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Abstract
We discuss the aysmptotics of the points that maximize the determinant of the interpolation

n n
matrix for interpolants of the form 7 (x) = Z a;e™i and I(x) = Z aie P (e—ti)?
i=1 i=1

i=

Suppose that we are given a set of nodes t) < t, < --- <t, € |a,b] and a set of interpolation sites
51 < 8§ <--- <S8, € [a,b] and a kernel

K : [a,b]* - R.
For values y1,y2,---,y, € R we may attempt to interpolate these values y at the sites s using the basis
function
Kj(x) == K(x,15), 1 < j<n,
i.e., find
n
I[((X) = ZajKj(x) (1)
j=1
with the property that
Ix(si) =yi, 1 <i<n. (2)

In this note we will consider the two kernels
Ki(x,y) :=e*¥, a >0, 3)
which results in an interpolation by exponential ridge functions and
Ka(x,y) = e PU B >0, “

which gives an interpolation by a gaussian radial basis function.
Of course the interpolants (1)) and (2) will exist and be unique if and only if the interpolation matrix

My (s,1) := [K(si,1j)] € R"™" )

is non-singular. Of particular interest, from the computational point of view, would be to know for
which nodes and sites the matrix M (s,7) is as well-conditioned as possible. However, this is likely a
forbiddingly difficult problem and hence it is reasonable to ask for which sites and nodes

det(Mg (5,7))

is as large as possible, giving an analogue of the classical Fekete points for polynomial interpolation.
Note that the choice of K (x,y) = (x —y)"~! results in classical polynomial interpolation, in which case
Mk (s,t) is equivalent to the classical Vandermonde matrix and

det(Mk (s,1)) = a,V (s)V (1) (6)
where 1
T (n—1
an = .
)
and

V)= [ &j—x) (7

page 8



Bos and De Marchi DRNA Vol. 4 (2011), 8-[12]

is the classical Vandermonde determinant. To see this, just note that by the binomial theorem we may
write the matrix

[(Sl' —tj)n_l] =S, xT,

where
(1 s s% - s'i’*l 1
1 s s% - sg_l
S, =
L1 sy 5;21 5271 i
and ~ )
(e (! () !
Goo) ()2 () ()2 (ro) (=)™
T, =
(n;l)(_tl)l (n;l)(_tz)l L. (n;l)(_tn>1
i 1 1 1 |

S, is the classical Vandermonde matrix and hence det(S,) = V (s). Further, factoring the common factors
from each of the rows, we have

I DU
1 U
n_
den(r) = (-1 L (1) |
=0
nooh by
1 1 1

_ (_qyin-) {:ij) <”; 1) }v(z),

after suitably reordering the columns. The formula (6] follows by noting that n(n — 1) is always even.

The classical Fekete points for polynomial interpolation are those points f; < fo < --- < f,, € [a,b]
which maximize V(x), x € [a,b]". As is well known (see e.g. [1]]), they tend weak-* to the arcsine
measure for the interval [a, b], i.e., the discrete measures

n . 1y
”J(‘)‘:;gfsfi (®)

have the property that, for every g € Cla, b,

(P w _ [° .
lim | g(x)dpy :/u g(x)du
where : .
W' = ————— iy 9)

C1/-na—a)

is the arcsine measure for the interval [a, b].
In this note we will prove the following theorem.

Theorem 1. Suppose that the kernels K, (s,t) and K, (s,t) are given by (3)) and (@), respectively. Suppose
further that 51 < 53 < --+ < §, € |a,b] are points which maximize either
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(a) det(Mk,(s,t)), s € [a,b]", wheret € [a,D]" are fixed but distinct
(b) det(Mk, (s,s)), s € [a,b]"

(c) det(Mk,(s,1)), s € a,b]", where t € [a,b]" are fixed but distinct
(d) det(Mk,(s,s)),s €

[a,b]".

Then the discrete measures ,uﬁ") (cf- (8)) tend weak-* to the arcsine measure L* given by ().

S

We remark that, in contrast, for radial basis interpolation by basis functions of the form g(|x|) with
£'(0) # 0, the optimal points are asymptotically uniformly distributed; see [3] or [2].

Proof. We first consider the exponential ridge kernel K; (x,y) = ¢ with & > 0. Note that we write

!

Kl (X,y) = eXIy

where ¥’ := /ax and y = \/ay.
Then, by the remarkable formula (3.15) of Gross and Richards [5]], we have

det(Mg, (s,1)) = det([e")])

— B;lv(sl)v(t/) / etr(s'ut'u*)du
JU(n)

where
n

Bn = H(]_ 1)!

j=1
and the integral is over U(n) the group of complex unitary matrices with Haar measure normalized
to have volume 1. Here u* denotes the conjugate transpose of the matrix u € U(n). By an abuse of
notation, in the integrand, s’ and ' are the n x n diagonal matrices with the elements s; and #; on the
diagonal, respectively.

Now, note that

vish= T -5

1<i<j<n

= H \/a(sj—s,-)
1<i<j<n

= (a2 T (sj—s)

1<i<j<n
= (Vay "Ry ()

Similarly,
V(') = (Vo) DR2v (),
Further,
tr(s'ut’u*) = outr(sutu’®)
and thus we have

det(Mg, (s,1)) = B "™ D2y (s)V (1) /U ( )emr(wu*)du. (10)

Now, as in condition (a), lett; <1, < --- <t, € [a,b] be fixed, and 51 <5 < --- <5, € [a,b] be a set of
points which maximizes det(K| (s,?)) for s € [a,b]" (we do not claim that they are unique). We will use
the Gross-Richards formula to show that

lim V (5)"/®) = §([a,b]), 11)

n—soo
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the transfinite diameter of the interval [a, b]. It is known (see e.g. [1]]) that this is sufficient for the claim
of the theorem.

First consider the integral term of (I0). Coope and Rinaud ([4, Thm. 4.1]) have shown that

N

tr(sutu™) < Y sit; (12)

I
-

for u € U(n). It follows that tr(sutu*) < nmax{a?,b*}. From their Cor. 4.2 it follows that tr(sutu*) >
nmin{a® b* ab},i.e.,
nmin{a®,b* ab} < tr(sutu*) < nmax{a® b*}. (13)

Setting Fy(s) := [y %) gy it follows that

n)

eanmin{az,bz,ab} SFn(S) < eanmax{az,bz}'

In particular

lim F,(s)"/(®) = 1 (14)
n—soo
for any set of points s € [a,b]".
Now, rewrite (I0) as
Cn
V(s)= det(Mk, (st
() = s det(M 5:).

where ¢, := B0 ("~ 1)/2 /V(t),and let fi < fo < --- < fy € [a,D] be the classical Fekete points for the
interval [a, b], i.e., those such that V (s) < V(f), Vs € [a,b]". Then,

V(s) V()
= T det(M, (f.1))

F7)
< ("f Sdet(Miq (57.1)
In other words, F(F) *
RISV V) V). (s)

Since

lim v (£)"/6) = §([a,b)),

n—yoo

it follows from that we have and the result follows for case (a).
The proof of (b) is very similar. In this case we re-write (10)

VZ(S) — ~ ( Bn

Wdﬁ(Mm (s,5))

and by the same manipulations as above, we obtain

Fu(f)
F,(s%)

VEA(f) S VA(s™) S V(). (16)
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Taking 1/(2(5))th roots gives the result.
To see (c¢) and (d), notice that

B2 p.2 o p2
e By — =B J20xy ,—By

so that 2 2
Mg, (s,1) = diag(e P* )Mk, (s,1)diag(e P'7)

where the kernel K (x,y) = ¢*? with a := 2. It follows that
anpdet(Mg, (s,1)) < det(Mk, (s,1)) < bydet(Mk, (s,1))

where 2 y
a, = det(diag(e P*)) > ¢mPmax{a”b7}
and 2 |
b, = det(diag(e P7)) < e™P min{a’ b}

Consequently, the inequalities and allow us to reduce the cases of (c) and (d) to (a) and (b)
respectively, and we are done. O
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