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Abstract

The τ anomalous magnetic moment aτ and electric dipole moment dτ have not yet been observed. The present
bounds on their values are of order 10−2 and 10−17e cm, respectively. We propose to measure aτ with a precision
of O(10−3) or better and improve the existing limits on dτ using precise τ− → l−ντ ν̄l γ (l = e or µ) data from high-
luminosity B factories. A detailed feasibility study of this method is underway.

1. Introduction

The very short lifetime of the τ lepton (2.9 × 10−13s)
makes it very difficult to measure its electric and mag-
netic dipole moments. The present resolution on its
anomalous magnetic moment aτ is only of O(10−2) [1],
more than an order of magnitude larger than its Stan-
dard Model (SM) prediction α

2π ' 0.001. In fact, while
the SM value of aτ is known with a tiny uncertainty of
5 × 10−8 [2], this short lifetime has so far prevented the
determination of aτ measuring the τ spin precession in a
magnetic field, like in the electron and muon g−2 exper-
iments. Instead, experiments focused on various high-
precision measurements of τ pair production in high-
energy processes, comparing the measured cross sec-
tions with the SM predictions. As these processes in-
volve off-shell photons or taus in the ττ̄γ vertices, the
measured quantity is not directly aτ.

A precise measurement of aτ would offer an excel-
lent opportunity to unveil new physics effects. Indeed,
in a large class of theories beyond the SM, new con-
tributions to the anomalous magnetic moment of a lep-
ton l of mass ml scale with m2

l . Therefore, given the
large factor m2

τ/m
2
µ ∼ 283, the g−2 of the τ is much

more sensitive than the muon one to electroweak and
new physics loop effects that give contributions propor-
tional to m2

l . In these scenarios, the present discrepancy
in the muon g−2 suggests a new-physics effect in aτ of

O(10−6); several theories exist where this naı̈ve scaling
is violated and much larger effects are expected [3].

Ever since the very first discovery of CP violation
in the 1960s there have been ongoing efforts to mea-
sure fundamental electric dipole moments (EDMs). In-
deed, EDMs violate parity and time reversal; if CPT is
a good symmetry, T violation implies CP violation and
vice versa. The SM predictions for lepton EDMs are far
too small to be seen by projected future experiments.
Hence, the observation of a non-vanishing lepton EDM
would be evidence for a CP-violating new physics ef-
fect [4]. The experimental determination or a stringent
bound on the τ lepton EDM dτ poses the same difficul-
ties that one encounters in the case of aτ: the τ’s lifetime
is very short. Nonetheless, a CP violation signature
arising from dτ was searched for in the e+e− → τ+τ−

reaction reaching a sensitivity to dτ of 10−17e cm [5].
After a brief review of the present experimental and

theoretical status of the τ dipole moments, we discuss
the possibility to probe them via precise measurements
of the decays τ− → l−ντ ν̄l γ (l = e or µ).

2. The anomalous magnetic moment of the tau

The SM prediction for aτ is given by the sum of QED,
electroweak (EW) and hadronic terms. The QED con-
tribution has been computed up to three loops: aQED

τ =
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117 324 (2) × 10−8 (see [6] and references therein),
where the uncertainty π2 ln2(mτ/me)(α/π)4 ∼ 2 × 10−8

has been assigned for uncalculated four-loop contribu-
tions. The errors due to the uncertainties of the O(α2)
(5 × 10−10) and O(α3) terms (3 × 10−11), as well as that
induced by the uncertainty of α (8 × 10−13), are negli-
gible. The sum of the one- and two-loop EW contribu-
tions is aEW

τ = 47.4(5) × 10−8 (see [7, 2] and references
therein). The uncertainty encompasses the estimated er-
rors induced by hadronic loop effects, neglected two-
loop bosonic terms and the missing three-loop contribu-
tion. It also includes the tiny errors due to the uncertain-
ties in Mtop and mτ.

Similarly to the case of the muon g−2, the leading-
order hadronic contribution to aτ is obtained via a dis-
persion integral of the total hadronic cross section of the
e+e− annihilation (the role of low energies is very im-
portant, although not as much as for aµ). The result of
the latest evaluation, using the whole bulk of experimen-
tal data below 12 GeV, is aHLO

τ = 337.5 (3.7) × 10−8 [2].
The hadronic higher-order (α3) contribution aHHO

τ can
be divided into two parts: aHHO

τ = aHHO
τ (vp) + aHHO

τ (lbl).
The first one, the O(α3) contribution of diagrams con-
taining hadronic self-energy insertions in the photon
propagators, is aHHO

τ (vp) = 7.6(2) × 10−8 [8]. Note
that naı̈vely rescaling the corresponding muon g−2 re-
sult by a factor m2

τ/m
2
µ leads to the incorrect estimate

aHHO
τ (vp) ∼ −28 × 10−8 (even the sign is wrong!). Es-

timates of the light-by-light contribution aHHO
τ (lbl) ob-

tained rescaling the corresponding one for the muon
g−2 by a factor m2

τ/m
2
µ fall short of what is needed –

this scaling is not justified. The parton-level estimate
of [2] is aHHO

τ (lbl) = 5(3) × 10−8, a value much lower
than those obtained by naı̈ve rescaling. Adding up the
above contributions one obtains the SM prediction [2]

aSM
τ = aQED

τ + aEW
τ + aHLO

τ + aHHO
τ = 117 721 (5)×10−8. (1)

Errors were added in quadrature.
The present PDG limit on the τ lepton g−2 was

derived in 2004 by the DELPHI collaboration from
e+e− → e+e−τ+τ− total cross section measurements at
√

s between 183 and 208 GeV at LEP2 (the study of aτ
via this channel was proposed in [9]): −0.052 < aτ <
0.013 at 95% confidence level [1]. Reference [1] also
quotes the result in the form:

aτ = −0.018(17). (2)

This limit was obtained comparing the experimentally
measured values of the cross section to the SM values,
assuming that possible deviations were due to non-SM
values of aτ. Therefore, Eq. (2) is actually a limit on

the non-SM contribution to aτ. We refer to [10] for a
concise review of older, less stringent limits on aτ, de-
rived from data samples of e+e− → τ+τ− (for photon
squared four-momentum q2 up to (37 GeV)2) [11] and
Z0 → τ+τ−γ (where q2 = 0 but the radiating τ is not
on-shell) [12, 13, 14, 15]. Other indirect bounds on aτ
were studied in [16].

Comparing Eqs. (1) and (2) (their difference is
roughly one standard deviation), it is clear that the sen-
sitivity of the best existing measurements is still more
than one order of magnitude worse than needed. The
possibility to improve these limits is certainly not ex-
cluded. Future high-luminosity B factories such as
Super-KEKB [17] offer new opportunities to improve
the determination of the τ magnetic properties. The
authors of [18] proposed to determine the Pauli form
factor F2(q2) of the τ via τ+τ− production in e+e− col-
lisions at the Υ resonances with sensitivities possibly
down to O(10−5) or even better. In [19] the reanaly-
sis of various measurements of the cross section of the
process e+e− → τ+τ−, the transverse τ polarization and
asymmetry at LEP and SLD, as well as the decay width
Γ(W → τντ) at LEP and Tevatron allowed the authors
to set a model-independent limit on new physics contri-
butions,

− 0.007 < aNP
τ < 0.005, (3)

a bound stronger than that in Eq. (2). This analysis,
like earlier ones, was performed without radiative cor-
rections, but the authors checked that the inclusion of
initial-state radiation did not affect significantly the ob-
tained bounds.

3. The τ lepton EDM

In the SM, the only sources of CP violation are the
CKM-phase and a possible θ-term in QCD. A funda-
mental EDM can only be generated at the three-loop
level [20], yielding a SM contribution which is far be-
low experimental capabilities. Models for physics be-
yond the SM generally induce large contributions to lep-
ton and neutron EDMs, and although there has been no
experimental evidence for an EDM so far, there is con-
siderable hope to gain new insights into the nature of
CP violation through this kind of experiments.

The current 95% confidence level limits on the EDM
of the τ lepton are given by

− 2.2 < Re(dτ) < 4.5 (10−17 e cm),

− 2.5 < Im(dτ) < 0.8 (10−17 e cm);
(4)

they were obtained by the Belle collaboration [5] fol-
lowing the analysis of [21] for the impact of an effective
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operator for the τ EDM in the process e+e− → τ+τ−.
Compared to aτ, the experimental sensitivity to dτ is not
significantly higher since in natural units the bounds on
dτ quoted above are of the order of 10−3 GeV−1. Fur-
thermore, as discussed previously in the case of aτ, the
analysis of [5] is limited to the LO precision of the cal-
culation of [21]. Therefore, we believe that there is con-
siderable room for an improvement of these bounds.

4. Radiative leptonic τ decays

We propose to measure the dipole moments of the τ
lepton through its radiative leptonic decays [22, 23, 24]

τ− → l−ντ ν̄l γ, with l = e or µ. (5)

The authors of [19] and [21] have applied effective La-
grangian techniques to study aτ and dτ. Our strategy
is similar: we describe radiative τ decays through an
effective Lagrangian Leff which contains the QED La-
grangian for the leptons, the effective Fermi Lagrangian,
and the effective operators that contribute to the anoma-
lous magnetic moment and EDM of the τ lepton, i.e.

Leff = LQED +LFermi + ca
e

4Λ
Oa − cd

i
2Λ
Od, (6)

where Oa,d are given by

Oa = τ̄σµντ Fµν,

Od = τ̄σµνγ5τ Fµν.
(7)

The scale Λ represents the scale where any kind of
physics which is not described by Leff generates a con-
tribution to the τ’s electric or magnetic dipole moment
and is therefore larger than the electroweak scale, i.e.
Λ > MZ . For simplicity we assume the scale Λ to be
equal for both operators Oa,d, knowing that in fact the
scale for the EDM is much higher than that for the g−2.
The effective Lagrangian Leff in Eq. (6) gives the fol-
lowing predictions for the τ dipole moments:

aτ =
α

2π
+ ca

mτ

Λ
+ · · · (8)

dτ = cd
1
Λ

+ · · · (9)

where the dots indicate higher-order contributions not
relevant for our discussion (note, in Eq. (9), that dτ has
no QED contribution). We then define the parameters

ãτ ≡ ca
mτ

Λ
, (10)

d̃τ ≡ cd
1
Λ
, (11)

which can be determined as follows.
The leading-order (LO) prediction of the Lagrangian

LQED + LFermi for the differential decay rate of a polar-
ized τ− into l−+ ν̄l + ντ + γ (l = e or µ) is, in the τ lepton
rest frame,

dΓ6
0

dx dy dΩl dΩγ
=
αm5

τ G2
F

(4π)8 y
√

x2 − 4r2

[
G0(x, y, c)

+
√

x2 − 4r2J0(x, y, c)~n · p̂l + yK0(x, y, c)~n · p̂γ

]
, (12)

where α = 1/137.035 999 174 (35) [25] is the fine-
structure constant, GF = 1.663788(7)×10−5 GeV−2 [26]
is the Fermi coupling constant, mτ = 1.77682 (16) GeV
[27], r = ml/mτ, and the kinematic variables

x =
2El

mτ
, y =

2Eγ

mτ
, c ≡ cos θ (13)

are the normalized energies of the lepton l− and the pho-
ton, which are respectively emitted at solid angles Ωl

and Ωγ, and θ is the angle between their momenta ~pl

and ~pγ. Also, n = (0, ~n) is the τ polarization vector with
n2 = −1 and n · pτ = 0. The functions G0, J0 and K0
were computed in [28, 29, 30, 31].

The operator Oa generates additional contributions to
the differential decay rate in Eq. (12). They can be sum-
marised in the shift [24]

G0(x, y, c) → G0(x, y, c) + ãτGa(x, y, c), (14)

and similarly for J0 and K0. The operator Od produces
the additional term

d̃τ mτ y
√

x2 − 4r2 p̂l ·
(
p̂γ × ~n

)
Gd(x, y, z) (15)

inside the square brackets of Eq. (12) [23]. Tiny terms
of O(ã2) and O(d̃2) were neglected.

Our goal is to provide a method to determine aτ with
a precision of O(10−3) or better. This calls for an anal-
ogous precision on the theoretical side. For this reason,
we have corrected the decay rate in Eq. (12) to include
radiative corrections at next-to-leading order (NLO) in
QED [22, 23, 31, 32]. The comparison of this NLO pre-
diction, modified by the additional terms in Eq. (14) for
G0 (and similarly for J0 and K0), to sufficiently precise
data allows to determine ãτ (and thereby aτ via Eq. (8))
possibly down to the level of O(10−4). Similarly, includ-
ing the additional term in Eq. (15), one can also deter-
mine d̃τ which, at this level of precision, coincides with
dτ (see Eq. (9)). This analysis is in progress [23].

The contributions from the two effective operators
Oa,d to the electromagnetic form factors are the same
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for q2 = 0 as for q2 , 0. The point is that only higher
dimensional operators would give rise to a difference
between these two cases, which means that such contri-
butions are suppressed by higher powers of q2/Λ2 [19].
In our case, q2 may be of the order of m2

τ while Λ is cer-
tainly higher than MZ and we may therefore safely ne-
glect contributions from higher dimensional operators.
Of course, the requirement that q2 � Λ2 is the funda-
mental hypothesis of our effective Lagrangian approach.

The possibility to set bounds on aτ via the radiative
leptonic τ decays in Eq. (5) was suggested long ago in
Ref. [24]. In that article the authors proposed to take ad-
vantage of a radiation zero of the LO differential decay
rate in Eq. (12) which occurs when, in the τ rest frame,
the final lepton l and the photon are back-to-back, and l
has maximal energy. Since a non-standard contribution
to aτ spoils this radiation zero, precise measurements
of this phase-space region could be used to set bounds
on its value. However, this method is only sensitive to
large values of aτ (at the radiation zero the dependence
on non-standard aτ contributions is quadratic), and pre-
liminary studies with Belle data show no significant im-
provement of the existing limits [23].

5. Conclusions

The magnetic and electric dipole moments of the τ
lepton are largely unknown. We propose to use radia-
tive leptonic τ decays to measure the former with a sen-
sitivity of O(10−3) or better and improve the existing
limits on the latter. A preliminary analysis with Belle
data is in progress to determine the feasibility of this
proposal [23].
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