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Abstract

Cousot and Cousot introduced and studied a general past/future-time specification language, called
i’ -calculus, featuring a natural time-symmetric trace-based semantics. The standard state-based semantics
of the i -calculus is an abstract interpretation of its trace-based semantics, which turns out to be incomplete,
that is trace-incomplete, even for finite systems. As a consequence, standard state-based model checking of

the & -calculus is incomplete w.r.t. trace-based model checking. This paper shows that any refinement or ab-
straction of the domain of sets of states induces a corresponding semantics which is still trace-incomplete for

any propositional fragment of the l/f—calgulus. This derives from a number of results, one for each incom-
plete logical/temporal connective of the /£ -calculus, that characterize the structure of models, i.e., transition

systems, whose corresponding state-based semantics of the 12 calculus is trace-complete.
© 2006 Elsevier Inc. All rights reserved.

1. Introduction

Temporal specification languages used in automatic verification by model checking can be clas-
sified in two broad classes: linear and branching time languages. Linear time languages allow to
express properties of computation paths of the model, called traces, while specifications in branch-
ing time languages describe properties that depend on the branching structure of the model. LTL
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and CTL are the most commonly used languages for, respectively, linear and branching time model
checking. The relationship between linear and branching time languages has been the subject of
thorough investigation since the 1980s (see [26] for a survey). In particular, it is well known that
LTL and CTL have incomparable expressive powers [2,11,18].

Given a linear specification ¢, the standard universal model checking problem consists in charac-
terizing the set MC}Q (¢) of states s of amodel M, i.e., a transition system (or a Kripke structure), such
that any trace in M whose present time is s satisfies ¢. Hence, if [¢]] = {(i,0) € Traces), | (i,0) = ¢}
denotes the trace semantics of ¢, where in a trace (i,0), o is a Z-indexed sequence of states and
i € Z denotes present time, then MCL(q&) = {s € States|V(i,o) € Tracesy,. (o; = s) = (i,0) € [¢]]}.
Cousot and Cousot showed in their POPL’00 paper [10] that this can be formalized as a step of
abstraction within the standard abstract interpretation framework [8,9]. In fact, Cousot and Cou-
sot [10] consider the universal path quantifier 0‘1\{4 : 9o(Traces) — gp(States) which maps any set 7'
of traces to the set of states s such that any trace in M with present state s belongs to 7' and
show that ozj\{l is an approximation map in the abstract interpretation sense. Hence, aL is called
the universal model checking abstraction because MCL () = a\}{/,([[qﬁ]]). Dually, one can define an
existential model checking abstraction ocf\’l : 9o(Traces) — g(States) that formalizes the standard
existential model checking problem: «3,(7) provides the set of states s such that there exists a
trace in M with present state s which belongs to 7. According to the standard abstract interpre-
tation methodology, this universal abstraction gives rise to an abstract state semantics of a linear
language and thus transforms the trace-based universal model checking problem to a state-based
universal model checking problem. The universal state-based semantics [¢]Y,. of a linear for-
mula ¢ is obtained by abstracting each linear temporal operator appearing in ¢, like next-time
or sometime operators, to its best correct approximation on g(States) through the abstraction
map «),. This abstract semantics [¢],,. of ¢ coincides with the state semantics of the branch-
ing time formula ¢v obtained from ¢ by preceding each linear temporal operator occurring in ¢
by the universal path quantifier. Hence, this allows to transform the trace-based model checking
problem M, s Eirace ¢, 1.€.5 € ax/l([[qﬁ]]), to a state-based model checking problem M, s Egtate @, 1.€.
s € [

It should be clear that state-based model checking is a sound approximation of trace-based model
checking, namely:

M,s Estate ¢ = M, s Etrace -

It should be noted that in abstract interpretation soundness is guaranteed by construction, namely
[[(jﬁ]];’tate - ozL([[qS]]) holds by abstract interpretation. However, it turns out that this approximation
is incomplete, that is, the reverse direction does not hold, even for finite-state systems. We will pro-
vide later an example for this phenomenon. Let us remark that when [[(13]];"talte = oz]\{/[(llcp]]) holds for
some linear formula ¢, Kupferman and Vardi [17,25] say that the formula ¢ is branchable. Branch-
able formulae have been used by Kupferman and Vardi for studying how model checking of a LTL
formula ¢ can be reduced to an equivalent model checking of the corresponding CTL formula ¢y.

The above incompleteness means that universal model checking of linear formulae cannot be
reduced with no loss of precision to universal model checking on states through the universal ab-
straction. This also means that standard state-based model checking algorithms (e.g., for CTL) do

not provide exact information w.r.t. a trace-based interpretation. This opens the question whether
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it is possible to find some different approximation A of the trace-based model checking problem
which (1) is still related to states, namely A refines or abstracts from sets of states, and (2) induces
an approximated model checking which is instead equivalent to trace-based model checking: for
any s € States and any linear formula ¢,

M,s Ea¢ & M,s Etrace ¢ ()

It is important to remark that we do not consider generic approximations of traces, but only ap-
proximations that can be obtained by refinements or simplifications of sets of states, namely of
the domain gp(States). Let us notice that the trivial abstraction Trivial o {L}, i.e. the abstraction
carrying no information at all by confusing all the traces, i.e., aTyivial(7) = L for any set T' of
traces, satisfies the above equivalence because we always have that [¢1Trivial = L = aTrivial (Lo1).
More precisely, the paper answers the following question: is it possible to minimally refine/abstract
the state-based semantics of a general temporal languages so that this refinement/abstraction in-
duces a corresponding approximated model checking which is trace-complete, i.e. equivalent to
trace-based model checking? In our approach, refinements and abstractions of a semantics are in-
tended to be specified by standard abstract interpretation [8,9]. This paper provides the following
results:

(1) the only refinement of the state-based semantics that induces a trace-complete model checking
is the trace-based semantics itself;
(ii) on the opposite direction, the only abstraction of the state-based semantics that induces a
trace-complete model checking is the trivial semantics carrying no information at all;
(ii1) for each basic temporal/logical operator of a past- and future-time extension of Kozen’s
u-calculus we characterize the least refinements and abstractions of the state-based semantics
which are trace-complete.

Points (i) and (ii) prove that states are, so to say, “intrinsically trace-incomplete”, since there is no
way to obtain a trace-complete model checking by modifying, through refinements or abstractions,
the state-based semantics.

The scenario. As mentioned above, our results are formulated and shown within the Cousot and
Cousot’s [10] abstract interpretation-based approach to model checking called temporal abstract
interpretation. Cousot and Cousot [10] introduced an enhanced past- and future-time temporal cal-
culus, called /£-calculus, which is inspired by Kozen’s pu-calculus [16]. The trace-based semantics of
the i-calculus is time-symmetric: this means that execution traces have potentially infinite length
both in the future and in the past. Time symmetry is not the only feature of the i¢-calculus. The /-
calculus also provides a tight combination of linear and branching time, allowing to derive classical
specification languages like LTL, CTL, CTL* and Kozen’s u-calculus itself, as suitable fragments.

One main achievement in [10] is that state-based model checking of transition systems (or Kripke
structures) can be viewed as an abstract interpretation of the trace-based semantics. It is worth
mentioning that this abstract interpretation-based approach has been applied to a number of tem-
poral languages by Schmidt [24] and also to modal Kripke transition systems by Schmidt [24] and
Huth et al. [15]. The semantics [¢]l¢race Of @ temporal specification ¢ € i is the set of traces in the
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model M making ¢ true. States are viewed as a universal abstract interpretation of traces through
the universal concretization y)(l : p(States) — p(Traces) defined by

yX/I(S) = {(i,0) € Tracesy, | o; € S}.

This maps yj\(/[ induces an abstract interpretation together with its adjoint universal abstraction
af, : p(Traces ) — p(States) defined by

aL(T) = {s € § | forany trace (i,o) € Tracesy;, if o; =sthen (i,0) € T}.

This abstract interpretation systematically induces a state-based semantics [[- ] : it — o(States).
For example, for an atomic proposition p,
def
[[p]]\sv,tate = OlX/[(I[p]]trace)

def ~
TAXPI e = @l 0 X o 9 ([N ae) = Pre_, ([p15ae)

where X is the next-time transformer on traces and pre_, is the standard “universal pre” transform-
er of states w.r.t. the transition relation — of the model M. The abstract interpretation approach

ensures that [[-]];’tate is sound by construction with respect to the trace semantics: for any ¢ € i,

II¢1]Ztate - 051\{/[([[¢]] trace) -

However, as proved in [10], this inclusion may be strict meaning that state-based model checking
of the # -calculus is trace-incomplete, namely the above equivalence (x) does not hold. Let us recall
an example of incompleteness from [10].

Example 1.1. Consider the following minimal transition system M:
Co—aD

and consider the linear formula ¢ = Gp v FGgq. We have that:

[Gplitrace = {{i,0) € TraceSM [Vj >1i. (j,o) € [pllirace}
={(i,---111---) € Tracesy, |i € 7}
[FGqlltrace = {(i,0) € Tracesy, |3j = i.Vk > j. (k,0) € [plltrace}
={(i,---111222.--) € Traces), |i € 7}

U{({i,---222---) € Tracesy | i € Z}.

Thus, [@llirace = Traces,;, so that aVM([[qb]]trace) = {1,2}. On the other hand, we have that the state
semantics [¢]Y.... is given by the state semantics of the CTL formula ¢y = AGp v AFAGyq. Thus,

state

it turns out that [¢]Y,.. = {2} because in M: (i) it is possible to jump from state 1 to state 2 so that

state

[AGplstate = @ and (ii) it is possible to stay forever in state 1 so that [AFAGgq]lstate = {2}. Hence,

M, FEtrace ¢ while M, 1 [state ¢

that is, universal state-based model checking for ¢ is trace-incomplete.
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The same phenomenon holds even for standard, i.e., partition-based [6,7], or generic, i.c., ab-
stract domain-based [10,13,21,22], abstract model checking where the abstraction map actually
is a state-abstraction and can be modeled as a further abstract interpretation step of [-Jstate.
It is therefore important in order to understand the limits of state-based (concrete or abstract)
model checking with respect to properties of traces, to investigate whether it is possible to find
a semantics [-]» as a refinement or abstraction of [-]Jstate Which is complete for the trace-based
semantics [-Jtrace.

Complete core and shell. Our main goal is that of isolating the least refinements and abstractions
of state-based model checking, i.e., of g(States) viewed as abstract domain of gp(Traces) through
the universal abstraction ozL, which are trace-complete.

Let us recall that an abstract domain 4 = a(Concrete) together with an abstract semantics
/%14 — Aiscompleteforasemantic function f : Concrete — Concrete whena(f(c))= f*(a(c))
holds for any concrete c. Thus, completeness means that abstract computations by f* are as pre-
cise as possible in the abstract domain 4. Giacobazzi et al. [12] observed that completeness ac-
tually depends on the abstract domain 4 only, because it is enough to consider the best correct
approximation @ o f o y of f as abstract semantics. Thus, it turns out that completeness is an ab-
stract domain property: 4 is complete for f iff the equation ¢ o f = @ o f o y o« holds. Hence,
this opens up the key question of making an abstract interpretation complete by minimally ex-
tending or restricting the underlying abstract domain. Following the terminology in [12], we call
complete shelllcore of A the most abstract/concrete domain, when this exists, which refines/abstracts
A and is complete for f. Thus, complete shells add to an abstract domain the minimal amount
of information in order to make it complete, while complete cores act in the opposite direction
by removing the minimal amount of information in order to achieve completeness. As shown in
[12], complete cores always exist, while complete shells exist under the weak hypothesis that the
concrete semantics f is Scott-continuous. Furthermore, complete cores and shells enjoy a con-
structive fixpoint characterization. While it should be clear that completeness could be achieved
by refining abstract domains, perhaps it is somehow surprising that also by removing information
from an abstract domain one could obtain the completeness property. In this case the abstraction
is intended to remove from an incomplete abstract domain exactly the source of incompleteness.
Let us consider a simple example to illustrate this. Consider the following abstract domain of signs
Sign™ & {Z,10,400],[—00,0],[0, 9], [0]}, which additionally to sign information also represents pre-
cisely theinterval [0, 9]. It turns out that Sign™ is not complete for integer multiplication: for example,
2 x 3is approximated in Sign™ by [0, 9] while the abstract multiplication o Sign* 2) x Sign* o Sign* 3)

gives [0, +oo]. However, Sign = {Z, [0, +oc], [—00, 0], [0]}, which is an abstraction of Sign™, turns
out to be complete for multiplication. Even more, Sign is the most concrete domain which abstracts
Sign™ and is complete for multiplication, namely Sign is the complete core of Sign™ for multipli-
cation. Hence, the complete core isolated and removed from Sign™ the abstract value [0, 9], which
was the unique source of incompleteness for integer multiplication.

Main results. We characterize the complete core and shell of the universal state domain g(States)
for all the trace transformers of the /-calculus which are sources of incompleteness: negation,
next-time, time-reversal and disjunction. We also characterize the structure of transition systems
such that universal state-based model checking is complete for next-time and time-reversal. In
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particular, disjunction turns out to be the crucial connective. In fact, the trace-complete shell of the
universalstate domain for the disjunction operation is (essentially) the domain of traces itself, while
the trace-complete core is the trivial abstraction of states carrying no information at all. Let us
point out that one remarkable feature of our abstract interpretation-based approach lies in the fact
that it is fully constructive, namely we exploit general abstract interpretation results that always
provide complete cores and shells in fixpoint form.

On the basis of this analysis, we show that for the i -calculus:

(1) The most abstract refinement of the domain of states that induces a trace-complete model
checking results to be the domain of traces itself.

(2) The straightforward abstraction to a noninformative singleton is the unique abstraction of the
domain of states (and hence of the domain of traces) which induces a trace-complete model
checking.

(3) For each basic temporal/logical operator of the i2-calculus we constructively characterize the
complete core and shell of the state abstraction for traces. These results provide the basis for
isolating fragments of the /-calculus which have nonstraightforward trace-complete shells
and cores of states.

These results prove that there is no way to get a complete approximation of the trace-based seman-
tics by either refining or approximating the state-based model checking for the entire
Iy -calculus, emphasizing the intrinsic limits of precision of state-based model checking with respect
to the trace-based semantics. Moreover, since abstract model checking can be viewed as abstract
interpretation of [-Jlstate (cf. [10]), this also implies that any abstract model checking is intrinsically

incomplete with respect to the trace-semantics of the i -calculus.

2. Abstract interpretation and model checking
2.1. Notation

If X is any set then C1”, Cl” : p(p(X)) — p(p(X)) denote, respectively, the operators that close
any subset ¥ € p(p(X)) under arbitrary intersections and unions, e.g., CI"(¥) = & {NS|S C Y}. Note
that X € C1"(Y) and @ € C1”(Y) because X = N@ and & = UG. If § C X then —S denotes the com-
plement of S in X.

A poset P w.r.t. a partial ordering < is denoted by (P, <) or P.. We use the symbol C to denote
pointwise ordering between functions: if X is any set, P< a poset and f,9:X — Pthen f C gif for
allx € X, f(x) < g(x). If P is a poset and X CPthenmax(X) {x eX|VyeXx<y=x=y}
We denote by Ifp(f) and gfp(f) (or by IfpS(f) and gfp=(f) to emphasize the partial ordering <),
respectively, the least and greatest fixpoints, when they exist, of an operator f : P — P on a poset
P.. Ttis well known that if (C, <, Vv, A, T, L) is a complete lattice (actually, a CPO would be enough)
and f : C — C is monotone then both Ifp( f) and gfp(f) exist and the following characterizations
hold:

fp(f) =nfx e C| flx) <x}, gfp(f) =Vvixre Clx< f0)}
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It is also well known that if f is continuous—i.e., f preserves lub’s of directed subsets or, equiv-
alently, of ascending chains—then lfp( /) = Vien f'(L), where the sequence { /7 (x)}ien, for any x €
C, is inductively defined by f 0(x) =xand [l = i f(f'(x)). Dually, if f is co-continuous then
efp(f) = ANien f (T). A function f : C — C is (finitely) additive when f preserves lub’s of (finite)
arbitrary subsets of C, while co-additivity is dually defined.

2.2. Abstract interpretation and completeness

2.2.1. The lattice of abstract domains

In standard abstract interpretation [8,9], abstract domains can be equivalently specified either
by Galois connections/insertions (GCs/GIs) or by (upper) closure operators (uco’s). These two
approaches are equivalent, modulo isomorphic representations of domain’s objects. The closure
operator approach enjoys the advantage of being independent from the representation of domain’s
objects because an abstract domain is given as a function on the concrete domain of computation.
This feature makes closures appropriate for reasoning on abstract domains independently from
their representation. Given a complete lattice Cc, playing the role of concrete domain, recall that
o : C — Cis auco when p is monotone, idempotent and extensive (viz. x < p(x)). We denote by
uco(C) the set of uco’s on C. Let us recall that each p € uco(C) is uniquely determined by the set
of its fixpoints, which is its image, i.e., img(p) = {x € C | p(x) = x}, because p = Ax. A{y e C|y €
img(p), x < y}. Moreover asubset X C Cistheset of fixpoints of some uco on C iff X is meet-closed,
re, X = M(X) {/\Y | Y C X} (note that T¢ = A@ € M(X)). Note that when C = p(S)c/o, for
some set S, then M = CI"/CI". Often, we will identify closures with their sets of fixpoints. This does
not give rise to ambiguity, since one can distinguish their use as functions or sets according to the con-
text. It is well known that uco(C) endowed with the pointwise ordering C gives rise to the complete
lattice (uco(C), C,u, M, Ax. T,id). It turns out that the pointwise ordering between uco’s corresponds
to superset ordering of the corresponding sets of fixpoints, i.c., p C wu iff img(u) C img(p). Let us
also recall that for any p € uco(C) and X C C, p(VX) = p(Vyexp(x)), and for any set of closures

{pitier € uco(C):
Uierpi = Nierpi;  Nierpi = M(Uierpi);  Mierpi = Ax. Ajer pi(x).

We denote by («, C, 4, ) a GC/GI of the abstract domain 4 into the concrete domain C through
the abstraction and concretization maps o : C — 4 and y : A — C. Thus, it is required that & and
y form an adjunction between C and 4: a(c) <¢ a & a <4 y(a). The map « (y) is called the left
(right) adjoint of y («). Let us recall that it is enough to specify either the abstraction or the con-
cretization map because in any GC the left/right adjoint map uniquely determines the right/left
adjoint map: on the one hand, any « : C — 4 admits a necessarily unique right adjoint y : 4 — C
defined by y(a) = Vc{c € C|a(c) <4 a} iff « is additive; on the other hand, any y : 4 — C admits
a necessarily unique left adjoint « : C — 4 defined by a(c) = A4fa € A|c <¢ y(a)} iff y is co-ad-
ditive. Recall that a GC is a GI when « is onto or, equivalently, y is 1-1. In abstract interpretation
terms, this means that 4 does not contain useless abstract Values namely objects in 4 which are not
abstractions of some concrete object in C. Let us recall that p4 = y o is the uco corresponding to
the GC («, C, 4, y) and, conversely, any p € uco(C) induces a GI (p, C,img(p), id). Moreover, these
two constructions are one the inverse of each other. By this equivalence, throughout the paper,
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(uco(C),C) will play the role of the (complete) lattice of abstract domains of the concrete domain
C. The pointwise ordering on uco(C) corresponds to the standard order used to compare abstract
domains with regard to their precision: 41 C A, in uco(C) encodes the fact that A; is more precise
or concrete than 4; or, equivalently, 45 is less precise or more abstract than Ay; in this case, we also
say that A; is a refinement of 4, and A4, is a simplification or abstraction of 4. Lub’s and glb’s on
uco(C) have therefore the following reading as operators on abstract domains. Let {4;};c; € uco(C):
(1) Ujerd; is the most concrete among the domains which are abstractions of all the 4;’s; (i1) M;er4; is
the most abstract among the domains which are more concrete than every 4,—this domain is also
known as reduced product of all the 4;’s.

2.2.2. Complete abstract domains
Let (o,C,4,y) be a GI, f: C — C be some concrete semantic function—for simplicity of no-
tation, we consider here unary functions—and f* : 4 — 4 be a corresponding abstract semantic
function. Then, (4, f*) is a sound abstract 1nterpretat10n or f*is a correct approximation of f
on A, when o f C f% o a. The abstract function f 1 g0 foy:A— Aiscalled the best correct
approximation of f in 4. Completeness in abstract interpretation [8,12] corresponds to require the
following strengthening of soundness: « o f = f* o a. Hence, in addition to soundness, complete-
ness corresponds to require that no loss of precision is introduced by the abstract function f* on
an approximation «(c) of a concrete object ¢ € C with respect to approximating by « the concrete
computation f{(c). As a very simple example, let us consider again the following abstract domain

Sign representing the sign of an integer variable.

Y/ Sign
N

Zgo Z>o

NS
(0]

Let us also consider the binary concrete operations of integer addition and multiplication, point-
wise lifted to sets of integers in p(Z),e.g, X + Y = {x + y|x € X, y € Y}. Hence, it turns out that
the best correct approximation +5€"on Sign of integer addition is sound but not complete because
a({=1} +{1}) = a({0}) = [0] <g,, Z = Z.o +5" 7., = a({=1})+5%"a({1}). On the other hand, it is
immediate to note that the best correct approximation of integer multiplication is instead complete.

Let us also recall that, by a well-known result (see, e.g., [9, Theorem 7.1.0.4] and [10, Section 6])
completeness lifts to least fixpoints, i.e., if (4, f*) is complete then a(Ifp(f)) = Ifp(f*). Completeness
is an abstract domain property because it only depends on the abstract domain: in fact, it turns
out that (4, f%) is complete iff (4, ) is complete. Thus, completeness can be equivalently stated
as a property of closures: 4 is complete iff v o f = fAoa iff yoao f =yoao foyoa. Thus,
for abstract domains specified as closure operators, an abstract domain p € uco(C) is defined to be
complete for fif po f = po f o p. More in general, the definition of completeness is extended to
any set F of semantic functions by requiring completeness for each f € F. Throughout the paper,
we will adopt the following notation: I'(C, f) {,0 € uco(Q) | p is complete for f}, so that for a set
F,I(C,F) = Nrerl'(C, f). The following property will be useful later on.

pel(C, [ iff peT(C,{f"}nen) ()

In fact, let us show by induction on n € N that if p € T'(C, f) then foranyn € N, p € I'(C, f™). The
case n = 0 amounts to p € I'(C, Ax.x) which is trivially true. For n + 1 we have that: p o f"+! = (since
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peTl(C,H)=po fopo f"=(byinductive hypothesis)= po fopo f" o p =(since p € T'(C, f))
=pofofrop=poflop

Let us also recall how completeness lifts to least/greatest fixpoints for abstract domains specified
by uco’s. If p € I'(C, f), where f is monotone, then Ifp(p o ) = p(Ifp(f)). Moreover, if either p
does not contain infinite descending chains or p is co-continuous then this also holds for greatest

fixpoints, namely gfp(p o ) = p(gfp(f)).

2.2.3. Complete core and shell

The fact that completeness is an abstract domain property opens the question of making an
abstract interpretation complete by minimally extending or, dually, restricting the underlying ab-
stract domain. Following [12], given a set of concrete semantic functions F € C — C and an ab-
stract domain 4 € uco(C), the complete shell (respectively, core) of A for F, when it exists, is the
most abstract (respectively, concrete) domain 4° € uco(C) (respectively, 4 € uco(C)) which ex-
tends (respectively, restricts) 4 and is complete for F'. In other terms, the complete shell, respectively
core, of A characterizes the least amount of information to be added to, respectively removed
from, 4 in order to get completeness, when this can be done. Complete shell and core of 4 for
F are denoted, respectively, by Shellz(4) and Corer(4). Thus, a complete shell Shellz(4) exists
when L{4’ € uco(C) |A' E 4, A’ € I'(C,F)} € I'(C, F), while a complete core Corep(4) exists when
A euco(C)|AC A, A e T(C,P} e T(C,F).

These problems were solved by Giacobazzi et al. [12] who gave a constructive characterization of
complete shells and cores. Given a set of functions F € C — C, the abstract domain transformers
Lr,Rr : uco(C) — uco(C) are defined as follows:

Lr(n)
Rr(n)

{yeC| Userpmax({x e C| f(x) < y}) Sn}
M(Uger,yenmax({x € C| f(x) < y})).

e 11

Theorem 2.1 (Giacobazzi et al. [12]). Let F be a set of continuous functions and p € uco(C). Then,
p e (C,P iff Lr(p) C p iff p T Rr(p). Moreover, the complete shell and core of p for F exist and
are constructively characterized as follows:

Shelly(p) = NienRi(p),  Corep(p) = LienLi-(p).

Thus, the complete shell of p for F can be obtained by iteratively adding to p the image of the
transformer R on the current domain, while the complete core can be obtained by iteratively
removing from p the elements that are not in the image of the transformer Ly on the current
domain.

Example 2.2. Let us consider again the abstract domain Signt which abstracts (Z)c and the square
operation on sets of integers sq : o(Z) — (Z) defined by sq(X) = {x* |x € X}.
Z Sign™
N
Z<0 Zzo

N oy
Ve
(0]
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It turns out that Sign™ is not complete for sq: in fact, PSignt (SQ(pSigrﬁ (10,3D))) = PSignt (sq([0,91) =
Z, while PSign* (sq([0,3]) = PSign* ({0,1,4,9}) =[0,9]. Theorem 2.1 tells us that the abstract ele-
ment [0, 9] is a source of incompleteness: in fact, we have that max({X € p(Z) |sq(X) € [0,9]}) =
[—3,3]1¢p Signt SO that R, (pSign+) Zp Signt Moreover, [0, 9] is the unique source of incompleteness

in Sign™ because:

max({X € p(2)|sq(X) € Z}) = Z € pgjg,+
max({X € p(2) |sq(X) € Z.o}) = {0} € pggr
max({X € p(2) |sq(X) € Z.o}) = Z € pgjgpt
max({X € p(2)|sq(X) € {0}}) = {0} € pgjg,+

Thus, by Theorem 2.1, we have that Coresq(Sign+) = Sign.

When f : C — C is merely monotone, in general the complete shell of an abstract domain for f
may not exist, while the complete core of an abstract domain for f always exists even if it cannot
be constructively characterized by Theorem 2.1.

Remark 2.3. Let F' be a set of additive functions. Then, any F > f : C — C admits a right adjoint
f7:C — C defined by f"(y) = vi{x € C| f(x) < y}. In this case, the above operators Ly and Rp
can be simplified as follows:

Lem={ye CHf WIfeFtSnl Re(n) = MU Iy en, feF).
2.3. Temporal abstract interpretation

Let us recall the basic notions and definitions of Cousot and Cousot’s [10] temporal abstract
interpretation framework (see also Schimdt’s paper [24]). S is any given, possibly infinite, set of
states. Discrete time is modeled by the whole set of i 1ntegers and therefore paths of states are time-
symmetric, in particular are infinite also in the past: PEZ — Sis the set of paths. As usual, an
execution path with an initial state s can be encoded by repeating forever in the past the state s.
Traces keep track of present time, so that T Z x P is defined to be the set of traces. We denote
by o; € S the present state of a trace (i,0) € T. The trace-semantics of a temporal formula ¢ will
be a temporal model, namely the set of traces making ¢ true.

Temporal models will be generated by transition systems or Kripke structures, encoding some
reactive system. The transition relation — C S x S is assumed to be (backward and forward) total,
ie,Vs € S.35% € S.s—s and Vs’ € S.3s € S. s— 5. This is not restrictive, since any transition rela-
tion can be lifted to a total transition relation by adding transitions s — s for any state s which is not
reachable (i.e., an initial state) or which cannot reach any state (i.e.,afinal state). The model generated
by a transition system (S, —) is therefore defined as - {(z a) eTl|ieZ Vk € Z. oy — 0k41}.
The pre/post transformers on p(S) induced by (S, —) are defined as usual:

opre_)(Y)déf{aESHbeY.a—)b};

o pre_, () f—-(pre_)(ﬂY)) {aeS|VheS.(a—b=be D}
opost (Y) {bESIEIaEYa—>b}

° post_,(Y) ! —|(post_)(—-Y)) ={beS|VaeS.(a—>b=aec))}
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The forward closure Fd ©(T) — p(T) is defined as Fd(X) = {(z o) e T3, 1) e XVj >
o; = 7;}. Dually, Bd(X) = {(1 o) € T|3(i,tr) € X.Vj <i.o; = t;} is the backward closure ofX €
©(T). A set of traces X is forward (backward) closed when Fd(X) = X (Bd(X) = X), while X is state
closed when X is both forward and backward closed. Thus, X is forward (backward) closed when
the past (future) does not matter, while X is state closed when the present only matters.

The reversible /-calculus was introduced by Cousot and Cousot [10] as a past and future time-
symmetric generalization of the p-calculus, with a trace-based semantics. Formulae ¢ of the revers-
ible /*-calculus are inductively defined as follows:

pu=os|m|X| @ P17 [PV 2|~ | uX.Q[vX.0 | Vr1: ¢

Where S ep(S), tep(SxS)and X € X, for an infinite set X of logical variables. The set of
i¢-calculus formulae is denoted by £a.

Let us give the intuition for the operators of the i -calculus. o5 stands for a state atomic proposi-
tion which holds in traces whose present state is in S. «t; stands for a transition atomic proposition
which holds in traces whose next step is a transition in ¢. © is time-reversal that allows to express
past/future time modalities from corresponding future/past time modalities. @ is the linear temporal
next operator (usually denoted by X). Finally, V is a generalized universal quantification with two
arguments.

Let us recall the trace-semantics for the /#-calculus. E % X — ©(T) denotes the set of environ-
ments over X. Given § € E, X € X and N € p(T), £E[X/N] € E is the environment that acts as &
in X~ {X} and maps X to N. The it -calculus semantics [-1: £a — E — ©(T) is inductively and
partially—because least or greatest fixpoints could not exist— deﬁned as follows:

los1E < 045 61 v ¢ollE < [T U [palle
EAEET [—¢lE = —([41E)
[X T < £(X) [nX.l = ZUfp(LN € p(T).[PIELX/N])

[®¢llE < axpld) [vX.plE < dgffp()»N e p(T).[PIELX/N])

[¢7 16 = “(Mple)  [Ver1:dalE = V(([11E, [621)

where the corresponding temporal transformers are defined as follows:

e For any S € p(S), ¢ dif {(i,o) € T|o; € S} is the S-state model, i.e., the set of traces whose
current state belongs to S.
e Foranyt e p(S x9), ”{Itl} = {(z o) € T|(0j,0i41) € t} is the ¢-transition model, i.e., the set of
traces whose next step is a ¢-transition.
oD pST) — (T) is the next-time or predecessor transformer:
EB()O_{(z—l o)eT|(i,o) e X} ={{i,o) e T|{i+1,0) € X}
e ST) — () is the reversal transformer:
“(X) ={{—i,Ak.o_) € T|(i,0) € X}.
°®— p(T) — (T) is the complement:
X ¥ Tx.
e Givens € S, (-) 5 : (T) — (T) is the state projection operator:
def
Xis— {(i,0) € X |o; = s}.
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oV: g,)(T) x #(T) — (T) is the universal quantifier:

VX, = ((i,0) € X | X5 C Y}

Ifp € Sﬁ is a closed formula then the semantics [¢]& is independent from the environment & and
thus we simply write [[¢].

The time-reversal operator of the i -calculus allows to express both backward and forward time
modalities. Standard linear and branching temporal specification languages like (past and future)
LTL, linear u-calculus, CTL*, CTL, etc., can all be expressed as suitable fragments of the 12 -cal-
culus, since the standard missing operators can be defined as derived operators. Let us see some
examples.

e Previous-time (or successor) ©: &(X) dEf’“(GB(’“(X))) ={{i+1Lo)eT|{i,o)eX})={{i,o) e T|
(i—1,0) € X}
e Forward sometime (or finally) F: F(X) lfp(AY € p(M.XUBD) = Uyen®"(X).

e Forward globally G: G(X) £ gfp(AY € p(T).X N D)) = Npen " (X).
e Backward sometime F_: F_(X) def“(F(“()O)) = Upen©"(X).
e Backward globally G_: G_(X) £ “(G(" (X)) = Nuen©"(X).

Thus, traces in a model .#_, can be defined as Elr_, o Grn_)AG_(rn),sothat #/_, = [Er_].
Therefore, standard universal quantification in .#_, can be deﬁned as qud f‘v’(ln_)) :¢, while
generalized existential quantification is dually defined by 3¢ : ¢2 = —|(V¢1 —¢n).

In this framework, the trace-based model checking problem is as follows. Let .Z_, be a model
and ¢ € Sﬁ be a closed temporal specification. Then, the universal (existential) model checking
problem consists in determining whether .Z_, C [[¢] (4 - N [¢] £ D).

2.4. State-based model checking abstraction

Cousot and Cousot [10] show how states can be viewed as an abstract interpretation of traces
through universal or existential checking abstractions. This abstraction from traces to states in-
duces a corresponding state-based model checking problem which is a sound approximation of the
concrete trace-based problem.

2.4.1. Universal checking abstraction

For the universal model checking problem, the right notion of approximation is encoded by
the superset relation. In fact, if [-]* is an approximated semantics such that [¢]* € [¢] for any
o, then the universal abstract verification .Z_, C [[¢]* entails the concrete one .#_, C [¢]. Thus,
- ]]1 I ]]2 means that [[- ]]2 is a better approximation than [- ]]1, so that sets of traces and states are
ordered w.r.t. the superset relation: ((T), D) and (p(S), 2) play, respectively, the role of concrete
and abstract domain. Let M C T be any given model, e.g., generated by a total transition system
(S,—). Traces can be abstracted to states through the universal quantifier: a set of traces X C T
is abstracted to the set of states s € S such that any trace in the model M whose present state
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is s belongs to X. Formally, the universal checking abstraction ozXl :o(T) — ©(S) is defined as
follows:

oy (X) = {s € S| My C X},

Thus, O‘L abstracts the trace-semantics [[¢] of some temporal specification ¢ € i to the set of (pres-
ent) states s which universally satisfy ¢, that is, such that any trace of M with present state s satisfies
¢. This map is onto (by totality of —) and preserves arbitrary intersections, therefore it induces a
Galois insertion (ole, (1), o(S)o, y}\(/,) where y/\(/, is the right adjoint to a\,{,,. Asetof states S € p(S)
is viewed through the concretization map y]\(/[ as an abstract representation for the set of traces in M
whose present state belongs to S. Hence, the universal concretization y}\(/, 1 9(S) = o(T) is defined
as follows:

Y (S

For our purposes it is helpful to view the universal abstraction (O‘X/p ©(1)o, 0(S)o, y]\(/[) as a clo-
sure operator in order to make our analysis independent from specific representations of abstract
domains of p(T).

def

= {{i,0) e M |o; € §}.

Definition 2.4. The universal checking closure (or simply universal closure) relative to a model M €
©(T) is given by pY, £ y¥, o ¥, € uco(p(T)s). Thus, pY, = AX.{(i,0) € M | M, € X}.

Notice that, due to the superset relation, ,oX,, (X) C X.Theintuitionis that px,, (X) throws away from
X allthose traces (i, o) either which are not in M/—these traces “do not matter,” since aL =M) =o—
or which are in M but whose present state o; does not universally satisfy X.

Let us observe that, for any S € p(S), yj\(l (S) = UgesM s and that the set of fixpoints of ,01\(4 can
be also characterized as follows:

oy = (S 1S € S} 69
because py, = {yy, (e}, (D) | T € T} = {y},(S|S € S}.

Example 2.5. Consider the two states transition system in Example 1.1 generating the model .Z_, .
Consider the set of traces depicted below where arrows point to present states:

a= 10111

b= 1111111222 -
c=- 1112223222 -
d=-2223222111 -

For the set of traces a and b the arrow moves over 1 while in ¢ and d the arrow moves over 2.
Let X =aUbUcUd.It turns out that p%, (X) =aU b because:

\
e thetrace.-- 222222 ---belongsto (.#_.) > butitdoesnot belong to X, so thatc N '04\7/,//% X)) =g;
e the traces in d do not belong to .#_,, so that d N ,ozf//q X =o.
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As a further example, let us consider the formula @p € £, where p = 61. We have that [[@p]] =
DM )= (M) ~{li,0) € (M) 1| oip1 =2} Therefore it turns out that p", T (@pl) =

In the paper, we will make the following weak assumption on the universal closure.

Hypothesis 2.6. For any universal checking closure py,, the model M € p(T) is such that (i) for any
s€S, M| >land (i) 8(M) =M = 6(M) and &("(M)) = (M) = S("(M)).

Hypothesis (i) means that for any state s, there exist at least two traces in M with present state
s, while hypothesis (ii) means that M and its reversal " (M) are closed for forward and backward
time progresses. These conditions are obviously satisfied by any model .#_, generated by a total
transition system (S, —).

2.4.2. Existential checking abstraction

The existential checking abstraction is deﬁned by duahty In this case, the relatron of approxi-
mation is set inclusion, because [¢] < [[qb]]1 - [[(1)]]2 and [[q&]]1 NM #+ @ imply [[qb]]2 NM #+ @. The
Galois insertion (o3 (D, 9(S)c, yM) is defined by duality as follows:

ay(X) = —(ay(—~(X) ={s € S|M;NX + o)
Yy (S) = =y (=(X))) = {{i,0) € T|({i,0) € M) = (0; € 5)}.

The intuition is that o3 3, abstracts a given trace-semantics [¢] to the set of states Wthh existen-
tially satisfy ¢. In this case, the existential checking closure relative to a model M is ,oM = yM o ai’/[ €

uco(p(T)c), that is,
p?w(X) ={{i,o) e T|({(i,o0) e M) = M;; N X # &} = {(i,0) e M |M;; N X # &} U—=M.

Hence, p§4 (X) adds to X any trace which is not in M—these are meaningless because oz?V[(—'M) =
@—and any trace in M whose present state existentially satisfies X. ,o?u is dual to pL since ,015"4 =
-0 pX; o —. In the following, we will consider the universal abstraction only, since all the results
can be stated and proved by duality in the existential case.

2.4.3. State-based abstract semantics

The universal abstraction for some model M (typically M = .4 _, for some total transition sys-
tem (S, —)) induces a state-based abstract semantics on £(S) of the /¢ -calculus which is obtained
by applying standard abstract interpretation. Basically, this amounts to abstract any trace trans-
former on go(T) by its corresponding best correct approximation on g(S) induced by the universal
abstraction aM / y)‘z For example, the next-time transformer @ : o(T) — (T) is abstracted to
ay o ®oyy  9(S) = 9(S).

The general scenario is as follows. E* = X - ©(S) is the set of state environments. The state-
based abstract semantics [[-]¥ I Sa — B — p(S) is inductively defined by replacing each trace
transformer Tr . p(T) — po(T) wrth its corresponding best correct approximation on states on o
Tr o yM £(S) — £(S). The following lemma characterizes these best correct approximations.
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Lemma 2.7.

(1) af,(ogsy) = S;

2) oz\%_) (i) ={s €S|V €S.s > 5 = (s5,5) et});
(3) ), (v, (SD) U vy (S$2)) = Si U So;

@ alyo =0yl =

S al odoy), = pre_,

(6) o, (" (v () = {s € SIMys = ("M) 5}

(7) af, (Vi (S, vy (52)) = S N S

Proof. Point (1) is asfollows:ozx,(o'ﬂsﬂ) ={seS|IM,;C{{i,o)eT|oieSl}={seS|{i,o) e M &
o; = s) = o; € S}. Since, by Hypothesis 2.6, | M| > 1 for any s, we obtain that {s € S| ((i,0) €
M&oi=5) = 0,85} =8.

Point(2)isasfollows:aé\’;{% () ={s €S| (M) s C{{i,o) € T|(01,0i41) €t} ={s€S|({(i,o)e
M &oi=5) = (05,0141 €t} ={s€S|V’e€S.s >5 = (s,5) €t}

Point (3) is as follows: a]\{l(y]\(/[(Sl) U )/L(Sz)) = aL(yL(Sl US)) =S1USs.

Let us consider point (4) and let us show that —-a}//,(—-y/\(/, (S)) = S. By [10, Section 11.7], = o ozX/[ =
oz?w o — so that we have that ﬁa]\{/[(—ry]\(/[(S)) = ai,[(yL(S)) ={seS|M,nN )/L(S) #+ &}. By exploit-
ing Hypothesis 2.6 which guarantees that |M ;| > 1 for any s, it is immediate to prove that
{s € SIMysNyy(S) #+ 2} =S.

Point (5) is shown in [10, Section 11.2].

Point (6) is as follows. By [10, Section 11.7], a}, 0 © = a¥,,. Thus, &}, (" (v}, () = {t € S| ("M), C
Y8} ={t €S| (M) C UgesM s} Since (M) € My, iff (M) = M}, we obtain that
ay (O S)) = {s € S| My = ("M) ).

Finally, point (7) is as follows. Observe that o}, (Y (), (S1), 3, (S2)) ={s € S | M5 € {(i,0) € yy,(S1) |

Vy D) yor S ¥ (S2)}}. On the one hand, it is easy to check that S1 N Sy € o, (Y(yy, (S, V37 (S2)).

The reverse inclusion follows easily by noting that Hypothesis 2.6 ensures that for any s € S there
exists some (i,0) € M ;. O

By the above lemma, the abstract semantics [[-]]Y%_) : Sﬁ — F¥ — ©(S) is inductively defined as
follows:

[osl¥, x=S

IInt]]XZ{_)X ={seS|VeS.s—>5 = (5,85 €t}
[XTY, x = xX)

[¢1 Vv ‘PZ]]Y////%X = |I¢1]]\fhx U [[¢2]]§//_>X
[—¢1%, x=-[¢l", x

[®¢l",  x=pre_ (I41%, X

[¢1%, x=a%, (&% A1, X))
[uX.917, x =1p(S € o(S).[¢1",  xIX/S)
[vX.¢1%, x = gfp(LS € p(S).[61", xIX/S])
Vo1 : ¢21, x =l xNIe2ll", x
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Thus, for any linear formula ¢, namely a formula ¢ with no quantifier, [¢]" 'y, provides the
state-semantics of the state formula ¢" which is obtained from ¢ by preceding each linear temporal
operator, i.e., next-time @ and time-reversal *, occurring in ¢ by the un1versa1 path quantifier V.

The unlversal abstractlon a}(l is extended pointwise to environments on E — [E° as follows:

M(S) TX e X. on (€(X)). The correctness of the state-based semantics [[- ]] 1s a consequence

of its abstract interpretation-based definition:
Forany ¢ € ¢; and € € E, oy, ([416) 2 [l ¢y, (©)-

This means that given any state s € |I¢]]X4d>{/[($), it turns out that any trace (i,o) in M whose
present state is s satisfies ¢. Following the terminology by Kupferman and Vardi [17,25], when
aM([[qS]]f;‘) = [¢] Mon(S) holds for some ¢ € Sﬁ, the formula ¢ is called branchable. In general,

completeness does not hold for all the formulae of the i -calculus, i.e., the above containment may
be strict, as shown in the Introduction. This intuitively means that universal model checking of
linear formulae cannot be reduced with no loss of precision to universal model checking on states
through the universal quantifier abstraction. Conseguently, it turns out that the universal abstrac-
tion is incomplete for some trace operators of the /'-calculus. Cousot and Cousot [10, Section 11]
identified the sources of this incompleteness, namely those operators Op of the i¢'-calculus such that
P]Y4 is incomplete for Op: next-time, disjunction, negation and time-reversal. Incompleteness of pX/[
w.r.t. time-reversal and negation is not explicitly mentioned in [10] and is shown by the following
example.

Example 2.8. Let us consider the two states transition system in Example L.1. Let X 4 {(i,o) €
T|Vk > 1. ak = 1}, so that " (X) = {{i, a) |Vk < i.ox =1}.Since (M) 1 £ X and (%ﬁ)u Z X,we
have thatp . XN=0 and thereforep YRS (p" (X)) = 2. Instead, it turns out that p” T (C0) =
(M) 1. This means that p v 1s not complete for ©

Asfarasnegationis concerned con51derany (i,o) € (ﬂ—>)¢1 (e.g., 0 rMoe 71 )and U,y e (M=)
(e.g., (0, Ak eZ.2 ) and let X £ —-{(z o), {J, ‘L’)} It turns out that 10// (=X)=p /_)({(1 o), {j,T)}) =
&, while ,0 - (=p" Ty X)) = ,0 . (79) = ,0 . (T) =.4_,s0 that ¢ completeness does not hold.

Cousot and Cousot [10] provide some conditions on the incomplete trace operators that ensure
completeness of p}(/[. As far as next-time is concerned, Cousot and Cousot show that completeness of
,01\(4 for @ holds when the linear operator & is restricted to forward closed (i.e., future-time) formu-

lae, namely formulae of the i -calculus without time-reversal. On the other hand, when disjunction
is restricted to have at least one state formula, i.c., a universally quantified formula, it turns out
that ,01\(4 is complete. These sufficient conditions allow to identify some complete fragments of the
1¢-calculus. This is the case, for example, of the ui-calculus considered by Cousot and Cousot in
[10, Section 13], where time-reversal is disallowed and disjunction is restricted to at least one state
formulae.

Completeness of ,OX,[ isrelated to Maidl’s [19] characterization of the maximum common fragment
LTLg4et of LTL and ACTL, which is defined as follows:

LTLget 3 ¢ =05 |05 |1 Ad2| (65 A1) V (—65 A ) |
@ | U(as A ¢1,—65 A ¢2) | W(as A ¢1,—6s A ¢2)
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where U and W denote, respectively, standard until and weak-until, i.e., W(¢1, ¢2) = Go1 v U(¢1, ¢2),
operators. Obviously, LTLge; is a fragment of the i -calculus. Maidl [19] shows that LTLg4e =
LTL N ACTL, namely that forany ¢ € LTL, there exists some ¢ € ACTL such that ozX/[(l[qb]]) = [v]
iff there exists some ¢ € LTLge such that [¢] = [¢].

Ranzato and Tapparo [23] show that the universal abstraction is complete for all the formulae of

LTLge. namely for any ¢ € LTLyer, ol (I61) = [¢1Y,. Let LTLy ©{¢ € LTL | oY, ([¢]) = [41%,}

denote the set of branchable LTL formulae. Thus, we have that LTLge¢ € LTLy. Furthermore, the
following converse holds: any branchable LTL formula is equivalent to some formula in LTL 4. In
fact, if ¢ € LTL is branchable then, by Maidl’s [19, Corollary 1] result, there exists some ¥ € LTL e
such that [[¢] = [¥]. As a consequence, we obtain the following characterization of branchability
for LTL formulae.

Theorem 2.9. Let ¢ € LTL. Then, there exists £ € LTLy such that [¢] = [£] if and only if there
exists f € LTLget such that [[¢] = [v1.

Thus, LTL4e also provides a synctatic characterization for the set of branchable LTL formulae.

3. Complete cores and shells for temporal connectives

In the following, we will characterize the complete cores and shells of the universal abstraction p]\(/[
for the following trace operators which are sources of incompleteness: next-time, disjunction and
time-reversal. These complete cores and shells do exist because @, U and " are trivially continuous
functions on the concrete domain o(T)5 so that we can exploit Theorem 2.1 in order to characterize
them. As recalled in Section 2.2.3, complete shells may not exist and we show that this is indeed the
case of negation. Let us observe that Theorem 2.1 cannot be applied in this case because negation
is not continuous on ©(T)>. On the other hand, the complete core for negation does exist.

One remarkable feature of our approach lies in the fact that it is fully constructive, namely The-
orem 2.1 always provides complete cores and shells in fixpoint form so that we do not need to
conjecture some abstract domain and successively to prove that it is indeed a complete core or shell.

3.1. Negation

Theorem 3.1. The complete shell of pX/[ for = does not exist.

Proof. Let us consider the simplest transition system ({e}, {e — o}) consisting of a single state e and
of a single transition e — e. The only possible path is An € Z.e so that the model M generated by
this transition system coincides with the set of traces, namely M = {{i, An.e) |i € Z}. Thus, any set
of traces can be simply represented by the corresponding set of present times, namely by a corre-
sponding set of integers, so that the concrete domain (T)> can be represented by (Z)> and in
particular M = Z. We also have that p}, = {@, Z}.

Let Zoy and Z,4 denote, respectively, the set of even and odd intergers and consider the following
two closures: for any X € gp(7),

z ifxX=17 z ifX=17
pev(X) = {X NZe otherwise ” 0a(0) = {X N Zoq otherwise
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Let us note that pey, pod € uco($(Z)>), because their images are closed under arbitrary unions,
and that pey, pod T p}&. Let us show that pe, is complete for — (the case of p,q is analogous).
If X € {Z, @} then pey (—X) = pey(—pev(X)) trivially holds. If X € p(Z) and X ¢ {Z, &} then

Pev(mPev(X) = pey(—(Zey N X)) = pey(Log U —X) =
Loy N (Log U —X) = Zey N =X = pey(—X).

If Shellﬁ(p}&) would exist then we would have that pey, pog T ShelL(,oL), so that pey U pog C
Shell-(py,). But pey U pod = p)y» so that we would have that Shell-(p},) = p}, which is a con-
tradiction because ,oX/, is not complete for —=. [

Negation is antimonotone, however this is not the reason why the corresponding complete shell
does not exist. In fact, as a further remarkable example, we show that this is also the case of the
“sometime” operator F, which is instead monotone.

Theorem 3.2. The complete shell of ,oxl for F does not exist.

Proof. Let us consider again the transition system ({e}, {e — o}) used in the proof of Theorem 3.1
so that the concrete domain g(T)5 can be represented by g(Z)> and in particular M = Z. We also
have that ,oX/, = {9, 7}, namely pX/[(Z) = 7, while if XCZ then p]\(/[(X) = @. Let us observe that for

any k € Z,F([k,+00)) = Z, because for any i € Z there exists some m > i and m € [k, +00).

It is simple to observe that ,0}(4 is not complete for F. In fact, for any k € Z, we have that
pyr (F(lk, +00))) = pj(2) = Z, while py(F(py,([k, +00)))) = py,(F(2)) = p},(@) = @. 1t is al-
so easy to note that F is not continuous on p(T)s: in fact, (o, F([k,+00)) = Z, whereas
F(( e[k, +00)) = F(@) = @. Hence, noncontinuity of F is consistent with Theorem 2.1.

Let us now consider the following family of closures: for any £ € Z and X € p(2),

o= |2 ifX =27
PE) =1 xn [k, +00) otherwise

Let us note that p; € uco(p(Z)>), because img(px) = {Z} U{X € p(Z) | X C [k, +00)} is closed un-
der arbitrary unions, and that p; C p}(l. Let us show that p; is complete for F. Let X € p(Z). If
X = Z then p (F(X)) = pr (F(pr(X))) trivially holds because X = Z € pg. Thus, consider XCZ. We
distinguish the following two cases.

Case (i). Assume that for any j € Z, X N [j,4+00) # &. Then, we have that F(X) = Z because, by
hypothesis on X, for any i € Z there exists some k£ € X such that i < k. Moreover, F(p; (X)) =
F(X N[k,+00)) = Z because for any i € Z, X N [k, +00) N [i,+00) # &. Thus, in this case, F(X) =
F(pr (X)), so that pr (F(X)) = pr (F(px (X)) = Z.

Case (i1). On the other hand, assume that there exists some i € Z such that X N [i, +00) = @&. There-
fore, max(X) = n € Zsothat F(X) = (—o0,n]. Let us distinguish two cases:n < kandn > k.Ifn < k
then o (F(X)) = (—o0,n] N [k, +00) = T, pp(X) = X N[k, +00) = @, so that pp (F(pr (X)) = 2. If,
instead, n>k then pr(FX))=(—o00,n]lNI[k,+o0)=[k,n], pr(X)=XN[k,+00) so that
max (o (X)) = nand thisimplies F( o (X)) = (—o00, n], from which p; (F(px (X)) = (—o0, n] N [k, +00)
= [k, n].
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Hence, summing up, we have shown that for any k£ € Z and X € p(2), pr(F(X)) = pr (F(px (X)),
i.e., any pr is complete for F. If ShellF(pX,,) would exist then we would have that for any k, px C
Shell (o), so that Lirezox E Shellp(p),). But img(Ukez o) = (iey img(or) = {2, 7} = img(py,),
so that we would have that ShellF(pX,I) = p}{,, which is a contradiction because p]\{/[ is not complete

forF. O

The above proof also shows that F is not continuous on o(T)>, so that noncontinuity of F is
consistent with Theorem 2.1.

Although negation is not monotone, it turns out that the core of ,o]\(/[ for — exists even if we cannot
exploit Theorem 2.1 in order to obtain a constructive characterization of it. This core results to be
the greatest totally uninformative closure.

Theorem 3.3. Coreﬂ(,o]\(/[) = Xo.

Proof. Let 1 € uco(p(T)>) such that p}(/[ C 7, so that, for any .X, pL (X) 2 n(X). By Hypothesis 2.6,
for any s € S, we consider some (i,o05) € M, so that | M ~\{(i,05)} | > 1. Consider Y o {(i,o5) €
T |s € S}. Then, we have that n(—=Y) C pX/[(—-Y) = &, so that n(—Y) = @. On the other hand, n(Y) C
,oX,I(Y) = @, so that n(¥) = @ and in turn n(—n(Y)) = n(—2) = n(T). Thus, if n is complete for —
then n(T) = @ so that forany X C T, n(X) € n(T) = @. Hence, AX.< is the unique closure which
is greater than p}(/[ and complete for —, i.e., Core_, (pX,I) = Xo. U

3.2. Next-time

Let us first show the following easy properties of the predecessor and successor trace operators.
Lemma 3.4.

(D) ®:p(T) = (M) and 6 : p(T) — w(T) preserve arbitrary unions and intersections, and® ! =
cando™! = @.
Let p € uco(9(T)>). Then,

(2) p € D(p(T)2, @) iff for alln € N and X € p(T), 8" (p(X)) = p(&"(p(X)));

(3) p € T(p(T)2,0) iff for alln € N and X € p(T),d"(p(X)) = p(@"(p(X))).

Proof. (1): Clear. (2) and (3): Let us check that p € T'((T)>,®) iff for all » € N and X € o(T),
" (p(X)) = p(&"(p(X))) (the remaining proof is analogous). Because, by (1), @ is additive on o(T)>,
by Theorem 2.1 and Remark 2.3, we have that p € I'(p(T)>, ®) iff {N{X € (T) |[®X) D Y}}ye, C
p.By (1), 8(X) 2 Y iff X D ©(Y), and therefore p € I'(p(T)>,®) iff {&(Y) | Y € p} C p, and there-
fore, iff {©(p(X)) | X € ©(T)} € p. Analogously, we get that, for any n € N, p € I'(p(T)>, ®") iff
{&"(p(X)) | X € p(T)} C p. Thus, property (%) in Section 2.2.2 closes the proof. [J

Let us recall from [10] that pM is complete for & when @ is restricted to forward closed set of
traces, namely if X € g(T) is such that X = Fd(X) then ,OM(EB(X)) = pM(ea(pM(X))) This implies
that for forward or state closed specification languages, namely languages with no past-time mo-
dality like LTL and CTL¥, the universal abstraction is alreadly complete for the next time trace
transformer. The situation changes in the general case of the /' -calculus, where pM is incomplete
for next-time.



R. Giacobazzi, F. Ranzato | Information and Computation 204 (2006) 376-407 395

3.2.1. Complete core
By exploiting the constructive method provided by Theorem 2.1, the set of fixpoints of the com-
plete core Coreg(p),) is first characterized as follows.

Theorem 3.5. The set of fixpoints of Coreg (pX/[) is{Y € p(T)|Vk e N.eky = ,OX/I(ekY)}.

Proof. By Theorem 2.1 and Remark 2.3, Core@(pM) = I_I,GNL@(,OM) Thus, Y € Core@(,oM) & Vie
N.Y € L’@(pM) Moreover, by Lemma 3.4, we have that Lg(n)={Y € o(T)| N{X € p(T) 1X 2
eY}en}_{Y e p(l)|0Y e n={Y ep(l) |eY=n(E©D)}, and therefore, foranyi e N, Y e L (pM)
& oY = ,oM(e Y). Therefore, the thesis follows. [

The following result provides a further useful characterization of the complete core based on the
structure of the transition system. We use the following notation: given a transition system (S, —)
andstatesr,s € S,foranyk > 0, rsiffr = ro —> r—>r— ... —> ry = s,where{r,...,1x_1} € S.
Moreover, we consider the following property P, for any S C S:

P(S) iff Jk>0,geS,reSS,teS. gotandrst.

Theorem 3.6. Let M = ./ _,, for some total transition system (S, —). Then, for any S C S, )/X//, S) ¢
Coreg,(pyy) iff PS)-

Proof. (<) Assume that there exist & > 0 ge S, reS\S,teS such that q—>t and r-1. By
Theorem 3.5, it is enough to show that &f (UseSMis)DpM (ef (UsesM ). Since q—>t and (S, —>)
is total, there exists (j,7) € M such that mj=q and mj1; =t. Since g € S, we have that (j, )
UsesM s and therefore (j + k,7) € okf (UsesM ). On the other hand, since r5¢ and (S,—) is to-
tal, there exists (/,7) € M such that 7; = r and t44 = ¢ = 7wj44. Thus, (/ +k,7) € M7, ,, while
(l+k,7) ¢ ek(USGSM“) because t; = r € S. Thus, by definition of p}(/[, this means that (j + k, ) &
P (8 (UsesM ).

(:) By Theorem 3.5, there exist £ > 0 and (j, 8) such that (i) (j, 8) € ek(USESMis) and (ii) {/, 8) ¢
Py (©F (UsesM ). Thus, by (i), (j — k, B) € UsesMs, 1., Bj—i € S. Moreover, by (i), M5, & F
(UsesM ), so that there exists (/, 71) eM such that 7; = ,8] and (I — k, ) & UsesM 5,16, 1) & S.
Summing up, we have that 7;_ k—)n;, Bj— k—)n;, mi—k ¢ Sand B,y € S, thatis P(S). [

Thus, by the characterization (}) in Section 2.4.1 of ,oM stating that {yM (8)}scs is the set of
fixpoints of ,0}(4, the above result characterizes exactly the fixpoints which must be removed from
p}@ in order to get the complete core Core@(pL). As an immediate consequence of Theorem 3.6,
observe that M e Core@(px[): in fact, by Theorem 3.6, M = \M(S) and R(S) 1S not satisfied.
Let us also observe that P,(S) holds iff P,(—S) holds, so that y;,(S) ¢ Coreg (,oM) & yM(—|S) g
Coreg (pj\(/[).

Example 3.7. Consider the transition system in Example 1.1. We know that ,oM {yM(Q) yM({l})
yM({Z}) yM({l 2})} Which elements are in Core@(pMﬁ We have that yM(Q) and )/M({l 2}) always
belong to Coreg(p),). Moreover, note that 1->2 and 2->2 so that P.({1}) holds. Hence, by Theorem
3.6, yM({l}) and %{2}) do not belong to Core@(,oM)
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By exploiting the above constructive result, we are also able to characterize the structure of tran-
sition systems whose models induce a universal closure which is complete for next-time. These are
the transition systems (S, —) such that — is injective. A transition relation — is injective when

Vr,s,teS.r >t & s> 1) =r=s.

Theorem 3.8. Let M = ./ _,, for some total transition system (S, —). Then, ,OX/[ is complete for @ if
and only if — is injective.

Proof. pM is complete for @ iff Core@(,oM) = ,oM iff Core@(pM) C ,oM iff ,oM C Core@(pM) Thus:
(=) By hypothesis, for any s € S, yy,({s}) € Core@(,oM) ThL}(S by Theorem 3.6, for any r,s,1 € S
such that r # s, we have that for any £ > 0, s>t implies —(r—1). Hence, for any r,s,¢ € S and for
any k > 0, r—k>t and s-5¢ imply s = r. Therefore, for £ = 1, this 1mp11es that — is injective.

(<) Let — be injective. Let r,5,1 € S and k£ > 0 such that r5¢ and s—k>t e, r—>rn—...—>
rr—1— tands — s — ... — sp_1 — t. Then, by injectivity, 7;_1 = sx_1, and in turn, still by injec-
tivity, r._» = sx_2, and so on, so that we get » = s. Hence, for any r,s,¢ € S, for any k£ > 0, s
and r25¢ imply » = s. This means that, for any s € S, P,({s}) does not hold. Thus, by Theorem 3.6,
y]\(/l({s}) € Core@(p]\(,[). Since Core@(pL) is a uco on p(T)o, its set of fixpoints is closed under arbi-
trary set-unions. Moreover, since Vz\\i] 1s co-additive on p(S)>, we have that y)\z preserves arbitrary
set-unions. Thus, forany S C S, y]\(/[(S) = Usegy)&({s}) € Core@(le).Thus, since pj\f/[ = {y]\(/[(S)}Sg§,
it turns out that pj\{,l - Core@(px[). O

It is worth noting that injectivity means that each computation step is reversible, i.e., the reversed
transition system (S, <) obtained by reversing the transition relation is deterministic. This is the
case of Bennett’s reversible computations [1], i.e., computations whose output uniquely defines the
input, which have been extensively studied by many authors in different contexts. Let us also observe
that if s € S is in a stall, i.e., such that s — s, then the injectivity of the transition relation requires
that ¢t / s for any ¢ # s, i.e., s cannot be reached by any other state so that s must necessarily be an
initial system state.

Example 3.9. Consider a traffic light controller modeled by the transition system (S, —) depicted
in Fig. 1 that generates the model M. Then, (S, —) is total and injective, and therefore, by Theorem
3.8, the corresponding universal closure is complete for next-time, so that Core@(,oM) = ,oM
Consider instead the abstract transition system (S* = {red, go}, —>ﬁ) induced by the state partition
{{red}, {green, yellow}} (see [7] for an introduction to abstract model checking) and still depicted
in Fig. 1. In this case, (S¥,—%) is total but it is not injective. Let M* be the model generated by
(S*, —%). We exploit Theorem 3.6 in order to compute the complete core in this case. It turns out
that red — *go and go — "go, so that P «(red) and P «(go) do not hold. Thus, in this case it turns
out that the complete core is trivial, i.e., Core@(pLj) = {@, M*").

-
@@

Fig. 1. A traffic light controller and its abstract version.
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Let us also observe that any abstraction with at least two states of (S, —) induces an abstract transi-
tion system for which the universal closure is not complete for next-time. This is not always the case
for abstract transition systems. For example, in the case of an infinite counter modeled by a con-
crete transition system (S, —) where S = Z and x — y iff y = x + 1, it turns out that both (S, —)
and the abstract transition system ({even, odd}, —?) with —? u {odd — even,even — odd}, ob-
tained by the even/odd partition of integer numbers, are such that the corresponding universal
closures are complete for @: in fact, both transition relations are injective and therefore Theorem
3.8 applies.

3.2.2. Complete shell
By applying again Theorem 2.1, let us now characterize the set of fixpoints of the complete shell
of the universal closure for next-time.

Theorem 3.10. The set of fixpoints of Shellg, (/’1\{4) is CZU({e" X |neNX e PXl”'

Proof. By Theorem 2.1 and Remark 2.3, Shell@(pxl) = nieNRéa(n), Whefe Re(n) = Clg({ﬂ{X c
P(T) | ®X 2 Y} Y € nh) = ClY({&(M) | Y € n}).Moreover,foranyi € N,RL (1) = CIV({(6/(1) | Y €
n}). Thus, it turns out that

Shellg (o)) = MienR (0}7)
= ClM(Uien CIP({8' (D | Y € pj 1)
= ClY(Uien @D | Y € p}s})
=Cl’{e'lieN, Y epy). O

Thus, in order to minimally refine the universal closure /01\(4 to a complete closure for the next-time
@, one must close the image of pL under the application of the inverse of @, i.e., the previous-time
trace operator ©.

As a consequence of Theorem 3.10, we can also provide a characterization of Shellg (/01\(4) as a
function. Given (i,0) € T,M € p(T) and k € Z, let us define:

def .
MY ;o S0, T) € M| Tk = 01k}

This is a generalization of the (current) state projection, since M |, = Mi)(l. o) In particular, if £ € N,

Mf(lf &) Can be thought of as the k-th past state projection of M.

Theorem 3.11. Shellg,(py,) = AX.{{i,0) € M |3k € N. M| [, € X}.

Proof. By Theorem 3.10, we have that Shell@(px[) = X.U{e"Z|neN,Ze ,01\(4,9”(2) C X}
Thus, let us show that forany X C T,

ule"@|neN, Zepj, ©"2) <SX}={(io)eM|IkeN. M, CX)

(©): Let (i,0) € ©"(Z),forsomen € Nand Z € p}(/[ such that ©"(Z) C X. Then, (i — n,0) € Z and,
sinceZ € ,0}(4, (i —n,0) € M.Letus showthatM&’;a> C X.Consider (j,7) € M suchthatt;,_, = 0;_,.
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Since (i — n, oyeZandZ e p}(l,wehavethat (j —n,t) € Z,sothat (j,7) € ©"(Z).Hence,0"(Z) C X
implies (j,7) € X.

(2): Consider (i,o) € M such that M_k C X for some k > 0. We cons1der M, , € pM and we
observe that (i,o) € KM Joig)- In order to conclude, let us check that ©f (M ia )< X Consider
(, 1) ek (M5, ,),sothat (j —k,7) € M5, ,. Hence, t,_x = 0;_, so that (j, 7) EMJ C X, and
therefore (j,7) e X. [

Thus, for any X € p(T), Shell@(pxl)()() throws away from X all those traces either which are not
in M or which are in M but any past or current state of the trace does not universally satisfy X. The in-
tuition is that while the universal closure p} ), considers present states only (i.e., M|, C X), as expect-
ed, completeness for next-time forces to take into account any past state (i.e., Ik € N. Mk ioy € X).
Therefore, in order to design a suitable abstract domain for representing Shell@(pM) we need “to
prolong the abstract domain go(S)g in the past” as follows.

Deﬁmtlon 3.12. Define 50(8)” = Z<0 — ©(S), where Z is the set of nonposrtlve integers. Observe
that p(S)“ is a complete lattice w.r.t. the standard pointwise ordering O.

Givenz € Z<, s e Sand M € o(T), define Mj = {(z o) € M |0y, = s}.

The mappings aVM ©(T) —> gg(§)ﬂ’ and Vv (S)w — (T) are defined as follows:

aVM(X) oz e Z. {s € S|Mj, CX};
& (2) = ((i,0) € M |3k € N. oj_t € S(=h)}.

Corollary 3.13. (a\?M, o(T)o, 5@(8)3, yVM) is a GC, and additionally a GI when M = M _,, for some
total transition system (S, — ), which induces the closure Shell (,OM).

Proof. The fact that (on ,p(T)D,p(S)D,yV ) 1S a GC/GI follows easily from the GC/GI
(oeM,ga(T)g,go(S)g yM) Moreover observe that Vv o a\? coincides with the characterization

of Shell@(pM) given by Theorem 3.11. O

Hence, the state abstract domain o(S)> needs to be refined to a domain of infinite sequenc-
es of sets of states, namely the “prolongation” of yM in the past. We index the sequences X €
p(S)‘“ over Zp, so that for any i € N, X(—i) € (S) is reminiscent of a set of states at time
—ieZ.

As a consequence, it is easy to design an abstract domain for representing the complete shell of
the universal closure for both next- and previous-time. In fact, the prolongation of ©(S)> both in
the past and in the future leads to the Galois insertion (ozv ()2, 0(S)5, )/VM), where:

def

aV (X)_)\.ZEZ {seSlMZ C X},
yVM(E) & {(z,o) eM |3k € Z. oy € L(k)}.

Example 3.14. Let us consider again the two states transition system in Example 1.1 and the
formula @6p € »8/;« where p = a1. Observe that [@op] = [p] —M“ The formula @Sp is
not branchable, namely the abstract semantics of &6 p induced by ,oM is not complete. In fact,
ol ([@epl) = {1} while [@epl, = pe_, (POSt_, (), (M,1))) = pre_, (post_, ({1})) = pre_, ({1})
= J.
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Let us check that for the above abstract domain p(S)® completeness does hold. In this case, the
abstract semantics is as follows: [® © plly, = a\i;M o®o VviM o aiM 06o VviM o a\fM (M,1). Hence, we
have the following equalities:

n o ifz<0

)/viM (OﬁM M) =My

O, (@, (M) = Myt Uli,0) € M |0 =2, 011 = 1)

o, (O(%,, (@, (M))E) = {{‘f} WS

Ve, (@5, (O, (@, (M) = My U ({i,0) € M |0 =2, 011 = 1)
O, (@5, (O0F, (@5, (M) = My,

As a consequence, it turns out that

o ([BopD) = i, (M) = o (@G5, (@F, Ok, (@, M) =[Sl
namely completeness holds for this abstract domain.
3.3. Time reversal

Let us now analyze the time reversal operator. The universal abstraction for the reversed model
M is characterized as follows. Of course, notice that if M is generated by a transition system (S, —)
then ™M is the model generated by the reversed transition system (S, <—).

Lemma 3.15. p7,, = "o p}, 0.

Proof. Letus showthat ™ (p}(l(“X)) = ,OXM X).Let {(i,0) € “(p}(/[ ("X)).Wehavethat ™ (i,o) € p]\(/[ X,
and therefore " (i,0) € M and M, € ~X.Thisimplies (i,0) € "M and " (M|,,) CX.Since "(M,,,) =
("M),,,, this means that (i,0) € ,OXM (X). On the other hand, the previous implications actually are
equivalences, and thus the reverse inclusion simply follows by going backward. [

3.3.1. Complete core
Theorem 2.1 allows us here to show that the complete core is given by those fixpoints of ,0]\(4 which
also belong to the universal closure pXM relative to the reversed model " M.

Theorem 3.16. The set of fixpoints ofCOreﬂ(pX,I) is{Y e p(T)|Y, Y € p}(l}. Moreover, Coreﬂ(pL) =
v v
Par U 0y

Proof. By Theorem 2.1 and Remark 2.3, Coreﬁ(p}(l) = u;eNLi(le), where L..(n) ={Y € p(T)|
NX e p(T)|"X 2 Y} ent.Since™X 2 Y & X 2 7Y, wehavethatL (n) ={Y € p(T) | Y € n}.
Thus, for any >0, Lij(PXl) = \;/[ and Liﬁl(p}(l) — Lﬁ(,o}(l). Hence, uieNL’n(pX/[)

=py UL (py) ={Y € o(T)|Y, Y € py,}. Moreover, let us observe that “Y € p}, &
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Py ("Y) =Y & “(py,("Y) = Y. Therefore, by Lemma 3.15, we have that Y € p}, & Y € p7,,,
and thus Core_(p},) = py, U p%y O

This allows us to give a characterization of transition systems that induce universal closures
which are complete for time reversal. It turns out that these are the symmetric transition systems:
a relation — is symmetric when Vr,s € S.r—s = s— r. This means that in symmetric transition
systems any computation step is reversibile.

Corollary 3.17. Let M = ./ _, for some total transition system (S, —). Then, p,\(,l is complete for ™ if
and only if — is symmetric.

Proof. Let us first observe that — is symmetric iff M = M. Let us show that ,oXM C ,0}(4 = M=

“M: we have that "M = pXM(T) D ,0]\(4(—”—) = M, and in turn, by applying ©, M D "M, that is
“M = M. Thus, p¥,, C py, & M ="M. Moreover, by Theorem 3.16, p}, is complete for * iff
Core,\(p}(l) = ,0}(4 iff pXM C p}(l. Hence, this closes the proof. [

Thus, in practice, the universal closure is rarely complete for time reversal, since symmetry is not
a realistic condition for most systems.

Example 3.18. Consider the abstract counter and the abstract traffic light controller in Example
3.9. The transition relations of both systems are symmetric, so that, by Corollary 3.17, the universal
closure is complete for time reversal. This is not the case of the concrete three-state traffic light
controller, since the transition relation is not symmetric. Observe that the model generated by this
transition system is as follows:

M = {{i, - red green yellow red green yellow --.)|i € 7}.

Thus,forany Y CM,Y, " Y e pL holdsifand only if Y = @. Therefore, by Theorem 3.16, Core .., (:0/\(/1) =
{2}, i.e., the complete core is the trivial abstract domain representing no information.

3.3.2. Complete shell
Let us now apply our constructive approach to characterize the complete shell.

Theorem 3.19. The set of fixpoints of Shellﬁ(pL) is ClU(pX,I U{Y € p(T)|"Y € p}&}). Moreover,
Shelln(,oL) = p}(l n ,O\KM.

Proof. By Theorem 2.1 and Remark 2.3, Shelln(p}(/[) = HieNRi(pL), where R (1) = ClV({N{X €
(M X 2Y} Y en)=Cl°{Y|Y en) =CIY({Y | Y €n}). Since © preserves arbitrary
unions, for any j > 0, R¥(p},) = py, and R¥*!(pY )=R (p},). Hence, we have that M;enR’ (p},)
= pL l‘an(pé’;[) = ClU(le Uf{y |~ e p}(/[}). Moreover, as observed in the proof of Theorem
316, °Y € py, & m(,()}‘(/[(“Y)) =Y, and therefore, by Lemma 3.15, Rn(p}(/[) = ,OXM, so that we
obtain that Shell (p},) = p}, M p%,, O

Itis therefore simple to design an abstract domain for representing this complete shell. We consid-
er the abstract domain 54)(8)22 as related to the concrete domain g (T)> by the following abstraction
and concretization maps:

def

Yy
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VVM AMX1, X2). VM(XI) U VnM(XZ)

As a consequence of Theorem 3.19, it turns out Shell (,oM) is the closure induced by the GI
(aVM,g,)(T)g ©(S)2, Vo) Thus, the above result tells us that completeness for time reversal re-
quires an additional component taking into account the universal abstraction for the reversed
model "M.

3.4. Disjunction
Finally, let us consider disjunction, namely set-union in the concrete domain g(T).

3.4.1. Complete core
Theorem 3.20. Core, (pX/,) = X2

Proof. By Theorem 2.1 and Remark 2.3 CoreU(pM) uleNLQ(pM) where Ly(n) ={Y € p(T) | {ﬂ{Z €
o(T) |ZUX D YHxep € n}. Note that, for any X,Y € p(T), {Z e p(T) |[ZUX D Y} =
—|Xand¢Y {Z ep(MI|ZCY}={¥N—=X|X € p(M}).Thus,Ly(n) ={Y e p(T)| | Y C n}. Al-
so, let us observe that Ly(n) € nand | Ly(n) = Ly(n), so that, foranyi > 2, L@(pX,,) = LU(P]Y/[), and
therefore uieNLb(pX/[) ={Yep(| Y C pX,I}.Consider nowsome Y € p(T)suchthat | Y C p}(l.
Then, Y € pL, so that there exists some S € S such that Y = V/Y4 (S). If s € S then there exists some
(i,o0) e M3 C y]\(/[(S), so that {{i,0)} C Y. It turns out that {{(i,0)} & ,01\(4 because y]\(/[({ai}) =M
and, by Hypothesis 2.6 (i), | M}, | > 1. Thismeans thatif S # @then|Y & pL.Thus, Coreu(p}&) =
{2}, i.e., the core is the greatest closure AX.@. [

The greatest closure AX.& represents the straightforward uninformative abstract domain con-
sisting of a unique abstract value which is the abstraction of any concrete value. The above result
states that there is no further abstraction, but for the straightforward abstraction, of the univer-
sal abstraction which is complete for disjunction. As a consequence, we will prove later that any
abstraction, but for the straightforward one, of the state-based model checking for a temporal
calculus that includes an unrestricted connective of disjunction is incomplete for the trace-based
semantics.

3.4.2. Complete shell

Theorem 3.21. Shellu(px[) = 2AXX NM, so that the set of fixpoints of Shellu(,o]\{/[) is {X € p(T) |
X C M}.

Proof. By Theorem 21 and Remark 2.3, Shellu(,oM) = H,ENRU(,OM), where
Ru=CI"({IN{X € p(T) | X UY 2 Z}}yep), zen) = ClV(ZN=Y|Y € p(T), Z e n)) = CIU(Z N
Y|Y € p(T), Zen}). Thus,wehave that M;en R}, (,oM) RU(,OM) It remains to observe that C1Y({Z N
Y Y ep(l), Zen}) ={X € p(T)|X C M}: this is an immediate set-theoretic consequence of the
fact that M € p}} and thatif Z € p}(/[ then Z C M. Moreover, let us also note that the set of fixpoints
of M XX NMis{X e p(l)| X M} O

As a consequence, let us also notlce that ShellU(pM) is the closure induced by the GI
(aVM,go(T)g pM)>, yVM), where oz\L,J “AX.X N M and Vv XX, Hence, the complete shell of
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the universal abstraction for the union is “essentially” the identity mapping. More precisely, for a
given model M, the closure Shell (,oL) can be represented by the abstract domain gp(M)> endowed
with the abstraction map AX.X N M which simply removes those traces which are not in M. This
means that completeness for disjunction indeed requires all the traces in M.

Once again the above complete shell was characterized by exploiting the constructive method in
Section 2.2.3. This complete shell can be also obtained in a nonconstructive way.!

Lemma 3.22. Let X be any set and p € uco((X)>) such that p(M) = M. If p is finitely additive then
forany Z C M, p(Z) = Z.

Proof. Assume by contradiction that Z € M is such that p(2)CZ, and let x € Z~ p(Z). Then, x ¢
M~Z, so that x & p(M~Z). Moreover, since p(M NZ) C p(Z), we also have that x & p(M N Z).
Onthe otherhand,x € M = p(M) = p((M N Z) U M~Z),sothat p(M NZ) U p(M~2)Tp(M NZ)U
(M\2)), namely p is not additive, a contradiction. [J

Let us observe that p € uco(gp(T)5) is complete for finite set-union when for any X, Y € o(T),
P(XUY) = p(pX) U p(Y) = p(X) U p(Y), that is, when p is finitely additive. This observation al-
lows us to show that Shellu(pX/[) = AX.X N M in a nonconstructive way: by Lemma 3.22, since
M e ,ox/, - Shellu(,oxl), it turns out that forany X C M, X € ShellU(pX,,); hence, {X € p(T) | X C
M} C Shellu(px[), and since {X € p(T) | X C M} is (the set of fixpoints of) the closure AX.X N M
which is finitely additive, i.e. complete for set-union, we have that Shell, (pX/[) = XX NM.Letus
remark that in this easy nonconstructive proof one first needs to guess some abstract domain and
then to prove that this is indeed the complete shell. By contrast, our proof (of Theorem 3.21) is easy
as well and, more importantly, constructive so that it is enough to apply the methodology in Section
2.2.3 to characterize the complete shell.

3.5. All the connectives

To conclude our analysis, let us characterize the complete core and shell of the universal checking
closure for all the connectives of the i -calculus, i.e., the set TT of all the trace transformers. We need
to take care of the following technicality. As far as the universal quantifier is concerned, the follow-
ing restriction is needed. We just consider the unary restrictions AX.V(N,X) : o(T) — gp(T), where
N C M UM, because the binary trace transformer V : p(T) x gp(T) — g(T) is neither monotone
nor antitone in its first argument, while given any N € gp(T), the unary restriction AX.Y(N,X) is in-
stead monotone. Standard universal quantification can be expressed, because, as recalled in Section

2.3, Vo Ly (Eln_,) : ¢, where [[El(n_)]] = .#_ . In the sequel, we will use the following compact

notation: M* £ M U ~M. Hence, the set of trace transformers of the 1 -calculus is TT & {65)sep(s)
U {nl‘}tep(§2) U {B,U,—, " U{AXVY(N,X)}ncum=. As TT includes negation which is antimonotone,
observe that the existence of the complete core and shell of the universal closure for all the connec-
tives is not guaranteed. However, since the complete core of p]\(/[ for negation and disjunction is the
greatest closure AX.@ (by Theorems 3.3 and 3.20), as a straight consequence we obtain that AX. & is

! This has been suggested by one anonymous referee.
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also the complete core of ,01\(4 for the set TT of trace transformers, that is CoreTT(,o}(l) = 2X.2.0n
the other hand, the complete shell for all the connectives does exist and is as follows.

Theorem 3.23. Shelltt (,oj\(/[) = AX.X N M*, so that the set of fixpoints of Shelltt (pj\(/l) is{X € p(T)|
X C M*).

Proof. Let p = AX.X N M* and note that this is a closure on g(T)>. The following points show that
p € T(p(T)>, TT).

() p € T(p(T)o, {o5}sep(s) U {mihicpis2) because o5 and =, are 0-ary operators.

(2) p e T'((T)>,®). Since @ preserves unions and intersections, given X € p(T), p(B(p(X))) =
P(BX) N(BM) UD("(M)))) = &) N (®WM) UD("(M))) N (M U (M)).Also,by Hypothesis 2.6
(i), ®(M) = M and &("(M)) = (M), and therefore p(®(p(X))) = &X) N (M U (M) = p(©X)).
(3) p € T(p(T)2,V). In fact, p(p(X) U p(1)) =p((X NM*) U (Y NM*))=p(X UY)NM*) = (X U
NNM*=pXUY).

@) p e T(p(T)o,—). In fact, p(=p(X)) = (=X NM*)) N M* = (=X) "M*) U ((=M*) N M*) =
(—=X) N M* = p(=X).

(5) p e T'(p(T)>,). As 7 preserves intersections and, by Hypothesis 2.6 (ii), (M *) = M*, we have
that p("(p(X))) = p("(X NM*)) = p("(X) NM*) = ~(X) N M* = p("(X)).

(6) p e T'((T) o, {AXV(N,X}ncm). Let N € M and X € p(T), and observe that for any (i,0) € N,
we have that Ny, S X NM* & (Nys; €X). Thus, p(V(N, p(X)))={(i,0) € N|Nys; S X NM*}N
M* ={{i,0) € N|Nys, CX}NM* = p(V(N,X)).

To conclude, consider any n € uco(g(T)>) such that n € I'(ep(T)5,TT) and n C /’X//- Since n €
I'((T)>,U), by Theorem 3.21, we have that n = Shell (o}, ) = AX.X N M.Moreover,ne I'(p(T)>, "),
and hence, by Theorem 3.19, n C Shell,, (,0]\{/,) = p]\{/[ r p]gM C pXM. Thus, because n C pXM and n €
C'(p(T)>, "), we have that n T Shelly (,o\ZM). By Theorem 3.21, Shell (p\ZM) = AX.X N " (M), so that
n C AX.XN"(M). Hence, we obtained that nC (AX. X NM) N AX.XN"(M)) = p. Thus, Shelltt (,ox,) =
p. O

Let us observe that (M *)5 is a suitable abstract domain for representing this complete shell
because the GI (av,,, (T)>, p(M™*)>, w,,), where ay,, & AX.X N M* and Wy o AX.X, induces the
closure AX.X N M*. The abstract domain gp(M*) therefore represents the traces both of the system
(S, —) and of the reversed system (S, <).

Let us remark that by exploiting the above results in Sections 3.1-3.4, it is not hard to characterize
the complete shell of the universal abstraction for any subset of trace transformers. For example,
when we leave out the reversal operator from TT, as one expects, it is easy to show that in this case
Shelltr(p),) = AX.X N M.

4. Completeness of temporal languages

Let Op be any set of temporal connectives, where each op € Ophas a corresponding arity f(op) >
0 so that constants are viewed as connectives whose arity is 0. Following Cousot and Cousot [10,
Section 8], Op induces a corresponding fixpoint temporal language QOp which is inductively defined
as follows:

Lop2 ¢ =X |op(d1,....0n) | kX0 [vX.)
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where X € Xandop € Op. Given any set S of states which determines a corresponding set T of trac-
es, the semantics of any connective op with arity n > 0 is given by a corresponding trace transformer
op : (1" — p(T). The set of trace transformers that provide the semantics of connectives in Op
is denoted by Op. Hence, this determines a trace semantics of Qop, namely [-] : Slop — E— p(M),
which is inductively (and, due to fixpoints, possibly partially) defined as follows:

[X1§ = &X)

[lop (#1, ... 8n) & = op([ #1115, ..., (¢4 115)
[pX.¢15 = lfp(AN € o(T).[¢15LX/N])
[vX.¢115 = gfp(AN € o(T).[PI5LX/ND

Thus, any abstraction of the concrete domain o(T) induces an abstract semantics for QOp' As de-
scribed in Section 2.4.3, the universal abstraction provides an example: the state semantics [[']]1\(4 isthe
abstract semantics induced by pL € uco(p(T5)). In general, any abstract domain p € uco(p(T)>)
induces the set of abstract environments F? & X — 0. Hence, the abstract semantics [-]° : QOp —
E’ — pis defined as follows:

[X1°x = x(X)

lop (1, ....6)1° x = p(op(LPp11° X, ..., [Pn]” X))
[uX.¢1° x = lfp(AN € p.[o]” x[X/N])
[vX.¢1° x = gfp(AN € p.[@lI” xIX/N])

Given a concrete environment & € E, p(&€) = AX.p(E(X)) € EP is the corresponding abstract en-

vironment induced by p. Soundness of p for the language Qop means that the abstract semantics
[-1” is sound, namely for any ¢ € L‘OP and &€ € E, p([¢]1€) C [#1°0(&). Completeness of p for ‘QO])
means that equality always holds. As usual, the abstract interpretation approach always ensures
soundness, while completeness in general does not hold.

Given p € uco(p(T)>), the complete shell of p for £ op when it exists, is the most abstract domain
Shellg Op(p) € uco(p(T)>) such that Shelly op (p) C p and Shellg Op(p) is complete for Qop. Complete
cores for £, are defined dually.

As recalled in Section 2.2.2, it turns out that if p is complete for some function f then p is also
fixpoint complete for f. Thus, as a straight consequence we obtain that if p € uco(g(T)>) is com-
plete for Op and p is co-continous (e.g., this happens when p does not contain infinite descending
chains) then p is complete for QOp‘ Moreover, it turns out that complete shells and cores for a

temporal language QOp coincide with complete shells and cores for the corresponding set Op of
trace transformers.

Theorem 4.1. Let p € uco(p(T)>). If Shellop(,o) exists and is co-continuous then Shellgo (p) =

/4

Shellop(p).

Proof. As recalled above, since Shell,, (o) is complete for Op, we have that Shell,,(p) is complete
for 'QOp’ Moreover, Shelly,(p) C p. Let us consider any n € uco(p(T)>) such that n € p and 1 is
complete for £, . Let us check that 7 is complete for Op. Consider op € Op and, for simplici-
ty, assume that op is unary. Given T € gp(T), we consider an environment & € [F such that §(X) =
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T. Hence, by completeness of 5 for QOP, we have that n(op(1)) = n(op(E(X))) = n(lop (XN)]E) =

Lop (XD 1"7(&) = n(op(n(§(X)))) = n(op(n(D))). Therefore,n C Shelly,(p). As aconsequence, it turns
out that Shellg op (p) exists and that Shellg op (p) = Shellg,(p). O

Obviously, an analogous result holds for complete cores as well. This general result can be applied
to the i-calculus. Recall that TT denotes the set of trace transformers of the ¢ -calculus, where the
universal quantifier is restricted to a unary operator. Let us denote by 77 the corresponding set of
temporal connectives of the i¢-calculus so that L0 € L5 is a slight restriction of the i¢-calculus

where universal quantifications are unary. Consider any set Op C TT of temporal connectives,
that gives rise to the language LO C £, , and assume that the complete shell Shellop(,oL) of the

universal closure p}, for the trace transformers in Op exists. Then, by Theorem 4.1, it turns out that
Shellg,, (,oM) = Shellop(pM) Analogously, this also holds for complete cores. Consequently, as far
as the core is concerned, we have that

Coreq,. (py,) = AX.2.
On the other hand, by Theorem 3.23, it turns out that

Shelly _ (py,) = AXX N M*.

=TT

Thus, in general, in order to obtain the complete shell/core of the universal closure for some
fragment QOp of the #'-calculus it is enough to characterize the complete shell/core for the corre-

sponding set Op of trace transformers. For example, if Op includes arbitrary disjunction but does
not include time reversal, so that 530 is a future-time language, by the result mentioned at the end
of Section 3.5, we have that ShellL (,oM) =X XNM.

5. Conclusion

This paper studied the completeness of state-based w.r.t. trace-based model checking by using
a body of techniques based on abstract interpretation. By using a slogan, this study showed that
“the state-based model checking is intrinsically incomplete w.r.t. trace-based model checking,” since
no refinement or abstraction of the standard state-based semantics for model checking induced
by the universal/existential abstraction of past- and future-time specification languages can lead
to a semantics whose corresponding model checking is complete for the trace semantics of the
specification language.

The results of this paper suggest some research directions. An abstract interpretation-based ap-
proach to model checking for modal Kripke transition systems has been studied by Huth et al. [15].
It is then interesting to investigate whether the framework of modal transition systems based on
three-valued logics affects the incompleteness of states w.r.t. traces. In view of the characterizations
of transition systems provided by Theorem 3.8 and Corollary 3.17, it is also interesting to determine
fragments of p-calculi and classes of transition systems such that the universal/existential abstrac-
tion results to be complete. Finally, it is certainly interesting to investigate how completeness of
state-based abstractions interacts with the presence of spurious counterexamples in abstract model
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checking. The works by Clarke et al. [3-5] on spurious counterexamples originated from the idea
of systemically refining abstract models in order to enhance their precision. A spurious counterex-
ample is an abstract trace which is an artificial counterexample generated by the approximation
of the abstract model checker, namely there exists a concrete trace approximated by the spurious
counterexample which is not a real counterexample. Clarke et al. devised a methodology for refining
a partition-based abstract model relatively to a given temporal specification ¢ by using the spurious
counterexamples provided by the abstract model checker on ¢. The relationship between spurious
counterexamples and the trace-semantics of temporal calculi has not been investigated from an
abstract interpretation-based perspective and we believe that the results of this paper might shed
some light on these issues.
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