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ABSTRACT. We study regularity properties enjoyed by a class of
real-valued upper semicontinuous functions f : R4 — R whose
hypograph satisfies a geometric property. This property implies
the existence of a sort of (uniform) subquadratic tangent hyper-
surface at each point P on the boundary of hypo f, a hypersurface
whose intersection with hypo f in a neighbourhood of P reduces
to P. This geometric property generalizes the concepts of both
semiconcave functions and functions whose hypograph has posi-
tive reach in the sense of Federer; the associated class of functions
arises in the study of regularity properties for the minimum time
function of certain classes of nonlinear control systems and dif-
ferential inclusions.

We will prove that these functions share several regularity prop-
erties with semiconcave functions. In particular, they are locally
BV and differentiable almost everywhere. Our approach con-
sists in providing upper bounds for the dimension of the set of
nondifferentiability points. Moreover, a finer classification of the
singularities can be performed according to the dimension of the
normal cone to the hypograph, thus generalizing a similar result
proved by Federer for sets with positive reach. Techniques of
nonsmooth analysis and geometric measure theory are also used.

1. INTRODUCTION

We study a class of upper semicontinuous functions f : R4 — R whose hypograph
hypo f (see Definition 2.3) satisfies a geometric regularity property: namely, there
exist ¢ > 0, @ € ]0,1] such that for each P on the boundary of hypo f, there
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exists a unitary Fréchet (outer) normal v € N ypo #(P) N $% o hypo f with

(1.1 (v,P-Q) <c|P-QqQJ'? for every Q € hypo f.

Geometrically speaking, this inequality expresses the fact that, in a neighborhood
of each point P on the boundary of hypo f, there exists a “subquadratic” smooth
hypersurface I'(P) whose intersection with hypo f reduces to P. One could also
say that I'(P) is supertangent to hypo f in a generalized sense.

When 0 = 1, condition (1.1) reads as

(1.2) H(P——) QH = forevery Q € hypo f,

which means that the open sphere of center P—v /(2¢) and radius 1/(2¢) lies out-
side hypo f and touches the boundary of hypo f at P. This property is also called
exterior sphere condition, and was studied by several authors, mainly in connection
with regularity problems arising in the control theory. In particular, in Proposition
3.2 of [10] it is proved that if a closed set K = R4*! satisfies an interior sphere con-
dition (i.e., the closure of its complement satisfies an exterior sphere condition),

then the distance function dist(-, K) satisfies in R4+ \ K a regularity property
called semiconcavity with a linear modulus, which can be regarded as a smooth C?
perturbation of concavity. We refer the reader to the monograph [11] for a de-
tailed description of the properties of semiconcave functions and their applications
to the regularity theory for the value function of optimal control problems.

If we strengthen the exterior sphere condition by requiring (1.2) to hold for
every v € nypo JC(P) N S4 (while in its formulation this is required just for az
least one normal), we are in the class of functions whose hypograph has positive
reach in the sense of Federer. In finite dimension, sets of positive reach were
introduced by Federer in [24] as a generalization of convex sets and sets with C?-
boundary. They enjoy several strong geometrical characterizations; indeed, the
following statements are equivalent:

(i) K = R4 is a closed set with positive reach;
(ii) Property (1.2) holds for every v € nypof(P) NS4
(iii) There exists a neighborhood U of K such that dist(+, K) is of class C'1 (U);

(iv) There exists a neighborhood U of K such that the metric projection onto
K is single valued.

If we are also allowed to take C = 0 in condition (1.1), then the set is convex
and U = R4*1, Several authors studied sets with positive reach in both finite and
infinite dimension; we refer to [21] for a comprehensive summary of the results
on this topic.

Upper semicontinuous functions whose hypograph has positive reach share
several regularity properties with concave functions: it was proved in [15] that,
around almost every point of their domain, they are actually Lipschitz continu-
ous, semiconcave with linear modulus, and twice differentiable almost everywhere.
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In [17], [19] and [20], some regularity results were proved for the minimum time
function T(-) of control problems; under suitable weak controllability assump-
tions, it is proved that the epigraph or hypograph of T(-) have locally positive
reach, thus generalizing the results of [10] and [11].

The link between the exterior sphere condition and the positive reach property
was recently investigated in a series of papers [32—36], where several properties and
sufficient conditions granting positive reach properties are proven starting from
the weaker exterior sphere condition. One of the main results in this sense is that,
if a set satisfies an exterior sphere condition and is wedged (i.e., the normal cone
does not contain lines), then it has positive reach. From a different viewpoint, it
was shown in [30, 31] that the notions of exterior sphere and positive reach are
almost equivalent in the sense of measure: namely, up to a closed exceptional set of
zero measure, every set satisfying a uniform exterior sphere condition has positive
reach.

However, it is easy to give examples where the hypograph of the minimum
time function does not satisfy an exterior sphere property, so that the results of
[19,30] cannot be applied. Let us consider the constant control system

x(t) =0,
(1.3) y () =u(t) €[0,1],
(x(0),¥(0)) = (x0,¥0) € R?,
together with the target 7 = {(x, B) : B = f(x)}, where

f) =11 if x <0,
-x*3 ifx > 0.

A

FIGURE 1.1. The system x =0, 3 € [0, 1], and the target 7 .
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The minimum time to reach the target 7 subject to the above control system
is denoted by T. It can be proved (see Appendix A) that hypo T does not sat-
isfy an exterior sphere condition, but still enjoys the weaker uniformity regularity
property (1.1) with 0 = 1.

The previous considerations motivate us to study the class F(Q) of real func-
tions defined on Q C R¥ satisfying condition (1.1), in order to provide a new
regularity class which, hopefully, will cover the regularity properties for the mini-
mum time function of certain classes of nonlinear control systems and differential
inclusions [9] that does not satisfy an exterior sphere condition.

We state our first general result for closed set K ¢ R4*!, concerning the struc-
ture and dimension of the set K/) of points on 0K where the Fréchet normal cone
to 0K has dimension larger than or equal to j. This result generalizes a similar
result proved by Federer for sets with positive reach. Indeed, it shows that K ()
can be covered by countably many Lipschitz graphs of d — j + 1 variables.

Theorem 1.1. Let K = R be closed: then K\ is countably HAT _pects-
fable. In particular, K E_,J) also are countably HA-J rectifiable.

The sets K% are here defined in the same way as K'/) by taking the normal

cone to K and R4+1\ K, respectively; see Definition 4.1. Concerning the differ-
entiability properties of functions, we denote by 85 the set of non-differentiability
points of f, and prove the following result:

Theorem 1.2. Let Q be a nonempty open subset of R4, and let f € BVioc(Q)
be an upper semicontinuous function; set K := hypo f. Assume that, for H-almost
every (x, Bx) € 0K N (Q X R), it holds that NE(x, Bx) # {0}. Then Ld(Sf) =0.

The previous result is applied to show that functions in the class F(Q) will
share several properties with semiconcave functions with a nonlinear modulus,
like having (locally) bounded variation and being differentiable almost everywhere.
Moreover, for a function in F(Q), finer BV estimates can be performed around
singular points; such estimates give sharp upper bounds, related to the exponent
0 appearing in (1.1), on the dimension of 8§ ¢.

Theorem 1.3. Let Q = R4 be nonempty and open and let f € F(Q). Then, for
any open set U € Q, we have

g_cd—(?/(lJrG)(Sf NU) < +.

In particular, dimy 8¢ <d — 0/(1 + 0).

The problem of providing sufficient conditions yielding SBV regularity arises
in the study of the minimum time function, and is still open; indeed, as showed
in [18], in general this property does not hold even in the positive reach case.

The paper is organized as follows. In Section 2, we fix the notation and state
definitions and preliminary known results of nonsmooth analysis and geometric
measure theory that will be used later. In Section 3, we introduce the main objects
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of our investigations and discuss their simplest properties. Section 4 and 5 are
devoted to the proofs and consequences of, respectively, Theorems 1.1 and 1.2.
In Section 6, we give suflicient conditions on functions in order to ensure the lo-
cal semiconcavity property out of the singular set, and we perform a comparison
between the Frechét and measure theoretic normals. In Section 7, we prove The-
orem 1.3. Finally, in Appendix A we discuss an example arising in the minimum
time problem.

2. PRELIMINARIES AND NOTATION

We begin by recalling some basic notation.
Definition 2.1. Let K be a closed subset of R4, S < RY, x = (x1,...,X4) €
K,y =1,...,va) € R% ¥ > 0. We denote the following:
- (-, ), the usual scalar product in R4,
. 0S, int(S), S, the topological boundary, interior, and closure of S, respec-
tively;
- diam(S) := supillzy — 22l : 21,22 € S}, the diameter of S;
. P(S):={B<R4:BcS}, the power set of S;
- BY:={w e R%: |wl| < 1}, the unit open ball (centered at the origin);
. Sd4-l = e RA: ||lw| = 1} = 0B, the unit sphere (centered at the
origin);
- B(y,r):={zeR¥:|lz—y| <r} =y +7B4, the open ball of center
v and radius ¥;
- Sq(v,7) = {(z1,...,24) € RY : maxj_
square of center ) and side 27;
« dg(y) :=dist(y,K) = min{||z — ¥ : z € K}, the distance of y from K;
- g (¥) :={z €K :||lz-yll = dx(¥)}, the set of projections of ¥ onto K.
If mg () = {&} (i.e., it is a singleton), we will identify the set Trx ()/) with its
unique element, and write g () = &.
The characteristic function X : R? — {0,1} of S is defined as Xg(x) =1if
x e S§,andas xg(x) =0ifx ¢ S.
If S1,S, < R4, their symmetric difference is defined as

S1A5; = (S1US52) \ (511 S2).

IfV,W < R? are two subsets of R%, we will write V.€ W if V is bounded and
Vew.

The Fréchet normal cone and the Bouligand tangent cone to K at x are defined
respectively by

NE(x) := veR?: lim sup <v’&> <ol
y—x,yeK\{x} Iy —xll

dlyi — zil < r}, the open
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TE(x) := {Ag eRY:A=0, I {yuln K\ {x},

Yn = X, Sudlthatg:}ﬂﬂ:ﬁ}-
n

Notice that N Ilz (x) is always closed and convex. We have
NE(x) = (TE(x))* := {v e R?: (v,w) <O forall w € T (x)}.

Definition 2.2. Let V,W < R4*! be nonempty. The vector space generated by
Vis

n
Span(V) :={Zajvj:ne N,a;eR, v;eV, j= 1,...,n}.
j=1

The set W is called convex if we have Aw; + (1 —A)w, € W for every wi, w, € W,
A € [0,1]. We denote by dim W the dimension of the linear space Span(W — W)
spanned by the elements of W — W := {w; — w, : wi,w, € W}, and notice that
Span(W — W) = Span(W) if 0 € W.

Definition 2.3. Let Q < R4 and f: Q — RU {+o} be a function. For
x € Q fixed, we denote the following:

f(x):= limsup f(y), F(x) := limsup f(y) = max{f(x), f(x)};

Y—X,Y#X y-x
Fx)i= liminf f(),  f0):=limipff () = min{f (), £()};

dom(f) := {z € Q: f(z2) € R}, the domain of f;
hypo f := {(z,B) e QX R: B =< f(2)}, the hypograph of f;
epif = {(z,0) e QX R: x = f(z)}, the epigraph of f;

O f(x):={v eR: (—v,1) € N, ¢ (x, F ()5

Orf(x):={veRT: (v,-1) € N +(x, f(x))}.
We say that f is upper (respectively, lower) semicontinuous if f(x) = F(x) (respec-
tively, if f(x) < f(x)) for any x € Q, or, equivalently, if hypo f (respectively,
epi f) is closed in Q X R. For upper supercontinuous functions, we have

fo)=f0) < f)<fx)=fx) Vxeq
while for lower semicontinuous functions, we have

fx)=fx) = f(x) < f(x) = f(x) VxeQ
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The sets 0F f (x) and 0r f (x) are called, respectively, the Fréchet superdifferen-
tial and the Fréchet subdifferential of f at x. We recall that

Orfx) = {v e R?: liminff X —FX) - W,y =-x) o},
yox ly — x|

f f(x) = {v e R%: limsupf(y) —f 00 — v,y = x) < 0},
y—x ly —xll

are, respectively, the set of Fréchet subgradients and supergradients of f at x. It may
happen that 0r f(x) = of f(x) = @. However, if 0rf(x) contains more than
one element, we have that of f(x) = @; conversely, if dF f(x) contains more
than one element, we have that 0r f(x) = @. We have that f is differentiable
at x, with differential denoted by V f(x), if and only if 0 f (x) and oF f(x) are
both nonempty; in this case, 9 f(x) = oF f(x) = {V.f(x)}.

For the sake of completeness, we state and prove the following simple results,
which we will use several times throughout the paper.

Lemma 2.4. Let Q be a nonempty open subset of R* and f : Q — R be a
function. Set K := hypo f. Then

(1) If(x,B) € 0K and v € N (x, B), then Va1 = 0; )

(2) Forall x € Q, we have (x,B) € 0K = f(x) < B =< f(x);

(3) If f(x) < B < f(x), we have Ni (x,B) = R4 x {0};

(4) If f(x) < B < f(x), we have Nf (x, B) = R% x {0};

(5) If f(x) < P1 < Pa = f(x), then NE (x, B1) = NE(x, Ba).

Proof. Let us begin with statement (1). Let {(x, Bx)}ken € K be a sequence

converging to (x, B) € 0K. Since yx := min{B, B} — lIxx —x[I'/? < Bk < f(xx),
we have also (xk, yx) € K for any k. Moreover, one has (x, yx) — (x, ) and

lIxk — xIl = o(llxk — x11'?) < o(lyx — Bl)

(we have used |yx — Bl = B — ¥k = lIxk — x1'/?), and this gives

B o (XK, yK) — (x,B)
vas = lim <”’ Tk vi0 — (x,B)||> =0

because v € Nf;(x, B).
We now examine statement (2). If B < f(x) (respectively, B > f(x)), it

is easy to show that (x,B) € intK (respectively, (x,B) € int(R4*+1 \ K)). This
proves one implication. For the reverse one, fix x € Q and let {x} }ken, {Xk}ken
be two sequences in Q converging to x and such that

f&) = fx), flx) = f(x) ask — +o.
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Take fx)<B=< F(x), B €R. Possibly passing to a (not relabeled) subsequence,
we have for large enough k that

fl) <Brp and B < fGR,

that is, 1

_ 1
(&kiﬁ + E) ¢ K, <xk,B— E) e K.
This gives (x, B) € 0K because both (x, B+ 1/k) and (X, B — 1/k) converge to
(x,B).
Concerning statement (3), we want to prove that, if v = (v/, v4+1) € R4X R
is such that v44; # 0, then v ¢ NgK(x,ﬁ). If € > 0 is small enough, we have
B+ esgn(vasr) €] f(x),f(x)[ and, by statement (2), we get

(x,B + esgn(vas1)) € 0K.
Thus

i < (x, B+ esgn(vayi1)) — (x,B)
m

LAY l(x, B+ esgn(vas1)) — (x, Bl

thatis, v ¢ Nig(x, B).
As for statement (4), we have by (1) that v44; > 0 for any v € NE(x, B),
B e [f(x),f(x)[. Since (x, B + €) € K, for € > 0 small enough, one has

o (x,B+¢€) = (x,B)
vas = lim <”' I(x, B +¢) — (x,B)II> =0

whence v4.1 = 0, as desired.
Finally, statement (4) ensures that, if v € NE(x,B1) and B < B2, then
Vi+1 = 0. Therefore

: (v,y) — (x,B2) >
l b
Ka(ylf;l;u(?c,ﬁz) <v (v, y) = (x,B2)

> = |vd+1| > 01

. .y — (B2 — B1)) — (x, B) >
- ] ,
Koo ) <“ 17,y — (B2 — B1)) — (x, B

1 (y,)?)_(xyﬁl) >
< 1 , A <0,
S ot <v 1, 3) =, B0l ) =

that is, v € NX(x, B2). We have used the fact that

(7,y) — (x,B2) = (,¥):=(,y — (Ba—B1)) — (x,B1),
(v,y) eK= (,¥y):=(y,y —(B2— B1)) €K.

This concludes the proof of statement (5), and of the lemma. O
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Definition 2.5. Let C < R%*! and N : C — P(R*!) be a set-valued map,
which will also be called a multifunction and denoted by N : C = R4*1. We
say that N has closed graph if, for every sequence {(Xn,Vn)}nen S C X RA+1
converging to (x,v) € C X R4*! and such that v, € N(xy) for every n € N, we
have v € N(x).

A multifunction N : C = R4+ s upper semicontinuous if, for every x € C and
¢ = cx > 0, there exists § = 8(cx,x) > 0 such that N(y) € N(x) + cxB4*! for
every ¥ € Cn (x + 8(cx, x)B4*1). It holds that a compact-valued multifunction
with closed graph is upper semicontinuous (see, e.g., Theorem 1 in [1, p. 41]).

The notion of semiconcave function will also be used (see [11]):

Definition 2.6. Let Q < R% be open, and @ : [0, +o[ — [0,+oo[ be an
upper semicontinuous nondecreasing function such that lim, ¢+ @(r) = 0. We
say that a function f : Q — R is semiconcave of modulus  if the inequality

Af)+ A =20)f () - fAx+ (1 -A)y) <A1 -Dwo(lx - yIDix -yl

holds for every x, ¥ € Q, A € [0, 1] such that Ax + (1 —A)y € Q. We call locally
semiconcave a function which is semiconcave on each compact convex subset of its
domain.

This definition generalizes the classical notion of semiconcavity, which con-
cerns moduli w(-) of the form w (r) = c¥, for a suitable constant ¢ > 0. If this
is the case, we say that f is semiconcave with linear modulus, and we call ¢ the
semiconcavity constant. A function f is called semiconvex if — f is semiconcave.

The following result gives characterization of semiconcavity with linear mod-
ulus (see [11]).

Proposition 2.7. Let Q = R4 be open and f : Q — R be a function. Then the
Jollowing statements are equivalent:

(1) f is semiconcave with linear modulus and semiconcavity constant ¢ > 0;

(2) The function x — f(x) — c|x|? is concave in every convex subset of Q;

(3) f€COQ) and f(y+h)+f(y—h)—2f(y) < clh forany v, h € RY

such that the segment joining ¥ + h and y — h is contained in Q.

We recall some basic concepts from geometric measure theory. The major
references are [22], [24], and [2].

Definition 2.8. Let Q@ = R4 be open and L > 0. We say that a function
S+ Q — R is Lipschitz continuous of rank L in Q, and we will write f € Lip(Q), if

If(x) = f) <Lllx -yl forallx,yeQ.

We say that f'is locally Lipschitz continuous in Q, and we write f € Lip, (Q), if
for every open bounded set U < Q, we have f € Lip(U).

Rademacher’s theorem (see, e.g., Theorem 2.14 in [2]) states that if f €
Lip,,.(Q), then f is differentiable at £L4-almost every point of Q.
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Definition 2.9. Let A = R% and 0 < p < d. The p-dimensional Hausdorff
measure HP (A) is defined by 3P (A) = lims_q+ H} (A), where

35 (A) = wp inf{ Y (diam(U))? : A < Ui, diam(Uy) < 5}
i=1 i
and
2I(p/2+1) S
p = T, F(p) ::/0 tP~tetdt.
When p € N, the constant w, equals the p-dimensional Lebesgue measure of the
unit ball in R?. Moreover, K4 (A) = £L4(A) for any A R4,
We define the Hausdorff dimension dimg (A) of A by setting

dimgc(A) := inf{p = 0: HP(A) = 0} = sup{p = 0: HP(A) = +o}.

Let k € N; we say that A ¢ R4 is countably U-Ck-rectz'ﬁable ifAcNuUL S,
where S; are suitable k-dimensional Lipschitz surfaces' and N is a i}Ck—negligible
set. We say that A is }Ck—rectz'ﬁable if it is countably HK-rectifiable and #k(A) <
oo, while A is locally F*-rectifiable if A N K is H¥-rectifiable for any compact set
K < R4, Given an open subset Q of R4 and a Lipschitz continuous function
S+ Q — R™, with Lipschitz rank L > 0, for every 0 < k < d, the estimate
HR(F(S)) < LkFK(S) holds for all S < Q. (see Proposition 2.49 (iv) in [2]).

We will use several times the following result about Hausdorff and Radon
measures, for which we refer to [2, Theorem 2.56].

Theorem 2.10. Let Q = R? be an open set and | a positive Radon measure in

Q. Then, for any t € 10, +oo[ and any Borel set B < Q, the following implications
hold:

d
U(x + rB%) .

li > tHP
1£nj)1+1p w17 t VxeB= u=tHVLB,
a
limsupwst Vx€e€B= u<2PtHPLB.
=0+ prp

The concepts of functions of bounded variation and of sets with finite perime-
ter will also be used (see p. 117 and p. 143 in [2]).

I\We say that § = R4+ is a k-dimensional Lipschitz surface if, for any x € S, there exists an open
neighbourhood U 3 X, a k-dimensional plane 11, and a Lipschitz function g : T — 71+, such that

SNnU={y,fy)emxmt:yem}nU.
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Definition 2.11. Let Q = R% be open, and u € L'(Q). We say that u is a
function of bounded variation in Q (denoted by u € BV (Q)) if the distributional
derivative of u is representable by a finite Radon measure in Q, that is, if

——/(pdDiu forallp e C2(Q), i=1,...,d
0Xi Q

for some Radon measure Du = (D1u,...,Dau). We denote by [[Dull the total
variation of the vector measure Du, that is,

DUl (Q) := sup{/me)divcb(x)dx L€ CHOQ,RY), (Il < 1}.

Accordingly, u € Llloc(Q) is a function of locally bounded variation in Q (denoted
by u € BVio(Q)) if u € BV(U) for every open set U € Q.

Definition 2.12. Let E < R+ be £4+!_measurable, and let Q = R4*! be
open. Here, E has finite perimeter in Q if its characteristic function x; has bounded
variation in Q; in this case, the perimeter of E in Q is defined as P(E,Q) :
IDXElI(Q). We say that E has locally finite perimeter in Q if P(E,U) < +co for
every open set U € Q.

Definition 2.13. Let u be a Radon measure on R4, and let M be the union
of all open sets U < R4 such that u(U) = 0; the complement of M is called the
support of p and is denoted by supp(u).

The following concept of normal vector was introduced by E. De Giorgi.

Definition 2.14. Let Q be a nonempty open subset of R4*!, and E = R%+!
be a set of finite perimeter in Q; we call the reduced boundary of E in Q) the set 0*E
of all points x € supp(IIDxgIl) N Q such that

Dxg(x + pBa+1) dDx;
ve(x) := lim (x)
E p—0- IDX;N (x + pBA*T) ~ d[[Dxll

exists in R4*! and satisfies ||[Ve(x)|| = 1. The function —vg : 3*E — R4+! is
called the measure theoretic outer normal to E in x.
Finally, the following measure-theoretic concepts will be used in our analysis.
Definition 2.15. Let E < R4*! be a Borel set. For x € R4l and 0 < k <
d+ 1, we set
lim HK(E N (x + pBitl))

5k
(%) p—0* wipk

provided the limit exists. It is well known that, for k = d + 1, the limit actually
exists and is equal to 1 for £L4*!-almost every x € E; we call any such point a
Lebesgue point of E.
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Definition 2.16. Let E = R4*! be £4*!-measurable. We set (see p. 158 in
[2]) the following:

E%:= {x e R : 54" (x) =0}, the measure theoretic exterior of E;
E':= {x e R¥""': 84" (x) =1},  the measure theoretic interior of E;

OmE := R\ (EC U EY), the measure theoretic boundary of E.

Concerning the relations among the concepts of boundary introduced above,
we recall the following result (see Theorem 3.61, p. 158, in [2]).

Theorem 2.17 (De Giorgi, Federer). Let Q be a nonempty open subset of R4+!
and E < R4 be a set of finite perimeter in Q. Then, 0*E N Q is H -rectifiable, and
we have

(2.1) Dx;LQ=vpHIL(0*E N Q),
(2.2) IDXEIILQ = HAL(D¥E N Q),

(2.3) a*Eng{er:(S%“(x):%}gaMEngaEmQ,

and
HAQ\ (E°UB*EUEY)) =0.

In particular, E has density either 0, or %, or 1 at H4-almost every x € Q, and
H4(OyE \ 0*E) = 0.

We conclude this section with a lemma which will be used several times in the
sequel; the interested reader is referred to [2, Section 3.2].

Lemma 2.18. Let f € BV (a,b); then there exists a measurable set I < (a,b)
such that LY(I) = b — a and |Df|(a,b) = |f(t) — f(s)| forany t,s € L.

3. STANDING HYPOTHESIS AND FIRST CONSEQUENCES

Definition 3.1. Let U = R4*! be open and K = R?*! be nonempty and
relatively closed in U. We say that K is N-regular in U if there exists an upper
semicontinuous multifunction N : 9K N U = S$4 such that for every x € 0K n U,
the following two properties hold:

(N1) @ # N(x) < NE(x) n §4;

(N2) There exist 0 € ]0,dist(x,dU)[ and a continuous function wy : R* —
R* with limy_o+ wx (¥)/r = 0 and satisfying the following uniformity
property: for every y1 € (X + Ox B4*1) N 0K there exists V(1) € N(y1)
such that

(v, v2 = 1) < wx(lya —»ll) forall y; € (x + 5xB4) NK.

We will say that K = R4*! is N-regular if K is N-regular in R4*1.
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Remark 3.2. Roughly speaking, a set is N-regular if we can find a suitable
selection of the normal cone satisfying good properties of uniformity and conti-
nuity. Clearly, every set K that is the closure of an open C! domain is N-regular:
just set N(x) := {vg(x)} for every x € 0K, where vk (x) is the exterior unit
normal to K.

Also, a closed convex set C is N-regular with

N(x)=NEx)nst={vest:veR™ :(v,y —x)<O0forall y € C}.

Remark 3.3. One could give several different characterizations of N-regular
sets. For instance, K is N-regular in U if and only if one of the following conditions

hold:

(1) K NV is N-regular in R4*! for any C' domain V € U;

(2) KNV is N-regular in R%*! for any C' domain with V < U.
The same holds if one replaces the C! smoothness of V' (in the previous conditions)
with the assumption that V is an N-regular domain.

Remark 3.4. When K is N-regular in U, we can always assume that the set-
valued map N has closed graph, since it is sufficient to replace N with x — N(x).

Definition 3.5. Let U = R4*! be open and K = R?*! be nonempty and
relatively closed in U; letalso z € 0K n U, 0 € 10, 1] and C = 0. We define

3.1 (@ = {Cer (L2 ~2) < C- TN - N2 - 2]
forallz’ e K n U}.

When K is closed, U = R4*!, and z € 0K, we then simply write TNIE’Q(Z) instead
C,Q,le'H
of NSOR (7).

We notice that 0 € NIE’Q’U(Z) c N};(Z). Moreover (we omit the trivial
proofs),

(1) IfC e N9V (x), then puC € NSOV (x) forall p = 0;
(2) The multifunction N$'®U : 9K n U = R4*! has closed graph.

Now, let Q@ € R4 be nonempty and open and f : Q — R be upper semicontinuous.
By adapting the previous definition, for (x, Bx) € 0 hypo f N (Q X R), we define

ﬁf}lgof(x, Bx) as the set of those (v,A) € R% X R such that

(3.2) ((v,A),(y—x,B-Bx))
< Cll(w,) Iy —xII' + B = Bx 1'%V (¥,B) € hypo f.

We notice there exist constants ¢1, ¢z > 0 depending only on d and € such that

N e 0, ) € Nigo, (6, Br) € Nizeo G R (x, o).
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It is clear from the definition that ﬁlﬁ;}iof :0hypof N (QxXR) = R4+1 also has
closed graph.

Example 3.6. Geometrically speaking, formula (3.1) expresses in a quantita-
tive way the existence of a subquadratic surface touching the set K from outside.
Figure 3.1 gives example of these subquadratic surfaces “lying outside” the set K
(in a sense given by (3.1)) in the two-dimensional case. We draw the curves im-
plicitly defined by the equation

(v,P-Q)=llvl-IP-Q|'?

by taking Q = 0, |lv|l = 1, and different values of 6. Notice that when 0 = 1,
we have a circle and, as @ — 0, the surface shrinks to its longest axis of sym-
metry, whose direction is given by v. The pictures show the situation for v =

(cos @, sin @), respectively, in the cases @ € {0,17/6,7/2} and 6 € {1, %, %, é}.

1.0} 1.0
T v
05} 2 0.5
r v
“o5 05 v Jl0  —05 S 1.0 05 1.0
—05} ~0.5 —05}

FIGURE 3.1. The subquadratic surfaces in R%, @ =0,77/6,17/2.

We are ready now to introduce the classes of sets and functions which are the
subject of our investigation.

Definition 3.7. Let U < R4*! and Q < R? be open. We define
gV .= {K c U : K is relatively closed in U and 3C 20, 0 < 0 < 1
such that ng‘e‘U(z) # {0} forall z € 9K n U},
= gR,
F(Q) := {f : Q — R : f upper semicontinuous, hypo f € ?QXR}
= {f :Q — R: f upper semicontinuous, 3C =20, 0 <0 <1
such that N0 (x, Bx) # {0} V (x, Bx) € Bhypo f n (A x R)}.

Remark 3.8. One could be tempted to define the class F(Q) as that of those
functions f such that hypo f € F. Anyway, it is desirable for F(Q) to contain at
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least smooth functions, and one can check that (with this second definition) not
even the constant functions would belong to F(Q) when 0Q is “very irregular”.

If K € FY, then there exist C > 0, 0 < 0 < 1 such that K is N-regular in U

with
N(x) =NV (x) n s < NE(x), wx(r):==r"? VxedKknU.

The upper semicontinuity of N follows from the fact that NV (x) has closed
graph.

Definition 3.9. Let C > 0. We say that a closed set K € F

(a) satisfies the uniform exterior sphere condition of radius 1/(2C) if, for all

z € 0K, we have ng‘l(z) #+ {0};

(b) has positive reach if NIE’I(Z) = N}?(z) # {0} for all z € 0K. In this case,
we set

reach(K) = inf{% NG (2) 4 {0} forall z € aK} ;
(c) has locally positive reach if K N v B4*! has positive reach for any 7 > 0;
(d) is convex if reach(K) = +oo.
We refer the reader to [21, 24] for a survey of the properties satisfied by sets
with positive reach, on which the class F is modeled.

4. REGULARITY RESULTS FOR SETS:
RECTIFIABILITY OF THE SINGULAR SET AND FINITE PERIMETER

In this section, we prove regularity results for the boundary of a closed set K <
R4+! in a quite general setting. They will be used later to prove fine regularity
properties for functions in the class F(Q).

The first result extends an analogous result for the class of sets with positive
reach proved by Federer in Remark 4.15 of [24]. It concerns rectifiability and
Hausdorff dimension of the sets of points where the Fréchet normal cone has large
dimension (i.e., corners or cusps): more precisely, if we partition the boundary of
K according to the dimension of the normal cone to the boundary, we have that
the Hausdorff dimension of such sections decreases as the dimension of the normal
cone increases. Roughly speaking, points with /zrge normal cone are relatively few.

Definition 4.1. Let K = R4*! be closed; for j = 1,...,d + 1, we define

(4.1) KD = {x € 0K : dim(NL (x)) = j},
(4.2) K = {x € 0K : dim(NE (x)) = j},
(4.3) KY = {x e dK: dim(NE—(x)) = il

We notice that KU o g g o g2 g 5 g2 e < Ji<j<d+1,
and that K < KU, Clearly, KV = {x € 3K : NE, (x) + {0}].



60 ANTONIO MARIGONDA, KHAI T. NGUYEN ¢ DAVIDE VITTONE

In order to use local arguments, we will need the following estimate which
gives some uniformity with respect to the elements of the normal cone:

Lemma 4.2. Let K = R be closed, and define § : KV x 10,1] — 10, +0]
by setting

O(x,&) = %sup{5 ER:{(v,y —x) <elly —x|
forall y € 9K n (x + 6B4™Y), v € NF (x) n Sd}.

Then, for every x € KV and 0 < € < 1, we have 5(x, €) > 0.

Proof- Since NgK(X) NS4 is compact, we can find a finite set

Ax = {v1,...,UN.} S NE(x) 0 §4
such that .
NE () nS% c Ay + E[Bd“.
By definition, there exist 61,...,0n, > 0 such that

(vi,y —x) < %lly — x| forevery y € 0K n (x + §;B4*1), i =1,...,Ne.

Set 0 := min{d;:i=1,...,N¢} > 0. Forevery v € NgK(x) NS4, there exists i €
{1,2,...,N¢} such that [[v —v;i|| < €/2. Hence, forevery y € 0K N (x + OB+,
it holds that (v,y — x) = (Vi,y —x) + (v —v;, ¥ — x) < &|ly — x||. Thus
0(x,&) = 8/2 > 0, and the proof is concluded. O

We are now ready to prove the first main result of the paper.

Proof of Theorem 1.1. We begin by constructing a countable covering of K/,
that is, {K;{ in,h, 3nmn,een; we will prove later (see Claim 4.5) that each element
of the covering is rectifiable, and this will establish our result.

Define the function w : (R4+1)J — [0, 1] as follows:

w(vy,...,vj) = min{H i (xiviH ;€ R, i || = 1}.
i=1 '

i=1

We notice that w is continuous and invariant under permutations of its argu-

ments. Roughly speaking, w(vy,...,vj) measures how far V := {vy,..., v} is
from being an orthonormal set, a case which occurs precisely when w = 1/4/j.
Moreover, w(v1,...,V;) =0 < vy,...,V; are linearly dependent. By symme-

try, we will write w (V) instead of w(vy,...,v;) if V = {vy,..., vj}.
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Consider the set
AW =V c Q%! : card(V') = dim Span(V') = j},

where card(X) denotes the number of the elements of a set X. Being AW count-
able, we can order its elements and write A = {V] },,cn.

We set v,(j ) = Span(V},), and consider the countable set of j-dimensional
planes V) := {V';E[J)}neN. Define also

Wi = (Vi and WO = (W buen, meN.

Let {a;}pen be a countable dense set in R4*!. Finally, for x € K choose
Ve © NgK(X) N S such that Vy, = {v,(cl),...,v,(cj)} and dim Span(Vy) = j.

Given n,m,h,f € N, let vy,...,vj € Q4*! be such that V;, = {vy,...,vj},
and set
(J) — (J) < d+1> .
Kn,m,h,é" {xeK N ag+72(h+ 1)' :
1 1 1
WV =3 5(X’2(m+3)2> Shal
; 1
(D) _ 4. - | = i
vy vl||S2(m+3)2 fori 1,...,]},

where §(x,1/(2(m + 3)2)) is as in Lemma 4.2 with € = 2(m + 3)2) L.
Claim 4.3. The inclusion K\ < Uy n.pen K;{ in n.o holds.

Proof of Claim 4.3. Let x € K. Since Vy is a set of linearly independent
vectors, we have that w(Vy) > 0, and hence there exists m € N such that
w(Vyx) = 1/(m + 3) for all m € N with m > m. By the density of Q in R,

for all m = m, we can choose V' = {vy,...,vj} ¢ Q4+1 such that
max ||v; - v < _r
i=1onj 2(m + 3)?2

For m large enough, we have also that dim Span(V’) = j and

1

. w2 ey

hence, there exists n € N such that V' = V};. According to Lemma 4.2, we have
5(x,1/(2(m + 3)2)) > 0; thus we can choose h € N such that

6<x L >> 1
*2(m + 3)2 h+1°
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By the density of {as}sen in R4*!, we can select £ € N such that x € ay +
(1/(2(h + 1)))B*!, This proves that x € ek and Claim 4.3 is proved. O

n,m,h,{’

Nl

Claim 4.4. The orthogonal projection 0 Ky = Wy(lj) satisfies

m+ 1 ()
45 lmye o —x)lP = sl - X’ VX, €Kl

Proof of Claim 4.4. By assumption, we have

lIx1 =220 < llx1 — apll + lIx2 —agll <
¢ ¢ h+1

<min{6 (x1,50=55) 6 (%2 50— ) |

Let vy,...vj € Q4%+ be such that V), = {vy,.. ., Vj}; by the definition of §, for
every i = 1,..., j, the following inequalities hold:

. . 1
(i, %2 —x1) = (Vi — v, x0 —x1) + (W), x — xp) < o lx2 = x1l,

+3)2

(i, x1 —x2) < (Vi — v, x1 - x0) + (W), x1 —x0) <

< m+3)2 lIx2 — x11l;5

moreover, these give

1 , .
{vi,x2 — x1)] < o lxz — x1ll  foreveryi=1,...,]J.

+ 3)2
Given v € v,ﬂﬂ'), v # 0, we can find (in a unique way) o; € R, i = 1,..., j such
that v = 37_, ovy; therefore

i i
D lal - (v, x2 = x1)| > gl
i=1

v i= lIx2 —x1ll  i=1
‘<||v||’x2_x1>' =

J T (m+3)2 )
|2 v |2 v

Set B; 1= &/ 21;1 |5 |; we have Z{=1 |Bi|l = 1, and thus

‘<Lx _X>' e —xil 1 2 —xill 1
o’ 7T m+ 32 J S m+3)2 wy,...,v;)

350

< Ix2 — x1|]

m+3
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because w (v1,...,vj) = (2(m + 3)) 7! (recall (4.4)). Therefore,

177,00 (2 = x1) 117 = llx2 = x1 1 = (17,00 (X2 — X1), X2 — X1)
n n

2
2
> — N ; — —
2 Iz = x1 I = ==y o O = X)) lHixg = Xl
- m+1 s — 12
“m+3"? He
This proves Claim 4.4. O

Claim 4.5. Theset K\, is HA=I*V_rectifiable.

Proof of Claim 4.5. By (4.5), for each n, m, h, ¥, the inverse map

o ) )

Trwr(lj) : Trwy(,f) (Kn,m,h,{’) Kn,m,h,{’
is Lipschitz continuous and, by Kirszbraun’s theorem, it can be extended to a
Lipschitz function defined on the whole W,ELJ ) This establishes the claim. O

The theorem is now an easy consequence of Claims 4.3 and 4.5. m

Corollary 4.6. Let K = R be closed and N-regular. Then 0K N U is a finite
union of Lipschitz graphs for any open set U € RA*Y and, in particular, K has locally
[finite perimeter in RA+1,

Proof. By N-regularity, we have 0K = K'!; moreover, for every x € 9K there
exist 0 < 6x < 1 and wy : [0, +0[ — [0, +oo[ such that lim, g+ wx(¥)/¥ =0
and such that following holds.

For every y1, v, € (x + SxB4*1) N 0K, there exist v(y1) € N(y1), v(y,) €
N () such that

(v(y),y2=y1) < wx(lyi=x20) and (v(>2), 1 —>2) < wx (Y1 —>2l).

Let U < R4*! be a bounded open set; by compactness, we can find a finite set
{xp:€=0,...,L} € 0K such that

L
OKNU < | xp+ 6y, B4
=1

By N-regularity, for each £ = 1,...,L we can find 0 < §), < 1 such that for every
v € 0K n (xp+ 5xl,l]33d+1), there exists v, € N(y) with

(Vy,z—-y) < %Ilz—yll forany z € 0K N (xy + 8x,B4!) with ||z -y < ).
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By compactness of 0K N (x; + 6x,B4*1), we can select a finite subset of 0K,
{¥1,.--, M} C 0K, such that

L
KN T < | J oK N (xp + x,BI)
f=1

L M, 6/
UU Km(yh+ 2[Bd“>m(Xg+5x Bd+1),

We set By j, := (yn + (5;,/2)[Bd+1) N (xp + 0x,B4*1), and we notice that if y €
By N OK, then there exists v, € N(¥) such that

(Vy,z-y) < %llz -yl forevery z € By, N OK.

Now, by compactness of S, we can find M, € N and a finite subset of $4,
M,
{v1,...,Unm,} € S4, such that §% < U(vi + B4*1/3). Form = 1,...,M, and

i=1
h=0,...,M;, consider the set

1
Konm:= {y €EBppNOoK: llvy —vmll < g}

We have that Up jm Kg.nm 2 U N 0K. Given 1,2 € Ky m> we have
2
(UVm, Y1 = 02) = (Um — Vy,, Y1 = 22) +(Vy,, Y1 — )2) < g“yl = »2ll,
2
(UVm, Y2 = 1) = (Um — Uy, 2 = V1) +(Vy, V2 — Y1) < g“yl = »2ll,
whence |[{(Vm, Y2 — y1)| < %Ilyl — 3215 and thus, as in the proof of Theorem 1.1,
7ty (1) = s (V) 112 = Nl (1 — v2) 112
5
=ly1 = »l? = (Vm, 32— y1)? = gl -l

So my,, is (linear) injective and hence invertible on Ky j, ,,. We denote by fi :=
1, ! its inverse map, which is Lipschitz continuous (with Lipschitz constant not
greater than 3/+/5) and is defined on a subset of a d-dimensional space. We can
extend it to a map defined on the whole of v,

We notice that by Lipschitz continuity of fy,, we have:

H fom (T, (Bep))) < (i)d%dﬂ)
m\ Iy \Dgn = \/3 D).
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Then
HAUU N OK) < H( U fin (1o, (Ben))
O,h,m 3 d
<L-M-M,- (7§> HA(BY) < +o0.

According to Theorem 4.5.11 and Remark 4.5.12 in [25, pp. 506-508], we have
that P(K,U) < +oo (see also Theorem E in [12], recalling that oy K < 0K). The
proof is concluded by the arbitrarity of U. O

Remark 4.7. Notice that Theorem 1.1 holds for any K < R4*1: the closed-
ness assumption has never been used. Clearly, Definition 4.1 can be stated for
general K. Theorem 1.1 implies that if at each point x of the boundary of a
closed set K there exists at least one nontrivial Fréchet normal (either external to

the set, i.e., in N};(x), or internal to the set, i.e., in Nh(x)), then the bound-

ary 0K is countably 3?-rectifiable. To prove Corollary 4.6 (i.e., that the set has
locally finite perimeter), it is crucial to strengthen the hypotheses of Theorem 1.1
by assuming the N-regularity of the set.

For example, consider the hypograph K = R? of the function u : R — R,

X2
0 ifx =0,
and which is closed because u is continuous. Here, it is easy to see that K satisfies
K = 9K (because u is differentiable), but nevertheless its perimeter measure is
not locally finite. This happens because K is not N-regular in any neighbourhood
of (0,0), while it is of class C!'! away from the origin.

where 1
wix) = {Xzsin— ifx =0,

The proof of Corollary 4.6 can be easily adapted to prove its “local” version.

Corollary 4.8. Let U < R4™! be open and let K = R4™! be relatively closed and
N-regular in U. Then, for any open set V€ U, we have that 0K NV is a finite union
of Lipschitz graphs; in particular, K has locally finite perimeter in U.

The application of these results to sets in the class FV is immediate.

Corollary 4.9. Let U < RI*! be open and let K € FU. Then

(1) 0K NnU =KW NU and 0K NV is a finite union of Lipschitz graphs for any

Vevu;
(2) Foranyj=1,...,4, KY NU s countably ﬂ{d’j“-rectz'ﬁable;
(3) K has locally finite perimeter in U.

Proof. According to Definition 3.7, we have that K is N-regular in U and, in
particular, N}E(X) + {0} forallx € 0K NnU. Thus 0K n U = KD N U, and the
conclusion follows from Theorem 1.1 and Corollary 4.8. O

Remark 4.10. Our result is strictly related to Theorem 5.8 in [4], where the
authors estimate the perimeter of sets enjoying an internal cone property. Indeed,
the same arguments of Corollary 4.6 (for @ = 0, 0 < C < 1) easily give the same
conclusion of [4]. See also [26, Proposition 2.4].
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5. APPLICATION TO FUNCTIONS: BV REGULARITY AND
STRUCTURE OF SINGULAR SET

In this section, we will apply the results obtained in the previous one to closed
sets that can be written as hypographs of upper semicontinuous functions possess-
ing at least one normal direction at almost every point of the boundary of their
hypograph. Our goal is to obtain regularity results for such functions.

Assume for simplicity that f € F(Q) n co' Q). According to the second
part of Corollary 4.9, we already know that at £%-almost every point x € Q
there exists a unique (up to the sign) unit Fréchet normal (£,§) € R4 x R to
hypo f at (x, f(x)). This is a necessary condition for f to be differentiable at x;
however, it is not sufficient: in fact, if § = 0 (i.e., the (unique) unit normal to the
hypograph is horizontal), then oF f (x) is empty, and hence the function cannot
be differentiable at x. For example, the graph of f(x) = sgn(x)+/[x]| from R
to R is of class CI'1, but oF £(0) = 0rf(0) = @; thus the function cannot be
differentiable at 0.

Motivated by the previous considerations, we distinguish between three kinds
of singularities that can occur:

(1) Points x where the Fréchet normal cone to the hypograph at (x,8) €
0 hypo f reduces to {0};

(2) Points x where the Fréchet normal cone to the hypograph at (x, ) €
0 hypo f has dimension greater than 1 (e.g., corners, cusps, ...);

(3) Points x where the Fréchet normal cone to the hypograph at (x, ) €
0 hypo f has dimension 1, but its unique (up to the sign) element of
norm 1 is horizontal.

The first type of singularity is excluded by the definition of the class F(Q), while
the second kind of singularity can be controlled because of Corollary 4.9. The
third one is not yet covered by previous results.

In [5], it is proved that, given a lower semicontinuous function f : R4 —
] — 00, +00], the set of points where the lower Dini subdifferential contains more
than one element is %~ !-rectifiable. This result was later improved in [38], where
it was proved that the set of points where the lower Dini subdifferential has convex
dimension k is 34 K_rectifiable. These results cannot deal with the third kind of
singularities, since in that case the subdifferential is empty. Our purpose is to cover
this situation as well.

Definition 5.1. Let Q be a nonempty open subset of R4 and f : Q — R be a
function. For each x € Q, we define the following:

Jri=1{x¢€ Q:f(x) + f(x)} = {x € Q: f is not continuous at x},
Spi={x € Q\Jp: (S¥1x {0} N NE ¢ (x, f(x)) # @,
Sg:=JruUSy.
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We begin with a trivial corollary of Theorem 1.1, dealing with the singularities
corresponding to a large dimension of the normal cone. Let us point out once

more that, for upper semicontinuous functions, we have that f=rf= f=<f="F.

Corollary 5.2. Let Q be a nonempty open subset of R% and f : Q — R be an
upper semicontinuous function. Set K = hypo f and assume that

NE(x,B) # {0} for H%-_almost every (x,B) € 0K N (Q X R).
Then, for L% -almost every x € Q, there exists Cx € S% such that

NE(x,B) € RCx forall B with (x,B) € 9K n (Q x R).

Proof. Recalling Definition 4.1, we have that 74 ((dK \KW) n (QXR)) =0
By Theorem 1.1 and Remark 4.7, K is {4~ !-rectifiable and hence H%-negli-
gible. If 71 : Q@ X R — Q denotes the canonical projection on Q, then

QN (m@K\KY) um(K?)) is L4-negligible,

and hence F := Q\ (m(0K \ K1) U m(K?))) has the same measure of Q. It is
enough to prove the statement for any point x € E.

If x € E, then by Lemma 2.4, (x,B) € 0K if and only if f(x) < B <
f(x). By definition of E, we have (x,8) € KV \ K® for any such B, and thus
Nf;(x,ﬁ) S RCy,p for a suitable Ty p € S Nf;(x,ﬁ). Hence, it is enough to
show that one can actually choose Cx g = Cx f(x), so that Ty g is independent of
B. This follows from Lemma 2.4 (5), which gi_ves

Cx.fx) € Ni(x, f(x)) € Ng(x,B) < RCxp

forany B € [f(x), f(x)]. -

One of our primary goals is to estimate the size of the singular set S £; to this
end, it will be important to assume that f is of class BV. We can now prove the
second main result of the paper.

Proof of Theorem 1.2. We reason by contradiction and prove that the assump-
tion Ld(Sf) > 0 contradicts the fact that f € BVjo(Q). The first step consists in
reducing the problem to estimate the total variation around points where the unit
Fréchet normal to the hypograph is unique and horizontal. More precisely, we de-
fine the set T of points where the normal cone has dimension 1 and is horizontal:

T :{(X,Bx)eaKm(Qx[R{):

there exists vy € S9! with NE(x,Bx) € [Rl(vx,O)},
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where, as usual, we have set K := hypo f. The projection of T on the first d
components is the set

Si={xe8r: v, €547, By € [f(X), F(x)]
such that N}E(X,Bx) c [R(UX,O)}.

Throughout this proof, for each z € §, we denote by B a real number such that
Bz € [f(2), f(2)], dimN£(z,B.) =1, and NE(z,B.) < R4 x {0}.

Claim 5.3. We have Ld(Sf \S) =0.
Proof of Claim 5.3. Define (see also Definition 4.1) N as follows:

N = 1K N (QxR))
U {x € Q: 3By € Rwith (x,By) € K and N (x, Bx) = {0}},

where K{*) is as in Definition 4.1 and 17 is the canonical projection 1 : QxR — Q.
By assumption, and using Theorem 1.1, Remark 4.7, and the Lipschitz continuity
of 1T, we have that £L4(N) = 0. We notice that

(1) Ifx € Jy \ !N, then (by Lemma 2.4) there exists f(x) < Bx < f(x)
such that N¥ (x, Bx) € R? x {0} and dim N (x, Bx) = 1; hence, x € S.

(2) By definition, S 2 S\ N
This gives S 2 8¢ \ N (i.e., 8¢\ § € N), and Claim 5.3 is proved. O
By Claim 5.3, for our purposes it will suffice to show that £4(S) = 0.

Claim 5.4. There exists c = c(d) > O such that, for every € € ]0, %[ and for
LA almost every X € S, there exists O, > 0 such that

IDfIl(x + 6BY) = gad V5 €10, 0x].

Proof of Claim 5.4. Let € € ]0, = [ be fixed. By compactness, there exist m €

m
Nand vy,...,Um € S9! such that $47! < U(vi+[Bd/8). Givenie {1,...,m}
i=1

and 8 > 0, we define

Sti= SLX € S : dist((vi,0),NE(x, Bx)) < %}
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and
Si .= {X € 5':8q(x,46) < Qand Fvy € v; + BY/4

with (v, 0) € Nﬁ(X,Bx) and
(Vx,¥ —x) < e(ly = x| + | f () - Bx]) ¥ ¥ € Sq(x,45)}.

Clearly, S* = Usso 56’5. Denote by 9 < Sé‘(s the set of Lebesgue points of Sé‘(s.
Since

§ho1 ¢ gho for any 0 < 03 < 03
L4549y = Ld(Sé‘(s) - £4(shH monotonically increasing as 6 — 07,

we have

£4(st\ |J$%) =0, andthus £4(s\|JsH) =o.

6>0 i,0

Therefore, it is enough to prove the claim for any point x € S for which there
exist i, 8o such that x € St%,

Let, then, x € S%% and § € 10, 5[ be fixed; here, 5; = 51(x) < 8 is a
positive constant which will be chosen later. Forany y € Sid A Sq(x, ), we have
¥ =X +u + tv; for suitable u € v;" N Sq(0, ) and t € 1-6, 6[. By assumption,
there exists v, € v; + B4/8 such that

(UJ”O) ENIE(.’V’BJ’)

and
(vy,z=y)<ellz-pll+1f(2) =Byl) VzeSq(y,40).

In particular, for any z such that z = x + u + sv; for s € 126,36[ (e, z—y =
(s — t)v;), we have

z€S8Sq(y,46) and S<s—-t=|z-yl| <46.
Thus, for any B < f(z), we have

60 <(Vi,z=Y)=(Vi—Vy,z2=Y)+(Vy,z2-Y)
< (Vi = vy, (s —D)vi) +(Is —t| + [B - By

1
< 554-5(454' |,8_,By|) < 254'5';8_'83/"
Therefore,

(5.1) 1B~ Byl= 36 VB=f2).
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If B, = f(2), then we are allowed to take B = B, in the previous inequality,
obtaining 6 < 0, a contradiction. Thus we must have B, > f(z), and taking
B=f(z)in (5.1), we get

(5.2) f(y)—f(Z)ZBy—f(z)z%

because f(y) = f(y) > By = f() by upper semicontinuity.
Since x is a Lebesgue point for Si.do for any 0 € 10, 0o, there exists a positive
81 < 8¢ such that for all 6 € 10, §;[, we have

L4(S™0 N Sq(x,8)) = L4(S N Sq(x, 8)) = %Ld(Sq(x, 8)) = 22157,

For any u € v; n §q(0,6), denote by Ly, < Sq(x, ) the line segment joining
X +u — 0v; and x + u + dv;. Moreover, define f* : ]1-46,46[ — R by

fY(r) = f(x +u+7rv;.

By Fubini’s theorem,

(5.3) £4(S10 N Sq(x,8)) = / LS4 N Ly) ded(w),
v;*nSq(0,6)

and, since the integrand is not greater than 26, we must have
LN ({u € v NSq0,68) : L1(SHO N Ly) > 0}) = 2472541,

otherwise, (5.3) would be contradicted.
It is well known that f* € BVi,.(—46,46) for L4~ -almost every u; hence,
the set
UX0 .= {u € v+ nSq(0,8) : L1(S*° N Ly) > 0,

and f% € BVio.(—46,468) satisfies LA~1(U*10) > 2d-25d-1 By Lemma 2.18,
for any u € U*59, there exists I* < ]-48,468][ such that 1-48,45[ \ I* is £!-
negligible and

IDfY“]I(-45,46) = [f4(t) — fH(s)| Vi, sel™
Since £1(S%9 N L,) > 0 for any U € UX49 and I covers almost all ]—46, 46],

we can find t € I* N ]-6,6[ such that y := x + u + tv; € S% N Ly; moreover,
we can choose s € I* N ]26,36[. The previous inequality and (5.2) give

IDFI(~46,46) = f1(1) = f1(s) = £ () = f(2) = 4% Vu e Uxid,
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whence (see [2]), we have
IDf11(Sq(x,46)) = Dy, f(Sq(x,46))

_ / 1D FuI|(—48, 45) d.ed-1
v;- $q(0,45)

> / g |DfY4||(—48,45) dLd!
Ux.i

> iﬁd—l(Ux,i,ﬁ) > 2_5d vée]0,61l,
4¢ €

where we have denoted by Dy, f the distributional derivative of f in direction v;
and by [|Dy, f the total variation of such measure. This proves the claim up to
standard considerations. O

Claim 5.4 allows us to conclude easily. Let ¢ € ]0, %[ be fixed; Claim 5.4
then implies there exists §” = S with L£4(S\'S") = 0 such that

lim sup M2 Cx + SBY) _ ¢
540+p wdéd &

for a suitable ¢ = ¢(d) > 0. By Theorem 2.10, we deduce
IDFILS = IDFILS = %Ldl_s’ - gm_s.

In particular, for any U € Q we have

LS NU) ss”Dwa < +o00

which gives £4(S N U) = 0 for any U € Q. This proves the theorem. O

6. SMOOTHNESS OF FUNCTIONS WITH N-REGULAR HYPOGRAPH

6.1. Semiconcavity with modulus. We are going to study the regularity
properties of upper semicontinuous functions f such that hypo f is N-regular.
More precisely, we will prove that the set 8 ¢ introduced in Definition 5.1 is closed
and £4%-negligible. In particular, we will show that f is locally semiconcave with
a modulus w in Q \ 8¢ and hence enjoys several regularity properties (see [11] or
Chapter 10 in [42]).

The natural counterpart of Corollaries 4.6 and 4.8 for functions is given by
the following result.

Proposition 6.1. Let Q < R? be a nonempty open set and f : Q — R be

an upper semicontinuous function with f € Lis (Q). Assume that the closed set
K :=hypo f is N-regular in Q x R. Then f € BVio.(Q).
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Proof. Let us prove that f € BV (U) for any open set U such that U € Q. By
assumption, there exists M > 0 such that | f(x)| < M for L4 -almost every x € U;
this implies that

P(K,UXR)=P(K,U X ]-2M,2M[) < oo,

where we have also used Corollary 4.8, which guarantees that K has locally finite
perimeter in Q X R. This implies (see, e.g., [28] or [27, Theorem 14.6]) that
feBVU). =

Remark 6.2. The assumption f € Li; (Q) is crucial in Proposition 6.1. In-
deed, the hypograph of the upper semicontinuous function f : R — R

1
_
Fooy =] T XD
0 ifx =0,

is N-regular, but f ¢ BVi,(R).

The following corollary is a consequence of Proposition 6.1 and Theorem 1.2.

Corollary 6.3. Under the assumption of Proposition 6.1, £4(8 r) =0.

We are now going to study the closure of the set 8 ¢ under the the N-regularity
assumption on hypo f. Let us begin with the case in which f is continuous.

Lemma 6.4. Let Q = R4 be open and f : Q — R continuous. Assume that
K := hypo f is N-regular in QX R. Let x € Q be such that N (x, f(x)) 0 ($471 x
{0}) # @. Then, N(x, f(x)) n (S9! x {0}) is also nonempty and, in particular,
8¢ = Sy is closed.

Proof- The proof is in the spirit of Lemma 4.2 in [30]. Let x € Q, v €
$4-1 be such that (v,0) € N}E(x,f(x)). Set x, = x + v/n. According to
Clarke’s Density Theorem (see Theorem 1.3.1 in [14]), for each n € N there
exists {Zn tnen S Q such that

1
Orf(zn) # D and ||z — xnll < 2

Since N (zn, f(zn)) # {0} by the N-regularity property, we have that f is differ-
entiable at z,,. Moreover,

(=Vf(zn),1)
1(=Vf(zn), DI

€ N(zn, f(zn)).

Up to a subsequence, still denoted by {z }nen, we may assume that the left-hand
side converges for n — +o to a vector (G, &) € S%. In order to prove the lemma,
it is enough to show that limy— o [V f(zn) |l = +c0, which would give & = 0
and (T,0) € N(x, f(x)) because N has closed graph.
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Assume by contradiction that liminfy— e [Vf(zn)ll = L € R. Up to a
subsequence (still denoted by {zy } nen), we may assume that {V f(zy) } nen con-
verges to some vector in R%. Recalling that

(=Vf(zn),1)
(v,0) € N(x, f(x)) and 1Y fzm) Dl € N(zn, f(zn)),
we have, for n large enough,
6.1) (0,20 — %) < @x(\llzn = X[2 + B — f(0)12),
(-VfE) ) .
(©.2) <||(—vf(zn),1)||’(" Zm P f(z"))>

< wx(IIx = znll2 + 1B~ f(zn) ),
forall B < f(x), Bn < f(zn) such that | f(x) — BI, |Bn — f (zn)| are sufhiciently

small.

Since zy, — x = (Vv + n(zy — xn)) /N, we have that (z, —x)/llzn — x| — V.
We take B = f(zyn) in (6.1), divide by ||z, — xI|, and pass to the liminf as
N — oo, obtaining

wx (flza = xIP+1f 30 = Fz ) J L (MGt )2_

1 <liminf
s iz = x 12+ 1 (0) = f(zn) 2 1zn — xIi
This implies that
(6.3) lim Lf(x) = f(zn)l = +oo;
n=e |z = x|

otherwise, the right-hand side would vanish.

We now distinguish two cases. If there exists a subsequence {zy, }ken S
{Zn}nen such that f(x) < f(zn,), we take By, = f(x) in (6.1) and divide by
|zn, — x|I. We have

<v, |an - x > . Oxllizn —xI)

[Zn, — x|l 1z, — xlI

On passing to the limit as ng — + oo, the right-hand side converges to 1, while the
left-hand side vanishes, leading to a contradiction.

Otherwise, there exists ng > 0 such that f(x) = f(zy) for all n > ny; and
by (6.3), we have

(64) hm f(X) _f(zn) _

= 4+ 00
n-o |z — x|l



74 ANTONIO MARIGONDA, KHAI T. NGUYEN ¢ DAVIDE VITTONE

Using the fact that ||V f(z) |l is bounded, we take B = f(x) in (6.2) and, for n
sufficiently large, we get

< ~Vf(zn) ,x_zn>+ f(x) — f(zn)
NI+ 1V f(zn)2 V1 + 1V f(zn) 2

< wx(llzn = xI2 + £ (x) = f(zn)?),

whence
fx) = fzn) _ VL2+1 — - -
oo =T o x(lzn—xIP +1£ G0~ fzn) ) + L.
Thus
110 - -
X — Znll wx(llzn = X112 + 1f () = f(zn) 12)
= <VI2+1 ’
1 (L=t Gy’ Vlzn = xI2+ 1 0e) - fzn)2
Iz — x|

and, by (6.4), the left-hand side tends to 1, while the right-hand side vanishes,
leading to a contradiction.

We have thus proved that ||V f(z,)|l is not bounded, and this concludes the
proof. O

We now weaken the regularity hypothesis on f by requiring it to be only
upper semicontinuity.

Proposition 6.5. Let Q be a nonempty open subset of R® and f : Q — R be
an upper semicontinuous function. Assume that K := hypo f is N-regular in Q x R.
Then 8 5 is closed in Q.

Proof. Fix x € Q\ 8. We need to prove there exists ¥ > 0 such that
X +7yB1cQ\S8 f. Assume by contradiction that, for every £ > 0, it holds that

(6.5) (x +eBYNSs + D.

Recalling that 8¢ = J¢ U Sy, two cases can occur.
Assume that for every € > 0 we have (x + eBY) N Jr # &. Then we can
take a sequence {Xn}nen S Jf, Xn — X, such that for any n there exists i, €

]i(xn),f(xn) [ By statement (4) in Lemma 2.4, we have

{0} # N(xn, Bn) < NE(xn, Bn) < RY x {0},

and hence there exists {Un}nen S S9! such that (vy,,0) € N(xp,Bn). Up
to subsequences, we can assume that (v,,0) — (vx,0) € 41 x {0}. Since



Some Regularity Results for a Class of U.S.C. Functions 75

x € Q\ 8y, f is continuous at x, and hence B, — f(x). It follows that (v, 0) €
N(x, f(x)) c Nf;(x,f(x)) because N has closed graph. This implies that x €
S¢ and contradicts the fact that x ¢ 87 2 Sy.

Otherwise, there exists § > 0 such that (x + 6B%) N J¢ = &, and hence f is
continuous in X + 6 B4, By (6.5), for all € € 10, 5[, one has (x + B4 N S¢+ D,
and hence there exist sequences {Xy}nen € S¢ and {Vy}nen S §$4-1 such that

(Un,0) € NE(xp, f(xn)) and xp, — x.

According to Lemma 6.4, we can assume that (v, 0) € N(xyn, f(xy)). Since N
has closed graph, up to a subsequence we have

(U, 0) = (vx,0) € N(x, f(x)) € Ng(x, f(x))

and thus x € Sy, which gives again a contradiction. This concludes the proof. O

This result extends a similar result proved in [30] for the exterior sphere case:

Theorem 6.6. Let Q) be a nonempty open subset of R4 and f : Q — R be an
upper semicontinuous function. Assume that K := hypo f is N-regular in Q x R.
Then f is locally semiconcave with a modulus in the open set Q \ S¥.

Proof. The set Q \ 85 is open by Proposition 6.5, and f is continuous on
Q\8f. Let x € O\ 8. We begin by proving that f is Lipschitz continuous in
X + 85 B4 for some 5 > 0 such that x + 5,B4 = Q\ 8¢. Since K is N-regular
and f is continuous in a neighbourhood of x, there exists 6x > 0 such that, for
every ¥y € X + 5B, there exists (—vy,1) € NE(y, f(»)) such that

—v,, 1
<w’(z_y,ﬁ_f(y))> < w(X,f(X))(II(z—y,B—f(y))Il)
I(=vy, DI

forall z € Q and B < f(z) sufficiently close to x, f(x), respectively. Since
x ¢ 8, there are constants 0 < 61 < 8y and C > 0 such that ||v, || < C for all
¥ € x + 6LB4; otherwise, we would have N (x, f(x)) n (S4~! x {0}) # @, and
thus x € Sy, a contradiction. Hence, by the continuity of f on x + 5 B4, there
exists a2 modulus wy : [0,25L) — [0, +) such that lim,_g+ wy(r) = 0 and
(6.6)
(—vy,z-y)+ f(2) - f(¥)
<wxUlz=yDllz=-yI+If(2) = fFO)I] Vzyex+5LB

Given y1, Y, € x + 5L B4, we can assume without loss of generality that f(y,) >
S (1), and the previous inequality can be rewritten as

Lf (72) = F ()1 = wx(ly2 = 11D) = [wx(ly2 = 11D + CTlly2 =yl
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Since lix}lrﬁw Wy (r) = 0, there exists 5x > 0 such that f is Lipschitz continuous
in x + 5 B? with Lipschitz constant 2C.

Using again (6.6), for any w € x + 5B, there exists vy, € 0F f(w) such
that

(U, W W)+ f(w) - f(w) < wl(lw -whlw -wl VYw' €x+5.84,

where 0l = (1 + 2C)wx. Let then v,z € x + B4 and t € [0, 1] be fixed;
we can substitute W’ = z (respectively, w’ = y) and w = ty + (1 — t)z in the
previous inequality to get

— U,z =YY+ f(2) = flty + (1 - 1)2)
< wy(tllz =)Dtz -yl
and
A= w,z=» +f) - flty+ (1 -1)2)
<o (1 -tlz=-» DI -0lz-yl.

Multiplying the first inequality by (1—1), the second one by ¢, and then summing
up, we obtain

tfy)+(1-t)f(z) - fty +(1-t)z) <t(1 -t)wx(ly —zIhlly -zl

where
@x(r) := max {wL(tr)+wl((1-t)r)}.
tel0,1]

Thus f is semiconcave with modulus @y in x + 8xB%. The proof is completed
by observing that, if U is an open set with U € Q \ 8, then U can be covered

.....

satisfied with modulus oy (r) = 211\4:1 Wy, (7). -

Corollary 6.3, Theorem 1.1 (together with Remark 4.7), and the differen-
tiability properties of locally semiconcave functions (see, e.g., [11]) allow us to
summarize the regularity properties of functions belonging to F(Q) N L}%_ in the
following statement.

Proposition 6.7. Assume that f : Q — R satisfies the assumptions in Theorem
6.6 and f € L}, (Q). Then,

(1) The function f is differentiable on the open set Q. \ S5 out of a countably

HA= 1 rectifiable set. Moreover,

{x € O\ 8¢: f is differentiable at x} = {x € Q\Sf:#aFf(x) =1}

and N f is continuous on its domain of definition.

(2) The function f is differentiable L% -almost everywhere in Q.

(3) Theset {x € Q : dim(SpandF f(x)) = k} is countably H4*+1-rectifiable
(Rifford).
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6.2. Reduced boundary and measure theoretic normal to N-regular hy-
pographs.  Since N-regular sets have (locally) finite perimeter, it is natural to
investigate the properties of their reduced boundary and of the measure theoretic
normal.

Proposition 6.8. Let U be a nonempty open subset of R4, and let K = RI+!
be N-regular in U; also let x € U. Then x € 0*K if and only if Nf(x) n $4
contains a unique element; in this case, one has N};(x) NS4 = {—vg(x)}.

Proof. By Corollary 4.8, K has locally finite perimeter in U. Without loss of
generality, we may assume that x = 0.

The proof is divided into the following three Claims (6.9-6.11).
Claim 6.9. If NIE(O) N S% contains more than one element, then 0 ¢ 0*K.

Proof of Claim 6.9. Assume that N (0) N S$% contains two different elements
V1, V2. This implies that, for every € > 0, there exists p > 0 such that

a+1

(vi,y) <epand(vy,y) <ep VyeKnpB*, pe]lo,pl.

In particular,

K npB¥* ¢ (v) nvd N pBItY) + 2epBt!T VY p € 10,51,
where v? = {z : (vi,z) < 0} denotes the polar set of v;, i = 1,2. Since v; # vy,
we have

LAWY V) N B < xplway; V>0

for some 0 < & < % Let & € ]0(, %[ be fixed; if € is small enough, we can find
p > 0 such that

LU (W) N vl N pBYY) + 2epBYY) < &plwas Y p € 10,50,

whence
Ld+1(Kﬂp|]Bd+1) 1
lim sup : <®&X<=
p—0+ wa1p"t 2
which, recalling (2.3) in Theorem 2.17, proves Claim 6.9. O

Claim 6.10. If 0 € 0*K, then NE(0) N S% = N(0) = {-vk(0)}.

Proof of Claim 6.10. By Claim 6.9, we have N};(O) NS4 = N() = {v} for
some v € S%. For every € > 0, there exists 0¢ > 0 such that

{ze 6B : (v,2) > ¢llz||} < R\ K for any 0 < 0 < 0.
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Thus

m Ld+1(5[83d+1 N ([Rdﬂ \K) N (-1)% B l

(6.7) 51#0+ LA+ (SBA+T) 2"

Since 0 € * (R4*! \ K) and Vga+\g (0) = =V (0), Theorem 3.59 in [2] ensures
that

(68) fim 47 OB 0 (RN KAV (0)) _

50+ LdH (5[B§d+1) 0.

It is not difficult to show that equalities (6.7) and (6.8) imply that v = —vg(0),
as desired. O

In particular, the implications

NE©) ns4 = {v}, N(0) = {v},
{xj}jen € 0¥K, = 1N(xj) = {-vk(x;)}, = vk(xj)—-v
XJ'—>0 Xj-*()

hold because N has closed graph; as a consequence, we have

(6.9) lim sup{|vk(z) + v| 1z €0*K n pBitl} = 0.
p— +

Claim 6.11. IFNE(0) N S9 contains a unique element v, then 0 € 0*K and
VK(O) = —7.

Proof of Claim 6.11. We have N(0) = NE(0) n$4 = {v}. It will be enough
to show that

(6.10) P(K,pB?1) = |[Dxxl (pB4*") > 0 forany p > 0,
because in this case one would get
34 (2)
Dxy (pBd+! / g VK#)
6.11) lim DXxPBT) o Jorknpsd

p—0+ [Dxgll(pBA+1) — p=gr  HA(O*K N pBA+1)

=—v + lim (vg(2) +v)dHY(z) = —v.
p—0* 9*KnpBa+!

In the previous formula, the first equality comes from (2.1) and (2.2) in Theorem
2.17, while the last one is justified by (6.9). This would imply that 0 € 0*K and
vk (0,0) = —v, which in turn would conclude the proof.

We have to prove (6.10). To this end, it will be enough to show that

(6.12) LA PBI*TI\K) >0 and LYK npBitl)y>0 Vp > 0;
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indeed, the isoperimetric inequality (cf. Theorem 3.46 in [2]) would give
IIDXKII(p[BdH) >C- min{LdJrl(K A p[Bd+1),Ld+1(p[Bd+l \K)}d/(d+l)

for a suitable C = C(d) > 0, and (6.10) would be proved.
Let us prove (6.12). Since there exists p > 0 such that

(PB4 I\ K) 2 {z € pBY! : (vy,2) = |1z]|/2} forany 0 < p < p,

we have that £L4+1 (pB4*! \ K) > 0 for any p > 0.

It remains only to prove the validity of the second inequality in (6.12). As-
sume by contradiction that there exists p > 0 such that LK N pBYt) = 0;
this implies that K npB4+! = @, that is,

(6.13) K npB4*! = 3K n pB4H.
Since —v ¢ NIE(O), there exists a sequence {Xn}nen S K such that x,, — 0 and

(6.14) (v, xn) 2 allxpll VneN

for some o« > 0. By (6.13), we have x,, € 0K for n large enough; the N-regularity
of K ensures that for any n, there exists v, € N(xy) such that (vy, —xn) <
wo(llxnll) for a suitable function wq(7) such that wo(r)/r — 0t asr — 0F.
On the other side, since N has closed graph, we have v, — v, and thus

(=v,xn) = (Un — UV, Xn) + (Un, —Xn) < 0(lxnll) + wolllxnl).
This contradicts (6.14), and concludes the proof. O
The proof of Proposition 6.8 is now completed. O

The following result is an immediate application of Proposition 6.8.

Proposition 6.12. Let Q be a nonempty open subset of R% and f : Q — R be
upper semicontinuous; assume that K := hypo f is N-regular in Q x R. Then,

(1) (x,B) € 3*K N (Q X R) ifand only if NE(x,B) N S% contains a unique
element; in this case, we have

NE(x, B) n'S% = {=vi(x, B)}.
(2) The set (0K \ 0*K) N (Q X R) is countably H4~ -rectifiable.
Proof- Statement (1) follows from Proposition 6.8. As for (2), we set
A= {(x,B) € 0K N (Q X R) : dimNE(x, B) = 2},
B:={(x,B) € (0K \ A) n (O x R) :Nllg(x,B) N S consists of two elements},

and notice that, by statement (1), (0K \ 0*K) N (Q X R) = A U B. The set A
is countably 34~ !-rectifiable according to Theorem 1.1 and Remark 4.7, and the
same holds for B according to Theorem 1.1 in [31]. This concludes the proof. O
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7. THE UPPER ESTIMATE FOR THE HAUSDORFF DIMENSION OF 8¢

The hypograph of a function f € F(Q) is N-regular and, consequently, f satisfies
a number of regularity results which have been presented in the previous section.
In this section, we shall give a sharp upper bound on the dimension of the singular
set 87 (see Definition 5.1) for f € F(Q). The main tool is provided by Lemma
7.2, which gives lower estimates on the total variation of f around points of 8.
We begin with a preliminary result.

Lemma 7.1. Let Q < RY be nonempty and open and let f € F(Q); then, f is
locally bounded from below in Q. In particular, f € Ly, (Q).

Proof. The second part of the lemma easily follows from the first one be-
cause f is upper semicontinuous; therefore, it is enough to prove that f is locally
bounded from below in Q.

Assume by contradiction that there exists a compact set C < Q such that
infc f = —oo; then there exists x € C such that f(x) = liminf, ., f(x) = —co.
Set K := hypo f; by Lemma 2.4 (2), we have

(x,B) €K VB < f(x)=Ff(x).

By Lemma 2.4 (4) and the assumption that f € F(Q), there exist C, € such that
the following holds: for any B < f(x), there exists vg € $9-1 such that

(g, 0) € N (x, B).
This means that for any B < f(x), we have that
7.1) (vg,y—x)<CUly —xII" + B, = BI'"?) VyeQ, By <f¥).

Let us fix a decreasing sequence {Bn}n such that B, < f(x) forany n, B, — —c0
and vy, := vg, — v € S9!, Choose also § > 0 so small that

C6'""9<65/4 and y:=x+0veEQ

and 1 € N so large that
(va,v) 21 and Bi = f(¥).

We can then use (7.1) with B = B, = Bn to get §/2 < (va, 6v) < C§'+0 < §/4,
which gives a contradiction and proves the lemma. )

Lemma 7.2. Let QO < R4 be nonempty and open and let f € F(Q). Let x € 8¢
be such that nypof(x,i(x)) = R*(v,0) for some v € S Then there exists
80 = 0o(x) > 0 such that

(7.2) IDf11(Sq(x,8)) = 2472 . 5479/0+0) forall 0 < § < 8.
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Proof: Lemma 7.1 ensures that f (x) > —oo; in particular, without loss of gen-
erality we may assume that x = 0 € Q, f(x) = 0, and nypof((),()) = R*(e1,0).
Forany 6 > 0, define

Rs := {y= (V1,--»Va) €5q(0,8) : 36 < ¥4 <5}’
Ss =1y =1,....,¥a) €5q(0,6) : =6 < y1 < =6/2}.

Claim 7.3. There exist 51,02 > 0 such that

(7.3) fy) = =38"10 vy eRs 5<6
and
(7.4) f(y) >0, VyesSs 6<0ds.

Proof of Claim 7.3. Let us prove (7.3). For y € Rs we have

25 < ((e1,0), (¥, B)) = C- (ly 9 + [BI'*9) VB =< f(y),
whence
(7.5) 25 < C(@MO2§140 4 |BI140) v B < F().

Notice that, for  small enough, we have that f()) < 0 for any 7 € Rs; indeed,
by contradiction, if f(y) = 0, one could choose B = 0, thus violating (7.5) for
o sufficiently small. Formula (7.3) easily follows for a small enough 6 on taking
B=F(»)<0in (7.5).

Let us prove (7.4). Assume by contradiction that there exist sequences {0n}n
and {y"}, such that 6, — 0, ™ € Ss,, and f(»"™) < 0. Since Y™ — 0
and f(0) = 0, we get limy .o f(™) = f(0) = 0. Hence, by the upper semi-
continuity of N, there exists a sequence {(v", &")}nen such that (v, ™) €
N(™, f(»y™)) and (v, &™) — (e1,0) (recall that if (v, &™) € N(y", f(»™)),
then [[(v™, o)l = 1); in particular, v — e;. Moreover, for all B < 0 = f(0),
the following holds:

(™, a™),(0,B) — (Y™ F(r™)) < C- (Iy™I'0 + B~ fF(y™|179).

Since f(¥™) < f(0) = 0, we can choose B = f(¥") in the above inequality and
get (v, —y™") <C- ly™ 1149, Thus

%—nv"—elnﬁén < (o1, —y™)+ (V" —er, —y™) = (UM, —y") < CA+O251+0.

Dividing both sides by 65, and passing to the limit as n — o0, we obtain a con-
tradiction. This concludes the proof of the claim. O
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Claim 7.3 now allows us to conclude. Indeed, for any 6 < d¢ := min{d1, 92}
and any z € (—6,68)%1, we get

1
fYa2) = f o 2) 2 58100 Vya e |36,6], vy €1-8,-8/20.

By virtue of Lemma 2.18, for any z € (-9, 8)4-1) there exist y4(z) € ]%6, 5[
and yp(z) € 1-6,—6/2[ such that

IDFN(=68,8) = |f(va(2),2) — f(p(2),2)] = %5”(”9),

where f, := f(-,2). By [2, Theorem 3.103], we obtain

IDf11(Sq(0,8)) = /

st 1De, fll(z +1-6,6[e1) dz

:/] 5 51 IDf.N(=8,8)dz = (28)47" - %51/<1+9> _ pd-25d-0/(1+0)

where we have denoted by D,, f the distributional derivative of f along e;, and
by z+1-9, 6[ e; the line segment joining (-6, z) and (6, z). This concludes the
proof of the lemma. O

We are now ready to prove the third main result of the paper.

Proof of Theorem 1.3. Set K = hypo f; by Proposition 6.1, without loss of
generality we may assume U = Q and f € BV(Q).

Let m : R4t — R4 be the projection TT(X1,...,X4+1) = (X1,...,X4). The
set (0K \ 9*K) N (Q X R) is countably 3%~ !-rectifiable by Proposition 6.12 (2);
since 7 is Lipschitz continuous, we also have that 8 7\ 71 (0% K) is countably HA-1
rectifiable because

8r\ m(0*K) c Q\ m(0*K) = m((0K \ 0*K) N (Q X R)).
In particular, HA-0/0+0) (O \ 1r(3*K)) = 0, and it will be enough to show that
HAOIUH0) (8 . N 1T (8%K)) < +oo.

According to Proposition 6.12 (1) and the estimates given by Lemma 7.2, there
exists a constant C > 0 depending only on d, 0 such that

IDfl(x + 6B4)
1 54-0/(1+0

lim sup

>C
s—0+ Wd-0/1+0 )
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forall x € 8¢ N w(0*K). By Theorem 2.10, we get
IDLI(8f N (3*K)) = CHA I+ (S 1 11 (9*K)),

and we can conclude because || D f||(Q) < +co. O

The following result shows that the bound dimg¢ 85 < d —0/(1 + 0) is sharp.
We will focus on the case d = 1, 0 = 1 (i.e.,, when hypo f satisfies a uniform
external ball condition), but our construction can be easily adapted to cover more
general cases.

Proposition 7.4. For every € > 0, there exists a continuous map f : [0,1] — R
such that for any x € [0, 11, there exist vy € nypof(x,f(x)) N S with

(U, ¥ = x) < |y = x>+ |f(») = f(x)I* forevery y € [0,1]

and dimgc 85 > 5 — €.

Proof- Fix € > 0, and let A € ]0, %[ be such that

1 1
__ESlOgAE =log1m2<

2 2

Consider the Cantor set Cy constructed in this way:

Step 0: Remove from I := [0, 1] an open interval I? of length 1-2A centered

at the middle point of I (i.e., %) We are left with 2 closed intervals of
length A.

Step 1: From each of the two remaining intervals, remove an open interval
of length A(1—-2A) centered on its midpoint. In this way we are removing
two intervals I] and I}, and we are left with 22 = 4 closed intervals of

length A2
Step n: From each of the 2" remaining closed intervals of length A", re-
move open intervals I7', ..., I3 of length A" (1 — 2A) centered in their

midpoints. We are left with 2"*1 closed intervals of length A™*1.
We define Cj as the intersection of all the closed intervals we are left with at each
step or, equivalently,

co 2"

G=1[0,11\ | U
n=0i=1

It is well known (see, e.g., [23]) that

dimgc Cy = logl/AZ > % — &

We are going to provide a continuous function f : [0,1] — R such that 8§y = Cy
and, for every x € [0, 1], there exists vy € nypof(x,f(x)) N St with

(U, y = x) < |y =xP+ [f(¥) = f(x)|* forevery y € [0,1].
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Let {b!"}nen,i=1,..0n € 10,1[ be such that I' = |p}' - A"(1 -24),b?[, and
define g(x) as follows:

’ —_ pr
(- -bprp) =2l e,
g(x) = \/1—(x—b{‘+1)2

0 otherwise.

We have that g(x) = 0 and

—_]pn
x=b;

/frg(X) dx = [ —\1-(x-b+ 1)2]X:b¢_m_m

— 2471 = 24) = A2 (1 = 20)2 < 4/2(1 — 20)AM2 < V22,

This implies that g € L1(0, 1) because

1 o 2" co 2" )
/ glx)dx = > Z/ gx)dx <v2 > S a2 =423 @2V,
0 n=0i=1"1 n=0i=1 n=0

which is finite because A < é Thus the function f : [0,1] — R defined by

f(x):= fox g(t) dt belongs to AC([0, 1]); moreover, it is BV and continuous on
[0,1], and of class C! on each interval I'". Let v € I}*; we thus have

¥
f(y) = f(b}) = /b” g(x)dx = —\/1 - (y —-b"+1)2,
whence
fO) = fBM)?+(y-br+1)?=1 Vyell

Thus the graph of f restricted to each Ii' corresponds to an arc of unit circle
centered at (b]' — 1, f(b}")), and it is not diflicult to see that hypo f satisfies an
external ball condition of radius 1. Moreover,

{(=1,00} € Ny, (b}, f (D)) NS,

because g(y) = +oasy — (b')~. So 8y 2 {b!' :m e N, i=1,...,2"} and,
since 8 ¢ is closed and

(bT:neN, i=1,...,2" =Gy,

we have 8§ 2 Ci. Moreover, we have also 8 = Ci\ because 8y N I}* = & for every
neN,i=1,...,2"; thus 8y = Ca, as desired. O

Remark 7.5. The previous result corrects Example 5.2 in [15].
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APPENDIX A. AN EXAMPLE IN OPTIMAL CONTROL

We resume the discussion of the example described in the Introduction. We were
considering the constant control system (1.3) together with the target 7 = epi f,
where

F(X) = X)o7 (X) = 1X177 X0 4 o (X).

The minimum time T to reach target T subject to the above control system
can be explicitly computed. Given (x,y) ¢ T, we have

1-y ifx<0
A1) T(x, >={ ’
Y -x23 —y, ifx>0.

Clearly, T is discontinuous on the set {(0,) € R?: » < 0}. Moreover, for every
r > 0, the closure of the sublevel {(x,y) : T(x,¥) < v} does not satisfy an
exterior sphere condition at (0, —7). Hence, such a condition does not hold for
the hypograph of T at the point (0, —7,7) either. Similarly, the exterior sphere
condition does not hold for epi f at the origin.

FIGURE A.1. The graph of the minimum time function T.
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However, T belongs to the class F(Q) for Q := R? \ T . Indeed, one can first
see from (A.1) that T is upper semicontinuous on Q; thus we need only to check

that hypo T € FR_ To this end, it suffices to prove that hypo T\ € F.
Define the following:

S1:=1{(x,y,z) €R?:z+y —-1<0and x <0},
Sr:={(x,y,2) eR3: (z+y)  + x> <0and x = 0},
S3:={(x,y,z2) eR¥:x <0ory < —x?/3}

= {(x,y,2z) € R?®: x < max{0, y}3/?},
Si:=1{(x,y,z) R :y <1},

and notice that hypo Tjo = (81 U §2) N S3 N S4. Since the class F is closed under
intersection, in order to prove that hypo Tjq € 7, itis enough to prove that $; US>,
S3, and S4 belong to F.

Using the fact that the map ¥ — max{0,}?/? is of class C1"!/2, it is not
difficult to show that

NG (x,y,2) = {0}V (x,y,2) €S,

for a suitable C = C(S3) > 0; in particular, S3 € F. The halfspace S4 clearly
belongs to F. Finally, under the linear invertible change of coordinates

(w,v,w)=F(x,y,z) = (x,z+y,z- ),
under which F is clearly closed, we have

F(S)) = {(u,v,w)eR>:v <1and u < 0},

F(S) ={(u,v,w) e R :v3 < —u?and u < 0}.
This means that F(S; U S>) = (hypog) X R, where

— 09, v > 1,
g) =10, v € [0,1],
lv|3?, v <0.

In order to prove that F(S; U S3) € F, it is enough to show that hypo g € FR?,
and this can be easily checked using the fact that g € C1/2(]—o0,1]). We have
that hypo g is N-regular and

ny‘;éz(u,v) {0} V(u,v)e ahypog,

This is enough to conclude.
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