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A CLASSIFICATION OF UNIPOTENT SPHERICAL
CONJUGACY CLASSES
IN BAD CHARACTERISTIC

MAURO COSTANTINI

ABSTRACT. Let G be a simple algebraic group over an algebraically closed field
k of bad characteristic. We classify the spherical unipotent conjugacy classes
of G. We also show that if the characteristic of k is 2, then the fixed point
subgroup of every involutory automorphism (involution) of G is a spherical
subgroup of G.

1. INTRODUCTION

Let G be a simple algebraic group over an algebraically closed field k, with Lie
algebra g. In this paper we determine the unipotent spherical conjugacy classes of
G (we recall that a conjugacy class O in G is called spherical if a Borel subgroup
of G has a dense orbit on O) when the characteristic of k is bad for G. There has
been much work related to this field in the cases of good characteristic.

To fix the notation, B is a Borel subgroup of G, T is a maximal torus of B, B~ is
the Borel subgroup opposite to B, and {ag,...,a,} is the set of simple roots with
respect to the choice of (T, B). Let W be the Weyl group of G and let us denote
by s; the reflection corresponding to the simple root a;: ¢(w) is the length of the
element w € W and rk(1 — w) is the rank of 1 — w in the geometric representation
of W.

Initially, spherical G-orbits have been studied in the context of Lie algebras ([24],
[25]) in characteristic zero. The classification of spherical nilpotent orbits has been
obtained by Panyushev: in terms of height, a nilpotent orbit O C g is spherical
if and only if its height is at most 3, which means 2 or 3 if O is not the zero
orbit. Equivalently, O is spherical if and only if it contains an element of the form
ey, + -+ + ey, where vyq,...,v, are pairwise orthogonal simple roots (Panyushev
241, [26]).

More recently, in [5], we considered spherical conjugacy classes in G over C. We
classify all spherical conjugacy classes by means of the Bruhat decomposition: a
conjugacy class O C G is spherical if and only if dim O = ¢(w) + rk(1 — w), where
w = w(O) is the unique element of W such that O N BwB is open dense in O
(we observe that the classification given in [5] over the complex numbers holds in
general for characteristic zero).

In [I5] the authors classify spherical nilpotent orbits in good characteristic us-
ing Kempf-Rousseau theory: the classification is the same as in the case of zero
characteristic. In [8], the author obtains the classification of all spherical conju-
gacy classes in characteristic which is zero or is both good and odd by means of
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the Bruhat decomposition and by exploiting another characterization of spherical
conjugacy classes available in such characteristic, namely a conjugacy class O is
spherical if and only if {y € W | ON ByB # 0} C {w € W | w? = 1} ([6, Theorem
2.7], 7, Theorem 5.7]).

In the present paper we complete the picture for unipotent spherical conjugacy
classes by considering bad characteristic. Our strategy is to exhibit for each group
G a set O(G) of unipotent conjugacy classes, show that each element in O(G) is
spherical, and finally show that each conjugacy class not in O(G) is not spherical.
It turns out that in bad characteristic the classification of spherical unipotent con-
jugacy classes is the “same” as in zero characteristic, unless p = 2 in type C,, and
Fy or p=3in type G>. In these cases there are more classes than in characteristic
zero. In particular, if p = 2, then the conjugacy class of a non-trivial unipotent
element u is spherical if and only if « is an involution.

It is well known that in zero or odd characteristic the fixed point subgroup H
of any involutory automorphism o of G is a spherical subgroup (i.e. G/H is a
spherical homogeneous space). This was proved by Vust in [32] in characteristic
zero (see also [23] over C). Then Springer extended the result to odd characteristic
in [29]. In [27], Seitz gives an alternative proof of Springer’s result. Here we prove
that the result also holds in characteristic 2.

The paper is structured as follows. In Section [2] we introduce the notation. In
Section [B we recall some basic facts about the classification of unipotent conjugacy
classes in bad characteristic and determine the spherical ones. We also determine
which spherical unipotent conjugacy classes have a representative u of the form u =
Ty, (1) -+ -2, (1), where 41, ...,7: are pairwise orthogonal simple roots. In Section
[ we prove that if G is a reductive connected algebraic group in characteristic 2
and o is any involutory automorphism of G, then the fixed point subgroup H of o
is a spherical subgroup of G.

2. PRELIMINARIES

We denote by C the complex numbers, by R the reals, by Z the integers and by
N the natural numbers.

Let A = (a;;) be a finite indecomposable Cartan matrix of rank n with associated
root system @, and let k be an algebraically closed field of characteristic char k = p.
Let G be a simple algebraic group over k associated to A, with Lie algebra g. We
fix a maximal torus T of G and a Borel subgroup B containing T: B~ is the Borel
subgroup opposite to B and U (respectively U™) is the unipotent radical of B
(respectively of B~). Then ® is the set of roots relative to T and B determines
the set of positive roots ®* and the simple roots A = {ay,...,a,}. We fix a total
ordering on ®* compatible with the height function, and we shall write elements
of U as products of root elements where the roots are taken in the order given
by this ordering. We shall use the numbering and the description of the simple
roots in terms of the canonical basis (ei,...,e;) of an appropriate R* as in [3|
Planches I-IX]. For the exceptional groups, we shall write 8 = (mq,...,m,) for
B =miai + -+ + mua,. We denote by P the weight lattice, by P* the monoid
of dominant weights and by W the Weyl group. Also s; is the simple reflection

associated to «y, {w1,...,w,} are the fundamental weights, and wy is the longest
element of W. The real space E = RP is a Euclidean space, endowed with the
scalar product (a;,a;) = dija;;. Here {d1,...,d,} are relatively prime positive
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integers such that if D is the diagonal matrix with entries dy,...,d,, then DA is
symmetric.

We put II = {1,...,n} and fix a Chevalley basis {h;,i € II; e,,a € ®} of g.

We use the notation z4(§), ha(z2), for a € ®, £ € k, z € k* as in [31], [12]. For
a € ® we put X, = {2,(§) | £ € k}, the root subgroup corresponding to «, and
H, = {ha(2) | z € k*}. We identify W with N/T, where N is the normalizer of
T: given an element w € W we shall denote a representative of w in N by w. We
choose the x,’s so that, for all @ € ®, ny, = z4(1)z_o(—1)x4(1) lies in N and has
image the reflection s, in W. Then

(2.1) xa(f)x—a(_fil)xa(f) = ha(§)nas ni = hao(-1)

for every £ € k*, a € @ ([30, Proposition 11.2.1]).

For algebraic groups we use the notation in [I7], [13]. In particular, for J C II,
Ay =A{a;|je J}, ®;isthe corresponding root system, W is the Weyl group, P;
is the standard parabolic subgroup of G and L; = T(X,, | a € ®;) is the standard
Levi subgroup of P;. For z € W we put U, = U Nz~ 'U~z. Then the unipotent
radical R, Py of Py is Uwowj, where w, is the longest element of W;. Moreover,
UNnL;= UU,J is a maximal unipotent subgroup of L.

If ¥ is a subsystem of type X, of ® and H is the subgroup generated by X,,
a € ¥, we say that H is an X,.-subgroup of G.

If X is a G-variety and x € X, we denote by G.x the G-orbit of z and by G,
the isotropy subgroup of x in G. If the homogeneous space G/H is spherical, we
say that H is a spherical subgroup of G.

If x is an element of a group K we denote by O, its conjugacy class and by
C(z) its centralizer. If H < K, we shall denote by Cp(z) the centralizer of z in
H. If z, y € K, then x ~ y means that z, y are conjugate in K. For unipotent
classes in exceptional groups we use the notation in [I3]. We use the description of
centralizers of involutions as in [18], [2].

We denote by Z, the cyclic group of order r.

For each conjugacy class O in G, w = w(O) is the unique element of W such
that BwB N O is open dense in O. We shall also say that O lies over w.

In the remainder of the paper we shall denote by p the characteristic of k (hence
p may be 0).

3. THE CLASSIFICATION

We recall that the bad primes for the individual types of simple groups are as
follows:

none when G has type A,;

p =2 when G has types B,,, Cy, Dy;

p =2 or 3 when G has types G2, Fy, Eg, Er;

p=2,3 or 5 when G has type Fs.

One may find a detailed account of the classification of both unipotent classes
and nilpotent orbits in bad characteristic in [13} §5.11].

Strategy of the proof. Let G¢ be the corresponding group over C. We have shown
in [5] that for every spherical conjugacy class C of G¢ there exists an involution
w = w(C) in W such that dimC = £(w) + rk(1 — w), with C N BwB # §. For each
group G we introduce a certain set O(G) of unipotent conjugacy classes which are
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candidates for being spherical. For each O € O(G) we show that there is a (not
necessarily unipotent) spherical conjugacy class C in G¢ such that

dim O = dimC.
Let w = w(C). Our aim is to show that O N BwB # .

Definition 3.1. Let O be a conjugacy class of G. We say that O satisfies (x) if
there exists w € W such that BuBN O # () and dim O = {(w) + rk(1 — w).

Let O be a conjugacy class in G. There exists a unique element w = w(0) € W
such that O N BwB is open dense in O. In particular,

(3.1) O =0nNBwB C BwB.

It follows that if y is an element of O and y € BzB, then z < w in the Chevalley-
Bruhat order of W.

We recall the following result proved in [5, Theorem 5] over C, but which is valid
with the same proof over any algebraically closed field.

Theorem 3.2. Suppose that O contains an element © € BwB. Then
dim B.z > ¢(w) + rk(1 — w).

In particular, dim O > {(w) +1k(1 —w). If, in addition, dim O < (w) 4+ k(1 —w),
then O is spherical, w = w(O) and B.x is the dense B-orbit in O. O

Let O be a conjugacy class of G and let w = w(0). If 07! = O (i.e. if any
element € O is conjugate to its inverse), then w? = 1. It is well known that
over any algebraically closed field any unipotent element is conjugate to its inverse
([0, Lemma 1.16], [10, Lemma 2.3]; see also [22 Proposition 2.5 (a)]) so that w is
an involution for every non-trivial unipotent conjugacy class . However, it has
recently been shown in [14] that w? = 1 for every conjugacy class O in G.

If g is in Z(@), then g € T, its conjugacy class O is simply {g}, and w(O) = 1.
In the remainder of the paper we shall consider only non-central conjugacy classes.

We shall use the following result.

Lemma 3.3. Assume the positive roots (1, ..., B are such that [Xip,, X1p,] =1
for every 1 <i < j < ¥l Then, for&y,....& € k*, g = xgl(—ﬁl_l) . ~z/@£(—§é_1),
and h = hg, (—&1) - - - hg,(—&¢) we have

9z—p, (€1) - w—p,(€0)g™" = np, -+ g hag, (2677) - x,(2671).

Proof. By 1)) we have 24 (= )2 _o()2a(67Y) = naha(—&)za(2671). The result
follows from [X14,, X1p,] =1 for every 1 <i < j < /. |

The hypothesis of the lemma is satisfied, for instance, if 8, ..., 8, are pairwise
orthogonal and long, as in [11], Lemma 4.1]. In characteristic 2, we have [ X, X;5] =1
for every pair (7, ) of orthogonal roots, so that for any set of pairwise orthogonal
roots f1,. .., B¢ and for g = xp,(1)---x5,(1) we get

(3.2) gr—p, (1) 2-p5,(1)g™" =ng, ---ng,.
We shall prove the following theorem.
Theorem 3.4. Let O be a non-trivial unipotent conjugacy class of a simple alge-

braic group in characteristic 2. Then O is spherical if and only if it consists of
involutions. ([
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From the classification it will follow that the unipotent conjugacy class O is
spherical if and only if it satisfies (x). Moreover, we shall see that there is a unique
maximal spherical conjugacy class Opax and that it has the following properties:
W(Omax) = wo, and the closure of Opax is the union of all spherical unipotent
orbits.

3.1. Classical groups in characteristic 2. To deal with the classical groups
with p = 2, we recall that the unipotent classes were determined by Wall in [33]
(the nilpotent orbits were determined by Hesselink in [I6]). For the convenience
of the reader, here we recall the classification of unipotent classes in the classical
groups following [28, §2]. Suppose G = GL(n) (any characteristic) and u is a
unipotent element of G. Then one can associate to u a partition A = (A1, Ag,...) =
1D @ 2¢@) @ ... of n with \y > \g > ---, where ¢(i) is the number of Jordan
blocks of u of dimension 4, for every ¢ > 1. In this way the set CU(G) of unipotent
conjugacy classes of G is parametrized by the set of partitions of n. We denote
by C) the unipotent class corresponding to the partition A. The set CU(G) has a
natural partial order: 01 <O < O; C O. If we partially order the set of partitions
of n by A< 30 Aj < 375, py for every i > 1, then the map A+ Cy is an
isomorphism of p.o. sets.

Now assume p = 2. In this case there exists a homomorphism (central isogeny)
of SO(2n + 1) onto Sp(2n) which is an isomorphism of abstract groups. We shall
therefore deal only with Sp(2n) and SO(2n). Let w be an object distinct from
0 and 1, and consider the set {w,0,1} totally ordered by w < 0 < 1. Assume
G = Sp(2n) < GL(2n) (resp. G = O(2n) < Sp(2n)). The unipotent conjugacy
classes of G are parametrized by pairs (), €) such that

a) A =10 3 2¢? @ ... is a partition of 2n with ¢(i) even for every odd i.
b) € : N — {w,0,1} is such that

b1) €(i) =w ifiis odd or i > 1 and ¢(i) = 0.
bse) e(i) =1 if 4 is even and ¢(4) is odd (i # 0).
bs) e(i) # w if i is even and ¢(i) # 0 (i # 0).

by) €(0) =1 (resp. £(0) = 0).
The correspondence is obtained as follows. Let u be a unipotent element of G.
Then u determines a class in GL(2n), hence the partition A of 2n. This partition
satisfies a). Now, if 7 is even, ¢ # 0 and c(¢) # 0, we put () = 0 if

F((w— 1) (z),2) = 0
for every = € ker(u — 1), and (i) = 1 otherwise (here f is the bilinear form used
to define Sp(2n)). In view of condition b), this uniquely defines €. For i € N we
shall write ¢; and ¢; for ¢(i) and (7).

We denote by C) . the unipotent class of G corresponding to (A, e). We observe
that every unipotent class of Sp(2n) intersects O(2n) in a unique class of O(2n).
Moreover, the unipotent classes of O(2n) contained in SO(2n) (the connected com-
ponent of O(2n)) are those for which A} is even (A* is the dual partition of A). If all
Ai’s and ¢(2)’s are even and if £(i) # 1 for every ¢, then the unipotent class C) . of
O(2n) splits into two classes of SO(2n). All the other unipotent classes in SO(2n)
are unipotent classes in O(2n).

We shall add the subscript 0 in the case when ¢ is even, c¢(¢) is even and (i) = 0.

In [28, §2.8, 2.9, 2.10], there are formulas for the dimensions of centralizers of
unipotent elements in Sp(2n), O(2n) (hence also in SO(2n)), the determination of
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TABLE 1. Spherical unipotent classes in A4,,, p = 2.

| 0 [7] w©) J2cO0OnBw(@)B] dm0O |
X, =20 @ nti-2¢
EE: ) 57 [n_Jrl} Jg Sﬁl - 88, ng, -+ Ng, 2€(TL—|- 1— g)
e |5

the component groups C'(u)/C(u)° in the various cases, and an explicit definition
of a partial order on pairs (A, ¢) such that Cy . < Cj, 4 & (X €) < (1, 9).

We shall use the notation as in [28]. As mentioned above, we need only treat
Sp(2n) and SO(2n). However, for completeness, we shall also deal with the case
when G has type A,, since this is dealt with in [I5] but not in [§].

3.1.1. Type A,, n > 1. We show that every spherical unipotent conjugacy class
satisfies (x). The spherical nilpotent orbits (and therefore the spherical unipotent
classes) have been classified in [15], and it follows that a unipotent conjugacy class
O is spherical if and only if © = X/, the unipotent class 2¢ @ 1"+172¢ for ¢ =
1,..., ["TH} For every i = 1,..., [”;1], let B; = e; — énq2—3. Then, as for C
(and for any algebraically closed field of odd or zero characteristic) the element v =
x_p,(1)---z_g,(1) lies in X, N BwB, where w = sg, - - - sg, is such that dim X, =
l(w) +1k(1 — w). In fact one may take ng, ---ng, € sg, ---s3,B N X, For { =
1,..., ["TH} —1lwepwt Jy,={{+1,...,n—{}, J[#] = &. We have established

the information presented in Table [l where w(Q) = wow,.

Proposition 3.5. Let O be a non-trivial unipotent conjugacy class of SL(n + 1)
in characteristic 2. Then O is spherical if and only if it consists of involutions if
and only if O has a representative of the form x,,(1)---x+,(1), where v1,...,%

are pairwise orthogonal simple roots. All non-trivial spherical unipotent classes are
listed in Table [ O

3.1.2. Type C,, (and By, ), n > 2. We first show that if u is an involution of G, then
O, is spherical, by showing that O, satisfies (x). Therefore, let u be an involution
of G = Sp(2n). Then the partition corresponding to u is of the form A = 1 @ 2°2,
witheco =0, c1=2n—-20,0=1,...,n.

Using the description of unipotent conjugacy classes recalled above, let A =
26 @ 1272 for ¢ =1,...,n. Then we have g = 1, e; = w, &; = w, for i > 3. As
for €9, we have e5 = 1 if £ is odd. On the other hand, if ¢ is even, we have both
possibilities €5 = 0 or 1. We denote by X, the class corresponding to 2 = 1 and
by Y; the class corresponding to e; = 0 (when £ is even).

We denote by Xy ¢ the unipotent class in Sp(2n,C) corresponding to A = 2¢ &
127=2¢ Then we get

dimX, = dimX,c = {2n—0+1) (e{l,...,n},
dimY, = dimX,c—¢ = {(2n—1) Le{l,...,n}, £ even.

Note that if ¢ is even and we write £ = 2¢', then dimY;, = dim O,,, ¢, where
O,,,c is the conjugacy class in Sp(2n,C) of the involution oy ([5, Table 1]). In
Sp(2n, C), the spherical semisimple conjugacy class O,,, . lies over w = s,, - -+ s,
([5, Table 5], [T} §4.2.2]). '
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We observe that if the partition associated to the involution w is A = 22¢@127—4¢,
then O, = 22¢@ 1274 if and only if f((u—1)v,v) = 0 for every v € V (here f is the
bilinear form on V used to define Spa,(k)). Let w be an involution of W, L(w) =
{8 €@ [w(B) =B, long}, and L(w), = {y € &* | w(v) = —7,(y,L(w)) =
0,7 short}. Then w = H sg H Sy. Let x = H ng H n~. Then

BEL(w)  ~yEL(w)L BEL(w)  vEL(w)L
x is an involution in BwB and the number of blocks of dimension 2 in the Jordan
canonical form of z is | L(w)+2|L(w) ;. If this number is even, then f((z—1)v,v) =0
for every v € V if and only if L(w) = 0.
We put f; = 2¢; fori=1,...,nand v; = ez;_1 + ey fori=1,...,[F].
Then it is straightforward to show that

z_g, (1) x_p,(1) € XyNBsg, ---sg,BNU~ forl=1,...,n,
r_ 1)z, (1) €Yoy N Bsy, ---5,BNU" forl=1,...,[5]
By (B2), we can choose
ng, - -ng, € XgNwB forl=1,...,n,

nﬁyl...n,wei/ézmwB fOr€:17-"7[%]'

One can easily deduce which classes of involutions have a representative of the
form u = [[;cx Ta, (1) for a certain subset K of II. Note that since u is an invo-
lution, (o, a;) =01if 4, j € K with ¢ # j. Up to the W action, we have only the
following representatives u:

£
[Tzon oo (@) € Xopy for £=1,... [2H],
=1

14
[[zon (1) €Yoy fore=1,...[3].
=1

These exhaust the conjugacy classes of involutions with representative of the form
[l;ck Ta,(1). In particular, all X5, have no representative of the form [, 5 za, (1).

The point is that in good characteristic, for =1, ..., [%] the element Hle T, (1)
is conjugate to Hfil x3,(1) (which lies in Xoy).
By Theorem [B.2] we have proved

Proposition 3.6. Let O be the conjugacy class of an involution of Sp(2n) in
characteristic 2. Then O is spherical. O

Our aim is to show that a (non-trivial) unipotent conjugacy class O,, is spherical
if and only if w is an involution. By [I5, Remark 2.14], the orbit O is spherical if
and only if G/H is spherical, where H is the isotropy subgroup of an element in
O. Moreover, G/H is spherical if and only if G/H?® is spherical, where H® denotes
the connected component of H. We shall therefore use the following.

Lemma 3.7. Let O be a G-orbit with isotropy subgroup H. Then O is spherical if
and only if G/H® is spherical. O

By Proposition [3.6] we are left to show that if the (non-trivial) unipotent class O
does not consist of involutions, then O is not spherical. Let u be a unipotent element
of order greater than 4, and let v be an element of order 4 in the subgroup generated
by u. Since C(u) < C(v), if O, is non-spherical, then O, is also non-spherical. We
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are therefore left to consider the set X of conjugacy classes of elements of order 4.
By [19, Theorem 2.2], it is enough to show that the minimal elements in X are not
spherical.

From the explicit definition of a partial order on pairs (A, ¢) such that Cy . <
Cue < (Ne) < (i, @) given in [28, §2.10], it follows that the minimal elements in
X are the classes 32 @ 12776 (if n > 3) and 4 @ 12774,

In the following lemmas we deal with these cases. We also consider a case in D,,.

Lemma 3.8. Let O be the unipotent conjugacy class of type 3% © 1276 in C,, or
D,,. Then O is not spherical (p = 2).

Proof. Let u be an element in O = 32&12"76 (this exists in C,, if n > 3). In Sp(2n),
we may take u = %o, (1)Zy_a,(1), where 7y is the highest short root (v = e1 + e2),
and get C(u)° < P, where P is the maximal parabolic subgroup Pp\{q,}. Then
C(u)° =CR, C = H,, x K, where K is the C),_g-subgroup of G corresponding to
{a4,...,a,}, and R is the subgroup

{fue R,P|u= H Za(Za) | Zay = Zy—as }
acdt

of codimension 1 in R, P. It follows that C(u)® fixes the element e, + €y—_q, of g.
However, we clearly have C(u) < C(u?), and u? = x,(1). But C(z,(1)) fixes the
element e, of g, since z(1) = 1+e, in My, (k). It follows that C(u)° has 2 linearly
independent invariants in g so that we can find linearly independent functions f,
g in k[Sp(2n)/C(u)°] which are B-weight vectors of the same weight. Then f/g is
a non-constant B-invariant rational function on Sp(2n)/C(u)°, which is therefore
not spherical by Rosenlicht’s Theorem (see [4, Lemma 1.1]).

Since w lies in SO(2n) and both e,, + ey_q, and e, are in the Lie algebra of
SO(2n), the SO(2n)-orbit of u is not spherical as well. O

Lemma 3.9. Let O be the unipotent conjugacy class of type 4®12"~* in C,,. Then
O is not spherical (p =2).

Proof. Let u be an element in O = 4 @ 12»~%. In Sp(2n), we may take u =
Za, (1)xs(1), where § = 2eq, and get C'(u)° < P, where P is the parabolic subgroup
Pr\{ay,a,}- Then C(u)® = CR, where C is the C}, _s-subgroup of G corresponding
to {as,...,an}, and R is a subgroup of U. In fact dim R = 2n — 2, and R is the

product of X,’s, where « =e; +¢;,1=3,...,n,0r « =ej + e or a = 2ey.
It follows that C(u)® fixes the first 2 basis vectors v; and vy of the natural module
of G so that Sp(2n)/C(u)° is not spherical, as in the previous case. O

tJg={+1...,n}(J,=2)for . =1,....,n, K, = {1,3,...,20 — 1,20 +
1,204 2,...,n}for £ =1,..., [%], we have established the information presented
in Table & where w(O) = wow, .

We have proved

Proposition 3.10. Let O be a non-trivial unipotent conjugacy class of Sp(2n) in
characteristic 2. Then O is spherical if and only if it consists of involutions. All
non-trivial spherical unipotent classes are listed in Table 2l (|

3.1.3. Type D,,, n > 4. Let m = [%} We put 8; = eg;_1 + €24, 0; = €91 — €9;
fori=1,...,m. For £ =1,....m—1weput Jp = {20+ 1,....n}, J, = &
Ky = J,U{1,3,...,20 — 1} for £ = 1,...,m. Also, if n is even, we put K|, =
{1,3,...,n—3,n}.
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A CLASSIFICATION OF UNIPOTENT SPHERICAL CONJUGACY CLASSES 2005

TABLE 2. Spherical unipotent classes in Cy,, n > 2, p = 2.

| ¢ [ 7 | w(O) 1€ ONBw(O)B| dim0O |
_ ol 2n—2¢
Xg—2 D1 JZ 88,88, ng, - "Ng, E(?n—ﬁ-ﬁ-l)
l=1,....n
Y- :225 1271—42
2= 20 & . K, S0yt Sy Thyy = Ty 4¢(n —0)
0=1,...,[2]

Let u be an involution of G = SO(2n). Then the partition corresponding to u
is of the form A =2° @ 1“1, with cg =20, ¢y =2n—4¢, ( =1,...,m.

For each ¢ = 1,...,m — 1 there are 2 conjugacy classes corresponding to A =
2261274 we denote by X, the class 22/ @124 and by Z; the class 22¢@ 1274
If £ = m, then we denote by Z,, the class 2™ @ 12"=4™_ The conjugacy class in
O(2n) corresponding to 22™ @ 12"~4™ is a single class X,,, in SO(2n) if n is odd,
while it splits into 2 conjugacy classes X, and X/ in SO(2n) if n is even.

We have

dimZ, =4é(n—¥¢), dimX,=22n—-2¢—1) forl=1,...,m,

with dim X, = dim X, if n is even. We have chosen the notation so that for each
conjugacy class of involutions O in G, the conjugacy class C in G¢ denoted by the
same symbol in [I1], §4.3] has the same dimension. For the corresponding w, we
write w as a product of commuting reflections, w = s, - - - 5,,. It is straightforward
to prove that in each case the element = n,, ---n,, lies in O. By Theorem 3.2}
we have proved

Proposition 3.11. Let O be the conjugacy class of an involution of SO(2n) in
characteristic 2. Then O 1is spherical. (I

Our aim is to show that a (non-trivial) unipotent conjugacy class O,, is spherical
if and only if u is an involution. Using the same arguments as in case C,,, we are
left to consider the set X of conjugacy classes of elements of order 4, and then show
that the minimal elements in X are not spherical. From the explicit definition of
a partial order on pairs (A, €) such that C\ . < C), 4 < (A, €) < (i, ¢) given in [28]
§2.10], it follows that the minimal element in X is the class 3% ©12"~%. By Lemma
[3:8], this class is not spherical.

We have established the information presented in Tables[3 and M where w(O) =

Wow; .
TABLE 3. Spherical unipotent classes in D,,, n >4, n = 2m, p = 2.
@) [ 7 ] w(0) | 2€0nBw(©)B ] dim O |

_ 920 2n—4¢

Ze;jl @17; Je 881551 88,55, ngyMsy MM, 40(n — £)

X =2ge@12"742 K, SBy t 88, ngycNg, 20(2n — 20— 1)
{=1,...,m
X7’n = (2(2)m), K;n SB1 " SBm_1%an_1 ngy Ny, 1Moy 1 n(n - 1)
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TABLE 4. Spherical unipotent classes in D,,, n >4, n = 2m + 1,

p=2.
| o | 7] w(0) [2cOnNBwOB| dm0O |
Zzg:ZQii.Q?i?;—u Jo | spiSsy 88,85, | Mpins, - maNs, 40(n — 0)
SIS k] s | wme [aan-aey

We have therefore proved

Proposition 3.12. Let O be a non-trivial unipotent conjugacy class of SO(2n) in
characteristic 2. Then O is spherical if and only if it consists of involutions. All
non-trivial spherical unipotent classes are listed in Table Blif n is even and in Table

M if n is odd. O

Remark 3.13. From our discussion, it follows that for D,, the map g : X ¢
X defined in [28, Theorem III.5.2] induces an isomorphism of p.o. sets between
Xscgh and Xg)h, where Xg)/h, Xg)h are the corresponding sets of spherical unipotent
classes. In particular, every spherical unipotent conjugacy class has a representative
of the form [, o (1) for a certain set of pairwise orthogonal simple roots K.

3.2. Exceptional groups. For the exceptional groups, we use [2I, Table 2|. In
this table, for each group G, there are all unipotent conjugacy classes O, in every
characteristic, for which the dimension of C'(u) is greater than a certain number
lg. From this we deduce Table [l where the value of ¢C'(u)/C(u)° for Er refers to
the adjoint group (see [1]).

TABLE 5. Unipotent classes of small dimension in exceptional groups.

[ G [dimB] w with dim O,, < dim B [ dim O,, [ 6C(w)/C(w)° ]
Eg 42 Ay, 241, 3A1, Ay 22,32, 40, 42 1,1,1,2
Er 70 Ay, 2A1, 3AT, BAT, Ay, 44, 34,52, 54,64, 66, 70 1,1,1,1,2,1
Eg 128 Ay, 2A1, 341, Ay, 4A; 58,92, 112,114, 128 1,1,1,2,1
Fy 28 A1, A1(p=2), A1(p #2), A<12)(p:2), A1A; 16, 16, 22, 22, 28 1,1,2,1,1
G2 8 Ai, Ailp=3), Ailp#£3), A (p=3) 6,6,8,8 1,1,1,1

The unipotent conjugacy classes appearing in Table [} are the only candidates
for being spherical. We shall show that they are all spherical, except for the classes
of type As in Fg, F7 and Eg. Note that when p = 2, then all classes of involutions
appear in Table [{] by the results in [2].

Lemma 3.14. Let O be the unipotent conjugacy class of type As in Eg, E7 or Eg.
Then O is not spherical (in any characteristic).

Proof. Let u be an element in O. From [21] Table 2], it follows that the type of
C(u)° is independent of the characteristic. For completeness, we determine C(u)°
in all cases.

In Eg, we may take u = Zq,(1)23_qs(1), where 8 is the highest root, and get
C(u)® < P, where P is the maximal parabolic subgroup Pp (a.}. Then C(u)° =
CR, where C' is the Fg-subgroup of G corresponding to {a1,...,ag}, and

R={g= ][] walke) € RuP | kay = kp_ay}-
acdt
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In E7, we may take u = x4, (1)Tg-q, (1), where g is the highest root, and get
C(u)® < P, where P is the maximal parabolic subgroup Pp (q,}. Then C(u)® =
CR, where C is the As-subgroup of G corresponding to {as, ay, as, ag, az}, and

R: {g = H J’,‘a(ka) S RuP ‘ kal = kﬁ—al}-

aedt

In Eg, we may take u = %4, (1)23_q,(1), where 8 is the highest root, and get
C(u)® < P, where P is the maximal parabolic subgroup Pp (q,}. Then C(u)° =
CR, where C is the Ay X As-subgroup of G corresponding to {1, as, as, ag}, and

R={g= ][] walke) € RuP | ko, = kp_a,}-

acdt

It is well known that the class Ay is not spherical in Fg, F; or Eg over any
algebraically closed field of characteristic zero ([24, Theorem (3.1)]). We may now
apply [4, Theorem 2.2 (i)]. Note that the groups C(u)° involved are all defined over
Z, and the argument in the proof of [, Theorem 2.2 (i)] is valid in our situation.
Therefore G/C(u)° is not spherical in any positive characteristic. It follows that
O, is not spherical by Lemma 3.7 ([

3.2.1. Type Eg. We put

51 = (1a2a2,372a )
1,1,1

1, 52:(1,07131a1,1)3
63:(0707 s Ly 70)7 54:(07070717070‘

)

For groups of type Eg we have to consider p = 2, 3. If p = 3, then we may apply
the arguments in [5, Theorem 13] to prove that the orbits of type A;, 24, and 34,
satisfy (). Hence they are spherical, since to handle 34; we need results for Dy
which hold due to [8, Theorem 3.4] and its proof (in fact what we need is that the
maximal spherical unipotent conjugacy class O’ of D, satisfies (%) when p = 3).
Therefore, now assume p = 2. Then again we may use the proof of [5, Theorem
3.4] to deal with A; and 24;. Note that in these cases

I_ﬁl(l) c AN BS,(alB nU—, I_gl(l)x_gz(l) €241 N B551852B NnNU~

with x_g, (1) ~ ng,, x_g,(1)x_g,(1) ~ ng,ng,. To deal with 34;, we may still use
the arguments in the proof of [5, Theorem 3.4] since we have shown in §3.1.3 that
the maximal spherical unipotent conjugacy class O’ of Dy satisfies (x) when p = 2,
or directly observe that x = ng,ng,ng,ng, is an involution in Bng,ng,ng,ng, B =
BwgB. Then dim O, > £(wg) + rk(1 — wg) = 40 by Theorem B2] so that = € 34,
by Table [ since elements in Ay are not involutions.

We have established the information presented in Tables[dl and [1, where w(O) =
Wow; .

TABLE 6. Spherical unipotent classes in Fg, p = 3 (or any p # 2).

0 ] J | w(O) [ dimO |
Ay {1,3,4,5,6} [ sp 22
2A1 {3, 4, 5} 58,585 32
3A1 %) Wo 40
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TABLE 7. Spherical unipotent classes in Fg, p = 2.

| 0 | J | w(0) [2€ ONBw(O)B [ dimO |
A, [ {1,3,4,5,6} | sa s, 22
24, {3,4,5} 88,58, ng,ng, 32
34, @ Wo ng, - -Ng, 40

We have proved

Proposition 3.15. Let O be a non-trivial unipotent conjugacy class of Eg. Then
O 1is spherical if and only if it is listed in Tables [0 or [0 If p = 2, these are precisely
the classes consisting of involutions. O

We observe that, independent of the characteristic, zq, (1) € A1, Za, (1)Za, (1) €
2A; and 24, (1)za, (1)zae(1) € 3A;. Hence every spherical unipotent conjugacy
class has a representative of the form [],.x 7a(1) for a certain set of pairwise
orthogonal simple roots K.

3.2.2. Type E7. We put

51 = (2’2537473a25 1)7 52 = (Oa 15 17272a25 1)7 63 = (Oa 15 1727 laOaO)v
Ba=ar, Ps=as [e=0a3 Pr=a.

For groups of type F7 we have to consider p = 2, 3. If p = 3, then we may apply
the arguments in [5, Theorem 13] to prove that the orbits of type Ay, 24, (34;),
(3A;1)"” and 4A4; are spherical, since we need results for D,, which hold due to [8]
Theorem 3.4] and its proof. So now assume p = 2. Then again we may use the
proof of [5, Theorem 3.4] to deal with A;, 24; and (3A;)”. Note that in these cases

:E,gl(l) € AiNBsg, BNU™, l‘,ﬂl(l)ﬂ;‘,gQ(l) € 241N Bsg,53,BNU,
‘T—ﬂl(l)x—ﬂ2(1)x—ﬁ4(1) € (3‘41)// n BSB1S,32354B nu-.

To deal with (34;)" and 4A;, again we may apply the arguments in [5, Theorem
13], since we need results for D,, when p = 2, which we proved in §3.1.3. However,
it is also possible to show directly that ng, ng,ng,ngs € $8,58,58:53, BN (341)". To
deal with 44, one can observe that © = ng, - - ng, is an involution in BwyB. Then
dim O, > £(wo) + rk(1 — wg) = 70 by Theorem B.2] so that « € 44, by Table

We have established the information presented in Tables[8 and [ where w(O) =
Wow; .

TABLE 8. Spherical unipotent classes in F7, p =3 (or any p # 2).

o [ 7 w© [@wo]
Aq {2,3,4,5,6,7} sg, 34
24, {2,3,4,5,7} S8,58, 52
(3A1)N {2,3,4, 5} 58,582,584 54
(3A1)/ {27 9, 7} 581582583586 64
4A, %) Wo 70
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TABLE 9. Spherical unipotent classes in F7, p = 2.

| O I J | w(O) | 2 € ONBw(0)B | dim O |
Aq {2,3,4,5,6,7} 88, ng, 34
244 {2,3,4,5,7} S8,58, ng,ng, 52
(341)" {2,3,4,5} 581582584 LRI PLTeN 54
(341)' {2,5,7} 581582583586 N5 B N B3 M B 64
44, 1) wo ng, - Ng, 70

We have proved

Proposition 3.16. Let O be a non-trivial unipotent conjugacy class of E7. Then
O 1is spherical if and only if it is listed in Table ® or Q. If p = 2, these are precisely
the classes consisting of involutions. ([

We observe that, independent of the characteristic, zq, (1) € A1, Zo, (1)Za, (1)
€ 241, 2o,(DNxas(Dza, (1) € (BA1)", 2oy (Dxa,(1)z0s(l) € (341) and
Tan (1) Zay (1) X0y ()20, (1) € 44;. Hence every spherical unipotent conjugacy class
has a representative of the form [ ] ; #(1) for a certain set of pairwise orthogonal
simple roots K.

3.2.3. Type Fg. We put
ﬂl = (2?3’4’67534)3’2)3 ﬂQ = (2a2,374a3a2,170)a ﬁ3 = (0,17 1a2a2,27 130),
64 = (07 17 1727 1707070)7 65 = Qry, 66 = Qs5, 67 = Q3, 68 = Q.

For groups of type Eg we have to consider p = 2, 3, 5. If p = 3 or 5, then we may
apply the arguments in [5, Theorem 13] to prove that the orbits of types, A, 247,
3A; and 4A; are spherical, since to handle 34; and 4A4; we need results for D,
and Dg which hold due to [8, Theorem 3.4] and its proof. Therefore, now assume
p = 2. Then again we may use the proof of [5 Theorem 3.4] to deal with A; and
2A1. Note that in these cases

z_p,(1) € AiNBsg, BNU™,
.’L',ﬁl(l)l',gz(l) €241 N BSﬁ1852B NnNU™.

To deal with 34; and 441, again we may apply the arguments in [5, Theorem 13],
since we need results for D,, when p = 2, which we proved in §3.1.3. However, it is
also possible to show directly that ng,ng,ng,ns, € s3,58,58,58,8 N3A;1. To deal
with 4A; one can observe that x = ng, ---ng, is an involution in BwyB. Then
dim O, > ¢(wo) 4+ rk(1 — wgy) = 128 by Theorem B2 so that « € 44, by Table [l

We have established the information presented in Tables [0 and [IIl where
w(0) = wow, .

We have proved

Proposition 3.17. Let O be a non-trivial unipotent conjugacy class of Es. Then
O is spherical if and only if it is listed in Table [0 or Ml If p = 2, these are
precisely the classes consisting of involutions. O

We observe that, independent of the characteristic, 24, (1) € A1, x4, 1)z, (1) €
241, oy (1)xa, (1) 20 (1) € 3471, and x4, (1)2a, (1)Tag (1)2as (1) € 4A;. Hence every
spherical unipotent conjugacy class has a representative of the form ], ¢ Za(1)
for a certain set of pairwise orthogonal simple roots K.
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TABLE 10. Spherical unipotent classes in Eg, p = 3 or 5 (or any

p#2).
[0 [ 7 [ w0 [dw0]
Ay [[{1,2,3,4,5,6,7} 55, 58
24, | {2,3,4,5,6,7} 58,55, 92
3A1 {2,3,4,5} 561585583585 112
44, & Wo 128

TABLE 11. Spherical unipotent classes in Eg, p = 2.

| 0 ] J | w(0) |2 € ONBw(0)B[dimO |
Ay {1,2,3,4,5,6,7} 88, ng, 58
2A1 {2,3,4,5,6,7} 58,58, ng, Ny 92
34, {27 3,4, 5} 561582585585 B M N Bs M5 112
4A, 1%/ wWo ng, - Ngg 128

3.2.4. Type Fy. We put
B1=(2,3,4,2), B2=(0,1,2
B3 =(0,1,2,0), B4 =(0,1,0,
also 1 is the highest short root (1,2, 3,2).

For groups of type Fy we have to consider p = 2, 3. If p = 3, then we may
apply the arguments in [5, Theorem 13| to prove that the orbits of types A;, A;
and A;A; are spherical, since to handle A; Ay we need results for D, which hold
due to [8, Theorem 3.4] and its proof. Therefore, now assume p = 2. Here there
are more conjugacy classes O,, (due to the presence of the graph automorphism of
G) for which dim O,, < dim B (see Table[H). Each class consists of involutions. We
may take the following representatives:

l‘_ﬁl(l) € AiNBsg, BNU™,
z_,(1)€ AyNBs,, BNU".

SN
~—

To deal with ;152), we observe that u = xg, (1)z,,(1) € 12152) by [2, (13.1)]. Let K be
the Cy-subgroup of G with basis {(1,1,1,0),52}. Then §; and 7, are the highest
long and short roots in K, respectively. A direct calculation in Cy shows that wu is
conjugate to v =z, (1)xs,(1); hence
$,51(1)$,52(1) S 1219) N Bsg, s, BNU".

Finally, to deal with A; A; we observe that = = ng, - - - ng, is an involution in BuwyB.
Then dim O, > l(wg) + rk(1 — wg) = 28 by Theorem B2 so that z € A;A; by
Table[Bl We have established the information presented in Tables [I2] and 3] where
w(0) = wow, .

Proposition 3.18. Let O be a non-trivial unipotent conjugacy class in Fy. Then
O is spherical if and only if it is listed in Table or I3l If p = 2, these are
precisely the classes consisting of involutions.

We note that in G¢ there is an involution o such that C(c¢) is of type By and
such that O, lies over s,,. We also observe that if p = 2, then z,,(1) € A,

Licensed to Universita degli Studi di Padova. Prepared on Sun Nov 18 09:46:55 EST 2012 for download from IP 147.162.22.206.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A CLASSIFICATION OF UNIPOTENT SPHERICAL CONJUGACY CLASSES 2011

TABLE 12. Spherical unipotent classes in Fy, p =3 (or any p # 2).

0o [ J 1 woO [dmO]
A {2,3,4} 56, 16
Ay {2,3} 55,56, 22
A1A1 0 wWo 28

TABLE 13. Spherical unipotent classes in Fy, p = 2.

| 0 [ J | wO Jze0nBwO)B|dim0 |
Ay {2,3,4} 58, ng, 16
Ay {1,2,3} Sy Ny 16
121&2) {2,3} S8, S8, ng, N, 22
A Ay 0 wo NB N NN By 28

To, (1) € Ay, o, (1)Zay(1) € AjA; and these exhaust the conjugacy classes of
involutions with a representative of the form [, . z4,(1), K C II. In particular,

;152) has no representative of the form [];; za,(1).

3.2.5. Type G3. We put 81 = (3,2), B2 = a1, 71 = (2,1) (the highest short root).
For groups of type G2 we have to consider p = 2, 3. The p.o. set of unipotent
conjugacy classes is described in the tables in [28, Proposition IT 10.4].
If p = 2, the classification of unipotent conjugacy classes O for which dim O <
dim B is the same as over C and each class consists of involutions. We may take

l‘_ﬁl(l) c AN Bsg, BNU™.

To deal with A; we observe that z = ng,ng, is an involution in BwoB. Then
dim O, > €(wp) + rk(1 — wp) = 8 by Theorem B2} so that 2 € A; by Table

Therefore, now assume p = 3. Here there are more conjugacy classes O for which
dim O,, < dim B (see Table [), due to the presence of the graph automorphism of
G. We may take the following representatives:

l‘_Bl(l) € AiNBsg, BNU™,
z_ (1) €A NBs,BNU".

To deal with [153), we observe that since 4; < flgg) and A; < 2153), we get sg, <
w(/ig?’)) and s, < w(flg?’)) so that w(flg?’)) = wy, and we are done since dim /153) =
8.

We have established the information presented in Tables [[4] and 5 where
w(O0) = wow, .

TABLE 14. Spherical unipotent classes in Ga, p = 2.

| O [ J ] wO Jze0nBwO)B]dimO |
Ay {1} 81 "B 6

Ay 0 5B1582 np Mgy 8
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TABLE 15. Spherical unipotent classes in G5, p = 3.

[0 [ 7] woy [dmo]

A | {1} 58 6
A1 {2} Sy1 6
A(13) 0 58,58, 8

Proposition 3.19. Let O be a non-trivial unipotent conjugacy class in Ga. Then
O is spherical if and only if it is listed in Table 4] or 08l If p = 2, these are
precisely the classes consisting of involutions. O

Note that if p = 3, then x,,(1) € Ay, x4,(1) € A;, while Ags) has no represen-
tative of the form [, 24, (1), K CIL

This completes the classification of unipotent spherical conjugacy classes in bad
characteristic and the proof of Theorem [3:4] which clearly holds for every connected
reductive algebraic group in characteristic 2.

4. SYMMETRIC HOMOGENEOUS SPACES

In this section we shall prove that if G is a connected reductive algebraic group
over an algebraically closed field k of characteristic 2, then H = C(o) is a spherical
subgroup of G for every involutory automorphism o of G. This was proved by
Vust in [32] in characteristic zero (see also [23] over C). Then Springer extended
the result to odd characteristic in [29]. In [27], Seitz gives an alternative proof of
Springer’s result.

We start by observing that it is enough to assume G simple, for if G is connected
reductive, then G = S G - - - Gy, where S is the connected component of Z(G) and
G1,...,Gy are the simple components of G. Let ¢ be an involutory automorphism
of G. Then o fixes S and induces a permutation p of the set {1,...,t}. If p is
non-trivial, then it is the product of disjoint cycles of length 2. Suppose one of
these cycles is (1,2). Then o induces an isomorphism ¢ : G; — Ga. Let By = T1U;
be a Borel subgroup of G1, where U; is the unipotent radical of By and Tj is a
maximal torus. Let V; be the maximal unipotent subgroup of the Borel subgroup
of G1 opposite to By, and let R = B1V}¥ < G1G2. Then Cg, g, (o) N R is finite so
that Cq, ¢, (0) is a spherical subgroup of G1Ga, since dim Cg, ¢, (o) + dim B, V}? =
dim G1Gs. Of course Cs(0) is a spherical subgroup of S, so to conclude it is enough
to assume that G is a (connected) simple algebraic group.

In the following we assume that G is a simple algebraic group over k, of any
characteristic. We shall use a generalization of Theorem

Let 7 be an automorphism of G fixing B and T, and counsider G : (7). Assume
7 has order r. Then we have the Bruhat decomposition

G:(r)= U Br'wB.
weW, i€Z,

Let O be a G-orbit in G : (7). Then there exists a unique ¢ € Z, such that
O C Uypew Br'wB, and there is a unique z = z(O) such that O N Br'zB is open
dense in O. In particular,

(4.1) O=0NBT2B C Br2B = 7' B2B.
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It follows that if y is an element of O and y € Br'wB, then w < z in the
Chevalley-Bruhat order of W. Let us observe that if O is spherical and B.z is the
dense B-orbit in O, then B.x C Br'2B.

We still denote by 7 the automorphism of £ = X(T) ® R induced by 7 (i.e.
T(x)(t) = x(r71t7) for every x € X = X(T), t € T). For every w € W we put

T ={teT|w v Hrw=1t}.
We have dim 77" = n — rk(1 — Tw).

Theorem 4.1. Let 0 € G : (1), 0 = Tig, for a certain g € G, i € Z,, and let
O = G.o. Suppose that O contains an element x € BT'wB, for a certain w € W,
where U,,-1 is T-invariant. Then

dim B.z > f(w) + rk(1 — 7'w).
In particular, dim O > l(w) + k(1 — 7'w). If, in addition,
dim O < f(w) + 1k(1 — 7'w),
then O is spherical, w = z(O) and B.x is the dense B-orbit in O. O

Proof. Without loss of generality, we may assume = = 7u, for a certain represen-
tative w of w in N and u € U. Let us estimate the dimension of the orbit B,,-: .z,
where B,,-1 =TU,,-1.

Let vt € Cp, _,(z), with v € U,-1, t € T. Then

Thbuot = vtthiu = T wtrhiu = T erir T i = TP et T T itrtiu

so that, by the uniqueness of the decomposition, v = 1 since 77 w7’ € Uy, -1.
Moreover, from ut = Wittt it follows that ¢ = wtr—itrh). Therefore
Cp, ,(z) < T7*. Thus dim Cp, ,(x) < dim 77" = n — k(1 — 7%w) and

dim B,,-1.2 = dim By-1 —dimCp__, (z) > {(w) +n —n +1k(1 — )
{(w) 4 1k(1 — T'w).

If, in addition, £(w) + rk(1 — 7%w) > dim O, then dim O = ¢(w) + rk(1 — 7'w). In
particular B.x is the dense B-orbit in O. O

We observe that the condition 7(U,-1) = U,-1 is clearly satisfied if w =
Spy * " Sy, Where 71, ..., 7 are roots fixed by 7, or if {ry,...,7} is a T-invariant
set of pairwise orthogonal roots.

In the remainder of this section we assume that the characteristic of k is 2.

In the previous section we have already shown that C(o) is a spherical subgroup
of G when ¢ is an inner involution of G. We are therefore left to deal with outer
involutions, which exist only in the following cases: Ay, £ > 2, Dy, £ > 4 and Ej.

To prove that the fixed point subgroup of any outer involution of G is spherical,
we shall use the classification of outer involutions of G as in [28] and [2]. We
fix the graph automorphism 7 (of order 2) of G, and for each G-orbit O of outer
involutions of G we show that there exists an involution w = s;, - --s5, € W such
that O N BrwB is not empty, dim O = £(w) + rk(1 — Tw), the §;’s are pairwise
orthogonal positive roots and {d1,...,0¢} is 7-invariant. By Theorem L] O is
spherical (with z(O) = w). We consider the various cases: if 0 = 7g € G : (1),
C(o) stands for Cg (o). In each case we use the notation introduced in Section [3
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4.1. Type A,, n =2m, m > 1. We take G = SL(2m + 1). In this case there is
only one (class of) outer involution 7, the graph automorphism of SL(2m +1), and
C(r) = SO(2m +1). Then

dim SL(2m +1)/SO(2m + 1) = 2m? + 3m,
which is the dimension of a Borel subgroup of SL(2m + 1). We may take
T =1Tng, ---ng, € Twyb.

Then 2% = 1 since 7(8;,) = B, for each k, so that z lies in O,. Since Twy = —1, we
get
L(wg) + k(1 — Twp) = dim B,
and we are done.
We have established the information presented in Table[I6, where w(O) = wow, .

TABLE 16. Outer involutions of SL(2m + 1), m > 1, p = 2.

| O [ J] w(O) {2€0N7Bw(0O)B| dim0O |

| T || @ | wWo = Sy *** SR, | ™g, - Ng,, | 2m2 _|_3m |

42. Type A,, n = 2m — 1, m > 2. We take G = SL(2m). In this case
there are two (classes of) outer involutions: 7 and 7xg, (1), with C(7) = Sp(2m),
C(txp,(1)) = Cspam)(xp,(1)). We have

dim SL(2m)/Sp(2m) = 2m?* —m — 1.
We put J ={1,3,...,n}, w = wow,. We have
(w) = L(w) — L(w,) =m(2m — 1) —m = 2m? — 2m
and
tk(l — 7w) =rk(w, + 1) =m -1
since Twg = —1 and the (simple) roots in J are pairwise orthogonal. Hence
{(w) + k(1 — 7w) = 2m? —m — 1 = dim SL(2m)/Sp(2m).

We are left to exhibit a conjugate € TBwB of 7. For this purpose we distinguish
2 cases.

Assume m is even, m = 2r. Then there are precisely m positive roots v, ..., vYm
for which w() = —~, namely

Y2i—1 = €2i—1 — €2m—2i+1, V2i = €2 — €2m42-2;

fori=1,...,r and

W= Sy * " Sy
We also note that 7 exchanges v2;_1 and ~y; for each i = 1,...,r. In this case we
take

x=grg ",

where g is the involution g = z_,, (1)z_,(1)---2_,,,_,(1). Then
v=77_ (Dr_y,(V)z—ry (1) -2y, (D2, (1) € TBwB,

and we are done.
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If m is odd, m—1 = 2r, then there are precisely m—1 positive roots 71, . . ., Ym—1
for which w(v) = —~, namely

V2i—1 = €2;—1 — €2m—2i4+1, V2i = €2; — €2m42-2;

fori=1,...,r and

W= Sy """ Sypq-
We also note that 7 exchanges v9;_1 and ~9; for each i = 1,...,r. In this case we
take

x=grg ",

where g is the involution g = z_,, (1)z_,(1)---2_,, ,(1). Then
T = Tx—%(l)x—vz(l)x—%,(l) o .x_’Y'm.72(1)m_'\/7n71(1) € TBwB,

and we are done.
We finally deal with 725, (1), H = C(128,(1)) = Cgspam)(2s,(1)). We have

dim SL(2m)/H = dim SL(2m)/Sp(2m)+dim O" = 2m? —m—1+2m = 2m*+m—1,

where O’ is the Sp(2m)-orbit of xs, (1), which has dimension 2m (note that
dim SL(2m)/H = dim SL(2m)/SO(2m), and SO(2m) is the centralizer of an outer
involution of SL(2m) if the characteristic is not 2). Therefore dim SL(2m)/H is
the dimension of a Borel subgroup of SL(2m). As in the case when n is even, we
take w = wq,
T =1Tng, ---ng, € Twob.

Then 22 = 1 since 7(Bx) = By for each k, and for dimensional reasons, z is conjugate
to Tzg(1).

We have established the information presented in Tables 7 and I8 where
w(0) = wow, .

TABLE 17. Outer involutions of SL(2m), m > 2, m even, p = 2.

[ o 1] J | w@) [ z€e0nrBw(O)B [ dim0O |
T {1,3,...,2m — 1} [ 84y - 84, | T2y (1) -y (1) [ 2m7 —m — 1
Tz, (1) [ wo ™o 2m? +m —1

TABLE 18. Outer involutions of SL(2m), m > 3, m odd, p = 2.

[ o ] J | wO) | z€e0n7Bw(©O)B | dim0O |
T {,3,....2m — 1} | sy -84, 4 | Ty (D)oo (1) ] 2m* —m — 1
Tz, (1) [ wo Tno 2m? +m — 1

4.3. Type D,, n > 4. To deal with G of type D,, we shall, as usual, consider
G = SO(2n). Then the outer involutions of G' are obtained by conjugation with
involutions of O(2n). Note that if n = 4 and if G is adjoint or simply-connected,
then there are other outer involutions in Aut G. However, they are conjugate in
Aut G to involutions in O(2n).

Let 7 be the involution of O(2n) inducing the graph automorphism of SO(2n),
i.e. the graph automorphism acting trivially on (Xi,, | ¢ € {1,...,n—2}) and
such that z,, (&) < 24, (§), T—a,_, (&) < T_q, (&) for £ € k.
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The classes of involutions in O(2n)\ SO(2n) correspond to partitions 2¢ @ 1272
for ¢ < n with ¢ odd, with 7 corresponding to 2 @ 122, Let O, be the class
corresponding to 2¢ @ 1272, From [28, 2.9 b)] we get

dim Oy = dim Og,gp(gm(c) —2n 4 AJ,
where A\] = ¢1 + 2 = (2n— 2¢) + £ = 2n — {. Hence
dmO;=k(2n—{0+4+1)—2n+2n— £ ={(2n — )
for ¢/ < n with ¢ odd.
Let
H1 =€ —en, VI =e€+ey, W = 8, 8p;-
Then
lw)+rk(l—7Tw)=2(n—1)+1=2n—-1=dim O,

and 7(p1) = 1. We have

Ny TNy = TNy Ny
so that

TN, € O1 NWB.

To deal with the remaining classes, we put m = [%] and

Wi = €2;—2 — €21, Vi ==6€2;—2+€2-1, W;=Su;Su; " Su,;Suy;

fori=2,...,m.
Arguing as above, we can prove that

L(wy) + k(1 — T7wy) = dim Ogp—4

and
TRy M = NNy € Og01 Nwe B

for £ = 2,...,m. In fact it is enough to count the number of Jordan blocks of
dimension 2 in 7n,, n,, - - NNyt in T, Ny, there is 1, and in n,,n,, there are 2
foreach i =2,... /.

If n is even, then there are %n conjugacy classes of outer involutions, and we
are done. In particular, the maximal one is 2"~ @ 12 and corresponds to w =
Spu1Sur S Suy = Wo = —1.

If n is odd, then there are %(n + 1) conjugacy classes of outer involutions: the
maximal one is O,, = 2", which is the only one not in the previous list. We have

dim 0,, = n?.

Let ng be any representative in N of wg with ng of order 2 and commuting with 7.
Then x = Tng is an involution in TweB. Since

f(wo) + k(1 — Twg) = n? —n+n=n?
by Theorem {1l we have dim B.x > n?. However, z is an involution in O(2n)\
SO(2n), so that dim G.x < dim O,, = n?. Therefore x lies in O,, N Tw B, and we
are done.

Let Jp = {2¢,2¢+1,...,n} for { =1...,m. We have established the information
presented in Tables [[9 and 20, where w(O) = wow, .
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TABLE 19. Outer involutions of D,, n >4, n=2m, p=2.

[ [@] T 7] w(O) [ z€O0n7Bw(O)B ]| dim O |
20—1 2n—40+42
2 o 1" + Je SpySuy tSupSyy TR My N, M, (20 —-1)(2n — 204 1)
L=1,..., m—1
on—1 g 12 [1] WO = SpqSuy S Sum TRy Mg " Mgy Mo, n?—1

TABLE 20. Outer involutions of D,,, n >4, n=2m+1, p=2.

[ [@] 7] w(O) [ + € ONn7tBw(O)B ]| dim O |
22ee_i‘319 1271_::-*—2 Je SpySuy t SuySu, Ty Moy NNy, | (20— 1)(2n — 2£ 4 1)
2" 0 wo ™o n?

4.4. Type Es. There are two (classes of) outer involutions, 7 and 7xg, (1), where
7 is the graph automorphism of G. We recall from §3.2.7] that

ﬂ1:(132a2,37231), 52:(1,07131a1,1)a
63: (07071717170)7 54: (07070717070)‘

Note that each f; is fixed by 7.

Let us start with 7z, (1). We have K = C(txg, (1)) = Cp,(z,(1)), dim K = 36.
Let x = Tng,ng,ng,ng,. Since x is an involution in 7wy B, with £(wq)+rk(1—7Tw) =
36 + 6 = dim Eg /K, it follows that 724, (1) ~ x.

To deal with 7, we put 6, = (1,1,2,2,1,1), 2 = (1,1,1,2,2,1). We have

dim Eg/Fy = 26.
Note that 7(d1) = d2 and
0(85,85,) +1k(1 — 785,85,) = 24 + 2 = 26.

In fact, here J = {2,3,4,5}, w = 85,85, = wow, .
We show that 7 ~ mns,ns,. Let g = z_s,(1). Then

grg "t =12_5 (1)2_s,(1) € TBWB.
Moreover, since [7, x5, (1)xs,(1)] = 1, we get
x5, (Das, (V) 1a_s, (1)z_s,(1)xs, (1)x5,(1) = TRg, M6,
and we are done. We have established the information presented in Table[21] where

w(0) = wow, .

TABLE 21. Outer involutions of Eg, p = 2.

| O | J | w(O) [2€O0NTBw(O)B | dimO |
T {2,3,4,5} | ss, s, TN, Mg, 26
Tl’ﬁl(l) @ wo 7"rl,31’rl,gz’rl,gg’rllg4 42

This completes the list of outer involutions of simple algebraic groups in charac-
teristic 2. We have proved

Theorem 4.2. Let G be a reductive connected algebraic group in characteristic 2,
and let o be any involutory automorphism of G. Then the fixed point subgroup H
of o is a spherical subgroup of G. O

We conclude with another application of Theorem F.11
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4.5. Type G5 in D4. We show briefly how one can prove that the subgroup of type
G2 in Dy is spherical (in all characteristics). Let us assume G of type Dy. Without
loss of generality, we may assume G is adjoint. Hence if we denote by ¢ the graph
automorphism of G fixing as and mapping a1 — a3 — a4 — a1, then the fixed
point subgroup K of ¢ is of type G3. Let 1 = a3 + as + as, o = a3 + as + ay,
03 = a9 + a3 + g, and let w = wps2 = s5, 55,55, We have

l(w) +1k(1 — pw) = 14 = dim Dy /Gs.

It remains to show that a G-conjugate of ¢ lies in ¢ BwysaB C G : ().
Let g = x_s,(&1)z_5,(2)x—s,(€3). Then

999~ = a5, (=61 — &)z s, (& — &)z 5, (& + &2).

If we choose &1, &2, &3 such that & + &3, {2 + &1 and —&3 + &2 are non-zero, then
gpg~ ' € pBwysy B, and we are done.

Remark 4.3. If the characteristic is zero, we may apply the arguments in [I1].
Since T¥Y = H,, is connected, it follows that, in the simply-connected case, the
monoid A\(D4/G2) of B-weights in k[D4/Gs] is generated by w,ws, wy, since G is
connected and has no non-trivial characters, so that the monoid A(D4/Gz2) is free
(and it contains (1 — pw)PT, which is the monoid generated by w; + w3, wy + wa,
w3 + wy, w1 + w3 + wy) (see also [20]).
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