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1 Introduction

A new resonance with mass around 125GeV has been firmly established at LHC [1, 2].

Current data do not indicate deviations from the hypothesis of the Standard Model (SM)

Higgs particle [3–5] being a component of the SU(2)L scalar boson doublet of the elec-

troweak (EW) gauge symmetry. Moreover, even after the LHC 14TeV upgrade, in the

absence of exotic resonances it will not be possible to convincingly establish neither the

nature of electroweak symmetry breaking (EWSB), nor the mechanism that protects the

Higgs mass from large quadratic corrections.

To stabilise the Higgs mass and cure the electroweak hierarchy problem, two main

frameworks for beyond the Standard Model (BSM) physics are commonly considered and

still viable with the present data: the underlying high-energy dynamics could be either

weakly or strongly interacting. In the first case, the EWSB mechanism is linearly realised,

as in the SM, with the physical Higgs being an elementary particle. Even if this possibility

is more familiar, the existence of an elementary scalar state would represent a surprising

exception, as all known examples of scalar states in nature are understood as being compos-

ite. This is indeed the philosophy of the second scenario, in which the EWSB is non-linearly

realised and the Higgs arises as a composite particle from the strong dynamics sector.

The idea of a light composite Higgs originating in the context of a strongly interacting

dynamics was first developed in the 1980s [6–11] and underwent a recent revival of interest

either in strong interacting 4D models [12, 13] or in 5D Ads/CFT versions [14–17]. In

this framework, a global symmetry group G is postulated at high energies and broken

spontaneously by some strong dynamics mechanism to a subgroup H at a scale Λs. The

characteristic scale of the corresponding Goldstone boson (GB) sector is usually denoted

by f and satisfies the relation Λs ≤ 4πf [18]. Among this set of GBs, three are usually

identified with the would-be-longitudinal components of the SM gauge bosons and one

with the Higgs field, ϕ. Subsequently, a scalar potential for the Higgs field is dynamically

generated, inducing EWSB and providing a (light) mass to the Higgs particle. Being the

Higgs a pseudo-GB arising from the global symmetry breaking, its mass is protected against

quantum corrections of the high-energy symmetric theory, providing an elegant solution

to the EW hierarchy problem (see for example ref. [19] for a recent review). The EWSB

scale, identified with the vacuum expectation value (vev) of the Higgs field 〈ϕ〉 does not

need to coincide with the EW scale v defined by the EW gauge boson masses, i.e. the W

mass mW = g v/2. On the other side, 〈ϕ〉 is typically predicted in any specific composite

Higgs (CH) model to obey a constraint linking it to the EW scale v and to the GB scale

f . A model-dependent coefficient for the ratio between the strong dynamics scale and the

EW sector scale is usually introduced,

ξ ≡ (v/f)2 , (1.1)

and it quantifies the degree of non-linearity of the theory. If the Higgs particle is embedded

as an EW doublet in a representation of the high-energy group, in the limit ξ ≪ 1 the

construction converges to the corresponding linear realisations of EWSB for most of the

operators, except for few structures connected to the Goldstone boson nature of h.
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A general feature of these CH scenarios is the presence of exotic resonances lighter than

about 1.5 TeV that mainly interact with the third family of quarks [20–27]. At present,

however, direct searches at collider of these states are inconclusive. On the other side,

indirect studies are viable strategies to shed some light on BSM physics. Low-energy effects

of new physics (NP) can be described in a model-independent way via an effective field

theory approach, with effective operators written in terms of SM fields and invariant under

the SM symmetries. When considering non-linearly realised EWSB and restricting only to

the pure gauge sector, i.e. decoupling the Higgs particle from the theory, the most general

effective Lagrangian, describing gauge and GB interactions and with an expansion up to

four momenta, is the so-called Appelquist-Longhitano-Feruglio (ALF) basis, introduced in

refs. [28–32]. The first attempts of embedding a light Higgs particle in this context have

been proposed in refs. [33–35]. Subsequently, the complete basis of pure-gauge and gauge-

Higgs interactions, that extends the ALF basis including a light Higgs particle, has been

presented in refs. [36, 37].1

The effective chiral Lagrangian described in refs. [36, 37] represents a fundamental

tool for Higgs analyses at colliders and the related phenomenology has been studied in

refs. [37, 42, 43], mainly focusing on disentangling a composite Higgs from an elementary

one, via the analysis of its couplings. Promising discriminating signals include the decorre-

lation, in the case of non-linear EWSB, of signals expected to be correlated within a given

pattern in the linearly realised one, i.e. between some pure-gauge couplings versus gauge-

Higgs ones and also between specific couplings with the same number of external Higgs legs

(see also refs. [35, 44] for the latter type of decorrelations); furthermore, anomalous signals

expected at first order in the non-linear realisation may appear only at higher orders of the

linear one, and vice versa.

In this paper, the focus is on the connection between the high-energy (i.e above the

GB scale f) effective chiral Lagrangian of specific CH realisations and the low-energy

(i.e. below f) effective chiral Lagrangian for a dynamical Higgs derived in ref. [36], re-

stricting to the CP-even bosonic sector. Because of predictivity, an important issue on

the analysis of generic symmetric cosets G/H will be the determination of the num-

ber of free parameters in the high-energy theory, which may constrain the freedom of

the low-energy one. In particular, three explicit CH realisations will be considered in

the following: the original SU(5)/SO(5) Georgi-Kaplan model [10], the minimal intrinsi-

cally custodial-preserving SO(5)/SO(4) model [15] and the minimal intrinsically custodial-

breaking SU(3)/(SU(2) × U(1)) model. By custodial breaking we mean here sources of

breaking other than those resulting from gauging the SM subgroup.

The three models considered exhibit typical features of CH models present in the

literature and therefore the results obtained here can be straightforwardly generalised to

1The fermion sector has been discussed at different levels and with different aims in refs. [38–41]. More-

over, ref. [41] contains some inferred criticisms to the results presented in ref. [36], pointing to some allegedly

missing and redundant operators. Nevertheless, one of the authors in ref. [41] agreed in a private commu-

nication on the correctness of ref. [36] under the specific assumptions considered there: the list of operators

in ref. [36] is a complete basis when only effects that can be described by pure-gauge and gauge-h chiral

operators up to four derivatives are considered.
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other contractions. It will be shown that the low-energy effects of any of the considered CH

models, irrespective of the chosen symmetric coset G/H, can always be described in terms

of effective operators invariant under the SM symmetry and written in terms of SM gauge

bosons and a scalar singlet h, whose couplings have model-dependent constraints. The

existence of peculiar patterns in the coefficients of the low-energy effective chiral operators

should indeed provide very valuable information when trying to unveil the nature of the

EWSB mechanism.

The paper has been organised as follows. Section 2 is devoted to recalling the low-

energy effective chiral Lagrangian introduced in ref. [36]. Section 3 contains the high-energy

effective chiral Lagrangian, describing the CP-even interactions among SM gauge bosons

and the GBs associated to the symmetric coset G/H. Only operators with at most four

derivatives are retained in the Lagrangian. Furthermore, no source of custodial breaking

besides the SM ones is considered. In sections 4, 5 and 6, the low-energy effective EW chiral

Lagrangian is then derived from the high-energy one for the SU(5)/SO(5), SO(5)/SO(4)

and SU(3)/(SU(2) × U(1)) composite Higgs models. Finally in section 7, the connection

with the EW effective linear Lagrangian is also discussed. Conclusions are presented in

section 8. Technical details on the construction of the models and on the comparison with

the literature are deferred to the appendix.

2 Electroweak low-energy effective chiral Lagrangian

The scalar sector of the SM is gifted with an accidental SU(2)L×SU(2)R global symmetry

spontaneously broken to the diagonal component SU(2)C after the Higgs field gets a non-

vanishing vev. The three SU(2)L × SU(2)R/SU(2)C GBs, can be described at low-energies

by a non-linear σ-model using a dimensionless unitary field U(x). The latter transforms

in the bi-doublet representation of the SU(2)L × SU(2)R global group and is defined by

U(x) = eiπ(x)/v , U(x) → LU(x)R† , (2.1)

where π(x) = πa(x)σa (with σa the usual Pauli matrices) and L,R denoting respectively

SU(2)L,R global transformations. Moreover, the covariant derivative of the non-linear field

U(x) can be written as,

DµU(x) ≡ ∂µU(x) + igWµ(x)U(x)− ig′

2
Bµ(x)U(x)σ3 , (2.2)

where Wµ(x) ≡ W a
µ (x)σa/2. From the non-linear field U(x) and its covariant derivative

DµU(x), it is possible to define (pseudo-)scalar and vector chiral fields transforming in the

adjoint of SU(2)L as follows:

T(x) ≡ U(x)σ3U
†(x) , T(x) → LT(x)L† ,

Vµ(x) ≡ (DµU(x))U†(x) , Vµ(x) → LVµ(x)L
† .

(2.3)

These two fields T and Vµ, together with the SM gauge fields W a
µ and Bµ and their

derivatives, would suffice as building blocks to construct the EW effective chiral La-

grangian [28–32], in the absence of a light Higgs in the low-energy spectrum. Performing
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an expansion up to four momenta, a complete basis of SU(2)L ×U(1)Y invariant CP-even

operators — the ALF basis — is composed of eighteen independent operators.

The discovery of a light scalar degree of freedom, corresponding to the SM Higgs

particle, implies the necessity of extending the ALF basis. The electroweak chiral effective

Lagrangian should now describe also other interactions with a CP-even scalar singlet field

h that may (or may not) participate in the EWSB mechanism. The extension of the ALF

basis to include a new light scalar degree of freedom in the low-energy chiral Lagrangian

(which we will denote by Llow in what follows), has been derived in ref. [36], where the

complete set of independent CP-even operators describing pure-gauge and gauge-Higgs

interactions, up to four derivatives, has been listed.2 For definiteness and later comparison,

we report here the full set of operators, organised by their number of derivatives and their

custodial character:3

Operators with two derivatives

Custodial preserving Custodial breaking

PC = −v2

4
Tr(VµVµ) PT =

v2

4
Tr(TVµ)Tr(TVµ)

(2.4)

Operators with four derivatives

Custodial preserving Custodial breaking

PB = −1

4
BµνB

µν P12 = g2(Tr(TWµν))
2

PW = −1

2
Tr(WµνW

µν) P13 = igTr(TWµν)Tr(T[Vµ,Vν ])

P1 = gg′BµνTr(TWµν) P14 = gǫµνρλTr(TVµ)Tr(VνWρλ)

P2 = ig′BµνTr(T[Vµ,Vν ]) P15 = Tr(TDµV
µ)Tr(TDνV

ν)

P3 = igTr(Wµν [V
µ,Vν ]) P16 = Tr([T,Vν ]DµV

µ)Tr(TVν)

P4 = ig′BµνTr(TVµ)∂ν(h/v) P17 = igTr(TWµν)Tr(TVµ)∂ν(h/v)

P5 = igTr(WµνV
µ)∂ν(h/v) P18 = Tr(T[Vµ,Vν ])Tr(TVµ)∂ν(h/v)

P6 = (Tr(VµV
µ))2 P19 = Tr(TDµV

µ)Tr(TVν)∂
ν(h/v)

P7 = Tr(VµV
µ)∂ν∂

ν(h/v) P21 = (Tr(TVµ))
2∂ν(h/v)∂

ν(h/v)

P8 = Tr(VµVν)∂
µ(h/v)∂ν(h/v) P22 = Tr(TVµ)Tr(TVν)∂

µ(h/v)∂ν(h/v)

P9 = Tr((DµV
µ)2) P23 = Tr(VµV

µ)(Tr(TVν))
2

P10 = Tr(VνDµV
µ)∂ν(h/v) P24 = Tr(VµVν)Tr(TVµ)Tr(TVν)

P11 = (Tr(VµVν))
2 P25 = (Tr(TVµ))

2∂ν∂
ν(h/v)

P20 = Tr(VµV
µ)∂ν(h/v)∂

ν(h/v) P26 = (Tr(TVµ)Tr(TVν))
2 .

(2.5)

2The complete set of CP-odd operators describing pure-gauge and gauge-Higgs interactions has been

presented in ref. [37]. Chiral interactions including fermions have been considered in [39–41, 45].
3The set of pure-gauge and gauge-Higgs operators in eqs. (2.4) and (2.5) exactly matches that in ref. [36];

nevertheless, the labelling of some operators here is different with respect to that in ref. [36] and matches

that in ref. [42] instead.
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In eqs. (2.4) and (2.5), the operators have been classified according to their custodial

character: those on the right column, indicated as “custodial breaking”, describe tree-level

effects of custodial breaking sources beyond the SM (gauge) ones. All these operators

are easily identified by the presence of the scalar chiral field T(x) not in association with

the Bµν field strength. The ALF basis can simply be obtained from eqs. (2.4) and (2.5),

disregarding all the operators containing derivatives of h. In eq. (2.5), Dµ denotes the

covariant derivative in the adjoint representation of SU(2)L, i.e.

DµVν ≡ ∂µVν + i g [Wµ,Vν ] . (2.6)

To fully encompass the h sector, this list should be extended by a set of four pure-h

operators:

Operators with two derivatives

PH =
1

2
(∂µh)

2 . (2.7)

Operators with four derivatives

P�H =
1

v2
(∂µ∂

µh)2 , P∆H =
1

v3
(∂µh)

2�h ,

PDH =
1

v4
((∂µh)(∂

µh))2 . (2.8)

In summary, the low-energy electroweak chiral Lagrangian describing the CP-even

gauge-Goldstone and the gauge-scalar interactions can thus be written as

Llow = L
p2

low + L
p4

low , (2.9)

where L
p2

low and L
p4

low contain two and and four-derivative operators,

L
p2

low =PCFC(h) + cTPTFT (h) + PHFH(h) ,

L
p4

low =PBFB(h) + PWFW (h) +
26∑

i=1

ci PiFi(h)+

+ c�HP�HF�H(h) + c∆HP∆HF∆H(h) + cDHPDHFDH(h) ,

(2.10)

with the functions Fi(h) encoding a generic dependence on h (in particular, no derivatives

of h are included in Fi(h)).

The effective Lagrangian in eq. (2.9) describes at low-energy (EW scale v) any model

with a light CP-even Higgs, focusing only on the bosonic sector and restricting to CP-

even operators with at most four derivatives. Indeed, Llow describes an extended class of

“Higgs” models, ranging from the SM scenario to technicolor-like ansatzs and intermediate

situations such as dilaton-like scalar frameworks and CH models.

Notice that here, for later convenience, a slightly different notation is adopted with

respect to that in refs. [36, 42] for the definition of the Fi(h) functions. Here the Fi(h)

functions are not part of the definition of the operators Pi, but instead are left outside as

– 6 –
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multiplicative terms in the Lagrangian. The only dependence on h left inside the operators

Pi is that corresponding to derivatives of h. Furthermore, in refs. [36, 42] the dependence on

the parameter ξ was made explicit at the Lagrangian level in order to show the connection

with the linear effective Lagrangian. Here instead, the ξ weights are reabsorbed in the

coefficients ci and in the functions Fi(h). The role of ξ will become clear in the following

sections, once specific dynamical Higgs models will be considered.

According to NDA [18, 46], the weight in front of each four-derivative operator is

estimated to be f2/Λ2
s & 1/(4π)2. This is true for all terms above even if obscured for

those operators in eq. (2.5) which include ∂(h/v): their associated ci have already absorbed

a dependence on ξ, as mentioned above. To illustrate this, let us consider the example of

P5: on physics grounds, factors of h are expected to enter the operators weighted down

by f , which is the associated Goldstone boson scale, and the “natural” definition of the

operator would have been

P5 = igTr(WµνV
µ)∂ν(h/f) , (2.11)

for whose coefficient NDA would indicate a f2/Λ2
s weight. Now, the operator definition

chosen with ∂ν(h/v) instead of ∂ν(h/f), implies that c5 has already been redefined in order

to reabsorb a factor of
√
ξ, and the overall weight expected for the coefficient of the P5

operator as defined in eq. (2.5) is c5 ∼
√
ξf2/Λ2

s & (v/f)× 1/(4π)2.

3 Effective chiral Lagrangian for symmetric cosets

This section is dedicated to the construction of the high-energy effective Lagrangian in a

generic CH setup: a global symmetry group G is spontaneously broken by some strong dy-

namics mechanism at the scale Λs, to a subgroup H, such that the coset G/H is symmetric;

the minimum requisite is that dim(G/H) ≥ 4, i.e. at least four GBs arise from the global

symmetry breaking, such that three of them would be then identified with the longitudinal

components of the SM gauge bosons and one with the light scalar resonance observed at

LHC. No fermionic operators will be considered, and only CP-even ones will be retained

among the set of bosonic operators, up to four derivatives.

This generic effective chiral Lagrangian for symmetric cosets will be applied in the

subsequent sections to specific CH models.

3.1 Non-linear realisations of the G/H symmetry breaking

Following the general CCWZ construction [47, 48], the GB degrees of freedom arising from

the global symmetry breaking of the group G down to the subgroup H can be described

by the field Ω(x):

Ω(x) ≡ eiΞ(x)/2f , (3.1)

transforming under the global groups G and H as4

Ω(x) → gΩ(x) h−1(Ξ, g) , (3.2)

4Depending on whether the group SU(N) or SO(N) is considered, h−1 = h† or h−1 = hT should be used,

respectively.
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where g is a (global) element of G while h(Ξ, g) is a (local) element ofH depending explicitly

on g and on the Goldstone boson field Ξ(x). For the sake of brevity, in what follows it

will be understood h ≡ h(Ξ, g) unless otherwise stated. Eq. (3.2) defines the non-linear

transformation of Ξ(x). Denoting by Ta (with a = 1, . . . , dim(H)) the generators of H and

by Xâ (with â = 1, . . . , dim(G/H)) the generators of the coset G/H in such a way that

(Ta, Xâ) form an orthonormal basis of G, the GB field matrix explicitly reads:

Ξ(x) = Ξâ(x)Xâ . (3.3)

In all realistic models considered in the literature, either in the context of QCD, EW

chiral Lagrangian or CH models, the generators satisfy the following schematic conditions:

[T, T ] ∝ T , [T, X] ∝ X , [X, X] ∝ T , (3.4)

the last one being the condition for a symmetric coset.5 In other words, a symmetric G/H
coset admits the automorphism (usually dubbed “grading”) g → R(g) = gR,

R :

{
Ta → +Ta

Xâ → −Xâ

(3.5)

consistent with the commutation relations in eq. (3.4). For instance, in the case of chiral

groups like SU(N)L×SU(N)R → SU(N)V this grading corresponds to the parity operator

that leaves invariant the vector generators, while changing the sign to the axial-vector ones.

As already pointed out in ref. [47], it can be shown that in the presence of such an

automorphism the non-linear field transformations of Ω(x) can also be recast as:

Ω(x) → hΩ(x) g−1
R . (3.6)

From eqs. (3.2) and (3.6), it is thus possible to define for all symmetric cosets a “squared”

non-linear field Σ(x):

Σ(x) ≡ Ω(x)2 , (3.7)

transforming under G as,

Σ(x) → gΣ(x) g−1
R , (3.8)

showing explicitly that the transformation on Ξ(x) is a realisation of G, and that it is

linear when restricted to H. Notice that the GB field matrix Σ(x) transforms under the

grading R as:

Σ(x) → Σ(x)−1 . (3.9)

It is then a matter of taste, in a symmetric coset framework, to use Ω(x) or Σ(x) for

describing the GBs degrees of freedom and the interactions between the GB fields and the

gauge/matter fields. The Ω-representation to derive H-covariant quantities entering the

model Lagrangian has been used in several examples. However, when discussing QCD or

5The first condition follows from H being closed. The second one can be deduced from the first one

together with the fact that for compact groups the structure constants are completely antisymmetric.
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EW chiral Lagrangians, the Σ-representation has been more often adopted. To make a

straightforward comparison with Llow introduced in section 2, the Σ-representation will be

kept in the following.

One can introduce the vector chiral field:6

Ṽµ = (∂µΣ)Σ−1 , Ṽµ → g Ṽµ g
−1 , (3.10)

transforming in the adjoint of G. The effective Lagrangian describing the GB interactions

in the context of the non-linearly realised G breaking mechanism, with symmetric coset

G/H, can then be constructed solely from Ṽµ.

In a realistic context, however, gauge interactions should be introduced, and to assign

quantum numbers it is convenient to formally gauge the full group G. In the symmetric

coset case, it is possible to define both the G gauge fields S̃µ, and the graded siblings

S̃R
µ ≡ R(S̃µ), transforming under G, respectively, as:

S̃µ → g S̃µ g
−1 − i

gS
g(∂µ g

−1) , S̃R
µ → gR S̃R

µ g−1
R − i

gS
gR(∂µ g

−1
R ) , (3.11)

with gS denoting the associated gauge coupling constant. The (gauged) version of the

chiral vector field Ṽµ can then be defined as:

Ṽµ = (DµΣ)Σ−1 , (3.12)

with the covariant derivative of the non-linear field Σ(x) being,

DµΣ = ∂µΣ+ i gS(S̃µΣ−ΣS̃R
µ ) . (3.13)

The following three G-covariant objects can thus be used as building blocks for the (gauged)

effective chiral Lagrangian:

Ṽµ , S̃µν and ΣS̃R
µν Σ

−1 . (3.14)

The introduction of the graded vector chiral field ṼR
µ does not add any further independent

structure, as indeed

ṼR
µ ≡ R(Ṽµ) = (DµΣ)−1Σ with ΣṼR

µ Σ−1 = −Ṽµ . (3.15)

3.2 Basis of independent operators

It is now possible to derive the most general operator basis describing the interactions of

the G gauge fields and of the GBs of a non-linear realisation of the symmetric coset G/H.

Performing an expansion in momenta and considering CP even operators with at most four

derivatives, one obtains the following nine independent operators:

2-momenta operator

Tr
(
ṼµṼ

µ
)
. (3.16)

This operator describes the kinetic terms for the GBs and, once the gauge symmetry

is broken, results in masses for those GBs associated to the broken generators.

6In order to avoid confusion we will denote with “∼” gauge bosons and chiral fields embedded in G.
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4-momenta operators with explicit gauge field strength S̃µν

Tr
(
S̃µνS̃

µν
)
, Tr

(
ΣS̃R

µν Σ
−1 S̃µν

)
, Tr

(
S̃µν

[
Ṽµ, Ṽν

])
. (3.17)

The first operator describes the kinetic terms for the gauge bosons S̃µ. The other

two contain gauge-GB and pure-gauge interactions.

4-momenta operators without explicit gauge field strength S̃µν

Tr
(
Ṽµ Ṽ

µ
)
Tr
(
Ṽν Ṽ

ν
)
, Tr

(
Ṽµ Ṽν

)
Tr
(
Ṽµ Ṽν

)
,

Tr
(
(DµṼ

µ)2
)
, Tr

(
Ṽµ Ṽ

µṼν Ṽ
ν
)
, Tr

(
Ṽµ ṼνṼ

µ Ṽν
)
, (3.18)

where the adjoint covariant derivative acting on Ṽµ is defined as

DµṼ
µ = ∂µṼ

µ + i gS

[
S̃µ, Ṽ

µ
]
.

The operators listed in eqs. (3.16)–(3.18) represent a complete set of independent struc-

tures describing the interactions among G gauge bosons and the GBs associated to G/H
in the Σ-representation. Additional Lorentz and G-invariant structures could be a priori

considered beyond those in the previous list (aside from those that are trivially not indepen-

dent). Of particular interest are the operator Tr((DµṼ
µ)Ṽν Ṽ

ν) and operators containing

determinants. However, the first one is not invariant under the grading R (see eq. (3.15))

and therefore cannot be retained in the previous set of independent operators. Moreover,

invariants of the second type are redundant once restricting only to couplings with at most

four derivatives: the Cayley-Hamilton theorem to reduce determinants in terms of traces

is a useful tool to prove it.

It is worth noticing that in specific G/H realisations, some of the operators listed may

not be independent. For example the operators with traces of four Ṽµ appearing in the

second line of eq. (3.18) are redundant in the case G = SU(2)L×SU(2)R and H = SU(2)V ,

as they decompose in products of traces of two Ṽµ. It may not be true in models with

larger group G, as it depends on the specific algebra relations of the generators.

Finally, some caution should be also used when fermions are introduced. In this

case all operators containing DµṼ
µ can be traded, via equations of motion, by operators

containing fermions and a careful analysis should be performed to avoid the presence of

redundant terms.

3.3 General EW effective Lagrangian for a symmetric G/H coset

The list of operators in eqs. (3.16)–(3.18) is valid on general grounds when formally gauging

the full group G. Nevertheless, in most realisations of CH models only the SM gauge group

is gauged. Consequently, in the generic gauge field S̃µ, only the EW components should be

retained. While no new operator structures appear in the sector made out exclusively of

Ṽµ fields (see eqs. (3.16) and (3.18)), all operators where the gauge field strength appears
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explicitly, such as those in eq. (3.17), should be “doubled” by substituting S̃µ either with

W̃µ or B̃µ, defined by

W̃µ ≡ W a
µ Qa

L and B̃µ ≡ BµQY , (3.19)

where Qa
L and QY denote the embedding in G of the SU(2)L × U(1)Y generators. It

follows that a larger number of invariants can be written in this case. In consequence,

the CP-even EW high-energy chiral Lagrangian describing up to four-derivative bosonic

interactions, Lhigh, contains in total thirteen operators:

Lhigh = L
p2

high + L
p4

high , (3.20)

where

L
p2

high = ÃC , (3.21)

L
p4

high = ÃB + ÃW + c̃BΣÃBΣ + c̃WΣÃWΣ +
8∑

i=1

c̃i Ãi , (3.22)

with

ÃC = −f2

4
Tr
(
ṼµṼ

µ
)
, Ã3 = i gTr

(
W̃µν

[
Ṽµ, Ṽν

])
,

ÃB = −1

4
Tr
(
B̃µνB̃

µν
)
, Ã4 = Tr

(
Ṽµ Ṽ

µ
)
Tr
(
Ṽµ Ṽ

µ
)
,

ÃW = −1

4
Tr
(
W̃µνW̃

µν
)
, Ã5 = Tr

(
Ṽµ Ṽν

)
Tr
(
Ṽµ Ṽν

)
,

ÃBΣ = g′2Tr
(
ΣB̃µνΣ

−1B̃µν
)
, Ã6 = Tr

(
(DµṼ

µ)2
)
,

ÃWΣ = g2Tr
(
ΣW̃µνΣ

−1W̃µν
)
, Ã7 = Tr

(
Ṽµ Ṽ

µṼν Ṽ
ν
)
,

Ã1 = g g′Tr
(
ΣB̃µνΣ

−1W̃µν
)
, Ã8 = Tr

(
Ṽµ ṼνṼ

µ Ṽν
)
,

Ã2 = i g′Tr
(
B̃µν

[
Ṽµ, Ṽν

])
,

(3.23)

with the EW covariant derivative in eq. (3.23) defined as

DµṼ
µ = ∂µṼ

µ + i g
[
W̃µ, Ṽ

µ
]
+ i g′

[
B̃µ, Ṽ

µ
]
. (3.24)

The coefficients c̃i are expected to be all of the same order of magnitude, according to the

effective field theory approach.7 NDA [18, 46] applies and indicates that the four-derivative

operator coefficients are expected to be of order f2/Λ2
s & 1/(4π)2.

It is remarkable that, aside from kinetic terms, Lhigh contains only ten independent

operators, and thus at most ten arbitrary coefficients c̃i need to be determined. They will

govern the projection of Lhigh into Llow (in addition to the parameter(s) of the explicit

breaking of the global symmetry).

7The coefficients of the operators ÃC , ÃB and ÃW are taken equal to 1, which leads to canonical kinetic

terms.
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It is also worth to note that the gauging of the SM symmetry breaks explicitly the custo-

dial and the grading symmetries. As a result, custodial and/or grading symmetry breaking

operators can arise once quantum corrections induced by SM interactions are considered.

In the case G = SU(2)L × SU(2)R and H = SU(2)V , the Lagrangian Lhigh reduces

to the custodial preserving sector of the ALF basis, with the three GBs described by the

non-linear realisation of the EWSB mechanism corresponding to the longitudinal degrees

of freedom of the SM gauge bosons. In this case, dim(G/H) = 3 and the h field cannot

arise as a GB of the spontaneous G symmetry breaking.

CH models are, instead, built upon cosets with dim(G/H) ≥ 4, the minimal ones

being for example SO(5)/SO(4) and SU(3)/(SU(2) × U(1)) for the intrinsically custodial

preserving and custodial breaking setups, respectively. The four GBs resulting from the

non-linear symmetry breaking mechanism will then correspond to the three would-be SM

GBs and the Higgs particle. In non-minimal models, such as the SU(5)/SO(5) Georgi-

Kaplan model, additional GBs appear in the symmetry breaking sector. Either they are

light degrees of freedom and then provide interesting candidates for dark matter (see for

instance ref. [49, 50]) or for other exotic particles, or they should become heavy enough

through some “ad hoc” global symmetry breaking effect associated to the strong interacting

sector [10], leaving a negligible impact on low-energy physics.

In the next sections, Lhigh will be particularised to the case of three well-known CH

models, by decomposing the field matrix Σ in eq. (3.7) into its SM and BSM fields, and

projecting into the former: the title of this paper refers to this procedure.

4 The SU(5)/SO(5) composite Higgs model

The first CH model was proposed by Georgi and Kaplan [10] more than 30 years ago. They

assumed a global G = SU(5) symmetry spontaneously broken to the H = SO(5) subgroup.

It is clearly a non-minimal model as fourteen GBs arise from the SU(5) → SO(5) breaking:

three of them are then identified with the GBs of the SM, a fourth one with the physical

Higgs, while the remaining ten are potentially light states. In ref. [10], it was shown that

strong dynamical effects can induce large (i.e. O(f)) masses for these extra degrees of

freedom, that therefore can be safely disregarded at low-energies. The discussion of this

mechanism is beyond the scope of our paper and can be found in that reference. In what

follows all those ten extra GBs are removed from the spectrum and only the three plus one

physical degrees of freedom relevant at low energies are considered.

The global SU(2)L×SU(2)R symmetry can be embedded in the unbroken SO(5) resid-

ual group and therefore the model benefits of an approximate custodial symmetry. We

will first review in some detail the original Georgi-Kaplan construction, as this will be the

playground for generic (minimal or non-minimal) CH models.

4.1 Spontaneous SU(5)/SO(5) symmetry breaking setup

Mimicking the detailed discussion presented in ref. [11], the spontaneous (global) symmetry

breaking pattern SU(5) → SO(5) can be associated to a scalar field8 belonging to the

8This scalar field could result for example from fermionic condensates.
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symmetric representation of G and acquiring a vev ∆0. The vev can be taken in all

generality to be a real, symmetric and orthogonal 5× 5 matrix:

∆0 = ∆†
0 = ∆T

0 = ∆−1
0 . (4.1)

A convenient choice, which facilitates the identification of the SU(2)L × U(1)Y quantum

numbers in the SU(5) embedding, is given by

∆0 =




0 iσ2 0

−iσ2 0 0

0 0 1


 . (4.2)

It is then possible to describe the massless excitations around the vacuum with a symmetric

field ∆(x), obtained “rotating” the vacuum by means of the GB non-linear field Ω(x):

∆(x) = Ω(x)∆0Ω(x)
T , ∆(x) → g∆(x) gT . (4.3)

The field ∆(x) describes all fourteen GBs stemming from the SU(5)/SO(5) breaking. Its

transformation properties under SU(5), i.e. in the symmetric representation, follow from

the invariance of the vacuum under SO(5). Using the following relations between the

vacuum ∆0 and the broken and unbroken generators,

∆0 Ta∆0 = −T T
a , ∆0Xâ∆0 = XT

â , (4.4)

and because of the relations in eq. (4.1), the excitations around the vacuum can be rewritten

in terms of the GB field Σ(x):

∆(x) = Ω(x)2∆0 ≡ Σ(x)∆0 . (4.5)

The vector chiral field Ṽµ is then related to the vacuum excitations,

Ṽµ(x) ≡ (DµΣ(x))Σ†(x) = (Dµ∆(x))∆∗(x) , (4.6)

from which it follows that the GB kinetic term can be written as:

Tr ((Dµ∆)(Dµ∆)∗) = Tr
(
(DµΣ)(DµΣ)†

)
= −Tr

(
ṼµṼ

µ
)
. (4.7)

Considering the fourteen GBs arising from the SU(5)/SO(5) breaking and described

by Ω(x) (or Σ(x)), the three would-be SM GBs X (x) and the scalar singlet field ϕ(x) can

be split from the other d.o.f. denoted collectively by K(x), by decomposing Ω(x) as [11]:

Ω(x) = e
i
ϕ(x)
2f

X (x)
e
i
K(x)
2f . (4.8)

Strong dynamics effects may induce a heavy mass term for the GBs described by K(x) [10].

The GB field Ω(x), and Σ(x), can then be approximated at energies below f by:

Ω(x) ≈ e
i
ϕ(x)
2f

X (x)
, Σ(x) ≈ e

i
ϕ(x)
f

X (x)
. (4.9)

Furthermore, the explicit breaking of the global high-energy symmetry is assumed to in-

duce a potential for the singlet field ϕ(x), which eventually acquires dynamically a non-

vanishing vev,
ϕ(x)

f
≡ h(x) + 〈ϕ〉

f
=

(
h(x) + 〈ϕ〉

v

)√
ξ , (4.10)

where h(x) refers to the physical Higgs (denoted often simply as h in what follows).
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Denoting by X the broken generator along which the EW symmetry breaking occurs,

X =
1

2




0 0 e1
0 0 e2
eT1 eT2 0


 with e1 =

(
1

0

)
, e2 =

(
0

1

)
, (4.11)

the SU(5) embedding of the SM GB fields can be parametrised as

X (x) =
√
2




U

U

1


X




U†

U†

1


 =

1√
2




0 0 U(x)e1
0 0 U(x)e2

(U(x)e1)
† (U(x)e2)

† 0


 , (4.12)

with U(x) defined in eq. (2.1). In the unitary gauge, X =
√
2X. Given the peculiar

structure of the matrix X, the Σ field can be written uniquely in terms of linear and

quadratic powers of X because X 3 = X :

Σ ≡ 1+ i sin

(
ϕ

f

)
X +

(
cos

(
ϕ

f

)
− 1

)
X 2 . (4.13)

The last ingredient needed to fully specify the setup is the embedding of the SM fields

in G. Given the choice of vacuum, the SU(2)L ×U(1)Y generators can be expressed as

Qa
L =

1

2




σa
σa

0


 , QY =

1

2




−12
12

0


 , (4.14)

where in these expressions σa denote the Pauli matrices and the normalisation of the

generators is Tr(QaQa) = 1.

4.2 The low-energy effective EW chiral Lagrangian

One can now substitute the explicit expression for Σ, Ṽµ, W̃µ and B̃µ in the operators

of the high-energy basis in eq. (3.23) and obtain Llow for the Georgi-Kaplan model as a

function of the SM would-be GBs, the light scalar singlet field ϕ(x) and the SM gauge

fields.

4.2.1 The two-derivative low-energy projection

For SU(5)/SO(5), the low-energy projection of the custodial preserving two-derivative op-

erator reads [51]

ÃC ≡ −f2

4
Tr(ṼµṼ

µ) =
4

ξ
sin2

[
ϕ

2f

]
PC + PH , (4.15)

with PC and PH being the operators in Llow defined in eqs. (2.4) and (2.7), respectively.

Having assumed the absence of any sources of custodial breaking besides the SM ones, no

other two-derivative operators arise in the low-energy effective chiral Lagrangian.

Besides giving rise to the (correctly normalised) h kinetic term described by PH , the

operator ÃC intervenes also in the definition of the SM gauge boson masses. To provide a

consistent definition for the SM W mass m2
W ≡ g2v2/4, it is necessary to impose that

ξ ≡ v2

f2
= 4 sin2

〈ϕ〉
2f

, (4.16)
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providing a strict and model-dependent relation between the EW scale v, the vev of the

scalar field ϕ and the NP scale f . Note that in the ξ ≪ 1 limit the usual SM result 〈ϕ〉 = v

is recovered. Using eq. (4.16), the functional dependence on ϕ/f can be nicely translated

in terms of the physical h excitation and the EW scale v, and the following expressions

will be useful later on:

sin

(
ϕ

2f

)
= sin

(
arcsin

(
v

2f

)
+

h

2f

)
=

v

2f
cos

(
h

2f

)
+

√
1− v2

4f2
sin

(
h

2f

)
,

cos

(
ϕ

2f

)
= cos

(
arcsin

(
v

2f

)
+

h

2f

)
=

√
1− v2

4f2
cos

(
h

2f

)
− v

2f
sin

(
h

2f

)
.

(4.17)

4.2.2 The four-derivative low-energy projection

The low-energy projection of the four-derivative effective operators of eq. (3.23) gives:

ÃB =PB ,

ÃW =PW ,

ÃBΣ =− 4 g′2 cos2
[
ϕ

2f

]
PB ,

ÃWΣ =− 4 g2 cos2
[
ϕ

2f

]
PW ,

Ã1 = sin2
[
ϕ

2f

]
P1 ,

Ã2 = sin2
[
ϕ

2f

]
P2 +

√
ξ sin

[
ϕ

f

]
P4 ,

Ã3 =2 sin2
[
ϕ

2f

]
P3 − 2

√
ξ sin

[
ϕ

f

]
P5 ,

Ã4 =4 ξ2PDH + 16 sin4
[
ϕ

2f

]
P6 − 16 ξ sin2

[
ϕ

2f

]
P20 ,

Ã5 =4 ξ2PDH − 16 ξ sin2
[
ϕ

2f

]
P8 + 16 sin4

[
ϕ

2f

]
P11 ,

Ã6 = − 2 ξ P�H − 1

2
sin2

[
ϕ

f

]
P6 + 4 ξ cos2

[
ϕ

2f

]
P8 + 4 sin2

[
ϕ

2f

]
P9+

− 2
√
ξ sin

[
ϕ

f

]
(P7 − 2P10) ,

(4.18)

while the remaining two high-energy operators are not independent when focusing only on

the light GBs remaining at low-energies:

Ã7 =
1

4

(
Ã4 + Ã5

)
, Ã8 =

1

2
Ã5 . (4.19)

The fact that Ã7 and Ã8 do not give independent contributions as they are linear combi-

nations of other high-energy operators is connected with the peculiar structure of the G/H
breaking and has to be inferred case by case. This specific example is similar to the ALF
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case, where it can be proven that traces of four Vµ can be expressed as products of traces

of two Vµ. In resume, Llow for the SU(5)/SO(5) scenario considered here depends on only

eight independent operators, besides the kinetic terms for gauge bosons and GB fields.

It is useful to explicit the dependence on the ϕ field of the expressions in eq. (4.18), so

as to identify easily the correlations to be expected in experimental signals involving the

same number of Higgs external fields, and compare with those involving a different number

of Higgs particles. To illustrate it, let us momentarily adopt a slightly different notation

for the following operators in Llow:

Pi ≡ P̂iν ∂
ν(h/v) for i = 4, 5, 10 ,

P7 ≡ P̂7 ∂ν∂
ν(h/v) ,

P8 ≡ P̂8νµ ∂
µ(h/v)∂ν(h/v) .

(4.20)

The operators Ã2, Ã3 and Ã6 can then be rewritten as

Ã2 =
(
P2 + 2 P̂4ν ∂

ν
)
sin2

[
ϕ

2f

]
,

Ã3 =2
(
P3 − 2 P̂5ν ∂

ν
)
sin2

[
ϕ

2f

]
,

Ã6 = − 2 ξ P�H −
(
1

2
P6 − 4P9 + 4 P̂7 ∂ν ∂

ν − 8 P̂10ν ∂
ν

)
sin2

[
ϕ

2f

]
+

+ 16 P̂8µν ∂
µ sin

[
ϕ

2f

]
∂ν sin

[
ϕ

2f

]
.

(4.21)

This decomposition shows that, for any given number of ϕ external legs, the gauge interac-

tions stemming -for instance- from P2 and P4 in Ã2 combine with a fixed relative weight,

independently of the size of f and of the ratio 〈ϕ〉/f . That relative weight is equal to

that holding for the same set of gauge interactions within the d = 6 operators of the linear

Lagrangian, as it will be discussed in section 7. This correlation is intimately related to

the fact that the ϕ field was embedded as a SU(2)L doublet in the high-energy theory. An

analogous discussion applies to Ã3 and Ã6 in eq. (4.21).

5 The minimal SO(5)/SO(4) composite Higgs model

Most of the recent literature in CH models deals with the minimal SO(5)/SO(4) [15] setup.

The features that make this model appealing are its custodial symmetry approximate con-

servation and its minimality in terms of number of GBs that arise from the global symmetry

breaking: only four to be associated with the SM would-be GBs and the Higgs field.

5.1 Spontaneous SO(5)/SO(4) symmetry breaking setup

The spontaneous SO(5)/SO(4) symmetry breaking can be obtained giving a vev to a scalar

field either in a fundamental or in the symmetric adjoint representation. To resemble most

the discussion of the SU(5)/SO(5) model the latter representation is chosen here. Also for
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this setup, the vacuum can be taken in all generality to be a real, symmetric and orthogonal

5× 5 matrix satisfying eq. (4.1), and a convenient choice is to set

∆0 =

(
14 0

0 −1

)
. (5.1)

As in the previous case, it is then possible to describe the massless excitations around the

vacuum with a symmetric field ∆(x) obtained “rotating” the vacuum with the GB non-

linear field Ω(x): eq. (4.3) also holds here, with g being now a transformation of SO(5).

∆(x) transforms in the adjoint of SO(5), as a consequence of the invariance of the vacuum

under SO(4), and describes only four GBs.

The relations between the vacuum ∆0 and the broken and unbroken generators pre-

sented in eq. (4.4) are valid also for this model, and because of the relations in eq. (4.1)

the excitations around the vacuum can be reparametrised in the Σ-representation as in

eq. (4.5), where now Ω(x) and Σ(x) are given by

Ω(x) = ei
ϕ(x)
2f

X (x) , Σ(x) = ei
ϕ(x)
f

X (x) . (5.2)

The SO(5)/SO(4) generators can be written in a compact form as

(Xâ)ij =
i√
2
(δi5δjâ − δj5δiâ) , â = 1, . . . , 4 , (5.3)

and denoting the broken generator along which the EW symmetry breaking occurs as X4̂,

X4̂ =
i√
2




0 0 0

0 0 −e2
0 eT2 0


 , (5.4)

the GB non-linear field reads

X (x) = − i√
2
Tr (Uσâ)Xâ , â = 1, . . . , 4 , (5.5)

where σâ ≡ {σ1, σ2, σ3, i12} and which reduces to X =
√
2X4̂ in the unitary gauge. Alike

to the case of the Georgi-Kaplan model, the field Σ takes the simple form in terms of

linear and quadratic powers of X shown in eq. (4.13). Finally, with this convention the

embedding of the SU(2)L ×U(1)Y generators in SO(5) reads

Q1
L =

1

2




−iσ1
iσ1

0


 , Q2

L =
1

2




iσ3
−iσ3

0


 ,

Q3
L =

1

2




σ2
σ2

0


 , QY =

1

2




σ2
−σ2

0


 .

(5.6)
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5.2 The low-energy effective EW chiral Lagrangian

Having chosen the explicit realisation of the SO(5)/SO(4) symmetry breaking mechanism

and the representation of the embedding of the SM group charges into SO(5), the substitu-

tion of the explicit expressions for Σ, Ṽµ, W̃µ and B̃µ into the operators of the high-energy

basis in eq. (3.23) produces Llow for the minimal SO(5)/SO(4) CH model, as a function of

the SM would-be GBs and the light scalar resonance ϕ.

The low-energy projection of the SO(5)/SO(4) Lagrangian turns out to be exactly

the same as that for the SU(5)/SO(5) model. This result depends on the strict connection

between SO(5) and SU(5), as indeed the GB matrix fields of the two theories are linked by a

unitary global transformation, once decoupling the extra GBs arising in the SU(5) → SO(5)

breaking. Moreover, the gauging of the SM symmetry represents an explicit breaking of

the global symmetries and it produces the effect of washing out the differences between

the two preserved subgroups, once focusing only on the SM particle spectrum. This also

suggests that any model with the minimal number of GBs that can be arranged in a

doublet of SU(2)L and approximate custodial symmetry will yield the same low-energy

effective chiral Lagrangian regardless of the specific ultraviolet completion.

6 The SU(3)/(SU(2) × U(1)) composite Higgs model

As a final example, the SU(3)/(SU(2) × U(1)) CH model is now considered. As only

four GBs arise from the breaking of the global symmetry, also this model is minimal.

However, contrary to the previously discussed CH models, the preserved subgroup H does

not contain the custodial SO(4) term and therefore no (approximate) custodial symmetry is

embeddable in this model. This feature disfavours phenomenologically the SU(3)/(SU(2)×
U(1)) CH model as large tree-level contributions to the T parameter occur. Nevertheless,

the study of its low-energy projection is instructive in order to discuss the custodial breaking

operators of the effective Lagrangian Llow in eq. (2.9). Indeed, although in the initial high-

energy SU(3)/(SU(2) × U(1)) Lagrangian no extra sources of custodial breaking (besides

the SM ones) are introduced, these operators appear at tree-level in the low-energy effective

Lagrangian.

6.1 Spontaneous SU(3)/(SU(2) × U(1)) symmetry breaking setup

An appropriate choice for the vacuum that breaks SU(3) → SU(2) × U(1) is given by the

following hermitian and orthogonal matrix:

∆0 =

(
12 0

0 −1

)
, (6.1)

that satisfies the relations in eq. (4.1). As in the previous cases, it is then possible to

describe the massless excitations around the vacuum with a unitary field ∆(x) obtained

“rotating” the vacuum with the GB non-linear field Ω(x):

∆(x) = Ω(x)∆0Ω(x)
† , ∆(x) → g∆(x) g† . (6.2)

– 18 –



J
H
E
P
1
2
(
2
0
1
4
)
0
3
4

As the vacuum is invariant under SU(2)×U(1) transformations, ∆(x) belongs to the adjoint

of SU(3). Being dim(SU(3)/(SU(2)×U(1))) = 4, the field ∆(x) describes the dynamics of

only four GBs, which will be then identified with the longitudinal components of the SM

gauge bosons and the physical Higgs particle. Using the following relations between the

vacuum ∆0 and the broken and unbroken generators,

∆0 Ta∆0 = Ta , ∆0Xâ∆0 = −Xâ , (6.3)

and because of the relations in eq. (4.1), the excitations around the vacuum can be arranged

in the Σ-representation as in eq. (4.5) with Ω and Σ given as in eq. (5.2). Choosing the

following direction of EW symmetry breaking,

X =
1√
2

(
0 e2
eT2 0

)
, (6.4)

it is possible to write the SU(3) embedding of the SM GB fields as

X (x) =
√
2

(
U(x)

1

)
X

(
U(x)†

1

)
=

(
0 U(x)e2

(U(x)e2)
† 0

)
, (6.5)

reducing to X =
√
2X in the unitary gauge. As for the two models previously analysed,

the GB field matrix Σ can be expressed in terms of X as in eq. (4.13). Finally the SU(3)-

embedding of the SU(2)L ×U(1)Y generators are given by

Qa
L =

1

2

(
σa

0

)
, QY =

1

6

(
12

−2

)
, (6.6)

with Tr(Qa
LQ

a
L) = 1 and Tr(QY QY ) = 1/6.

6.2 The low-energy effective EW chiral Lagrangian

By substituting the explicit expressions for Σ, Ṽµ, W̃µ and B̃µ into the operators of the

high-energy basis in eq. (3.23), Llow is obtained for the SU(3)/(SU(2)×U(1)) model as a

function of the SM would-be GBs and the light physical Higgs ϕ.

6.2.1 The two-derivative low-energy projection

The low-energy projection of this CH model, where the custodial symmetry is not approx-

imately conserved, underlines some peculiarities that can be already seen in the resulting

expression for the dimension-two operator ÃC :

ÃC = −f2

4
Tr(ṼµṼ

µ) = PH +
4

ξ
sin2

[
ϕ

2f

]
PC +

2

ξ
sin4

[
ϕ

2f

]
PT . (6.7)

It projects at low-energy not only into the h and GBs kinetic terms as expected, but also

into the two-derivative custodial violating operator PT in eq. (2.4).

Alike to the situation for the models previously studied, ÃC contains the term that

describes the masses of the gauge bosons once the EW symmetry is broken. Requiring

consistency with the definition of the W -mass, the link given in eq. (4.16) among the EW

scale v, the Higgs VEV 〈ϕ〉 and the strong dynamic scale f also follows here.
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6.2.2 The four-derivative low-energy projection

The low-energy projection of the four-derivative operators listed in eq. (3.23) results in the

following decomposition for the SU(3)/(SU(2)×U(1)) model:

ÃB =
2

3
PB ,

ÃW =PW ,

ÃBΣ =− g′2

6

(
1 + 3 cos

[
2ϕ

f

])
PB ,

ÃWΣ =− 2 g2 cos

[
ϕ

f

]
PW + sin4

[
ϕ

2f

]
P12 ,

Ã1 =
1

4
sin2

[
ϕ

f

]
P1 ,

Ã2 =
1

4
sin2

[
ϕ

f

]
P2 +

√
ξ

2
sin

[
2ϕ

f

]
P4 ,

Ã3 =
1

2
sin2

[
ϕ

f

]
P3 − 2

√
ξ sin

[
ϕ

f

]
P5 + 2 sin4

[
ϕ

2f

]
P13 + 2

√
ξ sin

[
ϕ

f

]
sin2

[
ϕ

2f

]
P17 ,

Ã4 =4 ξ2 PDH + 16 sin4
[
ϕ

2f

]
P6 − 16 ξ sin2

[
ϕ

2f

]
P20 + 8 ξ sin4

[
ϕ

2f

]
P21+

− 16 sin6
[
ϕ

2f

]
P23 + 4 sin8

[
ϕ

2f

]
P26 ,

Ã5 =4 ξ2 PDH − 16 ξ sin2
[
ϕ

2f

]
P8 + 16 sin4

[
ϕ

2f

]
P11 + 8 ξ sin4

[
ϕ

2f

]
P22+

− 16 sin6
[
ϕ

2f

]
P24 + 4 sin8

[
ϕ

2f

]
P26 , (6.8)

Ã6 =− 2 ξ P�h −
1

2
sin2

[
ϕ

f

]
P6 − 2

√
ξ sin

[
ϕ

f

]
(P7 − 2P10) + 4ξ cos2

[
ϕ

2f

]
P8+

+ 4 sin2
[
ϕ

2f

]
P9 − 2 sin4

[
ϕ

2f

]
(P15 − 2P16)− 2ξ

(
1 + 2 cos

[
ϕ

f

])
sin2

[
ϕ

2f

]
P22+

+ 2
√
ξ sin

[
ϕ

f

]
sin2

[
ϕ

2f

]
(P18 − 2P19 + P25) + sin2

[
ϕ

f

]
sin2

[
ϕ

2f

]
P23+

− 4 sin6
[
ϕ

2f

]
P24 + 2 sin8

[
ϕ

2f

]
P26 ,

Ã7 =2 ξ2 PDH + 8 sin4
[
ϕ

2f

]
P6 − 4ξ sin2

[
ϕ

2f

]
P8 − 2

√
ξ sin

[
ϕ

f

]
sin2

[
ϕ

2f

]
P18+

− 4ξ sin2
[
ϕ

2f

]
P20 − 2ξ cos

[
ϕ

f

]
sin2

[
ϕ

2f

]
P21 + 2ξ sin2

[
ϕ

2f

]
P22−

− 2

(
3− cos

[
ϕ

f

])
sin4

[
ϕ

2f

]
P23 + sin2

[
ϕ

f

]
sin2

[
ϕ

2f

]
P24 + 2 sin

[
ϕ

2f

]8
P26

The remaining operator in the list in eq. (3.23) is not independent in this case, as it can

be expressed as the combination

Ã8 =
1

2
Ã4 + Ã5 − 2Ã7 , (6.9)
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which in summary implies that the low-energy physical consequences of this model depend

on nine arbitrary coefficients.

7 Matching the high- and the low-energy Lagrangians

The remnant of the GB nature of the Higgs field can be tracked down to the trigonometric

functions that enter into the low-energy EW chiral Lagrangian for the specific CH models:

indeed, one given gauge vertex can involve an arbitrary number of h legs, with a suppression

in terms of powers of the GB scale f . The explicit dependence on the h field is easily

recovered using eq. (4.10) in combination with trigonometric function properties. In the

general Llow basis, the dependence on the h field is encoded into the generic functions

Fi(h) in eq. (2.10) and into some operators which contain derivatives of h. The matching

between the low-energy EW chiral Lagrangian of the specific CH models and the general

Llow basis in eq. (2.9) allows to identify the products ciFi(h) in terms of the high-energy

parameters. The existence of peculiar correlations between the low-energy chiral effective

operators could indeed provide very valuable information when trying to unveil the nature

of the EWSB mechanism [37, 42, 43].

7.1 The SU(5)/SO(5) and SO(5)/SO(4) models

For the specific case of the SU(5)/SO(5) model discussed in section 4 and the terms in its

two-derivative Lagrangian it results

FC(h) =
4

ξ
sin2

[
ϕ

2f

]
, FH(h) = 1 , (7.1)

for the custodial preserving sector, while

cTFT (h) = 0 (7.2)

for the custodial breaking term, as expected from a model which was formulated with an

embedded custodial symmetry.

A superficial look to the ξ dependence of the right-hand side of eq. (4.15) (or equiva-

lently of FC(h) in eq. (7.1)) may raise questions about an apparent unphysical behaviour

for ξ ≪ 1. However, this is not the case as for ξ → 0 eq. (4.15) reduces to

ÃC ≈
[(

1 +
h

v

)2

− ξ

12

h

v

(
1 +

h

v

)(
3 + 3

h

v
+

h2

v2

)
+O(ξ2)

]
PC + PH , (7.3)

with the SM gauge boson-Higgs couplings exactly recovered9 for ξ = 0. This is consistent,

as in this model the three would-be SM GBs and the Higgs field were introduced in a

SU(2)L doublet structure embedded into the SU(5) representation (see eq. (4.12)). Any

deviation from the SM (doublet) predictions should thus appear weighted by powers of ξ.

9Equivalently, rewriting FC(h) in eq. (7.1) as FC(h) = (ϕ2/v2)[sin(x)/x]2 with x ≡
√
ξϕ/(2v) shows

that its ξ → 0 limit is safe, as sin(x)/x is an analytic function for any value of x and in particular x = 0.
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ciFi(h)
SU(5)/SO(5)

SO(5)/SO(4)
SU(3)/SU(2)×U(1) linear d ≤ 6

FC(h)
4
ξ
sin2 ϕ

2f
4
ξ
sin2 ϕ

2f
1 + (v+h)2

2Λ2 cΦ4

FH(h) 1 1 1+ (v+h)2

2Λ2 (cΦ1+2cΦ2+cΦ4)

FB(h) 1−4g′2c̃BΣ cos2 ϕ

2f
1−g′2 c̃BΣ

6

(
1+3 cos 2ϕ

f

)
1 + (v+h)2

2Λ2 g′2cBB

FW (h) 1−4g2c̃WΣ cos2 ϕ

2f
1− 2g2c̃WΣ cos ϕ

f
1 + (v+h)2

2Λ2 g2cWW

c�HF�H(h) −2c̃6ξ −2c̃6ξ
v2

2Λ2 c�Φ

c∆HF∆H(h) − − −

cDHFDH(h) 4 (c̃4 + c̃5) ξ
2 2 (2c̃4 + 2c̃5 + c̃7) ξ

2 −

c1F1(h) c̃1 sin
2 ϕ

2f
c̃1
4
sin2 ϕ

f

(v+h)2

4Λ2 cBW

c2F2(h) c̃2 sin
2 ϕ

2f
c̃2
4
sin2 ϕ

f

(v+h)2

8Λ2 cB

c3F3(h) 2c̃3 sin
2 ϕ

2f
c̃3
2
sin2 ϕ

f

(v+h)2

8Λ2 cW

c4F4(h) c̃2
√
ξ sin ϕ

f

c̃2
2

√
ξ sin 2ϕ

f

v(v+h)

2Λ2 cB

c5F5(h) −2c̃3
√
ξ sin ϕ

f
−2c̃3

√
ξ sin ϕ

f
− v(v+h)

2Λ2 cW

c6F6(h) 16c̃4 sin
4 ϕ

2f
− 1

2
c̃6 sin

2 ϕ

f
8(2c̃4+c̃7) sin

4 ϕ

2f
− 1

2
c̃6 sin

2 ϕ

f

(v+h)2

8Λ2 c�Φ

c7F7(h) −2c̃6
√
ξ sin ϕ

f
−2c̃6

√
ξ sin ϕ

f

v(v+h)

2Λ2 c�Φ

c8F8(h) −16c̃5ξ sin
2 ϕ

2f
+4c̃6ξ cos

2 ϕ

2f
−4(4c̃5+c̃7)ξ sin

2 ϕ

2f
+4c̃6ξ cos

2 ϕ

2f
− v2

Λ2 c�Φ

c9F9(h) 4c̃6 sin
2 ϕ

2f
4c̃6 sin

2 ϕ

2f
− (v+h)2

4Λ2 c�Φ

c10F10(h) 4c̃6
√
ξ sin ϕ

f
4c̃6

√
ξ sin ϕ

f
− v(v+h)

Λ2 c�Φ

c11F11(h) 16c̃5 sin
4 ϕ

2f
16c̃5 sin

4 ϕ

2f
−

c20F20(h) −16c̃4ξ sin
2 ϕ

2f
−4(4c̃4 + c̃7)ξ sin

2 ϕ

2f
−

Table 1. Expressions for the products ci Fi(h) of custodial preserving operators: SU(5)/SO(5)

and SO(5)/SO(4) in the second column, SU(3)/(SU(2)×U(1)) in the third column, and the d = 6

effective linear Lagrangian in the fourth column. The “-” entries indicate no leading order contribu-

tions at low-energy to the corresponding operator. Notice that the kinetic terms are not canonically

normalised at this stage.

For completeness, it may be useful to provide the expression for the FC(h) function in the

notation usually adopted in the literature:10

FC(h) = 1 + 2aC
h

v
+ bC

h2

v2
+ . . . , with aC = 1− ξ

8
, bC = 1− ξ

2
. (7.4)

For the terms in the four-derivative Lagrangian, the expressions for the products ciFi(h)

are reported in table 1 (second column). Some relevant conclusions can be inferred from

these results:

i) All custodial preserving operators entering the low-energy Lagrangian Llow,

eq. (2.10), are generated from the high-energy one Lhigh for the SU(5)/SO(5) CH

10In ref. [51], a slightly different result is reported: aC = 1 − ξ/2 and bC = 1 − 2ξ. This is due to a

different normalisation chosen for the operator ÃC in ref. [51] (see eq. (A.34)). By a redefinition of the

Higgs field, ϕ → ϕ/2, the two expressions for aC and bC coincide.
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model, with the exception of the operator P∆H in eq. (2.8) and FH(h), F�H and

FDH . They cannot be originated due to the GB nature of the ϕ field in that model,

which forbids couplings with an odd number of Goldstone bosons, plus the fact that

the departure from a pure Goldstone boson nature is through its vev 〈ϕ〉 6= 0, and

not from any source containing derivatives.11

ii) All other operators present in L
p4

low in eq. (2.10) and not appearing in table 1 describe

effects of tree-level custodial breaking beyond the SM ones, and are thus absent in

the low-energy SU(5)/SO(5) effective chiral Lagrangian discussed.

iii) The arbitrary functions Fi(h) of the generic low-energy effective chiral Lagrangian

Llow in eq. (2.10) become now a constrained set. Having chosen a specific CH model

reduces the number of free parameters in Llow: sixteen low-energy generic parame-

ters contained in ciFi(h) are now described in terms of the eight high-energy param-

eters c̃i.

As the EW chiral Lagrangian for the minimal SO(5)/SO(4) model is the same of

the one for the SU(5)/SO(5) model, the results presented here also apply to the minimal

SO(5)/SO(4) model.

7.2 The SU(3)/(SU(2) × U(1)) model

The FC(h) and FH(h) functions of the two-derivative low-energy chiral Lagrangian

eq. (2.10) stemming from the high-energy SU(3)/(SU(2)×U(1)) model turn out to be

FC(h) =
4

ξ
sin2

[
ϕ

2f

]
, FH(h) = 1 , (7.5)

for the custodial preserving sector, and thus equal to that for SU(5)/SO(5) and

SO(5)/SO(4) in eq. (7.1). This suggests that they are universal for composite models

in which the Higgs is embedded as a SU(2)L doublet. For the custodial breaking sector,

instead, it results

cTFT (h) =
2

ξ
sin4

[
ϕ

2f

]
, (7.6)

and in this case the coefficient cT is not a free parameter, but is fixed by the high-energy

operator ÃC . In consequence, the experimental bounds on the T parameter [52] translate

into strong constraints on the parameter ξ and on the strong dynamics scale f :

αem∆T =
ξ

4
=⇒ ξ . 0.014 , f & 2 TeV . (7.7)

For the terms in the four-derivative Lagrangian, the expressions for the products

ciFi(h) corresponding to custodial invariant operators are reported in table 1 (third col-

umn), while those corresponding to custodial-breaking ones are collected in table 2.

11Even when fermions will be considered explicitly, it is not expected to result in P∆H generated at low

energies; but the additional fermionic operators expected could be rewritten in terms of P∆H (and other

operators) via EOM. A similar reasoning applies to FH(h), F�H and FDH . We thus keep them here for

generality.
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ciFi(h) SU(3)/(SU(2)×U(1)) ciFi(h) SU(3)/(SU(2)×U(1))

cTFT (h)
2
ξ
sin4 ϕ

2f
c21F21(h) 8c̃4ξ sin

4 ϕ

2f
− 2c̃7ξ cos

ϕ

f
sin2 ϕ

2f

c12F12(h) c̃WΣ sin4 ϕ

2f
c22F22(h) 8c̃5ξ sin

4 ϕ

2f
+ 2ξc̃7 sin

2 ϕ

2f
− 2c̃6ξ sin

2 ϕ

2f

(
1+2 cos ϕ

f

)

c13F13(h) 2c̃3 sin
4 ϕ

2f
c23F23(h) −16c̃4 sin

6 ϕ

2f
+ c̃6 sin

2 ϕ

2f
sin2 ϕ

f
+ 2c̃7 sin

4 ϕ

2f

(
cos ϕ

f
−3

)

c15F15(h) −2c̃6 sin
4 ϕ

2f

c16F16(h) 4c̃6 sin
4 ϕ

2f
c24F24(h) −4(4c̃5 + c̃6) sin

6 ϕ

2f
+ c̃7 sin

2 ϕ

2f
sin2 ϕ

f

c17F17(h) 2c̃3
√
ξ sin2 ϕ

2f
sin ϕ

f
c25F25(h) 2c̃6

√
ξ sin2 ϕ

2f
sin ϕ

f

c18F18(h) 2(c̃6 − c̃7)
√
ξ sin2 ϕ

2f
sin ϕ

f
c26F26(h) 2(2(c̃4 + c̃5) + c̃6 + c̃7) sin

8 ϕ

2f

c19F19(h) −4c̃6
√
ξ sin2 ϕ

2f
sin ϕ

f

Table 2. Expressions for the products ci Fi(h) for the custodial symmetry breaking operators

of SU(3)/(SU(2) × U(1)) CH model. No analogous contributions are present neither for the

SU(5)/SO(5) and SO(5)/SO(4) model, nor for the linear d = 6 effective Lagrangian, but for the

combination cTFT (h) that receives contributions from OΦ1.

Contrary to the case of the two models previously analysed, all custodial preserving

and all custodial breaking operators entering the low-energy Lagrangian Llow in eq. (2.10)

are generated from the high-energy one for the SU(3)/(SU(2)×U(1)) CH model, with the

exception of the operator P∆H in eq. (2.8) and FH(h), F�H and FDH . On the other side,

also in this case the a priori many arbitrary combinations ciFi(h) can be written in terms

of the small set of nine high-energy parameters c̃i.

In summary, a quite universal pattern is suggested by our results as to the form of the

ciFi(h) functions, at least for the custodial preserving sector. Table 1 encompasses the main

results and allows a direct comparison of the low-energy impact of the models considered

(as well as of the BSM physics expected from linear realisations of EWSB). Not only FC(h)

coincides exactly for all three chiral models considered, see eqs. (7.1) and (7.5), but the

ciFi(h) functions for all four-derivative chiral operators do as well, except for the couplings

which involve gauge field-strengths for which the intrinsically custodial-invariant groups

and SU(3)/(SU(2) × U(1)) differ simply by a rescaling of the scale f and multiplicative

factors, see table 1.

7.3 The ξ ≪ 1 limit and the linear effective Lagrangian

As anticipated in section 2, the low-energy effective Lagrangian Llow is suitable to describe

a large class of Higgs models, including the case of a linearly realised EWSB. In the limit of

small ξ, the trigonometric functions containing the Higgs field ϕ can be expanded in Taylor

series. If only the first terms in this expansion are retained, the resulting effective chiral

Lagrangian describes similar interactions as the effective d = 6 linear Lagrangian [53, 54]

— and with similar features. For definiteness, let us refer to a specific basis for the bosonic

sector of the effective d = 6 linear Lagrangian — the so-called Hagiwara-Ishihara-Szalapski-

Zeppenfeld (HISZ) basis [55, 56]. The effective linear Lagrangian including the leading

corrections can be decomposed as the SM part plus a piece containing operators with

canonical dimension d = 6, weighted down by suitable powers of the ultraviolet cut-off
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scale Λ:

Llinear = LSM +∆Llinear , (7.8)

where

∆Llinear =
∑

i

ci
Λ2

Oi , (7.9)

with ci being order one parameters and Oi denoting operators defined as follows [54–56]:

OBB = Φ†B̂µνB̂
µνΦ , OWW = Φ†ŴµνŴ

µνΦ ,

OW = (DµΦ)
†Ŵµν(DνΦ) , OBW = Φ†B̂µνŴ

µνΦ ,

OB = (DµΦ)
†B̂µν(DνΦ) , OΦ,1 = (DµΦ)

†Φ Φ† (DµΦ) ,

OΦ,2 =
1

2
∂µ
(
Φ†Φ

)
∂µ

(
Φ†Φ

)
, OΦ,3 =

1

3

(
Φ†Φ

)3
,

OΦ,4 = (DµΦ)
† (DµΦ)

(
Φ†Φ

)
, O�Φ = (DµD

µΦ)† (DνD
νΦ) ,

(7.10)

with DµΦ ≡
(
∂µ + i

2g
′Bµ + i

2gσiW
i
µ

)
Φ. Among these, OΦ,1 is custodial breaking and OΦ,3

is a pure potential-like Higgs term; assuming custodial symmetry it remains a total of eight

independent operators.12

After the SU(2)L Higgs doublet Φ acquires a vev, 〈Φ〉 = (v + h)/
√
2, the interactions

resulting from this set of linear operators can be also described by Llow in eq. (2.10), with

the products ciFi(h) taking the values shown in the last column of table 1. In the small

ξ limit, the low-energy effective chiral Lagrangian associated to the considered CH models

converges to the linear one, with the correspondence

c̃BΣ → cBB , c̃WΣ → cWW , c̃1 → cBW , c̃2 → cB , c̃3 → cW , c̃6 → c�Φ . (7.11)

The parameters c̃4 and c̃5 are not relevant, because they appear in contributions of order

ξ≥2, that correspond to linear operators of d ≥ 8. Notice in addition that the prod-

ucts ciFi(h) corresponding to custodial-breaking operators and appearing in table 2 are

suppressed by ξ≥2 and are therefore negligible in the small ξ limit. Consistently, the cor-

responding contributions from the effective linear Lagrangian come from operators with

dimensions d ≥ 8. Notice that a complete comparison is only possible in the basis where

the kinetic terms are canonical: in table 1, FH(h) is 1 for the CH models, but not for the

linear Lagrangian.

Eq. (6.8) together with the decomposition in eq. (4.21) allow to appreciate the coin-

cidences and the differences between the low-energy effective chiral Lagrangian and the

effective linear one: i) the gauge interactions stemming from some chiral operators com-

bine with fixed weights, even for large ξ values, which are precisely those predicted by

the linear Lagrangian (see table 1); this is because the ϕ field was embedded in the high

energy theory as a SU(2)L doublet; ii) the low-energy differences stem from the h depen-

dence, given via functions of sin [(〈ϕ〉+ h)/2f ] for the low-energy chiral Lagrangian versus

12The original HISZ basis includes in addition the gluonic operator OGG = Φ†ΦGa
µνG

aµν , which is not

considered here as only the EW sector is analysed in this paper.
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powers of (v + h) /2 for linear realisations of BSM theories. Therefore, although the num-

ber of free parameters is the same in the two Lagrangians, the h-couplings have different

dependencies [35, 44].

To illustrate it, consider the OB operator of the linear realisation. Expressing Φ in

terms of the GB matrix U and the physical scalar h,

Φ =
(v + h)√

2
U

(
0

1

)
, (7.12)

OB can be rewritten in the chiral notation as

OB =BµνTr(T[Vµ,Vν ])
(v + h)2

4
+BµνTr(TVµ)∂ν (v + h)2

4

=
(
P2 + 2 P̂4ν ∂

ν
) (v + h)2

4
,

(7.13)

to be compared with Ã2 in eq. (4.21). This pattern is general for the complete set of

operators: same gauge couplings as in d = 6 linear basis for a fixed number of h legs, while

the relative strength of couplings involving different number of h external legs differs from

that in linear expansions. The results support the approach to the effective Lagrangian

for composite Higgs models based in the linear expansion in ref. [54–57] only if the Higgs

is assumed to be a pure SU(2)L doublet. Indeed in this case ξ ≪ 1 and the trigonometric

dependence on h reduces exactly to the linear one, as sin2(ϕ/f) = ξ(1+h/v)2+O(ξ2) and

the higher order terms in ξ can be safely neglected.

Promising discriminating signals include then some pure-gauge versus gauge-Higgs

couplings [37, 42, 43], whose precise form we have determined here for the specific CH

models considered. The strength of this type of departures from the SM expectations

depends on ξ and therefore the larger ξ the sooner it will be possible to disentangle at

colliders a composite from an elementary nature of the Higgs particle.

For the more general case in which the observed light Higgs particle is not an exact

SU(2)L doublet, linear d = 6 expansions will be insufficient to describe the leading correc-

tions. There are then more independent parameters, as given by the general low-energy

non-linear Lagrangian [36, 37, 42], and further decorrelations are expected, including among

vertices with the same number of Higgs legs.

8 Conclusions

For a simple group G broken to a subgroup H, we have constructed the effective chiral La-

grangian for a generic symmetric coset G/H, restricting to CP-even bosonic operators with

at most four derivatives: at most seven independent operators result, aside from the kinetic

terms. After gauging the SU(2)L×U(1)Y symmetry and considering the induced custodial

symmetry breaking terms, the total number of operators increases up to ten, plus three ki-

netic terms. This finding is independent of the specific choice of G. It applies to composite

Higgs scenarios in which the Higgs particle is a pseudo-Goldstone boson of the spontaneous

breaking of G, irrespective of the SU(2)L representation to which it may belong.
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One consequence is that for any composite model in which the Higgs is embedded as a

Goldstone boson of the high-energy theory, we predict strong relations among the dozens

of low-energy parameters of the general low-energy effective chiral Lagrangian with a light

Higgs particle.

Under the assumptions of no new sources of custodial non-invariance other than the SM

gauge ones, we then particularised to the case of three specific composite Higgs models:

two intrinsically custodial-preserving ones, SU(5)/SO(5) and SO(5)/SO(4), and another

which by construction breaks custodial symmetry, SU(3)/(SU(2) × U(1)). For the latter

group the number of independent operators is nine (aside from possible sources of explicit

subsequent breaking and from kinetic terms), while for the former two groups it is eight.

This analysis has allowed to confirm that the general low-energy Lagrangian for a

dynamical Higgs particle developed in refs. [36, 42] is complete: all operators of that basis

and nothing else result at low-energies. The exceptions are P∆H in eq. (3.19) and FH(h),

F�H and FDH , which are not generated: these couplings are forbidden by the original

Goldstone boson nature of the Higgs particle, and also by the particular way in which the

global symmetry is subsequently explicitly broken in the models considered (as a vev for

the Higgs particle). The results of the sigma decomposition confirm as well the powers of

ξ predicted in ref. [36, 42] as weights for each operator of the low-energy effective chiral

Lagrangian, allowing an immediate comparison with linear expansions. Note that, for the

scalar sector, a different and fully model-independent proof of the completeness of that

effective Lagrangian is provided by the recent analysis in ref. [58] of one-loop induced

four-derivative counterterms.

The present work also sheds light on the relevance of the Higgs particle being a Gold-

stone boson embedded as a part of an SU(2)L doublet in a representation of the high-energy

group, versus scenarios in which it is also a Goldstone boson albeit a SU(2) singlet, or the

most general case in which h is a generic singlet scalar, such as a Higgs “impostor”, or a

dilaton or a dark sector scalar. Data strongly suggest that h belongs to an electroweak

doublet and it is thus especially interesting to further explore the consequences of this

restriction for BSM physics. Our results show that:

i) For vertices with a fixed number of external Higgs legs, the gauge couplings combine

with the same relative weights as in the case of the d = 6 linear effective Lagrangian

for BSM physics. This is so irrespective of the size of ξ for the intrinsically custodial

preserving groups considered, while for the SU(3)/(SU(2)×U(1)) model it only holds

at leading order in ξ.

ii) Conversely, vertices with different number of h external legs get different relative

weights than in linear realisations of BSM physics. While the latter show a generic

polynomial Higgs dependence on (v+h) and its derivatives, composite Higgs models

induce a functional ciFi(h) dependence in the effective Lagrangian. We have explicitly

determined all ciFi(h) functions of the low-energy effective Lagrangian up to four-

derivative couplings, for the three composite models considered.
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iii) The determined Fi(h) are trigonometric functions, as befits a Goldstone boson origin

of the Higgs field, and it is tantalising that they turn out to be basically exactly equal

for the three models considered, except in the set of operators which include gauge

field strengths; even the latter differ at most by a rescaling of f (aside from custodial

breaking ingredients).

The latter point suggests that the Fi(h) determined here may be universal to any com-

posite Higgs model. Table 1 encompasses the main results and allows a direct compar-

ison of the low-energy impact of the composite Higgs models considered (as well as of

BSM linear realisations of EWSB). This universality may be very relevant for the analysis

of experimental data, as it predicts the precise form in which anomalies in Higgs-gauge

couplings and self-couplings would point to composite Higgs models, and in an almost

model-independent way.

The present work illuminates as well the relation between non-linear realisations of

electroweak symmetry breaking with a light Higgs embedded as an electroweak doublet of

the high-energy strong dynamics, and linear ones. The former approximates the latter when

the strong dynamics scale grows, that is for ξ → 0. We have shown here that the precise

-and almost universal- Fi(h) functions determined for three composite Higgs models shows

the specific form of the convergence towards the Higgs dependence of linear realisations, in

the limit ξ ≪ 1.

If the Higgs particle is a Goldstone boson of the high-energy group, although not an

electroweak doublet -for instance a singlet- then point i) above would not hold: while the

number of arbitrary operator coefficients would still be restricted to the small number

predicted for a generic symmetric coset, the relative weight of gauge couplings for a fixed

number of external h legs would be different with respect to that in linear analysis [54–57],

with gauge decorrelations predicted alike to those in refs. [36, 42, 43]. Finally, for the com-

pletely general case in which the Higgs field is a generic SM scalar singlet at low energies,

again the linear-based analysis is not an appropriate tool as both the relative weights of

gauge couplings with and without the same number of h legs are completely free parame-

ters, described (in the absence of a concrete model) by the most general low-energy bosonic

effective Lagrangian for a dynamical Higgs [36, 42]. Further experimental decorrelations

and signals follow in these last two cases [42, 43]. It is particularly relevant to keep track-

ing the possible non-doublet components of the Higgs particle, in view of the present large

error bars and the theoretical challenge set by the electroweak hierarchy problem.
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A The Ω-representation

The CCWZ construction allows to identify a non-redundant parametrisation of the GB

fields arising from the breaking G → H in terms of the GB matrix Ω, or in terms of Σ.

Although the choice between the Ω-representation or the Σ-representation is not discrim-

inant to construct the most general effective Lagrangian for the G/H coset, much of the

CH models in the literature have been presented in the Ω-representation. In the follow-

ing, we will rewrite the effective Lagrangians in eqs. (3.16)–(3.18) and in eq. (3.20) in

the Ω-representation and compare them with other effective Lagrangians presented in the

literature for the case of SO(5)/SO(4) model.

A.1 The high-energy effective chiral Lagrangian

The building blocks used to construct the effective Lagrangian in eqs. (3.16)–(3.18) are

the gauge field strength S̃µν and the vector chiral field Ṽµ, which in the Σ-representation

transform in the adjoint of the group G (see eqs. (3.11) and (3.10), respectively). To move

to the Ω-representation, it is then necessary to translate S̃µν and Ṽµ, and their graded

versions, into building blocks that transform in the adjoint of the preserved subgroup H.

The GB matrix Ω can be exploited to this end:

sµν ≡ Ω−1 S̃µν Ω , vµ ≡ Ω−1 ṼµΩ = Ω−1DµΩ− ΩDµΩ
−1 ,

sRµν ≡ Ω S̃R
µν Ω

−1 , vRµ ≡ Ω ṼR
µ Ω−1 = ΩDµΩ

−1 − Ω−1DµΩ .
(A.1)

From the relation vµ+vRµ = 0, one can deduce that vµ runs only over the broken generators

and not over the preserved ones. It is then useful to introduce the following notation:

Ω−1DµΩ ≡ vµ
2

+ i pµ =
vâµ
2

Xâ + i paµ Ta , (A.2)

with vµ and pµ transforming under H as:

vµ → h vµ h
−1 , pµ → h (pµ − i∂µ) h

−1 . (A.3)

The field pµ transforms as a connection and therefore it is possible to define the extended

covariant derivative of vµ as

∇µvν = Dµvν + i[eµ, vν ] . (A.4)
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From eq. (A.1), if follows that

vRµ = −vµ , (A.5)

and therefore the list of building blocks necessary to construct the effective Lagrangian in

the Ω-representation reduces to only three elements: {vµ, sµν , sRµν}.
The high-energy basis for a generic symmetric coset G/H in the custodial preserving

framework presented in eqs. (3.16)–(3.18) reads in the Ω-representation:

Tr
(
ṼµṼ

µ
)
→ Tr (vµv

µ) ,

Tr
(
S̃µνS̃

µν
)
→ Tr (sµνs

µν) ,

Tr
(
ΣS̃R

µν Σ
−1 S̃µν

)
→ Tr

(
sRµνs

µν
)
,

Tr
(
S̃µν

[
Ṽµ, Ṽν

])
→ Tr (sµν [v

µ, vν ]) ,

Tr
(
Ṽµ Ṽ

µ
)
Tr
(
Ṽν Ṽ

ν
)
→ Tr (vµ v

µ) Tr (vν v
ν) ,

Tr
(
Ṽµ Ṽν

)
Tr
(
Ṽµ Ṽν

)
→ Tr (vµ vν) Tr (v

µ vν) ,

Tr
(
(DµṼ

µ)2
)
→ Tr

(
(∇µv

µ)2
)
,

Tr
(
Ṽµ Ṽ

µṼν Ṽ
ν
)
→ Tr (vµ v

µ vν v
ν) ,

Tr
(
Ṽµ ṼνṼ

µ Ṽν
)
→ Tr (vµ vν v

µ vν) .

(A.6)

In realistic realisations of CH models only the SM gauge group is gauged, and in this

case the previous basis is augmented by operators constructed with

bµν ≡ Ω−1Bµν Ω , and wµν ≡ Ω−1Wµν Ω , (A.7)

in substitution of those containing explicit gauge field strength sµν . As a result, the effective

Lagrangian in eq. (3.20) reads in the Ω-representation:

ÃC → −f2

4
Tr (vµv

µ) , Ã3 → gTr (wµν [v
µ, vν ]) ,

ÃB → g′2Tr (bµνb
µν) , Ã4 → Tr (vµ v

µ) Tr (vν v
ν) ,

ÃW → g2Tr (wµνw
µν) , Ã5 → Tr (vµ vν) Tr (v

µ vν) ,

ÃBΣ → g′2Tr
(
bRµνb

µν
)
, Ã6 → Tr

(
(∇µv

µ)2
)
,

ÃWΣ → g2Tr
(
wR
µνw

µν
)
, Ã7 → Tr (vµ v

µ vν v
ν) ,

Ã1 → gg′Tr
(
bRµνw

µν
)
, Ã8 → Tr (vµ vν v

µ vν) .

Ã2 → g′Tr (bµν [v
µ, vν ]) ,

(A.8)

where bRµν ≡ ΩBµν Ω
−1 and wR

µν ≡ ΩWµν Ω
−1, and the gauge constants g and g′ have

been explicitly reported.
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A.2 SO(5)/SO(4) model in the Ω-representation by refs. [49,57]

An effective Lagrangian for the SO(5)/SO(4) CH model has been explicitly derived in the

Ω-representation in refs. [51, 59], even if slightly different operator bases have been reported

in the two articles. Furthermore, a different notation has been adopted in these references

with respect to the notation used in this paper. In this section, we will comment on the

differences among the two bases in refs. [51, 59]. In the next section, we will discuss the

different notations used and compare between the operators basis in ref. [51] and the one

presented in appendix A.1.

Equivalently to the definition in eq. (A.2), it is possible to introduce the following

expression, according to refs. [51, 59],

− i U−1DµU ≡ dµ + eµ = dâµXâ + eaµ Ta , (A.9)

where U stands for the GB matrix of the SO(5)/SO(4) coset, defined in eq. (11) of ref. [51],

and dµ and eµ transform under a global transformation of H = SO(4) as

dµ → h dµ h−1 , eµ → h (eµ − i ∂µ) h
−1 . (A.10)

The field eµ transforms as a connection, opening the possibility to define the field strength

eµν ≡ ∂µeν − ∂νeµ + i [eµ, eν ] , (A.11)

and the extended covariant derivative of dµ as

∇µdν = Dµdν + i [eµ, dν ] , (A.12)

where the covariant derivative Dµdν is defined in terms of the gauge fields Fµ associated

to the gauging of a subgroup SO(4)′ of SO(5):

Dµdν = ∂µdν + i gS Fµ dν . (A.13)

It is then possible to introduce the Fµν gauge field strength, albeit transforming in the

adjoint of the group SO(4):

fµν = Ω−1 FµνΩ , fµν → h fµν h
−1 ,

fR
µν = ΩFR

µνΩ
−1 , fR

µν → h fR
µν h

−1 ,
(A.14)

where in the second line the graded version of the gauge field strength is shown. The gauge

field strength can be expressed in the same notation as that in eq. (A.9), i.e. distinguishing

between the preserved and the broken parts:

f+
µν =

fµν + fR
µν

2
, f−

µν =
fµν − fR

µν

2
. (A.15)

The preserved part of the field strength f+
µν and the covariant field eµν are related by an

identity,

eµν = f+
µν − i [dµ, dν ] , (A.16)
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and, as a consequence, there is a certain degree of freedom in the choice of the building

blocks necessary to construct the Lagrangian: two distinct sets of covariant objects can be

adopted, either {f+
µν , f

−
µν , dµ} or {eµν , f−

µν , dµ}.
Since SO(4) is isomorphic to SU(2)L×SU(2)R, the custodial symmetry is embeddable

in this model. However, as it is explicitly broken by the gauging of the SM group, the

left and the right components of the covariant objects defined just above can be treated

independently, adding more freedom in writing the effective Lagrangian. The following

structures can then be introduced:

f+
µν = fL

µν + fR
µν , f̂+

µν = fL
µν − fR

µν ,

eµν = eLµν + eRµν , êµν = eLµν − eRµν ,
(A.17)

with the obvious relations

eLµν = fL
µν − i [dµ, dν ]L , eRµν = fR

µν − i [dµ, dν ]R . (A.18)

These covariant terms complete the list of building blocks necessary to write the effective

chiral Lagrangian up to four derivatives for the SO(5)/SO(4) model in the Ω-representation:

i) The kinetic term for the GBs is described by the operator

L(2) =
f2

4
Tr (dµd

µ) . (A.19)

ii) The kinetic terms for the gauge fields are described by the operator

Ok = Tr[fµνf
µν ] = Tr[fL

µνf
µν
L ] + Tr[fR

µνf
µν
R ] + Tr[f−

µνf
µν
− ] ≡ L2 + R2 + B2 (A.20)

where the definition for L, R, and B can be easily deduced. In the following, the

compact notation L, R, and B will be adopted for shortness when necessary.

iii) The following two operators describing gauge-GB interactions,

O1 = Tr (dµd
µ) Tr (dνd

ν) , O2 = Tr (dµdν) Tr (d
µdν) , (A.21)

belong to the operator basis presented both in ref. [51] and in ref. [59].

iv-a) In ref. [51], focussing only on CP-even operators with at most four derivatives, the

following list has been considered:

O3 = Tr (êµνe
µν) = Tr

(
(eLµν)

2 − (eRµν)
2
)
,

O+
4 = iTr

(
f+
µν [d

µ, dν ]
)
= iTr

(
(fL

µν + fR
µν) [d

µ, dν ]
)
,

O−
4 = iTr

(
f̂+
µν [d

µ, dν ]
)
= iTr

(
(fL

µν − fR
µν) [d

µ, dν ]
)
,

O+
5 = Tr

(
(f−

µν)
2
)
,

O−
5 = Tr

(
f̂+
µνf

+µν
)
= Tr

(
(fL

µν)
2 − (fR

µν)
2
)
.

(A.22)
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Although two additional operators with four dµ fields could be included in general,

O+
1a = Tr ([dµ, dν ] [d

µ, dν ]) = Tr
(
([dµ, dν ]L)

2 + ([dµ, dν ]R)
2
)
,

O−
1a = Tr

(
([dµ, dν ]L)

2 − ([dµ, dν ]R)
2
)
,

(A.23)

in the particular case of SO(5)/SO(4) CH model these operators are redundant or

vanishing:

O+
1a =

1

2
(O2 −O1) , O−

1a = 0 . (A.24)

It is useful to rewrite the operators in eqs. (A.22) and (A.23) in terms of the SU(2)L×
SU(2)R projections. Defining for shortness,

LDL = iTr
(
fL
µν [dµ, dν ]L

)
, RDR = iTr

(
fR
µν [dµ, dν ]R

)

D2
L
= Tr ([dµ, dν ]L [dµ, dν ]L) , D2

R
= Tr ([dµ, dν ]R [dµ, dν ]R) ,

(A.25)

it is possible to write:

O3 = L2 − R2 − 2 (LDL − RDR) + (D2
L
− D2

R
) ,

O+
4 = (LDL + RDR) ,

O−
4 = (LDL − RDR) ,

O+
5 = B2 ,

O−
5 = L2 − R2 ,

O+
1a = D2

L
+ D2

R
=

1

2
(O2 −O1) ,

O−
1a = D2

L
− D2

R
= 0 .

(A.26)

The set of operators {L(2),Ok,O1,O2,O+
4 ,O−

4 ,O+
5 ,O−

5 } constitutes a basis for the

SO(5)/SO(4) CH model, while the invariants {O3,O+
1a,O−

1a} are redundant or van-

ishing. In particular, contrary to what is stated in ref. [51], O3 is not an independent

operator of the basis as it can be expressed as a linear combination of other operators:

O3 = O−
5 − 2O−

4 . (A.27)

iv-b) The operator basis for the SO(5)/SO(4) CH model presented in ref. [59] is slightly

different. Besides L(2), Ok, O1 and O2, the operators in eq. (A.22) have been substi-

tuted by the following ones:13

O′+
3 = Tr (eµν e

µν) = Tr
(
(eLµν)

2 + (eRµν)
2
)
,

O′−
3 ≡ O3 = Tr (êµν e

µν) = Tr
(
(eLµν)

2 − (eRµν)
2
)
,

O′+
4 = iTr (eµν [d

µ, dν ]) = iTr
(
(eLµν + eRµν) [d

µ, dν ]
)
,

O′−
4 = iTr (êµν [d

µ, dν ]) = iTr
(
(eLµν − eRµν) [d

µ, dν ]
)
,

O′
5 ≡ O−

1a = Tr
(
([dµ, dν ]L)

2 − ([dµ, dν ]R)
2
)
.

(A.28)

13The operators of the basis in ref. [59] will be denoted with a “ ′ ” to avoid confusion with the ones in

ref. [51].
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By rewriting these operators in terms of the SU(2)L × SU(2)R projections, it fol-

lows that
O′+

3 = L2 + R2 − 2 (LDL + RDR) + (D2
L
+ D2

R
) ,

O′−
3 = L2 − R2 − 2 (LDL − RDR) + (D2

L
− D2

R
) ,

O′+
4 = (LDL + RDR) + D2

L
+ D2

R
,

O′−
4 = (LDL − RDR) + D2

L
− D2

R
,

O′
5 = D2

L
− D2

R
= 0 .

(A.29)

With respect to the basis in ref. [51], the operator O′−
3 = O3 should now be taken

as part of the basis, as it is the only one containing the combination L2 − R2 (O−
5

does not have a counterpart in this basis). The total number of operators entering

the basis is the same as in the previous case: {L(2),Ok,O1,O2,O′+
3 ,O′−

3 ,O′+
4 ,O′−

4 },
as O′

5 is automatically vanishing.

A.3 Comparison with the basis in ref. [49]

As described in ref. [51], the EWSB is induced due to a misalignment between the SO(4)

subgroup, left unbroken in the global SO(5) breaking, and the SO(4)′ subgroup that con-

tains the SM gauged group. A rotation between these two directions can be defined and it

can be parametrised by an angle θ. Accordingly, the SO(4) generators and the SO(4)′ ones

are connected to each other through the rotation Rθ and, to recover the results in eq. (13)

of ref. [51], the following relation between the GB matrices U , introduced in appendix A.2,

and Ω should be adopted:

U = ΩR†
θ , (A.30)

and it follows that

U †DµU = Rθ

(
Ω†DµΩ

)
R†

θ −→ dµ = − i

2
Rθ vµR

†
θ , eµ = Rθ pµR

†
θ . (A.31)

Furthermore, a link between the gauge field strengths sµν and fµν can be found:

fµν = Rθ sµν R
†
θ . (A.32)

It is now possible to identify the relation among the operator basis in ref. [51] and re-

ported in eq. (A.26) (excluding the redundant operator O3) and the operators in eqs. (A.6)

and (A.8). A similar discussion can be performed for the operators basis in ref. [59]. Fo-

cussing to the case in which the full group SO(5) is gauged, i.e. any source of custodial

breaking, SM or beyond, is neglected, it follows that the two bases are equivalent:

L(2) → −f2

16
Tr (vµ v

µ) ,

Ok → Tr (sµνs
µν) ,

O1 →
1

16
Tr (vµ v

µ) Tr (vµ v
µ) ,

O2 →
1

16
Tr (vµ vν) Tr (v

µ vν) ,

O+
4 → − i

4
Tr (sµν [v

µ, vν ]) ,

O+
5 → 2Tr (sµνs

µν)− 2Tr
(
sRµνs

µν
)
.

(A.33)
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Indeed the last three operators in eq. (A.6), that do not appear in the list above, are

vanishing or redundant due to the fact that fermions are neglected in ref. [51] and due to

the algebra of the SO(4) generators (see appendix A.2).

In the case in which only the SM symmetry is gauged, introducing then an explicit

breaking of the custodial symmetry due to the hypercharge group, the two bases do not

coincide anymore:

L(2) → 1

4
ÃC ,

Ok → ÃB + ÃW ,

O1 →
1

16
Ã4 ,

O2 →
1

16
Ã5 ,

O+
4 → −1

4

(
Ã2 + Ã3

)
,

O−
4 → 1

4

(
Ã2 − Ã3

)
,

O+
5 → 2

(
ÃB + ÃW

)
− 2

(
ÃBΣ + ÃWΣ + 2Ã1

)
,

O−
5 → −ÃB + ÃW .

(A.34)

The operators L(2), O1 and O2 are in a one-to-one correspondence with the operators ÃC ,

Ã4 and Ã5; the two operators Ok and O−
5 (O+

4 and O−
4 ) are connected to two linear inde-

pendent combinations of ÃB and ÃW (Ã2 and Ã3); finally, the operator O+
5 is connected

with a linear combination of five operators of the basis in eq. (A.8), identifying therefore a

relation among ÃBΣ, ÃWΣ and Ã1.

In summary, the analysis in this appendix has clarified the connection with previ-

ous literature. The differences between the basis presented here and that in ref. [51] are

understood in terms of the different sources of custodial breaking assumed:

- Ref. [51] describes an explicit breaking of the SO(4) subgroup (this is encoded in

their definition of f̂+
µν). As a result, their basis is composed of eight independent

operators.

- This work instead implements an explicit breaking of SO(4)′ in the language of

ref. [51]. This originates from treating independently the gauge fields Wµ and Bµ.

This choice closely follows the approach of Appelquist and Longhitano of considering

all possible SM SU(2)L × U(1)Y invariant operators: operators ÃWΣ and ÃBΣ arise

then as independent structures. As a consequence, the basis requires ten independent

operators.
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