBO is a mission similar to DECIGO, with small differences in the sensitivity and in
the design. It is constituted by the same conőguration of interferometers in clusters as
DECIGO, but with length of the arm equal to 5× 104 km [158, 159, 17, 140]. In the same
fashion of DECIGO, the acceleration and the IMS noise of BBO are

Pacc(f) =6.0× 10−49 1

s4Hz

(

1

2πf

)4

,

PIMS(f) =5.8× 10−48 1

Hz

(

0.15Hz

f

)2 1

1 +
(

0.15Hz
f

)2 .
(1.89)

1.4 Sources of SGWB

1.4.1 Primordial sources

Gravitational interactions decouple at the Planck scale [37], TGW
dec ∼ 1/MPl ≈ 1019GeV,

therefore the scattering of GWs can be considered an extremely subdominant process,
since we consider the generation (and the propagation) of SGWBs during or after the
inŕationary epoch, which took place at energy scales Tinfl ≲ 1016GeV [160, 161, 34]. Since
the CGWB is generated by the superposition of many non-interacting waves, it keeps
track of the features of the mechanisms that sourced it at early times. For other particle
species, like photon and neutrino, the energy spectrum is thermal, because of the tight
electromagnetic and weak interactions that were present from production until decoupling
of these two particle species [42]. This peculiarity of the CGWB strongly motivates future
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GW experiments to look for it, because it would provide a unique probe of the physics
operating at very high energy scales, which are not reachable to other signals, because
of the tight coupling between the Standard Model particles. In this Thesis, we say that
a background is cosmological if it has been produced in the early Universe, before the
decoupling of the weak interactions that occurs at T νdec ≈ 1MeV. In the most recent
reviews [162, 113, 163, 114] (see also [164, 165, 166]), a plethora of primordial sources has
been considered.

Inflationary CGWB

The most important cosmological background is the one produced by quantum ŕuctuations
of the metric during inŕation. During this hypothetical early stage of accelerated expansion
of the Universe, the ŕuctuations of the metric, generated by the quantum nature of gravity,
are enhanced [167] and they could produce a signal observable by future ground- and
space-based interferometers. The amplitude and the shape in frequency of this primordial
signal depends on the model of inŕation considered. For instance, the energy scale of the
background depends on the potential of the inŕaton őeld and on the number of őelds which
contributed to the dynamics of the background during inŕation [113]. The computation
of the expected monopole and inhomogeneities of inŕationary CGWBs will be done in
Sections 2.3.3 and 4.2 respectively.

Scalar Induced GWs

Another relevant mechanism which could source GWs in the early Universe is the classi-
cal production of a stochastic background by scalar perturbations. Scalar Induced GWs
(SIGWs) could be generated when scalar őelds have a non-negligible anisotropic stress
which acts as a source in the transverse-traceless tensor part of the Einstein equations [168,
169, 170, 171, 172, 173, 174]. This classical production could take place during inŕation
or during the radiation-dominated era, approximately around the time at which the scalar
perturbations re-enter the causal horizon. More speciőcally, scalar perturbations which
re-enter the horizon during the radiation epoch could source CGWBs in the frequency
band of interferometers. Although the SIGWs in the case of single-őeld inŕation 8 are sup-
pressed [174], several different inŕationary models could amplify more the scalar perturba-
tions at small scales, generating a CGWB with larger energy densities. Typical examples
are given by the curvaton scenario [175], in which an additional őeld, the curvaton, does
not alter the dynamics of the background during inŕation, but modiőes the amplitude
of the perturbations at small scales, increasing the production of GWs [176, 177, 178].
Other possibilities are given, for instance, by the presence of spectator őelds during inŕa-
tion [179, 180, 181] or by the coupling of the inŕaton with a spectator scalar őeld [182].
In this Thesis we will focus on secondary GWs induced by scalar perturbations which ex-
hibit a peak in the power spectrum at small scales [173, 23], which could enhance also
the formation of PBHs in the ealy Universe. The computation of the production of the

8To obtain these constraints, the estimate of the scalar power spectrum obtained at CMB scales are
applied to the scalar power spectrum at interferometric scales, which differ of 20 orders of magnitude.
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monopole and the inhomogeneities of this kind of background will be done in detail in
Sections 3.4.2, 4.3.

Particle Production

When the inŕaton is coupled to other scalar or gauge őelds, it is possible that the inŕaton
energy is transferred to the other őelds, which could provide a large amount of anisotropic
stress that sources GWs. This could happen for instance during axion inŕation, when
the axion is coupled to a vector boson [24, 76, 77, 78, 79]. Interesting aspects of the
GWs generated during axion inŕation are the circular polarization and the blue tilt of the
spectrum. These features could increase the possibility of a dection of this CGWB by
future interferometers.

Phase Transition

In many extensions of the Standard Model, it is possible that second-order phase transitions
(PTs) take place. In these transitions, the conőguration of minimal energy changes with
the temperature, therefore it is possible that it is forbidden to go from the false (UV) to the
true vacuum in a smooth way. This process leads to the nucleation of bubbles [183], which
could produce GWs through different processes [20, 184, 145], such as the collision of the
bubbles [185, 186, 187, 188, 189], the sound waves generated by the őeld which undergoes
through the PT [190, 191, 192], or turbolence phenomena [193, 194]. We will comment in
more detail the features of the spectrum from PT in Section 3.4.3.

1.4.2 Astrophysical sources

The astrophysical background is generated by the superposition of many unresolved as-
trophysical sources [47, 48]. An unresolved signal corresponds to a GW that cannot be
associated with sufficiently high signiőcance to a deterministic waveform, which means that
the signal-to-noise ratio (or the Bayes factor deőned in Eq. (1.36)) is smaller (or larger)
than a certain threshold. The choice of such a threshold depends on the information we
would like to extract from the resolved GWs, for instance it could depend on the accuracy
required in the estimate of the parameters that characterize the binary. In Section 7.1.1 we
will specify the threshold chosen for the purposes of this work. A stochastic background
could also be generated by astrophysical sources which emit GWs with large amplitudes,
but which also overlap in time in such a way that it is not possible to distinguish with
sufficient signiőcance the single components [195, 196, 197]. When we talk about astro-
physical sources, we refer to any kind of process that occur in the late Universe, z ≲ 20,
after the őrst population of star formed [198, 199, 200]. Among the several astrophysical
sources of GWs there are rotating neutron stars [49, 50], core collapse supernovae [51, 52]
or massive stars [53, 54], magnetars [55, 56], compact binary systems of black holes (BBH),
neutron stars (BNS) or black hole and neutron stars (BHNS) [57, 58, 59, 60, 61, 62, 63]
(see also [99, 201, 112]). Another possibility is that the GWs that cannot be individually
resolved are originated by binary systems of primordial black holes (PBH), that interact
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among themselves (DPBH) [202, 203, 204] or with ABH (PBHABH) [205]. In this Thesis,
we will focus just on BBHs of stellar mass, which are the most promising candidates to
produce an astrophysical background detectable by future ground-based interferometers,
according to the information inferred about their population by recent LVK measure-
ments [107, 108, 8]. Note also that the AGWB is at the same time a foreground for the
detection of the CGWB and a complementary source of information, because it sensitive to
the content and geometry of the Universe during the late stages of its evolution. In Chap-
ter 8 and 9, we will explore these two aspects, showing how the circular polarization of
the AGWB could worsen measurements of the Stokes parameters of CGWBs and how the
dipole of the astrophysical background could be important to get a precise measurement
of our peculiar velocity.

1.5 Current bounds on stochastic backgrounds

The presence of GWs in our Universe can be tested directly, by detecting them at interfer-
ometers and PTA, or indirectly, by looking at their imprint on the cosmological observables,
like the CMB or the abundance of light elements.

At the smallest accessible frequencies, the amplitude of the CGWB produced during
inŕation is constrained by Planck [122, 123, 34]. The B-mode polarization of the CMB
is indeed sensitive to the presence of primordial tensor perturbations. By combining the
Planck measurements with the ones of BICEP/KEK [124], it is possible to get, assuming
the standard single-őeld inŕation scenario,

ĀCGWB
I (f = 3.1× 10−15) ≤ 2.9× 10−16 , (1.90)

where we have used the parametrization of SGWBs given in Eq. (1.55).
The observations done by the PTA collaboration [9] in the nHz band gave the őrst

direct measurement of a SGWB. The current sensitivity of PTA does not allow to discrim-
inate between a signal generated by supermassive black hole binaries (SMBHB) [206] and
cosmological sources, although primordial signals have larger Bayes factors and are slightly
preferred [207]. The constraints on the amplitudes and the tilt for the SMBH model 9 is

ĀSMBHB
I (f = 3.2× 10−8Hz) =8.1+4.7

−4.0 × 10−9 . (1.91)

If a more general parametrization is used, the joint contraints on the amplitude and on the
tensor tilt are

ĀSGWB
I (f = 3.2× 10−8Hz) = 5.8+7.6

−4.8 × 10−8 , ngwb = 1.8± 0.6 . (1.92)

9In [9], the scaling with the frequency of the SGWB is quantiőed by the tilt of the characteristic strain
α, which is connected to the tilt ngwb used in this Thesis by ngwb = 2+ 2α. The relation between our tilt
and the one of the energy density of the SGWB also used in [9] is then ngwb = 5 − γ. The value of the
amplitude of the characteristic strained used by the PTA collaboration ĀPTA

I is connected to our value by

ĀI =
π

4

1

Gρcrit
f2

(

f

fp

)2α

|ĀPTA
I |2 .
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Additional investigations on the interpretation of the nature of the SGWB measured by
the PTA collaboration can be found for instance in [208].

The LVK collaboration gave an upper bound on the amplitude of an isotropic SGWB
in [209]. According to the procedure introduced in Section 1.3.2, the SGWB has been
parametrized, as in Eq. 1.55, by a power law, which amplitude at a pivot frequency has
been estimated marginalizing over the tensor tilt of the signal. At 95% credible level, the
LVK collaboration found that

ĀI ≡ Ω̄ISGWB(f = 25Hz) ≤











5.8× 10−9 ngwb = 0

3.4× 10−9 ngwb = 2/3

3.9× 10−10 ngwb = 3

(1.93)

A scale-invariant GW spectrum reŕects many properties of cosmological backgrounds from
single-őeld inŕation or cosmic strings [113, 114], while ngwb = 2/3 and ngwb = 3 are
the tensor tilts expected from the astrophysical background generate by binary systems
during the inspiral stage [47] and by supernovae [55]. These constraints are applied in the
frequency range 20 − 77 Hz for ngwb = 0, 20 − 90 Hz for ngwb = 2/3 or 20 − 230 Hz for
ngwb = 3. In [209], upper limits on the amplitude of the SGWB have been combined with
information about the population of BBH, BNS and BHNS obtained in [108], to constrain
the maximum energy density of the background produced by these three different sources
in the frequency band of LVK,

ĀI ≡ Ω̄ISGWB(f = 25Hz) ≤











5.0+1.7
−1.4 × 10−10 BBH

2.1+2.9
−1.6 × 10−10 BNS

8.4× 10−10 BHNS

(1.94)

In [210], the Planck and LVK bounds on the inŕationary CGWB has been combined10,
őnding a smaller upper limit on the amplitude of the cosmological background

ĀCGWB
I (f = 3.1× 10−15) ≤ 2.5× 10−16 . (1.95)

At frequencies larger than 1 kHz, less string bounds have been set by resonant-mass
detectors like AURIGA [211], EXPLORER and NAUTILUS [212], but they will not be
considered in this Thesis.

An additional upper limit on the total energy density of primordial GWs can be ob-
tained by observations of the abundance of light elements. Big-Bang Nucleosynthesis
provides indeed an upper bound on the number of relativistic and decoupled degrees of
freedom (including therefore also CGWBs) at temperatures larger than few MeV. We will
discuss in more details these constraints in Section 2.2.

10This relies on the assumption that the inŕationary CGWB has the same spectral index at the Planck

and LVK frequencies.
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Chapter 2

Review of the Standard Model of

Cosmology

The cosmological observations of the last century seem to suggest that the ΛCDM model [213,
167, 29, 19, 42, 214, 215] gives the most accurate description of the expansion history of
the Universe. According to the Standard Model of Cosmology, the energy density of the
Universe is widely dominated by dark energy (DE) (70%), which drives the current accel-
erated expansion, while non-relativistic matter is mainly made of cold dark matter (CDM)
(roughly 30%), while baryons (3%) and neutrinos (less than 1%) are subdominant con-
tribution. Nowadays, the only relativistic component of the Universe is made by photon
(CMB) [25], which presents a blackbody spectrum with temperature TCMB,0 ≈ 2.7K, con-
tributing to the energy density of the Universe for less than 1%, and GWs, whose energy
density is subdominant. The Hot Big Bang model is able to explain with high accuracy
the abundance of the Standard Model particles in our Universe, providing all the details
of the thermal history of the Universe in terms of GR, high-energy physics and statistical
mechanics. However, although the Universe is homogeneous and isotropic when smoothed
over sufficiently large scales, small perturbations exist, giving rise to the structures we
observe nowadays [216]. Also CMB observations throughout the years revealed that there
are tiny ŕuctuations in the temperature of the homogeneous and isotropic blackbody spec-
trum [217, 27, 218, 219, 220, 26]. The most natural explanation for the presence of these
inhomogeneities and anisotropies in the Universe, which justiőes also the homogeneity and
the ŕatness of the Universe, has been found in inŕation [30, 31, 32, 33]. It is a short
period of exponential expansion that occurred during the őrst stage of the evolution of
the Universe. The inŕationary paradigm, because of its great ŕexibility, is difficult to fal-
sify, which makes at the same time difficult to prove the validity of the theory. One of
the most important predictions of inŕation is the production of a CGWB, because of the
enhancement of the tensor ŕuctuations of the metric during this hypothetical accelerated
expansion. Therefore, a detection of this primordial signal would be the łsmoking gun of
inŕationž.

In this Chapter, we review the main pillars of the ΛCDM model, illustrating the main
features of the geometry of spacetime, the thermal history of the content of the Universe,

43



the dynamics of the background and of the perturbations.

2.1 Homogeneous and isotropic Universe

The Cosmological Principle states that the Universe is homogeneous and isotropic when
smoothed on sufficiently large scales [213, 167, 29, 19, 42, 214, 215]. This assumption is
justiőed by the observed blackbody spectrum of the CMB, which is the same in all the
directions of the sky [217, 27, 218, 219, 220, 26], up to tiny ŕuctuations, smaller than
10−4. In addition, the distribution of matter seems to be uniform for scales larger than
200hMpc−1 [221, 222, 223, 224, 225], where h ≈ 0.67. In GR, this highly-symmetric
spacetime is described by the Friedmann-Lemaître-Robertson-Walker metric (FLRW),

ds2 = −dt2 + a2(t)

[

dr2

1−Kr2
+ r2

(

dθ2 + sin2 θdϕ2
)

]

, (2.1)

where K is the curvature parameter and a is the scale factor that keeps into account for the
expansion of the Universe in time. The curvature indicates deviations from an Euclidean
spatial geometry, while when K = 0 the Universe is ŕat. The expansion of the Universe
determines a redshift in the radiation observed at the time t0 w.r.t. the emitted one at t,

z ≡ a0
a

− 1 , (2.2)

with a0 ≡ a(t0), which is arbitrarily set to one in our conventions. It is useful to parametrize
the time coordinate in terms of a conformal time η, which is connected to the cosmic time
t by the relation

dη ≡ dt

a(t)
→ η =

∫ t

0

dt

a(t)
, (2.3)

where we have set by convention η(0) = 0. The conformal time represents the comoving
distance that could have been travelled by particles propagating at the speed of light from
t = 0 to t, thus, according to Special Relativity, it represents the size of the spherical region
at t which has been in causal contact since t = 0. When the comoving distance between
two points is larger than η, there is no way in which these two signsls could have exchanged
radiation and, equivalently, information, thus the regions are causally disconnected. By
using the conformal time, we see that the FLRW line element is conformal to the Minkowski
line element,

ds2 = a2(η)

[

−dη2 +
dr2

1−Kr2
+ r2

(

dθ2 + sin2 θdϕ2
)

]

. (2.4)

The homogeneity and the isotropy of the Universe implies that radiation and matter are
perfect ŕuids, thus their energy-momentum tensor has the simple form

Tµν = (ρ+ P )uµuν − Pgµν , (2.5)

with uµ the four-velocity of the ŕuid, while ρ and P the energy density and the pressure
that are related via the equation of state

P = wρ , (2.6)

44



where w = 0 for non-relativistic matter, w = 1/3 for radiation and w = −1 for a cosmo-
logical constant. The Einstein equations in this spacetime are

H2 ≡
(

1

a

da

dt

)2

=
8π

3
Gρ− K

a2
,

1

a

d2a

dt2
=− 4πG

3
(ρ+ 3P ) .

(2.7)

The conservation of the energy-momentum tensor of the ŕuid gives an additional equation
to determine the evolution of the background,

DµTµν = 0 → dρ

dt
= −3H(ρ+ P ) , (2.8)

with Dµ = gµνDν , where the covariant derivative has been deőned in Eq. (1.22). If we
introduce the conformal Hubble parameter

H ≡ a′

a
, (2.9)

which is related to the standard Hubble parameter by

H = aH , H′ = H2 + a2
dH

dt
, (2.10)

we can write the set of equations by using

H2 =
8π

3
Gρa2 −K ,

H′ =− 4π

3
G(ρ+ 3P ) ,

ρ′ =− 3H(ρ+ P ) .

(2.11)

When the equation of state of the ŕuid is őxed, it is easy to derive the scaling of the energy
density with the scale factor,

d ln ρ

dη
= −3(1 + w)

d ln a

dη
→ ρ = ρ0 a

−3(1+w) = ρ0











a−3 Matter

a−4 Radiation

1 Dark Energy

. (2.12)

These relations show that the energy density for non-relativistic matter decreases in time
as a−3, since the number density is diluted by the particle content of the Universe, while
the energy of relativistic species goes like a−4, because the number of particles is diluted
and the energy density (frequency) of the individual particle is redshifted too, while for a
cosmological constant the energy density does not change in time. In a ŕat Universe, since
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H0

[

km s−1 Mpc−1
]

67.66± 0.42

Ωb,0h
2 0.02242± 0.00014

Ωc,0h
2 0.11933± 0.00091

τreio 0.0561± 0.0071

ln 10As 3.047± 0.014

ns 0.9665± 0.0038

ΩΛ 0.679± 0.013

ΩK 0.044± 0.033

Table 2.1: Cosmological parameters constrained at 68% credible intervals by Planck [26]. These constraints have
been obtained by combining the TT,TE,EE+lowE+lensing+BAO measurements.

K = 0, it is easy to get very simple expressions for the evolution of the scale factor as a
function of the conformal time,

da

dη
=

√

8π

3
Gρ0a

−(1+3w)/2 → a = a0

{

η
2

1+3w w ̸= 1

e−η w = 1
= a0











η2 Matter

η Radiation

e−η Dark Energy

.

(2.13)
It is possible then to normalize the energy density of the content of the Universe w.r.t.
the critical energy density of the Universe today deőned in Eq. (1.46)1, introducing the
parameters

Ωi,0 ≡
ρi(η0)

ρcrit
. (2.14)

In this Thesis, we use the parameters constrained by Planck [26] written in Table 2.1. These
constraints exploit the maps of temperature, polarization, lensing and the measurements
of Baryon Acoustic Oscillations (BAO) done by BOSS [226]. According to Eq. (2.13),
the evolution of the scale factor in time depends on which is the source that provides the
dominant contribution to the energy density of the Universe. Since the energy densities for
radiation, non-relativistic matter and dark energy scale in time as described in Eq. (2.12),
it is reasonable to expect that the Universe crosses different stages of evolution in which
radiation, non-relativistic matter and dark energy dominate. To compute the redshift at
which radiation and matter or matter and dark energy have the same energy density, zeq,
zeq,Λ respectively, it is just sufficient to impose ρm = ρr and ρm = ρDE and evolve the

1Notice that this deőnition is slightly different w.r.t. Eq. (1.45), which refers to the energy density in
a single logarithmic frequency bin.
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present energy densities, constrained by experiments, backward in time, őnding

(1 + zeq)
3Ωm,0 =(1 + zeq)

4Ωr,0 → zeq =
Ωm,0
Ωr,0

− 1 ≈ 3400 ,

(1 + zeq,Λ)
3Ωm,0 =ΩΛ → zeq,Λ =

(

ΩΛ

Ωm,0

)1/3

− 1 ≈ 0.32 .

(2.15)

In the next section, we will enter into the details of the particle species that contribute to
the energy density at different epochs, specifying how their abundance changed in time,
looking for their imprint on the evolution of the background geometry of the Universe.

2.2 Thermal history of the Universe

Thermodynamics of relativistic and non-relativistic particles

When an ensemble of particles originates from a thermal process or it is strongly interacting,
it is possible to quantify its statistical properties in terms of the temperature of the system
and the mass of the particles. For relativistic particles, the number density and the energy
density are just given by

n(T ) = g
ζ(3)

π2
T 3

{

1 bosons
3
4 fermions

ρ(T ) = g
π2

30
T 4

{

1 bosons
7
8 fermions

(2.16)

with ζ the Riemann function and g the intrinsic degrees of freedom of the particles, that
keep into account, e.g., for the helicity stases. When non-relativistic particles are consid-
ered, the statistics of bosons and fermions is just given by a Maxwell-Boltzmann distribu-
tion,

n(T ) = g
(m

2π

)3/2
e−m/T , ρ(T ) = mn(T ) . (2.17)

If more than ore species is considered, the total energy density and entropy of the relativistic
particles can be computed in terms of some effective degrees of freedom,

ρ(T ) =
π2

30
T 4g∗(T ) ,

s(T ) =
4

3

π2

30
T 3g∗,s(T ) ,

(2.18)

with T the temperature of photons and where we have deőned the effective degrees of
freedom as

g∗(T ) ≡
∑

α=bosons

gα

(

Tα
T

)4

+
7

8

∑

β=fermions

gβ

(

Tβ
T

)4

,

g∗,s(T ) ≡
∑

α=bosons

gα

(

Tα
T

)3

+
7

8

∑

β=fermions

gβ

(

Tβ
T

)3

.

(2.19)
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In a Universe dominated by radiation, it is easy to see that the temperature decreases
with time, because T ∼ ρ1/4 ∼ 1/a. When a particle at thermal equilibrium becomes
non-relativistic, its number density is suppressed by the exponential factor that appears
in Eq. (2.17), therefore its abundance in the Universe becomes negligible w.r.t. the other
relativistic species. Since the entropy of the Universe is conserved in this transition, the
temperature of the thermal bath increases in order to balance the entropy. Physically,
this increase is due to the fact that the heavy particle decays into non-relativistic ones,
injecting energy and increasing the temperature. In the next section, we will provide a
detailed description of g∗, keeping into account for the presence of relativistic and non-
relativistic particles. A non-trivial change in g∗ and g∗,s occurs when electron and positrons
become non-relativistic. At that time, both photons and neutrinos are relativistic, but,
since neutrinos are decoupled from the thermal bath, they are not affected by changes in
the number of degrees of freedom that contribute to the entropy. Before and after electron
and positrons become non relativistic, the effective degrees of freedom of the entropy are
equal to

g∗,s(T > 0.5MeV) =2 +
7

8
× 4 =

11

2
,

g∗,s(T < 0.5MeV) =2 .
(2.20)

According to the conservation of entropy, the temperature of photon is heated by a factor
(11/4)1/3 compared to neutrinos, therefore the effective degrees of freedom are

g∗(T < 0.5MeV) = 2 +
7

8
6

(

4

11

)4/3

= 3.4 . (2.21)

Chronology of the relativistic degrees of freedom of the Universe

We consider the thermal bath made by Standard Model particles, from energy scales of the
order of 1TeV to the current temperature of CMB photon, T = 2.73K ≈ 2.3 × 10−4eV.
The intrinsic degrees of freedom from the lower temperature to the highest one are given in
Table 2.2, which is consistent to the one provided by [227]. The effective degrees of freedom
increase every time a particle like neutrinos, electrons and positrons, muons, pions, many of
the quarks and taons become relativistic. Since these species are all at thermal equilibrium,
at every time g∗ = g∗,s, with the only exception of the time at which electron and positrons
are non-relativistic and neutrinos are still relativistic. At around T = 175MeV there is
the phase transition of quantum chromodynamics (QCD), therefore the degrees of freedom
given by u, d, s quarks and the gluons, which are all relativistic at that temperature, start
contributing at the same time to the total effective degrees of freedom.

Constraints on the number of effective degrees of freedom

At low temperatures, the effective degrees of freedom are parametrized by deviations from
the expect numer of neutrino species,

g∗(T ) = 2 +
7

4

(

N̄eff +∆Neff

)

. (2.22)
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Particle/Process Mass/Energy Scale [MeV] Intrinsic d.o.f. g∗(T ) g∗,s(T )

γ 0 2 2 2

ν, ν̄ ? 6 3.4 2

e+, e− 0.51 4 10.75 5.5

ν Decoupling 1 10.75 10.75

µ+, µ− 106 4 14.25 14.25

π+, π− 135 2 16.25 16.25

π0 140 1 17.25 17.25

gluon 0 16

u, ū 5 12

d, d̄ 9 12

s, s̄ 115 12

QCD PT 175 61.75 61.75

c, c̄ 1.3× 103 12 72.25 72.25

τ+,τ− 1.8× 103 4 75.75 75.75

b, b̄ 4.4× 103 12 86.25 86.25

W+, W− 80× 103 6 92.25 92.25

Z 91× 103 3 95.25 95.25

H 114× 103 1 96.25 96.25

t, t̄ 174× 103 12 106.75 106.75

Table 2.2: Evolution of the relativistic degrees of freedom of the Standard Model particles.
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If only neutrinos are present, N̄eff = 3.045, where the correction w.r.t. the standard value
of three neutrino generations comes from non-instantaneous neutrino decoupling [228, 229]
and QED effects [230] (see also [231] for a joint discussion). The parameter Neff can be
constrained by the CMB [26] or by BBN [232]. A recent analysis that combine CMB and
BBN measurements [233, 234] shows that ∆Neff = −0.14±0.15, indicating deviations from
the presence of just standard neutrinos in the early Universe. As mentioned in Section 1.5,
since GWs are relativistic degrees of freedom, measurements of ∆Neff constitutes an indi-
rect upper bound on the amplitude of CGWB produced before BBN. Following [114], it is
possible to show that the upper bound on the energy density of the CGWB at the time η
is

ρCGWB(η,x)

ρcrit
≤ Ωγ,0

(

g∗(Trec)
g∗,s(T (η)

)4/3 7

8
∆Neff , (2.23)

with Trec ≈ 0.3 the temperature of recombination of photons.

2.3 Inŕation

2.3.1 Shortcomings of the Hot Big Bang model

Inŕation was motivated by different puzzles regarding the statistical properties of the Uni-
verse and the geometry of the spacetime which were impossible to solve in the framework
provided by the Hot Big-Bang Model.

The őrst enigma which emerges in the standard description of the Universe is the
łhorizon problemž, which consists in the fact that the observed homogeneity and isotropy of
the structures and of the CMB at large angular scales cannot be justiőed by assuming that
regions which exhibit similar properties interacted efficiently throughout cosmic history.
By looking at the deőnition of conformal time, Eq. (2.3), we notice that the region of
causal contact described by η, increases during the radiation and the matter epoch, while
it diminuishes during the period dominated by DE, see, e.g., Eq. (2.13). This indicates
that the maximum region of causal connection was at η(zeq,Λ) deőned in Eq. (2.15), thus
two regions whose separation is larger than this conformal time would have never been
able to communicate. This lack of causal contact would require a őne tuning in the initial
conditions in order to reŕect the current observations.

A second issue is the łŕatness problemž, related to the very tiny value of the curvature
of the Universe measured today. Since the contribution of the curvature to the expansion
of the Universe increases in time, at very early times the Universe should have approached
to a ŕat Universe, up to corrections of the order 10−60.

Additional problems, like the łentropy problemž, consisting in an extremely large en-
tropy of the Universe, and the łmonopole problemž, keeping into account for the presence
of unwanted heavy relics, have also been considered [167].

A natural solution to all these inconsistencies, which requires no őne-tuning in the
initial conditions, is the introduction of an accelerated phase of expansion of the Universe
at early times, which reduces the value of the conformal time w.r.t. the one expected by
the Hot Big-Bang Model and at the same time drives the curvature of the Universe to
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extremely small values. In the next sections we will show that inŕation permits to have a
dynamical mechanism, which is not affected by any choice of the initial conditions, which
solves al these tensions. Furthermore, inŕation would be able to explain also the presence
of the small perturbations of a homogeneous and isotropic background.

2.3.2 Inŕationary paradigm

In the simplest scenario of inŕation, it is assumed that a single scalar őeld φ dominates
the energy density of the Universe at early times. The total action assumes then the form

S =
1

16πG

∫

d4x
√−g (R+ Lφ[φ, gµν ]) , (2.24)

where the determinant of the metric has been deőned by g ≡ gµµ. According to the
Cosmological Principle, we consider a FLRW spacetime, whose metric is given in Eq. (2.1),
up to small perturbations which will be discussed later. In full generality, the Lagrangian
density of the inŕaton can be written as the sum of a kinetic term and an interaction
potential,

Lφ = −1

2
gµνDµφDνφ− V (φ) . (2.25)

The energy-momentum tensor associated to the inŕaton is simply evaluated by using

Tφµν ≡ − 2√−g
δSφ[φ, gµν ]

δgµν
= DµφDνφ− gµν

[

1

2
gαβDαφDβφ+ V (φ)

]

. (2.26)

According to the homogeneity and isotropy of the Universe, it is possible to assume that
the őeld is dominated by an homogeneous and isotropic contribution and that exhibits tiny
perturbations, which vary in space and time,

φ(t,x) = φ0(t) + δφ(t,x) . (2.27)

At the zero order in the perturbations, the energy and the pressure associated to this őeld
are

ρ̄φ = −T̄ 0
0 =

1

2
φ̇2
0 + V (φ0) , P̄φ =

1

3
δij T̄

j
i =

1

2
φ̇2
0 − V (φ0) . (2.28)

By looking at Eq. (2.7), we note that an accelerated expansion occurs when the evolution
of the Universe is governed by contents with equation of state with w < −1/3. If we
assume, for simplicity, that w = −1, we see that this is equivalent to require that

V (φ0) ≫
1

2
φ̇2
0 . (2.29)

This condition implies that the inŕaton is slowly rolling to the minimum of the potential,
since the its kinetic energy is a subdominant contribution. An additional condition that
needs to be imposed to solve the horizon and the ŕatness problem is that inŕation lasted
for a sufficiently long enough period, in such a way that the accelerated expansion put in
causal contact all the regions observed in the Universe today with analog features. The
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equation of motion for the leading order contribution to the inŕation őeld is computed by
using

δSφ[φ, gµν ]

δφ
= 0 → gµνDµDνφ− ∂V

∂φ
(φ) = 0 . (2.30)

This conditions gives

φ̈0 + 3Hφ̇0 +
∂V

∂φ0
(φ0) = 0 , (2.31)

therefore we require that the acceleration of the inŕaton őeld is much smaller than the
friction term due to the expansion of the Universe,

|φ̈0| ≪ |3Hφ̇0| . (2.32)

Under these two assumptions, it is possible to show that inŕation is able to produce an
attractor solution to the initial conditions required to solve the problems of the Hot Big-
Bang Model. The two requirements imposed can be summarized by demanding that two
slow roll parameters, deőned by

ϵV ≡ 1

16πG

(

∂V
∂φ0

(φ0)

V (φ0)

)2

,

ηV ≡ 1

8πG

∂2V
∂φ2

0
(φ0)

V (φ0)
,

(2.33)

are much smaller than one, ϵV ≪ 1, ηV ≪ 1. By using the Friedmann equations, Eq. (2.7),
we notice that the Hubble factor during inŕation is equal to

H2 =
8

3
πG

(

1

2
φ̇2
0 + V (φ0)

)

. (2.34)

The derivative w.r.t. the cosmic time of the Hubble factor is

Ḣ =
1

H

8

3
πG

(

φ̇0φ̈0 +
∂V

∂φ0
(φ0)φ̇0

)

= −8πGφ̇2
0 = −8πG

9H2

(

∂V

∂φ0
(φ0)

)2

= −2 [8πGV (φ0)]
2

9H2
ϵV ,

(2.35)
where we have used twice the equation of motion of the inŕaton, Eq. (2.30), the slow roll
condition given by Eq. 2.32, and the deőnition of the slow roll parameter provided by
Eq. (2.33). From this equation we see that the Hubble factor is constant, up to linear
contributions in the slow roll parameters, as we would expect from Eq. (2.12) for a stage
of accelerated expansion. The evolution of the scale factor at őrst order in the slow roll
parameter is computed by using

Ḣ

H2
= −ϵV → H = Hi(1− ϵV t) , (2.36)

with Hi the initial condition. The scale factor grows exponentially, because

ȧ

a
= H → a = aie

Hit

(

1− 1

2
ϵV H

2
i t

2

)

. (2.37)
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The relation between the conformal time and the scale factor is then

η =

∫ t

0
dt̃

1

a(t̃)
= − 1

a(t)H(t)(1− ϵV )
. (2.38)

2.3.3 Quantum ŕuctuations during inŕation

Fluctuations of the inflaton

In Eq. (2.27) we have assumed that the inŕaton őeld is dominated by a homogeneous and
isotropic component, while small ŕuctuations, which depend on time and space, appear
because of the quantum nature of the őeld. In a similar way, the metric is perturbed
around a FLRW spacetime and, in the Poisson gauge, we can write it according to

ds2 = a2(η)
{

−dη2 (1 + 2Φ) + dxidxj [δij (1− 2Ψ) +Hij ]
}

, (2.39)

with Hij transverse-traceless perturbations. In Appendix A.1 and in Section 2.4.1, addi-
tional details will be provided about the choice of the gauge and the decomposition of the
metric in terms of scalar, vector and tensor őelds. By using Eq. (2.30), we őnd that the
evolution of the perturbation of the inŕaton is given by

δφ′′ + 2Hδφ′ −∇2δφ+
∂2V

∂φ2
0

(φ0)δφ− 2φ′′
0Φ−Hφ′

0

(

4Φ + Φ′) = 0 . (2.40)

If we neglect the impact of the perturbations of the metric on the evolution of φ, we get

δφ′′ + 2Hδφ′ −∇2δφ+
∂2V

∂φ2
0

(φ0)δφ = 0 . (2.41)

In Fourier space, this equation becomes

δφ′′ + 2Hδφ′ + k2δφ+
∂2V

∂φ2
0

(φ0)δφ = 0 . (2.42)

Since the ŕuctuations of the inŕaton őeld have a quantum nature, the perturbations δφ
is not a real scalar őeld, but a scalar operator δφ̂ which acts on a Hilbert space. The
quantization of a scalar őeld in a FLRW spacetime is done by observing that the őeld
δφ̂/a behaves like a real scalar quantum őeld in Minkowski. The quantization of such a
őeld is done by decomposing δφ̂ in creation and annihilation operators,

δφ̂(η,x) =

∫

d3k

(2π)3

[

eik·x
uk(η)

a
âk + e−ik·x

u∗k(η)

a
â†k

]

, (2.43)

where the operators act on the vacuum in such a way that

âk |0⟩ = 0 ⟨0| â†k = 0 . (2.44)
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The commutation relation of the operators and of the őelds are

[â†k, âk′ ] =− ℏ δ(k − k′) ,
[

δφ̂(η,x′), ∂0δφ̂(η,x
′)
]

=iℏ δ(x − x′) .
(2.45)

The combination of these two relations gives also a condition on the wave functions,

uk u
∗ ′
k − u′k u

∗
k = i . (2.46)

The differential equation of the quantum operator reduces to a classical equation of motion
of the wave function,

u′′k +

(

k2 − a′′

a
+
∂2V

∂φ2
(φ)a2

)

uk = 0 . (2.47)

To őnd the solution of this differential equation, we need to express the scale factor and
its derivatives in terms of the conformal time. By using Eq. (2.38), the conformal time is
related to the conformal Hubble factor by

η = − 1

H(1− ϵV )
, (2.48)

therefore the derivatives of a are connected to η by

a′′

a
=

2

η2

(

1 +
3

2
ϵV

)

. (2.49)

If we deőne ν2 ≡ 9/4 + 3ϵV , the equation for the wave function becomes

u′′k +

[

k2 −
(

ν2 − 1

4

)

1

η2

]

uk = 0 . (2.50)

This equation is a Bessel equation and the solution is

uk(η) =
√−ηc1(k)H(1)

ν (−kη) + c2(k)H
(2)
ν (−kη) , (2.51)

where H(1), H(2) are the Hankel functions of the őrst and second kind, while c1 and c2
are initial conditions that need to be speciőed. To őnd them, match the general solution
to the solutions obtained in the limits kη ≪ 1 and kη ≫ 1. For sub-horizon scales the
solution coincides with the De Sitter result,

uk =
e−ikη√
2k

, (2.52)

while for super-horizon scales the wave function is just proportional to the scale factor.

uk = B(k)a(η) . (2.53)

In order to satisfy these two limits, the coefficients of Eq. (2.51) have to be equal to

c1(k) =

√
π

2
ei(ν+

1
2)

π
2 , c2(k) = 0 . (2.54)
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The solution of the wave function is then

uk(η) =

√
π

2
ei(ν+

1
2)

π
2
√−ηH(1)

ν (−kη) . (2.55)

In the limit of super-horizon scales we get

uk(η) = ei(ν+
1
2)

π
2 2ν−3/2 Γ(ν)

Γ(3/2)
(−kη)1/2−ν 1√

2k
, (2.56)

which means that the amplitude of the perturbations is

|δφ(η, k)| ≃ 2ν−3/2 Γ(ν)

Γ(3/2)

H√
2k3

(

k

aH

)3/2−ν
. (2.57)

Fluctuations of the metric

The action of the gravitational őeld is given by

SHij
=

1

64πG

∫

dη d3x a2(η)
(

H ′
ij(η,x)H

ij ′(η,x)−∇Hij(η,x) ·∇H ij(η,x)
)

, (2.58)

where the tensor perturbation of the metric can be written in Fourier space by using

Hij(η,x) =

∫

d3k

(2π)3

∑

λ=+,×
eik·xHλ(η,k) e

λ
ij(k) . (2.59)

It is clear that for the combination

H̃λ(η,k) ≡
a

4
√
πG

Hλ(η,k) , (2.60)

the action is the same of a real scalar őeld around Minkowski. In this way, it is possible
to quantize the amplitude of the tensor perturbations in analogy with what has been done
for the inŕaton,

ˆ̃Hλ(η,x) =

∫

d3k

(2π)3

[

eik·xvk,λ(η)b̂k,λ + e−ik·xv∗k,λ(η)b̂
†
k,λ

]

, (2.61)

where b̂k,λ, b̂
†
k,λ are the creation and annihilation operators which acts on the Hilbert space

as b̂k,λ |0⟩ = 0 and ⟨0| b̂†k,λ = 0. The commutation relations in this case are

[b̂†k,λ, b̂k′,λ′ ] =− ℏ δλλ′δ(k − k′) ,
[

δ ˆ̃Hλ(η,x
′), ∂0δ

ˆ̃Hλ′(η,x
′)
]

=iℏ δλλ′ δ(x − x′) .
(2.62)

Also in this case, the normalization of the wave function is given with a condition analogous
to Eq. (2.46),

vk,λv
∗ ′
k,λ − v∗k,λv

′
k,λ = i . (2.63)
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The equation of motion of the tensor perturbations is obtained by the action or by looking
at the transverse-traceless part of the Einstein equations, Eq. (2.108). The anisotropic
stress of the inŕaton őeld in this case is negligible, because it is a term quadratic in δφ,
therefore the equation of motion of the tensor perturbations is just

H ′′
ij(η,x) + 2H(η)H ′

ij(η,x)−∇2Hij(η,x) = 0 . (2.64)

The equation of motion of the wave functions is then

v′′k,λ +
(

k2 − a′′

a

)

vk,λ = 0 . (2.65)

This equation is identical in form to the one of the scalar perturbations, therefore the
solution is

vk,λ(η) =

√
π

2
ei(ν+1/2)π/2√−ηH(1)

ν (−kη) , (2.66)

whose limit on super-horizon scales is equal to

vk(η) =e
i(ν−1/2)π/22ν−3/2 Γ(ν)

Γ(3/2)

1√
2k

(−kη)1/2−ν . (2.67)

The amplitude of the tensor ŕuctuations is then

|Hλ(η,k)| =
√
32πG 2ν−3/2 Γ(ν)

Γ(3/2)

H√
2k3

(

k

aH

)3/2−ν
. (2.68)

Primordial Power Spectra

According to Appendix A.1, the perturbations of the inŕaton őeld and of the metric are not
gauge invariant and transform under changes of the coordinates. Because of this reason, it
would be useful to descibe the amount of perturbations produced during inŕation in terms
of gauge-invariant quantities. For the scalar perturbations, we deőne the gauge-invariant
curvature perturbation

ζ(η, k) ≡ −
[

−D(η, k) +
1

6
F (η, k)

]

−H(η)
δρ(η, k)

ρ̄(η)
, (2.69)

where the perturbations of the metric have been deőned in a generic gauge in Eq. (A.2). An
interesting property of this object is that it is conserved on super-horizon scales, therefore
we will use from now on the notation ζ(k) ≡ ζ(η, k)|aH=k. The primordial power spectra
of the scalar and tensor perturbations are deőned by

⟨0| ζ(k)ζ∗(k′) |0⟩ ≡2π2

k3
Pζ(k) ,

⟨0| Ĥij,λ(η,k) Ĥ
ij ∗
λ′ (η,k′) |0⟩ ≡2π2

k3
δλλ′δ(k − k′)P (λ)(η, k) .

(2.70)

56



By using Eqs. (2.57), (2.68) it is possible to get

Pζ(k) =
2πGH2

k3ϵV

∣

∣

∣

aH=k
,

P (λ)(k) =
64πG

k3

∣

∣

∣

aH=k
,

(2.71)

where we have used the fact that the power spectrum of the tensor perturbation for the two
polarization is conserved for super-horizon scales. It is possible also to introduce also the
total tensor spectrum, which accounts for the total tensor perturbations produced during
inŕation,

PT (k) ≡
∑

λ

P (λ)(k) . (2.72)

The tensor-to-scalar ratio quantiőes the difference in amplitude of the tensor and the scalar
perturbations and it is deőned by

r ≡ PT (k)

Pζ(k)
= 16ϵV . (2.73)

2.4 Cosmological Perturbations

In the previous sections, we have shown that inŕation provides a justiőcation for the
homogeneity and the isotropy of the Universe on large scales and it keeps into account
also for the presence of tiny perturbations, which exhibit spatial and angular correlations
which can be measured by looking at different cosmological observables. In this section,
we focus on the description of the perturbation of the geometry and of the energy density
of the Universe, discussing the structure of the Einstein and the Boltzmann equations that
govern the evolution of the Universe.

2.4.1 Perturbations of the metric

Poisson gauge

When a tiny amount of inhomogeneity is considered, the most general extension of the line
element in FLRW, deőned in Eq. (2.1), is given by

ds2 = a2(η)
{

− dη2 (1 + 2A)−
(

∂iB +B⊥
i

)

dxidη

+ dxidxj
[

δij (1 + 2D) +

(

∂i∂j −
1

3
δij∇2

)

F + ∂iF
⊥
j + ∂jF

⊥
i +Hij

]

}

,

(2.74)

where ⊥ denotes solenoidal vector őelds, ∂iX⊥
i = 0, while Hij are transverse-traceless

perturbations of the metric. This decomposition in terms of scalar, vector and tensor
degrees of freedom [235, 236] reŕects the transformation properties of the perturbations
under spatial rotations. All the perturbations of the metric have to be thought as linear

57



terms in the expansion in the small parameter ϵ, while higher-order terms have been ne-
glected here, since they will produce subdominant effects for the observables considered in
this Thesis. The computation of the cosmological perturbations at second order has been
done for instance in [171, 237] and some applications to the CMB have been presented
in [238, 239, 240]. Thanks to the decomposition theorem, it can be shown that the scalar,
the vector and the tensor degrees of freedom evolve independently at őrst order in pertur-
bation theory. As shown in Section 1.1.1, not all these degrees of freedom are physical,
thus a natural way to deal with the problem of the choice of the gauge would be to work
with gauge invariant variables or to őx the gauge. In this Thesis, for simplicity, we will
work in the Poisson gauge, deőned by setting

B = 0 , F = 0 , F⊥
j = 0 , (2.75)

and relabelling the scalar perturbations Φ = A, Ψ = −D. The gauge őxing we have done
saturates all the spurious degrees of freedom of associated to the coordinate transforma-
tions, ending up with just six degrees of freedom. However, it is possible to show that the
solenoidal vector őeld B⊥

i in this gauge the vorticity is suppressed by the expansion of the
Universe [241], therefore we can neglect such a contribution, since in the model of inŕation
considered here we do not expect the presence of primordial solenoidal vector őelds. The
line element we will consider from now on is therefore

ds2 = a2(η)
{

− dη2 (1 + 2Φ) + dxidxj [δij (1− 2Ψ) +Hij ]
}

, (2.76)

The metric and its inverse at őrst order in the perturbations are just

gµν =a2
(

−(1 + 2Φ) 0
0 δij(1− 2Ψ) +Hij

)

,

gµν =
1

a2

(

−(1− 2Φ) 0
0 δij(1 + 2Ψ)−H ij

)

,

(2.77)

where the indices of the tensor perturbation are raised by the Kronecker delta, H ij =
δijHij .

Perturbations of the Einstein tensor

The Christoffel symbols are deőned in terms of the derivatives of the metric by

Γµνρ ≡
1

2
gµα (∂ρgνα + ∂νgαρ − ∂αgρν) . (2.78)
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The computation of the affine connection in the Poisson gauge gives the result

Γ0
00 =H+Φ′ ,

Γ0
0i =∂iΦ ,

Γ0
ij =[H(1− 2Φ− 2Ψ)−Ψ′]δij +

1

2
H ′
ij +HHij ,

Γi00 =∂
iΦ ,

Γij0 =
(

H−Ψ′) δij +
1

2
H i ′
j ,

Γijk =∂
iΨδjk − ∂jΨδ

i
k − ∂kΨδ

i
j +

1

2

(

∂jH
i
k + ∂kH

i
j − ∂iHjk

)

.

(2.79)

The Riemann tensor is then computed by using

Rρµσν = ∂σΓ
ρ
νµ − ∂νΓ

ρ
σµ + ΓρσλΓ

λ
νµ − ΓρνλΓ

λ
σµ . (2.80)

The Ricci tensor is given by
Rµν = Rσµσν , (2.81)

therefore its components are

R00 =3H2 − 3
a′′

a
+∇2Φ+ 3H

(

Φ′ +Ψ′) ,

R0i =2∂iΨ
′ + 2H∂iΦ ,

Rij =

[(

a′′

a
+H2

)

(1− 2Ψ− 2Φ)−H(5Ψ′ +Φ′)−Ψ′′ +∇2Ψ

]

δij + ∂i∂j (Ψ− Φ)

+
1

2
H ′′
ij +HH ′

ij −
1

2a2
∇2Hij +

(

H′ + 2H2
)

Hij .

(2.82)

The Einstein tensor is deőned by

Gµν ≡ Rµν −
1

2
gµνR , (2.83)

where the Ricci scalar is
R ≡ gµαRµα . (2.84)

The components of the Einstein tensor are therefore

G0
0 =

1

a2
[

H2(6Φ− 3) + 6HΨ′ − 2∇2Ψ
]

,

G0
i =− 2

a2
(

H∂iΦ+ ∂iΨ
′) ,

Gi0 =
2

a2
(

∂iΨ′ +H∂iΦ
)

,

Gij =
1

a2

{[

−2
a′′

a
(1− 2Φ) +H2(1− 2Φ) + 2H(Φ′ + 2Ψ′) + 2Ψ′′ −∇2(Ψ− Φ)

]

δij

+ ∂i∂j(Ψ− Φ) +H i ′′
j + 2HH i ′

j − 1

a2
∇2H i

j

}

.

(2.85)
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Distribution function

As discussed in Section 2.2, the energy density of the Universe is mainly provided by
photons, neutrinos, baryons, CDM and dark energy. It is possible to characterize the
abundance of these species by introducing a distribution function f(η,x,p) in such a way
that the quantity d3x d3p f(η,x,p) corresponds to the number of particles that at η occupy
the volume of the phase space d3x d3p surrounding x and p, with p the canonical conjugate
variable of the position. The momentum in GR is deőned by

pµ ≡ dxµ

dλ
(λ) , (2.86)

where λ is the affine parameter of the geodesic. Additional details on the physical and on
the comoving momentum will be given in Section 3.2. Consistently with the cosmological
principle, the distribution function can be decomposed into a homogeneous and isotropic
part, plus a tiny ŕuctuation, which depends on the position and on the direction of the
momentum,

f(η,x,q) = f̄(η, q) + δf(η,x, q) . (2.87)

where q is the comoving momentum associated to p. In the literature [42], the perturbations
of the distribution function of photons and neutrinos are often rescaled into

δfγ(η,x,q) =− ∂f̄γ(η, q)

∂q
Θ(η,x, n̂) ,

δfν(η,x,q) =− ∂f̄ν(η, q)

∂q
N (η,x, n̂) .

(2.88)

In the CMB case, the spectrum of photon is a blackbody, therefore it is characterized just
by the temperature,

f(η,x,q) =

{

exp
q

T (η)
[

1 + δT
T (η,x, n̂)

] − 1

}−1

, (2.89)

where it is straightforward to see that

δT

T
(η,x, n̂) = Θ(η,x, n̂) . (2.90)

Perturbation of the energy-momentum tensor

In the same philosophy of what has been done for the perturbations of the metric in the
previous sections, we would like to őnd the most general form of the energy-momentum
tensor of a perfect ŕuid in terms of scalar, vector and tensor perturbations. In [236], it has
been shown that it is possible to write

Tµν = (ρ+ P )uµuν + δµνP + πµν , (2.91)
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where πµν is connected to the anisotropic stress/viscosity of the ŕuid and it is a term of
őrst order in the perturbations. The velocity and the pressure can be expanded in terms
of their background contributions, which depend just on the conformal time, and of small
ŕuctuations which are inhomogeneous,

ρ(η,x) = ρ̄(η) + δρ(η,x) , P (η,x) = P̄ (η) + δP (η,x) . (2.92)

The four-velocity is computed in perturbation theory by using the condition u2 = −1 and
by noticing that its spatial component should vanish at zero order in the perturbations,
ui = vi/a,

uµuµ = −1 → gµνu
µuν = −1 → a2

[

−(1 + 2Φ)
(

u(0)
)2

+ 2u(0)u(1)
]

= −1 , (2.93)

therefore we conclude that

uµ =
1

a

(

1− Φ vi
)

, uµ = a
(

−(1 + Φ) vi
)

. (2.94)

The components of the energy-momentum tensor are then

T 0
0 = −ρ̄− δρ , T 0

i = (ρ̄+ P̄ )vi , T i0 = (ρ̄+ P̄ )vi T ij = δij(P̄ + δP ) + πij . (2.95)

In order to connect the energy-momentum tensor, which plays a crucial role in the Einstein
equation, to the distribution function of a given species, whose evolution is computed by
using the Boltzmann equation, we write the energy-momentum as an integral over the phase
space of the distribution function. The stress-energy tensor for a species α is deőned [236]
according to

Tµν,α(η,x) =
gα√−g

∫

dp1dp2dp3p

(2π)3
pµpν
p0

fα(η,x,p) , (2.96)

where gα are the intrinsic degrees of freedom of the species considered. As it will be
explicitly shown in Section 3.2, for a particle of mass m, the physical momentum is equal
to

pµ =
1

a

(

e−ΦE p n̂ieΨ
(

1− 1
2Hjkn̂

jn̂k
) )

,

pµ =a
(

eΦE p n̂i e
−Ψ
(

1 + 1
2Hjkn̂

jn̂k
)

.
)

(2.97)

with E ≡
√

m2 + p2 the energy density of a particle, p2 ≡ δijp
ipj . It is possible to show

that, by introducing a comoving momentum qµ = a p n̂µ, the energy-momentum tensor
can be written according to

Tµν, α(η,x) = gα

∫

d3q

(2π)3
eΦ
pµpν
p0

fα(η,x,q) , (2.98)

where the integral is now a standard integral over spherical coordinates. We characterize
photons in terms of the perturbations of their distribution function,

fγ = f̄γ − q
∂f̄γ
∂q

Θ . (2.99)
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It is useful to compute the energy-momentum tensor in Fourier space, denoted by k, instead
of real space, and it is useful to decompose the distribution function in terms of Legendre
polynomials of argument µ ≡ k̂ · n̂,

Θ(η,k, n̂) =
∑

ℓ

Pℓ(µ)Θℓ(η,k) . (2.100)

In this way, the (0, 0) component of the energy-momentum tensor is

T 0
0,γ(η,k) = −ρ̄γ(η)[1 + δγ(η,k)] = −ρ̄α(η)[1 + 4Θ0(η,k)] , (2.101)

where the background energy density is deőned by

ρ̄γ(η) ≡ 2

∫

d3q

(2π)3
qf̄γ(η) . (2.102)

In a similar fashion it can be shown that

k̂i T 0
i,γ(η,k) =4ρ̄α(η)Θ1(η,k) ,

(

k̂j k̂i −
1

3
δji

)

T ij,γ(η,k) =− 8

3
ρ̄γ(η)Θ2(η,k) .

(2.103)

The same discussion holds for the perturbation of the distribution function of neutrinos,
denoted by N . For non-relativistic species, like CDM and baryons, we just use the velocity
őeld and the density constrast

δβ ≡ δρβ
ρ̄β

. (2.104)

2.4.2 Boltzmann equation

The Universe is őlled by matter and radiation, whose energy density and pressure present
tiny anisotropies that inŕuence the evolution of the metric perturbations. When some
particle species that source the energy density of the Universe strongly interact, it is
possible to assume that they are in thermodynamic equilibrium, studying the evolution
of the system in terms of Eqs. (2.16), (2.17). On the other hand, when the interaction rate
decreases, coming closer to the expansion rate of the Universe, the evolution of the system
should be studied by mean of the Boltzmann equation, which is the most powerful tool
to characterize non-equilibrium processes [242, 243]. The Boltzmann equation describes
the evolution in time of the distribution function as a function of the properties of the
spacetime, of the scattering processes involved and of the presence of external sources that
could inject particles in the system,

L[f ] = C[f ] + J [f ] , (2.105)

where the collision and the source operators depend on the speciőc environment considered,
while the Liouville operator is equal to

L[f ] ≡ pµ
∂

∂xµ
− Γµνρp

νpρ
∂

∂pµ
. (2.106)

62



When the collision term is extremely large, the Boltzmann equation drives the distribution
function to thermal equilibrium, while, when the collision term is subdominant, the Boltz-
mann equation computes the evolution of the distribution at each time in a nontrivial way.
In Section 3.2, we show an example of the solution of the Boltzmann equation in the case
of a CGWB, while in this chapter, we will just show the explicit results of the Boltzmann
equation for the standard radiation and matter content of the Universe,

Θ′ + ikµΘ =ψ′ − ikµΦ− τ ′
[

Θ0 −Θ− 1

2
P2(µ)Θ2

]

,

δ′c + ikvc =3Ψ′ ,

v′c +Hvc =− ikΦ ,

N ′ + ikµN =Ψ′ − ikµΦ ,

(2.107)

where the term on the r.h.s. in the őrst equation comes from the interaction between
photon and baryons.

2.4.3 Einstein equations in the Poisson gauge

According to the decomposition theorem, the equations of motion for the scalar, the vector
and the tensor perturbations are decoupled at őrst order in the perturbations. This means
that it is possible to characterize the evolution of Hij independently on Φ and Ψ. By using
the deőnition of the Einstein equations given by (1.1), we combine the Einstein tensor
computed in Eq. (2.85) and the energy-momentum tensor deőned in the previous section,
obtaining

H ′′
ij + 2HH ′

ij −
1

a2
∇2Hij =16πGπTT

ij ,

k2Ψ+ 3H
(

Ψ′ +HΦ
)

=− 4πGa2 (ρ̄cδc + ρ̄bδb + ρ̄γΘ0,γ + ρ̄νΘ0,ν) ,

k2(Φ−Ψ) =− 32πGa2ρ̄νΘ2,ν ,

(2.108)

where πTT
ij is the tensor component of the anisotropic stress. The system of the Einstein

and the Boltzmann equations, Eqs. (2.108), (2.107) can be solved numerically, using for
instance the numerical code CLASS [44, 45].

2.5 Current constraints

The most important constraints on the ΛCDM model have been provided by observations
of the anisotropies of the CMB in the past decades, by the satellites COBE [217, 27],
WMAP [218, 219] and Planck [220, 26]. The ŕuctuations in the CMB temperature along
different directions of observation can be computed by solving the Boltzmann equation for
Θ, analogously to what we will do for the CGWB in Chapter 3. At temperatures larger
than 0.5MeV, photons were tightly coupled to baryons via electromagnetic interaction,
thus any imprint of the physics operating at large energy scales is washed out by the
scattering processes [42]. Around 0.5MeV, electrons and protons form bound systems in
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form of hydrogen atoms. The evolution of the distribution function of the CMB photons is
computed since this epoch, called recombination, which occurred approximately at ηrec ≈
280Mpc, until the present time, η0 ≈ 104Mpc. To evaluate the amount of anisotropies, we
typically expand the distribution function in spherical harmonics, where the coefficients of
the expansion are deőned by

Θℓm(n̂, η0) ≡
∫

dn̂Y ∗
ℓm(n̂)Θ(n̂, η0) , (2.109)

and we compute the angular power spectrum, deőned as

δℓℓ′δmm′CCMB×CMB
ℓ ≡ ⟨Θℓm(n̂, η0)Θ

∗
ℓ′m′(n̂, η0)⟩ , (2.110)

The solution of the Boltzmann equation for the ŕuctuations of the temperature of the
CMB, written in Eq. (6.3), shows that the angular power spectrum is sensitive to the inho-
mogeneities in the number of photons and in the gravitational potential at recombination
(Sachs-Wolfe effect), to the variations of the potentials around the geodesics (Integrated
Sachs-Wolfe), and to the velocity of photons at recombination (Doppler). An additional
effect is provided by the lensing of photons by the massive structures they encountered.
In the left panel of Figure 2.1, we plot these contribution to the angular power spectrum
of the CMB, while to the right one we show the dependence of the spectrum to different
cosmological parameters. The CMB spectrum is dominated by the SW, which exhibits a
plateau at large angular scales, where the potentials and the number density of photons
and baryons at recombination are constant. At smaller scales, the photon-baryon ŕuid be-
haves like an harmonic oscillator and the potential wells and the density of CMB photons
oscillate. These acoustic oscillations translate in two a series of peaks in the SW contri-
bution to the angular power spectrum of the CMB at high multipoles. At large angular
scales, the ISW is dominated by variations of the metric perturbations at large angular
scales (late-ISW), while at ℓ ≈ 200 by variations of the potentials around recombination
(early-ISW). The strong constraining power of the CMB is due to the fact that varying
different cosmological parameters determines very peculiar changes in the angular power
spectrum:

• the overall amplitude of CCMB×CMB
ℓ is őxed by e−2τreioAs, with taureio the optical

depth of photons and As the amplitude of the power spectrum of the curvature
perturbations at the pivot scale 0.05Mpc−1,

As ≡ Pζ(k = 0.05Mpc−1) ; (2.111)

• the Hubble parameter H0 and the density of CDM Ω̄c,0 affect the late-ISW effect
and the scale and the shape of the acoustic peaks;

• the overall scaling of the angular power spectrum of the CMB with ℓ depends
on the tilt of the curvature perturbations ns. The primordial power spectrum is
parametrized in such a way that

Pζ(k) = As

(

k

0.05Mpc−1

)ns−1

; (2.112)
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Figure 2.1: Left: plot of the contributions to the angular power spectrum of the CMB as a function of the multipole
considered. Right: plot of the angular power spectrum of the CMB by varying one cosmological parameters, w.r.t.
the standard value.

• variaton of Ωb,0 determine a lateral shift in the peaks of the CMB spectrum, because
of the change of the sound horizon of the photon-baryon ŕuid at recombination. In
addition, the baryon density affects the heights of the peaks;

• ΩΛ regulates the variation of the potentials responsible for the early ISW effect, thus
its variations could affect signiőcantly the shape of the spectrum at large angular
scales;

• the curvature of the Universe affects the geodesics of photon and could change the
location of the acoustic peaks of the CMB.

In the right plot of Figure 2.1, we plot the angular power spectrum of the CMB by varying
just one of the cosmological parameters previously mentioned, showing the effects of its
variation on the angular power spectrum. Observations of the anisotropies of the tem-
perature of the CMB allowed therefore to constrain several cosmological parameters. We
report the results provided by Planck [26] in Table 2.1. Note however that the CMB spec-
trum is sensitive to other parameters, such as the effective number of neutrinos and their
masses [244], not discussed in this section.
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Chapter 3

Anisotropies of the CGWB

3.1 Geometric-optics limit

In this Thesis we consider CGWBs that could be detected by advanced PTA or by fu-
ture space- and ground-based interferometers, having frequencies that lie within the range
10−12 − 104Hz. The relation between the comoving momentum and the frequency of the
GWs is

q =
2π

λ
=

2π

c
f = 6× 1014

f

Hz
Mpc−1 , (3.1)

which means that in our case we are looking at momenta of the order 103 − 1018Mpc−1.
Typically, all the primordial gravitational signals start propagating long before the time
of equality between matter and radiation, at a time ηin which is much smaller than the
conformal time today, η0 ≈ 104Mpc. This implies that when we look at the anisotropies
of a signal that comes from a surface distant η0− ηin ≈ η0, we are looking for cosmological
perturbations that on such a sphere present hot and cold spots at a distance η0/ℓ. The
maximal amount of anisotropies is therefore given by the scales

k ≈ ℓ

η0
. (3.2)

Since the multipoles that can be probed by future interferometers are quite small, ℓmax ≲

100, the angular power spectrum of the CGWB is affected only by large-scale perturbations
of the Universe, with comoving scales within the range 10−4 − 1Mpc−1. This enormous
separation of scales, q ≫ k, permits to use the shortwave approximation introduced in
Section 1.1.2, characterizing the GWs as small ripples that propagate through a slowly-
varying background. More speciőcally, we consider the FLRW metric in the Poisson gauge
introduced in Eq. (2.76),

ds2 = a2(η)
{

−dη2 (1 + 2Φ(η,x)) + dxidxj [δij (1− 2Ψ(η,x)) +Hij(η,x) + hij(η,x)]
}

,
(3.3)

where Φ, Ψ and Hij are the large-scale perturbations of scale k, while hij is the rapidly-
oscillating waves that compose the CGWB. As we will see in Appendix E.2, the propaga-
tion of the GWs through the Universe is modulated by the large-scale scalar and tensor
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perturbations,

h′′ij + h′ij
(

2H− Φ′ +Ψ′)+ hij
(

4HΨ′ + 2Ψ′′)−∇2hij (1 + 2Φ + 2Ψ) + 2Hkl∂k∂lhij = 0 .
(3.4)

However, since it is possible to show that in the shortwave approximation the geometric
optics limit holds, we can describe the GWs as collisionless and massless particles that prop-
agate through the geodesics computed by considering only the large-scale perturbations of
the metric,

ds2 = a2(η)
{

−dη2 (1 + 2Φ(η,x)) + dxidxj [δij (1− 2Ψ(η,x)) +Hij(η,x)]
}

. (3.5)

In this way, we avoid a description of the CGWB in terms of the gravitational őeld, Eq.
(3.4), but we use a simpler and more intuitive approach, which consists in the Boltzmann
equation for the CGWB.

3.2 Boltzmann equation

Geodesics of graviton

In the geometric optics limit, we consider gravitons propagating along trajectories xµ(λ)
with physical momentum pµ(λ), where λ is an affine parameter and the momentum is
deőned by

pµ(λ) ≡ dxµ

dλ
(λ) . (3.6)

The equation of motion is computed by recalling that massless particles propagate along
null geodesics,

dpµ

dλ
= −Γµνρ p

νpρ , (3.7)

where the affine connection is evaluated w.r.t. the slowly-varying metric, Eq. (3.5). The
full expression of the Christoffel symbols in the Poisson gauge has been given in Eq. 2.79.
An intuitive way to parametrize the momentum of graviton is to write it in terms of its
direction of propagation n̂, which is a unit vector that satisőes δij n̂in̂j = 1, and magnitude
p, deőned by

p2 ≡ gij p
ipj . (3.8)

According to these deőnitions, it is straightforward to see that

pi =
p

a
n̂i eΨ

(

1− 1

2
Hjk n̂

jn̂k
)

. (3.9)

Since the physical momentum is redshifted, because of the expansion of the Universe, it
would be useful to introduce the comoving momentum q ≡ ap, which gives

pi =
q

a2
n̂i eΨ

(

1− 1

2
Hjk n̂

jn̂k
)

. (3.10)
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By exploiting the condition on the momenutm for massless particles, pµpµ = 0, we get an
expression for the time component of the momentum of graviton, which also depends on
the comoving momentum and on the scalar perturbations of the Universe,

p0 =
q

a2
e−Φ . (3.11)

The evolution in time of the position of graviton is evaluated just by using the known
expressions for the momentum,

dxi

dη
(λ) =

dλ

dη

dxi

dλ
=
pi

p0
= eΦ+Ψ

(

1− 1

2
Hjk n̂

jn̂k
)

. (3.12)

The evolution in time of the magnitude of the comoving momentum, is computed then by
combining the geodesics equation, Eq. (3.7), for µ = 0,

dp0

dλ
=
q2

a4
e−2Φ

(

−2H− Φ′ +Ψ′ − 2
∂Φ

∂xi
n̂i − 1

2
H ′
lmn̂

ln̂m
)

, (3.13)

with the derivative w.r.t. λ of Eq. (3.11),

dp0

dλ
= p0

dp0

dη
=
q2

a4
e−2Φ

(

−2H+
1

q

dq

dη
− Φ′ − ∂Φ

∂xi
n̂i
)

. (3.14)

The result shows that the amplitude of the comoving momentum of the GWs changes in
time, because the Universe is inhomogeneous,

dq

dη
= q

(

Ψ′ − ∂Φ

∂xi
n̂i − 1

2
H ′
lmn̂

ln̂m
)

. (3.15)

A similar result, not interesting for our purposes, could be found for the derivative of the
direction of propagation of gravitons, which, as q, is proportional to terms linear in the
large-scale perturbations of the metric. The results we have found show that gravitons
at the background level propagate through straight lines, with a redshift of the physical
momentum due to the expansion of the Universe, while at őrst order in the perturbations
the comoving momentum and the direction of propagation change in time, because of the
scalar and tensor inhomogeneities in the Universe.

Distribution function of graviton and observables

We characterize the abundance of graviton of physical momentum p in a region of spacetime
(η,x) by introducing a distribution function fCGWB(η,x,q) as done in [117, 38, 39, 40].
The description of GWs in terms of a distribution function is possible only in the shortwave
approximation, q ≫ k and qη ≫ 1, because in this regime the propagation of the waves
is given by geometric optics. We will give a more quantitative deőnition of the time at
which the transition from the wave-optics and the geometrical-optics regimes occurs in

69



Section 3.3. According to Eqs. (2.95), (2.96), the connection between the energy density
of graviton and the distribution function is given by

ρCGWB(η,x) =

∫

dp1dp2dp3 p fCGWB(η,x,q) =
1

a4(η)

∫

dn̂

∫

dq q3 fCGWB(η,x,q) ,

(3.16)
where we have used the change of variables between the physical momentum, over which
the energy density is deőned, and the comoving momentum, which is the argument of the
distribution function we have adopted. The distribution function can be connected to the
fractional energy density in GWs used in Eq. (1.45) by using

ΩCGWB(η,x,q) =
1

ρcrit

(q

a

)4
fCGWB(η,x,q) , (3.17)

with ρcrit the critical energy density of the Universe at the present epoch. By assuming then
that the CGWB is produced isotropically, we expect that the distribution function shows a
dominant homogeneous and isotropic contribution, f̄CGWB(η, q), and small inhomogeneities
and anisotropies δfGW(η,x,q), connected to the evolution of the inhomogeneities of the
Universe in time. An useful way to write the perturbation of the distribution function of
graviton is

δfCGWB(η,x,q) ≡ −q∂f̄CGWB(η, q)

∂q
Γ(η,x,q) , (3.18)

where Γ is the perturbation of the distribution function analogous to the one used for the
CMB in Eq. (2.99). The perturbation of the energy density of the CGWB in a single
frequency bin, deőned in Eq. (1.49), is related to the perturbation of the distribution
function by

δCGWB(η,x,q) =
1

ρcrit

(q

a

)4 δfCGWB(η,x,q)

Ω̄CGWB(η, q)
=

1

ρcrit

(q

a

)4 −q ∂f̄CGWB(η,q)
∂q Γ(η,x,q)

Ω̄CGWB(η, q)
,

(3.19)
where the derivatives of the unperturbed part of the distribution function can be written
as

−q∂f̄CGWB(η, q)

∂q
= ρcrit

(

a

q

)4(

4− ∂Ω̄CGWB

∂ ln q
(η, q)

)

. (3.20)

It is possible therefore to connect the perturbation of the distribution function Γ to per-
turbation of the energy density in a single frequency bin in terms the tensor tilt of the
background, introduced in Eq. (1.48), via the simple relation

δCGWB(η,x,q) = [4− ngwb(q)] Γ(η,x,q) . (3.21)

The dependence on x of the distribution function means that in different regions in the
Universe, the energy density of graviton could ŕuctuate, while the dependence on n̂ implies
the spectrum of the CGWB is anisotropic, since gravitons coming from different directions
carry different energy.
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Solution of the Boltzmann equation

Gravitational interactions decoupled at the Planck scale, therefore it is possible to neglect
the collision term in the Boltzmann equation deőned in Eq. (2.105). Since in this work we
consider different sources of cosmological GWs separately, we write the emissivity terms in
the Boltzmann equation as an initial condition for the abundance of graviton at the end of
the production process, avoiding the complicated issue of solving the Boltzmann equation
with a model-dependent source term [39, 40]. We will provide a more detailed explanation
of the role played by the source term in Section 3.4.1, when we will deőne rigorously the
initial time at which we compute the initial conditions of the Boltzmann equation in the
case of GWs produced during inŕation. The Boltzmann equation for collisionless particles
is

d

dλ
fCGWB = 0 → 1

p0
d

dη
fCGWB = 0 , (3.22)

which is equivalent to

∂

∂η
fCGWB +

dxi

dη

∂

∂xi
fCGWB +

dq

dη

∂

∂q
fCGWB +

dn̂i

dη

∂

∂n̂i
fCGWB = 0 . (3.23)

The last term is the product of two terms linear in the scalar and the tensor perturbations,
therefore it can be neglected in our linear approximation. By using the conditions found
in Eqs. (3.12), (3.15), we get

∂

∂η
fCGWB + n̂i

∂

∂xi
fCGWB + q

∂

∂q
fCGWB

(

Ψ′ − ∂Φ

∂xi
n̂i − 1

2
H ′
lmn̂

ln̂m
)

= 0 . (3.24)

By expanding the distribution function in perturbation theory, using the deőnition provided
in Eq. (3.18), we őnd

∂

∂η
f̄CGWB(η, q) =0 ,

Γ′(η,x,q) + n̂i
∂

∂xi
Γ(η,x,q) =Ψ′(η,x)− n̂i

∂

∂xi
Φ(η,x)− 1

2
n̂ln̂mH ′

lm(η,x) .

(3.25)

The zero-order solution of the Boltzmann equation gives f̄CGWB(η, q) = f̄CGWB(q), which
means that the number density of graviton is diluted by the expansion of the Universe,

n̄CGWB(η, q) ≡
∫

d3q

a3(η)
f̄CGWB(η, q) ∼

1

a3(η)
, (3.26)

while the energy density scales as standard radiation, ρ̄CGWB(η) ∼ 1/a4(η). The evolution
of the perturbation of the energy density of the CGWB is governed, in Fouerier space, by

Γ′(η,k,q) + ikµΓ(η,k,q) = Ψ′(η,k)− ikµΦ(η,k)− 1

2
n̂in̂jH ′

ij(η,k) , (3.27)

with µ ≡ k̂ · n̂. To solve analytically this equation, it is sufficient to recognize a partial
derivative w.r.t. time on the left hand side,

Γ′(η,k,q) + ikµΓ(η,k,q) = e−ikµη
∂

∂η

[

Γ(η,k,q)eikµη
]

, (3.28)
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therefore the solution of the Boltzmann equation is just

Γ(η̃,k,q)eikµη
∣

∣

∣

η

ηin
=

∫ η

ηin

dη̃

[

Ψ′(η̃,k)− ikµΦ(η̃,k)− 1

2
n̂in̂jH ′

ij(η̃,k)

]

eikµη̃ . (3.29)

If we use

−ikµΦ(η̃,k)eikµη̃ = − ∂

∂η̃

[

Φ(η̃,k)eikµη̃
]

+Φ′(η̃,k)eikµη̃ , (3.30)

we can write the solution of the Boltzmann equation in the form

Γ(η0,k,q) = Γ(ηin,k,q)e
ikµ(ηin−η0) +Φ(ηin,k)e

ikµ(ηin−η0) − Φ(η0,k)

+

∫ η0

ηin

dη̃

[

Ψ′(η̃,k) + Φ′(η̃,k)− 1

2
n̂in̂jH ′

ij(η̃,k)

]

eikµη̃ .

(3.31)

The őrst term represents the initial condition on the anisotropy of the CGWB and it keeps
into account for any inhomogeneity given by the production mechanism, while the second
term is the Sachs-Wolfe effect (SW), due to the redshift of graviton when it comes out from
the potential wells at its production (w.r.t. the value of our local gravitational potential),
while the last term is the Integrated Sachs-Wolfe (ISW), which keeps into account for
the variation of the perturbations when gravitons are crossing them. The value of the
local potential Φ(η0,k) is unknown, but since this term contributes to the solution of the
Boltzmann equation as an offset independent on n̂, it would affect only the monopole,
giving no physical effect on the angular power spectrum when ℓ ≥ 1. Note also that the
energy spectrum of cosmological graviton is non-thermal, thence the perturbation of the
distribution function is sensitive to the magnitude of the comoving momentum, because
the distribution function cannot be recasted in the form of Eq. (2.89). We will discuss this
difference in more detail in Section 4.1, where the perturbations in the energy density of
the CGWB are computed in the adiabatic case and compared with those of thermalized
species.

Spherical harmonics decomposition and angular power spectrum

The quantity we have access at future interferometers is the excess of energy density of
the CGWB in a given frequency bin, deőned in Eq. (1.49). This quantity is related to the
perturbation of the distribution function by Eq. (3.21), where the distribution function is
evaluated at the present time. In order to extract the information about the anisotropies
in the map of the cosmological background, it would be useful to decompose the density
őeld in spherical harmonics,

δCGWB(η0,x0,q) =

+∞
∑

ℓ=0

ℓ
∑

m=−ℓ
δCGWB,ℓm(η0,x0, q)Yℓm(n̂) , (3.32)

where x0 are the coordinates of the observer. From now on, we set x0 = 0 and we will not
write this dependence anymore. The solution of the Boltzmann equation at the present
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time, Eq. (3.31) evaluated for η = η0 and x = 0, can be written as a the sum of łinitialž,
scalar and tensor contributions,

δGW,ℓm,I(q) = 4π(−i)ℓ[4− ngwb(q)]

∫

d3k

(2π)3
eik·x0Y ∗

ℓm(k̂)Γ(ηin,k, q)jℓ[k(η0 − ηin)] ,

δGW,ℓm,S(q) = 4π(−i)ℓ[4− ngwb(q)]

∫

d3k

(2π)3
eik·x0Y ∗

ℓm(k̂)ζ(k)∆
S
ℓ (k, η0, ηin) ,

δGW,ℓm,T (q) = 4π(−i)ℓ[4− ngwb(q)]

∫

d3k

(2π)3
eik·x0

∑

λ=±2

−λY
∗
ℓm(k̂)Hλ(k)∆

T
ℓ (k, η0, ηin) ,

(3.33)

where we have deőned the scalar and the tensor source functions

∆S
ℓ (k, η0, ηin) ≡TΦ(ηin, k)jℓ[k(η0 − ηin)] +

∫ η0

ηin

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0 − η)] ,

∆T
ℓ (k, η0, ηin) ≡

√

(ℓ+ 2)!

(ℓ− 2)!

1

4

∫ η0

ηin

dηT ′
h(η, k)

jℓ[k(η0 − η)]

k2(η0 − η)2
,

(3.34)

with the tensfer function of the scalar and the tensor perturbations deőned by

Φ(η,k) =TΦ(η, k)ζ(k) ,

Ψ(η,k) =TΨ(η, k)ζ(k) ,

Hij(η,k) =TH(η, k)
∑

λ=±2

eij,λ(k̂)Hλ(k) .
(3.35)

Additional details on the derivation of Eq. (3.33) have been provided in Appendix D.
The source functions provided in Eq. (3.34) encode all the information related to the
evolution of the perturbations in time, given by the transfer functions, and to the projection
effects, associated to the spherical Bessel and their derivatives. The stochastic part of
the anisotropies is factorized in the primordial stochastic őelds ζ, which is the curvature
perturbation deőned in Eq. (2.69), and Hλ, which corresponds to the amplitude of the
primordial tensor ŕuctuations during inŕation, computed in Eq. (2.68). In our discussion,
we have assumed that Γ(ηin,x, q) does not depend on n̂, allowing to use the spherical
harmonics decomposition written above. In Section 4.2 we show an explicit example in
which Γ(ηin,x, q) depends on the direction of observation through the combination (k̂ ·
q̂)2, generating a quadrupole anisotropy in the initial conditions. A more general term
in which the initial perturbation of the distribution function depends on the direction
of propagation of gravitons alone could be generated by models that break statistical
isotropy [245, 246, 247], although this is not the only possibility. In our work, however,
we neglect this cases, leaving them for a future study. In some cases, the initial condition
contribution, δGW,ℓm,I , can be written by factorizing Γ(ηin,x, q) as the product of a transfer
function and a stochastic part, see, e.g., Eq. (3.39). In Eq. (3.33), we do not use such a
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decomposition yet, in order to be as much general as possible.The angular power spectrum
of the CGWB at two different frequencies is deőned then by using

δℓℓ′δmm′CCGWB×CGWB
ℓ (q1, q2) ≡

〈

δGW,ℓm(q1)δ
∗
GW,ℓ′m′(q2) + δGW,ℓm(q2)δ

∗
GW,ℓ′m′(q1)

2

〉

.

(3.36)
The angular power spectrum of the CGWB for two momenta q1 and q2 can be decomposed
as the sum of an initial, a scalar, a tensor contribution plus the cross-correlation between
the initial term and the scalar and the tensor ones,

CCGWB×CGWB
ℓ (q1, q2) =4π [4− ngwb(q1)][4− ngwb(q2)]

∫

dk

k

[

∣

∣∆S
ℓ (k, η0, ηin)

∣

∣

2
Pζ(k) +

∣

∣∆T
ℓ (k, η0, ηin)

∣

∣

2
PT (k)

+ j2ℓ [k(η0 − ηin)]PΓ(k, q1, q2)

+ ∆S
ℓ (k, η0, ηin)jℓ[k(η0 − ηin)] (P×,ζ(k, q1) + P×,ζ(k, q2))

+ ∆T
ℓ (k, η0, ηin)jℓ[k(η0 − ηin)] (P×,T (k, q1) + P×,T (k, q2))

]

,

(3.37)

where we have deőned the following spectra, keeping into account for any possible corre-
lation between the intial conditions with the scalar and the tensor perturbations,

⟨ζ(k1)ζ
∗(k2)⟩ ≡

2π2

k31
(2π)3 Pζ(k1)δ(k1 − k2) ,

〈

Hij(k1)H
∗ ij(k2)

〉

≡2π2

k31
(2π)3 PT (k1)δ(k1 − k2) ,

〈

Γ(ηin,k1, q1)Γ
∗(ηin,k2, q2) + c.c.

2

〉

≡2π2

k31
(2π)3 PΓ(k1, q1, q2)δ(k1 − k2) ,

〈

Γ(ηin,k1, q)ζ
∗(k2) + Γ∗(ηin,k1, q)ζ(k2)

2

〉

≡2π2

k31
(2π)3 P×,ζ(k1, q)δ(k1 − k2) ,

〈

Γ(ηin,k1, q)H
∗(k2) + Γ∗(ηin,k1, q)H(k2)

2

〉

≡2π2

k31
(2π)3 P×,T (k1, q)δ(k1 − k2) .

(3.38)

Eqs. (3.33), (3.37) account for the presence of extra random őelds in the early Universe
only in Γ(ηin,k, q), because any source of isocurvature, that could affect the metric per-
turbations [41, 248, 249], has been constrained at lower energy scales by CMB measure-
ments [122, 123, 34]. In the most general case it is clear that the frequency dependence of
the angular power spectrum cannot be factorized out, but it depends on the convolution
of the integral over k, generating different scalings of the angular power spectrum with the
frequency at different multipoles [1]. In the case in which the tensor tilt of the CGWB does
not depend on the frequency, ngwb(q) ≃ const., and the initial condition does not depend
on the frequency and is proportional to the curvature that sources the scalar perturbations,

Γ(ηin,k)jℓ[k(η0 − ηin)] = ∆I
ℓ (k, η0, ηin) ζ(k) , (3.39)
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we can write the angular power spectrum by in the simple form

CCGWB×CGWB
ℓ

4π(4− ngwb)2
=

∫

dk

k

[

∣

∣∆I
ℓ (k, η0, ηin) + ∆S

ℓ (k, η0, ηin)
∣

∣

2
Pζ(k) +

∣

∣∆T
ℓ (k, η0, ηin)

∣

∣

2
PT (k)

]

.

(3.40)

3.3 Initial time and source term

The evolution of the distribution function of the cosmological gravitons is computed by
using the Boltzmann equation, starting from an initial time ηin until the present time at
which observations are perfomed, η0. The choice of the time at which the initial conditions
are set is different w.r.t. the CMB case. Photons are indeed tightly coupled to baryons until
recombination, therefore it is sufficient to choose any initial time for which the smallest
observable scales in the CMB are larger than the causal horizon. This is due to the fact
that any effect in the evolution of the Universe before that time is washed out by the
tight coupling of photons with baryons. On the other hand, since the CGWB decouples
at the Planck epoch, it allows to probe much earlier times in the cosmic history, thus a
more rigorous deőnition of the initial time, from whom we start evolving the distribution
function by using the Boltzmann equation, is needed. In this Thesis, we consider a CGWB
of frequency f generated at the time ηprod and decoupled afterwards. If at ηprod the GWs
are inside the horizon, it is possible to use the approach described in Section 1.1.2 and 3.1,
by using geometric optics and introducing a distribution function for graviton, setting
ηin = ηprod. On the other hand, if the shortwave approximation is no longer valid, it is not
possible to describe the CGWB as an ensemble of massless particles, because, for example,
the energy density of the gravitational őeld is not well deőned. In the case in which the
GWs produced at ηprod are super-horizon, the initial conditions are set at ηin = 150 ηh.c.,
where

q

H(ηh.c.)
= 1 → ηh.c. =

{

1/q Radiation Domination

2/q Matter Domination
(3.41)

with H the conformal Hubble rate. The factor 150 implies that the modes are deeply inside
the horizon, ensuring the validity of the shortwave approximation. In full generality, it is
possible to compute the initial time as

ηin(f) = max [ηprod, 100 ηh.c.(f)] . (3.42)

The vast majority of the primordial mechanisms that source a primordial background
generate GWs within the causal horizon, therefore the case ηin(f) = 150ηh.c.(f) would
apply just to few cases that are basically related to inŕation. We will show an explicit
example in Section 3.4.1. The frequency dependence of the initial time implies that the
anisotropies of the CGWB at different frequencies are sensitive to the geometry of the
Universe at different times, as we will discuss in detail also in the next chapters.
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3.4 Cosmological Gravitational-Wave Background Sources

The physical observable that we can measure with interferometers is the CGWB density
contrast [39, 40, 149], deőned in Eqs. (1.49), and it is related to the perturbation of the
distribution function, deőned in (3.18), by Eq. (3.21). In order to connect the solution of
the Boltzmann equation to the observable, it is necessary to know the spectral tilt of the
monopole of the CGWB, deőned in Eq. (1.48). Since this tilt is model dependent, we need
to know the underlying source of GWs to properly characterize the amplitude and the shape
of the angular power spectrum. In this section we enumerate the most promising sources
of GWs, because they relate to different aspects of early universe models: inŕation with a
blue tilt, őrst-order phase transitions, and second-order-induced GWs. In this section we
will focus just on the monopole contribution of the different sources, although differences
in the initial conditions could emerge. We will go through these additional differences in
Chapter 4.

3.4.1 Quantum ŕuctuations of the metric during inŕation

During inŕation, the quantum ŕuctuations of the scalar and tensor perturbations of the
metric could be ampliőed by the accelerated expansion of the Universe [167]. The ampli-
tude of the ŕuctuations of plane waves of frequency k and q, when kη ≈ 1, gets frozen to
the value

〈

hinfij (k)h
inf ij ∗(q)

〉

=
2π2

k3
(2π)3 PT (k) δ(k − q) , (3.43)

where PT (k) is the primordial tensor spectrum. In canonical model of inŕation, it is
computed by using

PT (k) ≃
2

π2
H2
k

M2
Pl

, (3.44)

for k = aH. The amplitude of the primordial tensor spectrum at the pivot scale k∗ =
0.01Mpc−1 is connected to the amplitude of the scalar power spectrum by the tensor-to-
scalar ratio,

PT (k∗) ≡ r Pζ (k∗) , (3.45)

while the evolution in frequency is typically determined by the tensor tilt nt,

PT (k) = PT (k∗)

(

k

k∗

)nt

. (3.46)

The most recent bound on (r, nt), obtained in [210], contraints r < 0.98 and nt ∈
[−1.37, 0.42] at 95% conődence level. These constraints have been obtained by combining
measurements of the polarization of the CMB maps, from Planck (considering also the in-
tensity) [26, 250, 34] and BICEP/Kek [251], with the current limit on the direct detection
of SGWBs provided by LVK [209]. The analysis done in [210] constrains an inŕationary
CGWB parametrized by Eqs. (3.45), (3.46) (see, e.g., [128] for constraints on r by őxing
nt to the value predicted by single-őeld inŕation), without considering the most general
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case in which there could be a running on the tensor tilt, that becomes frequency depen-
dent. In this Thesis, we will also focus just on the case of an inŕationary CGWB with
a null running of the tensor tilt. The inŕationary spectrum of the CGWB can be simply
connected to the observed background by evaluating the propagation of the GWs across
the cosmic history. By comparing the deőnition of fractional energy density of the CGWB
per frequency bin, given in Eq. (1.45), with the expression for the energy density of the
GWs, Eq. (2.95), where the energy-momentum tensor can be computed by using (1.28), it
is possible to show that the energy density of the primordial background is

Ω̄CGWB(η, q) =
1

12H2
0

PT (q)
1

a2(η)
⟨
[

T ′
h(η, q)

]2⟩ . (3.47)

The transfer function Th has been deőned in Eq. (3.35) and its analytic expression will be
written explicitly in Eq. (F.33). The average of the square of the time derivative of the
transfer function is the corrispective the Brill-Hartle average that appears in the deőnition
of the energy-momentum tensor of the GWs. It is possible to show that when η → η0, the
energy density of the GWs becomes

Ω̄CGWB(η, q) =
1

12H2(η)a2(η)

η2eq
η4
PT (q) , (3.48)

where ηeq is the conformal time at the equality between matter and radiation. This relation
takes into account the evolution of the tensor modes that re-entered the Hubble scale during
radiation domination [227], taking into account the evolution of GWs during radiation and
matter domination, while the effects due to the propagation of tensor modes during dark
energy domination are negligible. Besides, Eq. (3.48) neglects the damping of tensor modes
propagating in a Universe with non-zero anisotropic stress [252, 253, 254], ampliőed for
instance by free-streaming particles. When the damping is due only to active neutrinos,
this effect is close to 0.82, while in general it is proportional to the fractional energy density
of relativistic and decoupled particle species at the time at which the tensor perturbations
start oscillating, η ≈ 1/q. We provide additional details on the derivation of Eq. (3.48) in
Section 5.2. In this prescription, the quantity PT in Eq. (3.48) is the same power spectrum,
evaluated at a different scale, that generates the tensor contribution to the ISW of the CMB
and of the CGWB, deőned in Eq. (3.40).

In this scenario, the production time of the CGWB corresponds to inŕation, during
which the tensor ŕuctuations are ampliőed. However, once the GWs cross the Hubble
horizon, they are frozen and do not oscillate in space and time, thus it is difficult to deőne
properly the energy density of the CGWB. This problem is analogous to the deőnition
of the energy-momentum tensor when the shortwave approximation is not valid, see Sec-
tion 1.1.3. As debated in Section 3.3, to compute the anisotropies of gravitons, it is crucial
to deőne time ηin at which we evaluate the initial conditions on the distribution function.
Considering that at ηprod the tensor modes are outside the causal horizon, we should deőne
the minimum time at which the shortwave approximation holds. By construction, q ≫ k,
therefore we should chose a value of qη large enough in such a way that GWs could be
considered an ensemble of collisionless and massless particles. To do this, we look at the
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Figure 3.1: Plot of the transfer function of the energy density of the CGWB, multiplied by a4. When qη ≈ 150, the
energy density scales like a−4, thus the CGWB behaves like a standard radiation ŕuid.

evolution of the energy density of the GWs, Eq. (3.47), during the radiation dominated
epoch. As we will see in Eq. (F.33), the transfer function of the tensor perturbations that
re-enter the horizon during the radiation epoch is

Th(η, q) = j0(qη) , (3.49)

therefore the energy density of the primordial background is

Ω̄CGWB(η, q) =
1

12H2
0

PT (q)
1

a2(η)
⟨
[

j′0(qη)
]2⟩ . , (3.50)

Note that when qη ≫ 1, it is possible to use ⟨sin2(qη)⟩ = ⟨cos2(qη)⟩ = 1/2 and ⟨sin(qη)⟩ =
⟨cos(qη)⟩0. In Figure 3.1, we plot a4

〈

(T ′
h)

2
〉

as a function of qη. We note that when

qη ≈ 150, a4Ω̄CGWB ∼ const., thus the energy density of the CGWB scales like standard
radiation. In this case, we deőne ηin = 150/q, because at this time gravitons can be
described as a radiation ŕuid. From ηprod up to 150/q, the evolution of the CGWB should
be characterized by the transfer function of the tensor perturbations, keeping into account,
eventually, for any kind of wave-optics effect in the propagation [255].

3.4.2 Primordial Black Holes

GR is a nonlinear theory, therefore, although at linear order the evolutions of scalar and
tensor modes are decoupled, secondary GWs could be produced by quadratic contributions
in the scalar perturbations, which act as a source in the transverse and traceless part of
the Einstein equations [168, 169, 170, 171, 172, 173, 174] (see [256] for a recent review).
In [174] it has been shown indeed that if the scalar power spectrum used to compute the
perturbations of the CMB is assumed, the amplitude of the cosmological background is
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expected to be subdominant, Ω̄CGWB ≃ 10−22 (f/1Hz)−0.1. Consequently, to produce
a notable amount of GWs, it is necessary to have an enhancement in the scalar power
spectrum, at the frequencies of the CGWB, compared to the inŕationary predictions.
Deviations from scale invariance [257] happens for instance in an ultra-slow-roll phase [258,
259, 260], or in multi-őeld models [261, 262, 263]. The magniőcation of Pζ at small scales
implies that a big number of regions with large density ŕuctuations is present in the early
Universe. When the density ŕuctuations of these regions are larger than a critical value,
they collapse forming PBHs [264, 265, 202]. The mass range of these PBH are of the order
∼ (0.001 − 1000)M⊙, which enclose the actual mass range probed by current detectors.
The peak in the scalar power spectrum could augment the production of PBHs in such a
way their abundance could be constrained by future observations1. The CGWB associated
to the secondary-GWs has been computed for different shapes of the primordial power
spectrum [266]. In the monochromatic case, with a primordial scalar spectrum featuring a
Dirac delta-function, Pζs (q) = A∗ q∗ δ (q − q∗), the SGWB energy density can be computed
analytically and results [267, 23]2

Ω̄CGWB(η0, f) =
1

a20H
2
0η

2
0

A2
∗

15552

f2

f2∗

[

4f2∗
f2

− 1

]2

θH (2f∗ − f) I2

(

f∗
f
,
f∗
f

)

(3.51)

where θH is the Heaviside step function, and

I2

(

f∗
f
,
f∗
f

)

=
729

16

(

f

f∗

)12(

3− 2f2∗
f2

)4






[

4

(

2− 3
f2
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)−1

− log

(∣

∣

∣

∣

1− 4f2∗
3f2

∣

∣

∣

∣

)

]2

+ π2θH

(

2f∗√
3f

− 1

)







.

(3.52)

The peak GW frequency f∗ is related to the spike scale q∗ by

f∗ =
c

2πa0
q∗ . (3.53)

3.4.3 Phase Transition

When a PT takes place, the Universe goes from a metastable to a stable state, which
represent the conőgurations of minimal potential energy at high and low temperatures
respectively. If latent heat is involved, the PT is of the őrst order and the phases of the
Universe are converted from the false to the true vacuum in a discontinuous way, through
the nucleation of bubbles [183]. Such őrst order PTs can happen in many extensions of
the Standard Model (e.g., with additional scalar singlet or doublet, spontaneously broken
conformal symmetry, or phase transitions in a hidden sector). In [20], it has been realized

1Together with the secondary GWs, an additional SGWB could be produced by the merging of binary
systems of PBHs. This SGWB would have a similar shape in frequency of the AGWB discussed in Section 7
and could be constrained by space- and earth-based interferometers, depending on the mass of the PBHs.

2This expression is valid during radiation domination.
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for the őrst time that a large CGWB could be produced during a őrst-order PT and this
is potentially detectable by present and future GW interferometers [184, 145]. In general,
three main mechanisms contribute to the generation of GWs [114], by acting as a source
in the transverse-traceless part of the Einstein equations:

• Bubble wall collisions creating distortions in the plasma. Their action is usually
accounted with a method called envelope approximation [185, 186, 187, 188, 189],
consisting in approximating the bubble motion with an inőnitesimally thin spherical
layer. This is the backbone of the scalar őeld ϕ contribution to the SGWB signal.

• Sound waves generated by the coupling of the scalar őeld to the plasma during
the expansion of the bubbles. These compressional modes constitute an important
source of GWs also long after the collision of the bubbles [190, 191, 192].

• Turbulence phenomena after the bubble collision, which generate vortices in the
ŕuid with a non-vanishing quadrupole moment. The amount of GWs sourced by
these eddies from Magneto-Hydro-Dynamics (MHD) turbulence has been computed
for instance in [193, 194].

As a consequence, the density of GWs generated by phase transitions can be split into
three contributions,

Ω̄GW(f) = Ω̄ϕ(f) + Ω̄sw(f) + Ω̄turb(f) . (3.54)

Broken Power-law

Each of these three contributions can be well described by a broken power law (BPL)
spectrum. In CLASSGW we use the same parametrization as in the LIGO analysis of
Ref. [268],

Ω̄BPL
GW (f) = Ω̄∗

(

f

f∗

)n1
[

1 +

(

f

f∗

)∆
]

n2−n1
∆

(3.55)

with n1 = 3 to account causality, n2 takes the value −4 (resp. −1) for sound waves (resp.
bubble collisions), and the contribution from turbulence (MHD) is neglected.
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Chapter 4

Initial conditions of the CGWB

The non-thermal nature of gravitons poses a signiőcant challenge in setting the initial con-
ditions. In the case of CMB photons, the tight coupling of the photon-baryon ŕuid leads
to the evolution of any initial distribution in phase space toward the Maxwell-Boltzmann
distribution, as deőned in Eq. (2.89). The effects of inhomogeneities in the electromag-
netic őeld at early times, occurring well before the thermalization of photons, remain
unobservable due to the opacity of the Universe during these earlier epochs, long before
recombination. On the other hand, the CGWB decouples when energy scales fall below
the Planck scale, denoted as TPl = 1.22 × 1019,GeV [37]. Consequently, the spectrum of
its monopole and anisotropies contains valuable information about the mechanism respon-
sible for its generation or, equivalently, about the initial conditions. In this section we
quantify the amount of initial inhomogeneities in the energy density of CGWB from dif-
ferent sources, keeping track of adiabatic and non-adiabatic contributions. The approach
we employ in this chapter is general and can be extended to compute the initial conditions
of any stochastic background of primordial origin. We begin by illustrating the simplest
scenario in which the initial conditions of the CGWB are assumed to be adiabatic. This
initial examination reveals signiőcant differences between the CGWB and other cosmolog-
ical relics, such as the CMB. In subsequent sections, we compute the initial conditions for
non-adiabatic perturbations, including those generated by the quantum ŕuctuations of the
metric during inŕation or SIGW.

4.1 Adiabatic initial conditions

If the Universe is őlled with many different particle species, the adiabatic initial condition
imposes that the relative entropy between two different particles, deőned by

Sαβ ≡ − 1

1 + wi
δi +

1

1 + wj
δj , (4.1)

is equal to zero. We recall that we have deőned, consistently with Eq. (2.104), the density
contrast of the species i,

δi ≡
δρi
ρ̄i

. (4.2)
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Under this assumption, the density contrast of different perturbations are just rescaled by
their equation of state parameters,

δi =
1 + wi
1 + wj

δj . (4.3)

When the perturbations are adiabatic, it is immediate to get a relation between δi and the
metric perturbations, and thus the curvature perturbation ζ. The (0, 0) component of the
Einstein equation given in Eq. (2.108), if we use Eq. (4.3), assuming that all the species
involved are relativistic, gives

δ(ηin,k) = − 2

HΨ′(ηin,k)− 2Φ(ηin,k) , (4.4)

where we have neglected the term proportional to k2Ψ in the Einstein equations, because
we set the initial conditions when the modes are super-horizon, kη ≈ k/H ≪ 1. In
Section 5.1, a more precise derivation of the initial conditions will be done and we will also
show that Ψ′ is negligible at early times, because the variations of the scalar potentials are
suppressed by the expansion of the Universe. In the CMB case, the spectrum is thermal
and, as we have shown in Eq. (2.101), the perturbation of the distribution function is just

Θ0(ηin,k) =
1

4
δCMB(ηin,k) = −1

2
Φ(ηin,k) . (4.5)

The graviton spectrum is non-thermal, therefore the density contrast is not δCGWB deőned
in Eq. (1.49), but a bolometric quantity, integrated over the frequency of gravitons,

δbolCGWB(η,k) ≡
δρCGWB(η,k)

ρ̄CGWB(η)
=

∫ d3q
(2π)3

q f̄(q) [1 + (4− ngwb(q))Γ(η,k,q)]
∫ d3q

(2π)3
q f̄(q)

. (4.6)

In the graviton case, the adiabatic initial condition corresponds to

δbolCGWB(η,k) = −2Φ(η,k) , (4.7)

which is an integral equation for Γ(η,k,q) that needs a further assumption to be solved.
The generalization of the adiabatic initial condition we make consists in considering gravi-
tons in each bin as many independent and decoupled species and for each of them we apply
the adiabatic initial condition. In a mathematical language, we assume that

δCGWB(η,k,q) = δCGWB(η,k) = δbolGW(η,k) → Γ(η,k, q) = − 2

4− ngwb(q)
Φ(η,k) , (4.8)

where the density contrast has been deőned in Eq. (3.21). This condition can be obtained
by requiring that the adiabatic initial condition has to be true for any f̄(q),

∫

d3q

(2π)3
f̄(q) [2Φ(η,k) + (4− ngwb(q)) Γ(η,k, q)] = 0 , ∀ f̄(q) , (4.9)
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thus the integrand over q has to be always zero and we get the adiabatic initial condition

Γ(η,k, q) = ΓAD
0 (η,k, q) = − 2

4− ngwb(q)
Φ(η,k) . (4.10)

The subscript 0 clariőes that in the adiabatic case the initial condition is a monopole term,
while higher multipoles are suppressed. To see explicitly this, it is sufficient to notice that,
by combining the (0, 0) and the (0, i) Einstein equations, see e.g. Eq. (2.108), one would
get

ΓAD
1 (ηin,k, q) = − 1

4− ngwb(q)

k

6H(ηin)

[

Ψ′(ηin,k)
H(ηin)

+ Φ(ηin,k)

]

, (4.11)

from which we conclude that

∣

∣ΓAD
1 (ηin,k, q)

∣

∣≪
∣

∣

∣

∣

1

4− ngwb(q)
Φ(ηin,k)

∣

∣

∣

∣

. (4.12)

In analogy with CMB photons, we can assume that higher multipoles are also suppressed,
because of some tight coupling regime between GW modes at the production. Furthermore,
at the initial time ηin, the structure of the Boltzmann hierarchy1 requires Γℓ(ηin, k, q) ≈
kηin Γℓ−1(ηin, k, q), therefore the ℓ contribution is suppressed w.r.t. the ℓ − 1 one, since
kηin ≪ 1. The substantial difference between the CMB and the CGWB case is encoded in
the factor 4−ngwb, which reŕects the contrast between photons, which are thermalized and
the perturbation of their distribution function Θ does not depend on the frequency, and
gravitons, whose initial condition is set by requiring that the perturbation of the energy
density in a given frequency bin δCGWB does not depend on the frequency.

Behind the idea of adiabatic initial conditions, there is the assumption that any kind of
perturbation in the Universe is generated by a single-clock during inŕation. The conjecture
relies on the fact that there exists a time-shifting function δη(x) such that the perturbation
of any homogeneous and isotropic őeld X̄ can be written according to

δX(η,x) = X̄ (η + δη(x)) = X̄ ′(η)δη(x) → δX(η,x) ≡
δX(η,x)

X̄(η)
= −3H(η)(1+wX)δη(x) .

(4.13)
The time shifting function is the same for all the őelds, thus it is immediate to get the
condition provided in Eq. (4.3). Adiabatic initial conditions are therefore typically gener-
ated when in the early Universe there is just a single source of energy and momentum that
produces other cosmic relics at later times. To prove this, suppose for instance that i par-
ticles are present during reheating and are originated by one single-clock. The continuity
equations at the background and at the perturbed level are

ρ̄′i + 3H(1 + wi)ρ̄i =Q̄i ,

δρ′i + 3H(1 + wi)δρi − 3Ψ′(1 + wi)ρ̄i =δQi ,
(4.14)

where the energy transfer rate is subjected to the constraint
∑

iQi = 0. For instance, i
could run over the inŕaton, standard radiation, and the CGWB. It is possible to show [269]

1A detailed discussion of the Boltzmann hierarchy will be done in Section 5.1.
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that, in the case of single-őeld inŕation, for the species i sourced by the above continuity
equations, the initial conditions are adiabatic. On the other hand, if other őelds are present
in the early Universe or if non-Gaussianity is taken into account, the initial conditions could
be non-adiabatic (NAD). It would be useful, for convenience, to express the initial condition
as the sum of an adiabatic and a non-adiabatic term,

Γ(ηin,k,q) = ΓAD
0 (ηin,k, q) + ΓNAD(ηin,k,q) (4.15)

In the subsequent sections, we will discuss the initial conditions for the sources of
cosmological backgrounds presented in Section 3.4, illustrating mainly the features of the
non-adiabatic contribution (if present).

4.2 Initial conditions in single-őeld inŕation

Non-adiabaticity of the primordial GWs

During single-őeld inŕation, the scalar and the two tensor degrees of freedom ŕuctuate
independently, since we assume no interaction between these őelds in the most vanilla
scenario. The most important consequence of this fact is that it is no longer possible to
assume apriori the adiabatic initial condition,

δi ̸= δj
1 + wi
1 + wj

, (4.16)

because the łseparate universež condition is unvalidated by the existence of more than
one clock in the early Universe. Furthermore, the energy density of a cosmological back-
ground is supposed to be much smaller than the energy density of standard radiation,
ρ̄CGWB(ηin) ≪ ρ̄rad(ηin), according to BBN+Planck constraints discussed in Section 1.5.
This means that the Einstein equations give no direct relation between δCGWB and δrad,

2

3Hk2Ψ+ 2
(

Ψ′ +HΦ
)

= − 1

ρ̄rad + ρ̄CGWB

(

ρ̄radΘ0,rad + ρ̄CGWBδ
bol
CGWB

)

≈ −Θ0,rad ,

(4.17)
where we have used the deőnition of the łbolometricž energy density of the CGWB,
Eq. (4.6). An alternative way to say this is that the metric perturbations are not sen-
sitive to the inhomogeneities in the distribution of gravitons at early times, because such a
contribution is suppressed by the little input that the primordial GWs provide to the total
energy budget of the Universe.

Therefore, the only way possible to compute the energy-momentum tensor of the
CGWB is directly from the gravitational őeld. The main reason for this is that we have
equations that characterize for the magnitude of the ŕuctuations and the evolution of the
tensor modes, thus there are no further assumptions (like the adiabatic one) we should
make to evaluate the energy density. In this way, we can connect the only source of infor-
mation we have access (the microphysics involving hij), to the macroscopic properties of
the system (the smoothed energy density ρCGWB).

84



Energy-momentum tensor of the CGWB

We recall that in this work we are considering the line element in the Poisson gauge given
in Eq. (3.3), which is

ds2 = a2(η)
{

−dη2 (1 + 2Φ(η,x)) + dxidxj [δij (1− 2Ψ(η,x)) +Hij(η,x) + hij(η,x)]
}

.
(4.18)

According to the prescription of [35, 36], explored in Section 1.1.2, the GWs are deőned as
the high-frequency part of the metric,

γGW
ij (η,x) ≡a2(η)hij(η,x) ,

γGW ij(η,x) =gik(η,x)gjl(η,x)γGW
kl (η,x) = − 1

a2

[

(1 + 4Ψ)hij +Hk(ih
j)
k

]

,
(4.19)

where the metric and its inverse considered have been deőned in Eqs. (2.77) and does
not contain the rapidly-oscillating waves. In the shortwave approximation, the energy-
momentum tensor is deőned by Eq. (1.28), and it corresponds to

T (GW)
µν (x) =

1

32πG

〈

Dµγ
(GW)
αβ (x)Dνγ

(GW)αβ(x)
〉

. (4.20)

Since in the shortwave approximation qη ≫ 1 and q/k ≫ 1, it possible to neglect any
containing temporal and spatial derivatives of the metric, because they are subdominant
compared to variations of the GWs, which are proportional to q. The covariant derivatives
of the radiative degrees of freedom of the metric are

D0

(

γGW
ij

)

=a2h′ij ,

Dk

(

γGW
ij

)

=a2∂khij ,

D0

(

γGW ij
)

=− (1 + 4Ψ)hij ′ −Hk(ih
j) ′
k

a2
,

Dk

(

γGW ij
)

=− (1 + 4Ψ)∂kh
ij −H l(i∂kh

j)
l

a2
,

(4.21)
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which means that the components of the energy-momentum tensor are

ρGW =− T 0GW
0 =

1

32πGa2

〈(

h′ijh
ij ′(1− 2Φ + 4Ψ)− 2h′ijh

j ′
k H

ik
)〉

,

PCGWB =δji T
iGW
j =

1

32πGa2
1

3

〈

∂rhij∂
khij [(1 + 6Ψ)δrk +Hr

k ] +Hrl∂shmr ∂shlm

〉

,

viCGWB =
T 0GW
i

ρ̄CGWB + P̄CGWB
=

3

4
〈

hij ′h′ij

〉

〈

(1− 2Φ)
[

(1 + 4Ψ)hij ′ − 2Hkihj ′k

]

∂khij

〉

,

πij CGWB =
1

32πGa2

〈

(1 + 6Ψ)

(

∂ihlm∂jhlm − 1

3
δij∂

khlm∂khlm

)

+

(

H ik∂kh
lm∂jhlm − 1

3
δijH

rk∂kh
lm∂rhlm

)

+

(

Hrl∂ihmr ∂jhlm − 1

3
δijH

rl∂shmr ∂shlm

)〉

.

(4.22)

As discussed in Appendix B, in the shortwave approximation, tensors of the form DρS
ρ
µν ,

with Sρµν quadratic in γGW
ij , can be dropped under averages. It is possible to see that,

up to a four-divergence G deőned in Eq. E.8, the contributions to the energy-momentum
tensor become

ρGW =
1

32πGa2

〈(

h′ijh
ij ′(1− 2Φ + 4Ψ)− 2h′ijh

j ′
k H

ik
)〉

,

PCGWB =
1

32πGa2
1

3

〈

h′ijh
ij ′(1− 2Φ + 4Ψ) +Hrl∂shmr ∂shlm

〉

,

viCGWB ≪ δρGW ,

πij CGWB =
1

32πGa2

〈(

H ik∂kh
lm∂jhlm − 1

3
δijH

rk∂kh
lm∂rhlm

)

+

(

Hrl∂ihmr ∂jhlm − 1

3
δijH

rl∂shmr ∂shlm

)〉

.

(4.23)

In this way we have shown explicitly that the equation of state of the CGWB is still the
one of standard radiation, PCGWB = ρCGWB/3.

Initial condition on the distribution function in single-őeld inŕation

The energy density, the pressure, the velocity and the anisotropic stress of the CGWB
evaluated in Eq. (4.23) are łbolometricž quantities, evaluated integrating over all the
frequency spectrum of the CGWB, because the GWs considered hij(η,x) are the superpo-
sition of many small-scale GWs of frequencies q. It is possible then to use the expansion
of the GWs introduced in Eq. (1.38), decomposing the CGWB into many plane waves,

hij(η,x) =

∫

d3q

(2π)3

∑

λ

eiq·x eλij(q̂)h
prim
λ (η,q)Th(η, q) , (4.24)
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where Th(η, q) is the transfer function of the tensor perturbations of momentum q at the
time η, introduced in Eq. (3.35) for the large-scale tensor perturbation Hij . The two-point
correlation function of the GWs at a generic time after inŕation is given by

〈

hλ(η,q)hλ′(η,q
′)
〉

=
1

2

8π5

q3
PT (q) δλλ′ δ(q − q′) [Th(η, q)]

2 , (4.25)

where the tensor power spectrum from inŕation has been deőned in Eq. (3.43). In this
way, by using the normalization condition

eλij(q̂)e
ij λ′(q̂) = δλλ′ , (4.26)

we get that the energy density of the CGWB is equal to

ρCGWB =
1

32πGa2

∫

d3q

(2π)3
2π2

q3
PT (q)

〈

[

T ′
h(η, q)

]2
〉

[

1− 2Φ(η,x) + 4Ψ(η,x)− 2H ij(η,x)
∑

λ

eλik(q̂)e
k λ
j (q̂)

]

.

(4.27)

It is also possible to show that the polarization tensors obey
∑

λ

eλik(q̂)e
k λ
j (q̂) = δij − q̂iq̂j , (4.28)

which means that the perturbation in the energy density of the CGWB is

ρCGWB =
1

32πGa2

∫

d3q

(2π)3
2π2

q3
PT (q)

〈

[

T ′
h(η, q)

]2
〉

[

1− 2Φ(η,x) + 4Ψ(η,x) + 2H ij(η,x)q̂iq̂j
]

.

(4.29)

In order to connect the perturbation of the energy density to the perturbation of the
distribution function, we recall that the energy density of the CGWB can be written in
terms of the distribution function by combining Eqs. (3.16) and Eq. (3.18), we write the
energy density as

ρCGWB =

∫

d3q

(2π)3
f̄(q)

[

1− q

f̄(q)

df̄

dq
(q)Γ(η,x,q)

]

, (4.30)

which makes possible to connect the unperturbed distribution function of gravitons to the
primordial tensor power spectrum,

f̄(q) =
π

16Ga2q3
PT (q)

〈

[

T ′
h(η, q)

]2
〉

, (4.31)

in agreement with Eqs. (3.17), (3.48). The perturbation of the distribution function of
graviton is then

Γ(η,x,q) =
1

4− ngwb(q)

[

−2Φ(η,x) + 4Ψ(η,x) + 2H ij(η,x)q̂iq̂j
]

. (4.32)
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The Fourier transform this expression at ηin gives the initial conditions in the case of
single-őeld inŕation,

Γ(ηin,k,q) =
1

4− ngwb(q)

[

−2Φ(ηin,k) + 4Ψ(ηin,k) + 2
∑

λ

Hλ(ηin,k)e
ij(k̂)q̂iq̂j

]

.

(4.33)
By assuming that the primordial tensor modes are unpolarized we can use Eq. (4.28),
őnding

Γ(η,k,q) =
1

4− ngwb(q)

{

−2Φ(η,k) + 4Ψ(η,k) + 2H(η,k)

[

1−
(

k̂ · q̂
)2
]}

. (4.34)

We recognize in this equation the adiabatic contribution, Eq. (4.10), plus non-adiabatic
terms which reads

ΓNAD(η,k,q) =
1

4− ngwb(q)

{

4Ψ(η,k) + 2H(η,k)

[

1−
(

k̂ · q̂
)2
]}

(4.35)

By recalling that the őrst Legendre polynomials are

P0(µ) = 1 , P1(µ) = µ , P2(µ) =
1

2
(3x2 − 1) , (4.36)

where µ ≡ k̂ · q̂, we get that the initial anisotropy of the CGWB is the sum of a monopole
and a quadrupole,

Γ0(ηin,k, q) =
1

4− ngwb(q)

[

−2Φ(ηin,k) + 4Ψ(ηin,k) +
2

3
H(ηin,k)

]

,

Γ1(ηin,k, q) =0 ,

Γ2(ηin,k, q) =− 1

4− ngwb(q)

2

3
H(ηin,k) .

(4.37)

In this interesting case, the initial condition does not consist of just a monopole term
proportional to the primordial scalar perturbations, but it includes also a quadrupole
related to the large-scale tensor modes. The source functions associated to this peculiar
initial conditions are similar to the ones deőned in Eq. (3.34) and it can be decomposed
into a scalar and a tensor contribution,

∆I−S
ℓ =

1

4− ngwb(q)
[−2TΦ(ηin, k) + 4TΨ(ηin, k)] jℓ[k(η0 − ηin)] ,

∆I−T
ℓ =− 1

4− ngwb(q)
TH(ηin, k)

1

2

√

(ℓ+ 2)!

(ℓ− 2)!

jℓ[k(η0 − ηin)]

k2(η0 − ηin)2
.

(4.38)

If the monopole of the CGWB does not depend on the frequency, the angular power
spectrum can be computed by using

CCGWB
ℓ

4π(4− ngwb)2
=

∫

dk

k

[

PR(k)
(

∆I−S
ℓ +∆S

ℓ

)2
+ PT (k)

(

∆I−T
ℓ +∆T

ℓ

)2 ]

. (4.39)
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4.3 Initial conditions in presence of primordial non-Gaussianity

In this section, we evaluate the initial conditions of the CGWB sources by second-order
scalar perturbations discussed in Section 3.4.2. In this case the CGWB is originated by
scalar perturbations which are adiabatic, therefore the presence of the adiabatic initial
condition, Eq. (4.10), is unavoidable. However, in [23] it is shown that if some (local)
underlying non-Gaussianity is present in the primordial curvature perturbation, an addi-
tional intrinsic primordial GW inhomogeneity is produced. We parametrize the curvature
perturbation as in [23],

ζ(k) = ζg(k) +
3

5
fNL

∫

d3p

(2π)3
ζg (p) ζg(k − p) , (4.40)

where the subscript g identiőes the Gaussian part of the perturbations. The fNL parameter
is assumed here to be scale-independent. In this case, on top of the adiabatic contribution,
the CGWB energy density exhibits an additional inhomogeneities proportional to the non-
Gaussian term. The total energy density reads

ΩCGWB(η,x, q) = Ω̄CGWB (η, q)

[

1− 2

4− ngwb(q)
Φ(η,k) +

24

5
fNL

∫

d3k

(2π)3
eik·x ζg (k)

]

,

(4.41)
where the monopole has been computed in (3.51). The additional perturbations to the
energy density in a given frequency bin, proportional to fNL, do not depend on q, thus we
conclude that also in this case the non-adiabatic initial condition is a monopole,

ΓNAD
0 (ηin,x, q) =

1

4− ngwb(q)

24

5
fNL

∫

d3k

(2π)3
eik·x ζg (k) . (4.42)

In Fourier space, this initial condition reads

ΓNAD
0 (ηin,k, q) =

1

4− ngwb(q)

24

5
fNL ζg(k) , (4.43)

where ζg(k) represents the Gaussian curvature perturbation on large (cosmological) scales,
whose power spectrum is given by Pζ(k) in the notations of previous sections. In this case
the non-adiabatic contribution exactly correlates with the adiabatic and the scalar ones,
while the correlation with the tensor perturbations is zero.
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Chapter 5

Imprint of relativistic and decoupled

species on the anisotropies of the

CGWB

The angular power spectrum of the CGWB depends on the initial conditions, Γ(ηin,k,q),
and on the evolution of the large-scale scalar and tensor perturbations of the metric,
Φ(η,k), Ψ(η,k) and Hij(η,k). Since the energy density and the anisotropic stress of
the CGWB are subdominant w.r.t. the other particle content of the Universe, the dy-
namics of the metric perturbations during cosmic history is univocally determined by
the combined Einstein and Boltzmann equation for radiation, matter and dark energy,
Eqs. (2.107), (2.108). In this Chapter, we review the evolution of the metric perturbations
at different times and for different scales, discussing their impact on the angular power
spectrum of the CGWB. As discussed in Section 3.3, the angular power spectrum of the
CGWB is sensitive to the geometry of the Universe at very early times, because there is
no tight coupling that could wash out this contribution. This is the reason why a lot of
attention will be devoted to discuss the initial conditions of the scalar perturbations at ηin.

5.1 Initial conditions for the scalar perturbations of the met-

ric

We consider the Universe at early times populated by some relativistic tight-coupled par-
ticles with energy density ρcoup and by relativistic decoupled species with energy density
ρdec. We consider the CGWB as an independent decoupled species whose energy density
is subdominant, ρCGWB ≪ ρcoup. Most of the mechanisms that could produce a CGWB
occur at energy scales much larger than 100GeV, therefore it is reasonable to assume
that all the Standard Model particles are coupled via the electroweak and the strong in-
teractions, while the decoupled degrees of freedom could emerge because of some physics
Beyond Standard Model, such as Supersymmetry [227]. The relativistic degrees of free-
dom are characterized by the perturbations of the distribution functions Θcoup and Θdec,
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introduced for the CMB analog in Section 2.4. The distribution function for the tight-
coupled particles consists just in a monopole and in a dipole term, because the remaining
contributions are suppressed by the large number of interactions, while for the decoupled
species one could use the collisionless Boltzmann equation to understand the behaviour of
the distribution function [42],

Θ′
dec(η,k, n̂) + ikµΘdec(η,k, n̂) = Ψ′(η,k)− ikµΦ(η,k) . (5.1)

By expanding the distribution function in Legendre polynomials,

Θdec(η,k, n̂) =
∑

ℓ

(2ℓ+ 1)Pℓ(µ)Θdec,ℓ(η,k) , (5.2)

we can derive an hierarchy of Boltzmann equations for the ℓ-coefficient of the multipole
expansion of the perturbation of the distribution function,
∫

dµ

2

Pℓ(µ)
(−i)ℓ

[

Θ′
dec(η,k, n̂) + ikµΘdec(η,k, n̂)− P0(µ)Ψ

′(η,k) + ikP1(µ)Φ(η,k)
]

= 0 ,

(5.3)
which leads to

Θ′
dec,0(η, k) + kΘdec,1(η,k) =Ψ′(η,k) ,

Θ′
dec,1(η,k)−

1

3
kΘdec,0(η,k) +

2

3
kΘdec,2(η,k) =

k

3
Φ(η,k) ,

Θ′
dec,2(η,k)−

2

5
kΘdec,1(η,k) +

3

5
kΘdec,3(η,k) =0 ,

Θ′
dec,ℓ(η,k)−

kℓ

2ℓ+ 1
Θdec,ℓ−1(η,k) +

k(ℓ+ 1)

2ℓ+ 1
Θdec,ℓ+1(η,k) =0 ,

(5.4)

where the last equation holds for ℓ > 2 and we have used the relation

µPℓ(µ) =
1

2ℓ+ 1
[(ℓ+ 1)Pℓ+1(µ) + ℓPℓ−1(µ)] . (5.5)

From the last equation it is clear to see that, when kη ≪ 1 and ℓ ≥ 3, we have

Θdec,ℓ ∼ kηΘdec,ℓ−1 → Θdec,ℓ ≪ Θdec,ℓ−1 , (5.6)

therefore we are allowed to neglect all the multipoles above the quadrupole. Then, the
hierarchy of the Boltzmann equation for the coupled species is

Θ′
coup,0(η,k) + kΘcoup,1(η,k) =Ψ′(η,k) ,

Θ′
coup,1(η,k)−

1

3
kΘcoup,0(η,k) =

k

3
Φ(η,k) ,

(5.7)

where all the multipoles above the dipole are zero. If we assume to be in radiation domina-
tion, the scalar and the transverse-traceless part of the Einstein equations, given in (2.108),
read

k2Ψ+
1

η

(

Ψ′ +
1

η
Φ

)

=− 2

η2
[(1− fdec)Θcoup,0 + fdecΘdec,0] ,

k2 (Φ−Ψ) =− 12

η2
fdecΘdec,2 ,

(5.8)

92



where we have introduced the fractional energy density of relativistic and decoupled particle
species

fdec(η) ≡
ρ̄dec(η)

ρ̄dec(η) + ρ̄coup(η) + ρ̄CGWB(η)
, (5.9)

where ρCGWB has been written for completeness, but it is negligible compare to the other
two energy components. When kη ≪ 1, the őrst equation of the Boltzmann hierarchy
gives

Θ′
coup,0 = Θ′

dec,0 = Ψ′ . (5.10)

If we combine this relation with the derivative w.r.t. the conformal time of the (0, 0)
Einstein equation we get

ηΨ′′ + 3Ψ′ +Φ′ = 0 , (5.11)

where we have neglected the k2Ψ term that appears in the Einstein equations. These
equation has a constant solution and another one, which goes as η−4,that is suppressed
by the expansion of the Universe. It is therefore legitimate to consider just the constant
solution and, by neglecting the temporal derivatives of Ψ in the (0, 0) Einstein equations,
the initial condition for the monopole of the perturbation of the distribution function reads

Φ = − 2

η2
[(1− fdec)Θcoup,0 + fdecΘdec,0] . (5.12)

If the initial conditions are adiabatic, Θcoup,0 = Θdec,0 and we őnd the initial condition
used for the CMB [42], which simply connects the perturbation of the energy density to
the Newtonian potential,

Θcoup,0 = −1

2
Φ . (5.13)

It is possible then to őnd a relation between Φ and Ψ by combining the transverse-traceless
part of the Einstein equations and the Boltzmann hierarchy of the distribution function of
the decoupled degrees of freedom. By taking two times the derivative w.r.t. the conformal
time of the transverse-traceless part of the Einstein equations, neglecting the derivatives
w.r.t. the scalar perturbations, we get

Θ′′
dec,0 = − k2

6 fdec
(Φ−Ψ) . (5.14)

By plugging this expression in the derivative w.r.t. conformal time of the equation for the
evolution of the quadrupole in the Boltzmann hierarchy we get

Θ′′
dec,2 =

2

5
kΘ′

dec,2 → − k2

6 fdec
(Φ−Ψ) =

2

5
k2
(

1

3
Θdec,0 −

2

3
Θdec,2 +

1

3
Φ

)

. (5.15)

By expressing Θdec,0 by using the adiabatic initial condition, Eq. (5.13), and Θdec,2 through
the transverse-traceless part of the Einstein equations, we get a relation between the two
scalar perturbations as a function of the fractional energy density of relativistic and de-
coupled species, deőned in Eq. (5.9),

Ψ(η,k) =

[

1 +
2

5
fdec(η)

]

Φ(η,k) . (5.16)
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It is useful to write the initial condition as a function of the primordial stochastic őelds
sourced during inŕation, in particular as a function over the primordial curvature pertur-
bation ζ deőned in Eq. (2.69). This quantity, which is gauge invariant and constant on
super-horizon scales, is deőned in terms of the line element given in Eq. (2.74) by

ζ(k) ≡ −
[

D(η,k) +
1

6
k2F (η,k)

]

−Hδρ(η,k)

ρ̄′(η)
. (5.17)

In the Poisson gauge D = −Ψ and F = 0, while under adiabatic initial conditions and
in a Universe dominated by radiation the second term, which corresponds to the total
fractional density perturbations, simpliőes to

δρ

ρ̄′
≡
∑

α

δρα
ρ̄α

= −
∑

α

δρα
−3H(1 + wα)ρ̄α

= − 2

HΦ
∑

α

1

1 + wα

ρ̄

ρ̄α
. (5.18)

In the case in which all the particles are relativistic, we set wα = 1/3, őnding the initial
conditions on the scalar perturbations

Φ(η,k) =− 2

3

[

1 +
4

15
fdec(η)

]−1

ζ(k) ,

Ψ(η,k) =− 2

3

[

1 +
2

5
fdec(η)

] [

1 +
4

15
fdec(η)

]−1

ζ(k) .

(5.19)

These expressions are consistent with the result found in [270, 271] for relativistic neutrinos
at much lower temperatures, which could produce interesting signatures in other relics, like
the CMB. Note also that, as realized in [46], the transfer function of the scalar potentials at
high energies is sensitive also the equation of state of the Universe, P = wρ. For instance,
if we suppose that there are no decoupled species that contribute to the energy density
of the Universe, which is dominated by a ŕuid with an equation of state of parameter w,
under adiabatic initial conditions, we can write Eq. (2.69), according to the expression
found in (5.18), by using

ζ = −Ψ− 2

3(1 + w)
Φ → Φ = −3(1 + w)

5 + 3w
ζ . (5.20)

As we will see in Section 5.3, the initial conditions given by Eqs. (5.19), (5.20) play an
important role in the computation of the angular power spectrum of the CGWB, by en-
hancing/damping the anisotropies, depending on the amount of relativistic and decoupled
species and on the equation of state of the Universe at early times.

5.2 Transfer function of the metric perturbations

Once the initial conditions on the metric ŕuctuations have been determined, it is crucial
to evaluate the evolution of the scalar and tensor perturbations in order to compute the
line-of-sight integrals, Eqs. (3.33), that allow to predict the CGWB amount of anisotropies.
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The transfer functions introduced in Eqs. (3.35) are obtained by solving the system of the
Boltzmann and Einstein equations, Eqs. (2.107), (2.108), by numerical integration. In
this Thesis we have modiőed the Boltzmann solver code CLASS [44, 45] to compute the
angular power spectrum of the CGWB at early times in order to keep into account also for
relativistic and decoupled species and for an exotic equation of state w ̸= 1/3 at ηin. In this
section we will comment on the main analytical and numerical features of the computation
of the transfer functions of the metric perturbations, in order to justify the shape of the
angular power spectrum of the CGWB we will obtain. Since the evolution of Φ, Ψ and
Hij depends on the nature of the mode (scalar and tensor) and of the wavelength of the
perturbations, we will discuss separately the properties of the scalar and the tensor transfer
functions.

Transfer function of scalar perturbations

As discussed in the previous section, when kη ≪ 1 and the equation of state of the
Universe is constant, Eq. (5.19) regulates the evolution of the scalar perturbations in
time. The only source of variation of Φ and Ψ is the change in the fractional energy
density of relativistic and decoupled species, which stays between zero and one, while any
other variation is suppressed by the fact that the wavelength of the perturbations is larger
than the causal horizon. As discussed in Section 2.2, the fractional energy density of
relativistic and decoupled species, deőned in Eq. (5.9), is constrained by BBN [232, 272]
and CMB [26] observations. Therefore after ηmin ≈ 0.1Mpc, variations in fdec(η) due to
anisotropic stresses are known and can be computed numerically (see, e.g., Section 2.2).
In this section we discuss the evolution of the scalar perturbations from ηmin to η0, while
the transition from ηin and ηmin, which depends on the history of the Universe at energy
scales not probed by current experiments, will be examined in detail in Section 5.3.

In the literature [42], the evolution of the scalar transfer function is divided into three
cases, depending on the scale of the perturbation considered. We deőne the scale of the
modes that re-enter the horizon at the equality between matter and radiation by

keq ≡ 1

ηeq(zeq)
≈ 0.08Mpc−1 , (5.21)

where the redshift of the equality has been deőned in Eq. (2.15).
When k ≪ keq, the transfer function is constant during the radiation dominated epoch,

because of the solution for Φ and Ψ of Eq. (5.11), when the fractional energy density of
relativistic and decoupled particles is constant. Around zeq, the equation of state of the
Universe is changing and the scalar potentials experience a smooth transition from the
end of the radiation dominated era to the beginning of the matter dominated epoch. In
absence of decoupled particles, it is possible to show [42] that the transfer function of the
scalar potentials through zeq can be expressed as an analytic function,

TΦ(η, k) = Tψ(η, k) =
1

10y3

(

16
√

1 + y(η) + 9y3(η) + 2y2(η)− 8y(η)− 16
)

Ψ(ηmin, k) ,

(5.22)
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where we have deőned the parameter

y(η) ≡ 1 + zeq
1 + z(η)

. (5.23)

If fdec(η) ̸= 0 and Ψ ̸= Φ, it is still possible to show that the solutions still converge to

TΦ(η, k ≪ keq) = TΨ(η ≫ ηeq, k ≪ keq) = −3

5
. (5.24)

During the matter dominated epoch, the transfer function remains constant, because non-
relativistic matter has not enough kinetic energy to escape from the potential wells and
to reduce their depth. On the other hand, TΦ, TΨ decay exponentially during the dark
energy era, where the accelerated expansion of the Universe dilutes the amplitude of the
metric perturbations.

If k ≫ keq, the potential starts a decaying before ηeq, because of the high kinetic
energy of relativistic particles that damps the metric perturbations. Also in this case,
when no decoupled particles are present, and thus Φ = Ψ, it is possible to őnd an analytic
solution [42] for the scalar perturbations during the radiation epoch,

TΦ(η, k) = TΨ(η, k) = j1

(

kη√
3

)

= 3
sin kη√

3
− kη√

3
cos kη√

3
(

kη√
3

)2 . (5.25)

The evolution of these perturbations at times η ≳ ηeq is not important, because around
the equality epoch these őelds have already undergone over many oscillations, therefore Φ
and Ψ at zeq evolution after the equality produces no effects on the CMB and the CGWB.

For k ≈ keq, a smooth transition around zeq occurs, but with larger damping than the
one computed in Eq. (5.24). During the matter dominated epoch, also these perturbations
remain constant and then decay when z ≤ zeq−Λ.

In Figure 5.1, we plot the transfer functions TΨ (solid) and TΦ (dashed) for k ≪ keq
(red), k ≈ keq (blue) and k ≫ keq (green).

Transfer function of tensor perturbations

Because of the decomposition theorem, the tensor transfer function at linear order can be
computed neglecting the presence of the scalar perturbations in the Universe. This assump-
tion, combined with the fact that in GR the equation of motion for the two polarizations
of the tensor modes are decoupled, simpliőes a lot the computation of TH(η, k), which can
be evaluated analytically in most of the cases of interest. According to [227], it is possible
to őnd the following solutions for the equation of motion of the tensor perturbations, given
by the őrst row of Eq. (2.108). When the anisotropic stress is zero, the transfer functions
of tensors are then

TH(η < ηeq, k > keq) =j0(kη) ,

TH(η > ηeq, k > keq) =
ηeq
η

[A(k)j1(kη) +B(k)y1(kη)] ,

TH(η, k < keq) =
j1(kη)

kη
,

(5.26)
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Figure 5.1: Left: plot of the transfer function of the scalar perturbation Ψ (solid) and Φ (dashed). Right: Plot of
the transfer function of the tensor perturbations Hij . In both plots, we have considered the case in which k ≪ keq
(red), k ≈ keq (blue) and k ≫ keq (green).

where jℓ and yℓ are the spherical Bessel function of the őrst and second kind, while the
coefficients A and B come from the matching of the solution during the radiation dominated
era with the one evaluated during the matter dominated era at the equality,

A(k) ≡ 3

2kηeq
− cos(2kηeq)

2kηeq
+

sin(2kηeq)

(kηeq)2
,

B(k) ≡− 1 +
1

(kηeq)2
− cos(2kηeq)

(kηeq)2
− sin(2kηeq)

2kηeq
.

(5.27)

In the case of tensor perturbations, the transfer function is just constant when kη ≪ 1,
independently on fdec and w, while it starts an oscillating and damping behaviour for
kη ≳ 1. The main difference between tensor modes that re-entered the horizon during
the radiation and the matter dominated epochs are the oscillating parts in the transfer
function, which consist in different combinations of the spherical Bessel functions. When
a source of anisotropic stress which contributes considerably to the energy density of the
Universe is present, the evolution of the tensor modes around the time kη ≈ 1 slightly differ
from (F.33). In [252, 253] it has been shown that the anisotropic stress of neutrinos reduces
the squared amplitude of tensor modes by 35.6% when k ≫ keq, while the effect is smaller
when k ≲ keq, because the contribution of neutrinos to the energy density of the Universe
at η ≲ 1/keq is smaller. As a rule of thumb, we could say that the transfer function of
tensor modes is sensitive to the decoupled degrees of freedom at the time corresponding to
the horizon crossing, i.e., when the GWs start oscillating.

5.3 Scalar contribution to the angular power spectrum of the

CGWB

One of the most important contribution to the anisotropies of the CGWB is due to the
propagation of gravitons through the large-scale scalar perturbations of the Universe Φ
and Ψ. Eqs. (3.33), (3.34) show that the angular power spectrum of the CGWB depends
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on the source function

∆S
ℓ (k, η0, ηin) ≡ TΦ(ηin, k)jℓ[k(η0−ηin)]+

∫ η0

ηin

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0−η)] , (5.28)

where the two terms represent the SW and ISW contributions, introduced for the őrst
time in the CMB context [43]. The main difference w.r.t. the CMB case is given by the
fact that the SW and the ISW are sensitive to the physics operating at ηin, while for
photons the Universe is opaque before ηrec, because of the tight coupling of the CMB with
baryons. In this section we will explore the main features of these two effects, discussing the
scaling of the angular power spectrum with the multipole and the sensitivity to additional
parameters that govern the evolution of the metric perturbations in the early Universe,
such as fdec(ηin) or w(ηin).

Sachs-Wolfe of the CGWB

The SW is the redshift experienced by a graviton when crossing a potential well at its
production, which enhances/reduces the energy density, depending if the background has
been produced in an underdense/overdense region. A peculiarity of the CGWB is that the
background is generated at early times, when all the perturbations of interest were inside
the causal horizon, since scales that are comparable to the horizon at ηin would affect the
angular power spectrum1 at multipoles much larger than the ones that could be detected
by future interferometers,

ℓ ≈ kη0 ≈
η0
ηin

≈ 107 − 1022 , (5.29)

where we have used the frequencies of the CGWB discussed in Section 3.1. If the initial
time, computed by using Eq. (3.42), does not depend on q, the potentials at ηin are constant,
thus the transfer function of the scalar modes at ηin is independent on k, q and it is equal
to

TΦ(ηin) = −2

3

[

1 +
4

15
fdec(ηin)

]−1

, (5.30)

which makes clear that the presence of relativistic and decoupled species at the production
of the background generates a damping in the SW contribution to the angular power
spectrum. In the case of a power-law dependence of the scalar power spectrum, it is
possible to provide an analytic formula of the SW of the CGWB,

CSW×SW
ℓ =4π

4

9

[

1 +
4

15
fdec(ηin)

]−2 ∫ dk

k
As

(

k

kp

)ns−1

j2ℓ [k(η0 − ηin)] =

=
8π2As

9[kp(η0 − ηin)]ns−1

[

1 +
4

15
fdec(ηin)

]−2 ∫ ∞

0
dxxns−3J2

ℓ+1/2(x) ,

(5.31)

where the relation between the Bessel and the spherical Bessel functions is given by

jℓ(x) =

√

π

2x
Jℓ+1/2(x) . (5.32)

1Note also that in this case the shortwave approximation is no more valid.
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A derivation of the solution of the integral over x has been given in Eq. (G.3) and we get

CSW×SW
ℓ =

2ns π2As
9[kp(η0 − ηin)]ns−1

[

1 +
4

15
fdec(ηin)

]−2 Γ(3− ns)Γ
(

2ℓ−1+ns

2

)

Γ2
(

4−ns

2

)

Γ
(

2ℓ+5−ns

2

) . (5.33)

In the limit ns → 1, the SW contribution to the angular power specturm of the CGWB is

CSW×SW
ℓ =

8

9
As

[

1 +
4

15
fdec(ηin)

]−2 1

ℓ(ℓ+ 1)
, (5.34)

where we have used Γ(n) = (n − 1)!, Γ(3/2) =
√
π/2. According to the constraints

given by Planck [34, 26], at the scales of interest ns = 0.96, therefore the angular power
spectrum of the CGWB scales approximately like ℓ(ℓ + 1), with a small decrease in ℓ,
due to the fact that the primordial scalar spectrum is red tilted. From theses analytic
results, it is clear that when fdec(ηin) increases, the SW contribution to the angular power
spectrum of the CGWB is suppressed, thus the angular power spectrum is sensitive to the
particle content of the Universe at early times. The same result holds of course for the
equation of state parameter of the Universe at ηin, which affects the initial conditions for
the scalar potentials, and consequently the SW, via Eq. (5.20). In Figure 5.2, we plot the
SW contribution to the angular power spectrum of the CGWB for ngwb = 0.35 and for
fdec(ηin) equal to zero and one respectively. In our plot, we assume that at ηin the Universe
is őlled by radiation, thus we impose w(ηin) = 1/3, neglecting the degeneracy between w
and fdec for simplicity.

Integrated Sachs-Wolfe of the CGWB

The ISW is the redshift of graviton when they cross metric perturbations that change their
amplitude in time. The ISW generates a net amount of anisotropies when the length of
the perturbations is much smaller than the time required to the particles to cross them;
in this way the GWs experience a coherent damping/ampliőcation due to variations of the
potentials. On the other hand, when kη ≫ 1, gravitons are redshifted by each of the many
potential wells crossed, but since the crossing time is very small, the overall effect is a net
cancellation (incoherent ampliőcation) and the ISW gives zero anisotropies [41]. As we
have discussed in Section 5.2, the evolution in time of the potentials from ηin to ηmin is
governed just by the evolution of fdec(η), while from ηmin to η0, the time dependence is the
standard one depicted in Figure 5.1. Because of this reason, we divide the computation of
the ISW into a primordial-ISW (p-ISW), that is model dependent and can be computed
analytically, and into a standard ISW, which depends on the constraints on the cosmological
parameters provided by other independent observations.

The p-ISW depdends on the particle physics model one would choose to describe the
content of the Universe at energy scales much larger than the ones that can be probed
by present colliders, that is strongly model dependent. However, it is straightforward to
notice that the spherical Bessel function jℓ[k(η0 − η)] is almost constant in the interval in
which we compute this effect, since kη0 ≪ 1 and η0 ≫ ηmin ≫ ηin. It is possible then to
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Figure 5.2: Left: plot of the SW, the ISW and the SW+ISW contribution to the angular power spectrum of the
CGWB, for fdec(ηin) equal to zero and one. In this plot, a constant tensor tilt, ngwb = 0.35 has been assumed.
Right: plot of the total contribution to the angular power spectrum of the CGWB for adiabatic initial conditions,
for fdec(ηin) equal to zero and one and ngwb = ±1.

compute analytically the p-ISW [3, 46, 1], showing that it is function just of the value of
the fractional relativistic and decoupled species from ηin to ηmin,

∆p−ISW
ℓ ≡

∫ ηmin

ηin

dη jℓ[k(η0 − η)]
[

T ′
Ψ(η, k) + T ′

Φ(η, k)
]

≃ jℓ[k(η0 − ηin)]

[

TΨ(η, k) + TΦ(η, k)

]ηmin

ηin

= jℓ[k(η0 − ηin)]
2

15

fdec(ηin)− fdec(ηmin)

1 + 4
15fdec(ηmin)

TΦ(ηin, k) . (5.35)

For the standard ISW, we can understand the impact of variations of the potentials on the
angular power spectrum by looking at the transfer functions for different scales at different
times plotted in Figure 5.1. At large angular scales, the CGWB is sensitive to the ISW due
to the variations of the scalar perturbations that re-enter the horizon during the matter
dominated era, therefore to the transition of the potentials around zeq (early-ISW) and to
the decay of these potentials after zeq−Λ (late-ISW). At small angular scales, the ISW is
sensitive to the variations of the potentials that re-enter the horizon during the radiation
dominated era. As it can be seen in Figure 5.1, the variations of these potentials are
larger, because these potentials decays almost completely, so the ISW increases at small
scales. This is the opposite of the CMB case, in which everything is computed around
recombination, where the variations of the potentials in the radiation-dominated era do
not play any role, since the angular power spectrum of the CMB is basically integrated from
recombination, ηrec > ηeq. At small angular scales, the ISW is dominated by the early-ISW
from ηmin to η0, therefore the sensitivity to fdec(ηin) due to the p-ISW is reduced, thus
one could not see the impact of relativistic and decoupled species on the ISW by looking
at the angular power spectrum only at small angular scales, where the late-ISW from ηmin

to η0 has a much smaller impact on the anisotropies and is not able to hid the p-ISW
contribution.
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Figure 5.3: Left: plot of the monopoles of the CGWB from inŕation, PT and PBH. Right: plot of the angular power
spectra for these three sources.

5.4 Sensitivity of the spectrum to relativistic particles for

adiabatic initial conditions

The dominant contribution to the angular power spectrum of the CGWB at large angular
scales is the sum of the IC, SW and p-ISW. Each of these terms depend on fdec(ηin) and
w(ηin) through the transfer functions of the scalar perturbations, Eq. (5.19) and (5.20). All
these effects are proportional to jℓ[η0 − ηin], therefore it would be natural to ask whether
a cancellation among them could appear in such a way that the angular power spectrum
is no more sensitive to the two early Universe parameters discussed in this Section. Under
adiabatic initial conditions, deőned by Eq. (4.10), it is possible to see that, by summing
the source functions of the SW and of the p-ISW, the total spectrum is proportional to

∆AD
ℓ +∆S

ℓ ∼
6−ngwb(q)
4−ngwb(q)

+ 2
5fdec(ηin)

1 + 4
15fdec(ηin)

, (5.36)

which implies that when ngwb(q) = 0 the spectrum does not vary with fdec(ηin). In the
right panel of Figure 5.2 we plot the total angular power spectrum of the CGWB with
ngwb = ±1 for adiabatic initial conditions, showing that the spectrum is indeed sensitive
to the presence of relativistic and decoupled degrees of freedom when the tensor spectrum
is not scale invariant. Note also that the case of adiabatic initial conditions and ngwb = 0
seems to be quite unrealistic, because many physical models generate non-adiabatic initial
conditions, see, e.g., Eq. (4.35) for single-őeld inŕation and Eq. (4.43) for the scalar-induced
GWs with non-Gaussianity. Furthermore, most of the monopoles considered in this Thesis
scale with the frequency, thus the cancellation given by Eq. (5.36) does not occur.

5.5 Total angular power spectrum for different initial condi-

tions

Eqs. (4.10), (4.35) and (4.43) show that the initial conditions could be very different,
depending on the source of CGWB considered. In this section, we compare three angular
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power spectra for three different mechanisms that generate GWs detectable by the future
space-based interferometers BBO/DECIGO:

• PT with adiabatic initial conditions. For the phase transitions we choose the following
parameters that characterize the GW monopole, given in Eq. (3.55),

Ω̄∗ = 3.0× 10−8 , f∗ = 0.1Hz , n1 = 3.0 , n2 = −4.0 , ∆ = 2.0 . (5.37)

• PBH with AD+NAD initial conditions given by Eq. (4.43). The parameters that
describe the monopole, Eq. (3.51), and the anisotropies are

A∗ = 1.3× 10−4 , f∗ = 0.1Hz , fNL = 0.01 . (5.38)

• inŕationary background, with AD+NAD initial conditions given by (4.35). To char-
acterize the monopole we use

r = 0.30 , nT = 0.35 . (5.39)

In the left panel of Figure 5.3, we plot the monopoles of the CGWB for the three sources
we have chosen and the PLS of BBO, deőned in Section 1.3, for Tobs = 1yr. In the right
panel, we plot the angular power spectra for these three models for fdec(ηin) = 0 and
fdec(ηin) = 1, at the frequency fp = 3× 10−2Hz.

The amplitude and the scalings with the multipoles of the three spectra can be ex-
plained in terms of the initial conditions and of the tensor tilt of the CGWB at the pivot
frequency [1]. At low multipoles, the angular power spectra are sensitive mainly to the
combination of the initial conditions and the SW, therefore the spectra would scale like

CCGWB×CGWB
ℓ ∼ [4− ngwb(fp)]

2

[(

1− 2

4− ngwb(fp)

)

TΦ(ηin, k) + ΓNAD(ηin, k, fp)

]2

.

(5.40)
At fp = 3× 10−2Hz, the spectral tilt of the three backgrounds are

nInflationgwb (fp) = 0.35 , ngwb(fp)
PT = 2.42 , nPBH

gwb = 0.48 . (5.41)

For the inŕationary case, the NAD initial condition is given by Eq. (4.35), while for the PBH
scenario by Eq. (4.43). In the case of fdec(ηin) = 0, Eq. (5.40) predicts an enhancement of
the CGWB from inŕation w.r.t. the backgrounds from PT and PBH equal to

CInflation
ℓ

CPT
ℓ

= 1500 ,
CInflation
ℓ

CPBH
ℓ

= 3.5 . (5.42)

These predictions differ with the numerical results of Figure 5.3, because they do not take
into account for the early- and late-ISW contributions. More speciőcally, the early-ISW
induced by changes of the potentials with k ≪ keq around ηeq, described in Eq. (5.22),
contribute with a term of the same sign of the adiabatic initial conditions, reducing the
enhancement expected from ΓNAD. In a similar fashion, it is possible to evaluate the

102



difference in amplitude of the angular power spectrum at low and high multipoles, deőned
by

∆Cpeak
ℓ ≡ CCGWB×CGWB

3000

CCGWB
2

2(2 + 1)

3000(3000 + 1)
. (5.43)

This difference at low multipoles will be approximately given by the sum of AD+NAD+SW,
while at large multipoles by AD+NAD+SW+ISW. At the smallest angular scales, the ISW
is provided by variation of the potentials which enter the horizon during the radiation epoch
and, by looking at Figure 5.1 it is clear that this ISW should be twice the SW. For the
three CGWBs we expect something like

∆Cpeak−Inflation
ℓ ∼

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k) + 4TΦ(ηin, k)
]2

− [2TΦ(ηin, k)]
2

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k) + 4TΦ(ηin, k)
]2 ∼ 1.2 ,

∆Cpeak−PT
ℓ ∼

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k)
]2

− [2TΦ(ηin, k)]
2

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k)
]2 ∼ 56 ,

∆Cpeak−PBH
ℓ ∼

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k) +
36
5

fNL

4−ngwb(fp)
TΦ(ηin, k)

]2
− [2TΦ(ηin, k)]

2

[(

1− 2
4−ngwb(fp)

)

TΦ(ηin, k) +
36
5

fNL

4−ngwb(fp)
TΦ(ηin, k)

]2 ∼ 1.6 ,

(5.44)

where we have assumed that the SW+AD+NAD and the ISW are uncorrelated, thus they
can be summed in quadrature. In the case of the inŕationary background, the difference
in amplitude of the spectrum at high and low multipoles is explained by the fact that
the NAD initial conditions has opposite sign w.r.t. SW+AD+ISW, therefore the spectrum
does not grow. In an analogous way, it is possible to explain the scaling of the three spectra
with fdec(ηin), as already mentioned in Section 5.4.

5.6 ISW from tensor perturbations

The anisotropies generated by the ISW effect associated to the tensor perturbations, whose
source function is ∆T

ℓ deőned in Eq. (3.34), are subdominant compared to the ones induced
by the scalar perturbations. This happens because the tensor power spectrum is suppressed
w.r.t. the scalar one by a factor r ≲ 0.035. In the left panel of Figure 5.4, we plot the
scalar, the tensor and the total contribution to the angular power spectrum of the CGWB,
according to the latest constraints on the tensor-to-scalar ratio [247]. The CGWB has
adiabatic initial condition and a tensor tilt ngwb = 0.35. In the right panel of Figure 5.4,
we plot the tensor contribution for the case of single-őeld inŕation, comparing the ISW
and the NAD contribution, showing that these two terms sum, since they have the same
sign. These coherent ampliőcation enhances of a factor of 4 the tensor contribution, which
is however still subdominant if compared to the scalar one.
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of the CGWB with adiabatic and NAD initial conditions from single-őeld inŕation.

104



Chapter 6

Cross-correlation between the CMB

and the CGWB

6.1 Correlation of cosmological signals produced at different

epochs

Photons and gravitons start their free streaming at ηrec ≈ 280Mpc, ηin ≲ 10−10Mpc. The
dominant contribution to the anisotropies typically comes from scales around k ≈ ℓ/η0,
which means that the ratio between the separation of the last-scattering surfaces of the
CMB and CGWB and the wavelength that generates the angular power spectrum at a
given multipole is

k(ηrec − ηin) ≈ ℓ
ηrec − ηin

η0
≈ ℓ

ηrec
η0

≈ ℓ

50
. (6.1)

When ℓ ≤ 10, one would expect that the CMB and the CGWB are highly correlated,
because the separation between the two surfaces is very low and the two signals share
the same geodesics, which give rise to very similar SW and ISW effects. On the other
hand, when ℓ ≥ 50, the difference between ηrec and ηin becomes important, because the
length of the metric perturbations that generate the anisotropies is much smaller than
the separation of the two surfaces, therefore the perturbations that produce the redshift
of photons and gravitons are uncorrelated [4, 1]. A more mathematical interpretation of
this result could be given in terms of projection effects. Suppose that at a given scale ℓ,
the anisotropies of CMB and photons are generated by perturbations of scale k which are
sharply peaked around η1 and η2. For the SW of CMB and graviton it is straightforward
to have η1 = ηrec and η2 = ηin. As a őrst approximation, the angular power spectrum of
the cross-correlation between the CMB and the CGWB, which will be deőned in Eq. (6.5)
of next section, would depend (approximately) on the integral

Iℓ(η1, η2) ≡
∫

dk

k
jℓ[k(η0 − η1)]jℓ[k(η0 − η2)] ∼

1√
ℓ
(

ℓ+ 1
2

)e
− η1−η2

η0
ℓ
, (6.2)

where we have written the spherical Bessel as a Bessel function, Eq. (5.32), and then we
have used the result obtained in Eq. (G.2). Eq. (6.2) is valid when η1 > η2 and shows that

105



when ℓ is sufficiently large, there is an exponential suppression of the signal, also in the
case η1−η2 ≪ η0. In the next section, we will deőne and compute numerically the angular
power spectrum of the cross-correlation between the CMB and the CGWB, explaining the
features (peaks, damping, etc.) in terms of a generalization of Iℓ(η1, η2).

6.2 Angular power spectrum of the cross-correlation between

CMB and CGWB

The solution of the Boltzmann equation of the CMB [42], gives the following coefficients of
the spherical harmonics expansion of the perturbation of the distribution function of the
CMB,

aℓm =4π (−i)ℓ
∫

d3k

(2π)3
eik⃗·x⃗0 Y ∗

ℓm(k̂)R(k⃗)ΘS
ℓ (k, η0) ,

ΘS
ℓ (k, η0) =

∫ η0

ηmin

dη
[

g(η)
(

TΘ0(η, k) + Tψ(η, k)
)

jℓ[k(η0 − η)]

+ g(η) k−1Tθb(η, k)j
′
ℓ[k(η0 − η)]

+ e−κ(η)
∂[Tψ(η, k) + Tϕ(η, k)]

∂η
jℓ[k(η0 − η)]

]

,

(6.3)

where the visibility function g(η) in the limit of instantaneous recombination is approxi-
mated by δ(η − ηrec), while the optical depth of photon e−κ(η) gives ΘHeaviside(η − ηrec).
Also the CMB anisotropies are sensitive to the tensor perturbations of the metric through
an ISW analogous to the CGWB one, but since it is expected to be subdominant, in this
Chapter we will neglect it. In the CMB case there is also a Doppler term, proportional to
the velocity of baryons, which does not appear in the CGWB with adiabatic initial condi-
tions, because gravitons do not interact, see, e.g., Eq. (4.11) The CGWB is then computed
by using Eqs. (3.33), (3.34),

δGW,ℓm(q) =4π(−i)ℓ[(4− ngwb(q)]
∫

d3k

(2π)3
Y ∗
ℓm(k)

[

ζ(k)∆S
ℓ (k, η0, ηin) + jℓ[k(η0 − ηin)]Γ(ηin,k, q)

]

.
(6.4)

The angular power spectrum of the cross-correlation is deőned by

δℓℓ′δmm′CCMB×CGWB
ℓ (q) ≡ 1

2

〈

a∗ℓmδGW,ℓm(q) + aℓmδ
∗
GW,ℓm(q)

〉

. (6.5)

To facilitate the interpretation of the features of the angular power spectrum, it is useful
to decompose the spectrum as the sum of different contributions,

CCMB×CGWB
ℓ = CSW×SWI

ℓ +CSW+ISW
ℓ +CISW×SWI

ℓ +CISW×ISW
ℓ +CDOP×SWI

ℓ +CDOP×ISW
ℓ ,

(6.6)
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where we have used the short notation SWI ≡ SW + IC for the CGWB. In the case of
adiabatic initial conditions, these contributions are given by

CSW×SWI
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k)jℓ[k(η0 − η∗)]jℓ[k(η0 − ηin)]

×
[

TΘ0(η∗, k) + TΦ(η∗, k)
]

[

TAD
Γ (ηin, k, q) + TΦ(ηin, k)

]

,

CSW×ISW
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k)jℓ[k(η0 − η∗)]

[

TΘ0(η∗, k) + TΦ(η∗, k)
]

×
∫ η0

ηin

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0 − η)] ,

CISW×SWI
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k)jℓ[k(η0 − ηin)]

[

TAD
Γ (ηin, k, q) + TΦ(ηin, k)

]

×
∫ η0

η∗

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0 − η)] ,

CISW×ISW
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k)

∫ η0

η∗

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0 − η)]

×
∫ η0

ηin

dη̃
[

T ′
Φ(η̃, k) + T ′

Ψ(η̃, k)
]

jℓ[k(η0 − η̃)] ,

CDOP×SWI
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k) j

′
ℓ[k(η0 − η∗)] jℓ[k(η0 − ηin)]

× k−1Tθb(η∗, k)
[

TAD
Γ (ηin, k, q) + TΦ(ηin, k)

]

] ,

CDOP×ISW
ℓ

4− ngwb
=4π

∫

dk

k
Pζ(k) j

′
ℓ[k(η0 − η∗)] k

−1Tθb(η∗, k)

×
∫ η0

ηin

dη
[

T ′
Φ(η, k) + T ′

Ψ(η, k)
]

jℓ[k(η0 − η)] .

(6.7)

In Figure 6.1, we plot the contributions to the angular power spectrum of the cross-
correlation for fdec(ηin) = 0 and for ngwb = 0.35. As discussed in the previous sections, it
is possible to give an explanation of the features of the spectra in terms of the overlap of
the spherical Bessel functions for the different contributions.

SW × SWI contribution

If we assume instantaneous recombination, these the SW of the CMB and the SW+IC of
the CGWB are sourced at ηrec and ηin respectively. According to Eqs. (6.1), (6.2), when
ℓ(ηrec − ηin)/η0 ≪ 1, the primordial perturbations of that give the dominant contribution
to the multipole ℓ imprint the same pattern to the CMB and CGWB, since the inhomo-
geneities that generate the anisotropies for the two signals are strongly correlated. On the
other hand, when ℓ(ηrec − ηin)/η0 ≫ 1, the spectrum decreases exponentially, according to
Eq. (6.2), thus there is no correlation between these two contributions. It is easy to check
that, for ηrec ≈ 280Mpc, this suppression starts around ℓ ≈ 40.
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Figure 6.1: Plot of the contributions to the angular power specturm of the cross-correlation between the CMB and
CGWB without the Doppler (left) and including the Doppler (right). For the CGWB we used fdec(ηin) = 0 and
ngwb = 0.35.

ISW × SWI contribution

The ISW of the CMB is made of a late-ISW term, which peaks in the dark energy dominated
epoch, at times much larger than recombination, and of a early-ISW term, which is due to
the variation of scalar perturbations that re-entered the horizon at ηeq, of scales keq ≈ 1/ηeq.
The őrst contribution gives a tiny correlation, because of the large-separation between the
times at which the late-ISW is operating and ηin, while the latter is zero, because the
early-ISW of the CMB peaks at ηrec and at angular scales ℓ ≈ 200, therefore, according to
the suppression described by Eq. (6.2), is close to zero.

SW × ISW contribution

The ISW of the CGWB is made of a late-ISW term, identical to the CMB one, and by
an early-ISW term that for scales k ≳ keq is peaked around 1/k, while for scales k ≪ keq
is peaked around at the equality between matter and radiation. At large angular scales,
the correlation of the late-ISW and the early-ISW of the CGWB gives a small correlation,
comparable to the ISW × SWI contribution, while at large angular scales, where early-
ISW of the CGWB is larger, the angular power spectrum is enhanced. According to
Eq. (6.2), in order to have a correlation between the perturbations, at large angular scales
the SW of the CMB and the ISW have to be sourced at the same time, therefore a peak
is expected for the early-ISW generated by the perturbations that re-entered the horizon
around recombination, ℓ ≈ η0/ηrec ≈ 200.

ISW × ISW contribution

Since the ealy-ISW of CMB and CGWB are identical, at small angular scales we have
an exact correlation between these two effect. At large angular scales, a smaller peak
resembles the features discussed for the SW × ISW term.
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Figure 6.2: Left: plot of the angular power spectra of the auto-correlation of the CMB and CGWB and of the
cross-correlation between the two for adiabatic initial conditions and ngwb = 0.35. Right: plot of the correlation
between the CMB and CGWB for with ngwb = 0.35 for adiabatic initial conditions and NAD initial conditions from
inŕation.

DOP× SWI contribution

This discussion is very similar to the one done for the SW×SWI term, with the only expec-
tion that for super-horizon scales Tθb(η, k) vanishes, therefore the associate contribution
to the Doppler term is null at small angular scales.

DOP× ISW contribution

In this case, analogous to the SW × ISW term, the spectrum presents two peaks due to
pesks in the CMB spectrum with different phases. We should also notice that the peaks in
the Doppler terms are slightly shifted compared to the ones associated to the SW of the
CMB, because the time derivative of the Bessel function that appears in such contributions
generated a tiny shift in the angular scales determined by Eq. (6.2).

6.3 Constrained realizations of the CGWB from the CMB

map

At large angular scales, the angular power spectrum of the cross-correlation between the
CMB and the CGWB is very large, therefore it is reasonable to expect that the maps of
the anisotropies of photons and gravitons share similar features. It is possible to deőne the
correlation between the CMB and the CGWB at the angular scale ℓ by

rCMB×CGWB
ℓ (q) ≡ CCMB×CGWB

ℓ (q)
√

CCMB×CMB
ℓ CCGWB×CGWB

ℓ (q, q)
. (6.8)

In Figure 6.2, we plot the correlation between CMB and CGWB for a spectrum with
ngwb = 0.35. We have considered a spectrum with adiabatic initial conditions and another
one generated by the quantum ŕuctuations during inŕation, when the non-adiabatic initial
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conditions computed in Eq. (4.35) have to be taken into account. In the adiabatic case,
the correlation is close to one at large angular scales, while for the inŕationary spectrum
the correlation is about 0.9, because of the NAD initial conditions. When the correlation
is close to one, it means that ŕuctuations of a map univocally determine variations of
the other one.To see more explicitly this, it is known that the CMB and the CGWB are
Gaussian random variables with zero mean and covariance given by the angular power
spectrum, therefore the distribution in the Universe follows a multivariate Gaussian of the
form

L =

∞
∏

ℓ=0

ℓ
∏

m=−ℓ

exp

(

−1
2

(

aℓm δGW,ℓm

)

(

CCMB×CMB
ℓ CCMB×CGWB

ℓ

CCMB×CGWB
ℓ CCGWB×CGWB

ℓ

)(

aℓm
δGW,ℓm

))

(2π)

(

CCMB×CMB
ℓ CCGWB×CGWB

ℓ −
(

CCMB×CGWB
ℓ

)2
) ,

(6.9)
where we have assumed that the frequency dependence of the anisotropies can be factorized
out. The CMB map has been observed by the Planck collaboration, which means that it
is possible to compute, starting from the likelihood L, the PDF of conditioned map of
the CGWB, given the observations of the CMB. It is known [?] that the conditioned
distribution δGW,ℓm, given aℓm is a Gaussian distribution,

Lcond =

∞
∏

ℓ=0

ℓ
∏

m=−ℓ

1√
2πCconstr

ℓ

exp

[

−1

2

(

δGW,ℓm − µGW,ℓm

) (

Cconstr
ℓ

)−1 (
δGW,ℓm − µGW,ℓm

)

]

,

(6.10)
where the mean and the covariance are given by

µGW,ℓm ≡C
CMB×CGWB
ℓ

CCMB
ℓ

aℓm ,

Cconstr
ℓ =CCGWB×CGWB

ℓ −

(

CCMB×CGWB
ℓ

)2

CCMB
ℓ

= CCGWB×CGWB
ℓ

[

1−
(

rCMB×CGWB
ℓ

)2
]

.

(6.11)

From the last row it is clear that the knowledge of the CMB map allows to predict de-
terministically the hot and the cold spot of the map of the CGWB when r → 1, because
the covariance of the condition Gaussian goes to zero, thanks to the large correlation of
the two signals. As depicted in the right panel of Figure 6.2, the correlation at angular
scales between the CMB and the CGWB is almost one, which is the map of the cosmo-
logical backgrounds exhibits the same seeds of the CMB one, just rescaled by the ratio
of the angular power spectra that appears in the deőnition of µGW,ℓm. At small scales,
when rCMB×CGWB

ℓ deviates from one, the CGWB map presents ŕuctuations w.r.t. the
CMB one, therefore the CGWB becomes another, independent, probe. In Figure 6.3, we
show the example of a realization of the expected CGWB map, given the Planck SMICA
map [273]. As already stressed, different realizations would change just the features of the
map at small scales, that are affected by a source of uncertainty which goes like Cconstr

ℓ . In
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Figure 6.3: Left: plot of the CMB SMICA map for ℓmax = 200. Right: plot of the constrained realization of the
CGWB, for ngwb = 0.35, fdec(ηin) = 0 and adiabatic initial conditions.

the next sections, we will show an application of these constrained realization that would
be particularly useful to reconstruct the intrinsic dipole of the CMB, cleaning the signal
from contaminations due to the kinetic dipole, by using a joint analysis of photons and
gravitons.

6.4 Detectability of the anisotropies of the CGWB

6.4.1 The impact of Instrumental Noise

The main limitation in the detection of the anisotropies of CGWBs is due to the large
instrumental noise at present and future interferometers. Intuitively, in order to measure
ŕuctuations of the order of 10−3 − 10−5 in the energy density of stochastic Gws along
different directions, one should be able to observe the monopole with SNR around 103−105.
The possibility of detecting a CGWB in the near future depends mainly on improvements
in the sensitivity of the instruments and on the amplitude of the CGWB we are interested
in. In Sections8.3 9.6 we will describe the state-of-the-art procedure to obtain the best
unbiased estimator of the map of AGWB, while in this section we evaluate the detectability
of the anisotropies in a different, but equivalent, way. Following [274], we assume that the
observed coefficients of the spherical harmonics expansion at interferometers can be written
as

δobsGW,ℓm = δobsGW,ℓm + nℓm , (6.12)

where nℓm are Gaussian random variables with zero mean and covariance described by the
angular power spectrum of the noise

⟨nℓmn∗ℓ′m′⟩ ≡ δℓℓ′δmm′Nℓ . (6.13)

The Nℓ has been computed by minimizing the covariance associated to the reconstruction
of δGW,ℓm, therefore it is sensitive to the scaling in frequency of the CGWB and on the
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Figure 6.4: Plot of the angular power spectrum of the noise, normalized w.r.t. the amplitude of the CGWB, as a
function of the multipole for different detectors.

amplitude of the monopole. The expression of the angular power spectrum of the noise is

N−1
ℓ =

Tobs
2

∑

A,B,C,D

∫

df

[

2

5
Ω̄CGWB(f)

]2

N−1
AB(f)N

−1
CD(f)

∑

m

Re
[

ABC,ℓm(f)A∗
DA,ℓm(f)

]

2ℓ+ 1
,

(6.14)
where the AAB,ℓm is the coefficient of the spherical harmonics expansion of the antenna
pattern, deőned by

AAB ≡ 5

2
B̃I
ABe

−2πif n̂·(xB−xA) , (6.15)

where the tensors B̃ have been deőned in Eq. (8.20). The angular power spectrum of
the noise decreases with the observing time and the amplitude of the monopole and it
is sensitive to the different scaling in frequency of the CGWB. As already discussed in
Section 1.3, the different frequency dependence of the cosmological signal and noise helps
in disentangling the two contributions by using a Wiener őlter. For simplicity, we consider
a CGWB of the form

Ω̄CGWB(f) = Ω̄(fp)

(

f

fp

)ngwb

, (6.16)

with ngwb = 0.35 and in Figure 6.4 we plot Nℓ/Ω̄CGWB(fp) for different detectors. From
this picture it is clear to see that detectors like BBO/DECIGO are much more sensitive
than LISA or ET/CE to the anisotropies of CGWB and represent the most promising
experiments to detect the angular power spectrum of the CGWB.

6.4.2 SNR of the anisotropies of the CGWB

The coefficients of the expansion in spherical harmonics of the maps of the CMB and of the
CGWB are Gaussian random variables of zero mean and covariance given by the angular
power spectra, therefore the likelihood takes the simple form given in Eq. (6.9). This result
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can be generalized in the case in which the noises of the experiments are considered by
replacing the

CCGWB×CGWB
ℓ → CCGWB×CGWB

ℓ +Nℓ . (6.17)

By using this substitution we have assumed that the noise of CMB and CGWB experiments
are uncorrelated and that the noise associated to CMB measurements is negligible. This is
a good approximation in the Planck case up to ℓ ≈ 2500. As shown in Eq (H.4), in order
to estimate the angular power spectra we combine the observed maps in the following
estimators,

ĈCMB×CMB
ℓ ≡ 1

2ℓ+ 1

ℓ
∑

m=−ℓ
aℓma

∗
ℓm ,

ĈCGWB×CGWB
ℓ ≡ 1

2ℓ+ 1

ℓ
∑

m=−ℓ
δGW,ℓmδ

∗
GW,ℓm −Nℓ ,

ĈCMB×CGWB
ℓ ≡ 1

2ℓ+ 1

ℓ
∑

m=−ℓ

aℓmδ
∗
GW,ℓm + δGW,ℓma

∗
ℓm

2
.

(6.18)

As explicitly proved in Appendix H, if we deőne the covariance between two estimators as

CXY−WZ
ℓ ≡ cov

[

CXYℓ , CWZ
ℓ

]

, (6.19)

it is easy to őnd that

CCMBCMB−CMBCMB
ℓ =

2

2ℓ+ 1

(

CCMB×CMB
ℓ

)2
,

CCGWBCGWB−CGWBCGWB
ℓ =

2

2ℓ+ 1

(

CCGWB×CGWB
ℓ +Nℓ

)2
,

CCMBCGWB−CMBCGWB
ℓ =

1

2ℓ+ 1

[

(

CCMB×CGWB
ℓ

)2
+ CCMB×CMB

ℓ

(

CCGWB×CGWB
ℓ +Nℓ

)

]

,

CCMBCMB−CGWBCGWB
ℓ =

2

2ℓ+ 1

(

CCMB×CGWB
ℓ

)2
,

CCMBCMB−CMBCGWB
ℓ =

2

2ℓ+ 1
CCMB×CMB
ℓ CCMB×CGWB

ℓ ,

CCGWBCGWB−CMBCGWB
ℓ =

2

2ℓ+ 1

(

CCGWB×CGWB
ℓ +Nℓ

)

CCMB×CGWB
ℓ .

(6.20)

In order to provide an estimate for the detectability of the CGWB, we compute the SNR.
If we deőne the total covariance matrix of the Cℓs as

ΣCℓ
≡





CCMBCMB−CMBCMB
ℓ CCMBCMB−CGWBCGWB

ℓ CCMBCMB−CMBCGWB
ℓ

CCMBCMB−CGWBCGWB
ℓ CCGWBCGWB−CGWBCGWB

ℓ CCGWBCGWB−CMBCGWB
ℓ

CCMBCMB−CMBCGWB
ℓ CCGWBCGWB−CMBCGWB

ℓ CCMBCGWB−CMBCGWB
ℓ



 ,

(6.21)
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the square of the SNR is computed according to

SNR2 =

ℓmax
∑

ℓ=2





CCMB×CMB
ℓ

CCGWB×CGWB
ℓ

CCMB×CGWB
ℓ





T

Σ−1
Cℓ





CCMB×CMB
ℓ

CCGWB×CGWB
ℓ

CCMB×CGWB
ℓ



 . (6.22)

Note however that the CMB experiments are mainly cosmic variance limited, therefore
we should focus our analysis on the marginalized likelihood, withouth considering the
contributions of the CMB auto-spectrum on the SNR. We deőne then

Σ̃Cℓ
≡
(

CCGWBCGWB−CGWBCGWB
ℓ CCGWBCGWB−CMBCGWB

ℓ

CCGWBCGWB−CMBCGWB
ℓ CCMBCGWB−CMBCGWB

ℓ

)

(6.23)

and we compute the SNR by using

SNR2
auto+cross =

ℓmax
∑

ℓ=2

(

CCGWB×CGWB
ℓ

CCMB×CGWB
ℓ

)T

Σ̃−1
Cℓ

(

CCGWB×CGWB
ℓ

CCMB×CGWB
ℓ

)

. (6.24)

We quantify the amount of information which comes from the auto- and cross-channels
only by deőning

SNR2
auto ≡

ℓmax
∑

ℓ=2

(

CCGWB×CGWB
ℓ

)2

CCGWBCGWB−CGWBCGWB
ℓ

,

SNR2
cross ≡

ℓmax
∑

ℓ=2

(

CCMB×CGWB
ℓ

)2

CCMBCGWB−CMBCGWB
ℓ

,

(6.25)

In the deőnition of the SNR we stop to ℓmax = 100, since it is the most reasonable target
of future interferometers. In Figure 6.5, we plot the SNR of a signal parametrized by
Eq. (6.16). In the left panel of Figure 6.5, we have plotted the SNR as a function of
Ω̄CGWB(fp) for different interferometers, for one year of observations. Note that the pivot
frequencies we have used have been chosen considering the sensitivities of the instruments
and they are

fLIGO
p = 63Hz , fET+CE

p = 1Hz , fLISAp = 10−2Hz , fBBO/DECIGO
p = 0.5Hz .

(6.26)
From this picture it is clear that BBO and DECIGO are the most promising candidates
to detect the anisotropies of the CGWB, because of their larger sensitivity. In the right
plot of Figure 6.5, we have shown the contributions to the SNR given by the auto- and
cross-correlation for BBO/DECIGO in őve years of observations.

6.4.3 Estimate of the number of relativistic and decoupled species with

future detectors

The likelihood of the maps of the CMB and CGWB is a multivariate Gaussian, therefore
the distribution of the estimators of the angular power spectra, the łpseudo-Cℓsž deőned in
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Figure 6.5: Left: plot of the SNR of auto- plus cross-correlation for different interferometers, as a function of the
amplitude of the background at the pivot frequency fp. The pivot frequency depends on the detector considered.
Right: plot of the contributions to the SNR given by the auto- and cross-correlation for BBO.

Eq. (6.18) is a Wishart [275]. In Appendix H, a derivation of the likelihood of the angular
power spectra has been done and the result is

−2 lnL
(

ĈXXℓ , ĈXYℓ , ĈY Yℓ

∣

∣

∣CXXℓ , CXYℓ , CY Yℓ

)

=
∑

ℓ

(2ℓ+ 1)

[

|Dℓ|
|Cℓ|

+ ln
|Cℓ|
|Ĉℓ|

− 2

]

, (6.27)

where we have deőned the following determinants,

|Dℓ| ≡
(

CXXℓ +NXX
ℓ

)

(

ĈY Yℓ +NY Y
ℓ

)

+
(

ĈXXℓ +NXX
ℓ

)

(

CY Yℓ +NY Y
ℓ

)

− 2
(

CXYℓ +NXY
ℓ

)

(

ĈXYℓ +NXY
ℓ

)

,

|Cℓ| ≡
(

CXXℓ +NXX
ℓ

) (

CY Yℓ +NY Y
ℓ

)

−
(

CXYℓ +NXY
ℓ

)2
,

|Ĉℓ| ≡
(

ĈXXℓ +NXX
ℓ

)(

ĈY Yℓ +NY Y
ℓ

)

−
(

ĈXYℓ +NXY
ℓ

)2
.

(6.28)

In this section, we forecast the sensitivity of future GW detectors to the cosmological pa-
rameters constrained by Planck and to the additional parameters introduced in this Thesis,
such as fdec(ηin) and fNL. Among the possible detectors introduced in Section 1.3.3, we
focus on the network of ET+CE, even though space-based interferometers like BBO and
DECIGO are expected to have a better angular resolution, see e.g. Figure 6.4. Follow-
ing [276], we generate a mock likelihood of the form of Eq. (6.27), őtting mock data with
a Markov-Chain-Monte-Carlo (MCMC) method. The MCMC analysis has been done by
using the parameter inference package MontePython [277, 278]. Note that in this analysis
we are assuming that the anisotropies of the CGWB scale in frequency as the monopole
and we are approximating the noise of the detector by adopting the angular power spec-
trum Nℓ. These assumptions could be useful to forecast the order of magnitude of the
detectability of the anisotropies, although a more dedicated analysis should be done in the
future.

We perform the analysis for the three CGWB discussed in Section 3.4, for the pa-
rameters discussed in Section 5.5. In order to compare the forecasts with detectors with
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Figure 6.6: Left: plot of the őducial monopole of the CGWB compared with the PLS of LVK, CE+ET,
CE+ET+ET100, CE+ET+ET1000. Right: plot of the angular power spectrum of the CGWB and of the an-
gular power spectrum of the noise of LVK, CE+ET, CE+ET+ET100, CE+ET+ET1000 for the őducial monopole
considered.

improved sensitivities, we introduce CE+ET+ET100 and CE+ET+ET1000 as two net-
works with the sensitivities of ET increased by a factor 100 and 1000 respectively. The
posteriors of the cosmological parameters will be computed also for the cosmic variance
(CV) limit, in which the instrumental noise of the detector is negligible.

Inflation with a blue tilt

We consider an inŕationary CGWB with r = 0.025 and ngwb = 0.4, consistent with the
Planck+Bicep+Keck bounds [128]. We assume then that the tensor spectrum follows a
power-law scaling in frequency of a single ngwb, with no running. Under this assumption,
the CGWB could have large amplitude at interferometric scales, thus allowing to detect
the anisotropies with large SNR. However, any other background parametrized by a power
law in the CE+ET frequency band would lead to similar results, therefore our assumption
is not unrealistic. In order to be consistent with [1], in our forecasts we use adiabatic initial
conditions for this CGWB, neglecting the NAD term computed in Eq. (4.35). In the left
panel of Figure 6.6, we plot the monopole of the CGWB as a function of the frequency
and the PLS for LVK, CE+ET, CE+ET+ET100, CE+ET+ET1000. In the right plot we
show the angular power spectrum of the CGWB and the angular power spectrum of the
noise for the three networks. From the picture it is clear that the anisotropies could be
detected when the monopole is roughly 103 − 106 times larger than the minimum of the
PLS.

The parameters considered in our analysis, with uniform priors, are

{h, ωm, ln 1010As, ns, τreio, fdec(ηin)} . (6.29)

In this analysis we have neglected the impact of tensor ŕuctuations in the temperature
of the CMB and on the overdensity of the CGWB, since we have found in Figure 5.4
that this contribution is negligible. In Table 6.1 we have written the őducial values and
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the priors on the parameter, discussing the error obtained by CMB and CGWB measure-
ments. In Figure 6.7, we plot the posteriors for the parameters considered. As expected,
realistic GW experiments like CE+ET or CE+ET+ET1000 will not be able to constrain
the cosmological parameters better than Planck, because of the low SNR of the detec-
tion of the CGWB anisotropies. On the other hand, additional parameters like fdec(ηin)
could be measured just by observations of the anisotropies of the CGWB, therefore in the
case CE+ET+ET1000 it is possible to signiőcantly measure them. In the CV limit of
measurements of the CGWB, up to ℓmax = 2500, GW observations could help breaking
the degeneracy in the CMB spectrum, such as the one between τreio and As. This could
be particularly useful to bring decisive information about the neutrino mass by removing
these degeneracies [279, 280]. Figure 6.7 shows also that the amount of information on
{h, ωm} and ωb are almost the same, while ns could be constrained better since the CGWB
spectrum is not affected by the Silk damping.

PBH in presence of primordial non-Gaussianity

We consider a CGWB parametrized by Eq. (3.51), with A∗ = 2 × 10−5, f∗ = 100Hz and
fNL = 1. In the left panel of Figure 6.8 we plot the monopole and the PLS of the detectors,
while in the right plot one we show the angular power spectrum computed with GW_CLASS

and the angular power spectrum of the noise. In this case, the SNR at the interferometers
is much smaller than the ones produced during inŕation considered in Fig. 6.6, thus no
constraints can be put on fdec(ηin). On the other hand, fNL plays an important role in
the amount of anisotropies, because the NAD initial condition, quantiőed by Eq. (4.43),
could be very large. For a őducial value fNL = 1, with CE+ET+ET1000 it is possible
to constrain |fNL| = 1 efficiently, as shown in Figure 6.9. The sign of fNL cannot be
understood properly because the dominant contribution comes from the auto-correlation
of the NAD term, which depends on f2NL, while the terms which depend on the cross-
correlation between the adiabatic modes and the NAD initial conditions (in the CGWB
spectrum and in the cross-correlation between CMB and CGWB) are subdominant. An
alternative way to constrain primordial non-Gaussianity is to look at the anisotropies of
astrophysical backgrounds, as shown in [281].

PT with uncorrelated power-law NAD initial conditions

We consider as last example a CGWB produced by a PT with a spectrum parametrized
by Eq. (3.55) with n1 = 3, n2 = −4, ∆ = 2 and Ω∗ = 10−8. In Figure 6.10, we show
that this monopole is consistent with the current LVK bounds and that it is potentially
detectable by CE+ET. Also in this case, the anisotropies could e detected by the network
CE+ET+ET1000. In this case, we consider, on top of adiabatic perturbations, an uncor-
related, non-adiabatic initial condition. Following Eq. (3.37), we parametrize this term
by

PΓ(k) = Agwi , P×,ζ(k) = 0 , P×,T (k) = 0 , (6.30)

with Agwi = 10−10 or Agwi = 10−7. We consider to cases to understand the differences when
the NAD contribution dominates the angular power spectrum. The results are presented
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Parameter Fiducial [Prior] Planck + Planck + Planck
CE+ET+ET1000 CV(ℓmax = 2500) alone

h 0.6736 [0.5 - 0.8] 0.6741± 0.0096 0.6756± 0.0068 0.674± 0.010

ωm 0.143 [0.1 - 0.2] 0.1429± 0.0020 0.1426± 0.0014 0.1429± 0.0021

ln 1010As 3.044 [1.7 - 5] 3.044± 0.015 3.0413± 0.0053 3.044± 0.016

ns 0.965 [0.9 - 1] 0.9654± 0.0051 0.9662± 0.0028 0.9653+0.0051
−0.0057

ωb 0.02237 [0.02 - 0.025] 0.02238± 0.00020 0.02240± 0.00016 0.02238± 0.00022

τreio 0.0544 [0.02 - 0.08] 0.0547± 0.0071 0.0536± 0.0012 0.0545± 0.0073

fdec(ηin) 0 [0 - 1] < 0.597 < 0.159 -

Table 6.1: Forecasted errors on parameters extracted from temperature anisotropy data from Planck, alone or in
combination with mock GW anisotropy data.
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CE+ET+ET100, CE+ET+ET1000. Right: plot of the angular power spectrum of the CGWB and of the an-
gular power spectrum of the noise of LVK, CE+ET, CE+ET+ET100, CE+ET+ET1000 for the őducial monopole
considered.

Parameter Fiducial [Prior] CE+ET+ET100
fNL 1 [-11.1 - 9.3] 1.17+0.23

−0.41, −1.74+0.42
−0.23

fdec(ηin) 0 [0 - 1] −−−
Table 6.2: Forecasted errors on the cosmological parameters affecting only the CGWB anisotropies, assumed to
be measured by the GW detector combination CE+ET+ET100. We assume a CGWB produced by PBHs like in
Figure 6.8.
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Figure 6.9: For the same forecast as in Table 6.2, one-dimensional posteriors and two-dimensional 68% / 95%
conődence limits on the reconstructed cosmological parameters.
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in Table 6.3 and Figure 6.11. The results make clear that for this kind of mechanisms, the
anisotropies could be signiőcantly detected just in case of a large NAD initial condition.
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Figure 6.10: Left: plot of the őducial monopole of the CGWB compared with the PLS of LVK, CE+ET,
CE+ET+ET100, CE+ET+ET1000. Right: plot of the angular power spectrum of the CGWB and of the an-
gular power spectrum of the noise of LVK, CE+ET, CE+ET+ET100, CE+ET+ET1000 for the őducial monopole
considered.

Parameter Fiducial [Prior] CE+ET+ET100
ln 1010Agwi 0 [-10 - 10] < 0.927

ngwi 0 [-2 - 2] > 0.0344

fdec(ηin) 0 [0 - 1] −−−
ln 1010Agwi 6.9 [-10 - 30] 6.6± 3.1

ngwi 0 [-2 - 2] −0.06± 0.65

fdec(ηin) 0 [0 - 1] −−−
Table 6.3: Forecasted errors on the cosmological parameters affecting only the CGWB anisotropy spectrum for the
detector combination CE+ET+ET100.
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Figure 6.11: For the same forecasts as in Table 6.3 one-dimensional posteriors and two-dimensional 68% / 95%
conődence limits on the reconstructed cosmological parameters.
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Chapter 7

The Astrophysical Gravitational

Wave Background

7.1 AGWB from unresolved sources

7.1.1 Threshold for the detection of a GW source

In Section 1.4.2, we have deőned the astrophysical background as the superposition of many
astrophysical sources that cannot be individually detected. Among many GW emitters,
we consider here mainly the case of BBH of stellar masses, which are expected to give the
dominant contribution to the AGWB at future ground-based interferometers like ET and
CE [48, 8]. In some speciőc cases, we will show also some results for BNS and BHNS.
In [197], it has been shown that the number of BBH is not large enough to produce an
overlap in the individual waves to make them indistinguishable. Therefore, in our work we
consider a BBH to be unresolved only when it produces a signal so small that its SNR at
the detector is lower than a threshold SNRres

thr. If we deőne a source in terms of its intrinsic
properties, θ, of the redshift at which emits GWs, z, and of its location in the celestial
sphere, n̂, it is possible to deőne the window function for a detection of the event and the
efficiency of a network of interferometers by

w(θ, z) ≡ 1− ϵ(θ, z) ≡ ΘH (SNRres
thr − SNR(θ, z)) . (7.1)

In analogy with the procedure discussed in Section 1.3.2, it is possible to show that the
SNR for the detection of a resolved source, obtained after matched őltering [99], is equal
to

⟨SNR (n̂,θ, z )⟩ =

√

√

√

√4

∫ +∞

0
df
∑

A

∣

∣h2A(n̂,θ, z, f)
∣

∣

2

NAA(f)
, (7.2)

where we have deőned

hA(n̂,θ, z, f) ≡
∑

α

FαA(n̂, f)hα(n̂, f) , (7.3)
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with hα the amplitude of the GW and FαA the detector pattern function for the polarization
α deőned in Eq. (1.54), while NAA is the auto-spectrum of the noise of the interferometer
A. The choice of the threshold strongly depends on the analysis that one is interested in.
For instance, if one wants to look for a cosmological background and would like to remove
the astrophysical sources, a large threshold is necessary, in order to not have a spurious
contribution to the background due to the imperfect subtraction of the sources [282, 283,
284]. On the other hand, if the population of the binaries needs to be inferred, a slightly
smaller threshold could be used. When a precise localisation of the source is necessary to
combine GW and EM measurements, the threhsold could be even larger than 300 [285].
In this work, in order to avoid contaminations to the SGWB due to the subtraction of
the BBH, we use the conservative value SNRres

thr = 80 in the network ET+CE, which
corresponds to SNRres

thr = 20 in all the single interferometers. This choice is consistent
with [286].

7.1.2 Superposition of unresolved sources

According to [47, 48], the energy density of the AGWB is computed by using

ΩαAGWB(n̂, f) =
f

ρcritc2

∑

td ,θ , z

Nunres
GW (n̂, td,θ, z)

dEα

dfedΩe
(θ, z, f)

(1 + z)H(z)Tobs
dV

dzdΩe
(z)

, (7.4)

with Nunres
GW the number of unresolved sources that emits GWs at redshift z, with intrinsic

parameters θ and that emit GWs after a time td from the production of the binary system.
dEα/dfedΩe is the energy spectrum of the individual binary, while Tobs is the observing
time and dV/dzdΩe is the volume element at the source. In this case α identiőes the Stokes
parameters introduced in Eqs. (1.43), (1.44). If the population of the sources is known,
it is possible to estimate the spectrum of the AGWB by using the łdirect integrationž
method given by Eq. (7.4). This expression is valid when the number of sources is large
enough to represent faithfully the population of the GW emitters, characterized by Nunres

GW .
In the case in which the number of sources is small or the energy spectrum of the binaries
is rapidly oscillating, the low number of events would not reŕect the entire population,
therefore the poor sampling would generate an astrophysical background different to the
one computed in Eq. (7.4). The astrophysical background generated by the population1 in
this case is computed by summing the many individual signals produced in a realization
of Nunred

GW in a time Tobs,

ΩAGWB(n̂, f) =
1

Tobs

f3

8Gρc

N
Tobs
GW
∑

i=1

[

|h+,i(f)|2 + |h×,i(f)|2
]

, (7.5)

where we have deőned
NTobs

GW ≡
∑

td ,θ , z

Nunres
GW (n̂, td,θ, z) . (7.6)

1In this chapter we focus just on the intensity, while in Chapter 8 we will consider also the other Stokes
parameters.
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Figure 7.1: Left: plot of the monopole of the AGWB for different observing times and SNRres
thr = 80. Right: plot

of the AGWB for different sources for SNRres
thr → ∞. The blue and orange shaded regions correspond to the LVK

bounds on the amplitude of the AGWB from BBH and BNS respectively.

When NTobs
GW → ∞, Eqs. (7.4), (7.5) coincide, otherwise the background computed by sum-

ming the individual signals would ŕuctuate (presenting spikes and irregularities) w.r.t. the
smooth contribution computed by considering the full population of emitters. In the case
of the GWs emitted by BBH during the inspiral, the merger and the ringdown, the num-
ber of sources in one year is large enough and the background computed with Eq. (7.4)
and (7.5) coincide. In the right panel of Figure 7.1, we plot the homogeneous and isotropic
contribution to the monopole computed by using the two approaches, by considering dif-
ferent observing times, showing how the Poisson ŕuctuations due to the discrete number
of sources would affect the shape of the background. For this background, we have used
SNRres

thr = 80. In the right panel of őgure 7.1, we show the monopole of the AGWB gener-
ated by BBH, BNS and BHNS, considering the populations described in the next section.
In the same Figure, we plot also the LVK bound on the AGWB from BBH, Eq. (1.94),
rescaled w.r.t. the local merger rate of the populations we have considered in this work,
Eq. (7.21). In order to check that the AGWB we have computed is consistent with the
LVK bounds, the window function introduced in Section 7.1.1 has been taken equal to
one (which is equivalent to set SNRres

thr → ∞). In the left panel of Figure 7.2, we plot the
AGWB which is expected to be detected by the network ET+CE for different values of
SNRres

thr.

7.2 Population of BBH

CBCs are characterized by their intrinsic properties θ, by the redshift of the merger z and
by the time delay between the formation of the binary and the merger of the two objects2.
In our work we assume that we can factorize the dependence of the binary parameters

2For practical purposes, here we include in the description of the populations the window function of
the detector, thus the population discussed here are not the full BBH, BNS and BHNS populations, but
the ones that contributes to the astrophysical background.
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w.r.t. the redshift and the time delay,

dN
[i]
GW

dtd dθ dz
(td,θ, z) = p[i](θ)

dR[i](td, z)

dtd
Tobs

dV

dzdΩe
(zd)w

[i](θ, z) , (7.7)

where i is the type of source considered (BBH, BNS, BHNS), Tobs is the observation time
of the background, while dV/dzdΩe is the comoving volume element. In our framework, we
are considering binaries that emit GWs at z, which is the redshift at the time t, produced
at zd, which is the redshift at the time t − td. The expression of the number of events
given by Eq. (7.7) is not the most general, since it could not be possible to factorize
the dependences on z and θ. For instance, this happens for the posterior derived from
observations of resolved sources at current interferometers [8]. Moreover, here we assume
that the distribution of the astrophysical parameters that characterize the binary can be
factorized in the following way,

p[i](θ) = p[i](m1,m2)p
[i](χ1, χ2)p(ι) , (7.8)

with m1, m2 the masses of the objects in the system, χ1, χ2 the spin and ι the inclination
angle. Note that all the distributions we will consider in our work are affected by large
uncertainties, because of the low number of CBC detections by the three runs of LVK [107,
108, 8]. In principle. each of the probability distribution should be marginalized w.r.t.
its nuisance parameters, however, since in this Thesis we are considering the network of
ET+CE, it is safe to assume that Eq. (7.8) is not affect by lack of knowledge in the
population of the binaries, because of the large number of individual sources which will be
detected by 3g interferometers. We will compute therefore the background by conditioning
the values of the parameters of the distributions to the maximum a posteriori estimates
of [8].

Mass Distribution

For BBH, we use the Power Law + Peak mass distribution [108, 8], which is favoured by
the last GW observations,

pBBH(m1,m2) = pBBH(m2|m1)p
BBH(m1)S(m1) , (7.9)

where we have

p[BBH](m1) = (1− λBBH)
(1− αBBH)m

−αBBH
1

MBBH1−αBBH
max −MBBH1−αBBH

min

+ λBBH
1√

2πσBBH

e
− (m1−µBBH)2

2σ2
BBH ,

(7.10)
with αBBH = 3.4, MBBH

min = 2.5M⊙, MBBH
max = 100M⊙, µBBH = 34M⊙, σBBH = 5.09M⊙,

λBBH = 0.039. We have also used a smoothing function for m1,

S(m1) =
θH
(

m1 −MBBH
min

)

θH
(

MBBH
min + δM −m1

)

exp
[

δM
m1−MBBH

min

+ δM
m1−MBBH

min −δM

] , (7.11)
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Figure 7.2: Left: plot of the monopole of the AGWB for different detection threshold of the resolved sources. Right:
plot of the monopole of the AGWB for a BPL and PLPP mass distribution.

with θH the Heaviside theta function and δM = 7.8M⊙. We have considered them a
uniform distribution in the mass ratio q ≡ m2/m1, with q ≤ 1,

p[BBH](m2|m1) = pBBH(q|m1)
dq

dm2
=

1

1− MBBH
min
m1

1

m1
=

1

m1 −MBBH
min

. (7.12)

In the BNS case, we assume that the masses of NSs in merging binaries are uniformly
distributed [8] between M [BNS]

min = 1M⊙ and M [BNS]
max = 2.5M⊙,

p[BNS](m1,m2) =
1

(

MBNS
max −MBNS

min

)2 . (7.13)

For BHNS we use the MULTI SOURCE model adopted in [8], describing the distri-
butions of the masses of the BH and of the NS as two Gaussians with mean µBHNSBH =
7.5M⊙, µBHNSNS = 1.33M⊙ and rms σBHNSBH = 0.75M⊙, σBHNSNS = 0.09M⊙ [287,
288].

Spin Distribution

We assume that the spin distribution of BBH

pBBH(χ1, χ2) = p(χ1)p(χ2) =
2
∏

i=1

1√
2πσχ

e
− χ2

i

2σ2
χ , (7.14)

where σχ = 0.1 [8]. According to [288], assuming zero spin for both the objects in BNS
systems seems to be a very good approximation. On the other hand, the spin of the objects
in BHNS systems could be large in some cases, but we expect that on average it is close to
zero; therefore, considering also the large amount of uncertainties in modelling the BHNS
population, we neglect it.
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Inclination Angle Distribution

The inclination angle of the binary is deőned as the angle between the total angular
momentum of the binary and the line of sight,

cos ι ≡ Ĵ · n̂ . (7.15)

If the Universe is homogeneous and isotropic, the inclination of the binaries w.r.t. the
line-of-sight is distributed isotropically. In this Thesis, we will assume an isotropic distri-
bution of the sources, therefore cos ι is drawn from a uniform PDF, thus iota is distributed
according to

p(ι) = p(cos ι)
d cos ι

d(−ι) =
sin ι

2
. (7.16)

Merger Rate

In our work we characterize the merger rate of compact binaries in terms of the star-
formation rate (SFR). The dependence of the SFR on the redshift is still debated, because
different surveys provide different constraints, since it is sensitive to the distribution of
the mass and metallicity of the host galaxies. We decide to evaluate the SFR by using
Universe Machine [289, 75], in which it is shown that the SFR inside an halo of mass Mh

ad redshift z is distributed according to a log-normal distribution,

p (SFR|Mh, z) = [1− fQ(Mh, z)]
1√

2πσSF(Mh, z)SFR
exp

{

− [ln SFR− SFRSF(Mh, z)]
2

2σ2SF(Mh, z)

}

,

(7.17)
where fQ is the fraction of quenched galaxies that produce no more stars at z. The
expectation value and the covariance associated to the SFR per halo of mass Mh are

⟨SFR⟩(Mh, z) =SFRSF(Mh, z) exp

(

σ2SF
2

)

,

〈

[SFR− ⟨SFR⟩(Mh, z)]
2
〉

=
[

exp
(

σ2SF(Mh, z)
)

− 1
]

exp
[

2SFRSF(Mh, z) + σ2SF(Mh, z)
]

.

(7.18)

The average SFR at a given redshift is obtained therefore just by integrating the average
SFR per halo of mass Mh times the number of halos with mass Mh over the halo mass Mh,

R⋆(z) =

∫

dMh ⟨SFR⟩(Mh, z)
dN̄h

dMh
(Mh, z) [M⊙ yr−1Mpc−3] , (7.19)

where we use the halo mass function dN̄/dMh of [290]. In the left panel of Figure 7.3 we
compare the SFR obtained with the Universe Machine approach with the ones computed
by Madau [291, 292], and Vangioni [293]. It can be easily seen that different approaches
to compute the SFR lead to very different results. To connect the merger rate to the
SFR we convolve the SFR distribution in redshift with a time delay distribution, keeping
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into account for the formation time of the binary and for the early inspiral stage of the
evolution of the system, normalizing this new SFR w.r.t. the local number of compact
objects detected by LVK,

R[i](z) = R
[i]
LIGO(z = 0)

∫

dtdp
[i](td)R⋆[zd(z, td))]

∫

dtdp[i](td)R⋆[zd(z = 0, td))]
. (7.20)

The LIGO normalization factors3 have been taken from [8],

RBBH
LIGO(z = 0) =28.3+13.9

−9.1 Gpc−3 yr−1 ,

RBNS
LIGO(z = 0) =105.5+190.2

−83.9 Gpc−3 yr−1 ,

RBHNS
LIGO (z = 0) =45.0+75.0

−33.0Gpc−3 yr−1 .

(7.21)

The time delay distribution has been taken from [294, 295, 296], where PDF can be
parametrized as an inverse power law,

p(td|ntd) ∝
1

t
ntd

d

. (7.22)

In our work, we condition the time delay distribution to ntd = 1, although the uncertainties
on this tilt would affect the shape in redshift of the merger rate. In this way p(td) can be
written by using

p[i](td) = ln

(

tmax
d

t
[i] min
d

)

1

td
, (7.23)

with tmax
d equal to the age of the Universe at the redshift of the emission of the GWs,

t(z), while t[BBH],min
d = tBHNS,min

d = 50Myr and tBNS,min
d = 20Myr [297, 298]. In the

above expression z is the redshift at which GWs are emitted, t is the time at redshift z
and zd is the redshift at4 t − td. In the right panel of Figure 7.3, we plot the merger
rate obtained with our approach, starting from Universe Machine, the merger rate of [288]
(Iacovelli), obtained from the undelayed Madau SFR with a different choice of the local
merger rate, and the one computed in [284], which differs from our prescription just because
of a different choice of the SFR (the Vangioni model) and because of a rescaling in the
SFR which depends on the metallicity of the stars. In [284], it is considered that BHs with
masses larger than 30M⊙ can be produced in low-metallicity environments, therefore the
SFR for large masses has been rescaled by the factor

fmet ≡
∫ +∞

0
dZmet p (Zmet) θHeaviside

(

1

2
Z⊙ − 3Zmet

)

, (7.25)

3To be consistent, the local merger rates considered here are the ones obstained by assuming the mass
distributions discussed in Section 7.2.

4To compute zd we invert the relation

td = −

∫ z

zd

dz̃
1

(1 + z̃)H(z̃)
. (7.24)

Note that for very high redshifts the SFR is zero, thus the imprint of very high zd on the AGWB is zero
too.
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Figure 7.3: Left: plot of the SFR as a function of the redshift for three different parametrizations: Universe
Machine (blue), Madau (orange), and Vangioni (green). Right: plot of the merger rate of BBH obtained from
Universe Machine, Madau and Vangioni. For the Madau model a different local merger rate has been chosen.

where the metallicity distribution is a log10-normal distribution with σmet = 0.5 and mean
Z̄met(z) [291],

p(Zmet) =
log10(e)√
2πσmetZmet

exp

[

− 1

2σ2met

(

log10 Zmet − Z̄met(z)
)2
]

. (7.26)

By looking at Eq. (7.20), it is therefore straightforward to see that the merger rate for a
given time delay, introduced in Eq. (7.7), is

dR[i](td, z)

dtd
≡ R

[i]
LIGO(z = 0)

p[i](td)R⋆[zd(z, td))]
∫

dtdp[i](td)R⋆[zd(z = 0, td))]
. (7.27)

Note that the merger rate deőned in Eq. (7.20) is the comoving merger rate, therefore
to compute the total number of events at z = 0 we use

N
[i],obs
GW =

∫

dz
1

1 + z
R[i](z)

dV

dz
(z) . (7.28)

For the three models considered in this section we őnd N
[BBH],obs
GW = 4.1 × 104yr−1 with

the Universe Machine approach, N [BBH],obs
GW = 7.5× 104yr−1 in the Iacovelli case [288] and

N
[BBH],obs
GW = 5.0× 104yr−1 for the Vangioni model [284].

Bias of CBC

The bias of CBCs is computed with the approach used in [75], connecting the halo bias to
the bias of GW emitters via

b
[i] res
GW (z) ≡

∫

dMh
dN̄

[i]
GW

dMhdz
(Mh, z) bh(Mh, z)

∫

dMh
dN̄

[i]
GW

dMhdz
(Mh, z)

, (7.29)
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where the halo bias has been computed in [299] and the number of resolved GW events is
given by

dN̄
[i]
GW

dMhdz
(Mh, z) =

∫

dθ p[i](θ)Tobs

(

1− w[i](θ, z)
)

R
[i]
LIGO(z = 0)

∫

dtd p(td) ⟨SFR⟩(Mh, zd)
dN̄h

dMh
(Mh, zd)

dV
dzdΩe

(zd)
∫

dMh

∫

dtd p(td) ⟨SFR⟩(Mh, zd)
dN̄h

dMh
(Mh, zd)

∣

∣

∣

z=0

.

(7.30)

In the Universe Machine prescription, many terms simpliőes and we get that the bias of
the resolved sources is

b
[i] res
GW (z) =

∫

dMh

∫

dtd p(td) ⟨SFR⟩(Mh, zd)
dN̄h

dMh
(Mh, zd)

dV
dzdΩe

(zd) bh(Mh, z)
∫

dMh

∫

dtd p(td) ⟨SFR⟩(Mh, zd)
dN̄h

dMh
(Mh, zd)

dV
dzdΩe

(zd)
. (7.31)

Note that the bias does not depend on the window function related to the efficiency of the
detector network considered w, which means that the bias for the resolved and unresolved
GW events is the same. This is related to the fact that we discriminate between resolved
and unresolved sources by some functions which depend on z, θ, which do not depend on
Mh and td, therefore any contribution from these terms cancels in the computation of the
bias. In the same way, we notice that the bias does not depend on the mass distribution
or on other properties of the sources, therefore in our approximation in which p(θ) can be
factorized in uncorrelated redshift and mass distribution, the bias is the same for BBH,
BNS and BHNS. We conclude therefore that

bGW(z) ≡ b
[i] res
GW (z) = b

[i] unres
GW (z) . (7.32)

The bias deőned in Eq. (7.29) should not be confused with the łeffective biasž introduced
in [75], which is deőned by

b
[i]
GW,eff(f, z) ≡

Ω̄
[i]
AGWB(f)

Ω̄tot
AGWB(f)

W̃
[i]
AGWB(z, f)b

[i] unres
GW (z)

∑

i
Ω̄

[i]
AGWB(f)

Ω̄tot
AGWB(f)

W̃
[i]
AGWB(z, f)

, (7.33)

where the window function of the AGWB generated by the source i is simply deőned by

W̃ [i]
α (z, f) ≡ 1

Ω̄
[i]
AGWB(f)

dΩ̄
[i]
AGWB

dz
(z, f) . (7.34)

The effective bias in this case depends on the frequency, on the source considered and it is
different for unresolved and resolved sources. In Figure 7.4 we plot the łtruež bias, deőned
in Eq. (7.29) and the effective biases, deőned in Eq. (7.33), for BBH, BNS and BHNS.
We note that the GW bias we őnd is consistent with [300, 301]. The effective biases of
BNS and BHNS are suppressed, because the monopole of the AGWB generated by BBH
dominates the energy spectrum, according to the right plot of Fig. 7.1.
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Figure 7.4: Plot of the bias of the GW events and of the effective bias of BBH, BNS and BHNS as a function of the
redshift.

7.3 Energy spectrum of the binary system

We describe the Fourier transform of the chirp signal emitted by a binary system by using
the parametrization of [99], which gives for the two polarizations

h+(fe) =
1

π2/3

(

5

24

)1/2

eiΨ+(fe) c

r

(

GMc

c3

)5/6 1

f
7/6
e

1 + cos2 ι

2
,

h×(fe) =
1

π2/3

(

5

24

)1/2

eiΨ+(fe)+iπ/2 c

r

(

GMc

c3

)5/6 1

f
7/6
e

cos ι ,

(7.35)

with r the physical distance from the source, related to the luminosity distance by DL(z) =
(1 + z)r. The chirp mass is deőned by

Mc ≡
(m1m2)

3/5

(m1 +m2)1/5
. (7.36)

The observed frequency and strain f are redshifted w.r.t. to the ones at the emitter,
fe = (1 + z)f , h(f) = (1 + z)h(fe), thus the observed waves at interferometers are

h+(f) =
1

π2/3c3/2

√

5

24

1

DL(z)
(GMc)

5/6 1

f7/6
eiΨ+(fe) 1 + cos2 ι

2
,

h×(f) =
1

π2/3c3/2

√

5

24

1

DL(z)
(GMc)

5/6 1

f7/6
eiΨ+(fe)+iπ/2 cos ι .

(7.37)

This expression can be generalized to each stage of the evolution of the binary, including
also the merger and ringdown, and by considering also post-Newtonian corrections in the
inspiral stage. The Fourier transform of the GW signal for each polarization state is then

h+(θ, f) =
1 + cos2 ι

2
h̃(θ, f) ,

h×(θ, f) = cos ι eiπ/2h̃(θ, f) ,

(7.38)
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where the GW amplitude h̃ has been computed with the őt of [302, 303, 304],

h̃(f) = A(θ, f)e−iΞ(θ,f) , (7.39)

where the phase plays no role in the AGWB. For the inspiral, merger and ringdown it is
possible to parametrize A in the following way,

A(θ, f) =

√

5

24

(GMc)
5/6

π2/3c3/2
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
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
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
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ωr

2π
σ
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f ∈ [f2, f3]

(7.40)

By evaluating all the frequency-dependent quantities at the emitter the amplitude becomes

A(θ, f) =

√
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σe
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(7.41)
For the inspiral stage, the GW strain is connected to the energy spectrum per frequency
at the emitter [99, 61], by

dE

dfe
=
π2/3

3G
(GMc)

5/3f−1/3
e , (7.42)

thus a generalization of this result to any stage of evolution of the binary gives

dE

dfedΩe
=

πc3D2
L(z)

2G(1 + z)2
f2
[

|h+(f)|2 + |h×(f)|2
]

. (7.43)

The waveform used in Eq. (7.40) is not the only possible choice. More recent waveforms,
such as PhenomD [305, 306], have been proposed and provide a more accurate description
of the GW signals during the merger and the ringdown. Nevertheless, the AGWB is
expected to depend slightly on the choice of the waveform, thence these differences would
not affect the validity of the result we will őnd for the anisotropies of the background. The
extension of the energy spectrum given in Eq. (7.43) to any Stokes parameter is given by

dEα

dfedΩe
=

πc3D2
L(z)

2G(1 + z)2
f2Sα(f) , (7.44)

where the Stokes parameters are related to the expectation values of the strain by Eq. (1.43).

7.4 Intrinsic anisotropies of the AGWB

7.4.1 Contributions to the anisotropies

As other cosmological observables, like the CMB [42] and the galaxy number count [216],
the energy density of the AGWB is expected to reŕect the homogeneity and isotropy of
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the Universe at leading order, showing tiny deviations from a uniform spectrum in the sky
of the order of 10−2 or smaller. In the case of the CGWB, discussed in chapter 3, the
ŕuctuations have been evaluated by using a Boltzmann approach, computing the evolution
of the distribution function of graviton in space and time, assuming no external sources
and collisions of GWs. In the case of the AGWB the situation is different, because at
every time new binary systems emit GWs for a short duration, thus it could be difficult
to solve the Boltzmann equation in presence of a source term which depends on space
and time. In addition, different uncorrelated sources of anisotropies would impact the
spectrum of astrophysical gravitons, therefore, for practical purposes, it is more convient
to characterize them separately. The dominant contribution to the angular power spectrum
of the AGWB is due to shot noise (SN), induced by Poisson ŕuctuations in the number
of discrete events that contribute to the signal [65, 66, 64]. Another important effect is
the kinetic dipole [307, 308, 67, 6, 68] produced by the peculiar motion of the observer
w.r.t. the rest frame of the sources. Subdominant contributions are given by the intrinsic
anisotropies, generated by cosmological perturbations of the metric and in the number
density and velocity of the GW emitters [69, 309, 70, 71, 72, 73, 74]. In Chapters 8, 9 we
will focus on the SN and the kinetic contribution to the anisotropies respectively, while in
the remaining part of this section we will compute only the intrinsic anisotropies.

7.4.2 Cosmic rulers

The necessity of a gauge-invariant approach

The energy density of the AGWB along a direction of observation in the sky, at the
frequency f is equal to

ΩαAGWB(n̂, f) =
f

ρcritc2

∫

dz

∫

dθ

∫

dtd
Nunres

GW (n̂, td,θ, z)
dEα

dfedΩe
(θ, z, f)

(1 + z)H(z)Tobs
dV

dzdΩe
(z)

, (7.45)

where we have taken the continuous limit of Eq. (7.4). It is useful to introduce the total
physical energy density of the AGWB,

n
[i]
α (td,θ, z, n̂, f) ≡

1

(1 + z)3
1

Tobs
dV

dzdΩe
(z)

dN
[i]
GW

dtddθdz
(td,θ, z)

dEα

dfedΩe
(θ, z, f) , (7.46)

where the factor (1 + z)3 comes from the fact that N [i]
GW is a comoving number density.

We introduce also the comoving distance of the source from the observer, obtained by
integrating the distance travelled by GWs at the speed of light from their production at t
up to the time t0

χ ≡
∫ t0

t
dt̃ a(t̃) =

∫ a0

a
dã

dt

dã
=

∫ 0

z
dz̃

d

dz̃

(

a0
1 + z̃

)

1

H(z̃)
=

∫ z

0
dz̃

1

(1 + z̃)2H(z̃)
. (7.47)

By comparing the deőnition of comoving distance with the one of conformal time given in
Eq. (2.3), it is immediate to see that χ = η0− η, with χ and η evaluated at the same time.
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The energy density of the AGWB expressed as a function of the comoving distance is

Ω
α [i]
AGWB(n̂, f) =

f

ρcritc2

∫

dχ

∫

dθ

∫

dtd
n
[i]
α (td,θ, χ, n̂, f)

(1 + z)2
, (7.48)

where z is function of χ. The homogeneous and isotropic contribution to n
[i]
α , which is

deőned by

n̄
[i]
α (td,θ, z, f) ≡

1

4π

∫

dn̂ n[i]α (td,θ, z, n̂, f) , (7.49)

is used to compute Ω̄αAGWB deőned in Eq. (1.47) and plotted in Figures 7.1, 7.2. The main
issue associated to the computation of the perturbations of ΩαAGWB is that the quantities
that induce the anisotropies, like the inhomogeneities in the matter distribution, are gauge
dependent, therefore, in order to obtain the true physical information on the observer
angular power spectrum, one should evaluate the ŕuctuations in terms of gauge-invariant
variables. The approach we use is the Cosmic Rulers formalism, introduced in [276, 310]
to study other kind of LSS effects, by using observed, thus gauge-independent, quantities
to compute the anisotropies of the AGWB

Connection between the physical and observed frames

We denote with xµ(χ) the physical frame and with x̄µ(χ̄) the observer’s frame where we
perform observations. The observed frame is associated to measured quantities, thence it
is not affected by unphysical degrees of freedom due to the choice of the coordinates and it
contains all the physical information we want to extract. In a generic gauge, the physical
frame is characterized by the line element introduced in Eq. (2.74). In the observer’s frame,
geodesics are ŕattened along the past GW cone, therefore the trajectories of gravitons are
parametrized by

η̄ = η0 − χ̄ , x̄ = χ̄ n̂ , (7.50)

where the comoving distance χ̄ can be written as a function of the conformal time by using
χ̄ = η0 − η̄. Following the deőnition of the 4-momentum, Eq. (3.6), in the observer frame
we have

p̄µ ≡ dx̄µ

dλ
= −2πfo

k̄µ

ā20
, (7.51)

where we could set ā0 = 1 by convention and we have deőned the unit vector

k̄µ ≡ dx̄µ

dχ̄
=
(

−1 n̂
)

. (7.52)

The transformation that connects the observed frame, where photon and graviton geodesics
are straight lines, with the real frame, in which the GW trajectories are perturbed by the
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inhomogeneities in the Universe, are deőned by

δχ(χ̄) ≡χ− χ̄ ,

δxµ(χ̄) ≡xµ(χ̄)− x̄µ(χ̄) ,

∆xµ(χ̄) ≡xµ(χ)− x̄µ(χ̄) = xµ(χ̄) +
d

dχ̄
xµ(χ̄)δχ− x̄µ(χ̄) =

d

dχ̄
xµ(χ̄)δχ+ δxµ(χ̄) .

(7.53)

In the physical frame the 4-momentum can still be written as a function of a unit vector
and of the observed frequency, but it also depends on the scale factor at χ̄,

pµGW = −2πfo
kµ

a2
, (7.54)

where the relation between kµ and k̄µ is given in terms of the transformations introduced
in Eq. (7.53),

kµ(χ̄) ≡ dxµ

dχ̄
(χ̄) =

d

dχ̄
(x̄µ + δxµ) (χ̄) = k̄µ +

d

dχ̄
δxµ(χ̄) . (7.55)

We deőne then the variation of the 4-vector kµ as

δkµ(χ̄) ≡ kµ(χ̄)− k̄µ(χ̄) =
(

δf δn̂
)

. (7.56)

Since δkµ(χ̄) = dδxµ(χ̄)/dχ̄, the transformation law that maps the coordinates of the
observer frame to the ones of the physical frame is

δxµ(χ̄) = δxµo +

∫ χ̄

0
dχ̄ δkµ(χ̄) . (7.57)

By using the geodesic equation, Eq. (3.7), it is possible to show [74] that

δf =− δao −Ao + v∥ o + 2A−B∥ − 2I ,

δn∥ =δao +Ao − v∥ o −A− 1

2
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j on

j +Bi
⊥ o −Bi

⊥ − P i
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k
j n

j + 2Si⊥ ,

(7.58)

where the velocity of the observer is

uµ =
1

a

(

1−A vi
)

(7.59)

and we have introduced the decomposition

X∥ ≡ n̂in̂jXij , Y ⊥
i ≡ Pj

i Yj = Yi − n̂in̂
jYj . (7.60)

The solution of the geodesic equation depends also on the integrals
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1

2
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.

(7.61)
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Perturbation of the energy density

In the observer frame, the energy density given in Eq. (7.46), is characterized by the

unperturbed value, n̄
[i]
α (td,θ, η̄, f). The relation between the perturbation of the energy

density in the physical and observer frames is

n
[i]
α (td,θ, x, f) = n̄

[i]
α (td,θ, η̄) +

d

dη̄
n̄
[i]
α (td,θ, η̄, f)∆x

0 + n̄
[i]
α (td,θ, η̄, f)δ

[i](x) , (7.62)

with δ[i] the intrinsic density perturbation. By introducing the comoving energy density,

N
[i]
α (td,θ, x, f) ≡ (1 + z)3n[i]α (td,θ, x, f) (7.63)

we get

n
[i]
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d lnN
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− 3

)

+ δ[i](x)

]

,

(7.64)
where we have deőned

∆ ln(a) ≡a(χ)
ā(χ̄)

− 1 = −δf +A+ v∥ −B∥ = δao + (Ao − v∥ o)−A+ v∥ + 2I ,
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d
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I .

(7.65)

By expanding Eq. (7.48) at őrst order in the perturbations, by using Eqs. (7.58), (7.64) we
get

Ω
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∫
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(7.66)

By using the solution of the geodesic equation we őnd

Ω
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(7.67)
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where we have deőned the evolution bias

b[i]e,α ≡ d lnN
[i]
α

d ln a
. (7.68)

Connection with CLASS - Poisson gauge

In Section 2.4.1, we have shown that the Poisson gauge is deőned by B = 0, F = 0, F⊥
j = 0,

Φ = A and Ψ = −D. B⊥
i = 0 is not a gauge choice, but a consequency of the expansion of

the Universe that suppresses solenoidal vector őelds. In the synchronous-comoving gauge,
the density of binaries of type i are connected to the underlying density of matter through
a bias,

δ[i] (SC) = b[i]δ(SC)
m . (7.69)

The bias has been computed by using Eq. (7.29) and the result is shown in Figure 7.4.
As shown in [310], in the Poisson gauge, the density perturbation is connected to the
perturbation of CDM by

δ[i] (P ) = b[i] (δm − 3HV )−
(

b[i]e,α − 3
)

HV , (7.70)

where the velocity potential is deőned as

v⃗ ≡ ∇⃗V . (7.71)

The term proportional to the derivative w.r.t. the comoving distance of v∥, which appears
in Eq. (7.67), can be simpliőed by using the Euler equation of CDM,

v⃗′+Hv⃗+ ∇⃗Ψ = 0 → n̂ ·
(

v⃗′ +Hv⃗ + ∇⃗Ψ
)

= 0 → − d

dχ̄
v∥+ ∂∥v∥+Hv∥+ ∂∥Ψ = 0 . (7.72)

The computation of the Fourier transform of the density contrast of the AGWB, deőned
in Eq. (1.49), gives
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(7.73)

where we have deőned
θm ≡ ∇⃗ · v⃗ . (7.74)
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The total anisotropy of the AGWB is the sum of the anisotropies over many inőnitesimal
shells at different distances from the observer. The window function W̃

[i]
α represents the

weight of the contribution given by the inhomogeneities at the comoving distance χ̄ w.r.t.
the total,

W̃ [i]
α (td,θ, η, f) ≡

1

Ω̄
α [i]
AGWB(f)

dΩ̄
α [i]
AGWB

dχ̄
(χ̄, f) =

=
1

Ω̄
α [i]
AGWB(f)

1

(1 + z)H(z)

1

Tobs
dV

dzdΩe
(z)

dN
[i]
GW

dtddθdz
(td,θ, z)

dEα

dfedΩe
(θ, z, f) .

(7.75)

The window function selects the redshift that can be probed by observations of the AGWB
and differences in its shape could change signiőcantly the angular power spectrum of the
AGWB. It is possible to note that the cosmological perturbations δm, θm, Ψ, Φ, Hij

that inŕuence the evolution of the density contrast of the AGWB are insensitive to the
parameters θ and td that characterize the population of the sources. It is therefore natural
to perform the integration over these parameters separately, introducing some effective
function,

W̃ [i],eff
α (η, f) ≡

∫

dθ dtd W̃
[i]
α (td,θ, η, f) ,

W̃ [i],eff
α (η, f)b[i] eff(η) ≡

∫

dθ dtd W̃
[i]
α (td,θ, η, f) b

[i](η) ,

W̃ [i],eff
α (η, f) b[i] effe,α (η, f) ≡

∫

dθ dtd W̃
[i]
α (td,θ, η, f)b

[i]
e,α(td,θ, η, f) .

(7.76)

We will come back on the shape of the window functions and on their frequency dependence
in Chapter 9, where the frequency scaling of these terms will play a crucial role to do the
component separation of the anisotropies. By factorizing the integrals w.r.t. θ and td,
it is possible to compute the angular power spectrum of the AGWB as an integral over
the conformal time/comoving distance. This allows to implement the computation in
the Boltzmann solver CLASS in analogy to what has been done for LSS observables in
CLASSgal [311]. Following [75], in analogy with Eq. (3.33), it is possible to expand the
anisotropies of the AGWB in terms of source functions,

δ
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AGWB,ℓm = 4π(−i)ℓ

∫

d3k
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G5−T
ℓ

]

,

(7.77)

where ζ and Hλ are the same primordial scalar and tensor perturbations used to compute
the CMB and the CGWB anisotropies in the previous chapters. The source functions have
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been deőned according to
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H ′

aH2
+ 3

)∫ η̃

0
dη̃ jℓ(kχ̄)

(

Φ′(η̃) + Ψ′(η̃)
)

,

∆omon
ℓ =

∫ η0

0
dη W̃ [i] eff

α (δao +Ψo)

(

b[i] effe,α − H ′

aH2
− 3

)

1

2ℓ+ 1
δℓ0 ,

∆o dipole
ℓ =

∫ η0

0
dη W̃ [i] eff

α

(

b[i] effe,α − H ′

aH2
− 3

)

1

k
θmo

1

2ℓ+ 1
δℓ1 ,

(7.78)

where we have connected the Hubble rate to the conformal Hubble rate by using Eq. (2.10)
and we have neglected the ISW effect due to the tensor perturbations. The notation used
for the different contributios is the same used in [311]. The density terms represents
the anisotropies induced by the density perturbation of the matter őeld which traces the
sources, while the D and the rsd contributions are the redshift space distorsion terms
induced by the peculiar motion of the sources, while the G-source functions encode the
information about the redshifting of gravitons induced by the metric perturbations, like the
ISW. The last two terms represent the monopole and the dipole at the observer and contain
information about the local perturbations of the metric and peculiar velocity respectively.
The perturbation of the monopole can be reabsorbed in the deőnition of Ω̄αAGWB, therefore
it is not observable, while the dipole plays an important role and will be discussed in
Chapter 9. In Figure 7.5, we plot the different contributions to the angular power spectrum
of the AGWB at the pivot frequency 25Hz. As expected from the galaxy number count,
the anisotropies of the AGWB are dominated by the overdensity of the CDM, while the
RSD and the GR corrections play a negligible role.
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Figure 7.5: Plot of the different contributions to the angular power spectrum of the AGWB at fp = 25Hz.
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Chapter 8

Circular polarization of the AGWB

In the discussion of the anisotropies of the CGWB we have mainly focused on the ŕuctua-
tions in the intensity, neglecting the other Stokes parameters deőned in Eq (1.43). However,
many cosmological models, like axion-inŕation [24, 76, 77, 78, 79] or Chern-Simons oper-
ators [80, 81, 82], could produce a circularly-polarized monopole of the CGWB. At the
anisotropic level, it is expected that, in analogy with the CMB, the polarization of gravi-
tons can be generated by the propagation of the signal through the scalar perturbations
(E modes) or by weak lensing and large-scale tensor perturbations (B modes) [312, 313].
Because of the lower amplitudes of these two contributions compared to the intensity, in
Chapter 3, we have focused just on the perturbations of the intensity, which have the
highest chance to be detected, while we consider in this Thesis that any amount of circular
polarization of primordial GWs is contained in the monopole. A parity-violating signature
of a SGWB could be an important feature to exploit in order to distinguish between the
astrophysical or cosmological origin of the signal, because, as we will show, the AGWB, for
an isotropic distribution of the inclination angle of the binaries is expected to be unpolar-
ized in GR. Nevertheless, anisotropies in the distribution of the GW emitters could induce
a net amount of circular polarization which could be detected by future interferometers [5].
A proper characterization of these anisotropies and circularly-polarized background is nec-
essary to subtract efficiently the astrophysical contaminations to the data, which could hid
the more interesting GWs from the early Universe. In addition, the polarization of the
AGWB could be used to study the statistical isotropy of the Universe and the population
of the binaries. In this chapter we focus on the dominant contribution to the anisotropies
of the AGWB, induced by the Poisson ŕuctuations in the number of sources, which is
much larger compared to the intrinsic anisotropies computed in Section 7.4 and the kinetic
dipole discussed in Chapter 9. The low number of BBH in the local Universe, Eq. (7.21),
makes clear that the ŕuctuations of the sources would generate a large ŕuctuation of the
order of 10−2 − 10−3.
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8.1 Stokes parameters of the monopole of the AGWB

The deőnition of the Stokes parameters provided in Eq. (1.43), shows that the intensity,
the circular and linear polarization of a single source can be written as the following
combinations of h+ and h×,

SI(θ, n̂, f) =|h+(θ, n̂, f)|2 + |h×(θ, n̂, f)|2 =
∣

∣

∣h̃(θ, f)
∣

∣

∣

2
[

(

1 + cos2 ι

2

)2

+ cos2 ι

]

,

SV (θ, n̂, f) =i
(

h+(θ, n̂, f)h
∗
×(θ, n̂, f)− h∗+(θ, n̂, f)h×(θ, n̂, f)

)

=
∣

∣

∣h̃(θ, f)
∣

∣

∣

2
(1 + cos2 ι) cos ι ,

SU (θ, n̂, f) =h+(θ, n̂, f)h
∗
×(θ, n̂, f) + h∗+(θ, n̂, f)h×(θ, n̂, f) = −i

∣

∣

∣h̃(θ, f)
∣

∣

∣

2
(1 + cos2 ι) cos ι ,

SQ(θ, n̂, f) =|h+(θ, n̂, f)|2 − |h×(θ, n̂, f)|2 =
∣

∣

∣h̃(θ, f)
∣

∣

∣

2
[

(

1 + cos2 ι

2

)2

− cos2 ι

]

,

(8.1)

where we have used the parametrization of the waveform given in Eqs. (7.37), (7.38), with
h̃ computed for the inspiral, merger and ringwdown stages by using Eqs. (7.39), (7.40). In
GR, the individual binary could emit circularly-polarized (V ) and linearly-polarized GWs
(Q), because of the inclination angle of the system. In some modiőed theories of gravity
in which parity is violated, there is a mixing between the + and × modes that generate
a nontrivial dependence of the Stokes parameters on the inclination angle [314, 315]. In
these models of birefringent GWs, the amount of circular polarization could be enhanced
and used to constrain the alternative theories of gravity [316]. Moreover, higher-order
multipoles could play a role in a different dependence of the waveform on the inclination
angle [317, 8, 318]. From now on, we will consider the standard case of GR and we quantify
the polarization of the AGWB by using the parameter

Qα(ι) ≡



























(

1+cos2 ι
2

)2
+ cos2 ι α = I

(1 + cos2 ι) cos ι α = V

−i (1 + cos2 ι) cos ι α = U
(

1+cos2 ι
2

)2
− cos2 ι α = Q

(8.2)

The Stokes parameters of the AGWB depend on the energy spectrum of the individual
binaries, given by Eq. (7.44), which are related to the inclination angle of the binaries
through theQα parameter deőned in Eq. (8.2). The total energy spectrum can be computed
by using Eq. (7.4), therefore the dependence on the inclination angle can be factorized and
the AGWB is sensitive to the following integral

Ω̄αAGWB ∼
∫

dι p(ι)Qα(ι) =























4
5 α = I

0 α = V

0 α = U
2
15 α = Q

(8.3)
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where we have used the isotropic distribution of the inclination angle, Eq. (7.16). It is clear
therefore that the amount of circular polarization is zero if the inclination angle of the
binaries is distributed isotropically, while a tiny amount of linear polarization is produced,
Ω̄QAGWB = Ω̄IAGWB/6. Any deviation of the V and U modes from zero would indicate
new aspects about GR of the population of the binaries that has not been completely
understood.

8.2 Shot noise of the AGWB

In Eq. (7.4), we have introduced the number of sources which contribute to the AGWB
and which emit GWs at redshift z, after a time delay td from their formation, with intrinsic
parameters θ and along the direction of observation n̂. This number corresponds to the GW
events which occur per unit time and around an inőnitesimal volume centred at redshift z
along the direction n̂. Since the number of GW events that occur are independent and take
place with constant rate, Nunres

GW is a Poisson random variable, whose mean and covariance
depend on the population of the sources. To see more explicitly this, we write the number
of events in terms of a number density,

Nunres
GW (n̂, td,θ, z) =

dN
[i]
GW

dtd dθ dz
(n̂, td,θ, z)∆td∆θ∆z . (8.4)

Consistently with Eqs. (7.19), (7.20), we trace the distribution of sources starting from
the SFR per halo and convolving it with the halo mass function, for all the possible halo
masses,

dNGW

dtddθdz
(n̂, td,θ, z) =

∑

Mh

dNGW

dMhdtddθdz
(n̂,Mh, td,θ, z)∆Mh , (8.5)

where we have deőned the discrete summation in the following way,

∑

Mh

dNGW(Mh)

dMhdtddθdz
∆Mh ≡

imax
∑

i=1

dNGW|h(M
(i)
h )

dMhdtddθdz
∆M

(i)
h , (8.6)

and we have deőned the number of GW events per each bin in all the halos of mass Mh as

dNGW(Mh)

dMhdtddθdz
∆Mh ≡

Nh(n̂,Mh,td,z)
∑

i=1

dN i
GW|h

dtddθdz
(Mh) . (8.7)

The number of GW events per halo and the number of halos are both Poisson random
variables,

p(N i
GW|h, N̄GW|h) =

N̄
N i

GW|h

GW|h e−N̄GW|h

N i
GW|h!

,

p(Nh, N̄h) =
N̄Nh

h e−N̄h

Nh!
,

(8.8)
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whose mean and covariance are given by

N̄GW|h(Mh, td,θ, z) =
RLVK(0)⟨SFR(Mh, td, z)⟩
∫

dtdp(td)R⋆[zd(z = 0, td))]
p(td)p(θ)w(θ, z)Tobs

dV

dzdΩe
(z)∆td∆θ∆z ,

N̄h(Mh, td, z) =
dN̄h

dMh
(Mh, td, z)∆Mh ,

(8.9)

with dN̄h/dMh the halo mass function. By looking at Eqs. (8.4), (8.5), it is clear that
the number density of mergers is the combination of two Poisson variables and it follows a
compound Poisson distribution [65, 66]. The expectation value of the CPD is the product
of the expectation values of the two Poisson distributions,

N̄unres
GW (td, θ⃗, z) =

∑

Mh

N̄h(Mh, td, z), N̄GW|h(Mh, td, θ⃗, z) . (8.10)

This result has been used to compute of the homogeneous and isotropic part of the AGWB,
shown in Figures 7.1, 7.2 and whose Stokes parameters have been evaluated in Eq. (8.3).
The covariance of the compound Poisson distribution then gives

σ2Nunres
GW Nunres ′

GW
≡cov

[

Nunres
GW (n̂, td, θ⃗, z), N

unres
GW (n̂′, t′d, θ⃗

′, z′)
]

=
∑

Mh

N̄h

(

N̄GW|h + N̄2
GW|h

)

δn̂n̂′δtdt′dδθ⃗θ⃗′δzz
′ ,

(8.11)

where we have introduced the short notation for the Kronecker delta,
{

X ≡ xi

X ′ ≡ xj
→ δXX′ ≡ δij . (8.12)

The term proportional to the square of the number of GW events per halo is subdominant,
because the number of BBH per halo is very low. The amount of polarization of the AGWB
induced by the shot noise is then computed from the covariance of the Poisson ŕuctuations
in the number of sources,

Cαα
′

ff ′,n̂n̂′ ≡cov
[

ΩαAGWB(n̂, f),Ω
α′

AGWB(n̂
′, f ′)

]

=

=
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,θ⃗′,z′

1

(1 + z)H(z)

1

(1 + z′)H(z′)
ff ′
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dEV

dfedΩe

(

θ⃗, z, f
) dEV

dfedΩe

(

θ⃗, z, f ′
)

σ2NGWN ′
GW

T 2
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dV
dzdΩe

(z) dV
dzdΩe

(z′)
=

=
∑

td,θ⃗,z

1

[(1 + z)H(z)]2

dEα

dfedΩe

(

θ⃗, z, f
)

dEα′

dfedΩe

(

θ⃗, z, f ′
)
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Tobs
dV

dzdΩe
(z)
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ff ′

(ρcritc2)2

N̄h(Mh, td, z)
[

N̄GW|h(Mh, td, θ⃗, z) + N̄2
GW|h(Mh, td, θ⃗, z)

]

δn̂n̂′ .

(8.13)
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The interesting result is that the integral over the inclination angle which determines the
Stokes parameters in this case depends on a different combination of the Qα’s, because the
shot noise ŕuctuation is sensitive to the square of the energy spectrum,

Cαα
′

ff ′,n̂n̂′ ∼
∫

dι p(ι)Qα(ι)Qα′(ι) . (8.14)

What emerges is that the covariance of the ŕuctuations of the V and U Stokes parameters
is non-null, therefore a net amount of circular polarization is generated. More speciőcally,
the covariance Cαα

′

ff ′,n̂n̂′ is proportional to the factors
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
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256π 0 8

315 0
0 −i 92

105 0 − 92
105









. (8.15)

This expression tells us that the I and Q parameters are slightly correlated, while the
correlation between U and V is exactly one. When the number of sources is very large, the
central limit theorem holds and the Poisson distribution is approximated by a Gaussian
distribution, therefore the amount of circular polarization induced in the AGWB is a
realization of a Gaussian random őeld of zero mean and covariance given by Eq. (8.13),
where the covariance between different Stokes parameters is proportional to the factors
given in Eq. (8.15). In Figure 8.1, we plot the intensity of the monopole of the AGWB and
the amplitude of the circular polarization induced by the shot noise. At low frequencies,
when all the binaries emit in the inspiral stage, there is an exact correlation between the
shot noise ŕuctuations ar different frequencies,

Cαα
′

ff ′,n̂n̂′ = f2/3f ′ 2/3C̃αα
′

n̂n̂′ . (8.16)

This happens because all the BBH emit in the inspiral stage, therefore any frequency
dependence can be factor out and the amplitude of the ŕuctuations at one frequency
univocally determine the others. The amplitude of the circular polarization has therefore
the same scaling of the monopole,

ΩVAGWB(n̂, f) ∼
√

CV Vff,n̂n̂ ∼ f2/3 . (8.17)

At around 200Hz, when binaries of different intrinsic parameters emit in different stages
of evolution of the binary, the situation becomes more complicated and the correlation is
no longer equal to one. We will consider in more detail this frequency dependence of the
anisotropies of the AGWB (including the shot noise) in Section 9.3.

8.3 Detectability of the circular polarization of the AGWB

The detectability of homogeneous and isotropic SGWBs has been discussed in Section 1.3.2,
where an optimal estimator for a uniform (in the sky) GW map has been deőned. In this
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section, we will go through the same procedure in order to build an estimator for ΩαAGWB,
in the case in which the Stokes parameter could depend on the direction of observation.
The underlying assumption we make is that the correlation of the shot noise at different
frequencies is exactly one, and we write the AGWB signal in a similar fashion of Eq. (1.55),
by decomposing the background in terms of a function which encodes the frequency scaling
and an amplitude evaluated at the pivot frequency fp,

ΩαAGWB(n̂, f) = Ω̄IAGWB(f) + Ω̄QAGWB(f) +Aα(n̂)Eαp (f) . (8.18)

In this discussion, we neglect the monopole contributions Ω̄IAGWB, Ω̄QAGWB, because it is a
good approximation to assume that there is no leakage of the intensity map into the one of
the circular polarization. A more detailed discussion of the component separation between
different contributions to the SGWB will be done in Section 8.4 and in Chapter 9. The
observed data in the interferometer A, deőned in Eq. (1.53), have mean and covariance
given by

⟨dA(f)⟩ =0 ,

⟨dA(f) d∗B(f ′)⟩ =
1

2
δ(f − f ′)

(

NAB(f) +
∑

α

∫

dn̂ B̃α
AB(n̂, f)Aα(n̂) Eαp (f)

)

,
(8.19)

where the tensors B̃α
AB have been deőned in terms of the detector pattern function deőned

in Eq. (1.54) according to

B̃I
AB(n̂, f) ≡

3H2
0

4π2f3
(

F+
A (n̂, f)F+ ∗

B (n̂, f) + F×
A (n̂, f)F×∗

B (n̂, f)
)

,

B̃V
AB(n̂, f) ≡

3H2
0

4π2f3
(

F+
A (n̂, f)F×∗

B (n̂, f)− F×
A (n̂, f)F+ ∗

B (n̂, f)
)

i ,

B̃U
AB(n̂, f) ≡

3H2
0

4π2f3
(

F+
A (n̂, f)F×∗

B (n̂, f) + F×
A (n̂, f)F+ ∗

B (n̂, f)
)

,

B̃Q
AB(n̂, f) ≡

3H2
0

4π2f3
(

F+
A (n̂, f)F+ ∗

B (n̂, f)− F×
A (n̂, f)F×∗

B (n̂, f)
)

.

(8.20)

As we have done for Ω̄I/QAGWB, we neglect any contamination of the shot noise of the Stokes
parameters α ̸= V to the reconstructed map of the circular polarization. We leave the joint
estimate of all the Stokes parameters together for a future work. The optimal estimator
of the map Aα(n̂) is a quadratic object in the data, which exploit the auto- and the
cross-correlation channels of the detectors,

Âα(n̂) =
∑

A,B

∫

df dA(f)E
α
AB(n̂, f) d

∗
B(f)− bα(n̂) . (8.21)

The functions E and b have to be chosen to minimize the covariance and the bias of the
estimator respectively. By imposing that

〈

Âα(n̂)
〉

= Aα(n̂), we get the constraints on the
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bias

bα(n̂) =Tseg
∑

A,B

∫

df
EαAB(n̂, f)

2
NAB(f) , (8.22)

and on the weights

∑

A,B

∫

df
Tseg
2
EαAB(n̂, f)Eαp (f)B̃α

AB(m̂, f) = δ(n̂− m̂) . (8.23)

The factor Tseg comes from the Dirac delta evaluated in zero. In a similar fashion of
Eq. (1.62), the covariance of the estimator of the circular polarization depends on the
four-point function of the data and by using Eq. (8.19), the covariance has the simple form

Ĉαα′
(n̂, n̂′) =

∫

df
∑

A,B,C,D

EαAB(n̂, f)E
α
CD(n̂

′) 2Tseg

∫

dm̂ dm̂′
[

B̃α
AD(m̂, f)B̃

α
CD(m̂

′, f) (Aα)
2 Eαp (f)Eα

′

p (f) +
1

4
NAD(f)NBC(f)

]

.

(8.24)

The choice of the weights E can be done by minimizing the covariance, considering also the
constraints provided by Eq. (8.23). The optimal way to do this is to introduce a Lagrangian
function, as in Section 1.3.2,

L = Ĉαα′
(n̂, m̂) + λ



Tseg

∫

dn̂′
∑

A,B

∫

df
1

2
EαAB(f, f ; n̂)Eαp (f)B̃α

AB(n̂
′, f)− 1



 . (8.25)

and minimize it w.r.t. the weights and the Lagrange multiplier,

δ

δEαAB(n̂, f)
L =

δ

λ
L = 0 . (8.26)

From now on, we work in the low signal regime, Aα ≪ NAB, therefore we neglect any
contribution induced by cosmic variance in the AGWB signal. The condition on the
functional derivative w.r.t. E gives

∑

C,D

EαCD(m̂, f)NAD(f)NCB(f
′) + λ B̃α

AB(n̂, f)Ep(f) = 0 . (8.27)

We can isolate in this expression the contribution coming from the weights, by using the
inverse matrix of the noise PSD,

Ep(f)EαAB(m̂, f) + λ [Ep(f)]2
∑

C,D

N−1
AC(f)B̃

α
CD(n̂, f)N

−1
DB(f) = 0 . (8.28)
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Figure 8.1: Plot ot the dominant contributions to the intensity and circular polarization of the AGWB and of the
PLS curves for the network ET+CE for the intensity and circular polarization. The sensitivities of ET+CE have
been computed for Tobs = 1yr.

By multiplying this equation by Tseg B̃α
AB(n̂, f

′), summing over A,B and integrating over
the frequency we get

λ = − 1

Tseg

2
∫

df [Ep(f)]2
∑

A,B,C,D B̃
α
AB(n̂, f)N

−1
BC(f)B̃

α
CD(n̂, f)N

−1
DA(f)

. (8.29)

The weights are then given by

EαAB(n̂, f) =
1

Tseg

2 Ep(f)
∑

C,DN
−1
AC(f)B̃

α
CD(n̂, f)N

−1
DB(f)

∫

df [Ep(f)]2
∑

A,B,C,D B̃
α
AB(n̂, f)N

−1
BC(f)B̃

α
CD(n̂, f)N

−1
DA(f)

. (8.30)

The covariance of the estimator can be computed by plugging (1.70) into (1.63), őnding

CÂα
(n̂, m̂) =

1

Tobs

2 δ(n̂− m̂)
∫

df [Ep(f)]2
∑

A,B,C,D B̃
α
AB(n̂, f)N

−1
BC(f)B̃

α
CD(n̂, f)N

−1
DA(f)

, (8.31)

where the factor 1/Tobs comes from the fact that Eq. (1.63) describes the covariance in
a single time segment of duration Tseg, while the total information we get on the SGWB
is obtained by integrating the information at different times for the total duration of
our observations, Tobs. In Figure 8.1, we plot the PLS for ET+CE for Tobs = 1yr for
the covariance matrix deőned in Eq. (8.31) for α = V . In the same Figure we plot the
monopole of the AGWB for SNRres

thr = 80 with the associated PLS.
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8.4 Foreground subtraction of the astrophysical signal

The circular polarization of the AGWB represents at the same time an interesting target
for future ground- and space-based interferometers and a foreground for the detection
of the Stokes parameters of primordial signals. For instance, if a CGWB is sourced by
axion-inŕation [24, 76, 77, 78, 79] or Chern-Simons operators [80, 81, 82], a non-negligible
amount of circular polarization is produced. In this section, we would like to quantify
the detectability of the Stokes parameters of the cosmological gravitons in presence of a
circularly-polarized AGWB. To simplify the computations, we assume that the CGWB
is homogeneous and isotropic and we characterize its frequency scaling by a power-law
spectrum with a constant tensor tilt,

Ω̄ICGWB(f) = ĀICGWB

(

f

1Hz

)nI
t

, Ω̄VCGWB(f) = ĀVCGWB

(

f

1Hz

)nV
t

, (8.32)

with ĀICGWB, ĀVCGWB the amplitudes of the background at 1Hz. In general, nIt and nVt
can be different, but we assume here that they are equal, nIt = nVt = nt. In this case, the
total incoming signal at the interferometers is

htotp (f, n̂) = hAGWB
p (f, n̂) + h̄CGWB

p (f) , (8.33)

which corresponds to the following covariance matrix of the data,

〈

dA(f) d
∗
B(f

′)
〉

=
δ(f − f ′)

2

{

NAB(f)+

∫

dn̂ B̃α
AB(n̂, f)

[

(

Ω̄IAGWB(fp) + Ω̄QAGWB(fp)

+ ΩVAGWB(n̂, fp) + ΩUAGWB(n̂, fp)

)(

f

fp

)2/3

+

+
(

ĀICGWB + ĀVCGWB

)

(

f

fp

)nt

]}

.

(8.34)

In this chapter, we do not consider the propagation of errors on ĀICGWB and nt on the
estimate of ĀVCGWB. We build therefore the estimator for the amplitude of the circular
polarization in a similar way to what has been done in Eq. (1.59), by considering as source
of noise just the presence of the circular polarization of the AGWB. The estimator is

ÂVCGWB =

∫

df
∑

A,B

dA(f)E
V
AB(f)d

∗
B(f)− bV . (8.35)

As seen in Section 1.3, it can be shown that the covariance of our estimator due to instru-
mental noise is given by Eq. (1.72),

CÂV

h4
=

1

Tobs

2
∫

df
(

f
fp

)2nt∑

A,B,C,D γ
V
AB(f)N

−1
BC(f)γ

V
CD(f)N

−1
DA(f)

, (8.36)

151



where h4 means that the error is related to the four-point function of the data. The
presence of a circularly-polarized AGWB generates an additional source of noise in the
estimator we have provided, since the average (of the square of the strain hij) gives

〈

ÂVCGWB

〉

= ĀVCGWB +

∫

df
∑

A,B

Tseg
2
EVAB(f)

∫

dn̂ B̃V
AB(n̂, f)Ω

V
AGWB(n̂, fp)

(

f

fp

)2/3

,

(8.37)
where we have neglected contaminations from other Stokes parameters. On average, the
shot noise ŕuctuation is zero, but its covariance is given by Eq. (8.13), therefore it is possible
to estimate the impact of the astrophysical foreground on the error on the cosmological
background by using

CÂV
cs ≡

〈

(〈

ÂVCGWB

〉

− ĀVCGWB

)2
〉

, (8.38)

where cs denotes that the contribution is related to the component separation of the signals,
while the average is now taken w.r.t. the realizations of the shot noise. By using the weights
to minimize the instrumental noise given by Eq. (1.70), it is possible to show that the noise
due to the presence of the astrophysical foreground in this case is equal to

CÂV
cs =

∫

dfdf ′dn̂Tr
[

S−1(f)γ̃V (f)S−1(f)B̃(n̂, f)
]

Tr
[

S−1(f ′)γ̃V (f ′)S−1(f ′)B̃(n̂, f ′)
]

CV Vff ′
[

∫

df ′′
(

f ′′

fp

)2nt∑

A,B,C,D γ
V
AB(f

′′)N−1
BC(f

′′)γVCD(f
′′)N−1

DA(f
′′)

]2 ,

(8.39)
where we have deőned

CV Vff ′ ≡
∫

dn̂′CV Vff ′,n̂n̂′ , (8.40)

with CV Vff ′,n̂n̂′ the covariance of the shot noise computed in Eq. (8.13). In Section 9.6,

we will give additional details on this computation. Eq. (8.39) shows that, since Ω̄VCGWB

and ΩVAGWB have two very different angular dependences, the numerator is suppressed
w.r.t. the denominator and the covariance goes to zero. This implies that it is possible,
in principle, to exploit the angular dependence of the shot noise (whose angular power
spectrum is constant in ℓ), to reconstruct faithfully a stochastic background of primordial
origin. When the frequency scaling of the two signals is different, the component separation
of the two terms becomes more efficient, in analogy with what has been done in Section 1.3.
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Chapter 9

Kinetic dipole of the AGWB

9.1 Determination of our peculiar motion with different probes

As discussed in 2.1, the cosmological principle assumes that the Universe is homogeneous
and isotropic when smoothed over sufficiently large scales. Observations of the CMB [93]
and LSS probes, such as radio sources [85, 86, 87, 88, 89, 90] and quasars [91, 92], show
that this assumption is true, when a dipole in the temperature anisotropies of the CMB
and in the distribution of galaxies in the sky is subtracted. These dipoles are associated
to the velocity of the observer w.r.t. the rest frame of the CMB and LSS respectively.
The LSS measurements of the kinetic dipole are affected by contaminations due to shot
noise ŕuctuations in the number of sources, which are enhanced in the case of partial sky
coverage [86], furthermore contaminitions from intrinsic anisotropies in the distribution of
the sources should be carefully considered too. In the case of the CMB, it is not clear if the
CMB anomalies [138, 319, 320, 321, 322, 323, 324, 325, 326] at low multipoles could affect
the estimate of our peculiar velocity. Current measurements of the kinetic dipole obtained
by CMB and LSS measurements are in tension [94, 90], because the CMB dipole differ
signiőcantly w.r.t. the LSS one in amplitude and direction. In this chapter, we consider
the AGWB as an additional source of information for our peculiar velocity [6], exploring the
possibility of cleaning the total signal observed at inferferometers from the shot noise and
the intrinsic contributions by exploiting the full-sky coverage of future GW interferometers
and the frequency dependence of the AGWB anisotropies. The results we have found show
that it is possible, in the limit of low instrumental noise or large monopoles, to reconstruct
our peculiar velocity with observations of the AGWB with higher precision than with the
other cosmological probes considered nowadays.

9.2 Kinetic dipole of the AGWB

The velocity of the observer w.r.t. the rest frame of the AGWB is the superposition of
many, uncorrelated, contributions. We consider here the sum of the velocity of the Earth
around the Sun, of the Sun w.r.t. the center of the Milky way (MW), of the MW w.r.t.
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the Local Group (LG) and of the Local Group w.r.t. the LSS,

vtot
o = vE + v⊙ + vMW + vLG . (9.1)

The motion of the Earth around the Sun, vE ≈ 30 km/s, is considered automatically in
the analysis of the detector response at GW interferometers, since the detector pattern
function deőned in Eq. (1.54) keeps into account for the position of the interferometers
in time. An extension of the standard pipeline which uses the prior knowledge of vE has
been presented in [68]. In this work we assume that the motion of the Sun w.r.t. the
center of the MW, v⊙ ≈ 230 km/s, and of the MW w.r.t. the LG, vMW ≈ 100 km/s, have
been already subtracted from the data stream. In this way it is possible to set vo = vLG,
which is the only unknown velocity we are interested in. From CMB observations [93],
vLG ≈ 622 km/s and vtoto ≈ 370 km/s, because the LG and the Sun velocity have opposite
directions.

The computation of the anisotropies of the AGWB done in Section 7.4 shows that local
perturbations of the metric and our peculiar velocity generate a monopole and a dipole
term respectively, see e.g., Eq. (7.73). The őrst term can be reabsorbed in the deőnition
of Ω̄αAGWB, therefore the only local term which affects the angular power spectrum is the
kinetic dipole,

δ
α [i] KD
AGWB (n̂, f) =

∫

dχ̄ W̃ [i] eff
α (χ̄, f)

(

b[i] effe,α (χ̄, f)− H ′(χ̄)
a(χ̄)H2(χ̄)

− 3

)

n̂ · vo = Rα(f) n̂ · vo ,
(9.2)

where vo is our peculiar velocity, b[i] effe,α the evolution bias deőned in Eq. (7.68) and Rα is
the Kaiser-Rocket factor, deőned by

Rα(f) ≡
∫ η0

0
dη W̃ [i] eff

α (η, f)

(

b[i] effe,α (η, f)− H ′(η)
a(η)H2(η)

− 3

)

. (9.3)

From now on, we will focus just on the intensity of the AGWB and we will omit the
index which speciőes the Stokes parameter. The Kaiser-Rocket factor represents a Doppler
boosting over many inőnitesimal shells, accounting for the GWs emitted at different η (or,
equivalently, χ̄). Eq. (9.2) refers to the kinetic dipole induced by non-statistical velocities,
such as vLG, while the subtraction of vE , v⊙ and vMW would generate a Doppler shift
discussed for instance in [67]. In the Cosmic Rulers formalism used in Section 7.4, the
peculiar velocities of the emitters are not included in the KD, but in the redshift-space-
distorsion terms D1, D2 and rsd which appear in Eq. (7.78). In terms of the source
functions, the kinetic dipole reads

δ
[i] KD
AGWB,ℓm = 4π(−i)ℓ

∫

d3k

(2π)3
Y ∗
ℓm(k̂)ζ(k)∆

o,dipole
ℓ (η, k) , (9.4)

where we have introduced

∆o dipole
ℓ (f) =

∫ η0

0
dη W̃ [i] eff

α

(

b[i] effe,α − H ′

aH2
− 3

)

1

k
θmo

1

2ℓ+ 1
δℓ1 . (9.5)
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The magnitude of the kinetic dipole depends on the realization of the Gaussian random
őeld δ[i] KD

AGWB,ℓm, which is drawn from a Gaussian distribution with zero mean and covariance
given by

CKD
ℓ (f, f ′) = 4π

∫

dk

k
P (k)∆o dipole

ℓ (f)∆o dipole
ℓ (f ′) . (9.6)

In this chapter, we prefer to characterize the anisotropies by using directly Eq. (9.2),
because it is more intuitive to connect the KD to the peculiar velocity we want to estimate.

9.3 Frequency dependence of the anisotropies

The monopole of the angular power spectrum of the AGWB depends on the frequency,
because of the energy spectrum of the individual binaries deőned in Eq. (7.44). The
scaling of the monopole with the frequency at low frequencies is f2/3, because all the
binaries emit in the inspiral stage and the frequency dependence can be factor out because
of the coherence of the waves. As shown in the right panel of Figure 7.1, when the
frequency increases, a fraction of the binaries start emitting GWs during the merger and
ringdown, thus the scaling with the frequency cannot be written in a simple analytical
form. Furthermore, the observed frequency at which some binaries end their inspiral stage,
depends on the redshift and on the masses of the compact objects in the system, therefore
it is not possible to factorize the energy density of the AGWB into a frequency-dependent
and a redshift-dependent contributions. To see more explicitly this, we recall that the
monopole of the AGWB depends on the integral

Ω̄AGWB(f) ∼ f

∫

dM1 dM2 p(m1,m2)
dEGW

dfedΩe
(m1,m2, χ1, χ2, ι, z, f) , (9.7)

where fe = (1 + z)f . When all the binaries are in the inspiral,

dEGW

dfedΩe
∼ f−1/3 , (9.8)

while at higher frequencies we have a non-factorizable integral over the frequency. The
interesting thing to notice is that at high frequencies the shape in frequency of the AGWB
is sensitive to the distribution in mass and redshift of the sources, because the scaling
with the frequency is generated by the superposition of binaries at different stages of the
evolution with different intrinsic parameters and which emit GWs at different redshifts.
The important consequence of this fact is that the evolution bias, deőned in Eq. (7.68), and
the window function, deőned in Eq. (7.75), depends on the frequency and so anisotropies
exhibit a non-trivial scaling in f . The physical interpretation of this result is that the
weight of the sources that contribute to the background at redshift z could be different
at two different frequencies, because at the two frequencies the number of objects in the
inspiral, merger and ringdown stage of the evolution could be different. In Figure 9.1, we
plot the effective window function and the evolution bias for the intensity of the AGWB
generated by BBH of stellar masses at CE+ET. When f ≲ 80Hz, no huge differences could
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Figure 9.1: Plot of the evolution bias (left) and of the window function (right) of the intensity of the AGWB
generated by the superposition of BBH of stellar mass.

be appreciated in the window function and in the effective bias, because the majority of
the BBH emit in the inspiral stage. This non-trivial dependence on the frequencies implies
that the intrinsic, the shot noise and the kinetic dipole scale in a different way, because
they depend on different combinations of the window function and evolution bias. In
Figure 9.3 we plot the three contributions to the dipole of the AGWB as a function of the
frequency. We will show how this frequency-dependence could be used to disentangle these
three terms in Section 9.5.

9.4 Measurement of the dipole with the standard technique

The standard approach used to evaluate the detectability of the anisotropies of the AGWB
is analogous to the one discussed in Section 6.4.2. For instance, if we suppose to consider
the auto- and the cross-correlation of the AGWB with a galaxy survey, the amount of
information that can be extracted by the intrinsic and kinetic anisotropies is quantiőed by
Eqs. (6.23), (6.24),

SNR2 ≡
ℓmax
∑

ℓ=1

C⃗ T
ℓ Σ−1

ℓ C⃗ℓ , (9.9)

where ℓmax identiőes the maximum multipole at which we have a non-negligible contribu-
tion to the SNR. The vector C⃗ℓ in this case is

C⃗ℓ =

(

CAGWB,KD
ℓ + CAGWB,int

ℓ

Cg×AGWB
ℓ

)

. (9.10)
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The components of the covariance matrix in this case are

Σℓ,11 =
2

2ℓ+ 1

(

CAGWB,KD
ℓ + CAGWB,int

ℓ + CAGWB,SN
ℓ +Nℓ

)2
,

Σℓ,12 =
2

2ℓ+ 1

(

CAGWB,KD
ℓ + CAGWB,int

ℓ + CAGWB,SN
ℓ +Nℓ

)(

Cg×AGWB,int
ℓ + Cg×AGWB,SN

ℓ

)

,

Σℓ,22 =
1

2ℓ+ 1

[

(

Cg×AGWB,int
ℓ + Cg×AGWB,SN

ℓ

)2

+
(

CAGWB,KD
ℓ + CAGWB,int

ℓ + CAGWB,SN
ℓ +Nℓ

)(

Cg,KD
ℓ + Cg,intℓ + Cg,SNℓ

)

]

.

(9.11)

The angular power spectrum of the noise Nℓ has been computed with schNell for the
network CE+ET for őve years of observations. A suitable survey that can be combined
with the AGWB is SKAO2, which will be described in Appendix I. In Figure 9.2 we have
depicted the cumulative SNR of the various contributions to the anisotropies as a function
of the maximum multipole considered. We have also plotted the various contribution to
the SNR up to ℓmax = 200 as a function of the monopole amplitude of the AGWB. Note
that when instrumental noise is considered, different choices of ℓmax above a certain value
do not change the SNR, since the instrumental noise automatically keeps into account
for the angular resolution of the detector. We have computed the SNR in three different
scenarios: with instrumental noise only, with SN only, and with SN plus instrumental
noise. From the picture it is clear that with the standard estimator of the intrinsic and
kinetic anisotropies, the SNR of the angular power spectra is always smaller than one,
because the shot noise and the instrumental noise are always orders of magnitude larger
than the interesting signals. In the next sections, we will illustrate a technique based on
the frequency dependence of the anisotropies to clean measurements of the intrinsic and
the kinetic dipole from the shot noise contaminations.

9.5 Component separation in the noiseless case

In Section 9.3 we have shown that at high frequencies, when it is not possible to factorize
the redshift and the frequency dependence in the integral to compute the AGWB, the
anisotropies scale in a non-trivial way. In Figure 9.3 we have plotted the shot noise, the
kinetic and the intrinsic dipoles of the AGWB at different frequencies. In the left panel,
we show the total magnitude of the three contributions, making clear that the shot noise
dominates the other two terms of at least one order of magnitude. In the right plot, we
show the three contributions, normalized w.r.t. their values at 1Hz, in order to enlight
the fact that at large frequencies the three scalings could be very different. In this section,
we show how the different frequency scaling could be used to discriminate between the
three contributions in the case in which there is no instrumental noise at the GW detector
considered.

To do component separation between the contributions to the anisotropies we use
Internal Linear Combination (ILC) [327, 138], or any other kind of component separation
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Figure 9.2: Plot of the contributions to the cumulative SNR as a function of the maximum multipole, with SN
only (upper left), with instrumental noise only (upper right), with instrumental noise plus SN (lower left). The
blue line corresponds to the kinematic dipole, the orange one to the intrisic dipole, the green one to the intrinsic
anisotropies and the red one to the total. When instrumental noise is considered, we have computed the cumulative
SNR assuming the maximum monopole amplitude for the AGWB. Lower right: plot of the cumulative SNR for
ℓmax = 200 as a function of the monopole amplitude of the AGWB, considering both instrumental noise and SN.
We have considered ℓmax = 200, because, when we compute the SNR with instrumental noise, we automatically
take into account the angular resolution of the detector, therefore higher multipoles give negligible contribution to
the SNR. All the SNRs have been computed for the auto-correlation of the AGWB and for the cross-correlation
between the AGWB with the galaxy survey SKAO2. The SNR computed here does not include the auto-correlation
of the galaxy survey, because we want to quantify the amount of extra-information added by considering also the
AGWB in the analysis.
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Figure 9.3: Left: plot of the intrinsic, SN, KD, and total contribution to the ℓ = 1 term of the angular power
spectrum of the AGWB at different frequencies. Right: plot of the intrinsic, SN, KD contributions to the auto-
correlation spectra of the AGWB normalized w.r.t. their values at 1 Hz.

technique. We write the observed dipole in the vector form

d⃗obsi = d⃗inti + d⃗KD
i + d⃗SNi , (9.12)

where the vector symbol identiőes the array of frequencies at the detector, while i the
spatial direction in the sky. The kinetic dipole at a pivot frequency fpiv is connected to
the velocity of the observer through the Kaiser-Rocket factor,

dKD
i (f) = R(f)vo,i . (9.13)

It is possible then to write the total signal by using

d⃗ obs
i = R⃗vo,i + d⃗ int

i + d⃗ SN
i . (9.14)

The main idea of ILC is to combine the data at different frequency to build an estimator
for vo,i with the minimum covarince possible. If we assume a knowledge of the frequency
scaling of the three contributions to the angular power spectrum of the AGWB, it is
possible to introduce a vector w⃗ in such a way that the estimator for our peculiar velocity
is

v̂o,i ≡ w⃗T d⃗ obs
i . (9.15)

We assume that our estimator is unbiased,

⟨v̂o,i⟩ = vo,i → w⃗T R⃗ = 1 , (9.16)

and that is covariance is minimized by a smart choice of the weights

∂

∂w⃗

〈

(v̂o,i − vo,i)
2
〉

= 0 . (9.17)

We notice that our strategy is similar to the one adopted in Sections 1.3.2 and 8.3 to eval-
uate the best unbiased estimator of the anisotropies of SGWB in presence of instrumental
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noise. Also in this case, to minimize the differential equation with a constraint we use a
Lagrange multiplier. The Lagrangian function is

L(w⃗, λ) =
〈

(v̂o,i − vo,i)
2
〉

− λ
(

w⃗T R⃗ − 1
)

= w⃗TCw⃗ − λ
(

w⃗T R⃗ − 1
)

, (9.18)

where C is the covariance matrix of the total dipole, where its (α, β) entry is deőned as,

Cαβ ≡ cov
[

dobsi (fα), d
obs
i (fβ)

]

= C int
1 (fα, fβ) + CSN

1 (fα, fβ) . (9.19)

By minimizing the Lagrangian function w.r.t. the two parameters we get

{

w⃗T R⃗ = 1

2w⃗TC − λR⃗T = 0
→
{

w⃗T = 1
2λR⃗TC−1

1
2λR⃗TC−1R⃗ = 1

→
{

λ = 2
R⃗TC−1R⃗

w⃗T = R⃗TC−1

R⃗TC−1R⃗
(9.20)

The estimator of the kinetic dipole is

v̂o,i =
R⃗TC−1d⃗ obs

i

R⃗TC−1R⃗
. (9.21)

The associated error to this estimate is

σv̂o,i =

√

〈

(v̂o,i − vo,i)
2
〉

=
√
w⃗TCw⃗ =

1
√

R⃗TC−1R⃗
. (9.22)

In Figure 9.4, we plot one realization of the total map, Eq. (9.12) (left), the kinetic dipole
map (middle), and of the reconstructed kinetic dipole map, Eq. (9.21). The maps have
been evaluated at the pivot frequency fp = 30Hz and we have used the value of the LG
velocity vLG = 600 km/s. The pictorial representation of our result makes clear that,
although the initial map does not allow to reconstruct the kinetic dipole, because of the
contamination of the shot noise and of the intrinsic anisotropies, the reconstructed signal,
which exploits the frequency dependence, is very good. In a more quantitative way, the
SNR of the reconstruction of the dipole in all the directions is

SNR ≡
√

∑

i,j

vo,i cov
−1
ILC,ij vo,j ≈ 10 . (9.23)

The key assumption we have done here is a perfect knowledge of the Kaiser-Rocket factor
R(f) and the scaling of the theoretical angular power spectra of the SN and of the intrinsic
anisotropies. This simpliőcation is justiőed by the fact that the several uncertainties in
the astrophysical models which describe the population of the emitters will be reduced by
the large number of sources that will be detected by the network ET+CE [286].
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Figure 9.4: Upper Left: AGWB density contrast map at fo = 30Hz; Upper Right : input velocity map n̂ · v⃗o;
Bottom: reconstructed velocity map n̂ · v⃗esto .

9.6 Component separation in presence of instrumental noise

The anisotropies of the AGWB are obtained by the superposition of the intrinsic, the kine-
matic and the shot noise ŕuctuations in the energy spectrum. In analogy with Eq. (8.19),
the covariance of the data dA(f) measured at interferometers is proportional to

⟨dA(f) d∗B(f ′)⟩ =
1

2
δ(f − f ′)

[

NAB(f) + Ω̄AGWB(f)γ
I
AB(f)

+ Ω̄AGWB(f)

∫

dn̂ B̃I
AB(n̂, f)

∑

c

δcAGWB(n̂, f) ,
(9.24)

with c ∈ {int,KD, SN}. In this case, we have neglected the circular polarization, since in
this chapter we focus just on the intensity and we assume that there is no contamination
in the AGWB maps from different Stokes parameters. In order to relax the notation, we
write the AGWB as a map at a pivot frequency fp, times a scaling function which describes
the scaling with the frequency,

ΩcAGWB(n̂, f) = Ecp(f)Ω̄AGWB(fp)δ
c
AGWB(n̂, fp) . (9.25)

In this section we assume that the scaling functions Ecp(f), deőned by

Ecp(f) ≡
Ω̄cAGWB(f)δ

c
AGWB(n̂, f)

Ω̄AGWB(fp)δcAGWB(n̂, fp)
, (9.26)
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are known and we try to use differences in EKD, ESN and E int to separate the three contri-
butions to the AGWB anisotropies. We deőne an estimator quadratic in the data,

Ω̂KD
p =

∑

A,B

∫

df dA(f)EAB(n̂, f)d
∗
B(f)− b(n̂) . (9.27)

and we require that it is unbiased,
〈

Ω̂KD
p

〉

= ΩKD
AGWB(n̂, fp) . (9.28)

In this case, the expectation value of the estimator is

〈

Ω̂KD
p

〉

=
∑

A,B

∫

df
Tseg EAB(n̂, f)

2

[

∑

c

Ecp(f)
∫

dm̂ B̃I
AB(m̂, f)Ω

c
AGWB(m̂, fp) +NAB(f)

]

−b(n̂) .

(9.29)
Since the shot noise and the intrinsic map are realizations of Gaussian random őelds, they
cannot be subtracted a priori, thus we can only subtract the PSD of the noise,

b(n̂) =Tseg
∑

A,B

∫

df
EAB(n̂, f)

2
NAB(f) . (9.30)

At the same time, we impose that the contribution to the average of the estimator propor-
tional to the kinetic dipole is unbiased,

Tseg
∑

A,B

∫

df
1

2
EAB(n̂, f)Ecp(f)B̃I

AB(m̂, f) =δ(n̂− m̂) . (9.31)

The expectation value of our estimator is therefore

〈

Ω̂KD
p (n̂)

〉

= ΩKD
AGWB(n̂, fp)+

∫

df
Tseg EAB(n̂, f)

2

∑

c ̸=KD

Ecp(f)
∫

dm̂ B̃I
AB(m̂, f)Ω

c
AGWB(m̂, fp) .

(9.32)
Over inőnite realizations of the intrinsic and kinetic anisotropies (which are uncorrelated
with the kinetic dipole), the bias is zero. However, in a single realization of the system,
they introduce an error in the reconstruction of the dipole which can be quantiőed by

ĈKD
cs (n̂, n̂′) ≡cov

(〈

Ω̂KD
p (n̂)

〉

,
〈

Ω̂KD
p (n̂′)

〉)

cv

=
〈(

⟨Ω̂KD
p (n̂)⟩ − Ω̂KD

p (n̂)
)(

⟨Ω̂KD
p (n̂′)⟩ − Ω̂KD

p (n̂′)
)〉

cs

=
T 2
seg

4

∫

dfdf ′dm̂dm̂′ Tr
(

E(n̂, f)BKD(m̂, f)
)

Tr
(

E(n̂′, f ′)BKD(m̂′, f ′)
)

∑

c ̸=KD

Cc(f, f
′; m̂, m̂′)

EKD
p (f)EKD

p (f ′)
,

(9.33)
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where the trace is computed w.r.t. the indices of the detectors in the newtork, while cs
stands for łcomponent separationž and BKD(n̂, f) ≡ B̃I

AB(n̂, f) EKD
p (f). The covariance

matrix in the last row is the covariance of the maps of the intrinsic and the shot noise and
is related to the angular power spectrum by

Cc(f, f
′; m̂, m̂′) ≡

∑

ℓ

(2ℓ+ 1)Pℓ(m̂ · m̂′)Ccℓ (f, f
′) . (9.34)

This contribution represents the difficulty of detecting the kinetic dipole in presence of
foregrounds. Another, independent, error is induced by the fact that the estimator is
quadratic in the data and the four-point function of the data does not vanish. This source
of noise is quantiőed by the following covariance matrix,

ĈKD
h4 (n̂, n̂′) = 2Tseg

∫

df
∑

A,B,C,D

EAB(n̂, f)ECD(n̂
′, f)

[1

4
NAD(f)NBC(f)

+

∫

dm̂ dm̂′∑

c,c′

B̃I
AD(m̂, f)B̃

I
CD(m̂

′, f)ΩcAGWB(m̂, f)Ω
c′

AGWB(m̂
′, f)

]

.

(9.35)

Note that in the noise dominated regime this contribution reduces to

ĈKD
h4 (n̂, n̂′) = 2Tseg

∫

df
∑

A,B,C,D

EAB(n̂, f)ECD(n̂
′, f)

1

4
NAD(f)NBC(f) . (9.36)

The total error on the estimator is therefore

ĈKD(n̂, n̂′) = ĈKD
h4 (n̂, n̂′) + ĈKD

cs (n̂, n̂′) . (9.37)

Also in this case, we introduce the Lagrangian function

L = ĈKD(n̂, m̂) + λ



Tseg

∫

dn̂′
∑

A,B

∫

df
1

2
EαAB(n̂, f)Eαp (f)B̃α

AB(n̂
′, f)− 1



 . (9.38)

and we choose the weights E by minimizing it w.r.t. the weights and the Lagrange multi-
plier,

δ

δEαAB(n̂, f)
L =

δ

λ
L = 0 . (9.39)

The condition on the function derivative w.r.t. E gives
∑

C,D

EαCD(m̂, f)NAD(f)NCB(f
′) + λ B̃α

AB(n̂, f)Ep(f)

+
Tseg
2

df ′dm̂dm̂′ BKD
B (m̂, f)Tr

[

E(n̂′, f ′)BKD(m̂′, f ′)
]

∑

c ̸=KD

Cc(f, f
′; m̂, m̂′)

EKD
p (f)EKD

p (f ′)
= 0 ,

(9.40)
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where the trace is taken wr.t. the indices of the detectors in the network. At őrst order in
Cc, the Lagrange multiplier is equal to

λ =
1

Tseg

2
∫

dfT (f ; n̂, n̂)
+ Tseg

∫

dfdf ′
∫

dm̂dm̂′T (f ; n̂, m̂)T (f ′; n̂′, m̂′)
[∫

df ′′T (f ′′; n̂, n̂)
]2

Ctot
ff ′,φφ′

EKD
f EKD

f ′′
,

(9.41)

where we have deőned

T (f ; n̂, m̂) ≡Tr
[

N−1(f)BKD(n̂, f)N−1(f)BKD(m̂, f)
]

, (9.42)

The weights are then equal to

EAB(f, f ; n̂) =
1

Tseg

2S−1
AC(f)B

KD
CD(n̂, f)S

−1(f)
∫

df ′T (f ′; n̂, n̂)
. (9.43)

The őnal expression of the covariance reduces to

ĈKD(n̂, n̂′) =
1

Tobs

2δ(n̂− n̂′)
∫

dfT (f ; n̂, n̂)
+

∫

dfdf ′
∫

dm̂dm̂′T (f ; n̂, m̂)T (f ′; n̂′, m̂′)
[∫

df ′′T (f ′′; n̂, n̂)
]2

Ctot
ff ′,φφ′

EKD
f EKD

f ′′
,

(9.44)
where we have replace Tseg with Tobs, because we want the estimate of the error over the
whole duration of the experiment and not in a single time segment. Note that the error
induced by the component separation does not depend on Tobs. This is due to the fact
that the error due to the component separation depends on the realization of the shot
noise and of the intrinsic anisotropies, which do not depend on time, therefore in different
time segments our knowledge on the different contributions to the overall anisotropies
does not improve. However, the different frequency dependence of the kinetic, intrinsic
and shot noise anisotropies can be used to dinstinguish between the different components.
This can be seen as the fact that in the covariance given in Eq. 9.44, the numerator is a
convolution of two integrals over the frequencies, weighted by the frequency dependence
of the covariance matrices of the intrinsic and shot noise anisotropies. When EKD

p (f) is
much different from ESN

p and E int
p , the double integral is suppressed, by the incoherent

superposition of the various terms, w.r.t. the denominator, proportional just to EKD
p (f).

This is consistent with the efficient component separation in the noiseless case, discussed
in Section 9.5. From the map of the kinetic dipole we can extract the estimator of the
velocity by using

v̂i =
1

R(fp)

∫

dn̂ n̂i δ
KD
AGWB(n̂, fp) , (9.45)

where we have used the relation between the kinetic dipole, the velocity and the Kaiser-
Rocket factor given by Eq. (9.13). The covariance associated to the reconstruction of the
velocity is

Ĉvij ≡ cov [v̂i, v̂j ] =

∫

dn̂ n̂in̂j ĈKD(n̂, n̂) . (9.46)
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In analogy with Eq. (9.23), we have provided an estimate of the SNR of the dipole by using

SNR2 = v⃗ To cov−1v⃗o . (9.47)

The result is plotted in Figure 9.5 as a function of the monopole amplitude of the AGWB
at f = 25Hz. We can see that for values of the monopole of the AGWB within the upper
bound of LIGO/Virgo, the estimator is able to reduce the instrumental noise and to give
an SNR larger than one. In the őgure we have also compared the SNR computed with
this multi-frequency analysis to the standard one evaluated in Section 9.4, showing that
in the limit of large monopoles/low instrumental noise, the technique we have used could
increment the detectability by an order of magnitude.
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Figure 9.5: Upper: plot of the SNR of the kinematic dipole as a function of the monopole amplitude of the AGWB
by considering SN and SN plus instrumental noise (NET+CE). The horizontal lines show the SNR equal to 1,
2 and 3 respectively. Lower: Plot of the ratio of the SNR obtained by using the multi-frequency and the SNR
computed by looking at a single frequency.
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Chapter 10

Conclusions

Summary

The work presented in this Thesis represents an extensive research about the anisotropies
of stochastic backgrounds of cosmological and astrophysical origin. The increases in the
sensitivity of current GW detectors, such as Advanced LIGO, Advanced Virgo and KA-
GRA [328], or the prospects of having more sensitive third-generation interferometers, like
ET [13], CE [14], LISA [15], Taiji [16], BBO [17] and DECIGO [18], make clear the im-
portance of being prepared from a theoretical point of view to the enormous amount of
GW data available in the next decades. Furthermore, the recent detection of a SGWB
by the IPTA collaboration [9, 10, 11, 12] made concrete the possibility of observing this
kind of stochastic signals and to explore their features in the near future. Although a clear
detection of the monopole and of its scaling with the frequency are the main targets of
SGWB observations, it is reasonable to expect that as a second step the anisotropies will
become the main objective of this research őeld. This is analogous to what happens in
the CMB case, since its detection by Penzias and Wilson [25] until measurements of the
angular power spectrum by Planck [26].

In Chapter 1 we reviewed the propagation of GWs in vacuum and in curved spacetimes,
describing the shortwave approximation and the structure of the energy-momentum tensor
of the gravitational őeld. Part of the chapter is devoted to a formal deőnition of stochastic
signals, to a description of the statistical properties of SGWBs and to the strategies for
their detection. In particular, we have illustrated the matched őltering technique used at
GW interferometers, computing the PLS curves for ET, CE, LISA and BBO.

In Chapter 2 we overviewed the ΛCDM model, which is the main pillar of modern
Cosmology. We summarized the geometrical properties of the Universe and of its particle
content, at the homogeneous and isotropic level and by taking into account the small
cosmological perturbations. More speciőcally, we have derived the set of Einstein and
Boltzmann equations which control the evolution of the scalar and tensor perturbations of
the metric Φ, Ψ and Hij , which are responsible for the anisotropies of the CGWB.

In Chapter 3 we derived the Boltzmann equation for the distribution function of the
cosmological gravitons. The solution of the Boltzmann equation shows that the anisotropies
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are imprinted by the inhomogeneities encountered by gravitons along their geodesics and
by ŕuctuations in the spectrum of the CGWB at its production. In this chapter we deőned
rigorously the production time of the CGWB and we introduced the three main sources of
primordial GWs considered in this Thesis: inŕation, PBH and PT.

In Chapter 4 we performed the őrst robust computation of the initial conditions on the
anisotropies of an inŕationary CGWB. In this calculation, we used an original approach
in which which we did not evaluate the initial conditions by looking at the Einstein and
Boltzmann equations, but we computed directly the energy-momentum tensor of the GWs
in terms of the gravitational őeld hij . This new result leads to NAD initial conditions for the
inŕationary waves, which increase the angular power spectrum by an order of magnitude
w.r.t. the adiabatic case. In this chapter we presented also the computation of the initial
conditions in the case of PBH, stressing the importance of primordial non-Gaussianity to
enhance the angular power spectrum.

In Chapter 5 we gave the őrst numerical prediction of the angular power spectrum
of the CGWB, showing the importante of the SW, ISW and of the initial conditions.
We furnished also a physical interpretation of the features of the spectra in terms of the
scaling with the tensor tilt of the monopole and of the properties of the transfer functions
of the perturbations of the metric. In addition, we illustrated that the angular power
spectrum is sensitive to the fractional energy density of relativistic and decoupled species
at the production of the background. Since cosmological backgrounds were produced at
temperatures larger than 1012GeV, fdec(ηin) could be a crucial observable to probe Physics
beyond the Standard Model.

In Chapter 6 we computed the angular power spectrum of the cross-correlation between
the CMB and CGWB. We elucidated the features of the cross-correlation by mean of the
projection effects of photons and gravitons which come from two close (but not identical)
last-scattering surfaces. We found that at low multipoles the correlation between these two
signals is close to one, mainly because at large angular scales photons and gravitons share
the geodesics and are sensitive to the same perturbations of the metric. We stressed the
importance of this interrelation between the CMB and the CGWB by showing how from the
observed CMB map it is possible to build a precise constrained realization of the CGWB,
which could be used in the future to test systematics or foreground contaminations in the
data. In this chapter, we estimated also the detectability of the auto- and cross-correlation
spectra with future detectors, by computing the SNR for ET+CE, LISA and BBO. We
forecasted also the sensitivity of the network ET+CE to the fraction of relativistic and
decoupled species introduced in Chapter 5, on fNL and on isocurvature perturbations,
őnding that tight constraints could be put in the cosmic variance limit or in the case in
which the sensitivity of ET is increased by three orders of magnitude. Even though a
so large suppression of the instrumental noise of ET is unrealistic, BBO and DECIGO
are expected to improve the sensitivity by orders of magnitude. Furthermore, in different
frequency bands not constrained by LVK, the amplitudes of CGWBs could be larger than
10−10−10−9, giving rise to anisotropies detectable with SNRs large enough to do a precise
parameter estimation.

In Chapter 7 we reviewed the AGWB produced by the coalescences of BBH, BNS and
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BHNS. We listed the population of the astrophysical sources, describing the PDF of the
intrinsic parameters and the number density of the objects in the sky. We computed the
monopole for the three different kind of emitters, obtaining results consistent with the LVK
bounds. We described then the computation of the intrinsic anisotropies of the AGWB by
using the Cosmic Rulers formalism, plotting the angular power spectrum of the AGWB
emitted by BBH.

In Chapter 8 we illustrated the őrst prediction of the circular polarization of the AGWB.
In spite of the fact that the monopole of the AGWB is expected to be unpolarized in GR,
because of the isotropic distribution of the inclination angle of the binaries, we presented
the counterintuitive result that when the shot noise ŕuctuations in the number of sources is
taken into account, a net amount of circular polarization is generated, because the average
of the inclination angle of the binaries differs from zero. The angular power spectrum of the
circular polarization of the shot noise is constant in the multipole space and it scales with
the frequency as the square of the monopole, CSN

ℓ (f) ∼ f4/3. Because of the low number
of sources that contribute to the background, the shot noise ŕuctuation is very large and
it could be detected with SNR larger than 2 in one year of observations by the network
ET+CE. The circular polarization of the AGWB could be at the same time an interesting
observable and a foreground for the detection of cosmological signals, like the polarized
backgrounds produced during axion inŕation. We showed that it is possible to disentangle
a cosmological signal by exploiting the different frequency and angular dependence of the
shot noise and of the cosmological backgrounds.

In Chapter 9 we gave an extensive description of the dipole of the AGWB sourced by
BBH. We characterized the three contributions to the dipole, given by the cosmological
perturbations (intrinsic anisotropies), by the shot noise, and by our peculiar motion w.r.t.
the rest frame of the sources (kinetic dipole). In this dissertation, we illustrated that at
high frequencies the dipole of the AGWB depends on the frequency in a different way
compared to the monopole, because of the different contributions coming by binaries in
different stages of their evolution. We paid a lot of attention on this frequency depen-
dence, exploiting it to do the őrst component separation analysis in the context of GW
anisotropies. More precisely, we used the different scaling with the frequency of the intrin-
sic, the kinetic and the shot noise anisotropies to reconstruct our peculiar velocity with
high precision, even if the shot noise is orders of magnitude larger than the kinetic and the
intrinsic terms.

The work conducted in this Thesis highlights the importance of the study of the
anisotropies of SGWBs, which is crucial from the theoretical and observational point of
view. Chapter 3, 4 and 5 emphasize the importance of a theoretical description of the
Universe at early times, because its geometry, particle content and the initial conditions at
early times could strongly affect the angular power spectrum of SGWBs. Chapter 6 points
up the possibility of doing multimessenger cosmology with impressive results, because of
the large correlation between the CMB and CGWB. Chapter 8 and 9 elucidate the nature
of the anisotropies of the AGWB, which could be used to separate the astrophysical and
cosmological components and to improve our knowledge of the Universe at late times.
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Appendix A

Decomposition of the perturbations

in GR

A.1 Gauge transformations in GR

We consider a gauge transformation of the form of Eq. (1.3), which maps the coordinate
xµ to new ones xµ ′ by using the inőnitesimal four-vector ξµ. According to [329], a generic
tensor Y transforms under this map as

Y ′(x′) = Y (x) + LξY (x) , (A.1)

where the Lie derivative of a tensor with covariant and contravariant indices along the
vector őeld ξ is deőned by

LξY
µ
ν ≡ DλY

µ
ν ξ

λ + Y µ
λ Dνξ

λ − Y λ
ν Dλξ

µ , (A.2)

with Dλ the covariant derivative introduced in Eq. (1.22),

DρY
µ
ν ≡ ∂ρY

µ
ν + ΓµρσY

σ
ν − ΓσρνY

µ
σ . (A.3)

If the tensor Y can be decomposed into a dominant contribution Ȳ and a small ŕuctuation
δY , the gauge transformations of the two terms at őrst order in ξ are

Y ′(x′) = Ȳ ′(x′) + δY ′(x′) = Ȳ (x) + δY (x) + LξȲ (x) →
{

Ȳ ′(x′) = Ȳ (x)

δY ′(x′) = δY (x) + LξȲ (x)

(A.4)

A.2 Decomposition of the FLRW metric

As discussed in Chapter 2, the Cosmological Principle states that the Universe is mainly
homogeneous and isotropic, thus the dominant contribution to the metric is given by the
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FLRW line element given in Eq. (2.1). By adopting the conformal time introduced in
Eq. (2.3) and assuming a ŕat spacetime, the FLRW line element is

ds2 = a2(η)
[

−dη2 + δijdx
idxj

]

. (A.5)

This line element corresponds to the background metric

ḡ00(η) = −a2(η) , ḡ0i = 0 , ḡij = a2(η)δij . (A.6)

However, tiny inhomogeneities and anisotropies are present in the Universe, therefore small
perturbations of the metric should be considered,

gµν(η,x) = ḡµν(η) + δgµν(η,x) . (A.7)

In [235, 236], it has been realized that it is convenient to decompose the metric perturba-
tions into irreducible representations of the group of spatial rotations in the background
spacetime. The (0, 0) component is a scalar under SO(3), thus we can set

δg00(η,x) = −2a2(η)A(η,x) . (A.8)

The (0, i) component transforms as a spatial vector, thence it can be decomposed, according
to the Helmoltz’s theorem, into an curl-free and longitudinal part plus a divergence-free
and transverse term,

δg0i(η,x) = −a2(η)
[

∂iB(η,x) +B⊥
i (η,x)

]

. (A.9)

By deőnition, for the solenoidal őeld the divergence vanishes, ∂iB⊥
i (η,x) = 0. The (i, j)

component of the metric transforms as a 3 × 3 symmetric tensor, therefore it can be
decomposed into two scalar őelds, D and F , a solenoidal vector őeld, F⊥

i , and a transverse-
traceless tensor Hij ,

δgij(η,x) = a2(η)

{

δij [1 + 2D(η,x)] +

(

∂i∂j −
1

3
δij∇2

)

F (η,x) + ∂(iF
⊥
j) (η,x) +Hij(η,x)

}

.

(A.10)

A.3 Gauge transformations of the metric perturbations

Following Eq. (A.4), the gauge transformation of the perturbations of the metric is

δg′µν(η
′,x′) = δgµν(η,x) + Lξ ḡµν(η,x) . (A.11)

Since the covariant derivative of the metric vanishes, the previous equation becomes

δg′µν(η
′,x′) = δgµν(η,x) +Dνξµ(η,x) +Dµξν(η,x) . (A.12)
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In a similar fashion of what has been done for the perturbations of the metric, we decompose
the vector őeld which characterizes the gauge transformations into two scalars and one
solenoidal vector,

ξµ =
(

α ∂iβ + βi⊥ ,
)

(A.13)

with ∂iβi⊥ = 0. The covariant derivative of ξµ is

D0ξ
0 =∂0ξ

0 + Γ0
0ρξ

ρ = ∂0ξ
0 + Γ0

00ξ
0 = ∂0ξ

0 +Hξ0 = ∂0α+Hα ,
D0ξ

i =∂0ξ
i + Γi0ρξ

ρ = ∂0ξ
i + Γi0jξ

j = ∂0β
i
⊥ + ∂0∂

iβ +H∂iβ +Hβi⊥ ,
Djξ

0 =∂jξ
0 + Γ0

jρξ
ρ = ∂jξ

0 + Γ0
jkξ

k = ∂jα+H∂jβ +Hβ⊥ j ,

Djξ
i =∂jξ

i + Γijρξ
ρ = ∂jξ

i + Γij0ξ
0 = ∂j∂

iβ + ∂jβ
i
⊥ +Hδijα ,

(A.14)

where to compute the affine connection we have used the terms of order zero in the per-
turbations which appear in Eq. (2.79). The transformation1 of the (0, 0) perturbation of
the metric is then

δg′00(x
′) = δg00(x) + 2ḡ0λ(x)D0ξ

λ(x) = δg00(x) + 2ḡ00(x)D0ξ
0(x) → A′ = A+ ∂0α+Hα .

(A.15)
For the (0, i) part we have

δg′0i(x) = δg0i(x)+ ḡ0λDiξ
λ(x)+ ḡiλD0ξ

λ(x) = δg0i(x)+ ḡ00Diξ
0(x)+ ḡijD0ξ

j(x) . (A.16)

Since at linear order in the perturbations the gauge transformations of irrotational and
solenoidal vector are decoupled [236], we disentangle also the gauge transformations of the
perturbations of the (0, i) perturbation of the metric,

−∂iB′ =− ∂iB − ∂iα−H∂iβ + ∂i∂0β +H∂iβ → B′ = B + α− ∂0β ,

−B⊥ ′
i =−B⊥

i −Hβ⊥ i + ∂0β⊥ i +Hβ⊥ i → B⊥ ′
i = B⊥

i − ∂0β⊥ i .
(A.17)

For the (i, j) component the computation is analogue,

δg′ij(x
′) =δgij(x) + ḡiλ(x)Djξ

λ + ḡjλ(x)Diξ
λ = δgij(x) + ḡik(x)Djξ

k + ḡjk(x)Diξ
k =

=δgij(x) +Djξi +Diξj .

(A.18)

Also in this case we separate the scalar, one of the two proportional to δij and the other
to ∂i∂j − 1

3δij , vector and tensor contributions to δgij , őnding

2δijD
′ =2δijD + 2δij

(

Hα+
1

3
∇2β

)

→ D′ = D +Hα+
1

3
∇2β ,

(

∂i∂j −
1

3
δij∇2

)

F ′ =

(

∂i∂j −
1

3
δij∇2

)

F + 2

(

∂j∂i −
1

3
δij∇2

)

β → F ′ = F + 2β ,

∂(iF
⊥ ′
j) =∂(iF

⊥
j) + ∂(iβ⊥ j) → F⊥ ′

i = F⊥
i + β⊥ i ,

H ′
ij =Hij .

(A.19)
1To relax the notation, we use the four-vector x as argument of the perturbations and we do not write

explicitly η, x.
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A.4 Gauge transformations of the perturbations of the energy-

momentum tensor

Eq. (2.91) provides the expression for the energy-momentum tensor of a ŕuid in terms of
its pressure, energy density and anisotropic stress,

Tµν = (ρ+ P )uµuν + P gµν + πµν . (A.20)

The velocity satisőes the conditions uµuµ = −1 and, if we deőne vi ≡ ui, we get

uµuνgµν = −1 → −
(

u0(0)

)2
− 2u0(1) − 2Au0(0) = − 1

a2
→ u0 =

1

a
(1−A) . (A.21)

The covariant and the contravariant velocities are then

uµ =
1

a

(

1−A vi
)

uµ = a
(

−(1 +A) vi
)

. (A.22)

The energy momentum tensor is made by a homogeneous and isotropic contribution, T̄µν ,
whose components are

T̄00(η) = a2(η)ρ̄(η) , T̄0i(η) = 0 , T̄ij(η) = a2(η)δijP̄ (η) . (A.23)

Note that the anisotropic stress is present just at őrst order in the perturbations and, by
exploiting the conservation of the energy-momentum tensor, it can be recasted in the form
πij , with vanishing temporal components. The perturbations of the energy-momentum
tensor are therefore δρ, δP , vi and πij and their gauge transformations can be computed
by using

δT ′
µν(x

′) = δTµν(x) + LξT̄µν(x) . (A.24)

The covariant derivatives of the unperturbed energy-momentum tensor are

D0T̄00 =∂0T̄00 − 2Γλ00T̄0λ = ∂0T̄00 − 2Γ0
00T̄00 = a2∂0ρ̄ ,

D0T̄ij =∂0T̄ij − Γ0
iλT̄

λ
j − Γ0

jλT̄
λ
i = ∂0T̄ij − Γ0

ikT̄
k
j − Γ0

jkT̄
k
i = ∂0T̄ij − 2HT̄ij = a2δij∂0P̄ ,

D0T̄0i =∂0T̄0i + Γρ0iT̄0ρ + Γρ00T̄iρ = 0 ,

DiT̄00 =∂iT̄00 − 2Γλi0T̄λ0 = −2Γ0
i 0T̄00 = 0 ,

DkT̄ij =∂kT̄ij − ΓλikT̄kj − ΓλjkT̄λi = 0 ,

Dj T̄0i =∂j T̄0i + Γρij T̄0ρ + Γρ0j T̄ρi = a2δijH
(

ρ̄+ P̄
)

.

(A.25)

The energy-momentum tensor at őrst order is

δT00 =a
2 [ρ̄(1 + 2A) + δρ] ,

δT0i =− a2
[

(

ρ̄+ P̄
)

vi + P̄
(

∂iB +B⊥
i

)]

,

δTij =a
2 δij δP + a2

[

(1 + 2D)δij +

(

∂i∂j −
1

3
δij∇2

)

F + ∂(iF
⊥
j) +Hij

]

P̄ + πij .

(A.26)
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The perturbation of the (0, 0) component is then equal to

δT ′
00 = δT00 +DλT̄00ξ

λ + 2T̄λ0D0ξ
λ = δT00 +D0T̄00ξ

0 + 2T̄00D0ξ
0 , (A.27)

which corresponds to

δρ′ + 2ρ̄A′ = δρ+ 2ρ̄A+ ∂0ρ̄ α+ 2ρ̄∂0α+ 2ρ̄Hα→ δρ′ = δρ+ ∂0ρ̄α . (A.28)

The perturbation of the (i, j) component is

δT ′
ij =δTij +DλT̄ijξ

λ + T̄λiDjξ
λ + T̄λjDiξ

λ = δTij +D0T̄ijξ
0 + T̄kiDjξ

k + T̄kjDiξ
k =

=δTij + a2δij ∂0P̄ α+ a2P̄ [2∂i∂jβ + ∂iβ⊥ j + ∂jβ⊥ i + 2Hδijα] .
(A.29)

From this relation it is straightforward to get

π′ij =πij ,

δP ′ =δP + ∂0P̄α .
(A.30)

The perturbation of the (0, i) component is

δT ′
0i =δT0i +DλT̄0iξ

λ + T̄λ0Diξ
λ + T̄λiD0ξ

λ = δT0i +Dj T̄0iξ
j + T̄00Diξ

0 + T̄kiD0ξ
k =

=δT0i + a2
(

ρ̄+ P̄
)

H (∂iβ + β⊥ i)

+ a2
[

ρ̄ (∂iα+H∂iβ +Hβ⊥ i) + P̄ (∂0βi⊥ + ∂0∂iβ +H∂iβ +Hβ⊥ i)
]

.

(A.31)

From this relation we őnd
v′i = vi − ∂iα (A.32)
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Appendix B

Brill-Hartle Average

In Section 1.1.2 and 1.1.3 we have faced the problem of connecting the macroscopic descrip-
tion of the dynamics of the large-scale background to the microphysics involving directly
the metric perturbations with small wavelengths. A similar problem appears in electro-
magnetism [330], when one would try to determine the electric őeld in a dielectric medium
generated by the superposition of all the single electric charges present. In both cases, it is
possible to focus separately on the large- and small-scale features of the system, therefore
the most rational choice would be to simplify the complexity of the problem by doing a sta-
tistical treatment by averaging over the small scales the equations, avoiding cumbersome
computations that keep into account for the microphysics. In analogy with EM, to perform
the average it is necessary to rigorously deőne a scheme to smooth out the microscopic
variations of the őelds.

In this appendix, we will describe the averaging scheme introduced by Brill and Har-
tle [98] (BH average), developed also in [35, 36] and, more recently, in [331, 332, 333, 334,
335]. Considering a generic tensor Tµν(x), we deőned the Brill-Hartle average by using

⟨Tµν(x)⟩ ≡
∫

d4y f(x, y)Bα̃µ(x, y)Bβ̃ν (x, y)Tα̃β̃(y) , (B.1)

with f(x, y) a smooth weighting function which falls to zero when 1/q ≪ |x⃗ − y⃗| ≪ 1/k,
where q and k have been deőned in Sec. 1.1.2 and represent the scales over which the
background and the GWs vary. The quantity Bα̃µ is the bi-vector of geodesic parallel
displacement used in [336, 37] and it is the nonlocal generalization of an ordinay tensor
őeld. In our convention, Bα̃µ transforms as a covariant vector w.r.t. x for the index µ and
as contravariant vector w.r.t. y for the index α̃. In this appendix, we will explicitly show
that the BH average satiőes the following rules [35, 36]:

1. it is possible to neglect the average of terms of the form DρS
ρ
µν , where Sρµν is an

object quadratic in γ(GW)
µν , because they are suppressed w.r.t. the unaveraged terms

by a factor k/q,
〈

DρS
ρ
µν

〉

BH
≪ DρS

ρ
µν ; (B.2)
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2. it is possible to łintegrate by partsž averages,
〈

Dργ(GW)σ
µ Dσγ

(GW)
ρν

〉

= −
〈

γ(GW)σ
µ DρDσγ

(GW)
ρν

〉

; (B.3)

3. covariant derivatives inside the averages commute when they act on the GWs.

To prove the őrst point, we make use of the Gauss theorem on curved manifolds,

〈

DρS
ρ
µν

〉

=

∫

V
d4y f Bα̃µ Bβ̃ν Dρ̃S

ρ̃

α̃β̃
=

∫

Σ
dΣρ̃ f Bα̃µ Bβ̃νSρ̃α̃β̃ −

∫

V
d4yDρ̃

[

f Bα̃µ Bβ̃ν
]

Sρ̃
α̃β̃
.

(B.4)

The boundary term is zero, because the smoothing function f vanishes at spatial inőnity,
while the second terms contain derivatives of tensors and bi-tensors that vary just on large-
scales, therefore they are negligible compared to derivatives of Sρµν , which are proportional
to the GWs of high frequency,

〈

DρS
ρ
µν

〉

∼ DρS
ρ
µν

k

q
≪ DρS

ρ
µν . (B.5)

The second property is a corollary of the őrst rule, since we have shown in our proof for rule
1. that the boundary terms of the average of objects quadratic in the GWs is negligible.
In a very trivial way, by exploiting the őrst two rules, it is also possible to show that the
covariant derivates commute when the small scales are smoothed out.
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Appendix C

Detectability of the CGWB

anisotropies

C.1 Polarization basis

Given a direction of observation n̂ and a coordinate system {x̂, ŷ, ẑ} arbitrarily oriented,
it is possible to deőne an orthonormal basis {n̂, û, v̂} according to

û ≡ n̂× ẑ

|n̂× ẑ| , v̂ ≡ n̂× û , (C.1)

where û and v̂ stay in the x̂− ŷ plane when n̂ ∥ ẑ. By introducing the spherical coordinates
in the {x̂, ŷ, ẑ} basis, it is possible to write

n̂ =
(

sin θ cosϕ sin θ sinϕ cos θ
)

,

û =
(

sinϕ, − cosϕ, 0
)

,

v̂ =
(

cos θ cosϕ, cos θ sinϕ, − sin θ
)

.

(C.2)

We deőne then the +, × polarization tensors by using

eij,+(n̂) ≡
uiuj − vivj√

2
eij,×(n̂) ≡

uivj + ujvi√
2

. (C.3)

This basis is related to the chiral basis L, R by

eij,L(n̂) ≡
eij,+(n̂)− ieij,×(n̂)√

2
eij,R(n̂) ≡

eij,+(n̂) + ieij,×(n̂)√
2

. (C.4)

Since the overall amplitude of a stochastic background is independent on the basis used,
we can related the amplitudes in the two bases through

h+(n̂, f)eij,+(n̂) + h×(n̂, f)eij,×(n̂) = hL(n̂, f)eij,L(n̂) + hR(n̂, f)eij,R(n̂) , (C.5)

which gives the relations

hL(n̂, f) =
h+(n̂, f) + ih×(n̂, f)√

2
, hR(n̂, f) =

h+(n̂, f)− ih×(n̂, f)√
2

. (C.6)
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C.2 Detector tensor for ground-based interferometers

We consider a detector network whose interferometers are labelled by A and each of them
has two arms oriented along the directions xA,ω − xA,1 with ω equal to 2 or 3. In our
discussion, we assume here that the arms of the interferometers have the same length L.
The observable in this case is the time for light to travel from xA,1 to xA,ω and to come
back1, looking for gravitational signatures in the time delay between the two measurements.
When a GW is crossing the detector, the metric can be written according to

ds2 = −dt2 + dxidxj [δij + hij (t,x)] . (C.7)

The geodesics of the photons in the two arms going from xA,1 to xA,ω can be written in
terms of an affine parameter λ,

rA,1ω(λ) = xA,1 + λL l̂A,ω , (C.8)

where we have deőned
l̂A,ω ≡ xA,ω − xA,1

|xA,ω − xA,1|
. (C.9)

By solving the equation of motion for massless particles we get

ds2 = 0 → dt2 = dx2 + dxidxj hij(t,x) → t1ω(λ) = λL+

∫

Γ1ω

dxidxj

2
hij

(

t(λ̃),x(λ̃)
)

,

(C.10)
where Γ1ω means that the second integral is evaluated along the trajectories given by Eqs.
(C.8) from λ̃ = 0 to λ̃ = λ. Since hij is a small perturbation, it is possible to write
the argument of the GWs in the previous expression at zero order in hij , avoiding terms
quadratic in the tensor modes, which are subdominant,

t1ω(λ) =λL+
L

2

∫ λ

0
dλ̃

l̂iA,1ω l̂
j
A,1ω

2
hij

(

t̄− L+ λ̃ L,xA,1 + λ̃ L l̂A,1ω

)

, (C.11)

where t̄ − L is the time at which photons start propagating from xA,1. If we write the
SGWB in the plane wave expansion deőned in Eq. (1.38), we get that the time delay to
cross one arm is

TA,1ω = L+ L
l̂iA,1ω l̂

j
A,1ω

2

∫ 1

0
dλ̃

∫

dn̂

∫ +∞

−∞
df
∑

α

hα(n̂, f) e
α
ij(n̂)

e−2πifλ̃L(1−n̂·l̂A,1ω)e−2πif(t̄−L−n̂·xA,1) .

(C.12)

It is possible to perform the integration over λ, őnding

TA,1ω = L+ L
l̂iA,1ω l̂

j
A,1ω

2

∫

dn̂

∫ +∞

−∞
df
∑

α

hα(n̂, f) e
α
ij(n̂)

e−2πifL(1−n̂·l̂A,1ω) − 1

−2πifL(1− n̂ · l̂A,1ω)
e−2πif(t̄−L−n̂·xA,1) .

(C.13)

1This result can be easily generalized to the case of TDI 1.5 variables, in which more complicated paths
are considered.

180



We can re-write the time delays as

TA,1ω =L+ L

∫

dn̂

∫ +∞

−∞
df
∑

α

hα(n̂, f)Gα
(

n̂, l̂A,1ω

)

M
(

f n̂, l̂A,1ω

)

e−2πif(t̄−L−n̂·xA,1) ,

(C.14)

where we have deőned

Gα
(

n̂, l̂A,1ω

)

≡
l̂iA,1ω l̂

j
A,1ω

2
eαij(n̂) ,

M
(

f n̂, l̂A,1ω

)

≡e−iπfL(1−n̂·l̂A,1ω) sinc
(

πfL
(

1− n̂ · l̂A,1ω
))

,

(C.15)

with the normalization for the sinc function given by

sinc(x) ≡ sinx

x
. (C.16)

The geodesic of photons in a return ŕight is parametrized by

rA,ω1(λ) = xA,1 + (1− λ)L l̂A,ω , (C.17)

and we can write at őrst order t = t̄+λL. The time to return from xA,ω to xA,1 is therefore
equal to

TA,ω1 = L+ L

∫

dn̂

∫ +∞

−∞
df
∑

α

hα(n̂, f)Gα
(

n̂, l̂A,1ω

)

M
(

f n̂, l̂A,ω1

)

e−2πif(t̄−L−n̂·xA,1)

e2πifL(1−n̂·l̂A,1ω) ,

(C.18)

where l̂A,ω1 = −l̂A,1ω. The total time for a round trip in the two arms is given by the
combination

∆TA,1 ≡TA,1ω + TA,ω1 =

=2L+ L

∫

dn̂

∫ +∞

−∞
df
∑

α

hα(n̂, f)Gα
(

n̂, l̂A,1ω

)

e−2πif(t̄−L−n̂·xA,1)

[

M
(

f n̂, l̂A,1ω

)

+M
(

f n̂, l̂A,ω1

)

e2πifL(1−n̂·l̂A,1ω)
]

.

(C.19)

This expression is consistent2 with [148, 149].

2The exponential in their results depend on the quantity we call xA,2 and not on xA,1.
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Appendix D

Computation of the source functions

of the CGWB

Eq. (3.32) describes the decomposition of the CGWB map at the present time in spherical
harmonics. In this appendix, we will derive analytic expressions for the coefficients of the
spherical harmonics decomposition for the scalar, tensor and initial contributions to the
anisotropies.

Scalar term

The scalar contribution to the angular power spectrum is given by the contributions to the
solution of the Boltzmann equation in Eq. (3.31) which depends just on Φ and Ψ,

δSCGWB(η0,q)

4− ngwb(q)
≡
∫

d3k

(2π)3

{

Φ(ηin,k)e
ikµ(ηin−η0) +

∫ η0

ηin

dη̃
[

Ψ′(η̃,k) + Φ′(η̃,k)
]

eikµ(η̃−η0)
}

.

(D.1)
In order to őnd the coefficient of the expansion in spherical harmonics it is useful to write
the exponential in terms of spherical harmonics and spherical Bessel functions,

eik·r = 4π

∞
∑

ℓ=0

ℓ
∑

m=−ℓ
iℓ jℓ(kr)Y

∗
ℓm(k̂)Yℓm(r̂) = , (D.2)

therefore we have

δGW,ℓm,S(q)

4− ngwb(q)
=

∫

dn̂ Y ∗
ℓm(n̂)

δSCGWB(η0,q)

4− ngwb(q)

=4π
∞
∑

L=0

L
∑

M=−L
(−i)L

∫

d3k

(2π)3
ζ(k)Y ∗

LM (k̂)∆S
L(k, η0, ηin)

∫

dn̂Y ∗
ℓm(n̂)YLM (n̂)

=4π(−i)ℓ
∫

d3k

(2π)3
ζ(k)Y ∗

ℓm(k̂)∆
S
ℓ (k, η0, ηin) ,

(D.3)
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where we have used the transformation property of the spherical Bessel function under
parity, jℓ(x) = (−1)ℓjℓ(−x), the deőnitions of the scalar source function, Eq. (3.34), and
of the transfer functions of the scalar perturbations of the metric, Eq. (3.35), and the
normalization of the spherical harmonics,

∫

dn̂Y ∗
ℓm(n̂)YLM (n̂) = δℓLδmM . (D.4)

Tensor term

The computation of the coefficients of the spherical harmonics expansion associated to the
tensor contribution is more complicated, since it involves a less trivial integration over the
direction of observation n̂. According to Eq. (3.31), the tensor contribution can be written
as

δTCGWB(η0,q)

4− ngwb(q)
≡ −1

2

∫

d3k

(2π)3

∫ η0

ηin

dη̃ n̂in̂jH ′
ij(η̃,k) e

ikµ(η̃−η0) . (D.5)

The coefficient of the expansion in spherical harmonics is compute by using

δGW,ℓm,T (q)

4− ngwb(q)
=

∫

dn̂ Y ∗
ℓm(n̂)

δTCGWB(η0,q)

4− ngwb(q)

=− 1

2

∫

d3k

(2π)3

∫

dn̂ Y ∗
ℓm(n̂) n̂

in̂j
∫

dη̃ H ′
ij(η̃,k)e

ikµ(η̃−η0) .

(D.6)

In order to perform the integration over the solid angle, it is convenient to express Hij

in terms of its polarization tensors eij,λ in a basis in which the polarization has a simple
form. We call {x̂, ŷ, ẑ} the canonical basis in which the direction of observation is expressed
according to Eq. (C.2). We introduce then the basis {r̂, ŝ, k̂} orthonormal to the vector k̂,
following Appendix C.1. This new basis is expressed in the canonical basis by using

k̂ =
(

sin θk cosϕk sin θk sinϕk cos θk
)

,

r̂ =
(

sinϕk, − cosϕk, 0
)

,

ŝ =
(

cos θk cosϕk, cos θk sinϕk, − sin θk
)

.

(D.7)

Note that the direction of observation in the canonical basis is just given by

n̂ =
(

sin θ cosϕ sin θ sinϕ cos θ
)

, (D.8)

while in the {r̂, ŝ, k̂} basis is

n̂µ =
(

sin θµ cosϕµ sin θµ sinϕµ cos θµ
)

, (D.9)

where µ = cos θµ. Eqs. (C.3), (C.4) show that the polarization tensors in the L, R basis
are

eij,R =eij,+2 =
1

2
[(rirj − sisj) + i(risj + rjsi)] ,

eij,L =eij,−2 =
1

2
[(rirj − sisj)− i(risj + rjsi)] .

(D.10)
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In this basis, the contraction between n̂µ and the polarization tensors which appear in the
solution of the Boltzmann equation is simple,

n̂iµn̂
j
µeij,L(k̂) =

1

2

{[

(sin θµ cosϕµ)
2 − (sin θµ sinϕµ)

2
]

+ i 2 (sin θµ cosϕµ) (sin θµ sinϕµ)
}

=

=
1

2
sin2 θµ e

i 2ϕµ ,

n̂iµn̂
j
µeij,L(k̂) =

1

2

{[

(sin θµ cosϕµ)
2 − (sin θµ sinϕµ)

2
]

− i 2 (sin θµ cosϕµ) (sin θµ sinϕµ)
}

=

=
1

2
sin2 θµ e

.i 2ϕµ .

(D.11)

By recalling the functional form of the tensor transfer function introduced in Eq. (3.35),
we have

1

2
n̂iµn̂

j
µHij(η,k) =

1

4
(1− µ2)TH(η, k)

[

e2iϕµ HL(k) + e−2iϕµ HR(k)
]

, (D.12)

where we have assumed that the transfer function for the two polarization states of the
tensor perturbations are identical. The only change in Eq. (D.15) due to the change of basis
from n̂ to n̂µ is given by the transformation of the spherical harmonics, which transforms
according to the Wigner D-matrix,

Y ∗
ℓm(n̂) =

+ℓ
∑

m′=−ℓ
D

(ℓ)
mm′(k̂)Y

∗
ℓm(n̂µ). (D.13)

The Wigner matrices can be computed in terms of the spin-weighted spherical harmonics,

D(ℓ)
ms(k̂) =

√

4π

2ℓ+ 1
(−1)s −sY

∗
ℓm(k̂) . (D.14)

Eq. (D.15) becomes now

δGW,ℓm,T (q)

4− ngwb(q)
=− 1

2

∫

d3k

(2π)3

∫

dn̂µ

+ℓ
∑

s=−ℓ

√

4π

2ℓ+ 1
(−1)s −sY

∗
ℓm(k̂)Y

∗
ℓm(n̂µ)

∫

dη̃ eikµ(η̃−η0) n̂iµn̂
j
µH

′
ij(η̃,k)

=− 1

4

∫

d3k

(2π)3

+ℓ
∑

se=−ℓ

√

4π

2ℓ+ 1
(−1)s −sY

∗
ℓm(k̂)

∫

dη̃ eikµ(η̃−η0) T ′
H(η̃, k)

∫

dn̂µY
∗
ℓm(n̂µ)(1− µ2)

[

e2iϕµ HL(k) + e−2iϕµ HR(k)
]

(D.15)

The spherical harmonics can be written in terms of the Legendre polynomials according to

Y ∗
ℓm(n̂µ) = (−1)m

[2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!

] 1
2Pℓm(cosθµ)e−imϕµ . (D.16)
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It is possible therefore to split the integral over n̂µ can be splitted in two integrals over ϕµ
and θµ. The integration over the anomaly angle gives a condition of the form

∫ 2π

0
dϕµe

iαϕµ = 2π δα0 , (D.17)

which corresponds to a term proportional to δ2−m 0 and δ2+m 0 for the contributions propor-
tional to HL and HR respectively. The integral over θµ is done by exploiting the deőnition
of the associated Legendre polynomials introduced in Eq. (D.16),

Pℓ|m|(x) =(−1)|m|(1− x2)
|m|
2
d|m|Pℓ(x)
dx|m| ,

Pℓ−|m|(x) =(−1)|m| (ℓ− |m|)!
(ℓ+ |m|)!Pℓ|m|(x) ,

(D.18)

where the Legendre polynomials are deőned by the differential equation

d

dx

[

(1− x2)
dPℓ(x)
dx

]

= −ℓ(ℓ+ 1)Pℓ(x) . (D.19)

In order to compute the integral over θµ we use

∫ +1

−1

dµ

2
Pℓ(µ)eikµ(η−η0) =

1

(−i)ℓ jℓ[k(η − η0)] . (D.20)

The integration by parts of the integral w.r.t. θµ gives

I =

∫ +1

−1

dµ

4
eikµ(η−η0)(1− µ2)2

d2Pℓ
dµ2

=

∫ +1

−1

dµ

4
eikµ(η−η0)(1− µ2)

[

2µ
dPℓ
dµ

− ℓ(ℓ+ 1)Pℓ
]

=

=

∫ +1

−1

dµ

4
eikµ(η−η0)

{

− 2

ik(η − η0)

[

µ
d

dµ

(

(1− µ2)
dPℓ
dµ

)

+(1− µ2)
dPℓ
dµ

]

− ℓ(ℓ+ 1)(1− µ2)Pℓ
}

=

=

∫ +1

−1

dµ

4
eikµ(η−η0)

{

+
2µ

ik(η − η0)
ℓ(ℓ+ 1)Pℓ +

2

k2(η − η0)2
ℓ(ℓ+ 1)Pℓ −

2ℓ(ℓ+ 1)

ik(η − η0)
µPℓ+

+
ℓ(ℓ+ 1)

ik(η − η0)
(1− µ2)

dPℓ
dµ

}

=

=

∫ +1

−1

dµ

4

eikµ(η−η0)

k2(η − η0)2
Pℓℓ(ℓ+ 1)(2− ℓ2 − ℓ) =

=− 1

2
(−i)ℓ jℓ[k(η0 − η)]

k2(η0 − η)2
ℓ(ℓ+ 1)(ℓ+ 2)(ℓ− 1).

(D.21)
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By plugging these results in Eq. (D.15) we get

δGW,ℓm,T (q)

4− ngwb(q)
=

∫

d3k

(2π)3

∑

λ

√

(ℓ− λ)!

(ℓ+ λ)!
−λY

∗
ℓm(Ωk)2π(δλ,2ξR + δλ,−2ξL)

1

2
(−i)l×

∫ η0

ηi

dηT ′
H(η, k)

jℓ[k(η0 − η)]

k2(η0 − η)2
(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)

[

δ2,λ +
(ℓ− |λ|)!
(ℓ+ |λ|)!δλ,−2

]

=

∫

d3k

(2π)3
4π(−i)ℓ

∑

λ=±2

ξλ(k⃗)−λY
∗
ℓm(Ωk)

∫ η0

ηi

dηh′(η, k)
jℓ[k(η0 − η)]

k2(η0 − η)2
1

4

√

(ℓ+ 2)!

(ℓ− 2)!
.

(D.22)
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Appendix E

Einstein tensor at second and third

order in the perturbations

E.1 Energy-momentum tensor of the GWs at third order

The energy-momentum tensor of the CGWB produced by the quantum ŕuctuations of the
metric during inŕation has been computed by using the expression provided by [35, 36, 37]
in the shortwave approximation, Eq. (1.29). We would like to check the consistency of
this expression with the deőnition of stress-energy tensor of the gravitational őeld given
by [101],

T (GW)
µν (x) ≡ − 1

8πG
Ghµν(x) . (E.1)

G
(2)
µν is part of the Einstein tensor which is quadratic in the GWs of the CGWB, i.e. the

small-scale tensor perturbations of the metric hij introduced in Eq. (3.3). In our case, the
Einstein tensor has to be quadratic in hij , but it could also contains terms linear in the
perturbations of the metric Φ, Ψ and Hij , because we would like to compute the large-

scale perturbations of an object proportional to
〈

h′ijh
ij ′
〉

. The Einstein tensor at third-

order can therefore be computed with xPand [337], an algorithm to perturb homogeneous
cosmologies. The computation of the Einstein tensor at order zero and one in the large-
scale perturbation of the metric gives

a2G
0 (2)
0 =

1

8
hij ′h′ij +Hhijh′ij +

1

2
hij∂i∂jΨ− 1

2
hij∇2hij +

1

4
∂ihjk∂khji −

3

8
∂khij∂khij ,

a2G
0 (3)
0 =

1

4

(

−Φhij ′h′ij + 2Ψhij ′h′ij − 2hijh′ijΨ
′

− 12Ψhij∇2hij + 6Ψ∂khij∂jhik − 9Ψ∂khij∂khij+

− 2H ijhk
′

i h
′
jk − 8H ijhkl∂j∂lhik + 3H ij∂ih

kl∂jhkl + 4hijHkl∂k∂lhij+

+ 8hjiH
ik∇2hjk − 4H ij∂jhkl∂

lhki − 2H ij∂khjl∂
lhki + 6H ij∂khjl∂

khli

)

.

(E.2)
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In these expressions we have neglected the friction terms Hhij ≪ h′ij and spatial deriva-
tives of the potentials, ∂kΦhij ≪ Φ∂khij , because we want to compute the energy density
of the CGWB in the shortwave approximation, when qη ≫ 1 and q ≫ k. As proved in
Appendix B, these expressions can be simpliőed by recalling that in the shortwave approx-
imation it is possible to neglect contributions of the form of DρS

ρ
µν , with Sρµν quadratic in

hij . It is possible to show that, neglecting for simplicity the tensor perturbations, that

a2G
0 (2)
0 =

1

4
hij ′h′ij +

1

8
hijE(0)

ij +
1

8
T (0) − 1

4
M(0) +

3

8
S(0) ,

a2G
0 (3)
0 =

1

4

(

−2Φhij ′h′ij + 4Ψhij ′h′ij

− 12S(0) +
1

2
G(1)

− 4H ijA(0)
ij + 4H ikP(0)

ik + 4H ikB(0)
ik − 2H ijD(0)

ij −H ijF (0)
ij − 3H ijB

(0)
ij

)

,

(E.3)

where the negligible terms have been deőned in Appendices E.2, E.3. This expressions
coincides with the energy density of the CGWB found in Eq. (4.22), obtained from the
deőnition of the energy-momentum tensor given in Eq. (1.29).

E.2 Equation of motion of GWs in a perturbed Universe

The GWs of small frequencies, denoted by hij , propagate through the large-scale pertur-
bations of the Universe, identiőed with Φ, Ψ and Hij , therefore by the computation of the
Einstein tensor at second order in the perturbations it is possible to understand how the
geodesics of the GWs are affected by the presence of the perturbations. The perturbed
equation of motion of the GWs is deőned by

E ij ≡ G
i (TT)
j = 0 , (E.4)

where TT identiőes the transverse-traceless part of the Einstein tensor. The computation
with xPand of this contribution gives

h′′ij + h′ij
(

2H− Φ′ +Ψ′)+ hij
(

4HΨ′ + 2Ψ′′)−∇2hij (1 + 2Φ + 2Ψ) + 2Hkl∂k∂lhij = 0 .

(E.5)

E.3 Negligible terms in the Brill-Hartle average in the Pois-

son gauge

Following Appendix B, in the shortwave approximations it is possible to neglect terms of
the form

DρS
ρ
µν , (E.6)

with Sρµν quadratic in the GW degrees of freedom of the metric. These degrees of freedom
have been deőned in Eq. 4.19 in terms of hij and of the metric perturbations in the
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Poisson gauge. Note that the covariant derivative introduced here has to be computed
w.r.t. the metric containing only the large-scale perturbations Φ, Ψ, and not w.r.t. hij .
It is possible to build some negligible quantities starting from total derivative of time
covariant derivatives of objects quadratic in the GWs,

T ≡D0

(

γGW ijD0γ
GW
ij

)

=

=−
{

hij ′h′ij(1 + 4Ψ) + hijh′′ij(1 + 4Ψ)− hijh′ij
[

H(1 + 4Ψ) + Φ′ − 8Ψ′]+ 2
(

Ψ′′ −HΨ′)hijhij
}

,

Skl ≡Dk

(

γGW ijDlγ
GW
ij

)

Skk =−
{

(1 + 4Ψ)
[

∂kh
ij∂khij + hij∇2hij

]

− 3hijh′ij
[

H(1− 2Φ + 2Ψ)−Ψ′]− 6HΨ′hijhij
}

,

M ≡Dρ
(

γGWjkDkγ
GW
jρ

)

=

=− 1

a2
(1 + 4Ψ)∂ihjk∂khij .

(E.7)

The previous terms can be recasted in a four-divergence,

G ≡ −Dµ
(

γGW ijDµγ
GW
ij

)

=

=− hij ′h′ij(1− 2Φ + 4Ψ)− 4Ψ′hijh′ij + (1 + 6Ψ)∂khij∂khij + hijE(1)
ij =

=− hij ′h′ij(1− 2Φ + 4Ψ) + (1 + 6Ψ)∂khij∂khij ,

(E.8)

where we have used the fact that E(1)
ij = 0 and that Ψ′ is negligible, because the evolution

of the large-scale perturbations is zero. Other negligible quantities can be built from total
derivatives of covariant derivatives with spatial indices,

A(0)
ij ≡Dρ

(

γGW ρkDjγ
GW
ik

)

= hlk∂l∂jhik ,

Bi (0)j ≡Dρ

(

γGW ikDργjk

)

= − 1

a2

(

∂lh
ik∂lhjk − hik ′h′jk

)

,

C(0)
ij ≡Dρ

(

δρj γ
GW
kl DlγGWk

i

)

= ∂jhkl∂
lhki + hkl∂j∂

lhki ,

D(0)
ij ≡Dρ

(

δlρDjhklh
k
i

)

= ∂jhkl∂
lhki ,

F (0)
ij ≡Dρ

(

hjlDlhρi

)

= ∂khjl∂
lhki ,

P(0)
ik ≡Dl

(

hjiDlhjk

)

= ∂lhji∂lhjk + hji∇2hjk .

(E.9)
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Appendix F

Computation of the transfer

functions of the metric perturbations

F.1 Transfer function of scalar perturbations

The transfer functions of scalar perturbations have analytic solutions in the case in which
the perturbations re-enter the horizon far from the equality epoch. We compute the evo-
lution of the scalar perturbations in the regimes k ≪ keq and k ≫ keq, where the scale of
equality has been deőned in Eq. (5.21). For the scalar perturbations, we do not consider
in this appendix the presence of neutrinos in the computation of the transfer function, be-
cause the solutions would not be analytic. The correct transfer functions, which includes
also the presence of neutrinos, have been depicted in Figure 5.1.

F.1.1 Super-horizon perturbations during the radiation epoch

We compute the dynamics of the scalar perturbations of wavelength larger the causal hori-
zon during the whole duration of the radiation dominated epoch. We divide the discussion
in super-horizon dynamics, in which k ≪ H and in sub-horizon dynamics, for which k ≫ H.

Super-horizon dynamics

By looking at the system of Boltzmann equations, Eq. (2.107), we see that the velocity of
CDM is suppressed by the expansion of the Universe,

v′c +Hvc = −ikΦ → v′c +Hvc = 0 → v ∼ 1

a
. (F.1)

It is therefore possible to neglect for these scale the effect of vc in the Einstein and Boltz-
mann equations. The equations for the distribution function of photons is

Θ′
r,0 + kΘ1 = Ψ′ → Θ′

0 = Ψ′ , (F.2)

which gives a result also for the CDM density,

δ′c + ikvc = 3Ψ′ → δ′c = 3Ψ′ → δ′ = 3Θ′
r,0 → δc = 3Θr,0 , (F.3)

193



where in the last step we have used the fact that the initial conditions satisfy exactly
δc(ηin, k) = Θr,0(ηin, k)/3. In absence of neutrinos, which provide a quadrupole moment,
we have Φ = Ψ and the Einstein longitudinal scalar part of the Einstein equation, see
Eq. (2.108), for super-horizon perturbation becomes

3H(Ψ′ +HΨ) =− 4πGa2ρ̄cδc

(

1 +
4

3

ρ̄r
ρ̄c

)

. (F.4)

To solve this equation, we choose a convenient parametrization for the time variable,

y ≡ a

aeq
=
ρ̄c
ρ̄r

→ d

dη
=

dy

dη

d

dy
=
a′

a

a

aeq

d

dy
= Hy d

dy
. (F.5)

In this way the equation assumes the simpler form

3H2y
d

dy
Ψ+ 3H2Ψ = −3

2
H2 1

1
y + 1

δc

(

1 +
4

3y

)

. (F.6)

In order to express δc as a function of Ψ, we derive the equation w.r.t. y, őnding

0 =
d

dy

[6(y + 1)

3y + 4

(

y
dΨ

dy
+Ψ

)]

+3
d

dy
Ψ =

=
6(y + 1)

3y + 4

[

2
dΨ

dy
+ y

d2Ψ

dy2

]

+
6

(3y + 4)2

(

y
dΨ

dy
+Ψ

)

+3
dΨ

dy
=

=
6(y + 1)y

3y + 4

d2ψ

dy2
+
[

2(y + 1)(3y + 4) +
(3y + 4)2

2
+ y
] 6

(3y + 4)2
dψ

dy
+ 6Ψ .

(F.7)

The equation we have to solve is then

d2Ψ

dy2
+

21y2 + 54y + 32

2y(3y + 4)(y + 1)

dΨ

dy
+

1

y(y + 1)(3y + 4)
Ψ = 0 , (F.8)

which has as solution

Ψ(η, k) =
1

10y3

(

16
√

1 + y + 9y3 + 2y2 − 8y − 16
)

Ψ(ηin, k) . (F.9)

When y ≪ 1, i.e., long before zeq, Ψ(η, k) = Ψ(ηin, k), while for y ≫ 1, we get Ψ(η, k) =
9
10Ψ(ηin, k). In the absence of neutrinos, Φ and Ψ experience a transition from their initial
value, which reduces their amplitudes by a factor 9/10.

Sub-horizon dynamics

After the transition of the potentials around the equality epoch, the potentials are frozen
until they are super-horizon, because of the solution given by Eq. (F.9). We discuss now
what happens to the metric perturbations when k ≫ H in the matter-dominated epoch.
In this stages, the equation for the CDM velocity is

v′c +Hvc = kΦ → (avc)
′ = kaΦ , (F.10)
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which admits the solution

v(η, k) = v(η∗, k)
η2∗
η2

+
k

η2

∫ η

η∗

dη̃ η̃2Φ(η̃, k) , (F.11)

where we have used the expression of the conformal time as a function of the scale factor
in the matter-dominated era computed in Eq. (2.13). By using the Einstein equation

k2Ψ = −3

2
H2

(

δc +
3Hvc
k

)

, (F.12)

it is possible to őnd the perturbation of the CDM density,

δ(η, k) = − 6

η3

(

v(ηeq, k)η
2
eq

k
+

∫ η

η∗

dη̃ η̃2Φ(η̃, k)

)

− k2η2

6
Ψ(η, k) . (F.13)

By using the Boltzmann equation for CDM,

δ′c + kvc = 3Ψ′ , (F.14)

it is possible to get an integro-differential equation for the dynamics of Ψ in absence of
neutrinos,

18 + k2η2

η4

(∫ η

η∗

dη̃η̃2Ψ(η̃, k) +
v(η∗, k)η2∗

k

)

− k2η2 + 18

6
Ψ′ − k2η2 + 18

3η
Ψ = 0 . (F.15)

We can derive with respect to the conformal time this expression and we obtain a second-
order differential equation for ψ,

η4

6
ψ′′ + η3ψ′ = 0 . (F.16)

This equation admits a solution which decreases with η and another one which is constant,
ψ′′ = ψ′ = 0, thus we get the őnal solution

Φ(η, k) = Ψ(η, k) =
9

10
Φ(ηin, k). (F.17)

F.1.2 Sub-horizon perturbations during the radiation epoch

When k ≫ keq the dynamics of the perturbations is very different. When these modes are
super-horizon, the dynamics is identical to the case k ≪ keq during radiation domination.
Around the horizon-crossing time, ηh.c. = 1/k, the perturbations however start oscillating.
To see explicitly, we solve analytically the system of Einstein and Boltzmann equations,
neglecting the impact of CDM, since its contribution is subdominant during the radiation
dominated epoch. The Einstein equations give

k2Ψ = −6H2

(

Θr,0 +
3H
k

Θr,1

)

→ Θr,0 = −k
2η2

6
Ψ− 3

kη
Θr,1 . (F.18)
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By plugging this expression in the Boltzmann equation for Θr,0,

Θ′
r,0 + kΘr,1 = Ψ′ , (F.19)

we get

−k
2η

3
Ψ− k2η2

6
Ψ′ +

3

kη2
Θr,1 −

3

kη
Θ′
r,1 + kΘr,1 −Ψ′ = 0 . (F.20)

This equation can be combined with the Boltzmann equation for Θr,1,

Θ′
r,1 +

k

3
Θr,0 =

k

3
Φ , (F.21)

őnding

Θ′
r,1 +

1

η
Θr,1 −

k

3
Ψ

(

1− k2η2

6

)

= 0 . (F.22)

By combining Eqs. (F.20), (F.22) we get

Θr,1 =
kη2

6

(

Ψ′ +
1

η
Ψ

)

. (F.23)

It is easy to get then the equation of motion for the scalar perturbations of the metric,

Ψ′′ +
4

η
Ψ′ +

k2

3
Ψ = 0 . (F.24)

The solution of this equation is the spherical bessel function of order one, which can be
expressed in terms of trigonometric functions as

Ψ(η, k) = 3
sin kη√

3
− kη√

3
cos kη√

3
(

kη√
3

)3 Ψ(ηin, k) . (F.25)

The dynamics of the perturbations for these perturbations when η ≫ ηeq is not important,
since these modes are suppressed by the damping which occurred during the radiation
epoch.

F.2 Transfer function of tensor perturbations

In the absence of a source of tensor perturbations, the equation of motion of the tensor
perturbations is given by the tensor, transverse-traceless part of the Einstein equations,

H ′′
ij(η,k) + 2H(η)H ′

ij(η,k) + k2Hij(η,k) = 0 . (F.26)

In this Thesis, we assume that the two polarizations propagates in an identical way, con-
sistently with GR, therefore we write

T ′′
H(η, k) + 2H(η)T ′

H(η, k) + k2TH(η, k) = 0 . (F.27)
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When k ≪ H, the equation of motion reduces to

T ′′
H(η, k)+2H(η)T ′

H(η, k) = 0 → d lnT ′
H(η, k)

dη
= −2

d ln a(η)

dη
→ TH(η, k) = A+B

∫ η

0

dη̃

a2(η̃)
,

(F.28)
thus the tensor perturbations are constant for super-horizon scales, because the solution
which evolves in time is suppressed by the expansion of the Universe. In the case k ≪ keq,
the transfer function of the tensor perturbations can be therefore computed during the
matter-dominated epoch,

T ′′
H(η, k) +

4

η
T ′
H(η, k) + k2TH(η, k) = 0 . (F.29)

The solution of this equation is simply given in terms of the spherical Bessel function of
order one,

TH(η, k ≪ keq) =
3j1(kη)

kη
. (F.30)

For k ≫ keq, the computation of the transfer function of the tensor perturbations should
keep into account for the transition between the radiation- and the matter-dominated eras.
In the radiation dominated epoch, the equation of motion is

T ′′
H(η, k) +

2

η
T ′
H(η, k) + k2TH(η, k) = 0 , (F.31)

therefore the transfer function is just

TH(η ≪ ηeq, k ≫ keq) = j0(kη) . (F.32)

In order to match the solution in the matter- and radiation- dominated epoch we get

TH(η < ηeq, k > keq) =j0(kη) ,

TH(η > ηeq, k > keq) =
ηeq
η

[A(k)j1(kη) +B(k)y1(kη)] ,

TH(η, k < keq) =
j1(kη)

kη
,

(F.33)

where jℓ and yℓ are the spherical Bessel function of the őrst and the second kind, while
the coefficients A and B comes from the matching of the solution during the radiation
dominated era with the one evaluated during the matter dominated era at the equality,

A(k) ≡ 3

2kηeq
− cos(2kηeq)

2kηeq
+

sin(2kηeq)

(kηeq)2
,

B(k) ≡− 1 +
1

(kηeq)2
− cos(2kηeq)

(kηeq)2
− sin(2kηeq)

2kηeq
.

(F.34)
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Appendix G

Table of integrals

The integral of two Bessel functions with different arguments, multiplied by a generic
polynomial, has been given in [338] in the form

∫

dx

xλ
Jν(αx)Jµ(βx) =α

ν
Γ
(

ν+µ−λ+1
2

)

2λβν−λ+1Γ
(

−ν+µ+λ+1
2

)

Γ(ν + 1)

F

(

ν + µ− λ+ 1

2
,
ν − µ− λ+ 1

2
; ν + 1;

α2

β2

)

,

(G.1)

with 0 < α < β, Re(λ) > −1, Re(ν + µ− λ+ 1) > 0 and F the hypergeometric series.
When the argument of the two Bessel is the same, the integral has also been computed

in [338] and it is equal to

∫

dx

xλ
Jν(αx)Jµ(αx) =

αλ−1Γ(λ)Γ
(

ν+µ−λ+1
2

)

2λΓ
(

−ν+µ+λ+1
2

)

Γ
(

ν+µ+λ+1
2

)

Γ
(

ν−µ+λ+1
2

) , (G.2)

with Re(ν + µ+1) > 0 and Re(λ) > 0. When ν = µ = ℓ+1/2, α = 1 and λ = 3− ns, the
integral becomes

∫

dx

x3−ns
J2
ℓ+1/2(x) =

1

23−ns

Γ(3− ns)Γ
(

2ℓ−1+ns

2

)

Γ2
(

4−ns

2

)

Γ
(

2ℓ+5−ns

2

) . (G.3)
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Appendix H

Estimator of the angular power

spectrum

H.1 Error on the angular power spectrum

We consider 2(2ℓ+1) Gaussian independent random variables, xℓm, yℓm, one for each value
of m at a őxed ℓ. The angular power spectra we are interested in are

1

2
⟨xℓmy∗ℓ′m′ + x∗ℓmyℓ′m′⟩ ≡ δℓℓ′δmm′CXYℓ , (H.1)

with x, y that could be δGW, ℓm and aℓm. Note that, if we include the noise in the analysis,
the observed maps are

sxℓm = xℓm + nXℓm . (H.2)

In this thesis, we assume that the noise is a Gaussian random variable of zero mean and that
the covariance of the map can be written as an angular power spectrum1 The expectation
value and the covariance of the noise are deőned as

⟨nXℓm⟩ ≡0 ,

⟨nXℓmnY ∗
ℓ′m′⟩ ≡NXY

ℓ .
(H.3)

In our discussion, we assume that the noise is uncorrelated w.r.t. the signal we want to
measure, although this could not be the most general case2. The statistical estimator of
the the angular power spectrum CXYℓ is the łPseudo-Cℓž, obtained by averaging over all
the directions in the sky of the square of the maps at a given multipole, minus3 the bias
induced by instrumental noise,

ĈXYℓ ≡ 1

2ℓ+ 1

ℓ
∑

m=−ℓ

sXℓms
Y ∗
ℓm + sX ∗

ℓm sYℓm
2

−NXY
ℓ . (H.4)

1This is not always true for GW interferometers.
2Think for example at the case in which the signal is a cosmological GW background and the noise/-

foreground is the astrophysical GW background.
3This deőnition implies that it is possible to characterize in a very precise way the covariance of the

noise.
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It is immediate to see that, since the signal and the noise are uncorrelated, the estimator
we have deőned is unbiased,

⟨ĈXYℓ ⟩ = CXYℓ . (H.5)

In the case in which both surveys are full-sky, the covariance matrix of the estimator of
the angular power spectra is diagonal in multipole space. On the contrary, one should take
into account for the mode coupling of the spectra due to the break of statistical isotropy
in the experiments. As a őrst approximation, this mode coupling could be included in
the factor fsky in the likelihood and, consequently, in the SNR. The covariance at a given
multipole is given by

Cℓ ≡





C
XX−XX
ℓ C

XX−XY
ℓ C

XX−Y Y
ℓ

C
XX−XY
ℓ C

XY−XY
ℓ C

XY−Y Y
ℓ

C
XX−Y Y
ℓ C

XY−Y Y
ℓ C

Y Y−Y Y
ℓ



 (H.6)

where the covariance matrix of two angular power spectra is given by

C
α−β
ℓ ≡

〈(

Cαℓ − Ĉαℓ

)(

Cβℓ − Ĉβℓ

)〉

, (H.7)

with α and β that could be equal to XX, XY , Y Y . To compute C
α−β
ℓ we exploit the

deőnition of the łPseudo-Cℓž given in Eq. (H.4) and the Wick theorem for Gaussian
random variables with zero mean, see e.g. Eq. (A1) of [339], and a procedure analogue
to the one used in [340]. We note that Cℓ contains four different kind of contributions:
the covariance of the same auto-correlation spectrum, the covariance of two different auto-
correlation spectra, the covariance of the auto-correlation and the cross-correlation and the
covariance of two cross-correlation. To compute it in a general way we write the covariance
for α = AB and β = CD, with A, B, C, D that could be X or Y ,

C
α−β
ℓ =

〈(

CABℓ − ĈABℓ

)(

CCDℓ − ĈCDℓ

)〉

=
〈

ĈABℓ ĈCDℓ

〉

− CABℓ CCDℓ =

=
1

4

1

(2ℓ+ 1)2

∑

m,m′

〈(

saℓms
b ∗
ℓm + sa ∗ℓms

b
ℓm

)(

scℓm′sd ∗ℓm′ + sc ∗ℓm′sdℓm′

)〉

−
(

CABℓ +NAB
ℓ

) (

CCDℓ +NCD
ℓ

)

=

=
1

(2ℓ+ 1)2

∑

m,m′

〈

saℓms
b ∗
ℓms

c
ℓm′sd ∗ℓm′

〉

−
(

CABℓ +NAB
ℓ

) (

CCDℓ +NCD
ℓ

)

,

(H.8)

where the last term has been obtained by considering the possible combinations of the
second terms in the r.h.s. of Eq. (H.4). In the above computation we have simpliőed the
complex-conjugate terms of the a, b, c and d maps, because they would produce the same
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result to the őnal map. By using the Wick theorem as in [340, 339], we get

C
α−β
ℓ =

1

(2ℓ+ 1)2

∑

m,m′

〈

(aℓm + naℓm)(b
∗
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〉

−
(

CABℓ +NAB
ℓ

) (
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ℓ

)

=

=
1
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) (
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ℓ

)
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ℓ

) (
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(
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) (
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}

−
(
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) (
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ℓ

)

=

=
1

2ℓ+ 1

[(
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ℓ

) (

CBDℓ +NBD
ℓ

)

+
(

CADℓ +NAD
ℓ

) (

CBCℓ +NBC
ℓ

)]

.

(H.9)

It is straightforward to show then that

C
XX−XX
ℓ =

2

2ℓ+ 1

(

CXXℓ +NXX
ℓ

)2
,

C
XY−XY
ℓ =

1

2ℓ+ 1

[

(

CXYℓ +NXY
ℓ

)2
+
(

CXXℓ +NXX
ℓ

) (

CY Yℓ +NY Y
ℓ

)

]

,

C
XX−Y Y
ℓ =

2

2ℓ+ 1

(

CXYℓ +NXY
ℓ

)2
,

C
XX−XY
ℓ =

2

2ℓ+ 1

(

CXXℓ +NXX
ℓ

) (

CXYℓ +NXY
ℓ

)

.

(H.10)

H.2 Likelihood of the angular power spectrum

The likelihood for the Gaussian random variables xℓm and yℓm is

L
(

xℓm, yℓm

∣

∣

∣CXXℓ , CXYℓ , CY Yℓ

)

=
∏

ℓ,m

1√
2π detΣℓ

exp

[

−1

2

(

xℓm yℓm
)

Σ−1
ℓ

(

xℓm
yℓm

)]

,

(H.11)
where the covariance matrix of the data is given by

Σℓ =

(

CXXℓ +NXX
ℓ CXYℓ +NXY

ℓ

CXYℓ +NXY
ℓ CY Yℓ +NY Y

ℓ

)

. (H.12)

In the case of full-sky measurements and isotropic noise, the likelihood for the angular
power spectra, obtained by using the quadratic estimator in the maps deőned in Eq. (H.4),
is a Wishart distribution [275]. At high multipoles, the central limit theorem ensures
that a Gaussian distribution in the power spectra is a good approximation of the true
distribution. However, since the GW experiments are limited by instrumental noise to
large angular scales, we cannot use the Gaussian approximation for the likelihood, thus we
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use the same likelihood of [1], which is a Wishart distribution obtained starting from two
Gaussian random variables,

−2 lnL
(

ĈXXℓ , ĈXYℓ , ĈY Yℓ

∣

∣

∣
CXXℓ , CXYℓ , CY Yℓ

)

=
∑

ℓ

(2ℓ+1)

[

|Dℓ|
|Cℓ|

+ ln
|Cℓ|
|Ĉℓ|

− 2

]

, (H.13)

where we have deőned the following determinants,

|Dℓ| ≡
(
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− 2
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ℓ
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,
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) (
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)

−
(
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,

|Ĉℓ| ≡
(
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ℓ

)(

ĈY Yℓ +NY Y
ℓ

)

−
(

ĈXYℓ +NXY
ℓ

)2
.

(H.14)

Although the likelihood is not Gaussian, it is always possible to quantify the detectability
of the angular power spectra by computing the signal-to-noise ratio (SNR), deőned by

SNR ≡





∑

ℓ

(

CXXℓ CXYℓ CY Yℓ
)

C
−1
ℓ





CXXℓ
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CY Yℓ









1/2

, (H.15)

where the covariance matrix is the one deőned in Eq. (H.6). In the limit in which we
consider just the auto- or the cross-correlation of one of the two signals, marginalizing
w.r.t. the other spectra, the SNRs are equal to

SNRauto =

[

∑

ℓ

CXXℓ
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ℓ

]1/2
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(H.16)
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Appendix I

SKAO2

The parametrization of the futuristic SKAO łphase twož (SKAO2) is described in [341],

dN

dΩedz
=10c1(Sc)zc2(Sc)exp [−c3(Sc)z] deg−2 ,

c1 =6.55 , c2 = 1.93 , c3 = 6.12 ,

Q(z) =0.28z4 − 1.18z3 + 1.76z2 + 1.367z ,

bge(z) =0.08z5 − 5.47z4 + 16.4z3 − 19.6z2 + 7.35z + 0.22e89.2z
4−169.2z3−102.5z2+15.5z+0.24 .

(I.1)

There are basically two reasons why we have chosen SKAO2. The őrst one is that this
survey has an high sky coverage, fSKAO

sky ≈ 72%. In addition, the SKAO2 window function

peaks in a similar redshift range of the window function of the AGWB W̃ . This means
that the cross-correlation is very high and this increases the SNR.
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