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FAMILIES OF SOLUTIONS OF MATRIX RICCATI DIFFERENTIAL
EQUATIONS*

M. PAVONT AND D. D’ALESSANDRO?

Abstract. The J. C. Willems—Coppel-Shayman geometric characterization of solutions of the
algebraic Riccati equation (ARE) is extended to asymmetric Riccati differential equations with time-
varying coefficients. The coefficients do not need to satisfy any definiteness, periodicity, or system-
theoretic condition. More precisely, given any two solutions X1 (¢) and X2(¢) of such equation on a
given interval [to,t1], we show how to construct a family of solutions of the same equation of the
form X(t) = (I — w(t))X1(¢t) + w(t)X2(t), where 7 is a suitable matrix-valued function. Even when
specialized to the case of X; and Xg equilibrium solutions of a symmetric equation with constant
coefficients, our results considerably extend the classical ones, as no further assumption is made on
the pair X1, X2 and on the coefficient matrices.
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1. Families of solutions of the RDE. Consider the asymmetric Riccati dif-
ferential equation (RDE)

(1.1) X =AX +XB+ XPX +Q,

where X is m x n and A, B, P,Q are continuous, matrix-valued functions with real
entries on [tg, t1] of dimension m X m,n X n,n x m, and m X n, respectively. As is well
known, the symmetric version of (1.1), i.e., when n =m, B = AT P = PT Q= Q7,
plays a central role in many fields of applied mathematics, including optimal control
and estimation, and has therefore been intensively studied. General Riccati equations
such as (1.1) arise in the theory of differential games [3], in state-space solutions to
H® problems [10], in polynomial factorization [5], in problems of feedback control [1],
and in the singular perturbation of boundary value problems [4]; see the introductions
of [17, 3, 12] for further information. A further example is provided by equation (1.7)
below, which is asymmetric even when (1.1) is symmetric.

All through this paper, X; and X, denote two fixed but arbitrary solutions of
(1.1) on the time interval [tg,¢;]. Moreover, let Ao := X9 — X;. There exists a one-
to-one correspondence between solutions of (1.1) and solutions of the homogeneous
Riccati equation

(1.2) A = Ax,A + ABx, + APA,

where Ax, := A+ X3 P and By, := B+ PX;, given by X « A = X — X;. Thus, all
results below concerning solutions of (1.1) may also be viewed as results concerning

*Received by the editors October 31, 1994; accepted for publication (in revised form) November
10, 1995.

http://www.siam.org/journals/sicon/35-1/27633.html

TDipartimento di Elettronica e Informatica, Universitd di Padova, via Gradenigo 6/A, and
LADSEB-CNR, 35131 Padova, Italy (pavon@ladseb.pd.cnr.it). The research of this author at
LADSEB-CNR was supported in part by CNR through a CNR-DFG Bilateral Project, and the
research at the Institute of Theoretical Dynamics, University of California, Davis, was supported by
Office of Naval Research grant USN-N00014-89-J-3135.

IDipartimento di Elettronica e Informatica, Universitad di Padova, via Gradenigo 6/A, 35131
Padova, Italy (daless@maya.dei.unipd.it).

194



MATRIX RICCATI DIFFERENTIAL EQUATIONS 195

solutions of (1.2), where the roles of X; and X, are played by the zero solution and
Aq2, respectively.

Jan Willems’ classification of solutions of the ARE [23] was used in [14] to classify
all output-induced minimal stochastic realizations of a given process. In [2, Theorem
8.3], this classification was extended to the nonstationary case. Its implications for the
RDE, however, were not pursued there. Jan Willems’ original derivation of the geo-
metric parametrization of solutions of the ARE relied on first establishing a similarity
relation involving two “extreme” closed-loop matrices [23, Lemma 8]. The latter re-
sult was generalized to the symmetric, nonsingular (i.e., Ajo invertible), time-varying
situation in [18, Theorem 5.5]. It can indeed be extended to our very general setting,
and its consequences are far reaching.

LEMMA 1.1. Let X be any solution of (1.1) on [to,t1] and let A; == X — X,
i = 1,2. Let ¢(-,-) and ¥(-,) be the transition matrices corresponding to Ax =
A+ XP and —Bx := —(B + PX), respectively. Let ¢;(-,-) and ¥;(,-), i = 1,2, be

the transition matrices corresponding to Ax, == A+ X, P and —Bx, := —(B+ PX,),
respectively. Then, for i =1,2 and for all s and t in [to,t1], we have

(13) Ai (t)wz (tv S) = ¢(t7 5>Az(s)a

(1.4) Ai(t)(t,s) = ¢ilt, s)Ai(s).

Proof. Notice that A; satisfies

(1.5) A; = Ax,A; + A;Bx, + A;PA,;
= AxAz + AiBXi == A)QAZ + Ain.

From (1.5) it follows that

OAWi(ts) 5 0, onts)
——g = Ailult ) + Ai(t)—5—

Hence, both sides of (1.3) satisfy

% — AW (L, 5).

Since they coincide for s = ¢, they coincide everywhere. Exchanging the roles of X
and X;, we get (1.4) from (1.3). O

COROLLARY 1.2. A;(t),i = 1,2, has constant rank on [to, t1].

Proof. By (1.3), Ai(t) = ¢(t, to) Ai(to)i(to, t)- 0

COROLLARY 1.3. Let X be any solution of (1.1) on [to,t1], and let i = 1,2.
Suppose that ker A15(tg) C ker A;(tg). Then ker A15(t) C ker A;(t) for allt € [to, t1].

Proof. Let x € R™ be such that Aj5(t)z = 0. By (1.3), we get Aia(to)i(to, t)r =
0. Thus, v;(to,t)x is in the kernel of Aj5(tg). By hypothesis, A;(to)v;(to,t)x = 0.
The latter implies ¢(¢,to)A;(to)¥i(to,t)r = 0. Using equation (1.3) again, we get
Ai (t)x =0. 0

Obviously, the above result holds true if ¢y is replaced by any other time s in
[to,t1]. Let us agree that all through the paper 7 (¢) denotes an m x m matrix function
on [to, tl].

THEOREM 1.4. The matriz function X (t) = (I — w(t))X1(t) + 7(t)X2(t) is a
solution of (1.1) on [to,t1] if and only if w(t) is a C' function satisfying

(16) 7ZFA12 = [AX17T—7TAX1 —7TA12P(I—7T)]A12.
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Conversely, let X(t) be a solution of (1.1) on [to,t1] with ker A12(tg) C ker Aq(tg)
where A1 = X — X1. Then there ezists a C* function w(t) satisfying (1.6) such that
X(t) = (I —n(t)X1(t) + m(t)X2(t). Moreover, if RankAja(tg) = m, (1.6) may be
replaced by the auxiliary Riccati differential equation (ARDE)

(1.7) =Ax,m—mAx, — 1A P(I — ),
and there is a one-to-one correspondence between solutions of (1.1) and solutions of
(1.7).
Proof. Let R(X) := AX+XB+XPX+Q. f X(t) = ([—7(t)X1(t)+7(t) Xa(t),
we get
R(X) = A[(I - 7T)X1 + 7TX2] + [(I - 7I')X1 +71'X2]B
+[(I — 7T)X1 + WXQ]P[(I — 7T)X1 + 7TX2] + Q
= (I — W)R(Xl) + WR(XQ) — (I — 7T)AX1 — (I — 7T)X1PX1 — 7TAX2
—7TX2PX2 —+ A(I - 7T)X1 + A7TX2 + [(I - 7T)X1 + ’/TXQ]P[(I - 7T)X1 + 7TX2]
= (I - W)R(Xl) + '/TR(XQ) - 7TAA12 + AﬂAlg
—(I - 7T)X1P7TX1 - FXQP(I - 7T)X2 —|—7TX2P(I - 7T)X1 + (I - 7T)X1P7TX2
=T —-mR(X1)+7R(X2)+ [-7A+ Ar+ (I — ) X1 P — 7 Xo P(I — m)]Aq1
=T —-m)R(X1) + 7R(X2)
+[-mA+ Ar+ (I — 1) X1 Pn — wA19oP(I — ) — X1 P(I — )] A2
= (I — W)R(Xl) + WR(XQ) + [AXITK' — 7TAX1 — 7TA12P(I - W)]Alg.
If 7 is of class C'!, it then follows that X is a solution of (1.1) if and only if (1.6) holds.
Conversely, suppose that X is a solution of (1.1) on [tg,t1] such that ker Aj5(tg) C

ker Ay (t9). By Corollary 1.3, the inclusion ker Aj2(¢) C ker A,;(¢) holds for all ¢ €
[to, t1]. Then there exist m x m-valued matrix functions Z(t) such that

(1.8) A1 (t) = Z(t)A12(%)

for all ¢ € [to,t1]. Notice that (1.8) already implies that X (¢) = (I — Z(¢))X1(t) +
Z(t)X2(t). Thus, the proof of the converse will be complete if we can show that
among the functions Z satisfying (1.8) there is at least one Z of class C'. In that
case, we can take 7 = Z. To this end, notice that, in view of Lemma 1.1, any function
Z satistying (1.8) also satisfies

(1.9) Ar(t)ha(t, to) = Z(t)¢1(t, to) Ar2(to).
This leads us to introduce the function Z defined by

Z(t) = Ay ()a(t,to) Afy(to) 1 (to, t),

where Aﬁ (to) denotes the Moore—Penrose pseudoinverse of A15(tg). The function Z

is clearly continuously differentiable. We show next that indeed Z satisfies Ay(t)
Z(t)A12(t). Observe that the latter is equivalent to

(1.10) A ()] — (L, to)Ai(to)qSl(to,t)Au(t)] =0.

Now let Z be any function satisfying (1.8). Using (1.9) in (1.10), we see that the
latter is equivalent to

Z(t)¢1 (£, to) Ara(to) o (to, ) [T — o, t0) ATy (t0) b (to, 1) A1a(t)] = 0.
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Obtaining A15(t) from Lemma 1.1 and using properties of transition matrices, it can
be verified that the latter equation is in turn equivalent to

(1.11) Z(t) 1 (£, to) Ao (to)[I — AT (t) Ara(to)]ta(to, ) = 0.

Because of A(I — A#A) = 0, the preceding identity (1.11) is valid. Finally, suppose
that RankAqj3(tg) = m. By Corollary 1.2 the same is true for Aq5(t), t € [to, 1]
The one-to-one map between the solution sets of (1.1) and (1.7) is then given by
m(t) := [X(t) — X1 (t)]AL (), where AL denotes any right inverse of Ay, O

Remark 1.5. Obviously, in Theorem 1.4 (and in the following), we could have con-
sidered combinations of the form X (t) = X1 (¢t)(I —o(t))+ X2(t)o(t). The assumption
for the converse part would then read ker Ajs(tg)” C ker A;(to)”. Equation (1.6)
would be replaced by the equation

Algd' = A12[0'BX1 - BXIO' - (I— O')PAlgo'].

Remark 1.6. Notice that if m; and 75 are two C! functions generating the same
solution X of (11) on [to,tﬂ, i.e., X(t) = Xl(t) + Wl(t)Alg(t) = Xl(t) +7T2(t)A12(t)7
then necessarily [m1(t) — m2(¢)]A12(t) = 0 for all ¢ in [tg, t1]. If A1a(to) admits a right
inverse, then m = ms.

At first sight, the correspondence between solutions of (1.1) and solutions of (1.6)
or (1.7) established by Theorem 1.4 appears rather disappointing. Indeed, in the
best case, we still have to deal with an asymmetric Riccati equation, the ARDE,
with the only apparent advantage that m, Ax,, and A2 P are all square m x m-
dimensional. Notice that solutions X; and X5 of (1.1) correspond to the equilibrium
solutions zero and identity, respectively, of (1.6) and (1.7). Nevertheless, the power
of this connection will shortly be apparent. Indeed, (1.6) and (1.7) lend themselves
naturally to a geometric characterization of a subclass of their solutions; see Theorems
2.3 and 2.5 below.

We conclude this section with a result relating different ¢ transition matrices.
This result, which will not be needed in what follows, appears to be of interest for
nonstationary stochastic realization [2]. Indeed, it extends a result for feedback ma-
trices corresponding to different solutions of the symmetric ARE that was applied to
stationary stochastic realization in [11, Lemma 4.1].

PROPOSITION 1.7. Let X be any solution of (1.1) on [to,t1]. If X(t) — X1(t) =
Aq(t) = w(t)A12(¢) on [to, t1] for some function w, we have, in the notation of Lemma
1.1,

(1.12) {o(t, 5)m(s) — w(t)p2(t, )} A12(s) = 0,
(1.13) {o(t, ) (I = m(s)) = (I = ()1 (¢, 8)} Ara(s) = 0.
If w is projection valued, it follows that

(1.14) (I —m(t)o(t, s)m(s)A12(s) =0,

(1.15) m(t)p(t, s)(I —m(s))Ar2(s) = 0.

If, moreover, w is C*, the latter gives

(1.16) ([ — 7T)(7T — Axﬂ')Alz = 0,
(117) 7T(7'T+Ax(f— W))Alz =0.
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Proof. Employing (1.3) twice, once for X and once for X5, we get
o(t, s)m(s)Ar2(s) = (L, s)Ar(s) = Ar(t)(t, s)
=m(t)Ar2(t)Y1(t, s) = w(t)Pa(t, s)Ar2(s),

which is (1.12). Similarly, (1.13) is established. If 7 is a C'!, projection-valued func-
tion, differentiating (1.14) and the equation w(t) = m(t)? with respect to ¢, we get
[(I—7(t)Ax —7(t)]p(t, s)m(s)A12(s) = 0 and 7 (t)w(t) = (I — = (t))7(t), respectively.
Evaluating the first at s = ¢t and then using the second, we get (1.16). Similarly, we
get (1.17) from (1.15). O

2. Geometric results. The first step in establishing a geometric characteri-
zation of certain families of solutions of (1.1) consists of rewriting (1.6) and (1.7).
Simply rearranging terms, we get that these equations are equivalent to

(2.1) [ — (I —m)Ax,m+7Ax,(I —m)]A12 =0,
7— (I —-m)Ax,m+71Ax,(I —7) =0,

where AXZ = A + XQP = AX1 + A12P.
LEMMA 2.1. If 7 is a projection for all times, i.e., w(t) = w(t)? for t in [to,t1],
then it satisfies (2.1) if and only if it satisfies the system of equations

(2.3) (I — )i — Ax, 7| Ay = 0,
(2.4) 7l(I — 7) — Ax, (I — )] A = 0.

Proof. Multiplying (2.1) on the left first by (I — 7) and then by 7, we get (2.3)
and (2.4), respectively. Conversely, obtaining 77A1s from (2.4) and plugging it into
(2.3), we get (2.1). O

Remark 2.2. Equations (2.3), (2.4) can be obtained from (1.16), (1.17), observing
that

(I—Tf‘)AXl = (I—ﬂ')AX,

7TAX2 = ’/TAx.

Equations (2.1), (2.2), (2.3), (2.4) enjoy a certain symmetry. Indeed, they are invariant
under the permutation 7 < (I —7), X7 < Xo. Lemma 2.1 above singles out a subclass
of solutions of (2.1) and, by Theorem 1.4, of (1.1). This subclass may also be described
as the solutions on [tg, 1] of the following implicit system:

(2.5) [0, — 7,77l = [1— 7% (I — 1) Ax, A9, —TAx, (I — 7) A1)

The following result provides a geometric characterization of the projection-valued
solutions of (2.1). The question of existence of such solutions will be addressed in
Theorem 2.7 below.

THEOREM 2.3. Let X(t) = (I — w(t))X1(t) + w(t) X2(t) be a solution of (1.1) on
[to, t1]. Let M(t) := 7w(t)A12(t)R™ and N(t) := (I — 7(t))A12(t)R™. Then, for s and
t in [to, t1],we have

(2.6) M(t) = ¢u(t,s)M(s),
(2.7) N(t) = ¢2(t, )N (s).
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Moreover, we also have

(2.8) M(t) = o(t,s) M (s),
(2.9) N(t) = o(t, s)N(s).

Conversely, Let {M(t)} and {N(t)}, t € [to,t1], be two families of subspaces of R™
providing a direct sum decomposition of A12(t)R™. Let ® be a C function such that
() = x Vo € M(t) and ©n(t)y = 0 Vy € N(¢t). If (2.6), (2.7) hold for all s and t
in [to,t1], then X (t) = (I —m(t))X1(t) + 7(t)X2(t) is a solution of the RDE (1.1) on
[t07 tl} .

Proof. By Lemma 1.1, A1(t) = ¢1(t,s)A1(s)¢¥(s,t). Replacing Aq(t) with
m(t)A12(t), we get w(t)A12(t)R™ = ¢1(t, s)m(s)A12(s)R™, namely (2.6) holds. For-
mula (2.7) is proven similarly. Lemma 1.1 also gives Ay (t) = ¢(¢,s)A1(s)11(s,t). The
same argument as above then gives (2.8). Similarly, (2.9) is established. To prove the
converse, notice that (2.6), (2.7) imply

(2.10) [T —7(t)]b1(t, s)m(s)A12(s) =0,
(211) 71'(15)(]52(t7 S)[I — F(S)]Alg(s) =0.

Evaluating the derivatives of (2.10) and (2.11) with respect to ¢ on the diagonal ¢ = s,
we get (2.3) and (2.4). The latter imply that (1.6) holds, and consequently X is a
solution of (1.1). O

Remark 2.4. Notice that the first half of the theorem holds for any solution X
of (1.1) of the form X (¢) = (I — 7 (¢))X1(¢t) + 7(t)X2(¢), namely even when 7 is not
projection valued. In that case, however, the spaces M(t) and N(¢) do not need to
form a direct sum. Observing once more that X —X; = 1A and Xo—X = (I—-7)A1,,
we also see that the spaces M (t) and N (t) are uniquely determined by the solution X
and do not depend on the particular projection 7 used in the definition.

In the important case where Ao has full row rank, Theorem 2.3 reads as follows.

THEOREM 2.5. Assume that A1a(to) has full row rank. Let X (t) = (I—m(t)) X1 (t)+
w(t) X2 (t) be a solution of (1.1) on [to,t1]. Let M(t) and N(t) denote the range of
7(t) and the range of (I — 7(t)), respectively. Then, for s and t in [to,t1], relations
(2.6), (2.7), (2.8) and (2.9) hold true. Conversely, let 7(-) be a C1, projection-valued
function on [to,t1], and let M (t) and N(t) denote the range of w(t) and the range of
(I —m(t)), respectively. If the propagation relations (2.6) and (2.7) hold for all s and
t in [to,t1], then X(t) = (I — w(t))X1(t) + 7(t)X2(t) is a solution of the RDE (1.1)
on the same time interval.

Theorems 2.3 and 2.5 provide the desired geometric characterization of a subclass
of solutions of the ARDE (2.2) and, consequently, of the RDE (1.1). Notice that, in
the case m = n, Remark 2.4 gives that the first half of Theorem 2.5 applies to any
solution of (1.1) on [tg,t;]. Indeed, in this case, Aja(¢) is invertible at all times,
and ker A15(t) C ker Aq(t) is trivially satisfied. Hence, any solution X of (1.1) can
be expressed as X (t) = (I — 7(t))X1(t) + 7(t)X2(t). For the purpose of immediate
comparison, we state below Jan Willems’ classical result; cf. also [6, 19, 20, 21, 13]
(the latter should also be compared with Theorems 3.3 and 4.2 below).

THEOREM 2.6. In equation (1.1), let n = m, B = AT, P = PT, Q = Q.
Suppose moreover that P is negative semidefinite and that the pair (A, P) is reachable.
Let X_ and X4 denote two symmetric equilibrium solutions of (1.1) such that the
corresponding closed-loop matrices A_ := A+ X_P and Ay := A+ X, P have all
their eigenvalues in the closed right and left half-planes, respectively. Suppose that
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A= X, — X_ is positive definite. Then X is another symmetric equilibrium solution
of (1.1) if and only if it can be expressed as

X=I-mX_+7X;4

where w projects onto an A_-invariant subspace and I — w projects onto an Ay -
invariant subspace.

We now turn to the question of existence of projection-valued solutions of (2.2)
((1.7)) (equivalently, of solutions of the implicit system (2.5) if Aj2(tp) has full row
rank). The following remarkable result basically says that (2.2) is a projection-
preserving differential equation.

THEOREM 2.7. Let 7 be a solution of (2.2) on [to,t1]. Suppose that w(to) is a
projection. Then w(t) is a projection for all t in [to,t1].

Proof. Let us rewrite (2.2) as

T = AX17T—7TAX2 + wA15 P,

Then
2
o= 7w 4w = [Ax,m — 7Ax, + TA1 2 Pr|n + w[Ax,m — mAx, + 7A12P7]
= AX17r2 —TAx, T+ TA1s PT? + TAx, T — 71'2AX2 + 12 A5 P
Hence,
m—A(2——2‘—A—2‘—APZ— 2N 1o P — 1A P
p =Ax, (n*—7m)—(n*—7)Ax,— (7°—7) Ao P(n° —7)+7° Ao Pr° — Ao P,

Adding and subtracting the quantity m2A 5 P in the right-hand side and rearranging
terms, we finally get

W = (AX1+7r2A12P)(7'r2_7r)_(71.2_7T)<AX2 —A12P7T)—(772—7T)A12P(7r2—7r),

Let F} := Ax, +72A12P and Fy := Ax, — Ao Pr. Tt follows that, if 7(t) is a solution
of (2.2), then, on the same time interval, 72 — 7 is a solution of the homogeneous
Riccati equation

(2.12) X =FX—XF,— XA,PX,

and Fy and Fy are there bounded. Since 72(¢y) — m(tg) = 0, by uniqueness of the
solution of equation (2.12) starting at zero, it follows that 7%(t) — 7(¢) = 0 on all of
[to, t1]. d

The above proof actually establishes an amplification of Theorem 2.7. We record
it below because it is of interest on its own.

PROPOSITION 2.8. Let A1 and Ay be m X m continuous matriz functions on
[to,t1]. Let Y be an m x m matriz function solving the homogeneous Riccati equation

(2.13) Y =AY YAy +Y (A — A)Y

on [to,t1]. If there exists a time t € [to,t1] such that Y () = Y (f)?, then Y (t) = Y (t)?
on all of [to, t1].

Remark 2.9. Notice that Y1 = 0 and Y = I are two equilibrium solutions of (2.13).
Also notice that the corresponding closed-loop matrices are A; + 0(As — Ay) = Ay
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and A; + I(As — A;) = Ay. Now let Y be as in the proposition above—namely, a
projection-valued solution of (2.13)—and let M (¢t) and N(¢) be the range spaces of
Y (t) and I — Y (t), respectively. Then, by Theorem 2.5, the propagation properties
(2.6) and (2.7) hold true, where ¢; and ¢- are the transition matrices corresponding
to Ay and Aj, respectively. Finally, if A; and A, are constant and Y = Y2 is an
equilibrium solution of (2.13), Y projects onto a subspace invariant for A; along a
subspace invariant for As.

Remark 2.10. The geometric results of this section provide a procedure to produce
new solutions of (1.1). For instance, in the full-rank case, let 7y be any projection, and
let My and Ny be the ranges of mg and I —m, respectively. Define M (t) := ¢1(t,t0) Mo
and N (t) := ¢(t,to)No. Let ¢ be the largest time such that for tg <t < ¢, M(t) and
N(t) give a direct sum decomposition of R™ (by continuity, ¢ > 0). Let 7(¢) be the
projection such that M (t) and N(t) are the ranges of 7(¢) and I — 7(t), respectively.
Then 7 solves (2.2) and X = (I —7) X +7X5 solves (1.1) on [t,?). Using an explicit
expression for 7 in terms of bases for its range and the range of I — 7, it is easily seen
that 7w (t) becomes unbounded as ¢ tends to #. If Aj3(¢g) has full row rank, it follows
that the corresponding solution X (-) has a finite escape time (see, e.g., [16, 7, 8]) at
t=1t.

We conclude the section with an example that illustrates Remark 2.10 as well as
Proposition 2.8 and Remark 2.9.

Ezample 2.11. Consider equation (2.13) with m = 2 and

10 0 1
Al_(o 0>’ A2_<0 0)'

Choose as reference solutions Y7 = 0 and Yo = I, and let mg be given by

(10
7T0—00.

Clearly 7 is a projection, in fact an orthogonal projection. We have that My = (102)
and No = (). Next notice that the transition matrices ¢ (¢, s) and ¢a(t, s) are given

here by

t—s
_ At—s) _ [ € 0 _ As(t—s) _ [ 1 t—s
¢1(t78)_€ - ( 0 1 )a ¢2(t,8)—6 - ( 0 1 .

Hence, M(t) = ¢1(t,to)My is the span of the vector ((1)) and N(t) = ¢a(t,to)No

is the span of the vector (*7"). Notice that M(t) and N(t) provide a direct sum
decomposition of R? for all t > to. The projection 7 (¢) with range M (t) and kernel

N(t) is given by
1 tg—t
w(t) = ( 0 00 )

The corresponding solution of (2.13) is Y(t) = 04 7(¢)(I — 0) = 7 (t), namely 7(¢)
itself. This is no surprise. Since Y (tg) = 0+ mo(I — 0) = 7 is a projection, Theorem
2.7 implies that Y (¢) has to be a projection for all ¢. Notice that 7(t) is unbounded
as t tends to infinity. This is possible because 7(t) for ¢ > 0 is not an orthogonal
projection, although 7 is orthogonal.
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3. Geometric results: The case where X; and X5, are equilibrium solu-
tions. All through this section we assume that X; and X5 are equilibrium solutions
of (1.1). The coefficients A, B, P, and () may still be time varying.

PROPOSITION 3.1. Let X be an equilibrium solution of (1.1) and let A; = X — X,
i=1,2. Then for all t in [to, 1],

(3.1) Ax(DA; = —ABx. (1),
(3.2) Ax, Ay = —A;Bx(t).

It follows that if (£(t),A(t)) is an eigenvector-eigenvalue pair for Bx,(t) so that
Bx, (t)€(t) = M1)E(L), then either A&(t) = 0 or (A&(t), —A(t)) is an eigenvector-
eigenvalue pair for Ax(t). Similarly, it follows for Ax,(t) and Bx(t). If A; admits
a right inverse, we get the relations

Ax(t) = —AiBx, (A",
Ax,(t) = —A;Bx(t)ATE.

In particular, if m =n and Ao is invertible, we have
(3.3) Ax,(t) = —A1Bx, (H) AL

Proof. Relations (3.1) and (3.2) are a consequence of (1.5). O

Once more, we compare (3.3) with the corresponding classical result. In the
notation of Theorem 2.6, let X; = X_ and X3 = X;. Then (3.3) reads Ay =
—~AAT A1 which is precisely [23, Lemma 8]. Let us now assume that the coefficients
of (1.1) are constant. Theorems 1.4 and 2.3 yield the following result.

THEOREM 3.2. Let X = (I — m)X; + 7Xa be an equilibrium solution of the
RDE (1.1). Let M := wA12R" and N := (I — m)A12R™. Then M is an invariant
subspace for Ax, and N is an invariant subspace for Ax,. Moreover, M and N are
both invariant for Ax. Conversely, let M and N be two subspaces of R™ providing
a direct sum decomposition of Ao R™. Let m be an m X m matriz such that mx = x
for any x in M and wy = 0 for any y in N. If M is an invariant subspace for Ax,
and N is an invariant subspace for Ax,, then X = (I —m) X1 +7Xs is an equilibrium
solution of the RDE (1.1).

Once more, we state independently the result in the case when A5 has full row
rank.

THEOREM 3.3. Suppose A1z has full row rank and let X be an equilibrium solution
of (1.1). Assume that ker Ao C ker A1. Then there exists an m X m matriz = such
that X = (I —m) X1 +n7Xs. Moreover, the range M of 7 is invariant for Ax, and for
Ax, and the range N of I — w is invariant for Ax, and for Ax. Conversely, if m is
any oblique projection onto a subspace invariant for Ax, along a subspace invariant
for Ax,, then X = (I — )X + nXo satisfies (1.1).

In order to compare this result with Theorem 2.6, notice that if m = n and
A15 has full rank, the condition ker A5 C ker A; is always satisfied. The additional
assumptions of Theorem 2.6 permit us to conclude that if X = (I — m)X; + 7X5 is
an equilibrium solution of (1.1), 7 is always a projection.

4. The symmetric Riccati equation. We finally consider the symmetric case
where n =m, B= AT, P =PT, Q = Q7 but return to the nonequilibrium situation.
Equation (1.1) is now

(4.1) X =AX + XAT + XPX + Q.
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We also assume that the two reference solutions X; and X5 take values in the sym-
metric matrices. Hence, A2(t) is also symmetric at all times. It is then natural to
restrict our attention to symmetric solutions of (4.1).

LEMMA 4.1. ¢5(t, s)A12(s) = Ara(t) 1 (s, ).

Proof. By Lemma 1.1, ¢o(t, $)A12(s) = A12(t)¢1(t,s). The conclusion now fol-
lows observing that Bx, = A% implies that ¢ (t,s) = ¢1(s, )7 0

For the sake of simplicity, we only give the main result in the case where Az is
nonsingular.

THEOREM 4.2. Let X1 and X5 be any two symmetric solutions of (4.1) on [to, t1]
such that Aq2(to) is invertible. Let X (t) = (I —7(t))X1(t)+m(t) X2(t) be a symmetric
solution of (4.1) on [to,t1]. Let M(t) and N(t) denote the range of w(t) and the range
of (I —m(t)), respectively. Then for s and t in [to,t1] the following relations hold true:

(4.2) () A1a(t) = A () ()T,
(4.3) (I =7 (t)e1(t,s)m(s) = 0.

Conversely, let T be a C1, projection-valued function satisfying for all s and t in [to,t1]
(4.2), (4.3). Then X(t) = (I —m(t))X1(t) +7(t)X2(t) is also a symmetric solution of
the RDE (4.1) on [to,t1].

Proof. Let X (t) = (I—-m(t))X1(t)+7(t) Xa2(t) = X1(t)+7(t)A12(t) be a symmetric
solution of (4.1) on [tg, t1]. The symmetry of X (¢) implies that (4.2) must hold. Let
M(t) and N(t) denote the range of w(¢t) and of I — (), respectively. By Theorem
2.5, we have M(t) = ¢1(t, s)M(s) from which (4.3) follows. Conversely, suppose that
(4.2) and (4.3) are verified. From (4.3) we get ¢1(t,s)M(s) C M(t). Exchanging the
roles of s and ¢, we see that equality, i.e., equation (2.6), must hold. Now, multiplying
equation (4.3) (with s and ¢ exchanged) by Aj2(s)~! on the left and by Aj2(¢) on the
right we get

(4.4) Aqo(8) I — 7(s)) 1 (s, t)m(t) Ara(t) = 0.
Transposing (4.4) and using (4.2) twice, we get
m(t) Ara(t) ¢ (s, 1) Aya(s) " (I — m(s)) = 0.

The latter equation, together with Lemma 4.1, now gives equation (2.7). The conclu-
sion now follows from Theorem 2.5. ]

5. Closing comments. As is well known, the Riccati differential equation may
be viewed as the description in local coordinates of the restriction to a subset of
the Lagrangian Grassmannian manifold £ of a vector field on £; see [15, 19]. Our
results may then be readily interpreted in that setting. In fact, some may be also
directly derived in that setting; see [8], where the case of [ > 2 reference solutions
X1,Xs,..., X, is also considered (see also [17, Theorem 4]). Similar results may also
be derived in the discrete-time setting [9]. Alternative representation formulas for
solutions of (1.1) have been proposed in [22] and references therein.

The classification of the solutions of the ARE via invariant subspaces of the
Hamiltonian matrix has the disadvantage, when compared with the J. C. Willems
classification, that the invariant subspaces need to be J-neutral and complementary
to the subspace Span ((IJ); see [13, pp. 67-68]. In [19] it was observed that the dis-
advantages of Jan Willems method are that, contrary to the Hamiltonian matrix
method, it does not lead naturally to a concept of solution at infinity (phenomenon of
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the finite escape time; see, e.g., [16, 7]) and it does not have an obvious generalization
to the nonsymmetric Riccati equation. Whereas the first disadvantage persists, we
observe that this paper has completely removed the second.

Acknowledgment. This paper has considerably profited from the detailed com-

ments of an anonymous reviewer who went so far as to produce a more elegant proof
of Theorem 1.4. His or her help is gratefully acknowledged.

[16]
17)
18]
[19]
[20]
[21]
[22]

23]

REFERENCES

B. D. O. ANDERSON, The testing of optimality of linear systems, Internat. J. Control, 4 (1966),
pp. 29-40.

F. BADAWI, A. LINDQUIST, AND M. PAVON, On the Mayne-Fraser smoothing formula and
stochastic realization theory for monstationary linear stochastic systems, in Proc. 18th
IEEE CDC Conf., Fort Lauderdale, FL, Dec. 1979, pp. 505-510A.

T. BASAR, Generalized Riccati equations in dynamic games, in The Riccati Equation, S. Bit-
tanti, A. Laub, and J. C. Willems, eds., Springer-Verlag, New York, 1989, pp. 293-333.

K. W. CHANG, Singular perturbation of a general boundary value problem, SIAM J. Math.
Anal., 3 (1972), pp. 520-526.

D. J. CLEMENTS AND B. D. O. ANDERSON, Polynomial factorization via the Riccati equation,
SIAM J. Appl. Math., 31 (1976), pp. 179-205.

W. A. CoPPEL, Matriz quadratic equations, Bull. Austral. Math. Soc., 10 (1974), pp. 377-401.

] P. E. CROUCH AND M. PAVON, On the ezistence of solutions of the Riccati differential equation,

Systems Control Lett., 9 (1987), pp. 203-206.

D. D’ALESSANDRO, Invariant manifolds and projective combinations of solutions of the Riccati
differential equation, Linear Algebra Appl., to appear.

D. D’ALESSANDRO, A superposition theorem for solutions of the Riccati difference equation,
J. Math. Systems Estim. Control, to appear.

J. DoYLE, K. GLOVER, P. KHARGONEKAR, AND B. FRANCIS, State-space solutions to standard
Hy and Hoo control problems, IEEE Trans. Automat. Control, 34 (1989), pp. 831-847.

L. FINESSO AND G. Picci, A characterization of minimal square spectral factors, IEEE Trans.
Automat. Control, 27 (1982), pp. 122-127.

G. FREILING AND G. JANK, Nonsymmetric matriz Riccati equations, Z. Anal. Anwendungen,
14 (1995), pp. 259-284.

V. KUCERA, Algebraic Riccati equation: Hermitian and definite solutions, in The Riccati
Equation, S. Bittanti, A. Laub, and J. C. Willems, eds., Springer-Verlag, New York, 1989,
pp. 53-88.

A. LINDQUIST AND G. P1cci, On the stochastic realization problem, SIAM J. Control Optim.,
17 (1979), pp. 365-389.

C. F. MARTIN, Grassmannian manifolds, Riccati equations and feedback invariants of linear
systems, in Geometrical Methods for the Theory of Linear Systems, C. I. Byrnes and C. F.
Martin, eds., Reidel, Dordrecht, the Netherlands, 1980.

C. F. MARTIN, Finite escape time for Riccati differential equations, Systems Control Letters,
1 (1981), pp. 127-131.

J. MEDANIC, Geometric properties and invariant manifolds of the Riccati equation, IEEE
Trans. Automat. Control, 27 (1982), pp. 670-677.

M. PAVON, Optimal interpolation for linear stochastic systems, SIAM J. Control Optim.,
22 (1984), pp. 618-629.

M. A. SHAYMAN, Geometry of the algebraic Riccati equation, Parts I and 11, STAM J. Control
Optim., 21 (1983), pp. 375-394 and pp. 395-409.

M. A. SHAYMAN, On the phase portrait of the matriz Riccati equation arising from the periodic
control problem, SIAM J. Control Optim., 23 (1985), pp. 717-751.

M. A. SHAYMAN, A geometric view of the matrixz Riccati equation, in The Riccati Equation,
S. Bittanti, A. Laub, and J. C. Willems, eds., Springer-Verlag, New York, 1989.

M. SORINE AND P. WINTERNITZ, Superposition laws for solutions of differential matrix Riccati
equations arising in control theory, IEEE Trans. Automat. Control, 30 (1985), pp. 266—-272.

J. C. WILLEMS, Least squares stationary optimal control and the algebraic Riccati equation,
IEEE Trans. Automat. Control, 16 (1971), pp. 621-634.



