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In Ergodic Theory it is natural to consider the pointwise convergence of finite time averages of functions with
respect to the flow of dynamical systems. Since the pointwise convergence is too weak for applications to
Hamiltonian Perturbation Theory, requiring differentiability, we first introduce regularized averages obtained
through a stochastic perturbation of an integrable Hamiltonian flow, and then we provide detailed estimates. In
particular, for a special vanishing limit of the stochastic perturbation, we obtain convergence even in a Sobolev
norm taking into account the derivatives.

Keywords: Stochastic regularization techniques; approximated first integrals; Hamiltonian Perturbation Theory;
Ergodic Theory.

1. Introduction

In the last decades, complex non-linear dynamics turned out to be important in many fields of
Physics. In particular, dynamics which exhibit an intermediate behaviour between integrability and
ergodicity are still largely under investigation. Indeed, in Celestial Mechanics, Statistical Physics,
Plasma Physics and Quantum Mechanics, one may typically find examples of orbits which visit,
in a long time interval, several resonances displaying different transient chaos behaviors, tempo-
rary captures into resonances or stickiness phenomena (see, for example, [13], [15], [2], [7], [6]).
Since in these cases random—phase approximations as well as the averaging principle are not effi-
cient at all, these orbits are usually difficult to formally study with traditional tools. In this context,
we find useful to utilize averaging techniques which are resonance independent, i.e. global in the
phase—space, inspired by standard viscosity and stochastic regularizations of PDEs (see, for exam-
ple [11], [5]). We remark that, in the last years, a completely new approach to Hamiltonian dynamics
motivated by regularization techniques has been represented by the so—called weak KAM theories
(see [10], [14], [9]), which focus on the existence of the Aubry—Mather invariant sets.

In this paper, we propose to use stochastic regularizations to generate global canonical transfor-
mations and approximated first integrals. Our starting point is a class of globally defined approx-
imate first integrals previously introduced in [4], which generalize the usual time average of any
phase—space function.

We recall that the time averages of functions with respect to the flow of Hamiltonian sys-
tems are extensively studied in Ergodic Theory and Hamiltonian Perturbation Theory. In particular,
averages over integrable flows are commonly used as generating functions of averaging canon-
ical transformations. In this setting it is well-known since Poincaré that resonances related to
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the so—called small divisors represent topological obstructions to the regularity of the time aver-
ages, which may be highly irregular in phase—space. The celebrated KAM and Nekhoroshev Theo-
rems [12], [1], [16], [17] overcame this problem with a refined use of algebraic as well as geometric
treatment of small divisors. More recently, the so—called weak KAM theories (see [10], [14], [9])
have studied the problem by new perspectives, based on variational and PDE regularizations by
viscosity techniques.

In this paper, we obtain regularization by further averaging with respect to a stochastic per-
turbation (see [11], and also [4]) in order to deal with smooth functions. To use such regularized
functions in any perturbation framework, we need estimates which include also the derivatives.
We here provide such estimates with norms obtained by averaging over open domains of the phase—
space. Therefore, our result has a probabilistic interpretation (probabilistic results in the weak KAM
framework have been recently obtained by Evans, see [8], [9] and also [3]), whereas classical Hamil-
tonian Perturbation Theory provides uniform estimates valid for all initial conditions. The strength
of the stochastic perturbation is a parameter of our construction. With evidence, it is interesting the
limit of vanishing stochastic perturbations, which we study in detail by providing estimates based
on Sobolev norms taking into account the first derivatives.

The paper is organized as follows. In Section 2 we define in detail the class of regularized
approximated first integrals and we discuss their relation with resonances and small divisors. In
Section 3 we introduce specific norms for phase—space functions and we state convergence results
about the regularized averages. Section 4 is devoted to proofs.

2. Relations between time averages, resonances and stochastic regularization

Let us consider the integrable Hamiltonian system with Hamilton function H (I, @) := h(I), defined
on the action—angle phase—space A x T", where A C R” is open bounded and g(I) := VA(I) is a
diffeomorphism over A such that
dgi d
g <c,  max| 28| <D, |detZE ()| >m 2.1)

VI € A, for some constants C,D,m > 0. We also denote by A > 0 a Lipschitz constant for g in the
set A. For any smooth phase—space function f(/, ), we consider its finite time average

1 /T
G'(1.9):= 7 | £(0'1 9Nt )
where ¢’ (I,¢) = (I, + g(I)t) is the flow of the integrable Hamiltonian (7). By denoting with

fLo):=Y fihe*?,  G'(1,9):=Y GI(I)e*?

keZr kezr

the Fourier expansions of f and G, we have

fi(D) ifk-g(I)=0
Gi(I) =
fi(D)

eik~g(1)T -1
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With evidence, if f; # O for a suitably large —that is generic— set of indices k € Z", the presence of
small divisors k- g(I) represents an obstruction to the regularity both for G” and for its limit

fl,@):= lim G'(I,9). (2.3)

T—o0

We remark that the Fourier coefficients G} (I) are similar to the Fourier coefficients of

fk(l) ok
keZmM\0 ik - g(l)

%(I’(p) =

)

whose e—time flow (j); formally conjugates the quasi—integrable Hamiltonian system

HS(Iv(p) :h(1)+8f(17(p)

to its first order average

(He o 05)(I,0) = h(I) +efo(I) + O(€).

Of course, ¥ and G” are affected by the same convergence problems.
We assume from now on that f is smooth and with generic Fourier expansion. Precisely, let us
introduce for any k € Z" the resonant manifold

F={IcA: k-g(I)=0}, (2.4)
as well as
H(f)={I€A: k-g(I)=0 and |fi(I)| >0}. (2.5)
Then, we assume that the set
Z(f)= U 2/ (2.6)
kezZm\0

is dense in A.

We now consider the regularization of G’ based on a vanishing stochastic perturbation, previ-
ously introduced in [4] by following a technique described in [11]. First, we consider the interme-
diate function

o0
FAL o) =u | f(¢'(1,9))e Mt 2.7)

with u = 1/T, which represents an unusual finite time average of f, in the sense that it is an expo-
nentially damped average of f with respect to the integrable flow ¢’. Then, for any u,v > 0,
we introduce the regularized function F*V as follows. Let (Q,.%,P) be a probability space and
wy :  — R" a n—dimensional Wiener process. Then, we obtain a stochastic differential equation by
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perturbing the Hamilton equations with a white noise
i[ - O
) ) (2.8)
(p[ = g([) +2VW[

whose flow is @, (I, ¢, ) = (1,9 + g(I)t +2vw,(®)). As in [4], for u,v > 0 we introduce

Yoo
PR 1) = i [ 1@ 10 0 ar). 29

In the previous formula, M(; 4 represents, for (I,9) fixed, the average on all the trajectories of
the Brownian motion (2.8), while the exponential damping e * allows us to interpret F*:¥ as an
effective average over a time interval of some multiples of 1/u (see [4]).

3. Convergence results

Inspired by Birkhoff—Kinchin Theorem, which considers the (pointwise) convergence of the finite
time averages G', it is natural to study also the convergence of the regularized functions F*» for
vanishing u,v. Since the pointwise convergence is too weak for applications requiring at least a
%' smoothness, we introduce specific norms on A x T". In more detail, for any function u(I, @) =
Yz i (I)e*® on A x T", the uniform Fourier norm

u* :=Y sup |u(1)] (3.1)

kezn 1€A

as well as the norms obtained with averages over the action space

ul® = ue(1)|dI (3.2)
WA
and?
' ="+ Y Y < %(1)‘ + \kjuk(l)o dl. (3.3)
kezn j=174 dI;

Let us remark that, by considering the usual L! and Sobolev W' norms on A x T", in particular

1l du du
T Q}— )
W L J:Zl aI] Ll
1 1

99;
Gy s <l < oz B Dy

|

and we have

For any phase—space function f, we discuss the convergence of the approximated first integrals G7,
F* and F*V to the time average f both in the uniform Fourier norm | - |~ —see (3.1)- and in the
action—averages based norm | - ]0 given in (3.2). In particular, we prove the next

The notation |u|?, |u|!, |u|™ has been here chosen in order to avoid any confusion with the standard uniform and Sobolev
norms.
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Proposition 3.1. Let us consider a smooth phase—space function f(I, Q). The functions G*, F* and
FHY converge to f in the | - \O norm on A x T". Precisely, we have

T « 3+log(|[k]|TC
GT =T <—— ). If % (3.4)
ke€ZM\0
_ 21 k||lC
- 0 < y |fk|°°i(1+1ogﬁ) (3.5)
o™ Tl r
o 20! u [k[[C
[FRY — FI° < ™ = | 1+log———— |. (3.6)
o e U

Instead, if the set Z(f) defined in (2.6) is dense in A, the functions G', F* and F*" do not uniformly
Fourier converge to f in any set B x T" with B C A open.

As it arises from the previous proposition, the three different finite time approximations G, F*
and F*V behave in the same way with respect to the | - | and | - |° norms. Indeed, the difference
consists in the convergence in the | - |1 norm given in (3.3). In such a case, the G7, F* do not
converge to f, and it is remarkable that the convergence of F*+V is obtained only in a special limit
of vanishing stochastic perturbation, as stated in the proposition below.

Proposition 3.2. Let us consider a smooth phase—space function f(I, ). For any n,v > 0 the
Sfunction F*V satisfies

n—1
ey Mm()g Ikllc

((+m 1A=+

M ezm\o A+ vl
+i L w>+ln2nD7N 5 £l @37
=1 2 1+ v

on A X T". In particular, for any sequence L;, v; > 0 converging to zero and such that

we have

lim |F*Yi — f|' =0.

i—-oo
Differently, if Z(f) defined in (2.6) is dense in A, the functions G' and F* do not converge to f in
the | - |' norm on any set B x T" with B C A open.

Let us remark that the convergence of F*V to f requires a restriction of the sub-sequences
U;, V; because in (3.7) we find contributions proportional to u/u + v ||k 2, while the contributions

ulog (Hk||C/u +v Hk||2) which are dominant in (3.6) converge for (i, v) — (0,0).
The proofs of Propositions 3.1, 3.2 are reported in Section 4.
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4. Proofs

The different time averages (2.2), (2.7) and (2.9) can be alternatively expressed in terms of their
Fourier coefficients, as discussed in the following technical

Lemma 4.1. Let us consider

Lo)=Y fi(h)e*?. 4.1

keZ"

The Fourier coefficients of

=Y Gi(De*?, Fi(1,9)=Y F(De*?, FV(1,0)= Y F'V(1)e*?

kezn kezZn kezZn
are respectively
Jild) ifk-g(I)=0
Gi (1) = kST _ 1 4.2)
m Jill)
B =~ —n )
and
v 1
Fku, (I) = fk( ) (4.4)

ik - g(I) — = V][]

Proof. The first equality easily follows from (2.2) and (4.1) by direct calculations. Indeed

L o=t [ T awdrdstra

kezn
_ Z fk qu)/ zk~g(1)td['
keZ"
Moreover, from

1 ifk-g(I)=0

T Jo eik~g(1)T 1 . 0

k- ol

KT ifk-g(I) #

we immediately obtain formula (4.2). Similarly for (4.3)

PR = [ e =g [T F funeteetstisgy

kez"

= ka tkq)/ eliks()=p)t gy — —u Z fild) ke

kezr kezn ik - g( ) nu
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We conclude by proving the equality (4.4). We first take into account (2.9), so that

Joo Foo | .
f(cI)’ (1 0, (D e Mg — Z fk qu)/ e(’k'g(l)_”)tezwk'w’(w)dt.
kezn

As a consequence —see (2.9)— we obtain
—+oo
P g) = ik ([ 1@ 00 0)e M ar)
—uY hl tk(p/ |:/+°°e(ik-g(l)—u)teZivk-w,(w)dt:| P(do)
0

keZ"

—p Z fll tk(p/ ~ [e(ikug(l)—#)f/eZin'Wf(“’)P(da))} dt. 4.5)
Q

keZn"

Since w; : Q — R" is a n—dimensional Wiener process, the corresponding covariance matrix R(t) =
R;(t) = t5;; and therefore

/ eZivkw,(w)P(dw) — o VIkPe
Q

Therefore, from equation (4.5) we have

Foo
Frv(Le) =u Y fill) quo/ ks =n =K gy — _yy Y
keZn keZn

fld)
ik g(I) — i — VK2

ik-(p

O

The next sections are devoted to the convergence results, in three different norms, of GT, F* and
FH to the time average f defined in (2.3). From (4.2), we immediately obtain f = Yy fi(I)e*®,
with

. {fkm if k- g(I) =

0
D=4, ifk-g(I) #0 (4-6)

4.1. Proof of Proposition 3.1

We start by proving that GT does not converge to f in the uniform Fourier norm. Let us consider

(G"=NL,9):= ) (G — P(D)e™?.

keZr
From (4.2) and (4.6) we immediately obtain
0 ifk-g(I)=0
(GT — fi(D) = okeT _ | _ (4.7)
fk(UW ifk-g(I) #0

Since the set Z(f) defined in (2.6) is dense, there exists a dense set of points I € A such that
k-g(I) = 0and |f;(T)| > 0 for some k € Z"\0. Since g is a diffeomorphism, we have

e’ —1 2[1 —cos(JT)] 1

ei/’c~g(1)T 1 ‘
—— | =1lim =1,
iJT J—=0 ]JT]

ik-g(T

lim = lim
1¢%, 11 J=0
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and also

eil‘c~g(1)T 1

ik-g(T

| eil‘c~g(1)T 1
> lim |fi(])————
T 1¢ay, 1o D ik-g(T

=D

sup
IEA\%,‘C

i)

As a consequence,

IGT =717 =Y sup|(G" = Flu(D)| = | fz(I)| >0

kezn I€A

that is, G? does not uniformly Fourier converge to f in any set B x T" with B C A open.
We proceed with the same discussion for F*. By denoting

(Ff =)L) := Y (F!' = Fl1)e™?,

kezr

from (4.3) and (4.6) we have

0 ith-g(1)=0

(F* = (1) = D) 4.8)
- ifk-g(I)#0
TRy g(l) #
By considering as before I € Z(f) such that k- g(I) = 0 and | f;(I)| > 0, for some k # 0, from
: fild)
1 —u=—"—1=|fz
1¢%’1K,r,l}ai H ik-g(I)—u i)l

we have

[FH =17 =) sup |[(F* = ()| > |feD)| > 0

kezn I€A

that is, F* does not uniformly Fourier converge to f in any set B x T" with B C A open.
We conclude the first part of the proof by showing that also F**¥ does not uniformly Fourier
converge to f. Indeed, in such a case, formulas (4.4) and (4.6) give

- ifk-o(l) =
(sl -0

(F*Y = feI) = 4.9)
fid) ifk-g(I) #0

Tik-g(1) — = k]2

By considering again k- g(I) = 0 and | f;(7)| > 0 with k # 0, and sequences (;, v;) — 0, we discuss
the following two cases.

(i) If lim; 4 v;/l; = 0, we have

. . v,z fk(l_)
1 1 FHYi A (] = ———— = |fz(I)].
i—1>r4201¢%1;2—>1"( Fd)] i Wi+ villk|| feld)]
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(if) On the contrary, if the sequence v;/u; does not converge to zero, we consider

vi &

(P P = || s T

e | =

which does not converge to zero as i tends to infinity.

As a consequence of all previous cases, we conclude that F*V does not uniformly Fourier converge
to f in any set B x T" with B C A open.

We proceed by discussing the convergence to f in the | - \0 norm. Since g : A — R" is a diffeo-
morphism, the set of all resonances % := Uyezn 0%k has measure zero. Consequently, the norm

| - |0 can be rewritten as

W= Y [ ez

kez"

where
A=A\Z={IcA: k-g(I)#0forall k € Z"\0}. (4.10)
We first prove limy_, ;o |GT — f|° = 0. From (4.2) and (4.6) we immediately obtain

eik~g(1) -1

(GT_f)k(l):fk(l)W VIieA
so that
_ eik~g(1)T —1
S = Putniar = [ G |t

IR /\/sm (k-g(INT)+ [cos(k-g(I)T) — 1] a1 = fil” /\/2 —cos(k-g(NT )]dl.

\ gIT k- g(D)|T
Using the change of variables
I—J:=g(I) (4.11)
and assumption (2.1), we obtain
21 (k- * 2[1— k-JT
16T = Pulnlar <151 /¢ cos(k-g(T] ,; _ |1 /y[ cos(k-JT)]
k- g(D)|T mJe(@) |k-J|T
(4.12)
Let now &i,...,é, be an orthonormal basis of R” with k € (&,,...,é,)" and R a rotation matrix such

that Rk = ||k||€; (the dependence of the basis and the rotation matrix on k € Z" is here omitted). By
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the further change of variables

Jsx:=RJ (4.13)

the quantity k- J in (4.12) becomes k- J = | k|| x1, and for any x in the integration domain Rg(A) we
have x = Rg(I) with I € A and ||x|| < ||g(I)|| < C. As a consequence, we obtain

J16" = Petnyjar < |fil” / V[ - fcjs‘;k-nndf

°° 2|1 — T
B G e e P
ke Kl |7

|f |°°C” 1/ \/21—(:05 HkalT)]d _ | fi|>cn=1 pliklier 2(1—cosy)dy

X1 =
[[&l[Jer [T ml|k[ T J=jejcr ¥l

2‘fk‘wcn71 ||k||CT /2 siny 4’fk‘wcn71 |[k[|CT /2 siny
— omlkT Jgerz2] vy | mlkIT o y
4| fi>cn! /Zﬂ siny 4| fi ! /IkITC/Zl 4| fi !
< WE ~ = AL —dy < A = 10 4 log(|[k]|TC)] (4.14)
R T fx 3 Tl o HogUITC)
with [ := 02” siny| gy < 3. Consequently,
7 4| fi|>Cn!
&< ¥ MAEC 5 togk 7o)
kEZ"\O mH ||

proving that G converges to f in the | - |° norm.
We conclude the proof with the convergence of F* and F*V to f. By using formulas (4.4) and
(4.6), we have

Ji(I)

kgl —pv[kE A

(FIY — (1) = —

Hence

TR ‘ _ ’fk )‘
e & e e e

) 1
< ulfil /A N (k-g(l))zdl

The same changes of variables of the previous case, see (4.11) and (4.13), provide

ulfk|°°C” :

xl

/|F‘“’ Fe(D)dI <

/ \/u+VHkH 2+ Ikt
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o ljc copn_ ljc
_MIACTE e L 2IACT 1/u+vk2 L
A e 2 R S
oo N— [kl . Iklic
_2uffiler! / /u+vuku2 g | < 2HAPC ] I +/M+VHI<H 1.
ml|k]| \/l—l—x VI+a2 ~omlkl
2ulfi|~c"! [ [[kllc }
— I, +log (4.15)
m||k]| 1+ vl

with /] := arcsinh 1 < 1. Consequently

—1
g <X

) ke
Jx [ +log—————
L A L+ VI

k€Z\0

and for v = 0 we obtain also (3.5).
Inequalities (3.6) and (3.5) respectively prove that F*V converges to f for (i, v) — (0,0) and
F* converges to f for  — 0 in the | - |* norm. O

4.2. Proof of Proposition 3.2

Let us consider any open set B C A. Since g : A — R” is a diffeomorphism, the | - ]1 norm in B x T"
—see (3.3)— can be rewritten as

Ju|! :kén{/\uk yd1+2/ ( a”" )‘+|kjuk(1)|>dl}

with B = BNA, see (4.10).
We first prove that GT does not converge to f in the set B x T". It is sufficient to prove that there
exists € > 0 such that for any large 7T we have

oGl Ifi
(a—z‘a—z,.) (1)‘d1> e (4.16)

From (4.2) and (4.6), for any I € B we have

j= lkeZ"

_ _ c 7
(GT — i) = Ji ik-g(INT !
0 ifk=0
so that
_ afk eik-g(I)T -1 P eik-g(I)T 1 -
T —JK _ n
(G- = o iestor 0 an, st Ak Z
J J .
0 ifk=0

4.17)
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We notice that the first addendum in (4.17) tends to O, that is

PN

8[ 1 ik g()T dl =0.

lim
T—4o0

Indeed, by using the changes of variables (4.11) and (4.13) as in the proof of Proposition 3.1 —see
also (4.14)— we obtain

Cnl

|25 s _ |
k[T

Afr|”
<[5

As a consequence, it remains to study the other term of the equality (4.17), precisely
oikeT _ |
ik-g(I)T

" 2+ (k-g)2T% —2k-gT sin(k-gT) —2cos(k-gT)
ar; ) ‘ (k-g)*T

dl

Y ¥ [0

j=lkezZ®

dl

B dg" || /24 (k-g)*T? —2k-gTsin(k-gT) —2cos(k-gT)
WAl X (k2T a
where
%Tk ‘_n <%Tk> _n n@k._n ik /
ol ‘_j; a1 "/ _j; ,.:Zlalj ’ _J; alj(l 8(0))

Since Z(f) is dense in A, there exists I € BNZ(f) such that k- g(I) = 0 and | fi(I)| > 0 for some
k € Z"\0. In particular, there exist ,4;,4, > 0 (independent of T') such that the closed ball

Bs(I) ={1:|lI-1I|| < 8}

is contained in B, and also for any I € Bs(I) we have

(D] = A

and

T
= u

> .
ol &

min
[lul|=1

Let us remark that the constant A, satisfies 0 < A; < |fx|”. The constant A, is indeed strictly positive,

since otherwise there would exist u # 0 with % u = 0, which is in contradiction with (2.1). From
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(2.1), there exists also a constant M > 0 such that

det 281 )' <m (4.18)

ol

lk 8T _q r

ik-g()T
\/2+ (k-g)2T? —2k-gT sin(k-gT) —2cos(k-gT)
(k-g)*T

for any I € A. As a consequence, we have

Y Y [1a0)

J=lkezr

dl.

> Ao [ /B )
5

By performing the change of variables J := g(I) and using (4.18), the above term has the lower
bound

Mtz Ik II/ \/2+(k-J)2T2—2k-JTsin(k-JT)—2cos(k-JT)dJ
Bs(I) ’

(k-J)2T

which, using the additional change of variables x := RJ as in (4.13), equals to

\/2+ ||k||2x%T2 —2||k||x1 T sin(||k|| x; T) — 2cos(]|k||x; T)

lllz
Il — x.
Re(Bs (1)) 1Kll" T
We consider & > 0 possibly depending on k, I (but independent of T') such that
{rs max by Re(h) | < 8} < ReBs(0)
so that we have
Mtz I \/2+ IKIZ 3372 = 2 k|l T sin(|[k]| 1 T) — ZCOS(HkHX1T)d
by

Re(B5(1) ||| 22T

7L1lz k]| 5 I/Rg(i)l-‘rs \/2—1—HkHZx%TZ—ZHk\\xlTsin(HkalT)—ZCos(HkalT)
X1
R

-3 [k[>2T

B 11128 _ /|"|T Rg(D)1+9) \/2+y —2ysmy 2cosyd
M k17 (Rg(7)1~6 y?

We remark that, since the change of variables (4.13) is performed by a matrix R such that Rk =
||k|| €1, so that

Rg(I) =é1-Rg(l) = L Ri Rg(i)_m g(I) =0,

[l

we have

11128 - /Ile(Rg (0148) \/2+y2 —2ysiny — ZCosyd
M k17 (Re(1)1 5 y?
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B lllzg _ /|k|T5 /24y —2ysiny — ZCosyd
M k76 y?
Since for any y € R we have

4
2+y2 —2ysiny —2cosy > ét(lyfyz)’

we conclude

lllzg _ /|k|T5 /24y —2ysiny — ZCosyd lllzgn_]/lleS 1
M kT8 y? M KIS /T + 2

M Ikirs g A2
:¥5”_1/ dy =2 25” Larcsinh(||k|| T'5).
M 0 1+y?2

Since
lim arcsinh(||k]| T8) = +oo,
T—+oo

with a suitable definition of €, one immediately obtains (4.16).

We proceed by proving that F* does not converge to f in the set B x T". It is sufficient to prove

that there exists € > 0 such that for any small y we have

" oF!  of,
] of _oh (I)|dI > e.
j=lkezn’/B I dl;
From (4.8), for any I € B we have
P (D) .
_ FH (I =— if0#£keZ"
(F* — (D) = e () ik-g(I)—u
0 ifk=0
so that we have to estimate
n aF#
) / 5 —k(n)|al.
J=1keZ"\0 I
By direct computations we obtain
n aFﬂ
Y ¥ / a—k (I)|dI
1—1 keZr\0 1
1 9 fi

1 \ /|k o) —pf? o, (I)(ik - g(l)—M)—fk(l)%(ik.g(l))'dl
keZ\0 [} .

k ) — frk- dl
Lz, J Ararrm \/ o) 57~k )
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9 fi L Jg

g =k 31, ~ fi 3, dl. (4.20)

P

As before, we consider I € BNZ(f), so that there exists k € Z" such that k- g(I) = 0 and | f;(I)| > 0.
In particular, there exist 6,41,A; > 0 (independent of T') such that the closed ball

EZ"\O /’lk g .U\

Bs(I) ={1:|II-1I|| < &}
is contained in B, and also for any I € Bgs(I) we have

D] = A1,

and
a T
ol

HMH &

u‘ > .

Since A > 0 is a Lipschitz constant for g in the set A, for any I € Bg(I) we also have
|k-g(D)] < [[K[[ 6.
The series in (4.20) has therefore the lower bound

" | _ 8fk
L L /E\i?g(l)—u!z

k-g()=r
J=lkezm\0

— fik-

d fr
-g(l )a—l_fkk 81

1 1
Y S T
H L oo iestd) o

j=1

1
zu/ el
Bl |ik- g (1) — |””

ZldﬂWu/
Bs(

(1) |ik- g(I) — | d1;

afk

dl

d—,uZ/

1 n
Al k|87
e M

iy
Bs(1) Jik- g(1) —

0 1
Aaka — af" e[
I Bs(I) |ik - g(I) — |
First, we remark that in the case Z?:] ‘3—57; - > 0, it is not restrictive to choose & satisfying
5< —Mb
20 |5
so that we have
- MA 1
Y ¥ uf s e Gk S MR
J=1kezm0 |ik-g(1 | Bs(1) |ik - g(I) — p|

Then by performing the change of variables J := g(I) and using (4.18) we obtain the lower bound
2.17(,2 1 2.12.2 1
lkluf - = [ Ly
B5(1) |ik- g(I) — | s(B5(D) |ik-J — p|
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o1y ——y
g(Bs(1) \/ (k- J)% + u?

which, by the additional change of variables x := RJ as in (4.13), can be written as

222 e [
w0 [P + 2

Since there exists & > 0 possibly depending on k,I (but independent of i) such that

{x¢ max |x; —Re(I) | < 5} C Rg(Bs (D)),
j=1,...,n

we obtain the lower bound

222 el [ L Y e —
R0 [P + w2 e
ISV PN R IV 2 &
=5 s 1+y2dy—7arctan—5

‘:

Since we have

kIl <
lim arctan U6 = E,
u—0* Hu 2

with a suitable definition of € one immediately obtains (4.19).
We conclude our proof by showing the convergence of F*V to f in A x T" on sequences
(i, vi) — (0,0) such that

lim— = 0. 4.21)

We first provide an estimate on the different contributions to

el =7 88 [ pars Y [ ol ee -l

kezr j=1 kezn j=1

The first term ‘F v _ f ‘0 has been already estimated (see (3.6))

_ 20! k||C
|FhY — 0 < Y 1l T <1+Jog——ﬂ—l——§>. (4.22)
mo o ([l v
Then, for any I € A, from (4.9) we have
I)
) FMY(I) = —p- Jil if0+£kezr
P == TR — VIR
0 ifk=0
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so that we need to estimate

oF"Y dfi 1 1

J[75 alan

e

d
o, Vi gm—n—vie T3, (ik-gm —H VP

)|

for any k € Z™\0. By using the changes of variables (4.11) and (4.13) as in the proof of Proposition

3.1 —and proceeding as in estimate (4.15)— we obtain

Z % ]) 1
keZm\0 j=1 A aIj ik-g(l)—y—v,-HkHZ

2Cn71 n
SR
kez\0 \j=1

Using (2.1) we first obtain

dl

2fi |7\ K [ k]l ]
== — [l +log——————| .
91 ) [l o+ V(K12

Zu/

1
flhor <ik-g<z>—u—vrrku2>‘d’

kEZ”\OJ
N R e FA L Gl
a1
w|fel”n? ||k D/ dl,
< L Ak VT

then using the change of variables (4.11) and (4.13) we have

plAl k1D [ e
ke;\o .‘H‘VHkH )
n*D 1
< ¥ EEA Ik dJ
L IR G VIR
n’C"'D ¢ 1
ANy —dx,
kezo M =C ||kl " xy + .U+VHkH )
2n2C'D k
< Z |fk| H H 2[.1/ dx1
kGZ"\O m (N‘f'VHk” H ‘||‘ ” le +1
e HkHC
=Y 2n’C ID‘fk’m K /WW 1 dy
kezmo M (1 +VIIk]I?) Jo 1+)2
2n*C"'D U lk||lC
= | fiel arctan <7>
ke;\o m (1 + V|[K]?) 1+ VI[k[[2

From the previous inequality, we obtain

L Yul

0 1 n*nC"'D
fkl)—<. >‘d157 fil™
P ey R Tl Ve e TR YR
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. 211 . . .
In order to conclude the estimate of ‘F v _f ‘ it remains to consider

.ulfk(l)
ik g(1) — i — vilk[|?

dl.

keZm\0 j=1

This term is estimated by using the changes of variables (4.11) and (4.13), so that

20k, c! k
Z Z‘” j|/ Z Z u ka‘ [ll—l—log [k[|C

kEZ”\O] kEZ”\O] mHkH IJ‘I—VH]CHZ

) u vkl

2nC"! o |k||C
< il {1 tlog — o (4.25)
m ke;\o f+ vk
By collecting inequalities (4.22), (4.23), (4.24) and (4.25), we obtain
120! p k]l IkllC s -
PRyl < =—— A 110 — I LA o | T log — s
L ) (HkH e ) T T [ R ;
1, u o IklIC o
—n“tD—— |fi|” +nu [1+10g7 | x|
2 A+ v k| 1+ vkl
2c! [|k||lC 8fk e
< Y (w[t+toe—" | (1) Al ) D Al
m keZ"\O( v k)2 2" HkH2
so that (3.7) is proved. Since for i, v > 0 and ||k|| > 1, we have
[[k[IC C_H C
lo < (vlo —>
u g ||kH2 <ul g V g y
and
ek
pA+ vk v

from (3.7) we obtain

|F”7V—ﬂl < <%> 2! Y ((v—kvlog%) <(1+”) |fil”

m - ezmo

oo

J

1 =)
>—|—§n27rD|fk| >

Therefore, for any sequence (;, v; > 0 converging to zero with y; /v; converging to zero, we have

lim |F*Y— f

‘ 1
i—>+o0

=0.

The proof of Proposition 3.2 is concluded. U
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