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On the Lattice Automorphisms
of Certain Simple Algebraic Groups.

MAURO COSTANTINI (*)

Introduction-notation.

Given a group G, the set 2(G) of all subgroups of G partially ordered
by inclusion is well known to be a complete algebraic lattice. A projec-
tivity of a group G onto a group G is any lattice isomorphism form 2(G)
onto JE(G), and an autoprojectivity of G is any projectivity of G onto it-
self. We shall denote by Aut 2(G) the group of all autoprojectivities of
G. Two groups G, G will be called projective if there exists a projectivi-
ty of G onto G. 

_

Let G, G be groups, and let « be an isomorphism of G onto G. We can
define in a natural way the projectivity « * of G onto G given by =

every X ; G. « * is called the projectivity induced by the isomor-
phism «. If G = G, then we have a homomorphism *: Aut G -~ Aut 2( G)
given by a H «* for every a in Aut G.

An interesting problem is to know in which cases a projectivity of G
onto a group G is induced by an isomorphism. In this context, a group
G is said to be strongly lattice determined if every projectivity of G on-
to a group G is induced by an isomorphism. It is clear that G is strongly
lattice determined if and only if the following two conditions are

satisfied:

G projective to G implies G isomorphic to G,
the homomorphism is surjective.
In literature several classes of groups whose members are strongly

lattice determined are known ([10], [11], [12], [15], [16], [17], [24], [25]).
From the classification of the finite simple groups, one can see that

if G is a finite non abelian simple group, and G is projective to G, then G
is isomorphic to G. Therefore, in order to prove that a finite simple

(*) Indirizzo del’A.: Dipartimento di Matematica, Via Belzoni 7, Padova
(Italy).
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group is strongly lattice determined, it is enough to show that the ho-
momorphism * is surjective.

The groups studied by Metelli ([11], [12]) are a special family of fi-
nite simple groups of Lie type, and a conjecture was made that for all
finite simple groups of Lie type the homomorphism * was sujective. In
1985 V61klein proved this for the groups of type

where the characteristic p of the base field is sufficintly large ([22]).
If G is a group in the list ( x ) over the finite field k, then G arises as

the subgroup generated by the unipotent elements of the group of k-ra-
tional points of a certain adjoint simple algebraic group G defined over
k. A crucial fact in the proof given in [22] is that the groups in the list ( k )
arise from simple adjoint algebraic groups G whose Weyl groups have
non-trivial center. Indeed in the same paper V61klein proved that for
the groups PSL3 (q) and P,S U3 ( q 2 ), whose absolute Weyl group is ,S3 ,
the homomorphism * is not in general surjective. We showed in [7] that
q = 17 is the least prime-power number such that P,SL3 (q) has autopro-
jectivities not induced by automorphism. It is in this connection that
in [8] we considered the behaviour of the map * for a simple algebraic G
group over the algebraic closure of a finite field.

For convenience here we recall some facts there proved.
Every autoprojectivity o_f G is index-preserving (a projectivity p of

a group G onto a group G is said to be index-preserving if given
H ~ K ~ G and [K : H] = n, we have It is well known

([26] Corollario 3) that to prove that r; is index-preserving it is enough
to prove that H ~ K ~ G, K cyclic and [K: H] = n implies = n)
(Theorem 2.3).

If rp is an autoprojectivity of G, then the image under ç of a maximal
torus, a maximal unipotent subgroup and a Borel subgroup of G are re-
spectively a maximal torus, a maximal unipotent subgroup and a Borel
subgroup of G. In particular ç induces an automorphism of the building
4(G) canonically associated to G (Proposition 2.5, 2.7, Theorem 2.8).

For every autoprojectivity p of G there exists a unique automor-
phism of G inducing r; on 4(G) (Corollary 4.6).

It then follows that the map * is surjective if and only if the group
1-’(G) of all autoprojectivities of G fixing every parabolic subgroup, coin-
cides with the identity subgroup of Aut2(G) (Corollary 4.9).

The main results o_f the present paper is that if G is a simple
algebraic group over with p odd and G not of type A2 , then
every autoprojectivity of G is induced by a unique automorphism.
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of G (Theorem A, B, C). We also prove that, in the adjoint case,
G is strongly lattice determined (Theorem D).
We shall show in a forthcoming paper that the case A2 is in fact an

exceptional one.
For algebraic groups, we use the standard notation ([5], [20]). If G

is a reductive algebraic group over an algebraically closed field K, and
T is a maximal torus of G, for every root «: T ~ 7~ ~ Xa is the root sub-
group corresponding to «, and xa is a fixed algebraic isomorphism
Xa: (K, +)2013&#x3E;~. Also, a v: K * ~ T is the coroot corresponding to a.

Let p be any prime. We shall always denote by K the algebraic clo-
sure of the field IFp with p elements. Unless otherwise specified, G al-
ways denotes a simple algebraic group over K and p an element of
r(G).

1. The case rank G at least 3. ,

In this paragraph we shall shaw that 1’(G) _ ~ 1 ~ when G has rank at
least 3 and p is odd. We first prove some properties of r(G) which hold
in general.

PROPOSITION 1.1. ~p fixes every maximal torus and every maximal

unipotent subgroup of G. If 0 is the set of roots relative to a maximal
torus, then we have X,,9,’ = Xa and (ker = ker « for every « in 0.

PROOF. The first part is clear. So let now T be a maximal torus of
G, and let 0 be the set of roots. For every « in 4l there exists a Borel
subgroup B of G containing T such that « lies in the fundamental sys-
tem II of 0 relative to the choice of B. Then we have Xa = 
where P is the parabolic subgroup (B, is any representative in
.N( T) of the fundamental reflection sf3 and f3 is given by the relation

where wo is the longest element of the Weyl group
X(T)IT ([5] page 59). So we get X« _ (U 1B P’0)9 = U 1B pno = Xa . We fi-
nally prove that (ker = ker a. For every non-trivial u in Xa, we have
ker a = T We fix a non-trivial element u in Xa . As Xj = 9

there exists a non-trivial u in Xa such that (ul’ = (u~. If now s is in ker «
and s is an element of T such then s lies as (u, s)P
is cyclic. Hence s lies in T A = ker «. It follows that (ker «I’ =
= ker «..

For every « in 0, we define Lav to be the subgroup of T. Lav
is therefore a 1-dimensional subtorus of T.

PROPOSITION 1.2. Lflv = Lav for every a be in ø.
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PROOF. We show that Lav = T A (Xa, X _«~. Let na be any represen-
tative of the reflection Wa of in (~,Z~)([5] page 19).
As Lav is a maximal torus of (Xa, X-a), we have the Bruhat decomposi-
tion (Xa, X _«) = LavXa naXa. But fl T = 0, as B n

= 0, and so we have T A (Xa, X-,,,) = Lav. Hence
so that Lya =TçAXça, Xç-a&#x3E; =

= Lav by 1.1.

The crucial point in the case of groups of rank at least 3 is the follow-
ing fact about tori.

PROPOSITION 1.3. Let T be a torus of dimension l. If 1 is at least 3,
then every autoprojectivity of T is induced by an automorphism.

PROOF. Let ~ be an autoprojectivity of T. By Theorem 2.3 in [8],
~ fixes every q-component Tq of T. We have Tq x ... x Cq.
(l copies) for every prime q ~ p. As 1 % 3, there exists, by a theorem by
Baer ([21] Theorem 2 page 35), an automorphism fq of Tq inducing ~ on
.C(Tq). As T = (sum over all primes q different from p), if we define
f = the obvious way, we get that f is an automorphism of T in-
ducing §..

If H is any group, an automorphism « of H is called a power auto-
morphism if for every subgroup K of H we have K« = K. Hence the
group of power automorphisms of H is the kernel of the homomorphism
*: Aut H ~ Aut 2(H). If H is a periodic group, then an automorphism a
is a power automorphism if and only if for every x in H, there exists ~n
in Z such that 

Let T be any maximal torus of G. If the rank of G is at least 3, then,
by 1.1 and 1.3, there exists an automorphism f of T inducing q on 2(T).
We shall show that f is in fact a power-automorphism of T. We first
state some facts which hold in general for semisimple groups. So as-
sume G is a semisimple algebraic group over an algebraically closed
field and let T be a maximal torus of G. We denote by X the character
group of T and by W the set of roots relative to T. Let B be a Borel sub-
group of G containing T and let II = ~ « 1, ... a L } be the fundamental sys-
tem of W relative to the choice of B. For every closed subgroup S of T
we put S1={xE X[ x( s ) = 1 Vs E S}, and for every subgroup A of X we
put A 1 = t E = 1 da E A } . A 1 is a closed subgroup of T. We are
interested in the family of subgroups {S1|S is a subtorus of T } of X.
Let us denote by a the set of all subgroups A of X such that X/A is tor-
sion free, and by S the set of all subtori of T. We have the following
result:
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PROPOSITION 1.4. The map given by for every A in a, is a

bijection of a onto 3, its inverse being the map s H for every S in S.
Also we have dim A’ = rank (X/A) for every A in a.

PROOF. This follows from the fact that for every torus S we have
dim s = rank Hom (,S, K " ), and from the fact that a diagonalizable
group S is a torus if and only in Hom (S, K " ) is a free abelian group
([19] Proposition 2.5.8).

We now consider the cocharacter group Y of T. If we denote by 0’
the set of coroots, then ...oc~} is fundamental system of 0’.
Let (x 1, ... , X 1), (Y 1, ... , be Z-bases resp. of X and of Y. Let Ti be
the subgroup E = 1 for every j # z}, and Li be the subgroup

of T . Then both Ti and Li are 1-dimensional subtori of T. For
every i = 1, ... , Z, we consider the algebraic homomorphisms

LEMMA 1.5. Let (xl, ... , Xl)’ (Y1, ... , Yl) be dual Z-bases resp. of X
and Y, in the usual duality X x Y - Z. Then, for every i = 1, ... , l, we
have Ti = Li , and ~i , ~i are one the inverse of the other (in particular
they are algebraic isomorphisms).

PROOF. This is obvious.

PROPOSITION 1.6. Let ( x 1, ... , x L ), ( Y 1, ... , Y l ) be Z-bases resp. of
X and of Y. Then we have the following decompositions of T as algebra-
ic group:

PROOF. It is clear TL~ = T1 x ... x Tl , so that T = T1 x
x ... x T, as they both have dimension l. This decomposition is of alge-
braic groups by 1.5. From this it also follows that T = L1 x ... x L, by
cosidering the dual basis of ( y 1, ... , y L) and 1.5.

Going back to the case when G is a simple algebraic group over K,
we consider separately groups of different isogeny types. We start
with G of adjoint type, Z-basis of X.

Let I be the set {1, ... , l}. For every J c I, we denote by Aj the sub-
group of X. Hence is a subtorus of T of dimension



146

For every i in I we put = 1 dj E I, j ~ Let

~ be the restriction to T rxi of the algebraic homomorphism a i : T -~ 
By 1.5 ~i is an algebraic isomorphism from Trxi onto K" . We shall denote
by v i the inverse of ~i .

For every i, j in I such that « lies in 0, we define Tij =
= ( A 

kEl
k=i,j

Tij is a 1-dimensional subtorus of T by 1.4.

PROPOSITION 1.7. ~p fixes all the subtori Tij .

PROOF. It is enough to obverve that all these subtori are elements
of the sublattice of 2(T) spanned by the set (ker « a E 4l), and then
use 1.1.

For every i, j in I such that xi + a j lies in ø, we introduce the
algebraic isomorphism given by the map
(a, b ) H v i ( a ) v j ( b -1 ) for every in 

PROPOSITION 1.8. Let D be the diagonal of K x x K " . Then, for
every i, j in I such that a + a j lies in ø, we have = Tij .

PROOF. It is enough to show that DF?&#x3E; £ Tij , I as p ij is injective, D
and Tij are 1-dimensional connected algebraic groups, and p ij is an alge-
braic map. So let a be an element of Let m be in I, We
have = 1 as for every r # m.
Also we have But, for

every s in I and for every we have _ ~s v s ( a ) = a.
Hence = 1, and

(a, lies in Tij . m

LEMMA 1.9. Let F be an automorphism of K " x K x . Let D be the
diagonal of K " If F fixes the subgroups Kx x {1},{1} 
and D, then, for every « in N, there exists n in ~ 1, ... , ~ro " - 1 ~ such
that SF = s n for every s in x JF;a.

PROOF. Let « be in N. Let k be an element of 7~ such that (k) =
= There exist a unique ni and a unique ~2i~{l~...~"l} such that
( k, 1 )F = ( 1~ nl , 1 ) and ( 1, I~ )F = ( 1, k’~ ). As F fixed also D, we get
n1 = n2 . Call this common value n. Now let s be in F n x JF;a. There
exist r, t in Z such that Hence and we are
done.

We now fix a maximal torus T of G.
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PROPOSITION 1.10. Let G be adjoint of rank at least 3. Then any
automorphism of T inducting ? on is a power-automorphism.

PROOF. Let f be an automorphism of T inducing p on 2(T). Let t be
in T . By 1.6 for every i in I there exists a unique ti in T" such that t =
= t1 ... tl. Let us denote by ki the element ~i (ti) of K ~, and let lFpa be the
subfield of K generated by k1, ... , kl . Let also k be a generator of 
By 1.7 there exists a unique ni such such that

v i ( k )f = for every i in I. Let now i, j be such that a + a~ lies in
0. If we denote by Fij the automorphism where fij
is automorphism of T"i x T,,,. induced by f, we have (K " 
=K" x {1}.({1} xK" and DFij = D, by 1.7, 1.8. By 1.9
there exists n in N such that (a, = (a, b )n for every a, b in 
Hence we have ni = nj for every i, j in I such that a + xj lies in 0. As
the Dynkin diagram of G is connected, we conclude that ni = nj for
every i, j in I. Call this common value m, so that we have 

- v for every i in I. From t = v i (ki ) ... v it then follows that tf =
- t m . Therefore f is a power-automorphism of T.

We now consider the case when G is simply-connected. Then
Z-basis of Y. For every i in I, we denote by Ci the alge-

braic isomorphism given by = af(k) for every k in 
Also, for every i, j in I such that a + «~ lies in 0, we define the algebra-
ic isomorphism K" x by (a, b) H ~i (a) ~~ (b) for

every a, b in K x . From the fact that « + 0~ lies in 4l it follows that 0~ +
+ «J lies so that + 1X1) is also well defined. But then + 1X1) coin-
cides with DfJ-ij where D be the diagonal of K x x K ".

PROPOSITION 1.11. Let G be simply-connected of rank at least 3.
Then any automorphism of T inducing p on is a power-automor-
phism.

PROOF. The proof is similar to the proof of 1.10. The only differ-
ence is that here, for every i, j in I such that a i + lies in 0, we consid-
er the automorphism V2~ of 7~ x 7~ given (where fij is
the automorphism of x L"~ induced by f ). By 1.2 we have Ltf = 

Llfv x x ~1~,(~1~ x
= ( l ) x K " and D Vij = D. Then we can proceed as in the proof

of 1.10.

We shall finally deal with the case left out so far. So let G be neither
adjoint nor simply-connected. Such a group is therefore forced to have
rank at least 3, and to be of type A, or Di . In particular, the Dynkin dia-
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gram of G has only single bonds. For every subgroup A of Y we denote
by A the subtorus y(Kx)|yEA&#x3E; of T. We have A = a1(Kx)...ar(Kx)
whenever {a1, al is a set of generators of A.

LEMMA 1.12. Let A be a subgroup of Y of rank r. Then the dimen-
sion of A ’ is r. In particular we have 

PROOF. There exists a Z-basis ( Y 1, ... , y l) of Y and positive inte-
gers ni , ... , nr, such that 9 ... 9 nr -(r) is a Z-basis of A. Then we
have ... by 1.6, and ... x

x Y r (K " ) as K x is divisible. Hence the dimension of A ~ is r. In particular
we have 

The decomposition r==x~(~)...~CK~) is in general not a direct
decomposition of T, as one can see for instance when G has type Al . (It
is enough to take a non-adjoint, non-simply-connected algebraic group
of type A3 and p odd). In the following we shall use the same notation
we previously introduced. For every « in 0 we consider the 1-dimen-
sional subtorus L«v of T, and for every i in I, the surjective algebraic
homomorphism ~i : K " -~ LrJ-f. In the simply-connected case we also
had the isomorphism x K x x for every i, j in I such
that « + «~ lies in 0. In our case we do not know a priori if the product
Lai is direct and if ’i is bijective. Anyway we can still define

kx x K" Lz,, by (a, b) ~ ’j(b) for every a, b in KX, so
that is a surjective algebraic homomorphism. We show that in fact
the map gj is injective (hence, in particular, is a direct product
and ~i is injective). 

~ J

PROPOSITION 1.13. Let i, j be elements of I such that « + «~ lies in
0. Then the map laij is a bijective algebraic homomorphisms is injec-
tive for every i in I.

PROOF. We already know that is a surjective algebraic homo-
morphism. We prove that it is injective. Let (a~ b) be in ker Hence

= 1. From the fact that the rank of G is at least 3, and that
the Dynkin diagram of G has only single bonds, there exists k in I,

i, j, such that we have one of the following subgraphs.

Without loss of generality, we may suppose we are in the first situ-
ation. Therefore we _ -1, ~ a k , = 0 and (ai, oe~) = -1.
We have 1 = = = a ~ ~, so that a = 1, and conse-
quently a~ ( b ) = 1. But then we have 1 = a i ( 1 ) _ « i (a~ ( b )) = b -1,
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which gives b = 1. Hence is injective. Now let i be in I. As the

Dynkin diagram of G is connected, there exists j in I such that « 
lies in 0. But then we proved that the map is injective, and so ~i
must be injective. 0

PROPOSITION 1.14. Let G be neither adjoint nor simply-connected.
Then any automorphism of T inducing p on 2(T) is a power-automor-
phism.

PROOF. Let f be an automorphism of T inducirlg p on 2(T). Let t be
in T. By 1.12, for every i in I there exists an element ti in L,,v such that
t = t1...tl. By 1.13, the homomorphism ~i is injective, and so, for every
i in I, there exists a unique ki in K x such that ~i (k2) = ti . From the fact
that for every i, j in I such that « + lies in 0, is a bij ective, we can
now use the same procedure we used in the simply-connected case to
find m in Z such that tf = Therefore f is a power-automorphism
of T.

COROLLARY 1.15. Let G be of rank at least 3. Then we have (sl’ =
- (s~ for every semisimple element s of G.

PROOF. Let s be a semisimple element of G. There exists a maxi-
mal torus T of G such that s lies in T. By 1.10, 1.11 and 1.14, there
exists a power-automorphism f of T inducing (p on 2(T). Hence we have
(s)9 = ~s~ _ (s), and we are done. 0

We are now interested in the behaviour of subgroups generated by
a unipotent element under the action of 1’(G). We shall make use of the
classification of unipotent classes of G. We prove the next lemma for
groups over any algebraically closed field.

LEMMA 1.16. Let G be a simple algebraic group over an alge-
braically closed field. Then every unipotent element u of G is conjugate
to its inverse.

PROOF. We give a proof from the classification of unipotent conju-
gacy classes if the characteristic of the field is 0 or a good prime. Let u
be a unipotent element of G. From the Bala-Carter theorem([3], [4])
and the results of Pommerening ([13], [14]) (we recall that the classifi-
cation of unipotent classes is independent of the isogeny class of G),
there exists a Levi subgroup L of G and a parabolic subgroup P of the
derived subgroup L’ of L, such that u lies in the unique conjugacy class
C of L’ such that C n Ru (P) is open and dense in Ru (P) ([5] Note on
page 132). In the following we shall denote by U’the unipotent radical
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Ru (P) of P. We consider the map ê: L’ - L’ given for every
x in L’. This map is an automorphism of affine varieties. Let

... , Ckl be the (finite) set of unipotent conjugacy classes of L’.
Then - permutes this set. cn U is open and dense in U, and so (C n

be open and dense in U, as e is a homeomorphism of topolog-
ical spaces, and U -1 = U. But 
hence we must have G-1 = C, by uniqueness. Therefore u -1 lies in C.
In particular u and u -1 are conjugate in G. If p is a bad prime the clas-
sification of unipotent conjugacy classes may be different. However J.
N. Spaltenstein suggested the following argument. u -1 is certainly co-
jugate to u if the conjugacy class C of u contains a dense open subset of
U A’U for some w in the Weyl group, where U is a maximal unipotent
subgroup of G. It is known from the classification of unipotent classes
that this actually covers all cases. Hence u is always conjugate to
u -1.

REMARK. From the structure of reductive groups, it follows that
1.16 holds also when G is reductive.

From the previous result we get.

PROPOSITION 1.17. Let u be a unipotent element of G. If ~ is an au-
toprojectivity of G fixing every cyclic subgroup of G of order a power of
2, then we have ~u~~ _ (u).

PROOF. If the characteristic of the field is 2, then there is nothing
to prove. So assume p # 2. By 1.16, there exists an element h of G such
that u -1. Let 2a m be the order of h, with 2 x m. If we take g =
= h m, we have gug -1 = u -1, and the order of g is 2’. We have (gU)2 = g 2
so that gu has order a power of 2 as well. Hence (g, (g, gul’ =
= (g, gu) = (g, u). But then we must have ~u~~ _ (u) as (u) is the

unique p-Sylow subgroup of the group ~g, u ~, and ~ is index-preserv-
mg.

We are now able to prove the announced.

_THEOREM A. Let G be a simple algebraic group over the field K =
If the rank of G is at least 3, and p is odd, then every autoprojectiv-

ity of G is induced by a unique automorphism of G.

PROOF. We have to show that r(G) coincides with the identity
subgroup of Aut2(G). It is enough to show that (sl’ = (s) and ~u~~ _
= (u) for every 9 in r(G), every semisimple element s of G and
every unipotent element u of G. But this follows from 1.15 and
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1.17, as every element of order a power of 2 in our case is semisim-
ple.

In the next paragraph we shall deal with the case when the rank of
G is less than 3.

2. The case rank G less than 3 (A2 excluded).

In the previous paragraph we proved that for simple algebraic
groups of rank at least 3, in odd characteristic, every autoprojectivity
is induced by an automorphism. We made a crucial use of the hypothe-
sis on the rank to use a theorem by Baer. Here we consider groups of
rank 1 or 2. In this case the above mentioned theorem by Baer drasti-
cally fails. Nevertheless we are able to prove the result we proved for
rank G ~ 3, for groups of rank 1 and 2, if we exclude the case when G
has type A2.

OBSERVATION. Our aim is to study the group Aut ~(G)~ But clearly
our aim will be achieved if we determine the group Aut where G is

any abstract group isomorphic to our given algebraic group G. If G is
any simple algebraic group, there exists an isogeny x: G ~ Gad , where
G~ is the adjoint simple algebraic group of the same type of G. We have
ker 7t’ = Z(G), and so GIZ(G) is isomorphic to Gad as an abstract group.
We introduce the abstract groups PSL2 (K) = SL2 (K)IZ(SL2 (K)) and
PSp4(K) = SP4 (K)/Z(SP4 (K)). We have PGL 2 (K) = (A1)ad PSL2 (K)
and (B2)~ = 

We shall first study the group Aut 2(PSL2(K)). We recall the fol-
lowing result by C. Metelli ([11]). Let q where p is a prime and f is
any natural number. If q is at least 4, for every projectivity 7 of the
simple group PSL2 ( q ) onto a group H, there exists a unique isomor-
phism a : P,SL2 ( q ) -~ H inducing 7.

We can now prove.

THEOREM 2.1. Let T be a projectivity of PSL2 (K) onto a group H,
where K = Then there exists a unique isomorphism of PSL2 (K) on-
to H inducing 7.

PROOF. Let us denote by Z the centre of ,SL2 (K). For every n in N,
we denote by Gn the subgroup of PSL2 (K), and we consider
the restrictions induced by T. By Metelli’s result, for

every n = 2, 3, ..., there exists a unique isomorphism an : in-

By the uniqueness of we have = 1 for every g in
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Gn and every n ; 2. This enables us to define the map «: P,SL2 (K) - H
by g" = for g in PSL2 (K), where n is such that g lies in Gn . a is an
isomorphism, and it is clear that « induces 2. Uniqueness of « follows
from the fact that the group of power-automorphisms of a perfect group
is the identify group ([6] 2.2.2.).

In particular if G is adjoint of rank 1, every autoprojectivity of G is
induced by a unique automorphism of G. We shall now consider the
other possibility for groups of rank 1, i.e. the case when G = SL2 (K).
We prove a lemma which we shall use also when G has type B2.

LEMMA 2.2. Let G be one of the groups SL2 (K), SP4 (K). Suppose
is an autoprojectivity of G fixing every subgroup of G containing the
centre of G. Then ~ is the identity.

PROOF. Let us denote by Z the centre of G. If the characteristic p
of K is 2, we have Z and there is nothing to prove. So let p # 2.
Then Z is cyclic of order 2. Let x be an element of G of order r", where r
is a prime, and « a 1. If r is odd, then (x~ is the unique r-Sylow sub-
group of (x, Z). Hence we have (x~~ _ (x) as (x, Z~~ _ (x, Z), and is
index-preserving. Now let r = 2. We have two cases. If  x &#x3E; ~ Z,
then we have ~x)~ _ ~x) by hypothesis (this is always the case if G =
= ,SL2 (K)). Otherwise let T be a maximal torus of G containing x. As T is
a divisible group, there exists y in T such that y2 = x. We have (y, Z) =
= (y) x Z and Frat ((y, Z)) = ~y2~ _ (x). Hence ~x~~ _ (x), as the Frattini
subgroup is clearly an invariant under projectivities.

We can now prove.

PROPOSITION 2.3. Let ç be an autoprojectivity of ,SL2 (K). Then
there exists a unique automorphism of ,SL2 (K) inducing rp.

PROOF. Let us denote by Z the centre of SL2 (K). If p is 2, we have
Z = ~ 1 ~, and so the result follows from 2.1. So let us assume p # 2. By
Corollary 2.10 in [8], we have Z9 = Z, and so we can define the autopro-
jectivity 15 of PSL2 (K) by = XP /Z, for every subgroup X of
SL2 (K) containing Z. By 2.1, there exists an automorphism a of

PSL2 (K) inducing 15. Also, from the structure of the group
Aut PSL2 (K) ([9]), there exists an automorphism « of SL2 (K) inducing
a on PSL2 (K). We therefore have xq; = X" for every subgroup X of
,SL2 (K) containing Z. By 2.2, we get p = «*. Uniqueness follows again
from the fact that SL2 (K) is a perfect group.
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We summarize the previous results in

THEOREM B. Let G be a simple algebraic group of rank 1 over K.
Then every autoprojectivity of G induced by a unique automorphism
of G.

(This gives an alternative proof of Corollary 4.6 in [8] for groups of
rank 1).

We now consider the case when G has rank 2. We deal only with
groups of type B2 or G2.

Using an argument similar to the one used by V61klein in [22] for
the corresponding finite simple Chevalley groups (here the proof is
even easier as in our case every unipotent element is conjugate to its
inverse) it is possible to prove the following theorem:

THEOREM 2.4. Let G be an adjoint simple algebraic group of type
B2 or G2 over the field K of odd characheristic. Then every autoprojec-
tivity of G is induced by a unique automorphism of G.

The crucial point in the proof is that if the centre of the Weyl group
of an adjoint simple algebraic group G is non- trivial (as in the case B2
or G2), then, for every maximal torus T of G, there exists an involution
a of G such that sc = s -1 for every s in T. Then one first proves that if ?
lies r(G), p fixes every subgroup of order 2 of G using the decomposi-
tion T = Tal x Ta2 we introduced in § 1. From the previous observation
it follows that p fixes every subgroup of G generated by a semisimple
element, and finally cp fixes also every subgroup generated by a unipo-
tent element by 1.17.

Let us now consider the simply-connected case. As the simply-con-
nected simple algebraic group of type G2 , is also adjoint, we only have
to deal with the simply-connected group of type B2 , i.e. with the sym-
pletic group 

PROPOSITION 2.5. Let G be the group Sp4 (K) over the field K of
odd characteristic. Then every autoprojectivity of G is induced by a
unique automorphism of G.

PROOF. Let (p be in F(G). We consider the isogeny ~: G ~ Goo. 7r in-
duces an abstract isomorphism IA between G/Z(G) and Goo, and a bijec-
tion between the set of parabolic subgroups of G and the set of parabol-
ic subgroups of Goo. Let - be the autoprojectivity of G/Z(G) induced by
9. We denote by y the projectivity of G/Z(G) onto Goo induced by 03BC, and
we put ~ = y -1 cpy. From the fact that cp lies in 1’(G), it follows that ~ lies



154

in But then we must have ~ = 1, by 2.4, and so we are left with
p = 1. Hence we have Xrp = X for every subgroup X of G containing
Z(G), and so ç = 1, by 2.2.

We summarize the previous results in

THEOREM C. Let G be of type B2 or G2 over the field K of odd char-
acteristic. Then every autoprojectivity of G is induced by a unique au-
tomorphism of G.

3. Final remarks.

The methods used so far cannot be carried over to the case A2 . We
shall show in a forthcoming paper that in fact A2 represents an excep-
tional case among the simple algebraic groups G over F p , from the sub-
group lattice point of view.

We underline that we dit not consider the case when p = 2, with the
exception of groups of rank 1. The difficulty arises from the classifica-
tion of unipotent conjugacy classes in characteristic 2, which is usually
more complicated than in the case of odd characteristic. We have some
results also in this direction. For instance, it is possible to extend the
results obtained by V61klein ([23]) for the groups (where D
is any central subgroup of to the groups In partic-
ular, if G is of type A,, then every autoprojectivity of G is induced by an
automorphism if 1 is not 2. In general, if G is any simple algebraic group
over F2, and ç lies 1,(G), then, using the classification of involutions
([1], [2]), it is possible to prove that ç fixes all the subgroups of order 2
of G. Hence, from the results we proved if G is not of type A2 , it follows
that r:p, in this case, fixes every subgroup generated by simisimple ele-
ments of G.

Finally I would like to mention the problem whether the projective
image of a simple algebraic group G over is isomorphic (as an ab-
stract group) to G. We prove that this is true if G is of adjoint
type.

LEMMA 3.1 Let G be a finite simple Chavelley group over F~ (q a
power of a prime p with q &#x3E; 3) and suppose T is an autoprojectivity of G
fixing every p-Sylow subgroup of G. Then for every root a and every k
in F , i T fixes the subgroup (xrx (k)~ of G.

PROOF. Let a be root of G. We observe that r fixes every parabolic
subgroup of G, as T, being index-preserving, fixes the normalizers of
the p-Sylow subgroups of G. Hence we have XJ = Xf3 for every root /3, as
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X~ can be expressed as the intersection of a parabolic subgroup and a p-
Sylow subgroup of G. In particular r fixes (Xa, X-a). Let P be a-Sylow
subgroup of (Xa, X-,,,) and R a p-Sylow subgroup of G containing P.
Then P~ = P, as P = (Xa, X _ "~ A R . Therefore 7 fixes every p-Sylow
subgroup of (Xa, X _ "~. By Metelli’s result, if y is an autoprojectivity of
PSL2 (F) (with IFI I &#x3E; 3), fixing every p-Sylow subgroup, then y is the
identity. If (Xa, X _ "~ is isomorphic to PSL2 (IFq), then we are done. Oth-
erwise (Xa, X _"~ is isomorphic to and p is odd. But r fixes the

center Z of (Xa, X-J and therefore it induces an autoproj ectivity ~ of
(Xa, X-a)IZ fixing every p-Sylow subgroup, so that 6 must be the iden-
tify. If u is any unipotent element of (Xa, X _ "~, we get ((u, Z)IZ)8 =
= (u, Z), so that = (u, Z~’‘ _ (u, Z). Hence = (u) as r is index-pre-
serving. In particular we get (xa (1~)~z = (xa (1~)~.

_ 

THEOREM 3.2. If G is a simple algebraic group of adjoint type over

F p , and H is a group projective to G, then G and H are isomor-
phic.

PROOF. If G has rank 1, then the result follows from 2.1. So assume
rank G ~ 2. We consider the family of subgroups of G we de-
fined in § 1 of [8], so that Gn + 1 for every n in N and G is the union
of all Gn’s. Without loss of generality we may suppose each Gn to be a fi-
nite simple Chevalley group over a field Fn with more than 3 elements.
Let q be a projectivity of G onto H. We put Hn = GP for every n in N. It
is well known that Hn is simple and it follows from [18] that Hn and Gn
are isomorphic. We choose for every n in N an isomorphism (3n of Gn on-
to Hn . Let yn be the autoprojectivity 

1 of Gn . By proposition 2
in [22], there exists a unique automorphism an of Gn such that y n and ~n
act in the same way on every p-Sylow subgroup of Gn . Therefore if we
put « n = « n is the unique isomorphism of Gn onto Hn such that

§n = fixes every p-Sylow subgroup of Gn . Let n be in N. By 3.1,
for every root « and every k in Fn + 1, ~n + 1 fixes the subgroup (xa (k)) of
Gn + 1. As Gn = is a root and k lies in fixes Gn . By
uniqueness it follows that the restriction to Gn coincides with

so that the restriction of an + 1 to Gn coincides with We can then

define a map «: G - H as follows. For x in G we put xx = xan where n is

any natural number such that x lies in Gn . « is an isomorphism. There-
fore G and H are isomorphic.

THEOREM D. Let G in a simple algebraic group of adjoint type
over F . It p is odd and G is not of type A2 , then G is strongly lattice
determined.
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PROOF. To prove that G is strongly lattice determined is equiva-
lent to prove the following two things. Every autoprojectivity of G is
induced by an automorphism, and if H is projective to G then G and H
are isomorphic. This follows from A, B, C and 3.2.
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