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On the “Galois closure” for torsors.

Marco A. Garuti
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Abstract

We show that a tower of torsors under affine group schemes can be dominated by a torsor.
Moreover, if the base is the spectrum of a field and the structure group schemes are finite,
the tower can be dominated by a finite torsor.

As an application, we show that if X is a torsor under a finite group scheme G over a
scheme S which has a fundamental group scheme, then X has a fundamental group scheme
too and that this group w(X) identifies with the kernel of the map w(S) — G.

Mathematics Subject Classification (2000): 14115, 14F20.

1 Introduction

The very first result in Galois theory is that any separable extension of a given field K can be
embedded in a Galois extension. In particular, if L/K and F/L are Galois extensions, there
exists an overfield F which is Galois over K, L and F. In terms of the Galois correspondence,
this can be rephrased by saying that the absolute Galois group Gal(K*??/L) can be identified
with the kernel of the surjection Gal(K*?/K) — Gal(L/K).

The same holds for étale covers of schemes. Recall that a finite étale morphism X — §'is a
Galois cover with group G if G acts on X without fixed points and S identifies with the quotient
of X by this action (cf. [4], §7). This is equivalent to saying that X is a principal homogenous
space (or torsor) over S under G, i.e. that the map G x X — X x g X given by (g, z) — (gz,x) is
an isomorphism. Then any finite étale cover is dominated by a finite Galois cover. In particular,
the following problem has a positive solution for étale torsors (where we can take B = SpecZ):

Galois Closure Problem for Towers: Let B be a fixed base scheme, X — S and ¥ — X
be torsors. Does there there exist a torsor Z — S dominating X and Y (i.e. all arrows in the
commutative diagram below are torsors)?

In characteristic p > 0 or in an arithmetic context it is often necessary to consider not only
actions by abstract groups but infinitesimal actions as well. For instance an isogeny between
abelian varieties may have an inseparable component (or degenerate to one). One is then led to
consider torsors under finite flat group schemes (cf. [4], §12).

In this note, we solve the Galois closure problem for towers of torsors under finite flat group
schemes. We give two versions of this result. The first, theorem 1, holds for an arbitrary base
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B and yields a “Galois closure” which is not necessarily finite (even if the intermediate groups
are finite). The second, theorem 2, for schemes over a field, yields a finite “Galois closure”.

Except when one can reduce to the case of field extensions (e.g. when all schemes involved
are normal), Grothendieck’s solution of the Galois closure problem for towers of étale torsors
is indirect and relies on his theory of the fundamental group. Namely, in the construction of
[SGA1] V §4, one first proves the existence of a “universal cover” S — S with group 71 (S) (step
c¢) and then that any Galois cover X — S is dominated by an S-morphism S — X, equivariant
under a homomorphism m1(S) — Gal(X/S) (step g). As a consequence, one gets an exact
sequence

1 —— m(X) —— m(S) —— Gal(X/S) —— 1 (1)

(cf. [SGA1], V §7). As in the case of fields, this sequence allows to compare finite and infinite
Galois theory for schemes.

The arithmetic fundamental group 71 (.S) “classifies” finite Galois covers of schemes: it is the
profinite limit of all Galois groups over S. If S is given over a base scheme B, Grothendieck
([SGA1], X 2.5) suggested to look for a profinite B-group scheme classifying torsors over S under
finite flat B-group schemes: it should be the projective limit of all finite group schemes occurring
as structure groups of torsors over S. However, the category of torsors under finite flat group
schemes is much less well behaved than its étale subcategory: while an S-morphism ¥ — X
between étale S-schemes is automatically étale, a morphism between S-torsors does not even
need to be flat (for instance it can be a closed immersion). As a consequence, one can prove
that the projective limit of all structure groups exists only under quite restrictive assumptions
on S and B.

For a reduced scheme S, such a fundamental group scheme 7(S/B) has been constructed by
Nori [5] (when B is the spectrum of a field) and Gasbarri [3] (when B is a Dedekind scheme).
Much progress has been made recently on the fundamental group scheme, thanks to work by
Mehta, Subramanian and Esnault among others. This is especially true in the case of proper re-
duced schemes over a field, where the fundamental group scheme has a Tannakian interpretation
in terms of vector bundles and thus a connection with motivic fundamental groups.

The hypothesis that S is reduced is rather unpleasant: in particular, a torsor over S may not
have a fundamental group scheme. As pointed out by Nori in the introduction of [5], this would
be a serious limitation of the theory. As an application of our result, we show (theorem 3) that
this does not occur: if S has a fundamental group scheme and if X is a torsor over S under a
finite flat group scheme G, then X has a fundamental group scheme too. Moreover (theorem 4),
we can generalize the fundamental sequence (1) above: 7 (X/B) identifies with the kernel of the
map 7w(S/B) — G.

Even when a fundamental group scheme exists, Grothendieck’s template for solving the
Galois closure problem for towers of torsors does not apply when one drops the étaleness as-
sumption. If S is a connected scheme and X — S is an étale Galois cover with group G then
G is a quotient of m1(S) if and only if X is connected. This criterion, used several times in
Grothendieck’s construction of [SGA1] V §4, obviously fails for infinitesimal group schemes:
even the trivial torsor is connected.

We therefore give a direct construction of the Galois closure: if X — S and ¥ — X are
torsors under finite flat B-group schemes G and H respectively, we will explicitely construct
from these data an affine group scheme ® = ®(G, H), equipped with an action of G and a
scheme Z = Z(X,Y, G) such that Z is simultaneously a ® x G-torsor over S and a ®-torsor over
X dominating Y.

To illustrate the construction, let us describe it in the case of field extensions. Let L/K be a
Galois extension of group G and F'/L a Galois extension of group H. For g € G let F9 = L® F,
the tensor product being taken via g : L — L. The algebra T' = ) e F9 can be identified with
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the set of functions Fun(G, F') made into an L-algebra via the product on the second factor; it
is Galois over L and K with Gal(T/L) = Fun(G,H) and Gal(T/K) = Fun(G,H) x G. The
Galois algebra T' clearly contains the Galois closure of F'/K: it is of course far too big, but
depends only on L, F and G and thus lends itself to be generalized to a wider context.

2 The Galois closure of a tower of torsors

Notations and conventions: All schemes are assumed locally noetherian. We denote B a
fixed base scheme. When the fibred product is taken over B, we will write V' x W instead of
V xgW. If V and W are schemes over U we write Wy for the V-scheme p1 : V xyg W — V.

Definition 1 If T' (resp. T”) is a torsor over S under the group scheme G (resp. G’), we say that
T" dominates T if T' — S factors through T and T” is a torsor over T for a suitable subgroup
G'C@.

-7

AN

S

Theorem 1 Let S be a B-scheme of finite presentation, G a finite, locally free B-group scheme
and H an affine B-group scheme of finite presentation. Let X be a G-torsor over S andY an
H-torsor over X. There exist a scheme Z and an affine B-group scheme of finite presentation
®(G, H) such that:

1. G acts on ®(G,H) and H is a quotient of ®(G, H);
2. Z is a ®(G, H)-torsor over X dominating Y (in fact a trivial torsor over'Y );

3. Z is a ®(G, H) x G-torsor over S dominating X .
The proof rests on the following classical construction (e.g. [SGA3] XI1.3.12(b)).

Lemma 1 Let V be a finite, locally free B-scheme and W an affine B-scheme of finite presen-
tation. Then the functor U — Homy (Vy, Wyr) on B-schemes is representable by a B-scheme of
finite presentation Homg(V,W'). Moreover:

1. If V is étale and W finite over B, Hompg(V, W) is finite over B.

2. If B is the spectrum of a field k and G and H are infinitesimal group schemes, then
Hom(G, H) is connected.

Proof of Lemma 1. The problem is local, so we may assume that B = Spec R is affine and
V = Spec I is free of rank r. If W = A}, the functor is represented by A™ = Spec R[z; ;] for
i=1,...,sand j = 1,...,7. Indeed, if {ey,...,e,} is an R-basis of F, for any R-algebra A, a
map V4 — W4 is given by a map

A[tl,...,ts] — AQrFE
r (2)
ti D i Tij D€y
If W C A’ is defined by the equations Fj, = 0, h = 1,...,n, the map defined in (2) factors
though Wa iff Fj,(3_; i ® €5) = 3, F j(2i,;) ® e; = 0 for suitable polynomials Fj, j € Rz ;].
Hence R[x;;|/(F}, ;) represents Homp(V, W).
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Statement 1) can be checked over an étale base change B’ — B such that Vg is a finite disjoint
union of copies of B, where it is obvious: Hom([[ B', Wpg/) = [[ Hom(B',Wg/) = [[Wp'.

For 2), let p > 0 be the characteristic of k. We may assume that k is perfect. By [1], III
3.6.3, the Hopf Algebra of G is £ = k[y, ... ,yd]/(ylfm1 e ,ysmd). Choose the basis 3/, with
J=(j1,---.Ja) € M =1[0,p™ —1] x --- x [0,p™ —1].

Similarly, H = Speck]t, ... ,ts]/(tfnl,...,tgns). With this notation, the map (2) sends ¢; to
Yo Jem Tig ® y”? and therefore factors through H4 if and only if

.

pti
J1 Jjd _ pri p"ij1 prija
(g xi7J®y1...yd> —Zx%]@yl Yy =0.
JeM JeM

Hence, if we put M; = {(j1,...,ja) € M| (p"j1,...,p"ja) € M}, Hom(G, H) is represented by
klegli=1,...,s,J e M]/(a? ;li=1,...,r,J € M;) and is therefore connected.

O

Proof of Theorem 1 Let ®(G,H) be the B-scheme representing morphisms from G to H
(forgetting the group structure). We regard it as a group scheme via the product on the target.
G acts on ®(G, H) by multiplication on the source; we denote this action by ¢ +— 9¢ on points
with values in B-schemes.

The map evaluation at 1 € G is a group homomorphism ®(G, H) — H which has a retrac-
tion given by the subgroup of constant functions. Therefore ®(G, H) = ®'(G, H) x H, where
®!(G, H) is the subgroup of functions taking 1 € G to 1 € H. In particular, ®(G, H) satisfies
condition 1 in the theorem.

Denote by G, the scheme G x X viewed as an X-scheme via the map p : G x X — X giving
the group action. As above, the functor U — Homy (G, Yr) on X-schemes is representable
by an X-scheme of finite presentation Homyx(G,,Y).

We shall prove that Z = Homy(G,Y) is a ®(G, H)-torsor over X dominating Y, over which
it is a trivial ®1(G, H)-torsor. Moreover, Z will be a ®(G, H) x G-torsor over S.

Step 1. ®(G, H) acts on Z = Homy(G,,Y) in the following way:
®(G,H) x Homx(G,,Y) = Homx (G, H xx Y) — Homx(G,,Y)

where the second map is induced by the group action v : H x Y — Y. In terms of points with
values in an X-scheme V, ¢ € Homy (Gy, Hy) sends f € Homy (G,,v,Yy) to

v(e, f): Guv — Hy xv Yy — Yy. (3)
Step 2. This action makes Z = Hom (G, Y) into a (G, H)-torsor over X. Indeed:

®(G,H) x Homy(G,,Y) = Homyx(G,,H xY)
>~ Homy(G,,Y xxY) (4)
:MX(G,UJY) XX MX(G/MY)

where the middle isomorphism is induced by the isomorphism v X idy : H XY - Y xx Y.
Step 3. There is an action of G on Z = Homy (G,,Y) lifting that on X:

/

G x Homy(G,,Y) —— Homy(G,,Y)

1 1 &

GxX LN X.
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By [4], pp. 110-111, the datum of such a lifting ' is equivalent to an isomorphism between the
two pullbacks of Hom (G, Y) on G x X via p and py. Notice first that, viewing G' x G, and
G, xx G, as G-schemes via idg X p and the first projection respectively,

idg X pxmg xidx : Gx G, — G, xx G

is an isomorphism of G-schemes, mq being the multiplication in G. The two pullbacks are
then

Guxx Homy (G, Y) = Homg, (G xx Gu, Gy xx Y) = Homg, (G x Gy, Gy xx Y)

and G x Homx(G,,Y) = Homgy x (G x G,,,G x Y). To show they are isomorphic we will use
the following commutative diagrams:

GHXXYMGXY G x G x X Mexmexidx o x
le/ lidGXW idcxul lidgxu
G, e GxXx Gx X oxp, GxX

where 7w : Y — X is the structure morphism. Notice that the horizontal arrows in both diagrams
are isomorphisms. Put a = idg X ps and 8 = idg X mqg x idx. Then f +— ao f o 37! gives the
desired isomorphism

v:Homg (G x G, Gy xxY) — Homg, x (G x G, G xY). (6)

Therefore p/ = py o is an action of G lifting p as in diagram (5).
In terms of points with values in an X-scheme, g € G(V) acts on functions G,y — Yy by
multiplication on the source.

Step 4. ®(G,H) x G acts on Z = Homx(G,,Y). Indeed, it is straightforward to check that
the map
AN:®(G,H) x G x Homx(Gy,Y) — Homx(G,,Y) (7)

defined by M@, g, f) = v(9¢, 1/ (g, [)) satisfies the requirements.
Step 5. Under this action, Z = Homyx (G,,Y) is a (G, H) x G-torsor over S. Indeed

HﬂX(GmY) X8 MX(GWY) :MX(G/MY) xx (X x5 X) xx MX(GM’Y)
%MX(GM,Y) X x (G X X) X x MX(G;MY)
= (Homx (G, Y) x G) x X xx Homy (Gp,Y)
= (®(G,H) x G) x Homx(Gy,Y)

where the first isomorphism is induced by p X idx : G x X — X xg X and the second is the
isomorphism (6) between the two pullbacks of Homy(G,Y) to G x X. We have thus established
condition 3 in the statement of theorem 1.

Step 6. Z = Homx(G,,Y) dominates Y, over which it is a trivial (G, H)-torsor: the
map evaluation at 1 € G, gives an X-morphism Homy(G,,Y) — Y, with a retraction given
by the constant functions. Moreover, the restriction to ®!(G, H) of the action (3) of ®(G, H) is
a Y-morphism

NG, H) x Homx(G,,Y) — Homy (G, Y).

Under this action Homy(G,,Y) is a ®1(G, H)-torsor over Y. Indeed, for any pair fi, fo €
Homy (G v, Yv) there is a unique ¢ € ®(G, H)(V) such that ¢ fi = fa, because Homx (G,,Y)
is a ®(G, H)-torsor over X; hence (1) f1(1) = fo(1), thus ¢ € ®1(G, H) if f1(1) = fo(1).
Having a retraction, Z is a trivial (G, H)-torsor over Y.
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O

Remark 1 With notations as in Theorem 1, we have decompositions
d=d'xH and Z=Homy(G,Y)=>o'xY.

Let us spell these out the in terms of points with values in a given S-scheme U: any ¢ € ®(U)
can be written uniquely as

©o=1vh  with e ®(U), he H{U) (8)

the latter viewed as a constant function. Similarly, any f € Homy (G, Yy) can be written
uniquely as
f=¢&  with e ®'(U),yeY(U) (9)

the latter viewed as a constant function. An element g € G(U) acts on these decompositions in
the following way:

Yo =(9/v(9) W(gh),  9f=(9¢/&(9)) (§(9)y)- (10)

Theorem 2 Let B be the spectrum of a field k. Under the assumptions of Theorem 1, suppose
H is a finite group scheme. Then there exists a finite group scheme ®(G, H) satisfying the
conditions of Theorem 1.

Proof. By lemma 1.1, if G is étale, and in particular if k£ has characteristic zero, ®(G, H) is
finite. In positive characteristic, using the étale-connected sequence, we are reduced to the case
G connected.

Let ® = ®(G, H) be as in the proof of Theorem 1 and H° the connected component of H.
Notice that ®! = ®1(G, H) = ®}(G, HY), the subgroup of functions taking 1 € G to 1 € H, is
connected, though not necessarily finite.

As in the proof of Theorem 1, let G, be G x X viewed as a scheme over X via the action pu.
Recall that @ = ®! x H and that Homy(G,,Y) is a trivial ®!-torsor over Y, a ®-torsor over
X and a & x G-torsor over S.

Fix an integer n such that the connected component H° of H is of height < n and let pn®!
be the kernel of the n-th iterate of Frobenius morphism: by [1], II 7.1.6, it is a finite group
scheme. We will show that the subscheme Z = pn®! x Y C ®! x Y ~ Homy(G,,Y) satisfies
the hypotheses of theorem 1 with the finite group p«®' x H replacing ®(G, H). Notice that
n®l x HO = o (an)l X H) is a characteristic subgroup of ® and thus so is pn®! x H.

Obviously, the action of ® on Hom (G,,,Y) restricts to an action of pn®! x H on Z. To show
that Z is a pn®! x H-torsor over X we use the decompositions (8) and (9) above. For any X-
scheme V' and any pair f1, fo € Homy (G,v, Yv) there is a unique ¢ € ®(V') such that ¢ fi = fo,
because Homy (G,,Y) is a ®-torsor over X. Writing f1 = &y1, fo = oy and ¢ = h we get
VYhéryy = vhéEh hyr = &yo. Since @ is normal, Yhé h~t € ®1(V); since the decomposition
(9) is unique, we must have hy; = y2 and hé1h™! = & and thus ¢ = h&é1h~1&. Therefore, if
fi,f2 € Z(V) then &1,& € pn® (V) and so ¢ € pn®(V), because also pn®! is normal. Hence
¢ € (@ x H) (V).

The action of G on Hom x (G, Y') restricts to an action of G on Z. Indeed, let U be any S-scheme
and take g € G(U) and f =&y € Z(U). Since pn®' x H is characteristic, 9¢ € (pn®' x H) (U)
and 9€(1) = &(g). so0 9€/€(g) € pn @' (U).

Finally, Z is a (Fn<I>1 x H ) x G-torsor over S. Indeed, for any S-scheme U and any pair
f1, fo € Homy (Gy, Yy) there are is unique pair ¢ € ®(U) and g € G(U) such that 999 f; = fa,
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because Homy (G,,Y) is a ® x G-torsor over S. Writing fi = &1y1, fo = &oy2 and ¢ = ¢h we
get
IphIE 1y = IPh & (Y(9)hé(9)) ™ (Y(9)héi(g)) y1 = Eayo.

Since the decomposition (9) is unique, we must have 99h9&; (¢¥(g)hé&; (g))_1 = &5 and therefore

9 /1h(g) = &b (961 /61 () hT!

where h = t(g)h. Therefore, if f1, fo € Z(U), then &1, & € pa®(U) and so 91 /1h(g) € pn®(U),
thus 91 belongs to the characteristic subgroup p»®' x H. Hence 1 € (Fn(I)1 X H) N®! = pndl.

O

3 An exact sequence for the fundamental group scheme

Let B be a fixed base scheme, S a flat B-scheme and b € S(B) a marked rational point. We
consider the category €(S,b) whose objects are triples (X, G, z) consisting of a finite flat B-
group scheme G, a G-torsor f : X — S and a rational point z € X (B) such that f(z) =0. A
morphism (X', G',2') — (X, G, z) in €(S,b) is the datum of an S-morphism « : X’ — X such
that a(z') = 2 and a B-group scheme homomorphism 3 : G’ — G making the following diagram
commute: )

G'x X' —+— X'

"

GxX ", Xx

where the horizontal arrows are the group actions. Notice that « is not required to be flat, and
in particular X’ does not necessarily dominate X in the sense of definition 1. This is in marked
contrast with the case of étale Galois coverings.

Following Nori [5], chap. II, def. 1, we shall say that S has a fundamental group scheme
7(S/B;b) if the category Pro(€(S,b)) has an initial object (S,7(S/k;b),b). Nori [5] (resp.
Gasbarri [3]) have shown that if S is reduced and B is the spectrum of a field (resp. a Dedekind
scheme) then S has a fundamental group scheme.

The assumption that S is reduced is quite restrictive: in particular, if X is a G-torsor over
S, it may not have a fundamental group scheme. In this section, we will show that if B is a
Dedekind scheme, this does not occur.

Theorem 3 Let B be a Dedekind scheme and (S,b) a pointed B-scheme which has a funda-
mental group scheme. If (X,x) is a marked torsor over S under a finite flat group scheme G
then also (X, ) has a fundamental group scheme.

Proof. We will apply the following criterion (Nori [5], chap. II, proposition 1 if dim B = 0 and
Gasbarri [3], proposition 2.1 if dim B = 1): (X, z) has a fundamental group scheme if and only if
(X, x) is filtered. By loc. cit., it suffices to show that for any (Y, H,y) € €(X,z) and any pair
of morphisms «; : (Y, H;,y;) — (Y, H,y) in €(X, ), the triple (Y1 xy Yo, Hy Xz Ha, (y1,y2))
belongs to €(X,z). Notice that, by Nori [5], chap. II lemma 1, Y7 Xy Y3 is in any case an
Hy x g Ho-torsor over a closed subscheme of X containing .

It suffices to prove the theorem when B is the spectrum of a field. Indeed, the case of a general
Dedekind scheme follows by taking the scheme theoretic closure of the objects defined over the
generic fibre: the proof of [3], proposition 2.1 goes through verbatim.

Let thus B be the spectrum of a field. By theorem 2, there exist objects (Z,® x G, z) and
(Zi, ®; X G, z;) of €(S,b) dominating (Y, H,y) and (Y;, H;,y;) respectively. Since (S,b) has a
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fundamental group scheme, Z; Xz Z5 is a pointed (®1 x¢ ®2) x G-torsor over S. Moreover, by
property 2 of theorem 1, Z7 Xz Z5 is a trivial <I>% X pl @%—torsor over Y7 Xy Y.

On the other hand, 71 Xz Z5 is a ®1 x¢ Po-torsor over X. Indeed, it is a ®; xXg Po-torsor
over T' = (Z1 Xz Zs) ANP1XeP2)XG G- by construction, T is a G-torsor over S and one checks
immediately that Z; xz Z5 — X descends a G-equivariant morphism 7" — X. Since both T
and X are G-torsors over .S, this is an isomorphism.

Since both the first map and the composite Z; Xz Zo — Y7 Xy Yo — X are faithfully flat, we
conclude that Y7 xy Yo — X is faithfully flat and therefore an Hy x iy Ho-torsor over the whole
of X.

O

Remark 2 If S is proper and reduced, Nori [5], chap. I gives an alternative definition of
7(S/k; b) as the Tannaka fundamental group of a suitable category of vector bundles. H. Esnault,
P.H. Hai and X. Sun [2], §2, have recently shown that Nori’s tannakian construction can be
extended to G-torsors over S.

Having established that a G-torsor f : X — S has a fundamental group scheme, we can
show that 7(X/B, x) is the kernel of w(S/B,b) — G.

Theorem 4 Let B be a Dedekind scheme, (S,b) a pointed B-scheme and (X,x) be a marked
torsor over S under a finite flat B-group scheme G. Assume that both S and X have a funda-
mental group scheme. Then, if w(S/B,b) — G is an epimorphism, we have an exact sequence
of profinite group schemes:

(f)
—_

1 —— w(X/B,x) 7 (S/B,b) G 1.

Proof. The fact that «(f) is injective is a direct consequence of theorem 2 (if dim B = 1 one
has to repeat the scheme-theoretic closure argument above). Indeed, for any quotient H of
7(X/B,b), we have a diagram

m(X/B,z) =Y (5/B,b)

! !

(G, H) —— OG, H)xG

J

H

Since w(X/B,x) is the projective limit of such H’s and ®(G,H) — ®(G, H) x G is injective,
7(f) must be injective.

The sequence is exact in the middle if and only if for any x : w«(S/B,b) — G’ such that
x o w(f) = 0 then y factors through G. The condition x o 7(f) = 0 means that if (S',b) is
the G’-torsor over S corresponding to x, the G'-torsor X’ = X xg S’ over X is trivial, whence
an S-morphism « : X — X’ — S’. Restricting to the fibers at b and composing with the
isomorphisms j, : G — X3 and pj, : G' — S} induced by the marked points, we get a map
B : G — G', which is a group morphism because of the commutativity of the diagram:

idx xid 'xid idx
Gx G ax Xy 25 Xy x Xy 5 xS LS @ xSy — LGP x @&

mgl ,ul p1l lpl lu’ lmcf
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We thus have a morphism (X, G, z) — (S',G', V') in €(S,b) which is the same as saying that x
factors through G.

O
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