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Abstract

We show that the exact beta-function of 4D Ns2 SYM plays the role of the metric whose inverse satisfies the
WDVV-like equations FF b lmFF sFF b lmFF . The conjecture that the WDVV-like equations are equivalent to theik l mn j jkl mni

identity involving the u-modulus and the prepotential FF, seen as a superconformal anomaly, sheds light on the recently
considered c-theorem for the Ns2 SYM field theories. q 1998 Elsevier Science B.V. All rights reserved.

The Seiberg–Witten results about Ns2 SUSY
w xYang–Mills 1 have been recently rederived, in the

Ž . w xSU 2 case, in 2 . The approach, based on uniform-
ization theory, uses reflection symmetry of quantum

w xvacua, asymptotics analysis and the identity 3

usp i FFyaE FFr2 . 1Ž . Ž .a

w xThis identity, first checked up to two-instanton in 4 ,
has been proved to any order in the instanton expan-

w x Ž .sion in 5 . Furthermore, Eq. 1 has been obtained as
w xan anomalous superconformal Ward identity in 6 .

As a consequence of the Seiberg–Witten results,
it has been possible to derive the explicit expression

w xfor the beta-function 7–10 which has been recently
w xreconsidered in 11–13 .

The above results suggested looking for the ana-
w xlogue of the Zamolodchikov c-theorem 14 in the

framework of 4D Ns2 SYM. In particular, very

1 E-mail: bertoldi@padova.infn.it.
2 E-mail: matone@padova.infn.it.

w xrecently, it has been shown in 15 that the results in
w x12 can be understood from the c-theorem point of

Ž w x .view see 16 for related aspects . Furthermore, it
Ž .has been shown that for the SU n case there is a

Lyapunov function which is naturally determined
and related to the classical discriminant of the
Seiberg–Witten curve. It has been also observed that
the c-theorem point of view actually fits with the fact

w x Ž .that, according to 6 , Eq. 1 means that u is propor-
Ž .tional to the super conformal anomaly.

In this paper, we first shortly consider the role of
the beta-function in the framework of the WDVV-

w xlike equations which have been introduced in 9 for
Ž . Ž .the SU 3 case. While for SU 3 the beta-function

satisfies a basic equation, derived from the reduced
Picard–Fuchs equations, the identification of the in-
verse of the beta-function with the WDVV metric
results in the identity

FF b lmFF sFF b lmFF . 2Ž .i k l m n j jk l m ni

This naturally suggests considering this equation for
Ž .the groups SU n n)3. It turns out that in this case
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Ž .2 is no longer an identity and actually is a conse-
w xquence of the WDVV-like equations derived in 17

Ž w x .see 18 for related aspects .
Ž .The appearance of the beta-function in 2 , and

the way we derive it, suggests considering it as
related to the superconformal anomaly. This would
be in agreement with the general setting considered

w x w xin 15 and the results in 3,6,19 . A consequence of
this identification is the natural conjecture that the

Ž .WDVV-like Eqs. 2 be equivalent to the higher rank
Ž . w xversion of the identity 1 , namely 19

i ai
Dus FFy a , 3Ž .Ý iž /4p b 21 i

w xthat satisfies the equation 9

LL usu , 4Ž .b

where LL is a second-order modular invariant oper-b

ator.
Let us start by recalling the derivation of the

Ž .WDVV-like equations for the SU 3 case whose
Ž .curve and its extension to SU n has been derived in

w x i ² i: D ² D:20 . Let us denote by a s f and a s f si i

EFFrE ai, is1,2, the vev’s of the scalar component
of the chiral superfield and its dual. The effective
couplings are given by t sE 2FFrE aiE a j. We alsoi j

2 ² 2: 3 ² 3:set u 'us tr f , u 'Õs tr f and E 'k

ErE ak, E 'ErE ua. The reduced Picard–Fuchs equa-a

Ž . Ž . w xtions RPFE’s for SU 3 are 21

aD
iLL s0, bs2,3, 5Ž .b iž /a

where

LL s Pru E 2 qLL , LL s Pr3 E 2 qLL , 6Ž . Ž . Ž .2 u 3 Õ

Ž 2 6. 3and Ps27 Õ yL q4u , LLs12uÕE E q3ÕEu Õ Õ

q1.
Let us set

UUsu2 E y2u u E qu2E ,2 11 1 2 12 1 22

VVsÕ2E y2Õ Õ E qÕ2E ,2 11 1 2 12 1 22

CCs u Õ qÕ u E yu Õ E yu Õ E ,Ž .1 2 1 2 12 2 2 11 1 1 22

and D s u Õ y u Õ , where E ' E nr1 2 2 1 i . . . i1 n

E ai1 . . . E ain,u 'E u and Õ 'E Õ. We havei i i i

1
2 i12uÕCCq P UUqD 1yaE FF s0Ž .i l3

1
2 is 12uÕCCq P VVqD 1yaE FF , 7Ž .Ž .i lu

where ls1,2 and FF 'E FF. Subtractingi . . . i i . . . i1 n 1 n

Ž .the LHS from the RHS of Eqs. 7 , we obtain

A 'x FF qx FF y2 x FF s0, 8Ž .l 11 22 l 22 11 l 12 12 l

where ls1,2 and

x s3Õ Õ yuu u . 9Ž .i j i j i j

Next, considering

A y FF y2 y FF qy FFŽ .1 22 112 12 122 11 222

yA y2 y FF qy FF qy FF s0,Ž .2 12 112 11 122 22 111

where y are arbitrary parameters, we getjk

FF h lmFF sFF h lmFF , 10Ž .i k l m n j jk l m ni

for i, j,k,ns1,2, where

x y yx y2 x y y2 x y 11 22 22 1122 12 12 22lmh s .x y yx yž /2 x y y2 x y11 22 22 11 12 11 11 12

11Ž .
For any choice of the parameters y , there is onlyjk

Ž .one nontrivial equation in 10 which can be rewrit-
ten in the form

h11Q q2h12Q qh 22Q s0, 12Ž .11 12 22

where Q s FF FF qFF FF r2yFF FF ,Ž .i j 11 i 22 j 11 j 22 i 12 i 12 j

which satisfies the identity

2 FF Q sFF Q qFF Q , ls1,2. 13Ž .12 l 12 22 l 11 11 l 22

The fact that t is dimensionless implies thati j

LE qD g t s0, 14Ž . Ž .L u i j

where
n E

g
gD s g u , 15Ž .Ýu gE u

gs2

is the scaling invariant vector field.
Let us consider the beta-function

Et i j
a g<b sL . 16Ž .u ,u , . . .i j EL

Ž . Ž .By 14 we have for SU 3

E ak E ak

b sy 2u q3Õ FF . 17Ž .i j i jkž /E u E Õ

Let us denote by b i j the inverse of the matrix b .i j

Setting

h i j sb i j , 18Ž .
implies the equation

x b 22 qx b 11 q2 x b 12 s0. 19Ž .22 11 12



( )G. Bertoldi, M. MatonerPhysics Letters B 425 1998 104–106106

This equation, which arises as a consistency condi-
tion, is equivalent to A s0sA and1 2

FF b lmFF sFF b lmFF , 20Ž .i k l m n j jk l m ni

for i, j,k,ns1,2, is an identity.
Ž .We now consider the b-function for SU n with

nG4. We have

b syDkFF , 21Ž .i j k i j

where

n kE a
k k g

gD sD a s g u , ks1, . . . ,ny1.Ýu gE u
gs2

22Ž .

Let us set

F sFF . 23Ž .i i jk

For the inverse of the beta matrix function b wei j

have
y1i j kb sy D F , 24Ž .Ž . i jk

Ž . Ž .We now show that Eq. 20 holds also for SU n
Ž .n)3 and is no longer an identity . In particular,

Ž .Eq. 20 can be derived by the WDVV equations in
w x17 . These have the form

F Fy1F sF Fy1F . 25Ž .i k j j k i

These equations have the property of being invariant
if

y1y1 y1 kF ™b sy D F . 26Ž .Ž .k k

Ž .To see this, we simply observe that by 25 one has
Fy1F Fy1 s Fy1F Fy1, so that Fy1bFy1 si k j j k i i j

Fy1bFy1, implyingj i

F by1F sF by1F , 27Ž .i j j i

that is

FF b lmFF sFF b lmFF . 28Ž .i k l m n j jk l m ni
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