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UNIVARIATE RADIAL BASIS FUNCTIONS WITH
COMPACT SUPPORT CARDINAL FUNCTIONS

LEN BOS AND STEFANO DE MARCHI

We discuss the class of univariate Radial Basis Functions for which
the ith cardinal function u, for interpolation at z1 < z2 < -+ <
has support [z;—1,Zi+1]. We also give an explicit example where it can
be proven that the points in an interval [a, b] for which the associated
Lebesgue constant is minimal, are equally spaced.

1. Introduction

Radial Basis Function interpolation (RBF) is an important method of
(multivariate) interpolation of typically scattered data, which has been much
used in applications. The basic form of RBF is quite simple. Given a function
g : R — R, the associated RBF interpolant of a data set {(x;,y;)} C R¢*+!
with n “sites” z; € R? and function values y; € R, is the function of the form

s(z) = Zaig(bc — x;]) such that s(z;) =y, 1<i<n
j=1

(if it exists).

The theory of RBF has been by now rather well developed (cf. the mono-
graphs [6],[3]) but there remain some interesting, and important, questions.
One of these is the question of the upper bound for the associated Lebesgue
constant of the interpolation process. To describe what this is, it can be
shown that the RBF interpolant can be written in Lagrange form

s(z) = Zyjuj(x)

where the u;(x) are the so-called cardinal functions, defined by the property
that u;(z;) = d;;, the Kronecker delta. If the sites x; are restricted to lie in a



30 UNIVARIATE RADIAL BASIS FUNCTIONS

compact set K C R?, then the Lebesgue constant is defined to be

n
Ay = gleagzl |uj ()]
]:

The value of A,, gives important information on the stability of the interpolation
process (see [4] for a discussion of this property for kernels g with limited
smoothness). A particularly interesting question is to determine an optimal
bound for A, when the sites are “equally spaced” in K, as it is understood
that such sites are near optimal (cf. [5]) for RBF interpolation. This remains
a largely open and likely difficult problem.

Given this typical difficulty of analyzing multivariate interpolation schemes
and procedures, it is often useful to look more carefully at the univariate case
for some suggestion as to how the general case might behave. This is the goal
of this paper.

2. The case of g(z) ==z

For the rest of the paper we will be considering only the univariate case, i.e.,
with sites 1 < zg < - -+ < x,, belonging to some interval [a, b]. It is instructive
to first consider the case g(x) = x, for which the interpolant is of the form

(1) s(x):Zaj|m—xj|, a; € R.
j=1

It is easy to see that this interpolation problem is correct, i.e., for every set of
function values y;, 1 < i < n, there is a unique s of the form (1) such that

s(x;) =vyi, 1<i<n.

This can be done in one of two ways. The first, perhaps the most direct,
follows from the fact that the determinant of the associated linear system,
also known as the associated Vandermonde determinant, may be computed
(cf. [1]) to be

n—1 n—1
2 det([los —llicijen) = ()" 22 [ TT R | [ Dohs ] s
j=1 j=1

where h; := x;41 — x;. Clearly this is non-zero and hence the interpolation
problem is indeed correct.

A second, more instructive way, is to give formulas for the cardinal functions
u;. In fact, since |x —x;| is piecewise linear, our interpolant is just the ordinary
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“connect the dots” piecewise linear interpolant of the data. The cardinal
functions must then be

0 if x S Tj—1
T—Tj—1 .
—==  ifx;_ r <z,
(3) U(IE) _ rj—x;—1 Jj—1 < — 7]
J Tjy1—T f ) < )
e, Hrp <z <aig
0 if x>z

for 2 < j <n-—1,1ie., x; an interior point. For the two boundary points z;
and x,, the formulas are slightly different:

0 wi(a) = Tewr LTSS
0 if © > xq,
0 fax<x,_1
5 n - r—x . o
(5) un(@) {m” —— e <z <.

These are none other than the classical piecewise linear “hat” functions. What
remains to show is that these “hat” functions can be written in the form (1).
But this is easy. Indeed, one may check that

_ 1 Tj+1 — Tj-1
u(@) = [ =2l 2(xj41 — xj) (2 — xj-1)

2(x; —wj-1)
1
6 + |-z
( ) 2<$j+1 — 33])| J+1|

|z — @]

for 2 < j < n—1,ie., x; an interior point. Note that the formula (6) is
defined for all x € R, but is identically zero outside the interval [x;_1, T 41]-

The boundary points x; and x,, are again slightly different. For uq, if we
were to add a site zgp < z1, then the same formula as (6) with j = 1 would
hold for u;. However, this would involve a multiple of |z — xg| which is not
in the basis of allowed translates given by (1). But, restricted to the interval
[€1, 2], |x — x| = (x — x0), which way be expressed as

In — Lo T1 — Zo

| —zo| =2 —20 = ——(x — 1) + n—1T)
Ty — T Tp — T1
Tp — 1— 2o

== |z — 21| + |z — znl,
Tp —T1 n — T1

again restricted to [z1, z,].
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It follows that

1
7 = — |z —
M @)= gl -l
T2 — To
— xr— x|+ xr—x
2(x2—x1)(x1—m0)‘ 1l 2(zo x)l 2|
1 Ty — T T —T
= O|.’E—£C1|+71 O|x_xn|
2(x1 — o) | @n — 11 T, — T1
T2 — I
— xr—x1|+ r—x
Q(xg—xl)(xl—z)‘ i 2(z5 )' 2|
e+ & — |
= r—x r—2x
2(ze — 1) (20 — 21) ! 2(zg — x1) 2
TR . ——
T — Ty,
2(£Cn— 1)
Similarly,
(®) (1) = 5o — 1| + |
Up () = ———|z— 1= T — Ty
2z — 1) U9 (@ — 2p) !
Tp—1 — 1

Remark. Note that each u; is a combination of just three translates,
|z —x;_1], | — z;| and |z — x;41|. This also holds for u; and w,, if we make
the cyclic identification ¢y = x,, and z,4+1 = x1. This is reflected in the fact
that the inverse of the Vandermonde matrix [|z; —z;|] is cyclically tridiagonal,
i.e., is tridiagonal, except that the (1,n) and (n, 1) entries are also non-zero.
a

3. The case of ¢"(z) = \2g(z)
We will show that, remarkably, for g(x) a solution of the differential equation
g"(x) = Ng(z), reC

the cardinal functions have the same structure (6), as for the simple linear
function g(x) = x. Specifically, we show that the cardinal functions for interpo-
lants of the form

©) s(@) =3 a0l — )
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are a linear combination of three consecutive translates of g(|z|) and are
supported in [z;_1, z;4+1]. Moreover, we will then show that this is the unique
class of such functions.

To begin, note that the A = 0 case corresponds (essentially) to g(z) = =
and hence we assume that A # 0. We may then write

(10) g(x) = ae™® + be A

for some a,b € C. We first observe that the interpolation problem for functions
of the form (9) is correct provided b # a and ae’*» # +be’*1. This follows
easily from the following formula for the associated Vandermonde determinant.

Theorem 1. For g(x) of the form (10) we have

det ([g(|zi — zj])]1<ij<n) =

(b o a)n72672)\ PIYERE S H (62)\zj+1 o 62)\wj) (b262)\w1 _ a262)\zn) )

j=1

Proof. This follows from the same types of calculations as in Proposition
2.1 of [1] where the formula for the b = —a case is given. O

Proposition 3.1. For functions g(x) of the form (10) with a,b so that
the interpolation problem is correct, we have for 2 < j <mn—1,

uj(z) = Arg(|lr — xj1]) + Aag(lx — 5]) + Azg(|x — z541])

where
A e)\ljfleAIj
1= (ePzi — ePzi-1)(b— a)’
s (62)\xj+1 _ 62)\2:,-,1)62)\35]'
2 (€2 @51 — 2Ae5) (2275 — 2ATi-1)(h — q)’
AT AT
eMieMti+l
A =—

(62)\m_7~+1 _ eQ)\iEj)(b _ a) :

Proof. 1t is easily verified that the stated formula for u; has all the
properties of a cardinal function. Note that, again, u; is identically zero
outside the interval [z;_1,2;]. O

The cardinal functions for the boundary points z; and z, have exactly
the same structure as those for g(z) = z, i.e, (7) and (8).
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Proposition 3.2. For functions g(x) of the form (10) with a,b so that
the interpolation problem is correct, we have
u(z) = Big(|z — x1]) + Bag(|z — 22]) + Bsg(|o — n)
un(z) = Crg(lx — z1]) + Cog(|z — 2n_1]) + Csg(|z — n)

where
B _ e2>\ml (b2€2)\12 _ a2€2)\zn)
U7 (b — a)(b2ePar — g2ePhan)(e2he2 — 2ha1)’
e/\i?g e)\zl
By =— (b — a)(e2 2 — e2a1)’
erM1eATn gl
By =~ (b — a)(b2e2 @1 — q2e2han)
and
eM1eATngh
Cr=— (b — a)(b2ePor — q2e2han )’
eAn—1ATn
Ca=-— (b — a)(ePon — e wn1)’
o eZArn (b2€2>\ml _ a262)\zn_1)
3 =

(b _ a)(b2e2)\a:1 _ a262)\a:n)(€2)\a:n _ 62)\wn,1) .

Proof. Again, once given these formulas are easy to verify. Notice that if
either a or b are zero, then Cy = B3 = 0 and uq and us are linear combinations
of just two translates. In this case the inverse of the Vandermonde matrix is
exactly tridiagonal. O
In Figure 1 we show an example with the plot of the cardinals made by using
the previous formulas.

4. The uniqueness of this class of functions

Theorem 2. Suppose that g : R™ — R is analytic. Suppose further that
for any v1 < x9 < -+ < my, the cardinal functions for interpolation of the
form (9) can be given as a linear combination of three consecutive translates,
i.e., there exist constants o, B; and v; such that

uj (@) = azg(le — zj-1)) + Big(le — ;1) + vi9(lx — zj41)),

2 < j <n—1. Suppose further that u; has support in the interval [xj_1, ;1]
Then there exists a A € C such that

g"(z) = Ng(z).
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0.8 b

0.2 b

Figure 1: Cardinal functions for the nodes [1, 2, 3.5, 6, 7.5]

Proof. Since the x; are arbitrary, for every three points t; < to < t3 we
must be able to find constants «, (3, v, not all zero, such that

s(x) := ag(lz — t1]) + By(lz — ta2]) + yg(lz — ts])
has support inside [t1,t3]. In other words,

(11) ag(z —t1) + fg(z —tz) +yg(z —13) =0, x>13
(12) ag(ti —x) + Bg(ta —z) +vg(ts —2) =0, = <t.

Consider first (11). Since g is assumed to be analytic then this must be
an identity for all x € R. We consider several cases. First, it can certainly not

be the case that two of the coefficients «, 3, v are zero, for then g would be
identically zero. Secondly, if one of them is zero, for example, say v = 0, then

ag(x —t1) + Bg(x — ta) = 0.
Setting s := x — t; and y := t5 — t; > 0, we would have
ag(s) + By(s —y) = 0.

In other words g would be such that for all y > 0 there existed a and 3 both
non-zero, such that

ag(s) + Bg(s —y) =0.
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In fact, since g # 0 there must exist sg € R such that g(sg) # 0 so that

ag(so) + Bg(so —y) =0

and so the vector (o, 8) = k(g(so —y), —g(so)) for some multiple k. It follows
that

(13) g(so —y)g(s) — g(s0)g(s —y) = 0.
Hence,

_ 9(s0) 5 —
(14) g(s) = pP— y)g( Y).

Moreover, differentiating (13) with respect to y we obtain

—4'(s0 —y)g(s) — g(s0)g'(s —y) =0

so that

9'(so—y) g(s0)
oo (o g7 Y Y
9'(s0 —y)
9(s0 —y) sle =)

This implies that ¢'(s — y)/g(s — y) is independent of s and hence g(s) =
KeP* for some constants K and k. Such a g is already in our class (with A = k
and b = 0), but it is easily seen that in this case (with one coefficient zero) the
second equation (12) can not also be satisfied. In other words, three translates
are needed to construct the cardinal functions.

Lastly, consider the case when all three of «, 5 and y are non-zero. In (11)
and (12) we may set s :=x — 1, y1 ;=22 — 21 > 0 and yo := 23 — 21 > y; to
obtain

ag(s) + Bg(s —y1) +v9(s —y2) =0,
ag(—s)+ Bg(—=s+y1) +v9(=s +y2) =0.

If we then solve for g(s) and g(—s) we arrive at the equivalent conditions that
for every yo > y; > 0 there must exist constants ¢; and ¢y, both non-zero,
such that

(15) g(s) = c19(s —y1) + c29(s — y2),
(16) 9(—s) = c19(—s +y1) + cag(—s + y2).
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The coefficients ¢; and ¢ can again be obtained from (two) certain specific
values of s and hence are smooth functions of y; and ys. Differentiating (15)
with respect to y; and y2 we obtain

oc
(17) =—g(s—u) 7619’(87111)%9 29(s — 1),
1 Y1

o 862 ’
0= ay29(5 —y1) + 90a 9(s —y2) — cag'(s — y2).

It follows that ¢'(s —y1) and ¢'(s — y2) are both in the two-dimensional space,

span(g(s — y1), 9(s — 42))-
Now, differentiate (17) with respect to s to obtain

oc
=_—¢(s—y)—cagd'(s—y)+ 8—29’(8 —y2).
1 Y1

It follows that the three functions g(s —y1), ¢’(s — y1) and ¢”(s — y1) are all
members of the same two dimensional space, span(g(s — y1),9(s — y2)), and
hence are linearly dependent. Equivalently, g(s) is the solution of some second
order, constant coefficient, differential equation. By considering (16) it can
be seen (after somewhat tedious calculations) that, in fact, the coefficient of
g'(s) must be zero, and indeed g”(s) = A%g(s) for some \ € C, as claimed. O

Remark. In the conclusion of Theorem 2 it may be that A = 0 or not.
If A =0 then ¢”(x) =0, i.e., g(x) = ax + b for some constants a,b. This is
essentially the case considered in §2. If A # 0 then g has the form g(z) =
ae*® 4+ be~*® for some constants a, b.

5. The cardinal functions in piecewise form
There remains another surprise.

Theorem 3. Suppose that x1 < --- < x, and that g(x) = ae’® + be™*
is such that the interpolation problem is correct. Then, independently of the
values of a and b,

e2AT _ 22w

ey W E e frio, )

_ _ Azj—2) 22z _ 2Xwjqq . . _
Uj(.%')—e 7 Mw foEG[ij,l’jJ,.l] 2§J§n 17
0 otherwise

e2>\m_62A12 .
_ Xz z if x € [z1, 72
ul(x) :e/\(a;1 x) ) e2Am1 _e2Am2 [ ’ ]
0 otherwise
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2z 2z
e —e n—1 .
(z) = Man—2) ) o2en — g2 Fn 1 if © € [T_1,70]
up(x) =€ ‘ .
0 otherwise

Proof. This is just a straightforward calculation. We leave the details to
the reader. O

From this it follows easily that for A € R, the u;(x) are non-negative on
[x1,x,] and, in particular that the Lebesgue function

> fus(a) = Y uj)

Using the formulas of Theorem 3 we then easily arrive at

Proposition 5.1. Suppose that x1 < x3 < ---x,, and that g(x) = ae’* +
be=?* for X\ € R, is such that the interpolation problem is correct. Then,
independently of the values of a and b,

n e/\l’ _'_eA((L‘j-‘r(L‘j+1—]:)
Z |uj(w)\ = e 4 eATj+1 T E [xj’ijrl]'
j=1

In particular,
n

(2)] = 1.
xlrgnxaé(xn Zl |uj (:L.)l
j=

Proof. That the maximum is one follows from the fact that the formula
for the Lebesgue function restricted to [z, z;41] equals 1 at ; and 1, and
has a strictly positive second derivative. O

6. The case of A\ complex

A particularly instructive case is when A = ¢ with a = —i/2 and b = /2 so
that g(z) = sin(z). If we make the restriction that x, — z1 < =, then the
determinant of Theorem 1 will be non-zero and the interpolation problem is
correct.
The formulas for the cardinal functions given in Theorem 3 still hold and
indeed simplify to
sin(z—x;_1)

wj(w) = ¢ St i g fug,a540] 5 2S5 <n—1,

sin(z;+1-x;)

0 otherwise

if x € [ij_l,xj]
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sin(@=z2) p 0 (g o
U1($) — ) sin(z1—x2) [ 1y 2]
0 otherwise

sin(x—x,—1) .
w(z) = 4 Faamaay AT € o a]
0 otherwise
It follows easily that w;(x) > 0 on [z1,x,] under our assumption that
r,—x1 < m. Hence, the formula for the Lebesgue function given by Proposition
5.1 is also still valid. Indeed, it may easily be simplified to

cos(z — L;”Hl)

n
> luj(a) = cos(ZEE) w € [z, 250]
j=1

The maximum is clearly attained at the midpoint z = (z; +z,41)/2 at which

L 1
u;\r)| = ———————.
;\ ()] cos( 1)

Hence
n
(18) A= max ; Juj ()
B 1

1

cos(maxi<;<n—1

ISR
Consequently we have

Theorem 4. Suppose that g(x) = sin(x). Then, among all distributions
of points a = x1 < 29 < -+ < xp, = b in the interval [a,b] with b —a < T,
the one for which A, is uniquely minimized is the equally spaced one, i.e, for
=0+ (G- 1D)b-a)/(n—1),1<j<n.

Proof. For any other distribution one of the spacings x;4; — x; must be
greater than the average spacing (b — a)/(n — 1). Hence, by (77),

1 1

A, = , — >
" cos(maxy<j<n—1 L) cos(ﬁ)

the value of the Lebesgue constant for the equally spaced distribution. O
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0 05 1 15 2 0 05 1 15 2

Figure 2: Lebesgue functions for A = i and equally spaced points (left) and
non-equally spaced points [0 0.2 0.5 1.2 1.5 2] (right)
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