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Abstract. A global regularity result is proved for a class of minimizers of functionals of the
form I(u) =

∫
Ω f(|∇u(x)|) + g(x, u(x)) dx, u ∈ φ + W 1,1

0 (Ω), where φ satisfies the Bounded Slope
Condition.
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1. Introduction. In this paper we address the problem of the regularity of
minimizers of scalar integral functionals of the form∫

Ω

L(x, u(x),∇u(x)) dx, u ∈ φ+W 1,1
0 (Ω,R),

where Ω is an open bounded subset of Rn and φ is a given boundary datum. Stemming
from the fundamental De Giorgi–Moser–Nash theorem a huge literature furnishes
many results on the interior regularity. We cannot exhaustively review them here
and we refer to [23] for a wide and quite up-to-date reference on the subject. The
only fact that we want to underline is that in all these results, the function L(x, u, ·)
is assumed to have controlled growth, both from below and from above, and to be
uniformly convex too.

The situation is quite different when we deal with the global regularity of the
minimizers. On one hand we cannot expect to obtain global regularity: in [9] an
example can be found of a harmonic function on the unit ball B, coinciding with a
Lipschitz function on ∂B, that is not Lipschitz on B. This shows that even in the case
of the Dirichlet functional, depending just on ∇u, having good growth at infinity, and
satisfying the uniform convexity assumption, we cannot expect to improve the locally
Lipschitz continuity of the minimizer. On the other hand, in some special cases, a
different approach that one can say is inspired by works by Hilbert and Haar [17, 14]
gives a different perspective of the problem. First we want to recall a very well known
result originally due to Stampacchia (we refer to [13] for a presentation of the proof).
Consider the functional ∫

Ω

L(∇u(x)) dx,(1.1)
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992 A. FIASCHI AND G. TREU

where L is a strictly convex function. If φ satisfies the so-called Bounded Slope Condi-
tion (BSC) of rankK (see section 4 below), then there exists a Lipschitz function with
the same rank of φ that is a minimizer in the class of Lipschitz functions coinciding
with φ on ∂Ω. Under the same assumptions, Cellina has recently proved in [6] that if
(1.1) admits a minimum in φ+W 1,1

0 (Ω), then this is Lipschitz of rank K.
We want to sketch in a few words the proof of this result. We recall that the

boundary datum φ satisfies the BSC if for every point γ on the boundary of Ω there
exist two affine functions coinciding in γ and such that φ(γ′) is between them for
every γ′ ∈ ∂Ω. One of the main tools for the proof is the Comparison Principle
between minimizers satisfying different boundary conditions, i.e., assume that v and
w are minimizers of (1.1), respectively, in φ + W 1,1

0 (Ω) and in ψ + W 1,1
0 (Ω), with

φ(x) ≤ ψ(x) for every x in ∂Ω, then v ≤ w a.e. in Ω. Since any affine function is
a minimizer of (1.1) among the functions with the same affine boundary condition,
whenever φ satisfies the BSC of rank K, the Comparison Principle allows us to box up
the minimizer on φ+W 1,1

0 (Ω) between two Lipschitz functions, having again rank K
and coinciding on ∂Ω. A Haar–Radò type theorem for Sobolev functions (see [22] for a
precise statement) says that the slope of the minimizer is maximum at the boundary,
closing the argument.

We underline the fact that in this approach no role is played by either growth
properties or uniform convexity of L.

At this point the question of whether we can apply the same method to more
general functionals naturally arises. An example (see [11]) of a functional with p− q
growth and (x,∇u)-dependence, whose minimizer has an isolated singularity, leads us
not to expect, in the general case, regularity results as strong as those cited above.
Moreover, there are other obstructions to the use of the Hilbert–Haar approach. First,
the Comparison Principle may fail if we drop the strict convexity assumption on L;
see [7] for an example. It has been proved in [7, 4, 8] that it holds, even in this case, for
restricted classes of minimizers. This led to proofs of various results on this subject.
(See [2, 5, 20, 21, 19] for results concerning the functional (1.1) and [8] for a special
case with u-dependence too.) A second remark is that in the case of a function L
explicitly depending also on x or u, the affine functions are no longer minimizers of the
functional, so that the BSC does not immediately give a “barrier” for the minimizers.
A theorem by Miranda [24] ensures that the class of functions satisfying the BSC is
quite large: if Ω is uniformly convex and ∂Ω is C1,1, then any C1,1 function satisfies
it.

In this paper we consider the functional

I(u) =
∫
Ω

h(∇u(x)) + g(x, u(x)) dx, u ∈ φ+W 1,1
0 (Ω),(1.2)

where h is a convex function and g is Lipschitz of constant α w.r.t. the second variable.
On one hand, in this case, one can expect better regularity results than those of
the general case. For example, in the vectorial case, this structure implies better
estimates on the Hausdorff dimension of the singular set (see [18] and [12]). On the
other hand, for scalar functionals of type (1.2), a Hilbert–Haar approach has already
been succesfully used. Stampacchia [25] proved the existence of a minimum in the
class of Lipschitz functions under the assumptions that the BSC holds. More recently
Bousquet and Clarke under a one-side version of the BSC, but always assuming the
uniform convexity of h, proved in [1] the local Lipschitz continuity and some continuity
properties up to the boundary for bounded minimizers. In [2, 3] these results are
generalized to the case of more general boundary conditions.
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THE BOUNDED SLOPE CONDITION 993

In the present paper, we are interested in weakening the uniform convexity as-
sumption. In particular, the hypotheses we make on h allow us to consider functionals
obtained via relaxation of nonconvex ones. The first result we prove is a Comparison
Principle between any minimizer of the functional I and the functions

ω±α(x) :=
n

±αh
∗
(
± α

x − x0
n

)
+ c(1.3)

introduced by Cellina in [8]. Then we show that under additional assumptions on
h, the validity of the BSC implies that the functions (1.3) provide good barriers for
the minimizers of I. Suitable hypotheses on g ((G2) in section 4 below) are needed
to apply the Haar–Radò theorem [22], which allows us to conclude that there exist
minimizers inheriting the global Lipschitz regularity of the barriers.

We want to explain the difficulties of the proof. To show that the functions (1.3)
are suitable to construct barriers we have to proceed in the following way. For any
fixed point γ on the boundary of Ω we consider the affine function involved in the
BSC from below at the point γ. Assume that it is a · x+ b. We have to find x0 ∈ R

n

and c ∈ R such that the set Ωx0,c = {x ∈ R
n : ωα(x)− a · x− b < 0} contains Ω and

∂Ωx0,c ∩ ∂Ω contains γ. This is essentially a geometric requirement on the two sets
Ωx0,c and Ω: the normal cone to Ωx0,c at γ has to be contained in the normal cone to
Ω at the same point and also suitable conditions on the principal curvatures of both
sets are needed. For these reasons of an essential technical nature, we restrict our
attention to the case of a uniformly convex set Ω and of a radially symmetric function
h(ξ) = f(|ξ|). To compute the curvatures of Ωx0,c and to guarantee that the estimates
on them hold in a suitable neighborhood of γ, further assumptions on f , (F4), or (F5)
of section 4 are needed. These hypotheses do not imply the uniform convexity of h,
which is instead needed in previous regularity results obtained by barrier techniques
for functionals of the type (1.2).

In the last section of the paper we state some results that hold in some special
cases that, in our opinion, are interesting on their own. Moreover, we present some
examples and remarks with the aim of clarifying the role of the assumptions on the
function f . In particular, we underline that constant boundary data trivially satisfy
the BSC and that in this case we construct in a easier way the barriers. We can drop
assumptions (F4) and (F5) and we obtain the global Lipschitzianity of minimizers
(see Theorem 5.1 in section 4) whenever Ω is uniformly convex.

We also observe that a uniform convexity assumption implies condition (F4) and
that in this case a simpler construction of the barriers can be provided (see Theo-
rem 5.3). Moreover, in the smooth case (f of class C2), we can drop hypotheses (F4)
and (F5) and the only extra assumption we need to construct the barriers is a growth
condition at infinity (see assumption (F6) in Theorem 5.4).

To conclude, we also provide examples of functions satisfying assumptions (F1)–
(F3) and (F4) or (F5), obtained via convexification of nonconvex functions.

2. Preliminary results and a Comparison Principle. We consider an open
bounded domain Ω ⊂ R

n and an integral functional on W 1,1(Ω) of the form

I(u) :=
∫
Ω

L(x, u(x),∇u(x)) dx

for a function L: Ω × R × R
n → R with L(·, u, ξ) measurable for every (u, ξ) and

L(x, ·, ·) continuous for a.e. x ∈ Ω.
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994 A. FIASCHI AND G. TREU

Definition 2.1. We say that a function u ∈ W 1,1(Ω) is a minimizer of the
functional I if I(u) ≤ I(v) for every v ∈ u+W 1,1

0 (Ω).
We recall that given a function h:Rn → R, its polar function h∗:Rn → [−∞,+∞]

is defined by h∗(ξ) := supx∈Rn{x · ξ − h(x)} for every ξ ∈ R
n (see [10]).

We are interested in the particular case where the Lagrangian is in the form
L(x, u, ξ) := h(ξ) + g(x, u) for a lower bounded function h:Rn → R and a function
g: Ω× R → R satisfying the following hypotheses:

(C1) h is convex,

(C2) h is superlinear, that is, lim|x|→∞
h(x)
|x| = +∞,

(C3) g is Lipschitz continuous in the second variable, with Lipschitz constant equal
to α, i.e., |g(x, u1)− g(x, u2)| ≤ α|u1 − u2| for every x ∈ Ω and u1, u2 ∈ R.

Remark 2.2. We observe that the hypotheses on h guarantee that the effective
domain of its polar function h∗ is R

n. Indeed, let us assume by contradiction that
domh∗ 	= R

n. This implies the existence of ξ ∈ R
n with

sup
x∈Rn

{x · ξ − h(x)} = h∗(x) = +∞.

Therefore, we can find a sequence (xk)k ⊂ R
n such that h(xk) + k < xk · ξ ≤ |xk||ξ|.

Hence, limk |xk| = +∞ and limk
h(xk)
|xk| ≤ |ξ|, which contradict the superlinearity

hypothesis (C2).
We define the functional I on W 1,1(Ω) by

I(u) :=

∫
Ω

[
h(∇u(x)) + g(x, u(x))

]
dx.

A standard application of the Direct Method of the Calculus of Variations ensures
the existence of a minimizer of I in φ +W 1,1

0 (Ω) for any φ ∈ W 1,1(Ω). It has been
shown in [20] that if h is superlinear, then the pointwise minimum and the pointwise
maximum of the minimizers of I are in φ +W 1,1

0 (Ω) and are still minimizers of the
same functional. We recall here a special case of a Haar–Radò type theorem, which
has been proved in its general form in [22, Theorem 5.2].

Theorem 2.3. Let h be convex and superlinear and g be measurable and convex in
the second variable. Assume moreover that there exists a positive constant K such that

∀x, y ∈ R
n, ∀u, v ∈ R v ≥ u+K|y − x| ⇒ g+v (y, v) ≥ g+v (x, u),

where g+v denotes the right derivative of g with respect to the second variable. If there
exist two Lipschitz continuous functions l−, l+ ∈ φ+W 1,1

0 (Ω) of rank L on Ω̄ such that

l−(x) ≤ u(x) ≤ l+(x) a.e. in Ω,

where u ∈ φ+W 1,1
0 (Ω) is the maximum or the minimum of the minimizers of I, then

|u(x)− u(y)| ≤ L|x− y| for every Lebesgue point x and y.
We now define the integral functionals I±α on W 1,1(Ω) by setting

I±α(u) :=

∫
Ω

[
h(∇u(x)) ± αu(x)

]
dx,

where α is the positive constant appearing in (C3). A result by Cellina (see [8]) states
that under our hypotheses on Ω and h, for every x0 ∈ R

n and c ∈ R the functions
ω±α(x) : R → R defined by

ω±α(x) :=
n

±αh
∗
(
± α

x − x0
n

)
+ c(2.1)
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THE BOUNDED SLOPE CONDITION 995

are unique minimizers of I±α in the sense that I±α(ω±α) < I±α(v) for every v ∈ ω±α+
W 1,1

0 (Ω). We remark that the hypotheses on h guarantee that ω±α ∈W 1,∞
loc (Rn).

Given u, v ∈ W 1,1(Ω), we write u ≤ v on ∂Ω if (u−v)+ ∈ W 1,1
0 (Ω). Now we state

a comparison result between minimizers of I and minimizers of Iα, I−α.
Theorem 2.4. Let u be a minimizer of I and ωα, ω−α be as in (2.1) for some

x0 and c. Under hypotheses (C1)–(C3), if u ≥ ωα on ∂Ω, then u ≥ ωα a.e. in Ω, and
if u ≤ ω−α on ∂Ω, then u ≤ ω−α a.e. in Ω.

Proof. Let us define E := {x ∈ Ω : u(x) < ωα(x)}, v := min{u, ωα}, and
w := max{u, ωα}. We argue by contradiction and assume that E has positive measure.
By assumption u ≥ ωα on ∂Ω, therefore v ∈ ωα +W 1,1

0 (Ω) and w ∈ u +W 1,1
0 (Ω).

Since ωα is the unique minimizer of Iα, we have

Iα(ωα) =

∫
Ω\E

[
h(∇ωα) + αωα

]
dx+

∫
E

[
h(∇ωα) + αωα

]
dx

< Iα(v) =

∫
Ω\E

[
h(∇ωα) + αωα

]
dx+

∫
E

[
h(∇u) + αu

]
dx;

therefore, we have ∫
E

[
h(∇ωα) + αωα

]
dx <

∫
E

[
h(∇u) + αu

]
dx.(2.2)

Analogously, since u is a minimizer of I, we get

I(u) =

∫
Ω\E

[
h(∇u) + g(x, u)

]
dx+

∫
E

[
h(∇u) + g(x, u)

]
dx

≤ I(w) =

∫
Ω\E

[
h(∇u) + g(x, u)

]
dx+

∫
E

[
h(∇ωα) + g(x, ωα)

]
dx;

hence it follows that∫
E

[
h(∇u) + g(x, u)

]
dx ≤

∫
E

[
h(∇ωα) + g(x, ωα)

]
dx.(2.3)

Putting together (2.2) and (2.3), we obtain∫
E

[
h(∇ωα) + αωα − h(∇u)− αu

+ h(∇u) + g(x, u)− h(∇ωα)− g(x, ωα)
]
dx < 0;

i.e., ∫
E

[
g(x, ωα)− g(x, u)− α(ωα − u)

]
dx > 0,

and this is a contradiction with hypothesis (C3), which implies

− α(ωα − u) ≤ g(x, ωα)− g(x, u) ≤ α(ωα − u)

for every x ∈ E. In the same way we can prove that u ≤ ω−α on ∂Ω implies u ≤ ω−α

a.e. in Ω.
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996 A. FIASCHI AND G. TREU

3. Basic properties of a class of convex functions. We will focus now on
the particular case depending on the norm of the gradient, i.e., h(ξ) = f(|ξ|), where
f : R → R. Therefore, from now on we will posit the following hypotheses on the
function f : R → R:

(F1) f is a convex, even function, increasing in R
+, such that f(0) = 0;

(F2) the effective domain of f , dom f, is equal to R;

(F3) f is superlinear, i.e., lim|t|→+∞
f(t)
|t| = +∞.

We recall that assumption (F1) implies that h∗(ξ) = f∗(|ξ|), and we state some basic
and well-known facts on the function f that follow from the above assumptions. We
will use them in the next section.

Lemma 3.1. If (F1) and (F2) hold, then f∗ is superlinear, i.e., lim|ξ|→+∞
f∗(ξ)
|ξ| =

+∞.
Proof. Assumption (F1) implies that f∗ is convex and even and f∗(0) = 0.

Assumption (F2) means that for any t > 0 there exists ξ ≥ 0 such that t ∈ ∂f∗(ξ).
Then, either f∗(ξ) = +∞ for any ξ sufficiently large (and then f∗ is superlinear) or
limξ→+∞ f∗′(ξ) = +∞. The conclusion follows.

Remark 3.2. In Lemma 3.1 we used the simple fact that the superlinearity of an
even convex function with effective domain coinciding with R is equivalent to the fact
that its derivative goes to +∞ as the variable goes to +∞. We will use again this
property in the rest of the paper.

Remark 3.3. We also recall that, as in Remark 2.2, (F1) and (F3) imply that
domf∗ = R.

Lemma 3.4. Let f : R → R be a convex function. Assume that there exist ε > 0
and 0 < τ1 < τ2 such that

f(t) ≥ f(s) + ξs(t− s) +
ε

2
(t− s)2(3.1)

for every t, s ∈ (τ1, τ2) and ξs ∈ ∂f(s). Then f∗ is C1,1([ξ1, ξ2]), where ξ1 =
sup ∂f(τ1), ξ2 = inf ∂f(τ2),

ξ2 − ξ1 ≥ ε(τ2 − τ1) and |f∗′′(ξ)| ≤ 1

ε
a.e. in [ξ1, ξ2].(3.2)

Proof. First we observe that 3.1 implies the strict convexity of f in (τ1, τ2) and
then that f∗ is C1(ξ1, ξ2), where ξi ∈ ∂f(τ i), i = 1, 2. Indeed let us suppose that
f∗ is not differentiable in ξ ∈ (ξ1, ξ2), i.e., ∂f∗(ξ) is not a singleton; this means that
there exist s 	= t in ∂f∗(ξ). From the monotonicity of ∂f∗ we have that s, t ∈ (τ1, τ2).
Moreover ξ ∈ ∂f(s)∩ ∂f(t), i.e., f is affine in [s, t] and hence f is not strictly convex.
Assume now that f∗ /∈ C1(R), so that there exists ξ ∈ (ξ1, ξ2) such that f∗′ is not
continuous in ξ; since f∗′ is a monotone function, the left and right limits of f∗′ in
ξ exist and they do not coincide; therefore, ∂f∗(ξ), which is the convex envelope of
these limits, cannot be a singleton, which is in contradiction with the fact that f∗ is
differentiable in ξ. By assumption, for any t, s ∈ (τ1, τ2), we have

f(t)− f(s)− ξs(t− s) ≥ ε

2
(t− s)2,

f(s)− f(t)− ξt(s− t) ≥ ε

2
(t− s)2.

By adding term by term, we get

(ξt − ξs)(t− s) ≥ ε(t− s)2.
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THE BOUNDED SLOPE CONDITION 997

Passing to the limit for t → τ2 and s → τ1, dividing by τ2 − τ1, we obtain the first
inequality in (3.2). Recalling that ξ ∈ ∂f(τ) if and only if τ ∈ ∂f∗(ξ) = f∗′(ξ), we
get

|f∗′(ξt)− f∗′(ξs)| ≤ 1

ε
|ξt − ξs|,

proving the claim.
Lemma 3.5. Let f :R → R be a convex function of class C2 on (T,+∞). Let

t > α be such that f ′′(t) > 0; then

f∗′′(ξ) =
1

f ′′(t)
,

where ξ = f ′(t). Moreover, if f ′′ is strictly positive in (T,+∞), f∗′′ is of class C2 on
(f ′(T ),+∞).

Proof. For every s, t > T we have

f(s)− f(t)− f ′(t)(s− t) =
f ′′(t)
2

(s− t)2 + o(s− t)2,

f(t)− f(s)− f ′(s)(t− s) =
f ′′(s)
2

(s− t)2 + o(s− t)2.

By summing up the two equations and dividing by (s− t)2 we get

f ′(s)− f ′(t)
s− t

=
f ′′(s) + f ′′(t)

2
+
o(s− t)2

(s− t)2
.

As ξt = f ′(t) if and only if t = f∗′(ξt), we get

ξt − ξs

f∗′(ξt)− f∗′(ξs)
=
f ′′(s) + f ′′(t)

2
+
o(s− t)2

(s− t)2
.

We now let s tend to t and obtain in the limit 1/f∗′′(ξt) = f ′′(t). The last statement
is straightforward.

Lemma 3.6. Let f : R → R be a convex function. Assume that there exist τ > 0
such that ∂f(τ) = [ξ1, ξ2], where ξ2 > ξ1. Then f∗′′(ξ) = 0 a.e. in (ξ1, ξ2).

Proof. The assumption ∂f(τ) = [ξ1, ξ2] holds if and only if τ ∈ ∂f∗(ξ1), i = 1, 2.
It follows that f∗ is affine in (ξ1, ξ2), proving the claim.

4. A regularity result. In this section we will consider the functional

J (u) =

∫
Ω

f(|∇u|) + g(x, u) dx

defined in φ + W 1,1
0 (Ω). We will assume that the boundary datum is in a special

class: the one of the functions satisfying the BSC. We will show that if Ω is uniformly
convex, if suitable assumptions hold for f and g, then the results of section 3 and the
Comparison Principle of section 2 imply that all the minimizers of the functional are
bounded by two Lipschitz barriers that coincide with φ on the boundary of Ω. Then
the Haar–Radò-type theorem (Theorem 2.3) will guarantee that the maximum and
the minimum of the minimizers are Lipschitz continuous.

We recall here the BSC introduced by Hartman and Stampacchia in [15].
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998 A. FIASCHI AND G. TREU

Definition 4.1 (BSC). The function φ satisfies the BSC of rank M ≥ 0 if for
every γ ∈ ∂Ω there exist z−γ , z+γ ∈ R

n, and M ∈ R such that

∀γ′ ∈ ∂Ω φ(γ) + z−γ · (γ′ − γ) ≤ φ(γ′),(4.1)

∀γ′ ∈ ∂Ω φ(γ) + z+γ · (γ′ − γ) ≥ φ(γ′),(4.2)

and |z±γ | ≤M for every γ ∈ ∂Ω.
Remark 4.2. The BSC implies that φ is Lipschitz of rank M . Moreover it forces

Ω to be convex unless φ is affine. Necessary and sufficient conditions to the BSC are
studied, respectively, in [16] and [24].

In this section we will use the following set of assumptions on f , g, and Ω. We
assume that f satisfies either

(F4) for every k ∈ N there exist εk > 0 and τ ik > k, i = 1, 2 such that
(i) f(t) ≥ f(s)+ξs(t−s)+ εk

2 (t−s)2 for every t, s ∈ (τ1k , τ
2
k ) and ξs ∈ ∂f(s),

(ii) limk εk(τ
2
k − τ1k ) = λ > 0,

(iii) limk→+∞ 1
εk(τ1

k)
3 = 0,

or
(F5) for every k ∈ N there exist τk > k such that

(i) ∂f(τk) = [ξ1k, ξ
2
k],

(ii) limk→+∞ ξ2k − ξ1k = λ > 0.
The function g is assumed to satisfy

(G1) g is Lipschitz continuous in the second variable, with Lipschitz constant equal
to α, i.e., |g(x, u1)− g(x, u2)| ≤ α|u1 − u2| for every x ∈ Ω and u1, u2 ∈ R;

(G2) g : Rn × R → R is measurable and convex in the second variable. Denoting
by g+v the right derivative of g with respect to the second variable, we assume
that there exists a positive constant K such that

∀x, y ∈ R
n, ∀u, v ∈ R v ≥ u+K|y − x| ⇒ g+v (y, v) ≥ g+v (x, u).

We consider an R-uniformly convex open bounded subset Ω of Rn, where R-uniformly
convex means that for every γ ∈ ∂Ω there exists bγ ∈ R

n with |bγ | = 1 such that

R bγ · (γ′ − γ) ≥ 1

2
|γ′ − γ|2.(4.3)

As we previously recalled, in our setting, the existence of a solution of the mini-
mum problem

min
v∈φ+W 1,1

0 (Ω)

∫
Ω

[
f(|∇v|) + g(x, v)

]
dx

follows by the Direct Method of the Calculus of Variations.
The following theorem states the existence of Lipschitz barriers that coincide with

the boundary datum on the boundary of Ω.
Theorem 4.3. Assume that f satisfies hypotheses (F1)–(F3) and either (F4) or

(F5). Let g satisfy assumption (G1). Let u be a minimizer of the functional∫
Ω

[
f(|∇v|) + g(x, v)

]
dx, v ∈ φ+W 1,1

0 (Ω),

where Ω is an open bounded R-uniformly convex set and φ : Ω → R satisfies the BSC
with rank M . Then there exist �+, �− : Ω → R, both Lipschitz of rank L = L(R, f,M),
such that

�−(γ) = φ(γ) = �+(γ) for every γ ∈ ∂Ω
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THE BOUNDED SLOPE CONDITION 999

and

�−(x) ≤ u(x) ≤ �+(x) for almost every x ∈ Ω.

Proof. It is sufficient to construct the function �−, the construction of �+ going
on exactly in the same way.

We fix a point γ ∈ ∂Ω, and we consider also the vector z−γ involved in the definition
of the BSC at the point γ. The proof of the theorem will be achieved when we will
have shown that there exist xγ , cγ such that the set

Ωxγ ,cγ :=

{
x ∈ R

n :
n

α
f∗
(α
n
|x− xγ |

)
+ cγ − z−γ · (x− γ)− φ(γ) < 0

}

contains Ω and γ ∈ ∂Ωxγ ,cγ ∩ ∂Ω. In fact, by this last property, we have immediately
that

lxγ ,cγ (x) : =
n

α
f∗
(α
n
|x− xγ |

)
+ cγ ≤ z−γ · (x− γ) + φ(γ) ≤ φ(x)

for any x ∈ ∂Ω. The Comparison Principle (2.4) then implies that

lxγ ,cγ (x) ≤ z−γ · (x − γ) + φ(γ) ≤ u(x) a.e. on Ω.

We get the result simply by defining

�−(x) = sup
γ∈∂Ω

lxγ ,cγ (x).

We divide the proof into several steps.
Step 1. In this step we state some properties of the auxiliary domain defined as

follows: fix a ∈ R
n, b > 0 and let

Ωb :=
{
x ∈ R

n :
n

α
f∗
(α
n
|x|
)
− a · x− b < 0

}
.

Whenever we assume that (F1) and (F2) hold, Lemma 3.1 implies that Ωb is bounded
for every b and that for b > 0, 0 is contained in its interior. Moreover, by the continuity
of f∗ there exist x1,b, x2,b in the set ∂Ωb = {x ∈ R

n : n
αf

∗(αn |x|) − a · x − b = 0}
such that n

αf
∗(αn |x1,b|) ≤ n

αf
∗(αn |x|) ≤ n

αf
∗(αn |x2,b|) for every x ∈ ∂Ωb and such that

B(0, |x1,b|) ⊂ Ωb ⊂ B(0, |x2,b|). It is immediate to see that

lim
b→+∞

|x1,b| = +∞.(4.4)

Indeed, as in Remark 2.2, the superlinearity of f implies that dom f∗ = R; hence
n
αf

∗(α|x|/n) − a · x is bounded on every bounded set. This implies that if b → +∞,
then |x| → +∞ for x ∈ ∂Ωb; in particular (4.4) holds true.

Step 2. In this step we fix γ ∈ ∂Ω and η a unit vector in the normal cone to Ω in
γ and we aim to select a special domain Ωbη for a = z−γ .

We first assume that (F4) holds. Let k ∈ N be such that k > M ≥ |z−γ | be
fixed. Thanks to (4.4), we can choose b̄ > 0 such that |x1,b| > k for every b > b̄.
According to assumption (i) of (F4), let εk > 0 and τ ik > k, i = 1, 2, be such that
f(t) ≥ f(s) + ξs(t− s) + εk

2 (t− s)2 for every t, s ∈ (τ1k , τ
2
k ) and ξs ∈ ∂f(s). We notice

that thanks to assumption (F3), we can also assume that ξs > k and ξs > |x2,b̄| for
any ξs ∈ ∂f(s), s ∈ [τ1k , τ

2
k ]. By Lemma 3.4, the function f∗ is C1,1(ξ1k, ξ

2
k), where
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1000 A. FIASCHI AND G. TREU

ξik ∈ ∂f(τ ik), i = 1, 2, and |f∗′′(ξ)| ≤ 1
εk

for a.e. ξ ∈ (ξ1k, ξ
2
k). In the case where (F5)

holds, we immediately obtain that f∗ is in C2(ξ1k, ξ
2
k) and f

∗′′ = 0 in (ξ1k, ξ
2
k). In both

cases we choose now α
n |ξk| = ξ1k+ξ2k

2 and we observe that

f∗′
(α
n
|ξk|
)
=: τk ≥ τ1k > k > M > |z−γ |,(4.5)

α

n
|ξk| > |x2,b̄|.(4.6)

We prove now that there exist xη ∈ R
n and bη ∈ R such that |xη| = |ξk|,

n

α
f∗
(α
n
|ξk|
)
− z−γ · xη − bη = 0, i.e., xη ∈ ∂Ωbη ,(4.7)

and f∗′(αn |xη|) xη

|xη| − z−γ = λη for some λ 	= 0; i.e., the outward normal to ∂Ωbη in xη
is parallel to η.

First we observe that the estimate (4.5) guarantees the existence of a one-to-
one correspondence between Sn−1 and f∗′(αn |ξk|)Sn−1 − z−γ . Therefore, for every

η ∈ Sn−1, there exists a unique νη ∈ Sn−1 such that f∗′(αn |ξk|)νη − z−γ = λη for a
suitable λ > 0. Hence, let us define bη by

bη :=
n

α
f∗
(α
n
|ξk|
)
− z−γ · νη|ξk|.

We consider now Ωbη := {x ∈ R
n : n

αf
∗(αn |x|) − z−γ · x − bη<0}; we have that

νη|ξk| ∈ ∂Ωbη by definition of bη and ∂Ωbη is C1 in a neighborhood of νη|ξk|. Then
the outward normal to ∂Ωbη in νη|ξk| is parallel to

f∗′
(α
n
|νη||ξk|

)νη|ξk|
|ξk| − z−γ = f∗′

(α
n
|ξk|
)
νη − z−γ = λη.

This proves that νη|ξk| is the point xη we were looking for.
By the implicit function theorem we also infer that there exists a neighborhood

of the point xη in which ∂Ωbη = {x ∈ R
n : f∗(αn |x|)− z−γ · x− bη = 0} is at least C1,1.

We notice that |x1,bη | > k, because bη > b̄ by (4.6).
Step 3. We are interested in proving that for k sufficiently large, we can find a

ball of radius R contained in Ωbη that touches ∂Ωbη in xη. To reach this aim in this
step we compute the principal curvatures of ∂Ωbη in the neighborhood of xη.

We can estimate the principal curvatures of ∂Ωbη in almost every point x ∈ ∂Ωbη

such that ξ1k ≤ α
n |x| ≤ ξ2k. Each principal curvature is less than or equal to the greater

eigenvalue of the Hessian matrix of the implicit function ψ defined by (4.7), and it
can be estimated by the norm of the matrix itself. This means to estimate

∂ijψ(x̂)

(1 + |∇ψ(x̂)|2)3/2
for i, j = 1, . . . , n − 1, where we have assumed, without loss of generality, that the
n-component xn of the vector x is implicitly defined with respect to the first n − 1
components x̂ := (x1, x2, . . . , xn−1).

From now on, to simplify the notation, we drop the indices η and γ and we denote
by F the function F (x) = n

αf
∗(αn |x|)−z·x−b. It follows, again by the implicit function

theorem, that for Hn−1–a.e. x̂ ∈ R
n−1

(4.8)

∂ijψ

(1 + |∇ψ|2)3/2 =
−∂ijF (∂nF )2 + ∂inF∂jF∂nF + ∂jnF∂iF∂nF − ∂nnF∂iF∂jF

|∇F |3
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with F and its derivative computed in the point x = (x̂, ψ(x̂)). Hence, we obtain that
(4.8) is equal to

=
(
(f∗′)2

(α
n
|x|
)
− 2f∗′

(α
n
|x|
) zx
|x| + |z|2

)−3/2

·
{[

− α

n
f∗′′
(α
n
|x|
)xixj
|x|2 + f∗′

(α
n
|x|
)xixj
|x|3

]
·
[
f∗′
(α
n
|x|
)xn
|x| − zn

]2

+

[
α

n
f∗′′
(α
n
|x|
)xixn
|x|2 − f∗′

(α
n
|x|
)xixn
|x|3

]
·
[
f∗′
(α
n
|x|
) xj
|x| − zj

]

·
[
f∗′
(α
n
|x|
)xn
|x| − zn

]

+

[
α

n
f∗′′
(α
n
|x|
)xjxn
|x|2 − f∗′

(α
n
|x|
)xjxn
|x|3

]
·
[
f∗′
(α
n
|x|
) xi
|x| − zi

]

·
[
f∗′
(α
n
|x|
)xn
|x| − zn

]

+

[
− α

n
f∗′′
(α
n
|x|
) x2n
|x|2−f

∗′
(α
n
|x|
) |x|2 − x2n

|x|3
]
·
[
f∗′
(α
n
|x|
) xi
|x| − zi

]

·
[
f∗′
(α
n
|x|
) xj
|x| − zj

]}

with (x1, . . . , xn−1) = x̂ and xn = ψ(x̂). By computation, it follows that∣∣∣∣∣ ∂ijψ(x̂)

(1 + |∇ψ(x̂)|2)3/2
∣∣∣∣∣(4.9)

≤
[
αf∗′′

(α
n
|x|
)
|z|2 +

(f∗′)3
(

α
n |x|

)
n

|x| +
(f∗′)2

(
α
n |x|

)
n|z|

|x| +
f∗′
(

α
n |x|

)
n|z|2

|x|

]

·
∣∣∣∣f∗′

(α
n
|x|
) x
|x| − z

∣∣∣∣
−3

.

In the case where (F4) holds we use Lemma 3.4 to estimate

[
αf∗′′

(α
n
|x|
)
|z|2
]∣∣∣∣f∗′

(α
n
|x|
) x
|x| − z

∣∣∣∣
−3

≤ C
1

εk(τ1k )
3

for a suitable constant C. In the other case,

[
αf∗′′

(α
n
|x|
)
|z|2
]∣∣∣∣f∗′

(α
n
|x|
) x
|x| − z

∣∣∣∣
−3

= 0,

Lemma 3.1 implies also that

lim
|x|→+∞

1

|x|

[
(f∗′)3

(α
n
|x|
)
n+ (f∗′)2

(α
n
|x|
)
n|z|+ f∗′

(α
n
|x|
)
n|z|2

]

·
∣∣∣∣f∗′

(α
n
|x|
) x

|x| − z

∣∣∣∣
−3

= 0.
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Therefore, under either assumption (iii) of (F4) or (i) of (F5), we can choose k such
that all the principal curvatures of ∂Ωbη ∩ {x ∈ R

n : ξ1k ≤ α
n |x| ≤ ξ2k} are bounded

by a constant 1
Rk

less than 1
R . This implies that for k sufficiently large, the ball

B(xη−Rη,R) contains xη in its boundary and is “locally” included in Ωbη; this means
that Uxη ∩B(xη −Rη,R) ⊆ Uxη ∩ Ωbη for a suitable neighborhood Uxη of xη.

Step 4. Now, in the next three steps we want to show that for k sufficiently large,
the ball B(xη − Rη,R) is entirely contained in Ωbη . In the present step and in the
next one, we suppose that ∂Ωbη is globally C1,1, and we want to compute the norm
of the points of ∂Ωbη in a suitable neighborhood of xη. First we recall that given a
function ψ : Rn−1 → R, such that ψ(0) = 0, ∇ψ(0) = 0, and ψ ∈ C1,1(B(0, δ)), with
the absolute value of the curvature almost everywhere bounded by 1/Rk > 0, an easy
computation shows that

|ψ(ζ)| ≤ Rk −
√
R2

k − δ2(4.10)

for |ζ| ≤ δ. We can assume without loss of generality that the system of coordinates
x in R

n is such that the tangent plane ρ to B(0, |xη|) in xη is {x = (x1, . . . , xn) ∈
R

n : xn = xηn}, so that |xη| = |xηn |. Now we fix the tangent plane π to ∂Ωbη in xη.
We consider a new system of coordinates (ζ, t), ζ ∈ R

n−1, t ∈ R, such that the plane
π is the set {(ζ, t) : t = 0}, xη corresponds to (ζ, t) = 0, and ∂Ωbη is the graph of a
function ψ:A ⊆ R

n−1 → R for a suitable open set A. We denote by T :Rn → R
n the

change of variables that brings back (ζ, t) into x. We have

|T (ζ, ψ(ζ)) − T (ζ, 0)| ≤ Rk −
√
R2

k − δ2 for every |ζ| ≤ δ,(4.11)

by (4.10), using the curvature estimate of the previous step. Then, we have∣∣∣∣(T (ζ, 0)1, . . . , T (ζ, 0)n−1, xηn)(4.12)

−
(
T (ζ, 0)1, . . . , T (ζ, 0)n−1, signxηn

√
|xη|2 − T (ζ, 0)21 + · · · − T (ζ, 0)2n−1

)∣∣∣∣
≤ |xη| −

√
|xη|2 − δ2 for |ζ| ≤ δ.

We also have

|T (ζ, 0)− (T (ζ, 0)1, . . . , T (ζ, 0)n−1, xηn)| ≤ δ sin θη for |ζ| ≤ δ,(4.13)

where θη is the angle between the planes π and ρ. We observe that θη is also the angle
between the normal directions to π and ρ, η, and xη/|xη|, respectively. We recall that
|x1,bη | and |x2,bη | are the points of ∂Ωbη such that n

αf
∗(αn |x1,bη |) ≤ n

αf
∗(αn |x|) ≤

n
αf

∗(αn |x2,bη |) for every x ∈ ∂Ωbη . The set Ωbη contains co(xη, B(0, |x1,bη |)) so that
the normal cone to co(xη , B(0, |x1,bη |)) contains the normal to Ωbη in xη, i.e., the
angle θη between η and

xη

|xη| satisfies

θη= arccosη · xη|xη|(4.14)

≤ arcsin

(
sup

|x1,bη |<|x|<|x2,bη |
inf

y∈B(0,|x1,bη |)
x− y

|x− y| ·
x

|x|

)
.
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Thus we obtain

|T (ζ, 0)− (T (ζ, 0)1, . . . , T (ζ, 0)n−1, xηn)|(4.15)

≤ δ

(
sup

|x1,bη |<|x|<|x2,bη |
inf

y∈B(0,|x1,bη |)
x− y

|x− y| ·
x

|x|

)
.

Hence, we can conclude that

(4.16)∣∣∣|T (ζ, ψ(ζ))| − |xη|
∣∣∣

≤
∣∣∣∣T (ζ, ψ(ζ))−(T (ζ, 0)1, . . . , T (ζ, 0)n−1, signxηn

√
|xη|2−T (ζ, 0)21 + · · · − T (ζ, 0)2n−1

)∣∣∣∣
≤Rk −

√
R2

k − δ2 + |xη|−
√
|xη|2 − δ2+δ

(
sup

|x1,bη |<|x|<|x2,bη |
inf

y∈B(0,|x1,bη |)
x− y

|x− y| ·
x

|x|

)
.

Step 5. In this step we show that for fixed δ, by choosing k large enough (in
particular k > R), we can make the quantity in (4.16) as small as we want. In
particular, for δ > 4R (where R is the constant appearing in (4.3)), we can choose k
such that the norm of the points of ∂Ωbη , T (ζ, ψ(ζ)), with |ζ| ≤ δ, is between |xη|− λ

4

and |xη|+ λ
4 (where λ is the constant appearing in assumption (ii) of (F4) and (F5)).

We denote by Λk the minimum between Rk and |x1,bη |. We recall that both are
greater than R. We fix δ > 4R. We now want to prove that we can choose k such
that

δ

(
sup

|x1,bη |<|x|<|x2,bη |
inf

y∈B(0,|x1,bη |)
x− y

|x− y| ·
x

|x|

)
≤ λ

8
(4.17)

and

2|Λk −
√
Λ2
k − δ2| ≤ λ

8
.(4.18)

By the estimates in Step 3, we have limk→∞Rk = +∞. Hence,

lim
k

2|Λk −
√
Λ2
k − δ2| = 0.

On the other hand, we remark that

inf
y∈B(0,|x1,b|)

x− y

|x− y| ·
x

|x| =
√
1− |x1,b|2

|x|2

and
√
1− |x1,b|2

|x|2 ≤
√
1− |x1,b|2

|x2,b|2 . Therefore, if we prove that

lim
b→+∞

|x2,b| − |x1,b|
|x1,b| = 0,(4.19)

we are done.

D
ow

nl
oa

de
d 

11
/1

6/
12

 to
 1

47
.1

62
.2

2.
22

0.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1004 A. FIASCHI AND G. TREU

For every t > 0 we identify n
αf

∗(αn t)=: f̃(t). Then f̃ is convex and satisfies

assumptions (F1) and (F2). By Lemma 3.1, recalling Remark 3.2, limt→+∞ f̃ ′(t) =
+∞. We can consider the inequality |x2,b| − |x1,b| ≤ |y2,b| − |y1,b|, where

|z−γ ||y2,b|+ b = f̃ ′(|x1,b|)(|y2,b| − f̃−1(b)) + b

−|z−γ ||y1,b|+ b = f̃ ′(|x1,b|)(|y1,b| − f̃−1(b)) + b

so that |y2,b| = f̃ ′(|x1,b|)f̃−1(b)

f̃ ′(|x1,b|)−|z−
γ | and |y1,b| = f̃ ′(|x1,b|)f̃−1(b)

f̃ ′(|x1,b|)+|z−
γ | . We have |x1,b| ≥ |y1,b| and

then f̃−1(b)
|x1,b| ≤ f̃ ′(|x1,b|)+|z−

γ |
f̃ ′(|x1,b|) so that limb→+∞

f̃−1(b)
|x1,b| is finite; then we obtain

lim
b→+∞

|x2,b| − |x1,b|
|x1,b| ≤ lim

b→+∞
2|z−γ |f̃ ′(|x1,b|)f̃−1(b)

|x1,b|[(f̃ ′(|x1,b|))2 − |z−γ |2] = 0.

Therefore, we can conclude by putting together estimates (4.16), (4.17), and (4.18)
that ∣∣∣T (ζ, ψ(ζ))| − |xη|

∣∣∣ = ∣∣∣T (ζ, ψ(ζ))| − n

2α
(ξ1k + ξ2k)

∣∣∣ ≤ λ/4 for |ζ| ≤ δ.(4.20)

Step 6. In this step we conclude the proof of the existence of the ball of radius R
contained in Ωbη and touching ∂Ωbη in xη.

We recall that in Steps 4 and 5, we assumed ∂Ωbη to be globally C1,1. We already
know that ∂Ωbη is C1,1 near xη by hypothesis (F4)(i)/(F5)(i). Now, by choosing k
sufficiently large, we can make ∂Ωbη actually C1,1, at least in the points T (ζ, ψ(ζ)),
for |ζ| ≤ δ. Indeed, hypothesis (F4)(ii) (or (F5)(ii)) implies ξ2k − ξ1k > λ/2 for k large
enough (see (3.2)), and f∗ is C1,1(ξ1k, ξ

2
k). Hence, estimate (4.20) and a comparison

argument show that ∂Ωbη is C1,1 in its points T (ζ, ψ(ζ)) for |ζ| ≤ δ, since they lie
in the set {x ∈ R

n : ξ1k ≤ α
n |x| ≤ ξ2k}. In particular, in the same points, ∂Ωbη has

curvature less than 1/Rk ≤ 1/R.
Now we consider the distances of the points (T (ζ, ψ(ζ))1, . . . , T (ζ, ψ(ζ))n−1, xηn)

from xη for |ζ| = δ. We can choose k sufficiently large such that the minimum of
these distances, pδ, can be estimated from below by δ/2 > 2R. Indeed, we have

pδ =

[
|T (ζ, 0)− T (0, 0)| − |T (ζ, ψ(ζ)) − T (ζ, 0)|

cos θη
sin θη

]
cos θη(4.21)

=

[
|ζ| − |ψ(ζ)|

cos θη
sin θη

]
cos θη

≥
[
δ − Rk −

√
R2

k − δ2

cos θη
sin θη

]
cos θη

= δ cos θη −
(
Rk −

√
R2

k − δ2
)
sin θη,

where we recall that θη is the angle between the vector η and the direction xη/|xη|.
Using estimate (4.14), we get

pδ ≥ δ
|x1,bη |
|x2,bη |

−
(
R−

√
R2 − δ2

)√
1− |x1,bη |2

|x2,bη |2
>
δ

2
> 2R(4.22)

for k sufficiently large, thanks to (4.19).

D
ow

nl
oa

de
d 

11
/1

6/
12

 to
 1

47
.1

62
.2

2.
22

0.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

THE BOUNDED SLOPE CONDITION 1005

We now choose k such that also |x1,bη | > 4R holds true. We recall that the
curvature of ∂Ωbη in its points T (ζ, ψ(ζ)) for |ζ| ≤ δ is less than 1/R. This property
together with estimate (4.22) implies that the convex envelope between B(0, |x1,bη |)
and the points T (ζ, ψ(ζ)) for |ζ| ≤ δ contains in its interior the ball B(xη − Rη,R).
Since Ω̄bη contains this convex envelope, we conclude that B(xη −Rη,R) is contained
in Ωbη and touches ∂Ωbη in xη.

Step 7. In this step we conclude the proof. It is enough to define xγ := γ − xη
and cγ := φ(γ) − n

αf
∗(αn |xη|) and to consider the sets Ωxγ ,cγ and the function lxγ ,cγ

defined at the beginning of the proof. In this way, using the fact that Ω is R-uniformly
convex, we have

Ω ⊆ B(γ −Rη,R) = γ − xη +B(xη −Rη,R) ⊆ γ − xη +Ωbη = Ωxγ ,cγ .

Indeed,

γ − xη +Ωbη

=
{
x ∈ R

n :
n

α
f∗
(α
n
|x− γ + xη|

)
− z−γ · (x− γ + xη)− bη < 0

}
=
{
x ∈ R

n :
n

α
f∗
(α
n
|x− xγ |

)
+ φ(γ)− z−γ · xη − bη − z−γ · (x − γ)− φ(γ) < 0

}
=
{
x ∈ R

n :
n

α
f∗
(α
n
|x− xγ |

)
+ cγ − z−γ · (x− γ)− φ(γ) < 0

}
,

since

z−γ · xη + bη =
n

α
f∗
(α
n
|xη|

)
.

It is immediate to see that γ ∈ ∂Ωxγ ,cγ ∩ ∂Ω.
We are now ready to state the main result.
Theorem 4.4. Under the same assumption of Theorem 4.3, and the additional

assumption (G2), the maximum and the minimum of the minimizers of the functional∫
Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω)

are Lipschitz continuous of rank L = L(R, f,M).
Proof. The result is immediate by applying Theorem 2.3 with the barriers con-

structed in Theorem 4.3.

5. Special cases and examples. In this section we discuss some special cases
and examples. In the first theorem the assumption that the boundary datum is con-
stant allows us to drop the hypothesis (F4)/(F5) so that we are able to consider any
function which is just convex and satisfies (F1)–(F3). Then, we state a geometrical
assumption on the epigraph of f ensuring that whenever we have a Lipschitz mini-
mizer all the others share the same regularity property. The special cases where f is
uniformly convex at infinity or where f is C2 are stated. At the end of the section
we discuss assumptions (F4) and (F5) both providing examples of functions satisfying
them and discussing their validity for C2-functions having at least polynomial growth.

The first special case is the one in which we assume that the boundary datum
is a constant function. We state the following theorem because we think that it is
interesting in itself. Thanks to the fact that here we assume φ to be constant we can
drop all the “technical” assumptions on f . Above all we underline that assumptions
(F4) and (F5) are no longer needed, but not even (F2) has to be assumed.
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1006 A. FIASCHI AND G. TREU

Theorem 5.1. Assume that f satisfies hypotheses (F1) and (F3). Let g satisfy
assumptions (G1) and (G2). Let u be the maximum or the minimum of the minimizers
of the functional ∫

Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω),

where Ω is an open bounded R-uniformly convex set and the boundary datum φ is a
constant function. Then u is Lipschitz continuous of rank L = L(R, f,M).

Proof. Since φ is constant, we can choose in (4.1) and (4.2) z−γ = z+γ = 0 for
every γ ∈ ∂Ω. In particular, the radial symmetry of f∗ implies that Ωbη is a ball.
The conclusion immediately follows.

The next theorem is in the same flavor of some results in [20, 21], where an extra
geometrical assumption on the faces of the epigraph of f allows us to pass from the
regularity of one minimizer to the regularity of all minimizers.

Theorem 5.2. Assume that f and g are convex functions and that the projections
on R of the faces of the epigraph of f are bounded by a positive constant K. Then, if
there exists a minimizer of the functional∫

Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω),(5.1)

which is Lipschitz continuous of rank L, every minimizer of (5.1) is Lipschitz contin-
uous of rank L+K.

Proof. We follow closely the argument in [20]. Let u and v be two minimizers
and let A be the subset of Ω, where |∇u(x)| and |∇v(x)| belong to the projection of
the same face of epi(f). If |Ω \A| > 0, the convexity of f and g implies∫

Ω

[
f
(∣∣∣1

2
∇u(x) + 1

2
∇v(x)

∣∣∣)+ g
(
x,

1

2
u(x) +

1

2
v(x)

)]
dx

<

∫
Ω\A

[
1

2
f(|∇u(x)|) + 1

2
f(|∇v(x)|) + 1

2
g(x, u(x)) +

1

2
g(x, v(x))

]
dx

+

∫
A

[
1

2
f(|∇u(x)|) + 1

2
f(|∇v(x)|) + 1

2
g(x, u(x)) +

1

2
g(x, v(x))

]
dx

=
1

2

∫
Ω

[
f(|∇u(x)|) + g(x, u(x))

]
dx+

1

2

∫
Ω

[
f(|∇v(x)|) + g(x, v(x))

]
dx

=
1

2

∫
Ω

[
f(|∇u(x)|) + g(x, u(x))

]
dx,

which is a contradiction with the fact that u is a minimizer. Therefore, |∇u(x)| and
|∇v(x)| belong to the projection of the same face of the epigraph of f for a.e. x ∈ Ω.
This implies that if there exists a Lipschitz continuous minimizer u of rank L, u − v
is a function in W 1,1

0 (Ω), with ∇(u − v) bounded in L∞ by L +K. Hence, v is also
Lipschitz continuous of rank L+K.

A very natural question concerns the possibility to construct the barriers in the
case where f is uniformly convex. We observe that if f is ε-uniformly convex, hypoth-
esis (F4) is automatically satisfied, with εk ≡ ε for every k and τ ik := 2k+1+2(i− 1),
for instance. Therefore the existence of the barriers in this case can be obtained as
a corollary of Theorem 4.3; nevertheless a simplified proof of this result can also be
provided, as explained below.
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THE BOUNDED SLOPE CONDITION 1007

Theorem 5.3. Assume that f is ε-uniformly convex on [T,+∞), for T, ε > 0,
and satisfies hypotheses (F1)–(F3). Let g satisfy assumptions (G1) and (G2). Let u
be any minimizer of the functional

∫
Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω),

where Ω is an open bounded R-uniformly convex set and φ : Ω → R satisfies the BSC
with rank M . Then u is Lipschitz continuous of rank L = L(R, f,M).

Proof. As in the proof of Theorem 4.4 it is sufficient to construct the lower and
upper barriers �−(x) and �+(x). With the same argument used in Theorem 4.3, fixed
γ ∈ ∂Ω, it is enough to show the existence of xγ , cγ such that the set

Ωxγ ,cγ :=

{
x ∈ R

n :
n

α
f∗
(α
n
|x− xγ |

)
+ cγ − z−γ · (x− γ)− φ(γ) < 0

}

contains Ω and γ ∈ ∂Ωxγ ,cγ ∩ ∂Ω.
To this end, we observe that since f is ε-uniformly convex in [T,+∞), we have

f∗ ∈ C1,1([sup ∂f(T ),+∞)), thanks to Lemma 3.4. Therefore, given b > 0 sufficiently
large, we are able to estimate the principal curvatures of the set ∂Ωb = {x ∈ R

n :
f∗(|x|) − z−γ · x = b} in each point. We recall that |x1,b| := min{|x| : x ∈ ∂Ωb} and

that limb→∞ |x1,b| = +∞. Since f∗′′ ≤ 1/ε in (sup ∂f(T ),+∞) and f∗ is superlinear,
we can find MR such that

{
1

|x|

[
(f∗′)3

(α
n
|x|
)
n+ (f∗′)2

(α
n
|x|
)
n|z−γ |+ f∗′

(α
n
|x|
)
n|z−γ |2

]
(5.2)

+ αf∗′′
(α
n
|x|
)
|z−γ |2

}
·
∣∣∣∣f∗′

(α
n
|x|
) x
|x| − z−γ

∣∣∣∣
−3

<
1

R

for every x with |x| > MR. In particular (5.2) holds true for every x ∈ ∂Ωb whenever
b > 0 satisfies

|x1,b| > MR.(5.3)

Thanks to computations in (4.9), inequality (5.2) gives an estimate of the principal
curvatures of the whole ∂Ωb.

Once we have fixed b with property (5.3), we can easily find x ∈ ∂Ωb such that
the outward normal to ∂Ωb in x is parallel to a fixed normal η to Ω in γ.

The estimate on the curvatures guarantees that the ball B(x−Rη,R) is contained
in Ωb and touches ∂Ωb in x. Therefore, we can conclude the construction of the
barriers as in Step 7 of the proof of the previous theorem. As in Theorem 4.4, we
deduce the Lipschitz regularity of the maximum and the minimum of the minimizers of
our functional. Since f is strictly convex on [T,+∞), the assumptions of Theorem 5.2
are automatically satisfied. Therefore, we obtain that every minimizer is Lipschitz
continuous.

Another case of some interest by itself is, in our opinion, the one where f is of
class C2.
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1008 A. FIASCHI AND G. TREU

Theorem 5.4. Let f be a function of class C2 on (T,+∞), for T > 0, satisfying
hypotheses (F1)–(F3), and moreover

(F6) lim inf
t→+∞ f ′′(t)t3 = +∞.

Let g satisfy assumption (G1) and (G2). Let u be any minimizer of the functional∫
Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω),

where Ω is an open bounded R-uniformly convex set and φ : Ω → R satisfies the BSC
with rank M . Then u is Lipschitz continuous of rank L = L(R, f,M).

Proof. As in the proof of previous theorems it is sufficient to construct the barriers.
To do this, once we have fixed γ ∈ ∂Ω, we need to find xγ , cγ such that the set

Ωxγ ,cγ :=

{
x ∈ R

n :
n

α
f∗
(α
n
|x− xγ |

)
+ cγ − z−γ · (x− γ)− φ(γ) < 0

}

contains Ω and γ ∈ ∂Ωxγ ,cγ ∩ ∂Ω. By assumption (F6), there exists T ′ ≥ T such
that f ′′(t) > 0 for every t > T ′. Thanks to Lemma 3.5, f∗ is of class C2 too on
(f ′(T ′),+∞), and we have

f∗′′(ξ) =
1

f ′′(t)
,

whenever ξ = f ′(t). Therefore, for every b sufficiently large, ∂Ωb := {x ∈ R
n :

f∗(|x|)−z−γ ·x = b} is of class C2 and we are able to estimate its principal curvatures.
Moreover, we have

αf∗′′
(α
n
|x|
)
|z−γ |2 ·

∣∣∣∣f∗′
(α
n
|x|
) x

|x| − z−γ

∣∣∣∣
−3

= α
1

f ′′(t)
|z−γ |2 ·

∣∣∣∣t x|x| − z−γ

∣∣∣∣
−3

(5.4)

for t := f∗′(α|x|/n). Thanks to hypothesis (F6), equality (5.4) gives

lim
|x|→+∞

αf∗′′
(α
n
|x|
)
|z−γ |2 ·

∣∣∣∣f∗′
(α
n
|x|
) x
|x| − z−γ

∣∣∣∣
−3

= 0.(5.5)

Hence, due to the superlinearity of f∗, we can find as before MR > 0 such that (5.2)
holds true whenever |x| > MR, and we can conclude the construction of the barriers
as in the proof of the previous theorem. Also in this case, since f is definitely strictly
convex thanks to assumption (F6), the hypotheses of Theorem 5.2 are fulfilled and
we get the Lipschitz continuity of every minimizer.

In the general case, where f satisfies assumptions (F4)/(F5), we can deduce the
following corollary using Theorem 5.2.

Corollary 5.5. Let us assume that f and g satisfy assumptions (F1), (F3),
(G1), and (G2). Assume moreover that the projections on R

n of the faces of the
epigraph of f are bounded by a positive constant K. Assume that one of the following
hypothesis holds true:

(a) φ is constant,
(b) f satisfies assumptions (F2) and (F4),
(c) f satisfies assumptions (F2) and (F5).
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THE BOUNDED SLOPE CONDITION 1009

Then every minimizer of the functional∫
Ω

[
f(|∇v|) + g(x, v)

]
dx v ∈ φ+W 1,1

0 (Ω)(5.6)

is Lipschitz continuous of rank L+K.
Proof. The result immediately follows from Theorems 4.4 and 5.2.
Remark 5.6. A wide class of elementary functions satisfy either the assumptions

of Theorem 5.3 or those of Theorem 5.4. In fact, for example, the functions f(t) = |t|p
and f(t) = |t|p log t are uniformly convex in [T,+∞) for every p ≥ 2 and satisfy
assumption (F6) for every 1 < p < 2. Functions with exponential growth such us

f(t) = et or f(t) = ee
t

are uniformly convex.
In the following examples, we want to show that the more general assumptions

(F4)/(F5) involved in Theorems 4.3 and 4.4 allow us to consider functions which are
not uniformly convex nor C2; in particular we can also consider functionals obtained
via convexification of non convex ones.

Example 5.7. Given λ > 0, let us consider the function f : [0,+∞) → R defined
by

f(0) := 0,

f(x) := f(k) + λ(k + 1)(x− k) whenever x ∈ [k, k + 1], k ∈ N.

We extend f to an even function on R. It is easy to see that f has superlinear growth
and is convex. Moreover, ∂f(k) = [kλ, (k + 1)λ]. Therefore, it is enough to choose
τk := k to obtain (F5).

Example 5.8. Let us observe that a convex superlinear function f which is ε-
uniformly convex, with ε > 0, on a countable sequence of open intervals with fixed
length in [0,+∞) and affine on each connected component of the complement of the
union of those intervals satisfies (F4).

Example 5.9. Consider the function f(t) = h∗∗1 (|t|), where

h1(s) =

{
sp if s ∈ [k − 1

2kp−2 , k +
1

2kp−2 ], k ∈ N,
+∞ otherwise,

for p > 2. It is easy to check that f is neither C2 nor uniformly convex but satisfies
assumptions (F1)–(F4).

Example 5.10. Consider the function f(t) = h∗∗2 (|t|), where

h2(s) =

{
es if s ∈ [k − 1

2ek
, k + 1

2ek
], k ∈ N,

+∞ otherwise.

Also in this case it is easy to check that f is neither C2 nor uniformly convex but
satisfies assumptions (F1)–(F4).

We want now to stress the fact that some of the properties required in assumption
(F4) are very close to those satisfied by a quite large class of function. The next remark
is devoted to this aim.

Remark 5.11. Let f be a even convex function of class C2 such that there exist
a > 0, b ∈ R such that f(t) ≥ a|t|p + b for p ≥ 2. We want to show that f satisfies
assumptions (F4)(i) and (iii) so that in this case the only effective assumption is
(F4)(ii). The fact that f(t) ≥ a|t|p + b implies that for every k ∈ N there exists a
nonnegligible set Ak where f ′′(t) > a

2p(p− 1)|t|p−2. The continuity of f ′′ implies that
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Ak is an open set, and hence there exists at least an interval [τ1k , τ
2
k ] ⊂ Ak, where

f ′′(t) ≥ εk = a
2p(p − 1)|τ1k |p−2. It follows immediately that assumption (F4)(iii) is

satisfied too.
The case where 1 < p < 2 can be handled in a similar but more technical way.

For this reason we just sketch it. As in the proof of Theorem 5.4, we can remark that
in order to have the principal curvatures of the boundary of the set Ωb sufficiently
small, it is enough to have a slightly weaker condition than (F4)(iii); what we actually
need in this case is that

lim sup
t→+∞

f ′′(t)t3χ(∪∞
k=1[τ

1
k ,τ

2
k ])

(t) = +∞,

where χA denotes the characteristic function of the set
⋃∞

k=1[τ
1
k , τ

2
k ]A. It is easy

to verify that this condition is valid in our case. Therefore, making just the ex-
tra assumption (F4)(ii), we can reproduce the argument for the construction of the
barriers.

The next example emphasizes the existence of convex functions satisfying neither
(F4) nor (F5).

Example 5.12. Let us consider the Cantor–Vitali function g: [0, 1] → R, and let
us fix p > 1. We define h:R → R by setting

h(x) :=

{
g(x) if x ∈ [0, 1],
[(n+ 1)p − np]g(x− n) + h(n) if x ∈ (n, n+ 1]

for every x ∈ R. Then we set f(y) :=
∫ y

0 h(x) dx for every y ∈ [0,+∞) and we extend
f to an even function on R. The convexity of f is straightforward from the continuity
and the monotonicity of its derivative. It is also immediate to see that f has at least
p-growth at infinity; in fact, for any x ∈ (n, n + 1], f(x) > f(n) = 1

2n
p. Moreover

f ′′ = h′ = 0 almost everywhere in R. Hence, f is nowhere uniformly convex and does
not satisfy (F5) because f ′ is continuous.

Acknowledgment. The authors wish to thank the referees for interesting com-
ments on the first version of the paper.
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[14] A. Haar, Über das Plateausche Problem, Math. Ann., 97 (1927), pp. 124–158.
[15] P. Hartman and G. Stampacchia, On some non-linear elliptic differential-functional equa-

tions, Acta Math., 115 (1966), pp. 271–310.
[16] P. Hartman, On the bounded slope condition, Pacific J. Math., 18 (1966), pp. 495–511.
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