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concerned, they are the best available algorithms. However, these algorithms have the
drawback of a space complexity that is more than quadratic in the size of the state space X.
The algorithm by Gentilini, Piazza, Policriti — subsequently corrected by van Glabbeek and
Ploeger — appears to provide the best compromise between time and space complexity.
Gentilini et al.’s algorithm runs in O(|Psim|?|—|)-time while the space complexity is in
O(|Psim|?> + | =] log |Psim|). We present here a new efficient simulation algorithm that is
obtained as a modification of Henzinger et al.’s algorithm and whose correctness is based
on some techniques used in applications of abstract interpretation to model checking. Our
algorithm runs in O(|Psjm ||—|)-time and O(|Psim || 2| log | X |)-space. Thus, this algorithm
improves the best known time bound while retaining an acceptable space complexity thatis
in general less than quadratic in the size of the state space | X|. An experimental evaluation
showed good comparative results w.r.t. Henzinger et al.’s algorithm.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Abstraction techniques are widely used in model checking to hide some properties of the concrete model in order to
define a reduced abstract model where to run the verification algorithm [1,8,9]. Abstraction provides an effective solution to
deal with the state-explosion problem that arises in model checking of systems with parallel components [7]. The reduced
abstract structure is required at least to weakly preserve a specification language £ of interest: if a formula ¢ € £ is satisfied
by the reduced abstract model then ¢ must hold on the original unabstracted model as well. Ideally, the reduced model
should be strongly preserving w.r.t. £: ¢ € £ holds on the concrete model if and only if ¢ holds on the reduced abstract
model. One common approach for abstracting a model consists in defining a logical equivalence or preorder on system states
that weakly/strongly preserves a given temporal specification language. Moreover, this equivalence or preorder often arises
as a behavioural relation in the context of process calculi [10]. Two well-known examples are bisimulation equivalence that
strongly preserves expressive logics such as CTL and the full p-calculus [5] and the simulation preorder that ensures weak
preservation of universal and existential fragments of the p-calculus like ACTL and ECTL as well as of linear-time languages
like LTL [22,25]. Simulation equivalence, namely the equivalence relation obtained as symmetric reduction of the simulation
preorder, is particularly interesting because it can provide a significantly better state space reduction than bisimulation
equivalence while retaining the ability of strongly preserving expressive temporal languages like ACTL .
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1.1. State of the art

Let K = (X, —, £) denote a Kripke structure on a state space ¥, with transition relation — and labeling . It is known
that computing simulation is harder than computing bisimulation [24]. Bisimulation equivalence can be computed by the
well-known Paige and Tarjan’s [26] algorithm that runs in O(]— | log |X|)-time. A number of algorithms for computing
simulation preorder and equivalence exist, the most well known are by Henzinger, Henzinger and Kopke [23], Bloom and
Paige [2], Bustan and Grumberg [6], Tan and Cleaveland [29] and Gentilini, Piazza and Policriti [ 18], this latter subsequently
corrected by van Glabbeek and Ploeger [21]. The algorithms by Henzinger et al. and by Bloom and Paige run in O(|X||—|)-
time and, as far as time complexity is concerned, they are the best available algorithms. However, both these algorithms
have the drawback of a space complexity that is bounded from below by Q(| £|?). This is due to the fact that the simulation
preorder is computed in an explicit way, i.e., for any state s € X, the set of states that simulate s is explicitly given as output.
This quadratic lower bound in the size of the state space is clearly a critical issue in model checking. This provides a strong
motivation for designing simulation algorithms that are less demanding on space requirements. Bustan and Grumberg [6]
provide a first solution in this direction. Let P, denote the partition corresponding to simulation equivalence on K so
that |Psi| is the number of simulation equivalence classes. Then, Bustan and Grumberg’s algorithm has an optimal space
complexity in O(|Psim|*> + | 2| log |Psim|) — where optimal means that the space complexity is of the same order as the size
of the output of the algorithm — however, the time complexity in O(|Psim|*(|= | + [Psim|?) + |Psim|?|Z1(|Z| + |Psim|?])) is
a serious drawback of this algorithm. The simulation algorithm by Tan and Cleaveland [29] simultaneously also computes the
state partition Py corresponding to bisimulation equivalence. Under the simplifying assumption of having a total transition
relation (i.e., any state can progress), this procedure has a time complexity in O(|— | (|Ppis| + log |X|)) and a space complexity
inO(|]—| + |Ppis|> + || log |Pyis|) (the latter addend | = | log | Pyis| does not appearin [29] and takes into account the relation
that maps each state into its bisimulation equivalence class). The algorithm by Gentilini, Piazza and Policriti [ 18] appears to
provide the best compromise between time and space complexity. Gentilini et al.’s algorithm runs in O(|Psjm|?|— |)-time,
namely it remarkably improves on Bustan and Grumberg’s algorithm and is not directly comparable with Tan and Cleaveland’s
algorithm, while the optimal space complexity O(|Psim|? + | = | log |Psim|) is the same of Bustan and Grumberg’s algorithm
and improves on Tan and Cleaveland’s algorithm. Moreover, Gentilini et al. show experimentally that in most cases their
procedure improves on Tan and Cleaveland’s algorithm both in time and space.

1.2. Main contributions

This work presents a new efficient simulation algorithm, called SA, that runsin O(| Psjm || — |)-time and O(| Psim || = | log | Z1)-
space. Thus, while retaining an acceptable space complexity that is in general less than quadratic in the size of the state space,
our algorithm improves the best known time bound.

Let us recall that a relation R between states is a simulation if for any s,s’ € ¥ such that (s,s’) € R, £(s) = £(s) and for
any t € ¥ such that s—t, there exists t’ € ¥ such that —t" and (t,t') € R. Then, s’ simulates s, namely the pair (s, s)

belongs to the simulation preorder Rsjm, if there exists a simulation relation R such (s,s") € R. Also, s and s’ are simulation
equivalent, namely they belong to the same block of the simulation partition Pgin, if s’ simulates s and vice versa.

Our simulation algorithm SA is designed as a modification of Henzinger, Henzinger and Kopke’s [23] algorithm, here
denoted by HHK. The space complexity of HHK is in O(| Z|? log | =|). This is a consequence of the fact that HHK computes
explicitly the simulation preorder, namely it maintains for any state s € X a set of states Sim(s) C X, called the simulator set
of s, that are currently candidates for simulating s. SA instead computes a symbolic representation of the simulation preorder,
namely it maintains: (i) a partition P of the state space X that is always coarser than the final simulation partition Psj, and
(ii) a relation Rel € P x P on the current partition P that encodes the simulation relation between blocks of simulation
equivalent states. This symbolic representation is the key both for obtaining the O(|Psim ||—>|) time bound and for limiting
the space complexity of SA in O(|Psim || X | log | X]), so that memory requirements may be lower than quadratic in the size of
the state space.

Our basicideais toinvestigate whether the logical structure of the HHK algorithm may be preserved by replacing the family
of sets of states S = {Sim(s) }scx with a partition P of the state space X together with a reflexive (but possibly nontransitive)
relation Rel C P x P that gives rise to a so-called partition-relation pair (P, Rel). The logical meaning of this data structure
is as follows: if B,C € P and (B, C) € Rel then any state in C is currently candidate to simulate each state in B, while two
states s; and s; in the same block B are currently candidates to be simulation equivalent. Hence, in SA a partition-relation
pair (P, Rel) represents the current approximation of the simulation preorder and in particular P represents the current
approximation of simulation equivalence. It turns out that the information encoded by a partition-relation pair is enough
for preserving the logical structure of HHK. In fact, analogously to the stepwise design of the HHK procedure, this approach
leads us to design a basic procedure, called BasicSA, which relies on partition-relation pairs and is then refined twice in order
to obtain the final simulation algorithm SA. The correctness of SA is proved w.r.t. the basic algorithm BasicSA and relies on
abstract interpretation techniques [12,13]. More specifically, we exploit some previous results [27] that show how standard
strong preservation of temporal languages in abstract Kripke structures can be generalized by abstract interpretation and
cast as a so-called completeness property of abstract domains. On the other hand, the simulation algorithm SA is designed as
an efficient implementation of the basic procedure BasicSA where the symbolic representation based on partition-relation
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pairs allows us to replace the size |X| of the state space in the time and space bounds of HHK with the size |Psjm,| of the
simulation partition in the corresponding bounds for SA.

Both HHK and SA have been implemented in C++. This experimental evaluation included benchmarks from the VLTS (Very
Large Transition Systems) suite [30] and some publicly available Esterel programs. The experimental results showed that SA
outperforms HHK.

This paper is an extended and revised version of [28].

2. Background
2.1. Preliminaries

2.1.1. Notation

Let X and Y be sets. If S C X and X is understood as a universe set then =S = X\.S. If f : X — Y then the image of f is
denoted by img(f) £ {f(x) € Y | x € X}. When writing a set S of subsets of a given set of integers, e.g., a partition, S is often
written in a compact form like {1, 12,13} or {[1], [12], [13]} that stand for {{1}, {1, 2}, {1,3}}. If R € X x X is any relation
thenR* C X x X denotes the reflexive-transitive closure of R. Also, if x € X then R(x) £ {x' € X | (x,x') € R}.

2.1.2. Orders

Let (Q, <) be a poset, that may also be denoted by Q<. We use the symbol E to denote pointwise ordering between
functions: If X is any set and f,g : X — Q then f C g if for all x € X, f(x) < g(x). If S € Q then max(S) £ {x €S | Vy
S. x <y = x = y} denotes the set of maximal elements of S in Q. A complete lattice C< is also denoted by (C, <, V, A, T, L)
where V, A, T and _L denote, respectively, lub, glb, greatest element and least element in C. A function f : C — D between
complete lattices is additive when f preserves least upper bounds. Let us recall that a reflexive and transitive relation
R C X x X on aset X is called a preorder on X.

2.1.3. Partitions

A partition P of a set X is a set of nonempty subsets of X, called blocks, that are pairwise disjoint and whose union gives
3. Part(X) denotes the set of partitions of X.If P € Part(X) and s € X then P(s) denotes the unique block of P that contains
s. Part(X) is endowed with the following standard partial order <: P; < Py, i.e., P, is coarser than P; (or P; refines P,) iff
Vs € X. Pi(s) C Py(s).1f Py, P € Part(X), Py < P, and B € Py then parentp, (B) (when clear from the context the subscript
P> may be omitted) denotes the unique block in P, that contains B. For a given nonempty subset S C X, called splitter, we
denote by Split(P,S) the partition obtained from P by replacing each block B € P with the nonempty sets BN S and Bx\.S,
where we also allow no splitting, namely Split(P,S) = P (this happens exactly when S is a union of some blocks of P).

2.1.4. Kripke structures

Atransition system (X, — ) consists of a set X of states and a transition relation — C ¥ x X.Therelation — is total when
for any s € X there exists some t € X such that s—t. The predecessor/successor transformers pre_,, post_, : g (X) —
g () (when clear from the context the subscript — may be omitted) are defined as usual:

—-pre_(Y)2{ae = |3beY.a—b});
—post_(Y)2{be X |JaeY.a—>b}.

Let us remark that pre_, and post_, are additive operators on the complete lattice o (X)c. IfS1,5; € X then S1—3S,
iff there exist sy € S1 and sy € S such that s1—s5.

Given a set AP of atomic propositions (of some specification language), a Kripke structure X = (X, —, £) over AP consists
of a transition system (X, —) together with a state labeling function £ : ¥ — g (AP). A Kripke structure is total when its
transition relation is total. We use the following notation: foranys € ¥,[s]y = {s’ € £ | £(s) = £(s')} denotes the equivalence
class of a state s w.r.t. the labeling ¢, while P, £ {[sl¢ | s € X} € Part(X) is the partition induced by £.

2.2. Simulation preorder and equivalence

Recall thatarelationR C ¥ x X isasimulation on a Kripke structure X = (X, —, £) over a set AP of atomic propositions
if foranys,s’ € ¥ such that (s,s") € R:

() £(s) = £(5);
(b) For any t € ¥ such that s—t, there exists t' € ¥ such thats’—t" and (t,t") € R.

If (s,s") € R then we say that s’ simulates s by R. The empty relation is a simulation and simulation relations are closed
under union, so that the largest simulation relation exists. It turns out that the largest simulation is a preorder relation called
simulation preorder (on K) and denoted by Rsj,,. Simulation equivalence ~gj,, € X X X is the symmetric reduction of Rgj,

namely ~gm= Rsim N Rs_ir}]. Psim € Part(X) denotes the partition corresponding to ~iy, and is called simulation partition.
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It is a well-known result in model checking [14,22,25] that the reduction of K w.r.t. simulation equivalence ~;j, allows
us to define an abstract Kripke structure Agjm = (Psim, —3, EH) that strongly preserves the temporal language ACTL , where:
Psim is the abstract state space, —3 is the abstract transition relation between simulation equivalence classes, while for
any block B € P, £7(B) £ ¢(s) for any representative s € B. It turns out that Ay, strongly preserves ACTL, i.e., for any
¢ € ACTL and s € %, we have that s =° ¢ if and only if Psim, (s) =75 ¢.

2.3. Abstract interpretation

2.3.1. Abstract domains as closures

In standard abstract interpretation, abstract domains can be equivalently specified either by Galois connections/insertions
or by (upper) closure operators (uco’s) [13]. We follow here the closure operator approach: this has the advantage of being
independent from the representation of domain’s objects and is therefore appropriate for reasoning on abstract domains
independently from their representation.

Given a state space X, the complete lattice ¢ (X)c plays the role of concrete domain. Let us recall that an operator
Uw:p(X) > p(X)isaucoon g (X), thatis an abstract domain of g (¥), when u is monotone, idempotent and extensive
(viz.,, X € p(X)). It is well known that the set uco(g (X)) of all uco’s on g (X), endowed with the pointwise ordering C,
gives rise to the complete lattice (uco(gp (X)), C, U, M, AX. X, id) of all the abstract domains of g (X). The pointwise ordering
C on uco(g (X)) is the standard order for comparing abstract domains with regard to their precision: @1 C  means that
the domain w1 is a more precise abstraction of g (X) than ., or, equivalently, that the abstract domain (1 is a refinement
of M.

Aclosure 1 € uco(gp (X)) isuniquely determined by its image img (), which coincides with its set of fixpoints, as follows:
w=AY.N{X € img(u) | Y € X}. Also, a set of subsets ¥ C g (X) is the image of some closure operator 1 » € uco(g (X))
iff X is a Moore-family of o (), i.e., X = Cln(X) £ {NS | S C x} (where N@ = % € Cln(X)). In other terms, X is a
Moore-family (or Moore-closed) when & is closed under arbitrary intersections. In this case, ux = AY.N{X e X |Y C X}
is the corresponding closure operator. For any X C g (X), Cln(X) is called the Moore-closure of X, i.e., Cln(X) is the
least set of subsets of ¥ which contains all the subsets in & and is Moore-closed. Moreover, it turns out that for any
w1 € uco(gp (X)) and any Moore-family X C © (X), (limg(u) = 4 and img(px) = X. Thus, closure operators on g (X) are
in bijection with Moore-families of g (). This allows us to consider a closure operator © € uco(g (X)) both as a function
o (X) > o (X)and as a Moore-family img(u) C g (). This is particularly useful and does not give rise to ambiguity
since one can distinguish the use of a closure u as function or set according to the context.

2.3.2. Abstract domains and partitions

As shown in [27], it turns out that partitions can be viewed as particular abstract domains. Let us recall here that
any abstract domain p € uco(g (X)) induces a partition par(u) € Part(X) that corresponds to the following equivalence
relation =, on X:

x =,y iff pw({x}) = w({yd.

Example 2.1. Let X = {1,2, 3,4} and consider the following abstract domains in uco(g (X)) that are given as intersection-
closed subsets of o (2): u = {&,3,4,12,34,1234}, ' = {&,3,4,12,1234}, u” = {12,123, 124, 1234}. These abstract do-
mains all induce the same partition P = {[12], [3], [4]} € Part(X). For example, u” ({1}) = " ({2}) = {1,2}, u"({3}) =
{1,2,3}, u”({4}) = {1,2,4} so that par(u”) = P.

2.3.3. Forward completeness
Let us consider an abstract domain p € uco(g (X)c), a concrete semantic function f : g (X) — g (%) and a corre-

sponding abstract semantic function f t. i — u (for simplicity of notation, we consider 1-ary functions). It is well known
that the abstract interpretation (i, f*) is sound when for any X € p (%), f(n(X)) C ft (1 (X)) holds, i.e., when a concrete

computation f (u (X)) is correctly approximated by the corresponding abstract computation f f (u(X)).Forward completeness
[19] corresponds to require the following strengthening of soundness: (i, f %) is forward complete when f o u=f o u.The
intuition here is that the abstract function f¥ is able to mimic f on the abstract domain & with no loss of precision. This is
called forward completeness because a dual and more standard notion of backward completeness may also be considered.

Example 2.2. As a toy example, let us consider the following abstract domain Sign for representing the sign of an integer
variable: Sign = {@, Z<0,0,7Z>0, 2} € uco(g (Z)c). The concrete pointwise addition 4 : g (Z) x g (Z) — g (Z) on sets
ofintegers, thatisX + Y £ {x + y|x € X, y € Y},isapproximated in Sign by the abstract addition +58" : Sign x Sign — Sign
that is defined as expected by the following table:
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458 7o 0 7~y Z
7 7] 17 1z N
Zo | @ 7wy 7w 7 Z
0 @ Z< 0 Z=y Z
Zso | @ Z Zso 79 Z
z @ z z zZ Z

It turns out that (Sign, +58") is forward complete, i.e., for any aj, a, € Sign, a; + a; = a; +°4" ay.

It turns out that the possibility of defining a forward complete abstract interpretation on a given abstract domain & does
not depend on the choice of the abstract function f* but depends only on the abstract domain . This means that if (u, f*) is
forward complete then the abstract function f % indeed coincides with the best correct approximation u o f of the concrete
function f on the abstract domain x. Hence, for any abstract domain p and abstract function f %, it turns out that (., f 1y is
forward complete if and only if (u, u o f) is forward complete. This allows us to define the notion of forward completeness
independently of abstract functions as follows: an abstract domain u € uco(gp (X)) is forward complete for f (or forward
f-complete)ifff o u = o f o . Let us note that u is forward f-complete iff the image img () is closed under applications

of the concrete function f. If F is a set of concrete functions then w is forward complete for F when u is forward complete
forallf € F.

2.3.4. Forward complete shells
It turns out [19,27] that any abstract domain @ € uco(g (X)) can be refined to its forward F-complete shell, namely to
the most abstract domain that refines u and is forward complete for F. This forward F-complete shell of u is thus defined as

Sr() £ U {p € uco(p (X)) | p E w, p is forward F-complete}.

Forward complete shells admit a constructive fixpoint characterization. Given u € uco(g (X)), consider the operator
F,, tuco(p (X)) — uco(gp (X)) defined by

Fu(p) £ Cln(n U {f(X) | f € F, X € p}).

Thus, F,, (o) refines the abstract domain p by adding the images of p for all the functions in F. It turns out that F;, is monotone
and therefore admits the greatest fixpoint in uco(g (X)), denoted by gfp(F,, ), which provides the forward F-complete shell

of p: Sp(u) = gfp(Fu).

2.3.5. Disjunctive abstract domains

An abstract domain p € uco(gp (X)) is disjunctive (or additive) when u is additive and this happens exactly when the
image img(w) is closed under arbitrary unions. Hence, a disjunctive abstract domain is completely determined by the image
of 1 on singletons because for any X C X, £ (X) = Uyex it ({x}). The intuition is that a disjunctive abstract domain does not
lose precision in approximating concrete set unions. We denote by uco? (o (2)) € uco(p (X)) the set of disjunctive abstract
domains.

Given any abstract domain © € uco(gp (X)), it turns out [13,20] that p can be refined to its disjunctive completion
w9: this is the most abstract disjunctive domain 9 € ucod(p (X)) that refines . The disjunctive completion x4 can be
obtained by closing the image img(x) under arbitrary unions, namely img(u9) = Cly(img(r)) £ {US | S C img(n)},
where UZ = @ € Cly(img(w)).

It turns out that an abstract domain u is disjunctive iff @ is forward complete for arbitrary concrete set unions, namely,
W is disjunctive iff for any {Xi}ic; C o (2), Uit (Xi) = (Uier(Xi)). Thus, when X is finite, the disjunctive completion
w9 of u coincides with the forward U-complete shell Sy (1) of . Also, since the predecessor transformer pre preserves set
unions, it turns out that the forward complete shell Sy pre (1) for {U, pre} can be obtained by iteratively closing the image of
w under pre and then by taking its disjunctive completion, i.e., Sy pre (4) = SU(Spre(1t)).

Example 2.3. Letusconsider the abstractdomainu = {&, 3,4, 12, 34, 1234} in Example 2.1. We have that 1 is not disjunctive

because 12,3 € u while 12 U 3 = 123 ¢ u. The disjunctive completion ,ud is obtained by closing u under unions: p,d =
{2,3,4,12,34,123,124, 1234}.

2.3.6. Some properties of abstract domains
Let us summarize some easy properties of abstract domains that will be used in later proofs.
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Lemma 24. Let it € uco(p (X)), p € ucod(go(Z)).P,Q € Part(X) such that P < par(u) and Q < par(p).
(i) Forany B € P, u(B) = p(parentp,.(,(B)).

(ii) Forany X € p (X), u(X) = U{B € P| B C u(X)}.
(iii) Forany X € p (2), p(X) = U{p(B) | B € Q, BNX #* T}.

(iv) par(p) = par(u?).

Proof. (i) In general, by definition of par(u), forany C € par(u) andS < C, u(S) = u(C). Hence, since B C parentp,(,,)(B)
we have that u(B) = p(parentp,(,,)(B)).
(ii) Clearly, u(X) 2 U{B € P | B € u(X)}. On the other hand, for any z € (X), we have that P(z) C u(P(z)) = n({z}) <
u(X),sothatz e UBe P|B C uX)}.
(iii)
p(X) = Jas pis additive]
Ulo(xh) [x € X} = [asQ = par(p)]
Ufp(Qx) [x € X} =
U{p(B) |B€ Q, BNX +* o}.

(iv) Since 14 C 1, we have that par(u9) < par(s).On the other hand, if B € par(u) then forallx € B, ud({x}) = n({x}) =
w(B), so that B € par(u?). O

3. Simulation preorder as a forward complete shell

Ranzato and Tapparo [27] showed how strong preservation of specification languages in standard abstract models like
abstract Kripke structures can be generalized by abstract interpretation and cast as a forward completeness property of
generic abstract domains that play the role of abstract models. We rely here on this framework in order to show that the
simulation preorder can be characterized as a forward complete shell for set union and the predecessor transformer. Let
K = (X, —,£) be a Kripke structure. Recall that the labeling function £ induces the state partition P, = {[s]¢ | s € X}. This
partition can be made an abstract domain p, € uco(g (X)) by considering the Moore-closure of P, that simply adds to P,

the empty set and the whole state space, namely u¢ 2 Cln({[s]¢ | s € =)).

Theorem 3.1. Let juxc = Supre(it¢) be the forward {U, pre}-completeshell of v¢. Then,Rsim = {(s,5') € £ x T|s" € ux({s})}
and Psim = par(ic).

Proof. Given a disjunctive abstract domain p € ucod(gp (%)), define R, L{(,5) e = x T |s € u({s})}. We prove the
following three preliminary facts:

(1) p is forward complete for pre iff R, satisfies the following property: for any s, t,s’ € £ such that s—t and (s,s’) € R,
there exists t' € ¥ such that s'—t" and (t,t') € R,,.. Observe that the disjunctive closure w is forward complete for
preiff foranys,t € %, if s € pre(u({t})) then w({s}) C pre(u({t})), and this happensiff for any s,t € Z, if s € pre(t)
then w({s}) < pre(w({t})). This latter statement is equivalent to the fact that for any s,s’,t € X such that s—t and
s" € nu({s}), there exists t’ € p({t}) such thats'—t’, namely, for any s,s’,t € ¥ such that s—t and (s,s’) € R,,, there
exists t’ € ¥ such that (t,t') € R, and s'—>t".

(2) u E pg iff R, satisfies the property that for any s,s" € £, if (s,s") € R, then £(s) = £(s'): Infact, u E uy < Vs €
. u({s)) S ue(s}) =I[sle & Vs,s' € . (s € u({s}) implies s’ € [s]¢) & Vs,s" € . ((s,s") € R, implies £(s) =
£(s)).

(3) Clearly, given 1’ € ucod(p (2)), u T w' iff R, C Ry

Let us show that R, = Rsim. By definition, 1, is the most abstract disjunctive closure that is forward complete for pre and
refines pi¢. Thus, by the above points (1) and (2), it turns out that R, is a simulation on K. Consider now any simulation S on
K and the function p’ £ postsx : () — g (). Let us notice that i/ € ucod(p (L)) andS C §* = R,. Also, the relation
S$* is a simulation because S is a simulation. Since S* is a simulation, we have that Ry satisfies the conditions of the above
points (1) and (2) so that w is forward complete for pre and ;' = p¢. Moreover, p’ is disjunctive so that u” is also forward
complete for U. Thus, " T Sypre(it¢) = mx. Hence, by point (3) above, R,y € Ry, sothat S C Ry,,.. We have therefore
shown that R, is the largest simulation on K.

The fact that Pgi;, = par (i) comes as adirect consequence because foranys,t € X,s ~im tiff (s,t) € Rsmand (t,s) € Rgim.
FromR,,,. = Rsim we obtain thats ~gm tiffs € uc({t}) andt € puxc({s})iff uc({s}) = pxc({t}). This holdsiffsand t belong
to the same block in par(uyx). [
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Thus, the simulation preorder is characterized as the forward complete shell of an initial abstract domain ., (induced by
the labeling £) w.r.t. set union U and the predecessor transformer pre, while simulation equivalence is the partition induced
by this forward complete shell. Let us observe that set union and the predecessor pre provide the semantics of, respectively,
logical disjunction and the existential next operator EX. As shown in [27], simulation equivalence can be also characterized
in a precise meaning as the most abstract domain that strongly preserves the language

@ =atom | g1 A @2 | o1V @2 | EXg.

Example 3.2. Let us consider the Kripke structure K depicted below where the atoms p and g determine the labeling
function £.

O —B—
p

It is simple to observe that Pgi, = {1, 2, 3,4} because: (i) while 3—4 we have that 1,2 ¢ pre(4) so that 1 and 2 are not
simulation equivalent to 3; (ii) while 1— 1 we have that 2 & pre(12) so that 1 is not simulation equivalent to 2.

The abstract domain induced by the labeling is ©¢ = {<, 4,123,1234} € uco(gp (X)). As observed above, the forward
complete shell Sy pre(tte) = Su(Spre(fte)) can be obtained by iteratively closing the image of 1, under pre and then by
taking its disjunctive completion:

- Ko = W,
- Zl =Clle(,uo U pre(itg)) = Cln (o U {pre() = &, pre(4) = 34, pre(123) = 12, pre(1234) = 1234}) = {, 3,4,12,
34,123,1234};

-y = Cln (g U pre(ui)) = Cla (g U {pre(3) = 12, pre(12) = 1, pre(34) = 1234}) = {, 1, 3,4, 12,34, 123, 1234},

- 3 = Cln(uz U pre(uz)) = pp  (fixpoint).
Su,pre (1¢) is thus given by the disjunctive completion of 5, i.e., Supre (i) = {D,1,3,4, 12,13, 14, 34, 123,124, 134, 1234}
= lx. Note that uxc (1) = 1, uxc(2) = 12, ux(3) = 3 and ux (4) = 4. Hence, by Theorem 3.1, the simulation preorder is
Rsim = {(11 1)v (2v 2), (2v l)r (3v3)v (41 4)}1 Whlle Psim = par(SU,pre(ﬂé)) = {11 27?"4}'

Theorem 3.1 is one key result for proving the correctness of our simulation algorithm SA while it is not needed for
understanding how SA works and how to implement it efficiently.

4. Partition-relation pairs

Let P € Part(X) and R C P x P be any relation on the partition P. One such pair (P, R) is called a partition-relation pair,
PR for short. A PR (P, R) induces a disjunctive closure uppgy € uco’(gp (2)c) as follows: forany X € o (%),

wer(X) = U{CeP|3BeP.BNX # 3, (B,C) € R*}.

It is easily shown that wpg) is indeed a disjunctive uco. Let us observe that we do not require any hypothesis on the
relation R while we consider its reflexive-transitive closure R* in the definition of 1t (pgy. Note that, forany x € %,

wr) ({x}) = e (P(x)) = UR"(P(x)) = U{C € P | (P(x),C) € R}

This correspondence is a key logical point for proving the correctness of our simulation algorithm. In fact, our algorithm
maintains a PR, where the relation is merely reflexive, and our proof of correctness depends on the fact that this PR logically
represents a corresponding disjunctive abstract domain.

Example 4.1. Letusconsider ¥ = {1,2,3,4}andthePR(P,R) whereP = {12, 3,4} € Part(X)andR = {(12,3), (3,4), (4,3)}.
Let us observe that R* = {(12,12), (12,3), (12,4), (3,3), (3,4), (4, 3), (4,4)}. The disjunctive abstract domain 1 (py is such
that wpry({1}) = wepry (2D = {1,2,3,4}and wpr) ({3}) = w(pry({4}) = {3,4},sothattheimage of 1 (p r) is {7, 34, 1234}.
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On the other hand, any abstract domain p € uco(g (X)) induces a PR (P, R;,) as follows:

A
- Py, = par(u);
~Ry £ {(B.C) € Py x P | C S u(B)}.
The following properties of PRs will be useful in later proofs.

Lemma4.2. Let (P,R) beaPRand . € uco(p (X)).

() P < par(u(pRy)-
(ii) (PM.R;Q = (Pud,RMd>.

Proof. (i) We already observed above that for any x € X, upr) ({x}) = pr)(P(x)),sothat P(x) C {y € X | uppr ({x}) =
R ({y})} which is a block in par(i(pr)).
(ii) By Lemma 2.4 (iv), P, = par(p) = par(ud) = P, a. Moreover,

R, = [by definition]
{(B,C) € Py X Py |CC u(B)} = |as P, = Pud]
{(B.C) € Pya x Pua | C S u(B)) = [as u(B) = n(B)]
{(B,C) € Pya x Pya | C S pu%(B)} =  [by definition]
R'ud. O

It turns out that the above two correspondences between PRs and disjunctive abstract domains are inverse of each other
when the relation is a partial order.

Lemma 4.3. For any partition P € Part(X), partial order R C P x P and disjunctive abstract domain p € uco? (9 (X)), we
have that (PM(P'R),RM,'R)) = (P,R) and (P, R,) = M-

Proof. Let us show that (P, Ry pr ) = (P, R). We first prove that Py, = P, i.e,, par(i(pgy) = P. On the one hand, by
Lemma 4.2 (i), P < par(upry). On the other hand, if x,y € ¥ and upgr)({x}) = g ({y}) then (P(x),P(y)) € R* and
(P(y),P(x)) € R*. Since R is a partial order, we have that R* = R is a partial order as well, so that P(x) = P(y), namely
par(uppr)) < P.

Let us prove now that R, ,,, = R.In fact, for any (B,C) € par(i(pr)) X par(i(pg)),
(B,C) € Rypp, < [by definition of Ry, |
C C upry(B) <& [by definition of p(pp)]
(B,C) e R* & [since R* = R]
(B,C) € R.

Finally, let us show that w(p, r,) = p. Since both wp, g,y and p are disjunctive it is enough to prove that for all x € %,
wp, r,)({x}) = n({x}). Givenx € X consider the block P, (x) of P, = par(u) containing x. Then,

wp, r,)({x}) = [by definition of 1(p, r,,)]
U{C e P, | (Pu(x),0) € R;} = [since RZ =R,]
U{C € P, | (Pu(x),C) € R} = [by definition of R,
U{CeP,|CC u(Pu(x))} = [byLemma 2.4 (ii)]
u(Py(x)) = [since w(Py(x)) = n({x}]
u({xh. U

Our simulation algorithm relies on the following condition on a PR (P, R), where R is merely reflexive, which guarantees
that the corresponding disjunctive abstract domain 1t p gy is forward complete for pre.

Lemma4.4. Let (X, —) be a transition system and (P,R) be a PR where R is reflexive. Assume that for any B,C € P, if CN
pre(B) # & then UR(C) C pre(UR(B)). Then, tpy is forward complete for pre.
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Proof. We preliminarily show the following fact:

() Let i € uco(p (X)) and P € Part(X) such that P < par(u). Then, u is forward complete for pre iff for any B, C € P,
if C N pre(B) # & then u(C) < pre(u(B)).
(=) Let B,C € P such that C N pre(B) # <. Since B C w(B) we also have that C N pre(w(B)) # &. By forward com-
pleteness, pre(u(B)) = w(pre(w(B))). Since P < par(u), C € P and C N p(pre(u(B))) = C N pre(u(B)) # <, we
have that C C u(pre(uw(B))) = pre(iu(B)), so that, by applying the monotone map u, u(C) € u(pre(u(B))) =
pre(/u(B)).
(<=) Firstly, we show the following property («): forany B, C € P, if C N pre((B)) # < then u(C) < pre(w(B)). Since
P < par(u), by Lemma 2.4 (ii), C N pre(u(B)) = CNpre(U{D € P | D € u(B)}), so that if C N pre(u(B)) # & then
C N pre(D) # & for some D € P such that D C w(B). Hence, by hypothesis, ;1 (C) € pre(u(D)). Since u(D) € w(B),
we thus obtain that @« (C) C pre(u (D)) C pre(u(B)). Let us now prove that p is forward complete for pre. We first
show the following property (««): for any B € P, ;u(pre(u(B))) € pre(w(B)). In fact, since P < par(u), we have that:

u(pre((B))) = [by Lemma 2.4 (iii) as u is additive]
U{u(C) | C € P, CNpre(i(B)) = &} € [by the above property («)]
pre(iu(B)).

Hence, for any X € g (X), we have that:

u(pre(u(X))) = [by Lemma 2.4 (iii), u(X) = U;u(B;) for some {B;} C P]
m(pre(U;(B;))) = [since u and pre are additive]
Uiu (pre(i(Bi))) < [by the above property ()]
U; pre(u(B;)) = [since pre is additive]
pre(Uin(Bi)) = [since u(X) = Uju(Bi)]
pre(u(X)).

Let us now turn to show the lemma. By Lemma 4.2 (i), we have that P < par(upr)). By the above fact (f), in order to

prove that 1 (p gy is forward complete for pre it is sufficient to show that forany B, C € P, if C N pre(B) # & then ppp ) (C) C

pre(i(pr) (B)). Thus, let us assume that C N pre(B) # <. We need to show that UR*(C) C pre(UR*(B)).Assume that (C,D) €

R*, namely that there exist {B;}ic[ox) € P, for some k > 0, suchthatBy = C,Bx = Dand foranyi € [0, k), (B;, Bi+1) € R. We

show by induction on k that D C pre(UR*(B)).

(k = 0) This means that C = D. Since R is assumed to be reflexive, we have that (C,C) € R. By hypothesis, UR(C) C
pre(UR(B)) so that we obtain D = C € UR(C) C pre(UR(B)) C pre(UR*(B)).

(k + 1) Assume that (C,B1), (B1,B>), ..., (B, D) € R. By inductive hypothesis, B, C pre(UR*(B)). Note that, by additivity
of pre, pre(UR*(B)) = U{pre(E) | E € P, (B,E) € R*}. Thus, there exists some E € P such that (B,E) € R* and B, N
pre(E) #* <. Hence, by hypothesis, UR(By) € pre(UR(E)). Observe that UR(E) € UR*(E) € UR*(B) so we have that
D € UR(By) < pre(UR(E)) < pre(UR*(B)). U

5. Henzinger, Henzinger and Kopke’s algorithm

Our simulation algorithm SA is designed as a symbolic modification of Henzinger et al.’s simulation algorithm [23]. This
is designed in three incremental steps encoded by the procedures SchematicSimilarity, RefinedSimilarity and HHK (called
EfficientSimilarity in [23]) in Fig. 1.

Consider any (possibly non-total) finite Kripke structure (X, —, £). The idea of the basic SchematicSimilarity algorithm
is simple. For each state v € X, the simulator set Sim(v) € ¥ contains states that are candidates for simulating v. Hence,
Sim(v) is initialized with all the states having the same labeling as v, that is [v],. The algorithm then works iteratively as
follows: as long as there exist u, v, w € ¥ such that u—v, w € Sim(u) but there isnow’ € Sim(v) such that w—w’, we have
that w cannot simulate u and therefore Sim(u) is refined to Sim(u)~ {w}.

This basic procedure is then refined to the algorithm RefinedSimilarity. The key point here is to store for each statev € X
an additional set of states prevSim(v) that is a superset of Sim(v) (invariant Invy) and contains the states that were in
Sim(v) in some past iteration where v was selected. If u— v then the invariant Inv, allows to refine Sim(u) by scrutinizing
only the states in pre(prevSim(v)) instead of all the possible states in X: In fact, while in SchematicSimilarity, Sim(u) is
reduced to Sim(u)~. (X~ pre(Sim(v)), in RefinedSimilarity, Sim(u) is reduced in the same way by removing from it the states
in Remove = pre(prevSim(v))~ pre(Sim(v)). The initialization of Sim(v) that distinguishes the case post(v) = & allows to
initially establish the invariant Inv,. Let us remark that the original RefinedSimilarity algorithm presented in [23] contains the
following bug: the statement “prevSim(v) := Sim(v)” is placed just after the inner for-loop instead of immediately preceding
the inner for-loop. It turns out that this is not correct as shown by the following example.
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Example 5.1. Let us consider the Kripke structure in Example 3.2. We already observed that the simulation relation is
Rsim = {(1,1),(2,2),(2,1),(3,3), (4,4)}. However, one can check that the original version of the RefinedSimilarity algorithm
in [23] — where the assignment prevSim(v) := Sim(v) follows the inner for-loop — provides as output Sim(1) = {1, 2},
Sim(2) = {1, 2}, Sim(3) = {3}, Sim(4) = {4}, namely the state 2 appears to simulate the state 1 while this is not the case.
The problem with the original version in [23] of the RefinedSimilarity algorithm lies in the fact that when v € pre(v) — like
in this example for state 1 — it may happen that during the inner for-loop the set Sim(v) is refined to Sim(v)~. Remove so
that if the assignment prevSim(v) := Sim(v) follows the inner for-loop then prevSim(v) might be computed as an incorrect
subset of the right set.

RefinedSimilarity is further refined to the final HHK algorithm. The idea here is that instead of recomputing at each iteration
of the while-loop the set Remove := pre(prevSim(v)) pre(Sim(v)) for the selected state v, a set Remove(v) is maintained
and incrementally updated for each state v € X in such a way that it satisfies the invariant Invs. It is worth noting that the
original version of HHK in [23] suffers from an ambiguity that is a direct consequence of the problem in RefinedSimilarity
described in Example 5.1. In fact, in HHK the loop “forall w € Remove do” is replaced by “forall w € Remove(v) do” and the
statement “Remove(v) := @&” is placed just after the outermost for-loop. This is correct provided that if some w” is added to
Remove(v) within the body of the loop “forall w € Remove(v) do” then such w” must be processed in some later iteration
of the same for-loop. The version of HHK presented here resolves this ambiguity.

The implementation of HHK exploits a matrix Count(u, v), indexed on states u, v € X, such that Count(u, v) = | post(u) N
Sim(v)|, i.e., Count(u, v) stores the number of transitions from u to some state w € Sim(v). Hence, the testw” ¢ pre(Sim(u))
in the innermost for-loop can be done in O(1) by checking whether Count(w”,u) is 0 or not. This provides an efficient
implementation of HHK that runs in O(|||— |) time, while the space complexity is in O(|=|? log | =|), namely it is more

SchematicSimilarity () {
forallv € X do Sim(v) := [v];
while Ju, v, w € X such that (u—v & weSim(u) & post(w) N Sim(v) = &) do
| Sim(u) := Sim(u)~{w};

}

RefinedSimilarity() {

forallv € X do

prevSim(v) 1= X;

| if post(v) = & then Sim(v) := [v]g; else Sim(v) := [v]¢ N pre(X);
while Jv € X such that Sim(v) = prevSim(v) do
// Invq: Vv € X. Sim(v) C prevSim(v)
// Invy: Yu,v € . u—v = Sim(u) C pre(prevSim(v))
Remove := pre(prevSim(v)) pre(Sim(v));
prevSim(v) := Sim(v);
forall u € pre(v) do Sim(u) := Sim(u)~Remove;

}

HHK() {
// forall v € ¥ do prevSim(v) := X;
forallv € X do
if post(v) = @ then Sim(v) := [v]¢; else Sim(v) := [v], N pre(X);
| Remove(v) := pre(X)~ pre(Sim(v));
while Jv € T such that Remove(v) # & do
// Invs: Yv € X. Remove(v) = pre(prevSim(v))~ pre(Sim(v))
// prevSim(v) := Sim(v);
Remove := Remove(v);
Remove(v) := @;
forall u € pre(v) do
forall w € Remove do
if w € Sim(u) then
Sim(u) := Sim(u)~{w};
forall w” € pre(w) such that w”’ ¢ pre(Sim(u)) do
| Remove(u) := Remove(u) U {w"};

Fig. 1. HHK algorithm.
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than quadratic in the size of the state space. Let us remark that the key property for obtaining the O(|X||—|) time bound is
as follows: if a state v is selected at some iterations i and j of the while-loop and the iteration i precedes the iteration j then
Remove;(v) N Remove;(v) = <, so that the sets in {Remove;(v) | v is selected at some iteration i} are pairwise disjoints.

6. A new simulation algorithm
6.1. The basic algorithm

Let us consider any (possibly non-total) finite Kripke structure (X, —, £). As recalled above, the HHK procedure maintains
for each state s € ¥ a simulator set Sim(s) € X and a remove set Remove(s) C X. The simulation preorder Rgjy, is encoded
by the output {Sim(s) }scx as follows: (s,s") € Rgim iff s’ € Sim(s), so that the simulation partition Psir, is obtained as follows:
Psim (s) = Pgim (s") iff Sim(s) = Sim(s’). Our algorithm relies on the idea of modifying the HHK procedure in order to maintain
a PR (P, Rel) in place of {Sim(s)}scy, together with a remove set Remove(B) C X for each block B € P. The basic idea is to
replace the family of sets S = {Sim(s)}scx with a PR (P, Rel), where Rel is reflexive, whose intuitive meaning is as follows:
for any s,s' € %, (i) the current simulator set for s is the union of all the blocks in P that are related with P(s) by Rel, i.e.,
Sim(s) = URel(P(s)); (i) if P(s) = P(s") thens and s’ are currently candidates to be simulation equivalent. Thus, a PR (P, Rel)
represents the current approximation of the simulation preorder and in particular P represents the current approximation
of simulation equivalence.

Partition-relation pairs have been used by Henzinger, Henzinger and Kopke [23] to compute the simulation preorder
on effectively presented infinite transition systems, notably hybrid automata. Henzinger et al. provide a symbolic proce-
dure, called SymbolicSimilarity in [23], that is derived as a symbolization through PRs of their basic simulation algorithm
SchematicSimilarity in Fig. 1. Moreover, PRs are also exploited by Gentilini et al. [18] in their simulation algorithm for
representing simulation relations. The distinctive feature of our use of PRs is that, by relying on the results in Section 4,
we logically view PRs as abstract domains and therefore we can reason on them by using abstract interpretation.

Following Henzinger et al. [23], our simulation algorithm is designed in three incremental steps. We exploit the following
results for designing the basic algorithm.

- Theorem 3.1 tells us that the simulation preorder can be obtained from the forward {U, pre}-complete shell of an initial
abstract domain (. induced by the labeling .

- As shown in Section 4, a PR can be viewed as a representation of a disjunctive abstract domain.

- Lemma 4.4 gives us a condition on a PR which guarantees that the corresponding abstract domain is forward complete
for pre. Moreover, this abstract domain is disjunctive as well, being induced by a PR.

Thus, the idea consists in iteratively and minimally refining an initial PR (P, Rel) induced by the labeling ¢ until the
condition of Lemma 4.4 is satisfied: for all B,C € P,

CNpre(B) # J = URel(C) C pre(URel(B)).

Let us observe that C N pre(B) # & means that C —>3B. The basic algorithm, called BasicSA, is in Fig. 2. The current PR (P, Rel)
is refined by the following three steps in BasicSA. If B is the block of the current partition P that is selected by the while-loop
then:

(i) The current partition P is split w.r.t. the set S = pre(URel(B));
(ii) If C is a newly generated block after splitting the current partition and parentp (C) is its parent block in the partition

Pprev before the splitting operation then Rel(C) is modified so as that URel(C) = URel(parentpprev 0);
(iii) The current relation Rel is refined for the (new and old) blocks C such that C —3B by removing from Rel(C) those blocks

that are not contained in S; observe that after having split P w.r.t. S it turns out that one such block D is either contained
in S or disjoint with S.

1 BasicSA(PR (P, Rel)) {
2 while 3B, C € P such that (C N pre(B) +# @ & URel(C)  pre(URel(B))) do

3 S := pre(URel(B));

4 Pprev := P; Bprev := B;

5 P := Split(P,S);

6 forallC € PdoRel(C) :={DeP|DC URel(parentpprev (@))E
7 forall C € P such that C N pre(Byrey) # < do

8 | Rel(C) :={D € Rel(C) | D C S};

Fig. 2. Basic simulation algorithm.
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Let us remark that although the symbolic simulation algorithm for infinite graphs SymbolicSimilarity in [23] may appear
similar to our BasicSA algorithm, it is instead inherently different due to the following reason: the role played by the con-
dition: C— 7B & URel(C) & pre(URel(B)) in the while-loop of BasicSA is played in SymbolicSimilarity by: C— URel(B) &
URel(C) & pre(URel(B)), and it is clear that this latter condition is computationally harder to check.

The following correctness result formalizes that BasicSA can be viewed as an abstract domain refinement algorithm
that allows us to compute forward complete shells for {U, pre}. For any abstract domain € uco(gp (X)), we write y/ =
BasicSA(u) when the algorithm BasicSA on an input PR (P, R,,) terminates and outputs a PR (P’,R’) such that ' = WP R

Theorem 6.1. Let X be finite. Then, BasicSA terminates on any input domain p € uco( (X)) and BasicSA(u) = Sy pre(10)-

Proof. Let (Pcyrr, Reurr) and (Ppext, Rnext) be, respectively, the current and next PR in some iteration of BasicSA(ut). By line 5,
Ppext = Pcyrr always holds. Moreover, if Ppext = Peyrr then it turns out that Ryext & Reurr: infact, if B, C € Peyr, C N pre(B) # &
and UR¢y (C) & pre(UReyr(B)) then, by lines 6 and 7, URpext (C) & URcyrr (C) because there exists x € URcyrr (C) such that
X & pre(URcyrr (B)) sothatif By € Phext = Peyrr i the block that contains x then By N (URpext (C)) = & while By € URcy (C).
Thus, either Phext < Peurr OT Rnext & Reurr, SO that, since the state space X is finite, the procedure BasicSA terminates.

Let 1/ = BasicSA(u), namely, let 1/ = pu(p gy Where (P’, R’} is the output of BasicSA on input (P, R,,). Let {(P;, Ri) }ic[o,k]
be the sequence of PRs computed by BasicSA, where (Py, Rg) = (P, R,,) and (P, Rx) = (P',R’). Let us first observe that for
anyi € [0, k), Pi+1 < P;because the current partition is refined by the splitting operation at line 5. Moreover, foranyi € [0, k)
and C € P11, note that UR;11(C) < UR;(parentp, (C)), because the current relation is modified only at lines 6 and 7.

Let us also observe that for any i € [0, k], R; is a reflexive relation because Ry is reflexive and the operations at lines 6-8
preserve the reflexivity of the current relation. Let us show this latter fact. If C € Ppey; is such that C N pre(Bprey) # & then
because, by hypothesis, Bprey € Rprev(Bprev), we have that C M pre(URprev (Bprev)) # @ so that C € S = pre(URprey (Bprev))-
Hence, if C € Ppext MPprev then C € Ryext(C), while if C € Ppexe\Pprev then, by hypothesis, parentp,

(C) € Rprev (parentppl_ev (0)) so that, by line 6, C € Ryext(C) also in this case.
For any B € P’ = P, we have that

w'(B) = [by definition of 1]
URL(B) € [as URk(B) € URo(parentp(B))]
URZ;(parentpO (B)) = [asPy = par(u) and Ry = R; =Ry
UR,, (parenty,y(,,) (B)) = [by Lemma 4.2 (ii), (par(u),Ry,) = (par(pLd),RMd)]
UR,,a (parent,,,4)(B)) = [by definition of R ,a]
U{C € par(p,d) |C C ud(parentpar(ud)(B))} = [by Lemma 2.4 (ii)]

ud(parentparwd) (B)) = |[byLemma 2.4 (i)]

ni(B).

Thus, since, by Lemma 4.2 (i), P’ < par(u’), by Lemma 2.4 (iv), P’ < P, = par(1%) and both ' and 19 are disjunctive, we
have that forany X € p (%),

w' (X) = [by Lemma 2.4 (iii)]
U{W'(B) |Be P, BNX # 2} C  [as ' (B) € u'(B)]
U{ud(B) |Be P, BNX # @} = [by Lemma 2.4 (iii)]
plX) < faspd Copl
n(X).

Thus, p” is a refinement of 1. We have that P’ < par(u/), R* = Ry is (as shown above) reflexive and because (P, R’) is the
output PR, forall B,C € P',if C N pre(B) # & then UR'(C) C pre(UR'(B)). Hence, by Lemma 4.4 we obtain that " is forward
complete for pre. Thus, p’ is a disjunctive refinement of w that is forward complete for pre so that u' = SU,pre ().
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In order to conclude the proof, let us show that Sy pre(1t) E . We first show by induction that for any i € [0, k] and

B € P;, we have that UR;(B) € img(Sy pre(1t)):

(i = 0) We have that (Py, Rg) = (P, R;,) so that for any B € Py, by Lemma 2.4 (ii), URy(B) = U{C € par(u) | C € u(B)} =
w(B). Hence, URo(B) € img(u) € img(Su pre ()

(i+ 1) Let C € Piq=split(P;, pre(UR;(B;))) for some B;jeP;. If CNpre(B;)=< then, by lines 6-8, UR;;1(C)=
UR;(parentp, (C)) so that, by inductive hypothesis, UR;11(C) € img(Sy pre(t)). On the other hand, if C N pre(B;) # <
then, by lines 6-8, UR; +1(C) = UR;(parentp, (C)) N pre(UR;(B;)). By inductive hypothesis, we have that UR; (parentp, (C))
€ img(Supre(t)) and UR;(B;) € img(Supre(it)). Also, since Sypre(t) is forward complete for pre, pre(UR;(B;)) €
img(Sy,pre(10)). Hence, UR;11(C) € img(Supre(it)).

As observed above, Ry is reflexive so that for any B € Py, B € URy(B). For any B € P, we have that

SU,pre (n)(B) < [as B € URk(B)]

SU,pre (u)(URk(B)) = [as URk(B) € img(SU,pre )]
URk(B) € [as Ry C R{]
UR;(B) =  [by definition]

w'(B).
Therefore, for any X € p (X),

Supre(W(X) € [asX CUB € P'|BNX # 2}

Supre(W)(UB € P'|BNX # @}) = [as Supre(1t) is additive]
U{Supre()(B) |BE€ P, BNX # @} [as Supre(11)(B) S 1t (B)]
U{u'(B) |BeP,BNX#+ @} = [as i is disjunctive, by Lemma 2.4 (iii)]
w'(X).

We have therefore shown that Sy pre(p) C p/. O

Thus, BasicSA computes the forward {U, pre}-complete shell of any input abstract domain. As a consequence, BasicSA
allows us to compute both simulation preorder and partition when i is the initial abstract domain.

Corollary 6.2. Let K = (X, —, £) be a finite Kripke structure and jty € uco(gp (X)) be the abstract domain induced by £. Then,
BasicSA(u¢) = (P',R') where P’ = Pg, and, for any s1,s, € %, (s1,52) € Rsim < (P'(s1),P'(s2)) € R'.

Proof. Let jt,c = Sy pre(tt¢). By Theorem 6.1, if BasicSA(ug) = (P, R’) then p(pr gy = ptxc. By Theorem 3.1, par(ixc) = Psim.

By Lemma4.2 (i), P’ < par(/4(prrry) = par(itx) = Psim. It remains to show that Pgim = par(uprry) < P'.Let {(P;, Ri) }ie[o ]

be the sequence of PRs computed by BasicSA, where (Py, Rg) = (P, R,) and (P, Rx) = (P’,R’). We show by induction that

forany i € [0, k], we have that par(up/gy) < Pi.

(i = 0) Since pp' gy E g, we have that par(upry) < par(ug) = Po.

(i + 1) Consider B € par(upgy). We have that Piq = split(P;, pre(UR;(B;))) for some B; € P;. As shown in the proof
of Theorem 6.1, we have that UR;(B;) € ux = wp gy. Since wp gy is forward complete for pre, we also have that
pre(UR;(B;)) € wp ry. Hence, BN pre(UR;(B;)) € {@, B}. By inductive hypothesis, par(up gy) < P; so that there ex-
ists some C € P; such that B C C. Since Pi41 = split(P;, pre(UR;(B;))), note that if C N pre(UR;(B;)) #* <& then CN
pre(UR;(B;)) € Pi+1 and if C\ pre(UR;(B;)) = <& then C~ pre(UR;(B;)) € Pi+1. Moreover, if BN pre(UR;(B;)) = &
then B C C~ pre(UR;(B;)), while if BN pre(UR;(B;)) = B then B € C N pre(UR;(B;)). In both cases, there exists some
D € Piyq such thatB C D.

Thus, P’ = Pgp.

The proof of Theorem 6.1 shows that R’ is reflexive. Moreover, that proof also shows that for any B € P’, UR'(B) € . Then,

forany B € P':

UR™(B) = [by definition of j1p/g/)]

W ry(B) € [because R’ is reflexive]

M(P/,R/) (UR/(B)) = [because /’L(P’,R/) — I’LIC]

pic(UR'(B)) =  [because UR'(B) € ]
UR'(B)
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so that R’ is transitive. Hence, for any s1,$; € %,

(51,52) € Rsim < [by Theorem 3.1]
52 € uc({s1}) & [because i = wp gl
s2 € wprry({s1}) ¢ [by definition of 1t (pr gy ]
(P'(s1),P'(s2)) € R* <  [because R" = R]
(P'(s1).P'(s2)) eR. O

6.2. Refining the algorithm

The BasicSA algorithm is refined to the RefinedSA procedure in Fig. 3. This is obtained by adapting the ideas of Henzinger
et al.’s RefinedSimilarity procedure in Fig. 1 to our BasicSA algorithm. The following points show that RefinedSA remains
correct, i.e., BasicSA and RefinedSA have the same the input-output behaviour.

- For any block B of the current partition P, the states that have a transition to some state in the “previous” relation Relprey (B)
are maintained as the set prePrevRel(B). Initially, at line 2, prePrevRel(B) is set to the whole state space X. Then, when a
block B is selected by the while-loop at some iteration i, prePrevRel(B) is updated at line 7 in order to record the states in
pre(URel(B)) at this iteration i.

- If C is a newly generated block after splitting P and parentp (C) is its corresponding parent block in the partition before

splitting then prePrevRel(C) is set at line 12 as prePrevRel (parentpprev (C)).Therefore, since the current relation Rel decreases

only — i.e., if i and j are iterations such that j follows i and B, B’ are blocks such that B* € B then URel;j(B') C URel;(B) — at
each iteration, the following invariant Inv; holds: for any block B € P, pre(URel(B)) C prePrevRel(B). Initially, Inv; is
satisfied because for any block B, prePrevRel(B) is initialized to X.

- The crucial point is the invariant Inv,: if C—7B and D € Rel(C) then D C prePrevRel(B). Initially, this invariant property
is clearly satisfied because for any block B, prePrevRel(B) is initialized to X. Morever, Inv; is maintained at each iteration
because at line 6 Remove is set to prePrevRel(B) . pre(URel(B)) and for any block C such that C —>aBprev if some block D
is contained in Remove then D is removed from Rel(C) at line 14.

Thus, if the exit condition of the while-loop of RefinedSA is satisfied then, by invariant Inv,, the exit condition of BasicSA
is satisfied as well.

Finally, let us remark that the exit condition of the while-loop, namely VB € P. pre(URel(B)) = prePrevRel(B), is strictly
weaker than the exit condition that we would obtain as counterpart of the exit condition of the while-loop of Henzinger et
al.’s RefinedSimilarity procedure, i.e., VB € P. Rel(B) = Relprey(B).

6.3. The final algorithm

Following the underlying ideas that lead from RefinedSimilarity to HHK, the algorithm RefinedSA is further refined to
its final version SA in Fig. 4. The idea is that instead of recomputing at each iteration of the while-loop the set Remove =
prePrevRel(B)~. pre(URel(B)) for the selected block B, we maintain a set of states Remove(B) C % for each block B of the
current partition. For any block C, Remove(C) is updated in order to satisfy the invariant condition Inv3: Remove(C) contains
exactly those states that belong to prePrevRel(C) but are not in pre(URel(C)), where prePrevRel(C) is logically defined as in

1 RefinedSA(PR (P, Rel)) {

2 forall B € P do prePrevRel(B) := X;

3 while 3B € P such that pre(URel(B)) #+ prePrevRel(B) do

4 // Invy: VB € P. pre(URel(B)) C prePrevRel(B)

5 // Invy: VB,C € P. C N pre(B) # & = URel(C) C prePrevRel(B)
6 Remove := prePrevRel(B)~ pre(URel(B));
7 prePrevRel(B) := pre(URel(B));
8 Pprev := P; Bprev := B;
9 P := Split(P, prePrevRel(B));
0

1 forall C € Pdo

1 Rel(C) :={DeP|DC URel(parentpprev )k

12 if (C € P~\Pprev) then prePrevRel(C) := prePrevRel(parentppl_Ev ©));
13 forall C € P such that C N pre(Byrey) # < do

14 | Rel(C) := {D € Rel(C) | D N Remove = @};

15 }

Fig. 3. Refined simulation algorithm.
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1 SA(PR (P, Rel)) {

2 // forall B € P do prePrevRel(B) := X;

3 forall B € P do Remove(B) := X~ pre(URel(B));

4 while 3B € P such that Remove(B) # < do

5 // Invs: YC € P. Remove(C) = prePrevRel(C)~ pre(URel(C))
6 // Invg: YC € P. Split(P, prePrevRel(C)) = P

7 // prePrevRel(B) := pre(URel(B));

8 Remove := Remove(B);

9 Remove(B) := J;
10 Bprev := B;
1 Pprev := P;
12 P := Split(P, Remove);
13 forallC € Pdo
14 Rel(C):={DeP|DC URel(parentPprev )}
15 if C € P\Pprey then
16 Remove(C) := Remove(parentpprev ©0);
17 // prePrevRel(C) := prePrevRel(parentpprev ©));
18 Removelist :== {D € P | D C Remove};
19 forall C € P such that C N pre(Bprey) # < do
20 forall D € Removelist do
21 if (D € Rel(C)) then
22 Rel(C) := Rel(C)~{D};
23 forall s € pre(D) such that s & pre(URel(C)) do
24 L Remove(C) := Remove(C) U {s};
25}

Fig. 4. The simulation algorithm SA.

RefinedSA but is not stored. Moreover, the invariant condition Inv,4 ensures that, for any block C, prePrevRel(C) is a union of
blocks of the current partition. This allows us to replace the operation Split (P, pre(URel(B))) in RefinedSA with the equivalent
split operation Split (P, Remove). The correctness of such replacement follows from the invariant condition Inv4 by exploiting
the following general remark.

Lemma 6.3. Let P be a partition, T be a union of blocks in P and S C T. Then, Split(P,S) = Split(P, T\.S).
Proof. Assume that BN T = &, so that BN S = <. Then,

BN(T~S) =BN(TN=S) =2 =BNS
and

B~(T~S) = BN —=T)U (BNS) =B =B~S

so that B is neither split by T~\.S nor by S.
Otherwise, if BN T # &, as T is a union of blocks, then B C T. Hence,

BN (T~\S) =BN(TN—=S)=BN—=S=B-\S
and
B~(T\S)=(BN-T)U(BNS)=BNS
so that B is split by T~.S into By and B if and only if B is split by S into B; and B;. We have thus shown that Split(P,S) =
Split(P, T~.S). I
The equivalence between SA and RefinedSA is a consequence of the following observations.

- Initially, the invariant properties Invs and Inv4 clearly hold because for any block B, prePrevRel(B) = X.

- When a block Byrey of the current partition is selected by the while-loop, the corresponding remove set Remove(Bprey) is
set to empty at line 9. The invariant Invs, namely VC. Remove(C) = prePrevRel(C) pre(URel(C)), is maintained at each
iteration because for any block C such that C— =Bpey the for-loop at lines 23 and 24 incrementally adds to Remove(C) all
the states s that are in prePrevRel(C) but not in pre(URel(C)).
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Fig. 5. Partition representation.

- If C is a newly generated block after splitting P and parentp (C) is its corresponding parent block in the partition before
splitting then Remove(C) is set to Remove(parentpprev (C)) by the for-loop at lines 13-17.

- As in RefinedSA, for any block C such that C —>5'Bpre\,, all the blocks that are contained in Remove(Bpey) are removed from
Rel(C) by the for-loop at lines 20-22.

If the exit condition of the while-loop of SA is satisfied then, by Inv; and Invs, the exit condition of RefinedSA is satisfied
as well.

7. Complexity
7.1. Data structures

SA is implemented by using the following data structures.

(i) The set of states X is represented as a doubly linked list where each state s (represented as an integer) stores the list of
its predecessors in pre(s). This provides a representation of the input transition system. Any state s € X also stores a
pointer to the block of the current partition that contains s.

(ii) The states of any block B of the current partition are consecutive in the list 3, so that B is represented by a record that
contains two pointers to the first and to the last state in B (see Fig. 5). This structure allows us to move a state from a
block to a different block in constant time. Moreover, any block B stores its corresponding remove set Remove(B), which
is represented as a list of (pointers to) states.

(iii) Any block B additionally stores an integer array RelCount that is indexed over X and is defined as follows: forany x € X,

B.RelCount(x) £ " ccgeip |{(X.¥) | x>y, y€C}|

is the number of transitions from x to some block C € Rel(B). The array RelCount allows to implement in constant time
the test s & pre(URel(C)) at line 23 as C.RelCount(s) = 0.

(iv) The current partition is stored as a doubly linked list P of blocks. Newly generated blocks are appended or prepended to
this list. Blocks are scanned from the beginning of this list by checking whether the corresponding remove set is empty
or not. If an empty remove set of some block B becomes nonempty then B is moved to the end of P.

(v) The current relation Rel on the current partition P is stored as a resizable |P| x |P| boolean matrix [11, Section 17.4].
The algorithm adds a new entry to this matrix, namely a new row and a new column, as long as a block B is split at
line 12 into two new blocks B~ Remove and B N Remove: the new block B~ Remove replaces the old block B in P while a
new entry in the matrix Rel corresponds to the new block B N Remove. We will observe later that the overall number of
new blocks that are generated by the splitting operation at line 12 is exactly 2(|Psim| — |Pin|). Hence, the total number
of insert operations in the matrix Rel is |Psim| — |Pin| < |Psim|. Since an insert operation in a resizable array (whose
capacity is doubled as needed) takes an amortized constant time, the overall cost of inserting new entries in the matrix
Rel is in O(|Psjm |%)-time. Let us recall that the standard C++ vector class implements a resizable array so that a resizable
boolean matrix can be easily implemented as a C++ vector of boolean vectors: in this implementation, the algorithm
adds a new entry to a N x N matrix by first inserting a new vector of size N + 1 containing false values and then by
inserting N + 1 false values in the N 4 1 boolean vectors.

7.2. Space and time complexity

Let B € Pj, be some block of the initial partition Pj, and let (B;)ic be the sequence of all the blocks selected by the
while-loop of SA in a sequence It of iterations such that:
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(a)foranyi € It,B; C B;
(b) if an iteration j € It follows an iteration i € It, denoted by i < j, then B; C B;.

Observe that B is the parent block in Pj, of all the B;’s. Then, one key property of the SA algorithm is that the remove
sets in {Remove(B;)}icr are pairwise disjoint so that > ;c; |[Remove(B;)| < |Z|. This property guarantees that if the test
D € Removelist at line 20 is positive at some iteration i € It then for any block D’ C D and for any successive iteration j > i,
with j € It, the test D' € RemovelList will be negative. Moreover, if the test D € Rel(C) at line 21 is positive at some iteration
i € It,so that D is removed from Rel(C), then for all the blocks D’ and €’ such that D’ € Dand C’ C C thetestD’ € Rel(C") will
be negative for all the iterations j > i. As a further consequence, since a splitting operation Split (P, Remove) can be executed
in O(|Remove|)-time, it turns out that the overall cost of all the splitting operations is in O(|Psjm, || X |)-time. Furthermore, by
using the data structures described by points (iii) and (v) in Section 7.1, the tests D € Rel(C) at line 21 and s & pre(URel(C))
at line 23 can be executed in constant time. A careful analysis that exploits these key facts allows us to show that the total
running time of SA is in O(|Psjm||—|).

Theorem 7.1. The algorithm SA runs in O(|Psim ||— |)-time and O(|Psim || 2| log | X |)-space.

Proof. Let It denote the sequence of iterations of the while-loop in some run of SA, where for any i,j € It, i < j means
that j follows i. Moreover, for any i € It, B; denotes the block selected by the while-loop at line 4, Remove(B;) denotes the
corresponding nonempty remove set, pre(URel(B;)) denotes the corresponding set for B;, while (P;, Rel;) denotes the PR at
the entry point of the for-loop at line 19.

Consider the set B2 {B; € P; | i € It} of selected blocks, where if i # j then B; # B; even if B; and B; are equal as sets, and
the following relation on 3:

BiﬂBj P BigBj or (Bi = B; & i>j)

It turns out that (B, J) is a poset. In fact, < is trivially reflexive. Also, < is transitive: assume that B;<IB; and B;<By; if
B; = Bj = By theni > j > k so that B;<IBy; otherwise either B; CB; or B;CBj so that B; CBy and therefore B; <IBy. Finally, <
is antisymmetric: if B;<UB; and B;<IB; then B; = Bj and i > j > i so that i = j. Moreover, B;<IB; denotes the corresponding
strict order: this happens when either B;CB; or B; = Bjand i > j.

The time complexity bound is shown incrementally by the following points.

(A) For any B;, Bj € B,if B; C Bj and j < i then Remove(B;) N Remove(B;) = <.
Proof. By invariant Invs, Remove(B;) N pre(URel;(Bj)) = &. At iteration j, Remove(B;) is set to empty at line 9. If B;
generates, by the splitting operation at line 12, two new blocks By, B, C B; then their remove sets are set to empty at
line 16. Successively, SA may add at line 24 of some iteration k > j a state s to the remove set Remove(C) of ablock C C B;
onlyifs € pre(URel(C)). We also have that URel(C) € URel;(B;) so that pre(URel(C)) < pre(URel;(B;)). Thus, if B; C
Bjandi > jthen Remove(B;) < pre(URel;(B;)). Therefore, Remove(B;) N Remove(B;) € Remove(B;) N pre(URel;(B;)) =
.

(B) The overall number of newly generated blocks by the splitting operation at line 12 is 2(|Psim| — |Pin|)-
Proof. Let {P;}ic[o,n] be the sequence of partitions computed by SA where Py is the initial partition P, Py is the final
partition P, and foralli € [0,n — 1], Pit1 < P;. The number of newly generated blocks by one splitting operation that
refines P; to P;1 is given by 2(|Pi+1| — |P;|). Thus, the overall number of newly generated blocks is Z?:_(,l 2(|Piy1] —
IPil) = 2(|Psim| — [Pin|)-

(C) The time complexity of the for-loop at line 3 is in O(|Pj||— ).
Proof. For any B € Py, pre(URel(B)) is computed in O(]— |)-time, so that X~ pre(URel(B)) is computed in O(|— |)-time
as well. The time complexity of the initialization of the remove sets is therefore in O(|Piy||— ).

(D) The overall time complexity of lines 8 and 18 is in O(|Psim || X1).
Proof. Note that at line 18, Remove is a union of blocks of the current partition P. As described in Section 7.1 (i), each
state s stores a pointer to the block P(s) of the current partition that contains s. The list of blocks RemovelList is therefore
computed by scanning all the states in Remove(B;), where B; is the selected block at iteration i, so that the overall time
complexity of lines 8 and 18 is bounded by 2 ) ";c;; [Remove(B;)|. For any block E € P, of the final partition we define
the following subset of iterations:

It 2 {i € It | E C B;).
Since foranyi € It, Psi;m < P;, we have that foranyi € It there exists some E € Psj, suchthati € Itg. Note thatifi,j € Itg
andi < j then B; € B; and, by point (A), this implies that Remove(B;) N Remove(B;) = &. Thus,
2> icir IRemove(B;)| < [by definition of Itg]
23 kepy, 2icit; IRemove(B;)| < [as the sets in {Remove(B;) }ict, are pairwise disjoint]
23 Fepg |21 =
2|Psim| | X |
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(E) The overall time complexity of line 10, i.e., of copying the list of states of the selected block B, is in O(|Psim || Z|).
Proof. For any block E € Py, of the final partition we define the following subset of iterations:

Itg 2 {i € It | E C Remove(B;)}.

Since for any i € It, Psj,, < P; and Remove(B;) is a union of blocks of P;, it turns out that for any i € It there exists some
E € Psim such that i € Itg. Note that if i,j € Itg and i # j then B; N B; = & this is a consequence of point (A) because
E C Remove(B;) N Remove(B;j) #+ & implies that Bj  B; and B; £ B; so that B; N B; = &. Thus,

Yicie IBil < [by definition of Itg]
> EePyy 2icits |Bil = [as the blocks in {B;}icye, are pairwise disjoint]

ZEePsim |Z| =
|Psim || 2.

(F) The overall time complexity of lines 11-17 is in O(| Psjm ||—|).
Proof. In Fig. 6 we describe a C++ pseudocode implementation of lines 11-17. By using the data structures described
in Section 7.1, and in particular in Fig. 5, all the operations of the procedure Split take constant time so that any call
Split(P, S) takes O(|S|) time. Let us now consider SplittingProcedure.

- The overall time complexity of the splitting operation at line 19 in Fig. 6 is in O(| Psjrm || X |). Each call Split (P, Remove(B;))
takes O(|Remove(B;)|) time. Then, analogously to the proof of point (D), the overall time complexity of line 19 is
bounded by } jcj; [Remove(B;)| < |Psim||%].

- The overall time complexity of the for-loop at lines 21-23 in Fig. 6 is in O(|Psjm||2|). It is only worth noticing that
since the boolean matrix that stores Rel is resizable, each operation at line 22 that adds a new entry to this resizable
matrix is done in O(|Psjp|) amortized time: in fact, this resizable matrix is a resizable array A of resizable arrays so
that when we add a new entry we need to add a new resizable array to A and then a new entry to each array in A (cf.
point (v) in Section 7.1). Thus, the overall time complexity of line 22 is in O(|Psim|?).

1 list(Block) Split(list(Block) P, list(State) S) {
2 list(Block) split := &;
3 foralls € Sdo

4 Block B := s.block;

5 if (B.intersection = null) then

6 B.intersection := new Block;

7 if (Remove(B) = @) then P.prepend(B.intersection);
8 else P.append(B.intersection);

9 split.append(B);
10 move s in the list X from B to B.intersection;
1 if (B = @) then
12 B := copy(B.intersection);
13 P.remove(B.intersection);
14 delete B.intersection;
15 split.remove(B);

16 return split;
17

18 void SplittingProcedure(PR (P, Rel), list(State) S) {
19 list(Block) split := Split(P,S);

20 // assert(split = {B\S|B\S & Pprev});

21 forall B € splitdo

22 Rel.addNewEntry(B.intersection);

23 L Remove(B.intersection) := copy(Remove(B));

24 forallB € Pdo
25 L forall C € splitdo Rel(B, C.intersection) := Rel(B, C);

26 forall B € split do
27 forall C € P do Rel(B.intersection, C) := Rel(B,C);
28 forall x € X do B.intersection.RelCount(x) := B.RelCount(x);

29 }

Fig. 6. C++ pseudocode implementation of the splitting procedure.
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- The overall time complexity of the for-loop at lines 24 and 25 is in O(|Psjm |?).
- The overall time complexity of the for-loop at lines 26-28 is in O(|Psjm ||—>|). This is a consequence of the fact that
the overall time complexity of the for-loops at lines 27 and 28 is in O(|Psim ||— ).

Thus, the overall time complexity of all the calls SplittingProcedure(P, Remove) is in O(|Psim ||— ).
(G) The overall time complexity of lines 19-21 is in O(|Psjm||—|).

Proof. For any B; € B, let ts(B;) = > xes; IPre(x)| denote the number of transitions that end in some state of B; and
rem(B;) £ |{D € P; | D C Remove(B;)}| denote the number of blocks of P; contained in Remove(B;). We also define two

functions fq,f< : B —  (Psim) as follows:
fa(Bi) = {D € Pgim | DN (U{Remove(B)) | B € B, Bi<iB;}) = @},
fa(Bi) = {D € Psim | D N (U{Remove(B)) | B; € B, Bi<B;}) = &}.

Let us show the following property:
VB; € B. rem(B;) + |fa(By)| = |f<(By)|. ®

We first observe that since Psj, < P;, rem(B;) <|{D € Psim | D € Remove(B;)}|. Moreover, the sets {D € Psj, | D C

Remove(B;)} and f<(B;) are disjoint and their union gives f(B;). Hence,
rem(B;) + [fa(Bi)| <
I{D € Psim | D € Remove(B;)}| + |f<(B;)| =
I{D € Psim | D < Remove(B;)} U f«(Bi)| =
[f<(B)].

Given By € B, let us show by induction on the height h(B) > 0 of By in the poset (B, <) that

2_p;<g, t(Bi) rem(B;) < ts(B)|f<(Bi)|. (+)

(h(Br) = 0): By property (f), rem(By) < |f4(By)| so that

>_B,<, ts(B;) rem(B;) = ts(By) rem(By) =< ts(By)|f<(Bk)|.

(h(Br) > 0): Let max({B; € B | Bj<iBi}) = {Cy, ..., Cy}. Note that if i # j then GG N GG = &, so that }_; ts((;) < ts(By),
since U;C; C By. Let us observe that for any maximal G, f4(G;) € fq(By) because U{Remove(B;) | B; € B, Bx<B;} C
U{Remove(B;) |B; € B, C;<1B;} since Bx<\B; and C;<1By imply C;<1B;.
Hence, we have that
>_B,<B, ts(B;) rem(B;) = [by maximality of C;’s]
ts(By) rem(By) + > ¢, >_pac; ts(D) rem(D) < [by inductive hypothesis on h(C;) < h(By)]
ts(By) rem(Bx) + X, ts(C)|f<(C)| < [asfa(C) S fa(By)]
t5(B) rem(By) + fa(B)| T ts(G) < [as g, t5(Gi) < ts(By) |
ts(Bx) rem(By) + |f<(Bk)| ts(Bx) =
ts(By) (rem(By) + [fa(B)) < [by (f), rem(Bk) + [fa(Bi)| < |f<(By)]
ts(Bi) [f< (Br)|-
Let us now show that the global time complexity of lines 19-21 is in O(|Psim||—|). Let max(B) = {Mj, ..., My} be the
maximal elements in B so that for any i # j, M; N M; = &, and in turn we have that } pcmax(s) ts(Mi) < |[—|. By
using the data structures described in Section 7.1, the test D € Rel(C) at line 21 takes constant time. Then, the overall
complexity of lines 19-21 is
> Bes ts(Bj) rem(B;) =  [as the M;’s are maximal in 5]
> Miemax(s) 2_p<m; ts(D) rem(D) < [by property («) above]
ZMiemax(B) ts(M;)|Psim| =
|Psim| ZMijaX(B) tS(Mi) = [as ZM,-emax(B) tS(Mi) = |_> |]
|Psim||— .



20 F. Ranzato, E. Tapparo / Information and Computation 208 (2010) 1-22

(H) The overall time complexity of lines 22-24 is in O(|Psjm ||— ).
Proof. Let P denote the multiset of pairs of blocks (C, D) € P; that are scanned at lines 19 and 20 of some iterationi € It
such that D € Rel;(C). By using the data structures described in Section 7.1, the test s ¢ pre(URel(C)) and the statement
Rel(C) := Rel(C)~.{D} take constant time. Moreover, the statement Remove(C) := Remove(C) U {s} also takes constant
time because if a state s is added to Remove(C) at line 24 then s was not already in Remove(C) so that this operation
can be implemented simply by appending s to the list of states that represents Remove(C). Therefore, the overall time
complexity of the body of the if-then statement at lines 21-24is > ¢ p)cp ts(D). We notice the following fact. Leti, j € It
such thati < j and let (C, D;) and (C, Dj) be pairs of blocks scanned at lines 19 and 20, respectively, at iterations i and j
such that D; C D;. Then, if the test D; € Rel;(C) is true at iteration i then the test D; € Rel;(C) is false at iteration j. This is
a consequence of the fact that if D € Rel;(C) then D is removed from Rel;(C) at line 22 and URel;(C) € URel;(C) so that

D N URel;(C) = @. Hence, if (C,D), (C,D") € P thenD N D’ = &. We define the set C £{C|39D. (C,D) € P} and given

C € ¢, the multiset Dc £ {D | (C,D) € P}. Observe that || is bounded by the number of blocks that appear in some
partition P;, so that by point (B), |C| < 2(|Psim| — |Pin|) + |Pin| < 2|Psim|- Moreover, the above observation implies that
Dc is indeed a set and the blocks in D¢ are pairwise disjoint. Thus,

2 (coyep ts(D) =
> cec 2pepc t5(D) < [as the blocks in Dc are pairwise disjoint]
dcec =1 = lasC| < 2[Psiml]
2|Psim||—|.

Summing up, we have shown that the overall time complexity of SA is in O(|Psjm||—1).
The space complexity is in O(| | 10g |Psim| + [Psim| 10g || + [Psim|* 4 |Psim| | log | £[) = O(|Psim|| | log | £|) where:

- The pointers from any state s € X to the block of the current partition that contains s are stored in O(| X | log | Psim |) space.

- The current partition P is stored in O(|Psjm, | log | X|) space.

- The current relation Rel is stored in O(|Psim|?) space.

- Each block of the current partition stores the corresponding remove set in O(]X|log |X|) space and the integer array
RelCount in O(|X| log | X|), so that these globally take O(|Psi, || 2| log |X]|) space. [

8. Experimental evaluation

A pseudocode implementation of SA that shows how the data structures in Section 7.1 are actually used is in Fig. 7, where
SplittingProcedure has been introduced above in Fig. 6. We implemented in C++ both our simulation algorithm SA and the
HHK algorithm in order to experimentally compare the time and space performances of SA and HHK. In order to make the
comparison as meaningful as possible, these two C++ implementations use common data structures for storing transition
systems, sets of states, lists and tables.

Our benchmarks include systems from the VLTS (Very Large Transition Systems) benchmark suite [30] and some publicly
available Esterel programs. These models are represented as labeled transition systems (LTSs) where labels are attached
to transitions. Since the versions of SA and HHK considered in this paper both need as input a Kripke structure, namely
a transition system where labels are attached to states, we exploited a procedure by Dovier et al. [16] that transforms a
LTS S into a Kripke structure S’ in such a way that bisimulation and simulation equivalences on S and S’ coincide. This

. .\ I . ..
transformation acts as follows: any labeled transition s; — s, is replaced by two unlabeled transitions s;—n and n— s,

where n is a new node that is labeled with [, while all the original states in S have the same label. This labeling provides an
initial partition of the states of S’ which is denoted by P;,. Hence, this transformation grows the size of the system as follows:
the number of transitions is doubled and the number of states of S is the sum of the number of states and transitions of S.
Also, the models cwi_3_14, vasy_5_9, vasy_25_25 and vasy_8_38 have non-total transition relations. The vasy_s and cwi_x
systems are taken from the VLTS suite, while the remaining systems are the following Esterel programs: WristWatch and
ShockDance are taken from the programming examples of Esterel [17], ObsArbitrer4 and AtLeastOneAck4 are described in
the technical report [3], lift, NoAckWithoutReq and one_pump are provided together with the fc2symbmin tool that is used
by Xeve, a graphical verification environment for Esterel programs [4,31].

Our experimental evaluation was carried out on an Intel Core 2 Duo 1.86 GHz PC, with 2 GB RAM, running Linux and GNU
g++ 4. The results are summarized in Table 1, where we list the name of the transition system, the number of states and
transitions of the transformed transition system, the number of blocks of the initial partition, the number of blocks of the
final simulation partition (that is known when one algorithm terminates), the execution time in seconds and the allocated
memory in MB (this has been obtained by means of glibc-memusage) both for HHK and SA, where o0.0.m. means that the
algorithm ran out of memory (2 GB).

The comparative experimental evaluation shows that SA outperforms HHK both in time and space. In fact, the experiments
demonstrate that SA improves on HHK of about two orders of magnitude in time and of one order of magnitude in space.
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21

void Initialize(PR (P, Rel)) {

forall B € Pdo
Remove(B) := pre(X)~ pre(U{C € P | Rel(B,C)});
| forallx € X do B.RelCount(x) := 0;
forall B € P do
forally € Bdo

forall x € pre(y) do
L | forall C € P such that Rel(C, B) do C.RelCount (x)++;

¥

SA(PR (P, Rel)) {
Initialize((P, Rel));
forall B € P such that Remove(B) # & do
list(State) Remove := Remove(B);
Remove(B) := J;
Block Bprey := B;
SplittingProcedure({P, Rel), Remove);
list(Block) RemovelList := {D € P | D C Remove};
forall C € P such that C N pre(Byrey) # < do
forall D € Removelist do
if Rel(C,D) then
Rel(C,D) := false;
forally € Ddo
forall x € pre(y) do
C.RelCount (x)- -;
if (C.RelCount(x) = 0) then
Remove(C).append(x);
L P.moveAtTheEnd(C);

Fig. 7. C++ pseudocode implementation of SA.

The sum of time and space measures on the eight models where both HHK and SA terminate is 64.555 vs. 1.39 s in time
and 681.303 vs. 52.102 MB in space. Our experiments considered 18 models: HHK terminates on eight models while SA

Table 1
Results of the experimental evaluation
Model Input Output HHK SA

|32 |—| |Pin| RS Time Space Time Space
cwi_1_2 4339 4774 27 2401 22.761 191 0.76 41
cwi_3_14 18,548 29,104 3 123 - 0.0.Mm. 0.96 9
vasy_0_1 1513 2448 3 21 1.303 27 0.03 0.229
vasy_10_56 67,005 112,312 13 ?? - 0.0.m. - 0.0.m.
vasy_1_4 5647 8928 7 87 37.14 407 0.28 2
vasy_18_73 91,789 146,086 18 ?? - 0.0.m. - 0.0.M.
vasy_25_25 50,433 50,432 25,217 ?? - 0.0.m. - 0.0.m.
vasy_40_60 100,013 120,014 4 ?7? - 0.0.Mm. - 0.0.m.
vasy_5_9 15,162 19,352 32 409 - 0.0.Mm. 1.63 24
vasy_8_24 33,290 48,822 12 1423 - 0.0.m. 5.95 182
vasy_8_38 47,345 76,848 82 963 - 0.0.Mm. 8.15 176
WristWatch 1453 1685 23 1146 1.425 31 0.15 6
ShockDance 379 459 10 327 0.75 2 0.03 0.547
ObsArbitrer4 17,389 21,394 10 159 - 0.0.Mm. 0.3 1
AtLeastOneAck4 435 507 18 112 0.363 2 0.02 0.219
lift 138 163 33 112 0.11 0.303 0.02 0.107
NoAckWithoutReq 1212 1372 18 413 0.703 21 0.1 2
one_pump 15,774 17,926 22 3193 - 0.0.m. 13.64 194
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terminates on 14. Also, the size of models (states plus transitions) where SA terminates w.r.t. HHK grows about one order of
magnitude.

9. Conclusion

We presented a new efficient algorithm for computing the simulation preorder and equivalence in O(|Psjm ||— |)-time
and O(|Psim || 2| log | X |)-space, where P, is the partition induced by simulation equivalence on a given Kripke structure
(X, —). This improves the best available time bound O(| £ ||—|) given by Henzinger et al.’s [23] and by Bloom and Paige’s [ 2]
simulation algorithms that however suffer from a space complexity that is bounded from below by (| =|?). A better space
bound is given by Gentilini et al.’s [ 18] algorithm — subsequently corrected by van Glabbeek and Ploeger [21] — whose space
complexity is in O(|Psim|?> + |2 | 1og |Psim|), but whose time complexity is in O(|Psim|?|— |)-time. Our algorithm is designed
as an adaptation of Henzinger et al.’s procedure and abstract interpretation techniques are used for proving its correctness.

As future work, we plan to investigate whether the techniques used for designing this new simulation algorithm may be
generalized and adapted to other behavioural equivalences like (divergence blind/sensitive) stuttering simulation equivalence
[15]. It is also interesting to investigate whether this new algorithm may admit a symbolic version based on BDDs.
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