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Abstract: We address an inverse problem for a dynamical system in the space of probability
measures, namely, the problem of restoration of the time-evolution of a probability distribution
from certain given statistical information. The dynamics of the distribution is described by a
nonlocal continuity equation in the Wasserstein space of probability measures. For the simplest
version of this problem, associated with a toy one-dimensional model of traffic flow, we derive
a necessary optimality condition and design, on its base, a numerical algorithm of the type of
gradient descent. We also discuss some technical aspects of the realization of the elaborated
algorithm, and present the results of computational experiments implementing an eloquent
numeric scenario.
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1. INTRODUCTION

Dynamical systems on metric spaces of probability mea-
sures form the background of several rapidly developing
branches of modern applied mathematics such as optimal
transportation theory, mean field control and mean field
games. This framework enjoys a variety of natural (and
mutually beneficial) connections with statistical mechan-
ics, mathematical biology and control engineering, where
it is used for the “macroscopic”, averaged description of
ensembles (populations, crowds, beams etc.) of micro-
scopic “agents” (elementary particles, social and biological
individuals etc.). At the same time, such systems present
a convenient and rather fruitful mathematical formalism
for operating with dynamical objects in the presence of
probabilistic uncertainty, see (Marigonda and Quincam-
poix, 2018; Pogodaev, 2016).

In this setup, the part of a system state is played by a
probability measure µt on Rn (we shall write µt ∈ P(Rn)),
which “drifts” along a given (in general, µ- and time-
dependent, nonlocal) vector field Vt

.
= Vt(µt) : Rn → Rn.

The term “nonlocal” means the dependence µ → Vt(µ),

⋆ The authors gratefully acknowledge the support AL ARISE
(LA/P/0112/2020), SYSTEC Base (UIDB/00147/2020) and
Programmatic (UIDP/00147/2020) as well as projects SNAP
(NORTE-01-0145-FEDER-000085) and MAGIC (PTDC/EEI-
AUT/32485/2017) COMPETE2020-POCI and FCT/MCTES
(PIDDAC). The third author is supported by a subsidy from
the Ministry of Education and Science of Russia (project
no. 121041300060-4).

which characterizes the “internal dynamics”; in the multi-
agent interpretation, this is due to the interaction of the
agents, and is typically formalized via the convolution
K ∗µ of a measure with some given “interaction potential”
K : Rn → Rn.

In the conservative case (the quantity of agents is constant,
i.e., there are no sources nor sinks), the evolution t → µt

is described by the continuity equation

∂tµt +∇x · (Vt(µt)µt) = 0. (1)

which holds in the sense of distributions. Here, ∇x· means
the divergence operator w.r.t. x.

In this work, we investigate a problem of reconstructing
the mapping t → µt from incomplete, statistical informa-
tion. More precisely, our goal is to predict the function
t → µt on a given time interval [0, T ] using the knowledge
of the nonlocal vector field V , and the values fj(µt) of
certain maps fj : P(Rn) → Rk (j = 1,m) as t varies
in a given sample set T ⊆ [0, T ]. Here, T is, typically,
an interval or a finite set of points; fj could encode, e.g.,
the expectation, the variance, or the raw moments of a
measure.

Notice that, if V is sufficiently regular, the knowledge of
V along with the initial value ϑ = µ0 (or the value at
any other time moment t ∈ (0, T ]) uniquely identifies the
function t → µt on the whole T .

The considered problem can be reformulated as an opti-
mization problem:
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branches of modern applied mathematics such as optimal
transportation theory, mean field control and mean field
games. This framework enjoys a variety of natural (and
mutually beneficial) connections with statistical mechan-
ics, mathematical biology and control engineering, where
it is used for the “macroscopic”, averaged description of
ensembles (populations, crowds, beams etc.) of micro-
scopic “agents” (elementary particles, social and biological
individuals etc.). At the same time, such systems present
a convenient and rather fruitful mathematical formalism
for operating with dynamical objects in the presence of
probabilistic uncertainty, see (Marigonda and Quincam-
poix, 2018; Pogodaev, 2016).

In this setup, the part of a system state is played by a
probability measure µt on Rn (we shall write µt ∈ P(Rn)),
which “drifts” along a given (in general, µ- and time-
dependent, nonlocal) vector field Vt
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which holds in the sense of distributions. Here, ∇x· means
the divergence operator w.r.t. x.
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in a given sample set T ⊆ [0, T ]. Here, T is, typically,
an interval or a finite set of points; fj could encode, e.g.,
the expectation, the variance, or the raw moments of a
measure.

Notice that, if V is sufficiently regular, the knowledge of
V along with the initial value ϑ = µ0 (or the value at
any other time moment t ∈ (0, T ]) uniquely identifies the
function t → µt on the whole T .

The considered problem can be reformulated as an opti-
mization problem:

min
µ∈C([0,T ];P(Rn))

m∑
j=1

1

2

∫

T

∣∣∣fj(µt)− f̂j(t)
∣∣∣
2

dt subject to (1),

where f̂j(t) ∈ R are known values; the integral is formally
replaced by a summation, for the case of a finite T .

This is a sort of inverse problem, which is, in general,
ill-posed, while it sounds natural from the perspective
of applications. Eloquent examples come from the public
traffic management (Colombo et al., 2011), where the goal
is to forecast the behaviour of a traffic flow (in terms of
pedestrians’ or cars’ distributions) relying on statistical
assessments. In practice, optimization tasks of this type
are solved by direct algorithms (via the total discretization
and reduction to a nonlinear programming task). At the
same time, we do not know any publications representing
variational techniques, which could be applied here.

1.1 Problem concretization

This work aims at demonstrating, how extremal problems
of the discussed fashion can be treated by the tools of the
analysis in the Wasserstein spaces of probability measures.
To make the presentation more transparent, we shall focus
on probably the simplest nontrivial version of the problem
by specifying the objective as

I[µ] = I[ϑ] = 1

2

∣∣∣∣
∫

ℓ0 dµ0

∣∣∣∣
2

+
1

2

∣∣∣∣
∫

ℓT dµT

∣∣∣∣
2

, (2)

where ℓ0, ℓT ∈ C1(Rn;Rn) are given initial and terminal
costs, and t → µt is a solution of (1) (completely defined
by µ0 = ϑ and V , as it is already discussed above).
Hereinafter, we abbreviate

∫
=

∫
Rn .

For instance, the choice

ℓi(x) = x− ei, i = 0, T, (3)

means that we search for a distribution µ0 with a given
expectation e0, such that, after the action of a given
nonlocal vector field during the prescribed time period T ,
its expectation would match another given value eT .

For this problem, we derive a (first order) necessary
optimality condition and propose, on its base, a numerical
algorithm of the spirit of gradient descent.

2. PRELIMINARIES

We start by fixing the notation, recalling some necessary
facts and specifying the regularity hypotheses.

2.1 Basic notations

We use the following notations:

Rn is the n-dimensional Euclidean space with a given
norm | · |, R .

= R1, and R+
.
= [0,+∞); C(X ,Y) is the

space of continuous maps X → Y between two metric
spaces; C∞

c (U) is the space of smooth functions U → R,
U ⊂ Rm, having a compact support; C0,1(Rn;Rn) is the
Hölder space of bounded Lipschitz continuous vector fields;
Lp([0, T ];R), 1 ≤ p < ∞, are the Lebesgue spaces of
functions [0, T ] → R having integrable pth power, and
L∞([0, T ];R) is the Lebesgue space of essentially bounded
measurable functions [0, T ] → R.

By Ln we denote the usual Lebesgue measure on Rn. The
set of probability measures on Rn (with the usual Borel
sigma-algebra) is denoted by P(Ω); E(µ) and mp(µ) are
the expectation and the pth raw moment of a measure µ,
respectively.

2.2 Pushforward

Given a measurable function F : X → Y, F♯µ denotes the
pushforward of a measure µ on X under the map F , which
is a measure on Y identified by the relation:

F♯µ(B)
.
= µ

(
F−1(B)

)
∀ Borel B ⊆ X.

Alternatively, the operation of pushforward can be intro-
duced via the following change of variable formula: For any
measurable φ : Y → R, such that φ ◦ F is µ-integrable, it
holds ∫

Y
φ(y) dF♯µ(y)

.
=

∫

X
(φ ◦ F )(x) dµ(x).

We select out the subsets Pp(Rn), p ∈ [1,∞), of P(Rn)
composed by probability measures µ ∈ P(Rn) with the
property: mp(µ) < ∞; Pc(Rn) is the set of probability
measures having compact support in Rn.

2.3 Wasserstein spaces

For any p ∈ [1,∞), the set Pp(Rn) can be endowed with
the structure of a Polish space as it is endowed with the
Wasserstein (Lp-Kantorovich) distance Wp:

W p
p (µ, ν)

.
= inf

γ∈Γ(µ,ν)

∫∫

Rn×Rn

|x− y|p dγ(x, y),

Γ(µ, ν)
.
=

{
γ ∈ P(Rn × Rn) : π1

♯ γ = µ, π2
♯ γ = ν

}
.

Here, π1,2
♯ γ denote the marginal distributions of γ (i.e.

its “projections” on the first and the second copy of Rn,
respectively).

2.4 Standing assumptions

We assume that the nonlocal vector field V (µ) is of the
form f + K ∗ µ, where the vector fields f,K : Rn → Rn

are bounded together with their derivatives.

2.5 Solution of the continuity equation

Recall the notion of weak (distributional) solution to the
nonlocal continuity equation in the space of probability
measures. A function t → µt ∈ P(Rn) is a weak solution of
(1) on [0, T ] iff, for any test function φ ∈ C∞

c ((0, T )×Rn),
it holds ∫ T

0

dt

∫

Rn

(∂tφ+∇φ · Vt[µt]) dµt = 0.

Our standing assumptions guarantee the existence of a
unique weak solution on the whole [0, T ], see (Pogodaev
and Staritsyn, 2020). This solution is an absolutely con-
tinuous curve [0, T ] → Pc(Rn).

2.6 Flows

In this section, we shall recall the notion of the flow of
a nonlocal vector field V (µ) = V (x, µ) (hereinafter, the
explicit dependence on t is dropped for brevity).
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Let t → µt be an absolutely continuous curve R+ →
Pc(Rn). Then (t, x) → V (x, µt) is a well-defined vector
field generating the flow

(s, t, x) → Xµ
s,t(x).

Fixed ϑ and s ∈ R, let the map t → Φϑ
s,t satisfy the Cauchy

problem

d

dt
Φϑ

s,t(x) = V
�
Φϑ

s,t(x),Φ
ϑ
s,t♯ϑ


, Φϑ

s,s = id .

Since t → µt
.
= Φϑ

s,t♯ϑ is absolutely continuous, we can

construct the flow Xµ
s,t as a solution to the ODE

d

dt
Xµ

s,t(x) = V
�
Xµ

s,t(x), µt


, Xµ

s,s = id .

Note that Xµ
s,t is uniquely defined for any ϑ and s. Hence,

Xµ
s,t = Φϑ

s,t.

Since ϑ and s are arbitrary, we conclude that

Xµ
s,t = Φµs

s,t ∀s, t.

In particular, Xµ
t,s = Φµt

t,s and
�
Φµs

s,t

−1
= Φµt

t,s.

2.7 Hamiltonian equation

Consider a nonlocal continuity equation (1) with the vector
field V of the following structure (for simplicity, we drop
the explicit dependence on t):

V (µ) = f +K ∗ µ,
where f,K ∈ C(Rn;Rn) are given vector fields of a
sufficient regularity.

The associated Hamiltonian equation is derived in (Pogo-
daev and Staritsyn, 2020) as a continuity equation on the
space R2n of the doubled dimension (the space of “(state,
co-state)” pairs (x, p)):

∂tγt +∇(x,p) · (H(t, x, p, γt) γt) = 0, (4)

which involves the nonlocal vector field

H(t, x, p, γ)
.
=


F (t, x, γ)
G(t, x, p, γ)


, (5)

whose components F,G are of the structure:

F
.
=
�
f +K ∗ π1

♯ γ

(x), (6)

G
.
=− p

�
Df +DK ∗ π1

♯ γ

(x)

+


qDK(y − x) dγ(y, q). (7)

Equation (4)–(7) is typically accompanied by a terminal
condition of the form

γT = (id, h)♯µT ,

given h ∈ C(Rn;M1,n).

Let us stress that, in contrast to the classical optimal
control theory, the presented Hamiltonian equation is
defined on the co-tangent bundle of the space Rn and
is not separated into the “direct” (forward) and adjoint
(dual, backward) equations.

2.8 Derivative of the flow

Let t → µt = µt[ϑ] be a solution of the nonlocal continuity
equation (1) with a fixed initial condition µ0 = ϑ ∈
Pc(Rn), defined on a given time interval [0, T ].

Given g ∈ C0,1(Rn;Rn), consider the following perturba-
tion of the initial measure ϑ:

ε → ϑε = (id+εg)♯ϑ.

Each ϑε generates a curve t → µε
t . In (Bonnet and

Frankowska, 2021) it is proved that there exists a family
Gε
t of vector fields such that

µε
t = Gε

t♯µt. (8)

Moreover, this family admits the Taylor expansion

Gε
t = id+εw

�
t,Φµt

t,0(·)

+ o(ε),

where the function w obeys the following equation:


∂tw(t, x) = (Df +DK ∗ µt)
�
Φϑ

0,t(x)

w(t, x)

−


DK
�
Φϑ

0,t(x)− Φϑ
0,t(y)


w(t, y) dϑ(y),

w(t, 0) = g(x).

(9)

3. INCREMENT FORMULA

Now, return to the problem of minimization of the cost
functional (2) subject to (1). Our goal is to derive a
suitable representation for the “directional derivative” of
I[ϑ] in the direction g ∈ C0,1(Rn;Rn):

∆gI[ϑ]
.
=

d

dε


ε=0

I[ϑε],

where ϑε .
= (id+εg)♯ϑ.

Remark 1. Below, we always assume that ϑ ∈ Pc(Rn).
This implies, in particular, that Problem (1), (2) may
have no solutions. Indeed, consider the following one
dimensional (n = 1) example. Let f(x) = exp(−x2),
K = 0, ℓ0 and ℓT as in (3) with e0 = eT = 0. If ϑ
is compactly supported, it must be concentrated on a
segment [−a, a], for some a > 0. Each x ∈ R is shifted
by the vector field f to Φ0,T (x), where Φ denotes the flow
of f . It is clear that

Φ0,T (x)− x ≥ Φ0,T (a)− a ∀x ∈ [−a, a].

Since µT = Φ0,T ♯ϑ, we conclude that

E(µT ) =


Φ0,T (x) dϑ(x) ≥ E(ϑ) + Φ0,T (a)− a,

and, therefore,

I[ϑ] =
1

2
E(ϑ)2 +

1

2
E(µT )

2 ≥ (Φ0,T (a)− a)
2
> 0.

On the other hand, taking ϑk = 1
2δ−k + 1

2δk, k ∈ N, one
has limk→∞ I[ϑk] = 0. Thus, we see that a compactly
supported measure cannot be optimal for (1), (2).

3.1 General case

From (8), we find

∆gI[ϑ] =
1
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
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1

2

d
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

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T (x) dµT (x)


2

.

For t ∈ {0, T}, we have

1

2

d

dε

∣∣∣
ε=0

∣∣∣∣
∫

ℓt ◦ Gε
t (x) dµt(x)

∣∣∣∣
2

=

(∫
ℓt(x) dµt(x)

)⊺
d

dε

∣∣∣
ε=0

∫
ℓt ◦ Gε

t (x) dµt(x)

=

(∫
ℓt(x) dµt(x)

)⊺ ∫
Dℓt(x)w

(
t,Φµt

t,0(x)
)
dµt(x)

=

∫
ht(x)w

(
t,Φµt

t,0(x)
)
dµt(x),

where w satisfies (9) and

ht(x)
.
=

(∫
ℓt dµt

)⊺

Dℓt(x), t = 0, T. (10)

Thus,
d

dε

∣∣∣
ε=0

I [(id+εg)♯ϑ]

=

∫
h0(x)w (0, x) dµ0(x)

+

∫
hT (x)w

(
T,ΦµT

T,0(x)
)
dµT (x).

By choosing the terminal condition

γT = (id, hT )♯µT , (11)

we rewrite the increment formula as follows:
d

dε

∣∣∣
ε=0

I [(id+εg)♯ϑ]

=

∫
h0(x)g(x) dϑ(x) +

∫∫
ψ(T, x, p) dγT (x, p), (12)

where ψ(t, x, p)
.
= pw

(
t,Φµt

t,0(x)
)
.

By taking the latter ψ as a test function in the Hamiltonian
equation, we obtain∫∫

ψ(T, x, p) dγT (x, p)−
∫∫

ψ(0, x, p) dγ0(x, p)

=

∫ T

0

∫∫ {
∂tψ(t, x, p)+Dxψ(t, x, p) (f+K∗µt) (x)

−
[
p (Df+DK∗µt) (x)−

∫∫
qDK(y − x) dγt(y, q)

]

Dpψ(t, x, p)

}
dγt(x, p) dt. (13)

Note that∫∫ (∫∫
qDK(y − x) dγt(y, q)

)
Dpψ(t, x, p) dγt(x, p)

=

∫ (∫∫
qDK(y − x) dγt(y, q)

)
w
(
t,Φµt

t,0(x)
)
dµt(x)

=

∫∫ (∫
qDK(y − x)w

(
t,Φµt

t,0(x)
)
dµt(x)

)
dγt(y, q)

=

∫∫ (∫
pDK(x− y)w

(
t,Φµt

t,0(y)
)
dµt(y)

)
dγt(x, p).

Hence, (13) can be rewritten as∫∫
ψ(T, x, p) dγT (x, p)−

∫∫
ψ(0, x, p) dγ0(x, p)

=

∫ T

0

∫∫ {
∂tψ(t, x, p)+Dxψ(t, x, p) (f+K∗µt) (x)

− p (Df +DK ∗ µt) (x)w
(
t,Φµt

t,0(x)
)

+ p

∫
DK(x− y)w

(
t,Φµt

t,0(y)
)
dµt(y)

}
dγt(x, p) dt. (14)

Direct calculations show that

∂tψ(t, x, p)

= p
[
∂tw

(
t,Φµt

t,0(x)
)
+Dw

(
t,Φµt

t,0(x)
) d

dt
Φµt

t,0(x)
]

= p
[
∂tw

(
t,Φµt

t,0(x)
)

−Dw
(
t,Φµt

t,0(x)
)
DΦµt

t,0(x) (f +K ∗ µt) (x)
]
,

= p∂tw
(
t,Φµt

t,0(x)
)
−Dxψ(t, x, p) (f +K ∗ µt) (x),

where we used the relation
d

dt
Φµt

t,0(x) = −DΦµt

t,0(x) (f +K ∗ µt) (x),

whose proof can be found in (Bressan and Piccoli, 2007).

By virtue of (9),

∂tψ(t, x, p) = p (Df +DK ∗ µt) (x)w
(
t,Φµt

t,0(x)
)

− p

∫
DK (x− y)w

(
t,Φµt

t,0(y)
)
dµt(y)

−Dxψ(t, x, p) (f +K ∗ µt) (x). (15)

Finally, from (14) and (15) it follows that∫∫
ψ(T, x, p) dγT (x, p)−

∫∫
ψ(0, x, p) dγ0(x, p) = 0. (16)

Upon substituting (16), the increment (12) becomes

∆gI [ϑ] =

∫
h0(x)g(x) dϑ(x) +

∫∫
pg(x) dγ0(x, p). (17)

The latter representation yields a necessary optimality
condition, which we formulate in the following theorem.

Theorem 2. Let ϑ ∈ Pc(Rn) be optimal for (1), (2). Then,
for any g ∈ C0,1(Rn;Rn), it holds∫

h0(x)g(x) dϑ(x) +

∫∫
pg(x) dγ0(x, p) = 0,

where γ satisfies the Hamiltonian equation (4) with the
terminal condition (11), and h0 given by (10).

In the present form, expression (17) for the increment does
not offer an algorithm useful for numerical solution of the
considered problem, hence, a further analysis is required.

3.2 Adjoint equation

We proceed by extracting an “adjoint” part of the Hamil-
tonian equation (4).

Let t → γt be a solution of the Hamiltonian equation (4)–
(7). Introduce a family t → νt of vector measures by the
relation:

⟨νt, φ⟩
.
=

∫∫
pφ(x) dγt(x, p), φ ∈ C∞

c (Rn;Rn).

Since µt = π1
♯ γt, we can construct the disintegration

(γx
t )x∈Rn of γt with respect to µt. Simple calculations,

⟨νt, φ⟩
.
=

∫∫
pφ(x) dγt(x, p)

=

∫ (∫
pφ(x) dγx

t (p)

)
dµt(x)

=

∫
E(γx

t )φ(x) dµt(x),
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show that νt is indeed a vector measure, absolutely contin-
uous w.r.t. µt, whose density (Radon-Nikodym derivative
w.r.t. µt) is defined as

dνt
dµt

(x) = E(γx
t ).

The introduction of the variable ν = (ν1, . . . , νn) allows
us to extract, in an explicit way, the “adjoint part” of the
Hamiltonian equation, which takes the form

∂tνi+

n
j=1

∂xj

�
ajνi


=−

n
j=1

bjiνj +




n
j=1

cji ∗ νj


µt, (18)

where 1 ≤ i ≤ n, and the following notation is used:

a(t, x)
.
= (f +K ∗ µt)(x),

B(t, x)
.
= (Df +DK ∗ µt)(x),

C(x)
.
= DK(−x), B = (bji )

n
i,j=1, C = (cji )

n
i,j=1.

Finally, the terminal condition reads as follows:
dνT
dµ̄T

(x) = h(x). (19)

3.3 Absolutely continuous case

In most practical applications, µt is absolutely continuous
w.r.t. the n-dimensional Lebesgue measure Ln, i.e., µt =
ρtLn. In this case, such are also all vector measures νt
(as it immediately follows from their definition), i.e. νt =
u(t, ·)Ln, u = (u1, . . . , un). Furthermore, the equations
(18) take the form of a linear balance law with nonlocal
source term:

∂tui +

n
j=1

�
uia

j

xj

= −
n

j=1

ujb
j
i + ρ

n
j=1

uj ∗ cji , (20)

1 ≤ i ≤ n; u(T, x) = hT (x) ρT (x). (21)

The expression for the increment, (17), becomes

∆gI[ρ0] =


(ρ0(x)h0(x) + u(0, x)) · g(x) dx. (22)

The Theorem 2 together with the Fundamental lemma of
calculus of variations (Jost and Li-Jost, 1998, Lemma 3.2.3
on p.170) yield the following result.

Corollary 3. Let ϑ ∈ Pc(Rn) be optimal for (1), (2)
and absolutely continuous with the density function ρ0.
Then there exists a weak solution u of (20) satisfying the
terminal condition (21) and the initial condition

u(0, x) = −h0(x)ρ0(x). (23)

Remark 4. From (20), (23), (21) and (10), one concludes
that the resulted optimality condition degenerates when
ρ0 brings an absolute minimum I[ρ0] = 0 of the objective
functional: in such a case h0 = hT ≡ 0, and, hence, u ≡ 0.
This means that, to construct an algorithm solving the
problem, it is not useful to search for ρ0 satisfying the
necessary optimality condition. Instead, one should use a
descent method based on the increment formula (22).

4. EXAMPLE: A TRAFFIC FLOW MODEL

Consider a slight modification of the one-dimensional
(single-lane) nonlocal traffic flow model from (Bressan and
Shen, 2020):

∂tρ+ ∂x [(α− β(K ∗ ρ)) ρ] = 0, (24)

where

K ∗ ρt(x)
.
=


K(x− y)ρt(y) dy,

K(x) =


cosh−1(x/κ) x ≥ 0,

cosh−1(κx) x < 0,
κ ∈ (0, 1),

is a smooth approximation of the discontinuous interaction
potential from (Bressan and Shen, 2020); α, β and κ are
parameters.

The equation (24) governs evolution of the density distri-
bution of cars along a road: if the road is free, the car moves
with a constant (maximal admissible) velocity α; the cars
ahead, force the driver to reduce the speed, resulting in
decrease of the traffic, proportional to the cars’ density.

Our goal is to find a solution (t, x) → ρt(x) of (24) whose
expectations at the initial and final time moments coincide
with given numbers e0 and eT , i.e.,

E(ρt)
.
=


x ρt(x) dx = et, t = 0, T.

This leads to the following optimization problem:

min {I[ρ] : ρ satisfies (24)} ,
where

I[ρ] .
=

1

2
|E(ρ0)− e0|2 +

1

2
|E(ρT )− eT |2 . (25)

4.1 Specification of the optimality condition and descent
algorithm

Let ρ be a solution of (24) with a certain initial distri-
bution ρ0(x). The adjoint equation, associated with ρ,
reduces to the scalar non-conservation balance equation

∂tu(t, x)+∂x
�
u(t, x)a(t, x)


=

−u(t, x)b(t, x) + ρ(t, x) ((c ∗ u)(t, x)) , (26)

where

a(t, x)
.
= α− β (K ∗ ρt) (x),

b(t, x)
.
= −β (DK ∗ ρt) (x), c(x)

.
= −βDK(−x).

For this model, h0 and hT are constants given by

ht = E(ρt)− et, t = 0, T. (27)

By our preference, we choose descent directions among
vector fields of the form

g(x) = a0 + a1φ(x), where (28)

φ = R ∗ ρ0, R(x) = arctan(x), a20 + a21 ≤ 1.
This leads to the minimization problem

min

∆gI[ρ] : g = a0 + a1φ, a20 + a21 ≤ 1


,

whose analytic solution is easily obtained in the form

(a∗0, a
∗
1) = −(c0, c1)/


c20 + c21, where (29)

c0
.
=


(h0ρ0(x) + u(0, x)) dx,

c1
.
=


(h0ρ0(x) + u(0, x))φ (x) dx.

Remark 1. The chosen class of vector fields providing
a potential descent is motivated by the following idea:
the constant part a0 just shifts the initial measure in
the desired direction (changes the expectation), and the
remaining term shrinks/spreads it (changes the variance).
This choice is somewhat the simplest one. In general,
more sophisticated classes of vector fields can be adopted,
depending on the specifics of an exact model.

The function (28) with coefficients (29) generates a “di-
rection of descent”, and gives rise to the Algorithm 1.

Algorithm 1 (Descent method)

Require: an initial distribution ρ0, a constant δ > 0.
1: Find ρ = ρ(t, x) by solving (24) (forward in time) with

the initial condition ρ|t=0 = ρ0.
2: Compute h0 and hT by (27).
3: Find u = u(t, x) by solving (26) (backward in time)

with the terminal condition (21).
4: Compute a∗0 and a∗1 by (29).
5: If ∆a∗

0+a∗
1φ
I[ρ] > −δ then STOP.

6: Find ε∗
.
= argmax {I[ϱ(ε, ·)] : ε ∈ [0, 1]}, where ϱ =

ϱ(t, x) is a solution of

∂tϱ+ ((a∗0 + a∗1φ)ϱ)x = 0, ϱ|t=0 = ρ0. (30)

7: Let ρ0(x)
.
= ϱ(ε∗, x) and GOTO Step 2.

5. NUMERICAL METHODS AND RESULTS

The equation governing dynamics of the system, (24),
is integrated forward in time using the pseudospectral
method (Boyd, 2001). Solution is represented as a trun-

cated Fourier series ρ(t, x) =
∑N

k=−N ρ̂k(t) e
2πikx/L. By

substituting this truncated Fourier series into (24), we
obtain a system of ordinary differential equations (ODEs)
for the Fourier coefficients ρ̂k(t). The derivative and the
convolution in the right-hand side of (24) are computed in
the Fourier space, multiplication is performed on a uniform
grid xj = jL/N, j = 0, . . . , N − 1. Computations of the
Fourier coefficients from values of a function on the grid,
as well as the inverse operation, are performed by the
fast Fourier transforms implemented in the FFTW library
(Frigo and Johnson, 2005). The Cauchy problem for the
system of ODEs is solved by the standard fourth order
Runge-Kutta method with a constant time step τ .

The same method is applied to integrate the adjoint
equation (26) with the terminal condition (21) backward
in time (here the same time step τ is used) and to solve
the continuity equation (30) describing the correction of
ρ0(x) in the descent direction g = a∗0 + a∗1φ (for this time
marching, we chose a different step τ0).

We considered the following values of the parameters of
the model: α = 1, β = 50, κ = 0.3, L = 50, T = 30 and
numerical parameters: N = 1024, τ = 5× 10−3, τ0 = 10−2

and integration of the equation (30) was performed by 1
unity of time (i.e. 100 steps in time were performed). In
the cost functional (25) we used e0 = −10 and eT = 12.

As an initial value for the descent algorithm, we took

ρ0(x) = c e−(x+12)2 with c ∈ R such that
∫
ρ0(x) dx = 1.

For this choice, the cost is I[ρ] = 10.88. The descent
method described above is then executed till I[ρ] < 10−2.
The calculated solution ρt(x) is shown in Fig. 1 for
t = 0, T/2 and T . This numerical solution has been
checked against the one computed with the double spatial
and temporal resolutions, the results remained visibly
unaffected (e.g. L2-norm of the difference of the “optimal”
distributions at t = T is approximately 3× 10−7).
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Fig. 1. “Optimal” distributions for the traffic flow problem:
ρt(x) at t = 0 (black), T/2 (blue) and T (red).

6. DISCUSSION AND CONCLUDING REMARKS

The behavior of cars’ density exhibited in Fig. 1 seems to
be in agreement with the real-life scenario when a group
of cars starts moving from a traffic lights. In the context
of this model, the addressed inverse problem is a simplifi-
cation, we found useful to demonstrate the mathematical
techniques, avoiding complex algebraic manipulations and
technicalities. The presented conceptual approach can be
extended to more realistic problems related to the traffic
analysis and management, using statistical data provided
by automatic observation tools, e.g., speed measurement
cameras. We plan to continue in this direction the line of
research presented here.
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The function (28) with coefficients (29) generates a “di-
rection of descent”, and gives rise to the Algorithm 1.

Algorithm 1 (Descent method)

Require: an initial distribution ρ0, a constant δ > 0.
1: Find ρ = ρ(t, x) by solving (24) (forward in time) with

the initial condition ρ|t=0 = ρ0.
2: Compute h0 and hT by (27).
3: Find u = u(t, x) by solving (26) (backward in time)

with the terminal condition (21).
4: Compute a∗0 and a∗1 by (29).
5: If ∆a∗

0+a∗
1φ
I[ρ] > −δ then STOP.

6: Find ε∗
.
= argmax {I[ϱ(ε, ·)] : ε ∈ [0, 1]}, where ϱ =

ϱ(t, x) is a solution of

∂tϱ+ ((a∗0 + a∗1φ)ϱ)x = 0, ϱ|t=0 = ρ0. (30)

7: Let ρ0(x)
.
= ϱ(ε∗, x) and GOTO Step 2.

5. NUMERICAL METHODS AND RESULTS

The equation governing dynamics of the system, (24),
is integrated forward in time using the pseudospectral
method (Boyd, 2001). Solution is represented as a trun-

cated Fourier series ρ(t, x) =
∑N

k=−N ρ̂k(t) e
2πikx/L. By

substituting this truncated Fourier series into (24), we
obtain a system of ordinary differential equations (ODEs)
for the Fourier coefficients ρ̂k(t). The derivative and the
convolution in the right-hand side of (24) are computed in
the Fourier space, multiplication is performed on a uniform
grid xj = jL/N, j = 0, . . . , N − 1. Computations of the
Fourier coefficients from values of a function on the grid,
as well as the inverse operation, are performed by the
fast Fourier transforms implemented in the FFTW library
(Frigo and Johnson, 2005). The Cauchy problem for the
system of ODEs is solved by the standard fourth order
Runge-Kutta method with a constant time step τ .

The same method is applied to integrate the adjoint
equation (26) with the terminal condition (21) backward
in time (here the same time step τ is used) and to solve
the continuity equation (30) describing the correction of
ρ0(x) in the descent direction g = a∗0 + a∗1φ (for this time
marching, we chose a different step τ0).

We considered the following values of the parameters of
the model: α = 1, β = 50, κ = 0.3, L = 50, T = 30 and
numerical parameters: N = 1024, τ = 5× 10−3, τ0 = 10−2

and integration of the equation (30) was performed by 1
unity of time (i.e. 100 steps in time were performed). In
the cost functional (25) we used e0 = −10 and eT = 12.

As an initial value for the descent algorithm, we took

ρ0(x) = c e−(x+12)2 with c ∈ R such that
∫
ρ0(x) dx = 1.

For this choice, the cost is I[ρ] = 10.88. The descent
method described above is then executed till I[ρ] < 10−2.
The calculated solution ρt(x) is shown in Fig. 1 for
t = 0, T/2 and T . This numerical solution has been
checked against the one computed with the double spatial
and temporal resolutions, the results remained visibly
unaffected (e.g. L2-norm of the difference of the “optimal”
distributions at t = T is approximately 3× 10−7).
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Fig. 1. “Optimal” distributions for the traffic flow problem:
ρt(x) at t = 0 (black), T/2 (blue) and T (red).
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techniques, avoiding complex algebraic manipulations and
technicalities. The presented conceptual approach can be
extended to more realistic problems related to the traffic
analysis and management, using statistical data provided
by automatic observation tools, e.g., speed measurement
cameras. We plan to continue in this direction the line of
research presented here.
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