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Flabbiness for Solution Sheaves

of Microdifferential Systems

ANDREA D’ AGNOLO

1. - Notations

I,I. Let X be a complex analytic manifold and let M c X be a real

analytic submanifold. One denotes by 7r : T*X - X the cotangent bundle to X,
by TMX the conormal bundle to M in X and by a the canonical one-form on
T*X. One denotes by s~ (M, p) the numbers of positive and negative eigenvalues
for the Levi form of M at p E TMX . To a morphism f : X - Y one associates
the natural mappings

1.2. Let A be a real analytic homogeneous symplectic manifold of
dimension 2n and let E be a complexification of A (endowed with the
induced homogeneous complex symplectic structure). Let V be a regular smooth
involutive complex submanifold of E of codimension 1 and let pi = ... = pi = 0
be a system of local equations for V at p E V 0 (where I - , - I
denotes the Poisson braket);

DEFINITION 1.1. (cf. [S-K-K]). The generalized Levi form on of

V with respect to A at p E V n A, denoted is the Hermitian form of
matrix

where ( ~ )1 denotes the symplectic orthogonal and pJ denotes the holomorphic
conjugate of pj with respect to A. (Notice that this definition does not depend
on the choice of the system of equations for V).

Choose a system of local homogeneous symplectic coordinates (z; ~)
in E at p E V such that ~1 - ~ 1, ~ ~ ~ , S’l and set X = {~ = 0},
Y = {~ - zl - ~ ~ ~ - zl - 0}. Let f : X - Y be the projection
f(z) = (~+1,...,~). Consider the natural mapping 17r : V - T*Y given

Pervenuto alla Redazione il 30 Novembre 1990 e in forma definitiva il 21 Ottobre 1991.
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by the identification V = X Xy T*Y C T*X and note that is the
bicharacteristic leaf of V issued from p.

DEFINITION 1.2. Let F be a sheaf on V and W c V a locally closed
subset. We will say that F is isotropically flabby on W if for every p E W
there exists a neighbourhood Q of p in V such that F)wno 13f for
a sheaf G on T*Y which is conically flabby on n ~). (Notice that this
definition does not depend on the choice of coordinates at p).

1.3. We will also recall some notations from the microlocal theory of
sheaves as in [K-S 1 ] . One denotes by the derived category of the category
of bounded complexes of sheaves of C -vector spaces on a real analytic manifold
X. For F an object of one denotes by S S (F) its micro-support, a closed
conic involutive subset of T*X.

If M is a real analytic submanifold of X, one denotes by the Sato’s
microlocalization of F along M, an object of Db(TMX). Recall the identification
&#x3E;M(F) G£ ¡.thom(CM, F), where ¡.thorn denotes the microlocalization bifunctor of
[K-S1] and, for a locally closed subset A c X, CA denotes the sheaf which is
0 on XBA and the constant sheaf with fiber C on A.

For Q c T*X, one denotes by the localization of Db(X) at

SZ. Recall that the objects of Db(X ; Q) are the same as those of Db(X) and
that a morphism h : F - G in Db(X) becomes an isomorphism in Db(X ; Q)
if SS(H) n Q = 0, where H is the third term of a distinguished triangle

h +1F --+ G --+ H --+. ,

Recall that ithom induces a functor from Db(X ; x Db(X; Q) to 

1.4. Let X be a complex analytic manifold. One denotes by Ox the sheaf
of germs of holomorphic functions on X and by ex the sheaf of finite order
microdifferential operators on T*X.

If X is a complexification of a real analytic manifold M, recall that the
sheaf CM of Sato’s microfunctions is defined by CM = M],
where ormlx denotes the relative orientation sheaf.

2. - Statement of the results

2.1. Let M be a real analytic manifold and X be a complexification of
M. Let M be a left coherent Ex-module defined on an open subset U c T*X.
Denote by V c T*X its characteristic variety and set l = We will
make the following hypotheses:
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Note that (2.1 ) implies in particular that V is a smooth regular involutive
submanifold of T*X.

For p E V n TMX we will denote by s:I:(M, V, p) the numbers of positive
and negative eigenvalues for LT;,x(V, p).

Let us recall the following classical result (cf. also [D’ A-Z] for further
developments):

THEOREM 2.1. (cf. [K-Sl, Theorem 3.1]). Let M be a left coherent Ex-
module satisfying (2.1 ) and assume that for an open subset W c V fl TMX
(i) s- (M, V, p) is constant, say s- (M, V ), on W.

Then the complex R)( om ex (.M, CM) of microfunction solutions of the system
.M is concentrated in degree s-(M, V) on W.

As we will recall in the next section, in the proof of Theorem 2.1 given in
[K-Sl], the complex R)(omex(.M, CM) is "reduced" to a complex d]
of microfunctions along a real analytic hypersurface N of a complex analytic
manifold Y (for a shift 1 - d which is calculated). Concerning such a complex
of microfunctions, we will need the following result.

THEOREM 2.2. (cf. [S-T, Theorem 3.2]). Let w be an open subset of TÑY
and assume:

(i) s-(N, q) is constant, say s-(N), on w,

(ii) there is no germ of complex curve in w.

Then:

(a) the complex is concentrated in degree s-(N),

(b) the sheaf is conically flabby on w.

2.2. Set = where Ep denotes the leaf of V issued from
p.

We can now state our main theorem.

THEOREM 2.3. Let ,M be a left coherent ex-module satisfying (2.1) and
assume that for an open subset W c V n TMX:
(i) s-(M, V, p) is constant, say s-(M, V ), on W,

(ii) for any germ ~y of complex curve at p E W contained in T;, X, one has

Then the sheaf CM) is isotropically flabby on W.

In particular we will recover the following result.

COROLLARY 2.4. (cf. [S-K-K, Chapter III, Theorem 2.3.6]). Let .M be a
left coherent ex-module satisfying (2.1) and assume that for an open subset
W c V n TMX:
(i) is non degenerate.
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Then the sheaf CM) is conically flabby on W.

3. - Proof of the results

We keep the same notations as in §2.

3.1. We first need some preparation to the proof of Theorem 2.3. The first
part of our proof will follow the argument used by Kashiwara and Schapira in
[K-S l] in order to prove Theorem 2.1. Their method consists in "reducing" the
germ of at p E W to a germ of the complex d]
of microfunctions along a real analytic hypersurface N of a complex analytic
manifold Y (for a shift 1 - d which is calculated).

We need to refine here their procedure since, due to the definition of

isotropic flabbiness, one has to deal with the restriction of to

an open neighbourhood Q of p and not only with its germ at p.

3.2. It follows from the proof of [K-Sl, Theorem 3.1] that one has:

PROPOSITION 3.1. For each p E W there exist an open neighbourhood
Q c T*X of p, a contact transformation x : T*X - T*X defined on S2 and a
smooth map f : X ---+ Y of complex analytic manifolds such that:

Moreover, a quantization of X gives an isomorphism:

Let p = X(p) for p E W n SZ. If = 0 is a local equation for S at xo

with = p, we set Sp E &#x3E; 0}. We similarly define Nq for
q = 11rw),

Let us use the following notations:
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Moreover we set

where 1 = codimo V = dimc X - dimc Y and T( ~ , ~ , ~ ) denotes the Maslov index
of three Lagrangian planes in TpT*X.

LEMMA 3.2. (cf. [K-S l, Proposition 7.4.2]). There exists a fundamental
system of open neighbourhoods U C X of Xo such that the natural morphism:

is an isomorphism in Db(f(U».
3.3. Given p E W let us choose an open neighbourhood c T*X of p

and an open neighbourhood U c X of f1f(x(P» such that:

(i) S2 satisfies the requirements of Proposition 3.1,
(ii) U satisfies the requirements of Lemma 3.2,
(iii) x(o) c 7r-’(U),
(iv) n SS(8p)a = 0,
(v) in D’(X; X(i2)),
(vi) CN in D’(Y; 11f(x(Q»),
where ( ~ )~ denotes the antipodal map.

PROPOSITION 3.3. The natural morphism in 

induced by (3.1 ), is an isomorphism on x(W n K2).

Let us first explain how (3.2) is induced by (3.1 ). The natural morphism

induces by adjunction

From (3.1 ) and (3.3) we get the morphisms

which give (3.2) owing to (v) and (vi) above.
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PROOF OF PROPOSITION 3.3. For each p’ E x(W n SZ) and j E ~ we have
to prove the isomorphism

Setting q’ = f7r(P’) one concludes by considering the following chain of isomor-
phisms :

3.4. Let w = n Q)). For each pEW n Q let q = f7r(x(P».

PROOF OF THEOREM 2.3. One has (cf. [K-S1]):

The hypothesis (i) of Theorem 2.3 and the equality (3.4) imply that s- (N, q) is
constant, say s-(N), for q E w. Combining Proposition 3.1 and 3.3 we get:

(3.5) x*(~~t~ ~M’v~(.M, 
In order to prove Theorem 2.3 we are then reduced to show the flabbiness of

on w.

The hypothesis (ii) of Theorem 2.3 is a symplectic invariant and, after

application of x, it reads:

(ii)x is a germ of complex curve in at p E X(W n Q), then
u C 

It follows that there is no germ of complex curve in wand hence the
conical flabbiness of is obtained by applying Theorem 2.2.

Q.E.D.

PROOF OF COROLLARY 2.4. The totally isotropic space of has

dimension (cf. [K-S1, Lemma 3.4]).
Since p) is non-degenerate, one has
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From (3.6) one deduces that the Levi form of N c Y at q is non-degenerate. It
follows that there is no germ of complex curve on w, that s- (N, q) is constant
(say s-(N)) on W and that, due to (3.4), s-(M, Y, p) is constant (say s-(M, V))
on W. The isotropic flabiness of is then deduced as in the

proof of Theorem 2.3.
One concludes noticing that (3.7) implies the injectivity of and

hence isotropically flabby means in fact conically flabby. Q.E.D.
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