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Abstract

We explicitly show how the chiral superstring amplitudes can be obtained through factorisation of the
higher genus chiral measure induced by suitable degenerations of Riemann surfaces. This powerful tool
also allows to derive, at any genera, consistency relations involving the amplitudes and the measure. A key
point concerns the choice of the local coordinate at the node on degenerate Riemann surfaces that greatly
simplifies the computations. As a first application, starting from recent ansitze for the chiral measure up to
genus five, we compute the chiral two-point function for massless Neveu—Schwarz states at genus two, three
and four. For genus higher than three, these computations include some new corrections to the conjectural
formulae appeared so far in the literature. After GSO projection, the two-point function vanishes at genus
two and three, as expected from space—time supersymmetry arguments, but not at genus four. This suggests
that the ansatz for the superstring measure should be corrected for genus higher than four.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

In the last years there has been a considerable progress in understanding and deriving explicit
formulas for multiloop superstring amplitudes. In a series of papers [1-6], D’Hoker and Phong
obtained, from first principles, an explicitly gauge independent expression for the 2-loop chiral
superstring measure on the moduli space of Riemann surfaces, given by
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dM(Z)[g] — 5(2)[8] d/fL(Z) (1.1)

Bos’
where 6 € Z% is an even spin structure, & ?[8] is a modular form of weight 8 for a subgroup

of Sp(4,7Z) and dug‘?s is the genus g bosonic string measure. Based on such a result, they
also proved the non-renormalisation of the cosmological constant and of the n-point functions,
n <3, up to g =2, as expected by space—time supersymmetry arguments [7]. Furthermore,
the four-point amplitude has been computed and checked against the constraints coming from
S-duality [8].

Direct computations of higher loop corrections to superstring amplitudes have been inten-
sively investigated during the years. In spite of such efforts, direct computations still appear out
of reach. Nevertheless, the strong constraints coming from modular invariance and from fac-
torisation under degeneration limits, together with the explicit 2-loop expressions, can lead to
reliable conjectures on such corrections. This is the point of view adopted, for example, in [9],
where the explicit expression of higher loop contributions to the four-point function has been
proposed.

In [2,3], D’Hoker and Phong conjectured that Eq. (1.1) could be extended to genus g > 2 for
a suitable modular form & ¢)[8] of weight 8. Such a form is required to fulfill a set of constraints
related to holomorphicity, modular invariance and factorisation. In [10] Cacciatori, Dalla Piazza
and van Geemen (CDvG) found a solution to such constraints at g = 3 and in [11] the uniqueness
of this solution has been proved.

The CDvG ansatz for the g = 3 measure has been generalised to any g by Grushevsky [12].
Salvati Manni proved in [13] that such an ansatz provides a solution to the constraints for
g =4,5. For g > 5 some issues arise due to the presence of holomorphic roots of modular forms
in the definition of the chiral measure, and it is not clear whether such roots are well defined
and have the correct modular properties. In [14], Oura, Poor, Salvati Manni and Yuen (OPSMY)
proposed an alternative construction for the chiral measure up to g = 5, using lattice theta series
rather than theta constants, as done by Grushevsky. They also proved that the solution to the con-
straints is unique up to g = 4. The explicit equivalence of all ansitze up to g = 4 has been shown
in [15]. It is still an open question to understand whether Grushevsky and OPSMY proposals
coincide at g = 5.

There are several consistency conditions that the chiral superstring measure must satisfy. In
particular, non-renormalisation theorems from space—time supersymmetry imply that the cos-
mological constant and the n-point functions, for n < 3, must vanish [7]. The vanishing of the
g-loop correction to the cosmological constant corresponds to the condition

Z =) [] =0,

8 even
where the sum over the spin structures corresponds to the GSO projection [16]. This identity
has been proved for the CDvG-Grushevsky (CDvG-G) ansatz for genera 3 [10] and 4 [12]. Re-
markably, for g =4, the cosmological constant corresponds to a non-zero Siegel modular form
of weight 8 (the Igusa—Schottky form), vanishing only on the locus of Jacobians of Riemann
surfaces. For g = 5 the vanishing of the cosmological constant has to be imposed as a further
constraint on the chiral measure and it is satisfied by the OPSMY ansatz and by a slight modi-
fication of the original Grushevsky’s ansatz [17]. It would be interesting to understand whether
this further condition implies the uniqueness of the solution also in the case g = 5.

Consistency conditions related to non-renormalisation of the chiral amplitudes forn =1, 2, 3

Neveu—Schwarz massless states are much more difficult to check. As the two-loop explicit com-
putation shows, these amplitudes are given by a sum of several different contributions that cannot
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be easily determined in terms of the chiral measure alone. Very schematically, all such contribu-
tions can be collected into two different terms that, following [6], we call the connected (B.[§])
and disconnected (B;[§]) part (see also [ 18] for a relevant preliminary investigation of such con-
tributions). The disconnected part can be easily expressed in terms of the chiral measure. In
particular, the disconnected part of one-point function vanishes trivially after summing over the
spin structures. For n =2, 3, B4[8] is given, up to spin-independent factors, by the functions

Aal81(a, b) := E®[3]1S5(a, b)?, (1.2)
A3[8)(a. b, ¢) :== E®[8]S5(a. b)Ss (b, ¢)Ss(c. a), (1.3)
where a, b, ¢ are the insertion points and Ss is the Szego kernel [19]. On the other hand, B.[4]
is much more complicated to compute and its precise form is unknown for g > 2. One possible
approach to this problem is to introduce some simplifying assumptions. In this respect, it is useful
to analyse the explicit two-loop computation of the two- and three-point functions. In these cases,

the connected and disconnected contributions vanish separately after the GSO projection [4]. It
is reasonable to conjecture that a similar mechanism occurs at higher genus as well, so that

> Belsl=0,
d even

and the non-renormalisation theorems would imply that also ) s even Bal8] vanishes, i.e.

As(a, b) = Z As[81(a, b) =0, (1.4)
§ even
Az(a.b,c):= Y A3[8](a.b.c) =0, (1.5)
§ even

for all insertion points a, b, c. A strong argument for the identities (1.4) and (1.5) to hold on the
hyperelliptic locus for any genus has been given by Morozov in [20], whereas Grushevsky and
Salvati Manni proved (1.4) for genus 3 [21]. However, in [22] it has been proved that (1.5) does
not hold for any non-hyperelliptic Riemann surface of genus 3. More precisely, A3(a, b,c)=0
for all a, b, c € C, where C is a Riemann surface of genus 3, if and only if C is hyperelliptic.
In this paper, we will also prove that (1.4) and (1.5) do not hold at genus four (see Section 2.1).
Apparently, these results lead to a contradiction between the chiral measure ansatz at three loop
and non-renormalisation theorems. However, as discussed in [22], it is plausible to consider this
discrepancy as the evidence that the connected part of the chiral amplitude does not vanish in
these cases.

In this paper, we propose a different approach to the computation of the (spin dependent
part of the) chiral amplitude for two NS massless states at g-loop, for g = 2, 3,4, based on
the natural factorisation properties of the chiral measure. More precisely, the two-point function
can be obtained by considering the chiral measure at genus g + 1 in the limit in which one
of the handles of the Riemann surface becomes infinitely long. We apply this procedure to the
OPSMY ansatz for the chiral measure and show that the two-point function is given by (1.2) plus
a correction term. For g = 2, 3 such a term vanishes after summing over the spin structures, so
that the complete two-point function vanishes as expected by space—time supersymmetry. This
represents a highly non-trivial consistency check for the chiral measure at genus g + 1 =3, 4.
On the other hand, the two-point function does not vanish at genus 4, which could be the signal
that the OPSMY ansatz must be corrected at g = 5.
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The paper is organised as follows. In Section 2, after reviewing Grushevsky ansatz, we for-
mulate a lemma and proposition based on theta relations, that imply the non-vanishing of the
proposed two-point function at genus four. This also easily reproduces the known results in the
case of genus lower than four. Another simple consequence is that the proposed three-point
amplitude does not vanish at genus four as requested by the non-renormalisation theorem. We
conclude this section by considering the OPSMY ansatz for the superstring measure in terms of
theta lattices [14].

In Section 3 we consider the degeneration of handles of Riemann surfaces, to provide basic
relationships among measure and amplitudes at arbitrary genera. A key point is the choice of
a local coordinate at the node of the degenerate Riemann surfaces that greatly simplifies the
computations. As an application, we explicitly show that the two-point function corresponds to
the leading term in the degeneration parameter. It turns out that the proposed superstring measure
actually leads to a vanishing two-point function for genus two and three. In this respect, it should
be stressed that while the results in Section 2 are obtained assuming the form (1.2) and (1.3) for
the n-point functions, here the results are obtained using only the ansatz for the chiral measure,
so that this investigation also provides an important check for the ansatz itself at genus three and
four. We also directly show that the two-point function at g = 4, implied by the OPSMY ansatz
for the measure, does not vanish as requested by the non-renormalisation theorem. In turn, this
also implies that the proposed three-point function does not vanish at the same genus. Section 4
is devoted to our conclusions.

In Appendix A we first fix some notation used in the main text and recall basic facts on
Riemann surfaces and Riemann theta functions. Next, we provide a careful analysis of the de-
generation of Riemann surfaces which is used in Section 3 to derive the two-point function. We
also provide a basic formula for a section of |2@|, with & denoting the theta divisor. In Ap-
pendix B, after reviewing useful results on unimodular lattices and the associated theta series,
we consider the summation on the spin structures. In this context, we obtain some results that, at
the best of our knowledge, are new.

2. The chiral superstring measure

The chiral superstring measure d€)[8] satisfies some natural consistency conditions com-
ing from modular invariance and factorisation properties [3,10]. Such conditions impose strong
constraints on the modular form & (%) [6](£2) defined in (1.1), which, at least for low genera, are
sufficient to uniquely characterise this form. It is easier to first describe the constraints satisfied
by £®10]:

1. £@®[0](£2) is a modular form of weight 8 under I,(1,2) C I', = Sp(2g, Z)

5@[01((A2 + B)(C2 + D)~ ') = det(C$2 + D) 2®[0](£2), 2.1
(é DB) € I'x(1,2) (see Appendix A for more details on modular forms).
2. In the limit

2 0
5= < 0 Qg—k>’

where 2, € Hy, 25k € Dg—tk» Rt [0](£2¢) must factorise

E@[01(2¢) — EP[01(20) 7P [01(24-1). 22)
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3. For g =1, the known result for the chiral measure must be reproduced, so that

2010)() =0[01(0)* [ 0181(x)*, 2.3)

8 even

with 7 € 9.

Once these properties are satisfied for a certain & (€)[0], then, for any other even spin structure §
we can define

@[8](2) :=det(C2 + D) 5®[0]((A2 + B)(C2 + D)), 2.4

where (é g) € I, satisfies (see Egs. (A.2) and (B.2))

57 A B\] _[(AC)
=l (e B))= L] @

(for any matrix A, we denote by Ag the vector of diagonal entries). With this definition, each
= (8)[8] can be shown to satisfy all the constraints from modular invariance and factorisation, as
an immediate consequence of (2.1), (2.2) and (2.3).

Space-time supersymmetry implies that the cosmological constant must vanish after the GSO
projection. In terms of the chiral measure, this condition becomes

4. Vanishing of the cosmological constant
Y EWRBIR2)=0, €T, <9, (2.6)
8 even

where 7, is the locus of the period matrices of Riemann surfaces of genus g.

For g < 4, this last condition is a consequence of (2.1), (2.2) and (2.3), while at genus 5 it must
be imposed as an independent constraint. The solution of the above conditions in the case of
hyperelliptic Riemann surfaces has been found by Poor and Yuen [23].

2.1. Grushevsky ansatz

In [12] an ansatz has been proposed for the chiral superstring measure which satisfies the
conditions (2.1), (2.2) and (2.3). At genus 5, a modified version of this ansatz is needed to satisfy
also (2.6) [17]. In this subsection, we describe Grushevsky’s construction and prove that the
functions Az and A3 defined in (1.4) and (1.5) do not vanish at g =4.

Let V be a vector subspace of IFzg , with [, := {0, 1} the field of characteristic 2. Set

Pvy:=[]0o[s]. P5= ) P
8'ev V,dim V=i
For each § € F;g , consider the affine space A :=§ + V and define
P(A) =PV +8):=[]6[s+4]
8'eV

and
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PEISl:= Y P(V+8)'= Y P4

V,dim V=i A>6,dim A=i

Grushevsky proposal for the modular form & (¢)[§] appearing in the superstring measure d ju[§] =
g [8]duBos 1s

) he
Pz’,24*i [6].
i=0
The cosmological constant is
4—i
§ even i=0 A, dim A=i
Si’24—i,

where

Sisi= Y. P(A).

A, dim A=i

Note the factor 2 Wthh differs from 2 in the definition of = (©)[8], because in the

cosmological constant each affine space A of dlmenswn i is counted 2’ times, one per each
element § € A. The cosmological constant up to g = 5 can be computed using the following
relations for the modular forms §; 54— [24]

(2% —1)S0,16 = 6818 + 24824, g>2,

(22872 —1)S1 5 =185,4 + 168835, g>

(22674 —1)S24 = 4253, + 840841, g >
together with the following relation which holds on 7, € ), for g > 5 [17]

9

3
4,

(22676 —1)83, =9084 | + 37208512, g=5.

It follows that
H(g) 2g l(2g + 1)ng(g)’

for some non-vanishing D, € C, where 25 —1(28 4+ 1) is the number of even spin structures at
genus g,

J® =0, — Op =277((1-2%)S0,16 +2S1), 2.7)

and Of,, O Dy, are the theta series corresponding to the even unimodular lattices A = Eg and

A= Df‘6 (see Section 2.2). In particular, Ség ) =0 for g =2, 3, because J ¢ vanishes identically

on §), for g < 3, while
D — 27.3 2.8)
Trar '

and
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21117
Ds=——
7-11-31

For g =4 the form J @ vanishes identically on the locus J4 (in fact, 4 is the divisor of J @
inside $4), while J ©) # 0 on J5 [17]. Thus, for the constraint (2.6) to be satisfied, one has to
introduce a modified measure at g = 5

EDN01:= 25101 - DsJ®, (2.9)

that continues to satisfy the factorisation properties and assures that Eq. (2.6) is satisfied.
Let C be a Riemann surface of genus g and define

As(a, b) = Z Z2@[518s(a, b)?, (2.10)

§ even

a,b e C, where Ss(a, b) is the Szego kernel (see Appendix A.1). It has been proposed that the
chiral two-point function for NS states on C corresponds to As(a, b) up to spin independent
factors. By space—time supersymmetry, the two-point function is expected to vanish identically
on any Riemann surface. It has been proved [21] that with Grushevsky ansatz this condition
on (2.10) is satisfied for g < 3. In the following, we will prove that such a condition does not
hold for g = 4. This is an immediate consequence of the following useful lemma.

Lemma 2.1.
ar-v(g) 24
082;; 2711(1 +8,J)

Y &51819;9; g8, 2.11)

Proof. By a direct computation

9S
a.(? = Y ]—[9[5] =5 > ZP(A)S 1og9[5]
o4, dimA=k $2ij ScA A, dim A=k ScA
)
=5y Y PG+ V) ———logols],
§ V.,dimV=k Y
so that
8"(5’) _ ng:( l)k k(k-‘rl) aSk 24—k
an, — 382
4 $ kA k=1 sk 0
=2'8Y "N (=Df2 T YT PG+V) —log6[4]
§ k=1 V,dim V=k L
4 (2) 4 2818)
=2 g8 1 0[8]1=2 —C 59, logb[8],
Z (8155~ log018] = sz(1+5ij),,og[]

where, in the last line, we used the heat equation for the theta function

0
0;0;0[61(z, 2) =2mi(1 + 6;j) —— Yo 0[5]1(z, §2). O (2.12)
ij
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Proposition 2.2. In the case & ®)[8] in (2.10) is identified with & "(g ) [6], we have

.
Arta.b) = 0@ DEF + T D7 5L (01 @w; () + 0 b)o; @),

Proof. First use the relation (formula (38) in p. 25 of [19], see also Appendix A.3 for a proof)

8
Ss(a.b)* =w(a,b) + Y wi(@)w;(b)d;;1ogH[81(0), (2.13)
iJ

to obtain

As[8](a, b) = E®[5]Ss(a, b)?

8
= E29[lw(a.b) + Y E€[8lw;(a)w;(b)d;d;10g0[8]1(0), (2.14)
i

then use the previous lemma. O
This result leads immediately to the known results for g < 3 and to a new one for g =4.

Corollary 2.3. For g < 3,

As(a,b) =0, (2.15)
while for g =4

4
As(a,bydupy, =c Yy (=1 (0i(@w;B) +0iD)oj@) [\ d2u#0,  (2.16)
i<y k<,
> (k,D)#(, )

for some non-zero constant ¢ € C and m;; € 7.

Proof. Eq. (2.15) follows immediately from Proposition 2.2 and the fact that for g < 3, S((;g ) =0

identically on $),. As proved in [13], & ((;4) D4J@, with D4 # 0 given in (2.8). Furthermore,

“ L )
%{?—H cannot vanish identically on 74 for all i, j, because 74 is the divisor of J @ and is irre-
ij

ducible [25]. Fix some 1 < i, j <4 and consider the open subset of J4 where d.J ) /082 #0.
The bosonic string measure on this subset is given (up to a constant) by

4
Nk<t, ey, ) 452k

@) mij
A, = (—1)™M
Hios = (=1) dJ® /052;;

9

where m;; is the position of d£2;; with respect to a given ordering of {d$2;}x<;. Then, for each
point in J4, we have

« 27i Dy dJW
Ara.bydugy === S dugy, Y gy (1@ () + 01 (D)o; (@)
i<j

3T @ /982;;70
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2miD 4
— 7T1164 Y. D" (wi@o;®) +eiboj@) [\ d2

i<j k<,
I D /952;;50 (k,D#(, J)
4
2miDy »
= 2D (@i@o;b) +eibo;@) N\ du,
<) k<L, (k,D)#G,J)

where we used the fact that d$21) A--- AdS§2i; A--- Ad244 =0when 3J®/32;; =0. O

This corollary also implies that the proposed three-point function

Az(@.b,c):= Y EW[8]S5(a.b)Ss(b.c)Ss(c.a), (2.17)

§ even

does not vanish for ¢ =4, as expected from space—time supersymmetry. To see this, note that,
in the limit ¢ — a, the coefficient of the term (¢ — a)~2 coincides with Az(a b). As discussed
in [22], the fact that (2.10) and (2.17) do not vanish for g = 4 does not really rule out the proposals
Z @8] for the chiral measure, because it is reasonable that the two- and three-point functions
receive other contributions different from Az and A3. For the same reasons, however, the fact
that A, vanishes at g = 3 cannot be considered as a real argument in favor of this ansatz. In
the following sections, we will consider a more reliable computation for the two-point function
based on the factorisation of vacuum amplitudes.

2.2. The OPSMY ansatz

In this section, we define & (®)[8] in terms of theta series of 16-dimensional unimodular lat-
tices, following Oura, Poor, Salvati Manni and Yuen (OPSMY) [14]. A d-dimensional lattice
A C R? s called unimodular (or self-dual) if it is isomorphic to its dual A = A*, where

A*:={reR! |1 -peZforall e A}

A unimodular lattice is called even if the norm A - A of all its vectors is an even integer, and odd
otherwise. There are eight 16-dimensional unimodular lattices, listed in Table 1, where E§ and
Di"6 are even and the others odd [26]. The genus g theta series of a lattice A is a holomorphic
function on §), defined as

OR @)= Y M, (2.18)
Following [14], let us define &/ := (£, ...,£/) € C®, j=0,...,5, by'

O:=(1,1,1,1,1 i (o2 L Ly o i=1,...,5
s'_(’ ’ 9 ’ )’ %-— 7§’Eagv ’ 9 _]_ LA ) ’

and the dual basis {(cé, e, cg)}izo 5 C CO, so that

.....

I We use a dlfferent normalisation with respect to [14], so that HégIBSMY[B] and & ég) [8] have the same normalisation.

In particular, ¢! % 18 2% times the corresponding coefficient in [14].
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Table 1

The 16-dimensional unimodular lattices. The vectors of norm 2 form the root system of the Lie algebra g . Each lattice
can be decomposed as Ay = Ay @ Z"k, where Aj has minimal norm 2, and the associated Lie algebras decompose
accordingly gy = g © Dy, (with the identification Dy = A1 @ Ay). I is twice the dual Coxeter number of g; and Ny
is the number of roots in g;. The value /5 = 92 is chosen for later convenience. See Appendix B for the definition of
4D Q).

k Ag Parity ny Ok = 0k © Dp, I Ny, Al(cl) A](cz)
0 (Dg ® Dg)T odd 0 (Dg ® Dg) ®0 28 224 D E}
+ + +

1 Z& Al odd 1 A15®0 32 240 Dy D
2 72 @ (E7® E7) T odd 2 2E7 @24 36 256 E3 E3

3 z* & DY, odd 4 D1y ® Dy 44 288 D D
4 73 ® Eg odd 8 Eg @ Dg 60 352 E} E3

5 716 odd 16 00 Dg 92 480 D D
6 Eg @ Eg even 0 (Eg ® Eg) ®0 60 480 E} E3

7 D even 0 Dig®0 60 480 D D

5 .
Dbl =,
k=0
For g < 5, the theta series of the 16-dimensional unimodular lattices
&) . o)
Ok - — OAk )

k=0,...,7, are not linearly independent and the linear relations can be easily expressed using
the coefficients c}(. In particular [14],

5
Y coF =0, forg<3, g<i<5, (2.19)
k=0
5
Y ol =ci®, (2.20)
i=0

where J© is defined in (2.7) and

C = _25_'3. (2.21)
7

There are also well-known relations between the theta series of even lattices

J® =0, g<3, Jﬁ‘}i = 0. (2.22)
Set

5
Egoarl01(2) =Y {08 (2).
k=0

By (2.4), & égP)SMY[S] for every even § € F%g can be easily expressed in terms of the corresponding
lattice theta series
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02 181(2) = det(C2 + D) 0P (AR + B)(C2 + D)), (2.23)

where (é g) satisfies (2.5). Therefore

5
Epan181(2) =Y o 151(2).
k=0

A useful expression for @Ef) [6](£2) 1s (see Appendix B for a derivation)

(s) RS Sju Bju
O B1 =Y  exp mz<x,-+7).(xj+7)9ij

i,j

: . 82” nl
+2mi Y ht )85 ) (2.24)

where u € A is a parity vector for A, 1.e.u-A=A-X mod?2 forall A € A. We take (2.24) to be the
definition of @Ef) [6] for a general integral lattice A and for every theta characteristic § € ]F%g .
Note that, even though this definition makes sense more generally, Eq. (2.23) holds for some

(A B ) € Sp(2g, Z) only if A is a 16-dimensional unimodular lattice and § is even.

CcD
Summing EggSMY[(S] over spin structures yields (see Appendix B for the derivation)

- Eopsurldl(@) =261 (28 + 1) B I,

S even
where
g, 203510 (2.25)
YT '
and
25.17
Bs = — )
711

Thus, in analogy with (2.9), we define a modified measure for g =5

7

ESpay[01(2) 1= Y 6(2) = E Sy [01(92) — BsJ D,
k=0

where, for all g (this modification is irrelevant for g < 4), we set
cg =—c5 =—Bs, (2.26)

so that Eq. (2.6) is satisfied.

It is known that two forms & (&), satisfying (2.1), (2.2) and (2.3), must be the same for g = 2, 3
while for g = 4 differ by a multiple of the Igusa—Schottky form J®, which vanishes on the
Jacobian locus, so that, by (2.8) and (2.25),

Egpanldl=EF181. <3, B anldl=85161+ (Bs—DyJ@.  (2.27)
It is an open question whether :,’;S;SMY[S ] and .’::Jés ) [6] coincide on the Jacobian locus (see [15]

for a discussion on this point). From now on, we will drop the subscripts in E((;g) and EégleMY

when the result is independent of the particular definition.
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3. Two-point function from factorisation

Consider a family of Riemann surfaces C;, 0 < || < 1 of genus g + 1 such that, in the limit
t — 0, one of the handles becomes infinitely long or, in the conformally equivalent picture, the
cycle g1 around this handle is pinched to form a node. This family of surfaces can be defined
using the standard plumbing fixture procedure, see Section A.2.

It is an old idea, both in conformal field theory and string theory, that, in the limit t — 0,
the amplitudes defined on C, must satisfy suitable factorisation properties [27]. Let us give a
rough description of the physical picture behind this idea in the simple case of the zero-point
amplitude Z in some conformal field theory. A genus g + 1 Riemann surface C; can be obtained
by “gluing” a long thin cylinder to a Riemann surface C of genus g with two holes. In the limit
t — 0, the cylinder becomes infinitely thin and the holes collapse to two punctures a,b € C.
Then, the boundary conditions of the fields around these punctures can be described in terms of
vertex operators at a and b. In a state-operator formalism, the propagation of states along the
cylinder is given by an operator #2070, where Lo and L( generate the world-sheet dilatations
and rotations. Thus, the zero-point function Z can be expanded as

Z— Y (gloito|g)(V (g, a)V (¢*, b)) @3.1)
¢

where the sum runs over a complete set of states of the theory and ¢* denote the conjugated of ¢.

In the following, we will apply this procedure to obtain the (spin dependent part of the) chiral
two-point function for two NS massless states on a surface of genus g from factorisation of the
chiral measure at genus g + 1. Specialising Eq. (3.1) to the case where Z is the superstring chiral
zero-point function before GSO projection, one obtains

A ¢35 — Z t"(V (¢, @)V (¢*, b))e
¢

where the sum is over a complete set of chiral Ly-eigenstates with Lo¢ = hy¢. The spin structure
S 242 . .
§ € F,° '~ is given by

S— 31 8;4_1 B 81 5; € EF2g+2
[ ST (A B R A
where each Sl( (respectively, gl// ),i=1,..., g+ 1, determines the periodicity of the world-sheet

fermionic fields around the cycle &; (resp., ;) of C;. In particular, the cycle g1 encircles the
infinitely long cylinder in the limit # — 0, so that, when €’ = 0 (respectively, € = 1), the sum
in (3.1) runs only over the Neveu—Schwarz (resp., Ramond) sector. Thus, the two-point function
at genus g for NS states and for an arbitrary even spin structure § € F%g can be obtained from the
degeneration limit of

s 0 s 0
du“(g—H)[S” 0] or d’u“(g—H)[(S” 1]'

To project out the NS tachyon, we consider a linear combination such that its leading term cor-
responds to massless states. Because the GSO projection is implemented by summing the chiral
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measure over all spin structures without phases, the correct linear combination to consider is

1 nlé 0 nlé& 0 (g+1) 8
2 (dﬂ(g+ ) |:8// 0:| +d:u(g+ ) |:8// 1]) :dMBgos XNs s |

where

5 1( = s 0 = 50
XNS|:8”i|::§<d(g+l)|:5” O]H(gﬂ)[(s” 1D

is the spin dependent part. Indeed, the tachyon contribution would correspond to the ¢'/< power
in the expansion of Xyg, but it can be verified that all half-integer powers of ¢ are canceled by
summing over the two spin structures. It follows that, as t — 0,

Az[5](a, D)
Xnslé]l=t————=
dz(a)dz(b)

up to an irrelevant spin-independent factor, where A;[§] is the chiral two-point function
for NS massless states. Note that Az[§](a,b) is a meromorphic 1-differential in a, b and

Aj[8](a, b)/(dz(a)dz(b)) corresponds to its evaluation in the local coordinates around a and
b used in the plumbing fixture construction, see Section A.2.

1/2

i O(tz), (3.2)

3.1. Computation of the two-point function

Here we compute A3[§](a, b) with the mentioned coordinate choice (see Eq. (3.2)), using the
OPSMY ansatz for the chiral measure at genus g + 1, for g = 2,3, 4. As we will see, such a
choice of the local coordinate at the node of degenerate Riemann surfaces leads to a considerable
simplification of the calculations.

For a general 2 € § g¢+1 define

- 2 !
a=(7 L)
Z ﬁlogq

where 2 € $g, 7€ C8 and g € C, 0 < |g| < 1. Consider a Riemann surface of genus g + 1 and
take the degeneration limit in which the cycle @, is pinched. One obtains a singular surface
of genus g with two points a, b identified to form a node. Let ¢ be the degeneration parameter
and (1) € $g+1 the corresponding period matrix. As 1 — 0, for a suitable choice of local
coordinates (see Appendix A.2), we have

b
q(t) ==t + 0(t?), zi(t)z/wi+0(t2), i=1,....g (3.3)

a
2ij(1) = 2ij + 27it E(a, b)* (w; (@)w; (b) + wi(b)wj(@)) + O(t?),
i,j=1,...,g, (3.4)
where 2 € J,. With respect to this choice of local coordinates, (3.2) becomes
Xns[81=1E(a, b)*Az[81(a, b) + O(1?). (3.5)

For a generic Qe $g+1, let us take the expansion of Xyg[6] = Xns[1(g,z, 2) asg — 0

Xns[81(q, z, 2) = G®[81(2) + g F®[81(82,2) + 0(¢?).
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80
8” 0
integer powers in g. Modular properties of "'(g+1)[ ](.Q) and "'(gH)[ & 0](.(2) imply that
G@®[81(2) is independent of z and F@®[8](£2, z) is a section of |26 (see Appendix A.3). It
follows that G®[8](£2) can be computed for z = 0. The factorisation properties of the theta
series

8 oo [ st [{]

The effect of summing over the two spin structures [ ] and [ 51 ] is to project out the half-

yield
! 1
Xnsl8)(q.2=0,2) =Y i (1+ Neg + 0(¢%)) 0,2 181(52),
k=0
where Nj is the number of vectors of norm 2 in the lattice A (see Table 1). By (2.19), (2.20),
(2.22) and (2.26), it follows that

7
GOBIR) =Y O 181(2) = (C - B5)T ¥ ().

k=0
Similarly, one can find the expansion of (chNo, . c§+1N5) € C® with respect to the basis
A0 by computing the scalar products with the dual basis & 0 ..., 55
5 5 5

Yot ngl =0 i<g. D TNEE =128, Y NE =720,

k=0 k=0 k=0
to obtain (note that Ng = N7 = 480)

F@[81(2,0) = 12825, [81(2) + (720C — 480B5)J . (3.6)

It follows that, as ¢t — O,

g ) 9J®
Xnsl8]=1 Z2niE(a,b) w;i(@)w;(b)(1 + 8;))(C — Bs) 90
L]

+0(r%).
Since F(® is a section of |20 |, we can use the standard result (see Appendix A.3 for a proof)

F@[81(2,b —a)

+ F@[8](2,b — a))

1 g
= E(a,b)? (F<g> [61(£2, 0w (a, b) + - > 80, FO[81(2, 0)w; (a)w; (b)).
i.j
When £2 € J,, Eq. (3.6) is equivalent to F¢)[§](£2,0) = 1282 ®)[§](£2) that, by (2.27), holds
in both cases £ ®[5](2) = £5),,,[81(2) and £®[5](2) = 52 [51(£2). It follows that

As[8](a, b) = 1282 @ [81(2)w(a, b)
(8)
—|—Za)l(a)a)](b)<2m(C B5)(1+8,])8J

+ ;a 3 F®[8](£2, 0))
i,J

ij

Notice that, by (2.22), the term 3 _Q * vanishes for g < 3 but not for g =4.
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It remains to compute 9;0; F (8) [6](£2, 0). For a general lattice A, set

. . . Y
F/(lg)[a](g Z) — Z Z en'l)»k')»[.QkH-ZﬂlZk)»k~()»2k+u7k)
Alyenhg  Xr=2
5
kkEA-}—MTk

and, in particular, Fi[8]($2,2) = Fx,[81(82,2), k =0,...,7, with Ay listed in Table 1. Note
that Fx[8](82,0) = NA® 4[58](82), where N4 is the number of vectors of norm 2 in A. Since,
by (2.24),

1 ! - / 5
5 (06 [§ 8] (@) +0FH [§ ﬂ @)
=0 11(2) + e FP181(2, ) + 0(47),

we have

7
FOPR2.2=Y T EL812,2),
k=0

and

00, FAlS1(2.00= Y @uD)> Y (G- R)( - h et Dhs ek ki Dy
Maohg 55—

In general, the lattice Ay 1s a direct sum Ay = A r ® 72" where /Ik has no vectors of norm 1 [26].
It follows that the set of vectors of norm 2 in A splits into a disjoint union

heAlr-r=2={reA|r-r=20u{reZ" |1 r=2}.

Hence,
FAl3](82,2) = O ;[8](82) Fzn[8](82, 2) + Oz [3]1($2) F ;[31(82, 2).

The vectors of norm 2 in Ay are the roots of a semi-simple Lie algebra g; (see Table 1). Let A
be the set of roots of a simple Lie algebra of rank r, a standard result is

Z(X’O[ IZA]Ir,
a€A

where /A is a constant depending on the Lie algebra. This can be proved by noting that the
matrix on the left-hand side is invariant under the action of the Weyl group, so that it must be
proportional to the identity. The constant /5o can be easily computed by taking the trace of both

sides
Za-a =rl.

In the case of simply-laced algebras one obtains

2N
ZA =,
r
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where N is the number of roots (more generally, /5 is twice the dual Coxeter number of the
algebra). The Lie algebra g; associated to Ay is either simple or the sum of two copies of the
same simple algebra, so that

D i DG =k - Ay,
ra=2
with /; given in Table 1. From this identity, one sees that Fy := F A satisfies an analog of the

heat-kernel equation (2.12)

Ok[81(£2).

- 0

0;0; F[81(82,0) =2mi(1 4 8;;) Ik
8[2,-]-
Furthermore, since 8[§](£2, z) is even in z, one has

Fpl8l(2.2)= Y ]_[9[5 (2, %iz) =2n(n — DOS1(2,0)"20[51(2,2)2,

and

0;0; Fzn[8](£2,0) =4n(n — 1)0[8](S2, O)”_18i8j9[8](.§2, 0)

=2mi(l+46;;)(4n — 4)8[82 Ozn[8](£2).

ij
Using these results, one gets

3:9; F2[81(£2,0)

. 10,7 11(2) ®
=2mi(l + 8ij)lkT + (4ng —4 — Lnk®; " [1(82)0; 9 log 0[51(£2, 0),
ij
so that
7
0;0; FO[81(2,0) = cf ' 8;9; F¥[51(82.0)
k=0
= 2i(1+8ij) 5 o (Z ,f@<<‘>’)[5](s2)>
5
- (Zr]f@,ﬁg)[m(m) 9:9,10g 0[81(£2, 0)
k=0
where
s,f = c,f“lk, tk = ck nk(lk —4n; +4).

By an explicit computation, one can verify that

5 5
Zé,is,f =0, i<g, Z%‘k s; =32, Zélfsz' =152,
k=0 k=0

for g =2,3,4. By (2.19) and (2.20), and noting that /g = /7 = 60, one obtains
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7
Y sE0F181(82) = 32§, [81(82) + (152C — 60B5)J ©).
k=0

Analogously,

5 5
g =0, i<g > &t =256
k=0 k=0
so that

5
Y 10,2 181(2) = 2568 [51(2). 2 € T,
k=0

The final expression for the chiral two-point function is

Az[8](a, D)

8
=1282@[81(2) w(a, b) + Za)i (@)w;(b) [— 226 E®[81(£2)0;9; 10gA[81($2, 0)

i?j

o (32 1
120 (1 +8ij) ——— <EE§;,)SMY[8](Q) + 5 (152C — 60B5)J + (C Bs)J(g))]

982
(3.7a)
8
= 1284,[8](a.b) + Y wi(@)w;(b) [—2565@ [61(£2)9;9, 1og 8[81(£2, 0)
ivj
+2mi(l 4 8,-,-)%(16Eéggwy[8](9) +(77C — 3135)./(8))], (3.7b)
ij

where Eq. (2.14) has been used. We stress that, in the last line of (3.7a) and (3.7b), Eé‘ggSMY[S] has

been used instead of Eég ) [6]. This is important for g = 4, because the difference is proportional
to J®, whose derivatives 3J ™ /32;; in the directions transverse to the Jacobian locus 7 are
no(t4)zer0. Such %}) issue does not arise for = (&[8] on the first line of (3.7a) and (3.7b), since
Eopsyyld] — £ [61=0on J4.

3.2. Vanishing of the two-point function

Forg=2,3,J 8) =0 identically on §),, so that Eq. (3.7b) simplifies to

8
A[81(a, b) = 128A[8](a, b) + 16 - 27i (1 + ;) Y _ wi(a@)w; (D)
ivj

g @ [8](R2 d
% ¢ _ 163(3)[5](9)
082;j 082

log0[8](£2, O)).

This reproduces (up to an irrelevant factor) the ansatz (2.10) for the two-point function, plus a
correction. After summing over the spin structures, by (2.11) the correction vanishes, so that,
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by (2.15),

Z Az[8](a,b) =0, g=2,3, (3.8)

8 even

as expected from space—time supersymmetry. Note, however, that the meaning of this result is
quite different from the analogous results obtained so far in the literature. In fact, here we have
made no further assumptions on the form of the two-point function, beyond the ansatz for the
chiral measure and the natural factorisation properties of string amplitudes. Furthermore, the fact
that the two-point function vanishes at genus g is really a check for the chiral measure at genus
g + 1 rather than g. For such reasons, (3.8) is a strong argument supporting the ansatz for the
chiral measure at genus three and four.

We now directly show that the two-point function at g = 4, implied by the OPSMY ansatz
for the measure, does not vanish at g = 4. To this end, it is convenient to choose E((;D [6] on the
second line of (3.7b), so that, after summing over the even spin structures, we can use (2.11) to
simplify this expression (note that the coefficient of the polar part is proportional to the cosmo-
logical constant and vanishes)

8 4
oJ@
Ay(a,b)=2°(2*+1)(=8D4 + 16B4 + 77C — 31Bs) Y _wi(a)w;(b)2mi(1 + 55 g
— ij
L]
and being

214
—8D4 + 16B4 +77C —31Bs = ———— #0,
405 TS
we conclude that the two-point function obtained by factorisation from the OPSMY ansatz at
g = 5 does not vanish.

4. Conclusions

The renewed recent interest in trying to solve long standing questions in superstring theory,
mainly due to basic papers by D’Hoker and Phong, led to a parallel deeper analysis of the struc-
ture of moduli space of Riemann surfaces involving Riemann theta functions, Siegel modular
forms and theta series associated to unimodular lattices.

In the present paper we have seen that a careful use of such mathematical results, combined
with the old idea of factorisation of string and conformal field theory amplitudes under degener-
ation limits of Riemann surfaces, provide powerful tools to analyse the structure of superstring
amplitudes that would be inaccessible to a direct calculation. A key point that simplifies consid-
erably the computations, concerns the choice of the local coordinate at the node on degenerate
Riemann surfaces. Our techniques lead to several advantages with respect to other approaches to
the problem, which were based on strong assumptions about the form of these amplitudes. On
one hand, one can obtain information on the connected part of the n-point function at a certain
genus, once the chiral superstring measure is known at higher loop. This could lead to a major
advance in the so far prohibitive task of computing higher loop n-point functions in the RNS for-
mulation of superstrings. On the other hand, one can use the non-renormalisation theorems for
one-, two- and three-point functions to check consistency of the chiral measure at higher genus,
without introducing any further assumptions.
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We applied this procedure to obtain a general expression the (spin dependent part of the) chiral
two-point function for two NS massless states on a surface of genus g, for every g, from factori-
sation of the chiral measure at genus g + 1. Then, we specialised our result to the recent ansitze
for the chiral superstring measure and explicitly compute the two-point function up to genus 4.
We proved that, after GSO projection, the two-point function vanishes at g = 2, 3 as expected
from space—time supersymmetry and, in particular, that the connected and the disconnected part
of the amplitude vanish separately.

We also showed that the same result does not hold for the genus four two-point function ob-
tained from the OPSMY ansatz for the chiral measure at genus five. In this case, the connected
and disconnected part, after summing over the spin structures, give the same non-vanishing con-
tribution up to a factor, but these contributions do not cancel each other. This probably means that
OPSMY ansatz has to be modified. For such a reason, it would be very interesting to understand
whether Grushevsky expression for the chiral measure is equivalent to OPSMY at genus five. If
they are different, we can conjecture that a certain linear combination of the two ansitze exists,
leading to a vanishing two-point function at genus four. If this is the case, then the vanishing of
the two-point function at genus g should be imposed as an additional constraint for the chiral
measure at genus g + 1. On the contrary, if Grushevsky and OPSMY expressions are equivalent,
it would be interesting to understand whether they are the unique solutions to the constraints.

Another direction for further investigation concerns the computation of the three-point func-
tions at genus g by multiple factorisation of the chiral measure at genus g + 2. In this respect, it is
interesting to observe that the disconnected part of the three-point function vanish at genus g =2
but not at genus g = 3 [22]. Because these amplitudes can be obtained from multiple factorisa-
tion of the chiral measure at genera g +2 =4, 5, it is tempting to conjecture that this is related to
the vanishing of the disconnected part of the two-point function at genera g + 1 = 3, 4, respec-
tively. Finally, our techniques could be checked by computing the four-point function at genus
two and comparing it with the results of [4]. All such computations involve, however, multiple
degenerations limits and are technically more complicated.
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Appendix A. Theta functions and Riemann surfaces

Here we first provide some background on theta functions and Riemann surfaces (see [19,
28,29] for proofs and details). Next, we consider the degeneration of Riemann surfaces which
is used in section three to derive the two-point function. We also derive a basic formula for a
section of |2@ |, with & denoting the theta divisor.

A.l. Definitions and basic results

Let §), denote the Siegel upper half-space, i.e. the space of g x g complex symmetric matrices
with positive definite imaginary part
g ={R2 €My g(C)|'2 =02, Im2 > 0}.
Let Sp(2g, Z) be the symplectic modular group, i.e. the group of 2g x 2g complex matrices

M = (é g), where A, B, C, D are g x g blocks satisfying
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'AC ="CA, 'BD="DB, 'DA—"BC =1,.
Let us define the action of Sp(2g, Z) on C¢ x §, by

(M-z2,M-2):=("(C2+D) 'z, (A2 + B)(C2 + D)), (A.1)

where M := (2 J) € Sp(2g. Z) and (z, 2) € C# x §,.
For each §',8” € F5, the theta function 6[8] := 6] 3/] : C¢ x $, — C with characteristics

8//
[81:=[ 2, ] is defined by

e E oo e+ afes5) 2 (- 5) ()

keZ8

where (z, £2) € C8 x $),. For each fixed £2, 6[5](z, £2) is an even or odd function on C#8 de-
pending whether (=19 is +1 or —1, respectively. Correspondingly, there are 267128 + 1)
even and 287 1(2%8 — 1) odd theta characteristics. Under translations z — z + A, z € C8, A €
78 + 278 C C8, theta functions get multiplied by a nowhere vanishing factor
8/ . _ . . R 5/
0 [5“] (z+n+Qm, Q)= T mIm=2uiimai(n=18"mg [5”] (z. 92),

m,n € Z&. It follows that, for any fixed 2, the theta functions can be seen as sections of line
bundles on the complex torus A := C8/(Z8 + §278), with a well defined divisor on Ap. We
denote by @ the divisor of (z) =60[0](z, 2) = 9[8](z, Q).

The action of Sp(2g, Z) on the space of theta characteristics F%g is defined by

(¥ (A C\[¥ ("AC)o
[S-M]_[<8/,>-M} ._<,B ,D>[8,/}+[(IBD)O] mod?2, (A.2)

where, for any matrix A, we denote by Ag the vector of diagonal entries. Theta characteristics
are invariant under the action of the subgroup I"(2) C Sp(2g, Z), where

I(n):={M €Sp(2g,Z) | M = I, modn},

is the subgroup of elements of Sp(2g, Z) congruent to the 2g x 2g identity matrix mod n. The
theta characteristic [0] := [8 ] is fixed by the subgroup

ra,2):= {(2 g) e Sp(2g, Z) ‘ ("AC),=('BD),=0 modZ} :

Symplectic transformations preserve the parity of the characteristics and, for any two §, € € Zgg
of the same parity, there exists M € Sp(2g, Z;) such thate = M - 4.

A (Siegel) modular form f of weight k € Z for a subgroup I" € Sp(2g, Z) is a holomorphic
function on ), such, for all M € I', that

f(M - 2) =det(C2 + D)F £(£2).

A condition of regularity, automatically satisfied for g > 1, is also required for g = 1.
Let C be a Riemann surface of genus g > 1. The choice of a marking for C provides a set of
generators {aq, ..., ag, B1, ..., Bg} for the first homology group H;(C, Z) on C, with symplectic
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intersection matrix, that is

aj-a;=0=p;- By, a; - Bj=4dij, (A.3)
foralli, j =1, ..., g. The choice of such generators canonically determines a basis {w1, ..., wg}
for the space H°(K¢) of holomorphic 1-differentials on C, with normalised «-periods
95%, wj =6;j, forall i, j =1,...,g. The B-periods define the Riemann period matrix £2;; :=
9%1‘ wj, which is symmetric and with positive-definite imaginary part, so that £2 € §),. By Torel-
1i’s theorem, the complex structure of C is completely determined by its Riemann period matrix.

The conditions (A.3) determine the basis of H1(C, Z) up to a symplectic transformation

D0 ) we(E esen

under which (w1, ..., 0g) = (@1, ..., D) == (@1, ..., wg)(C2 + D)1, whereas 2 — 2 :=
M - §2 transforms as in (A.1).

The complex torus Ac := C8/(Z8 + §27.8) associated to the Riemann period matrix of C is
called the Jacobian torus of C. For a fixed base-point pg € C, let I: C — A¢ denote the Abel-
Jacobi map, defined by

P p
pr—1(p):= (/wl,...,/wg>€Ac.

Po Po

Note that different choices of the path of integration from pg to p correspond, by the formula
above, to points in C#8 differing by elements in the lattice Z8& + £278, so that I is well-defined
only on C8/(Z8% + $27:8). The Abel-Jacobi map extends to a map from the Abelian group of
divisors on C to Ac by

I(Zpi - Zqi) =D 1)~ ) 1.

Such a map is independent of the base-point pg when restricted to zero degree divisors. When
no confusion is possible, we will identify such zero degree divisors with their image in Ac
through 7. In particular, we will omit both / when considering the theta functions on the Jacobian
evaluated at (the image of) some zero degree divisor on C and the argument £2 for theta functions
associated to a marked Riemann surface.

Fix a non-singular odd theta characteristic v € Iﬁ‘gg and consider ng: 1 9:0[v]1(0)w;, which is
a holomorphic 1-differential with g — 1 double zeroes and is the square h% of a holomorphic
1/2-differential with odd spin structure v. This differential defines the prime form

E(a,b):=————, (A.4)
hy(a)h,(b)
a,b e C, which is a section of a line bundle on C x C, antisymmetric in its arguments, vanishing
only on the diagonal @ = b and independent of the choice of v.

For each non-singular even characteristic § € F2 , the Szego kernel is the meromorphic 1/2-
differential

0[8](a — b)
0[81(0)E(a,b)’
with a single pole at a = b and holomorphic elsewhere.

Ss(a,b) :=
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Finally, we denote by

) d Io E(x,a)
a)a_ X ::_ )
b dx P E(x.b)

a, b, x € C, the Abelian 1-differential of the third kind with single poles on a and b with residue
+1 and —1, respectively, holomorphic elsewhere and with vanishing «-periods, and with

(A.S)

2

dadb

the Abelian 1-differential of the second kind with a double pole of residue 1 at a = b, holomor-
phic elsewhere and with vanishing «-periods.

w(a,b):=

log E(a, b), (A.6)

A.2. Degeneration formulae

Here we derive the degeneration formulae for the Riemann period matrix. A key point con-
cerns the local coordinate at the node of degenerate Riemann surfaces whose choice leads to a
considerable simplification of the calculations to derive the two-point function from the chiral
measure.

Consider two distinct points pp, p2 € C and let 71, z» be local coordinates

zit{zeCllzl<1}=>UicC,  zi(p)=0, i=12,
centered at p; and p», respectively. Then, a family

{Ci|teC, 0<t] <1},
of Riemann surfaces of genus g + 1 is defined, where

ét =C \ (Ul,t U U2,t),

withU;; :={pe U, ||zi(p)| < |t|},i =1, 2, and two points p € U1 \ U1 ; and g € Uy \ U, ; are
identified if

z1(p)za(g) =t.

Letay,...,aq, B1, ..., Bg be a symplectic basis for the homology of C, with representatives in
C\ (U1 UU,) and wy, ..., wg the basis of canonically normalised Abelian differentials. We can

choose a basis @ (1), ..., dg+1(t), B1(t), ..., Bgt1(t) of H (Cy,Z) such that

&Gt =a;, Bi)=p, i=1,...¢g

As representatives of g1 () and 5g+1 (t) we can consider, respectively, the circle |z1| = /7|
and a suitable path on C from zl_l(x) to zz_l(t/x) for some x € C, |f| < |x| < 1. Then, the
Riemann period matrix (1) of C, with respect to this basis is [19,30]

S},() Qij+27TitO'ij ]57120)1'+t0'l‘ +0( 2)
) = t ’
Iflza)j—l—toj s logt +co + cit

where
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__wi(ppw;(p2) + wi(p2)w;(p1)

(O] wy
, 0; = —(Vl —(p2) + J/z—(pl)), (A7)
dz» dzy

I
Y dz1(p1)dza(p2)
3 (%)
1 i
co = 2—7”)}1_%( / Wpy—p; — 210gx>, c] = ;yl V2, (A.8)

2 @)

where wp, p, is the 1-differential of the third kind on C defined in (A.5), and

yi = lim (w,,]_,,z (x) — (=1)} @(x)), i=1,2. (A.9)
X— pi Zi
All these parameters can be exactly computed for a suitable choice of the coordinates z; and z3.
Choose 2g curves on C which are representatives of the basis of homology and consider the
canonical dissection of C along these curves. We can identify C with a fundamental domain C
in the upper half-plane H with respect to the Fuchsian uniformisation on C. Let us choose such
a dissection so that py, p> and the paths &, and 5g+  lie in the interior of C. Fix an arbitrary

point ¢ € C , distinct from p1, p2, and set

z1(p) == E(p. pE(c. pa) — el ori-n2, 22(q) -

" E(p, p2)E(c, p1) " E(q, p1)E(c, p2)

These coordinates, that represent the higher genus generalisations of cross-ratios on the sphere,
satisfy the following properties

__E(q,p2)E(c,p1)

eff @pr=p1 ,

E(c, p2)
E(p2, pn)E(c, p1)’

E(c, p1)
E(p1, p)E(c, p2)’

dz1(p) = wp,—p,(P)z1(p),  dzi(p1) =

dz2(q) = wp,—p, (q)22(q), dza(p2) =

where p, g are distinct from pp, p>. Replacing these expressions in (A.9), it follows immediately
that y; = 0 in such coordinates. Furthermore, if in (A.8) we choose a path from zl_l (x) toz, ! (x)

inC passing through ¢, we obtain

% @) 7 ) 3 () x x
B B dzi dzn _ 91
Wpy—py = Wpy—py T Wpy—p; = o + P ogx,
c c 1 1

')

where we used z1(c) = 1 = z2(c). It follows that ¢y = 0 and we finally obtain

.. PP p2 .
Q1) = (Ql] +2mitoi pr i

)+

1
Iiza)j ﬁlogt
where
wi (p1)w;j(p2) +wi(p2)w;(p1)
0ij = —— Prep BN = E(p1, p2)*(0i (p1)w; (p2) + wi (p2)w;(p1)).

dz1(p1)dz2(p2)
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A.3. A formula for the sections of |20 |

Fix an element £2 € §, an consider the complex torus A := C8/(Z8 + Q7ZF). A section
of [k®| on Ag, k € N, corresponds to a holomorphic function F on C¢ obeying the quasi-
periodicity conditions

F(z 4+ Qm +n) = e k@i m@midni'ma) gy -y e 78

In the following we will be interested in the space H 0(Ag, |20]) of sections of |2@|, which
is spanned by the squares 0[8]?(z) of theta functions with characteristics. In particular, all such
sections are even functions of z. Let §2 be the period matrix of a Riemann surface C and Ac its
Jacobian, and consider the restriction of a section F € H(Ac, [20]) to the locus

b b

C—C::{(b—a):: (/wl,...,/wg> ‘a,beC} C Ac.
a a
It is easy to see that
Fb—a) Fb—a)
= Iy (@h3(b),

E(a,b)?  0[v]2(b —a)
is a single-valued meromorphic 1-differential with respect to (a, b) € C x C, with a double pole
on the diagonal a = b and holomorphic elsewhere. The space of such differentials is generated
by {w;(@)w;(b)}; j=1,...¢ and by the normalised differential of the second kind w(a, b) defined
in (A.6), so that

g

Fb—a)=E(a, b)2 (c()a)(a, b) + Z cijwi(@)w; (b)) . (A.10)
ij

To compute the coefficients c, ¢;j, let us compare the expansion of both sides of (A.10) in the

limit of b — a. Since F is even, we have

1 g
Fb—a)=F(0)+ (b a)? Za,-ajF(O)wi (@wj(a)+ OB —a).
ij
On the other hand [19],

1
da'?db'?E(a,b) = (b —a) — 3@ - a4+ oM —a),

w(a,b) :dadb((b —a)? + éS(a) + O —a)z),

with S(a) a holomorphic projective connection, so that the right-hand side of (A.10) becomes

8
co+(b—a)) cjoi@wj@) + 0 —a).
ivj
It follows that

1 g
F(b—a)=E(a, b)2 (F(O)a)(a, b) + 2 Z 0;0; F(0)w; (a)a)j(b)) .
ij
Note that, since 6[8]%(z) € H*(A¢, |20]), this relation implies Eq. (2.13).
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Appendix B. Theta series and lattices
We collect here some useful results about unimodular lattices and their theta series.

B.1. Proof of formula (2.24)

To each even theta characteristic § := [ 88,/,] € ]Fgg associate an element Mg € Sp(2g, Z) such
that

("AC)o

[0-Ms]:=| = [4]. (B.1)
("BD)o
In particular, we can choose

diag(s’) —I diag(8’) diag(s")S —1
M3=< g(8) g)<]1g S):( g(8) diag(s’) g)’ (B2)
I, 0 0 I I, S
where, for any vector v = (vy, ..., vg), diag(v) denotes the diagonal matrix with diag(v);; = v;.

Here, S is an integer g x g matrix satisfying
8" =88+ S, So-8 =0.

For example, if

6’_1111111000
1|11 1110 0 01 1 0
then
0 1
1
1 0
0
S = 0 ,

\ 0/

and this construction can be easily generalised to every even §. Note that
Ms - 2 = (diag(8') (2 + ) —1)(22 + 5) "' = diag(8') + £2,
where
Q=—@2+97".

Let A be a d-dimensional unimodular lattice, with d = 0 mod8. Choose a basis A(D, ...,
A@ € R of generators of A and let E be the d x d matrix whose i-th column is the vector
A i=1,....d,and QO the Gram matrix

E:=00, . .0@), ;=200
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Then, by construction, Q = 'EE is an integral unimodular matrix. Let ®, be the theta se-
ries (2.18) of A and, as in (2.23), set
OA[81(£2) = (det 2)120 4 (diag(s') + £2).
Let us define r” € (Z/27)% and u € A by
r" = Qp mod?2, w:=EQ Y =1E~1",

and notice that forany A = En € A, n € 74, we have

d d d
AA= thl”L:Zl’lizQii +2ZniQijnj EZI’I,’Q,',’ mod2,
i i<j i
so that
AaA=n-r"=i-umod2, forallle A. (B.3)

A vector u € A satisfying this property is called a parity (or characteristic) vector for A. Thus

O 4 (diag(s') + £2)
_ Z o i Mok 2yl Y 8k Z o1 i Mk 2y Y i u

that can be rewritten as

/

O (diag(cs/) + [AQ) Z eﬂizi,,’(’ni Onj)$2ij+2mi y; %ni.r”’

so that making a Poisson resummation with respect to (ny, ..., ng) € Z8 xd pecomes
. 8! o A .
@A(diag(8’) + Q) — (det[})_d/z Z emZ,;; fmi+4r")Q 1(’71,/'-i-7]r )(-Qij'f‘sij).

Set
ni=Q 'm;, r'=07'r",

and use Q' € GL(d, Z) and u = Er’ to obtain

; O
OAB) @) = Y o Tuy 00 @Sy

Observe that
ZK,‘ ~)»J‘S,‘j = Z)u,‘ -K,’S,‘,’ = Z)ui -I/tS,‘l' mod2,
i,j i i

because S is integral and symmetric. Furthermore, any parity vector u satisfies [31]
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u-u=d mod8=0 mod8

(for d = 16 this can also be checked by an explicit case by case calculation), so that the following
congruences mod 2 hold

3! J
5+ ) o+ s = S0, )+ ity

i,j
/

S:
=3 udl = Z(Ai ¥ Ezu) us] mod2,
i i

and (2.24) follows. Note that the set of parity vectors, i.e. the vectors in A satisfying (B.3), is
given by u 4+ 2 A, and (2.24) does not change if we replace u by an arbitrary u € u + 2A. Also
note that & - # = u - u mod 8 (this property holds for unimodular lattices of any dimension [31]).
The definition (2.24) makes sense also for § an odd theta characteristic, but in this case there is
no M € Sp(2g, Z) satisfying (B.1).

B.2. Sums over spin structures
Let A be an odd unimodular lattice and A, C A the sublattice of vectors of even norm, so that
A, C A C AL Ifu e Ais aparity vector, i.e. satisfies (B.3), then /2 € A} and it maps to a non-

trivial element of A} /A =Z,. Let A, € A be an arbitrary vector of odd norm and A, = A, + A,
the set of vectors of odd norm, so that A = A, U A,. We have the decomposition

" u u u

AD = A, U (% n Ae>, A = A, U (% n Ao). (B.4)

Set

Proposition B.1. If A is a d-dimensional unimodular lattice, with d = 0 mod 8, then AV and
AP are d-dimensional even unimodular lattices.

Proof. For d-dimensional unimodular lattices, the norm of a parity vector satisfies u - u =
d mod 8 [31]. It follows that, for d = 0 mod 8,

u u u-u u u u-u
3 EZTEQZ’ (§+Ao>-<§+Ao)=7+u-ko+ko~kgezz

In particular, ¥ and u + 2A,, are elements of A,, so that AD and A@ are closed under the sum.
Furthermore, they are integral (AD C AF’)*) and even. To prove that they are self-dual, first
observe that AD” ¢ A¥ because A, C AD. Since

do o (Lta) (Y et 1z
o 29 o 2 o | 2 2 o 2 9
we conclude that AD™ N (A*\ AD) is empty. O

In particular, when d = 16, AD and A® must be isomorphic to either D1+6 or E%. The even
lattices corresponding to each Ay can be found by considering its set of vectors of norm 2, which



48 M. Matone, R. Volpato / Nuclear Physics B 839 (2010) 21-51

is the root system of the Lie algebras gi (see Table 1). This root system must be contained in
A,((') and in most cases, namely for k > 0, there is only one even unimodular lattice satisfying
this constraint, so that A,(Cl) = A/({Z). The only exception is Ag, because gg = Dg & Dg can be

embedded both in Eg @ Eg or in Di¢. In this case, a more detailed analysis of the root systems
shows that AV = AD?% and A® = Apa.

8
Proposition B.2. Let A be a d-dimensional unimodular lattice, with d = 0 mod 8, AW and AP

defined as in (B.4) and @ig ) [8] the theta series (2.24) for every (even or odd) theta characteris-
tic 8. Then

Z @Elg)[a] :zg—l(@(g)) + @Eig()b)’

AU

S even

and
@1 _ne-1(n® (8)

Z O, [0] =28 (@A(l) - @A(z))-

§ odd
Proof. Forany 0 <k < g, Aky1,...,Ag € R, 2 ¢9H ¢ and 2k-dimensional theta characteristic
[81=[)],6.8" €%, let us define

k ” -\ 8 O
T e R D € D e L N 1}
AMoyeens Ak
)»,'6/\-1—51{%

N8 3O
and R(()g)(kl, sy hg, 82) = emzi’f')" %52 We will prove that, forall 1 <k < g

3 ngg)[(g]zqu( Y ROy Y Ré”),

8eFZF even Alyesig€AD Moo b €A
> REBI= 2"‘1( > K- Y Rég))- (8->
3€F3* odd AlyeesipeA® Aok €A@

The proposition corresponds to the particular case k = g. For all 1 < k < g and [5] =

[5,] € Fi(k_l), we have

(5 0] 2 .
RO S o= 2 REBI+ Y RE G
- - A EAe A €A
(6 0] 2 .
ROV 5 (1= 2 REABI- Y RO
- - A EA, MEA
(8 1] - .
ROLS ol= X rREBI+ Y REE),
- Py hEA+Y
@[ 17_ © (2 © &
R s 1|= 2 RELI- > RYBGL

- = MeEAA+S A€AA+S
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so that
8 0 8 0
R(g) |:8// 0] +R(g) |:5// 1] +R(g) |:8// i| Z R(g) [8]+ Z R(g)
reAd reA@
and
8 1 A A
R“”)[y l}z > RO- Y RO
reAD reA®@

From these formulas, Eq. (B.5) for k = 1 follows immediately. Now, suppose that Eq. (B.5) holds
for k — 1. Then

§ 0 § 0 § 1
Y RPp= Y (R(g)[a” 0]+R(g)[3” 1}+R(g)[5” OD

BeIF%k even Sng(k_l) even

reeA® reeA® reA@
AMoyeeny Ak 1€A(1) Ayeens kk_leA(z) AMyeeny Ak 1€A(1)
(&) (8 (g)
+ ) RY+ ) R > R
AeA@ reeA® reeA®
Ayeeny Iy 1€A(2) Ayeeny Ak_leA(l) Alyeeny Ak 16/\(2)
(8 (8
- X R+ ) R
AeA@ reA®
AMyeens g 16/\(1) AMyeen Ak_leA(z)
_ ~k—1 €3] €3]
=2 > ORI+ Y R
Mooy hpeA® Ay, Ag€A®

An analogous computation gives the case with odd spin structures. O
Corollary B.3. For the lattices Ay, k=1, ...,5 in Table 1, AV =A@,

Proof. Notice that for these lattices
O8] =0[51" O [3],
with ng > 0. It follows that ®¢[§] = 0 if § is odd. By Proposition B.2, this implies

for all g and, since Eg 2 and DJr have different theta series at g = 4, one gets A = AP O

As an application, we can use this result to compute the constant C in (2.21). By summing
both sides of (2.20) over all even spin structures, we obtain

2%(c) +263 +263) 02 + 27 (§ + 267 +263 +263) O s =23 (2° + 1)C(O 2 — Ot ),
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so that

17 17 7

An analogous calculation gives the constants B4 and Bs.

_C(S)—I—ch—l—Zci _ CS+26?+2C§+2€§ . 25.3
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