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ABSTRACT. We derive the long time asymptotic of solutions to an evolutive
Hamilton-Jacobi-Bellman equation in a bounded smooth domain, in connec-
tion with ergodic problems recently studied in [1]. Our main assumption is
an appropriate degeneracy condition on the operator at the boundary. This
condition is related to the characteristic boundary points for linear operators
as well as to the irrelevant points for the generalized Dirichlet problem, and
implies in particular that no boundary datum has to be imposed. We prove
that there exists a constant ¢ such that the solutions of the evolutive problem
converge uniformly, in the reference frame moving with constant velocity ¢, to
a unique steady state solving a suitable ergodic problem.

1. Introduction. We are concerned with the asymptotic behavior as t — 400 of
solutions of the evolutive Hamilton-Jacobi-Bellman equation

ug + sup (—b(x, @) - Du — tr(a(z, o) D*u) — I(, a)) =0, z€Q,t>0, (1)
acA

with bounded initial data u(x,0) = ug(x). The domain Q C R¥ is assumed to
be bounded and smooth; no boundary condition is imposed, but just the following
control on the growth:

IAN>0, lim u(z,t)d(z)*=0  loc. unif. int >0 (2)
z—0Q
where d(x) is the distance of x € Q from 9.
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The main assumption is that the fully nonlinear elliptic operator

Flu] := sug (=b(z, @) - Du(z) — tr (a(z, @) D*u(2))) , (3)
ae
degenerates in the normal direction to the boundary 02, for all @ € A, and the
quantity b(x, @) - Dd(x) + tr(a(z,@)D?d(z)) is positive near Q (see Assumption
(11)).

This condition is related to the invariance of the set ) for the controlled diffusion
process associated with the operator F' (see [1]). It allows us to prove existence and
uniqueness of a smooth solution to the Cauchy problem associated with (1), without
imposing any boundary condition on 052, but just the control on the growth (see
Theorem 4.2).

Once the well posedness of the Cauchy problem is established, we investigate the
large time behavior. Our main result states that there exists a unique constant c,
called the ergodic constant, which governs the large time behavior of solutions, in
the following sense: for every bounded continuous initial datum wug, there exists a
constant K, depending only on ug, such that the unique smooth solution to the
Cauchy problem satisfies

u(z,t) +ct — x(x) + K —0 as t — 400, uniformly in x € Q.

For the precise statement we refer to Corollary 1 at the end of the paper. The
constant ¢ and the function y are uniquely defined as the solution of the so called
ergodic problem (or additive eigenvalue problem), that is,

{supaeA (=b(z,a) - Dx(z) — tr(a(z, ) D*x(z)) — l(z,a)) =, x €

4
X € L>®(Q), supx = 0. )

Recently in [1] it has been proved that there exists a unique ¢ such that the
first equation in (4) admits a smooth solution (unique up to additive constants)
satisfying the growth condition

T LG
z—00 log d(x)

In this paper, we refine this result, showing that actually the solution y is bounded
in Q by using appropriate bounded barriers at the boundary of €2 (see Proposition
2). Moreover, in Proposition 2 we derive some regularity estimates of the solution x
to (4) up to the boundary of 2, which in particular imply Holder regularity of x up
to the boundary in the 1D case. An interesting open problem is to determine under
which conditions x is Lipschitz-continuous up to the boundary. Such regularity can-
not be expected in general under our assumptions, as shown in Remark 1 in Section
5. Analogous regularity results for solutions of ergodic problems for linear opera-
tors with singular drift in bounded domains have been obtained in [14]. Moreover
we recall that the generalized Dirichlet problem and the state constraint problem
for Hamilton-Jacobi-Bellman operators in bounded domains has been studied in
[2, 11, 12].

Our methods are mainly based on comparison principle, strong maximum princi-
ple and careful estimates of solutions to (1) up to the boundary of 2 (see Proposition
1).

Finally we recall that large time asymptotic of solutions to fully nonlinear para-
bolic equations have been studied in the periodic setting by Barles and Souganidis
in [4]. More recently, the large time behavior in the periodic setting for possibly
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degenerate Hamilton-Jacobi equations has been treated in [6, 13]. Results on the
large time behaviour of solutions in bounded domains have been obtained by Da
Lio with Neumann boundary conditions in [8], and with state constraint boundary
conditions by Barles, Porretta and Tchamba in [3].

The paper is organized as follows. In Section 2 we specify our assumptions and
set up convenient notations for the development of our study. Section 3 is devoted
to the explicit construction of Lyapunov functions and bounded barriers. In Section
4 we study the well posedness of the Cauchy problem associated with (1) as well as
some ad hoc comparison principles for sub/super solutions satisfying mild growth
conditions at the boundary. Next, in Section 5 we apply these results to the study
of the boundary behavior and the sharp regularity of the solution to (1). Finally,
we establish in Section 6 our main result about the large time convergence towards
a steady state solving a suitable additive eigenvalue problem.

2. Assumptions and notations. Throughout the paper we will assume, if not
otherwise stated, that Q be a bounded domain in R with C2? boundary. Let d(z)
be the signed distance function to 02, i.e.

d(z) := dist(z, R™\Q) — dist(z, Q).

We know, from e.g. [10, Lemma 14.16], that d is of class C? in some neighborhood
Qs of the boundary, where, here and in the sequel,

Qs :={z Q| dx)<d}. (5)
We introduce the fully nonlinear homogeneous operator
Flu] := sup (=b(z, @) - Du(z) — tr (a(z, @) D*u(x))) . (6)
acA
and the Hamilton-Jacobi-Bellman operator
Hlu] := sup (—b(z, @) - Du(z) — tr(a(z, @) D*u(z)) — (2, )) . (7)
a€A

where A is a complete metric space and
bl:Ox A—RY, a:QOx A= Myun

are bounded and continuous, My« n being the space of N x N real matrices. We
further assume a(z, @) to be symmetric and nonnegative definite for all , «. This
implies that a = oo for some 0 : Q@ x A — My, 7 € N.

The main regularity assumptions on the coefficients of the operator are the fol-
lowing: there exist B > 0, n € (0,1], 8 € (1/2,1] such that, for all x,y € Q and
a €A,

b(z, ) = by, )|, [l(z, @) = U(y, )| < Bl —y|" (8)
lo(2,0) = o(y,a)| < Blz —y|?, (9)
where, even for matrices, | - | stands for the standard Euclidean norm. The reg-

ularity assumption on a is given in terms of its square root o as it is natural for
applications to stochastic control problems. We recall that if a(-, ) € W%P(Q) with
la(-, &) |lw=» < C for some p > 2N and C > 0 independent of o € A, then it has a
square root o satisfying (9) with 8 =1 — %.

We assume that the operator is elliptic in the interior of €2, in the strong sense

a(z,a) >0 forallzeQand a € A (10)
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and that it degenerates at the boundary according to the following condition:
46,k >0, v<28—1<1, such that for all T € 9 and « € A,

ol (Z,a)Dd(T) =0 (11)
b(x, ) - Dd(x) + tr (a(m,a)DQd(m)) > kd'(z), z€QnBs(T).

The first condition in (11) means that at any boundary point, the normal is a
direction of degeneracy for F. The second condition can be rewritten as: F[d] <
—kd” in a neighborhood of 0€; it is guaranteed if at the boundary the normal
component of the drift points inward and is sufficiently large. Notice however that
condition (11) does not prevent the function b(-,«) - Dd(-) + tr(a(-, ) D?d(-)) from
vanishing at the boundary.

We recall that (11) is a sufficient condition for the invariance of the domain Q
for the stochastic control system with drift b and diffusion o (see Prop. 6.5 in [1]).

3. Lyapunov functions and barriers at the boundary. In this section we
show that under condition (11) the function V(x) = d(x)~*, for A > 0, plays the
role of a Lyapunov function for the system (see also [1]).

Lemma 3.1. Assume that (8), (9), (11) hold. Then for every M > 0 and every
A > 0, there exists § > 0 such that d is of class C? in the set Qs defined by (5) and
there holds

—Fld N <F[-d N <-M in Qs.
Proof. The first inequality immediately follows from the definition of F. For the
second one we take § small enough so that d € C?(Qs) and we compute, for x € Qs,

A+
d

Using (9), (11) and choosing & € 92 such that Dd(z) = Dd(Z), we get for every «
lo(x, ) Dd(z)|? = |(0(z,a) — 0(Z,a))Dd(Z)|* < Bz — z|* = B2d*’(z). (12)
Then we obtain, using (11) and recalling that v < 26 — 1,

Fl—d ™ = A sup (—b(az, @) - Dd — tr (a(z,a)D?*d) +

1 2
= JuT s lo(2, @) Dd| > .

Fl-d <

< S (Fld] + B*(A +1)d* 1) <

< o (=kd” + B*(\ +1)d** 1),

which is smaller than any given —M in Qg, provided § is sufficiently small. O

In the following we will also need the existence of strict supersolutions to F' =0
in a neighborhood of the boundary of 2 which are not explosive at the boundary.

Lemma 3.2. Assume that (8), (9), (11) hold. Let p € (0,1 — ), where v is the
constant appearing in condition (11). Then for every M > 0 there exists 6 small
enough such that the function 1 — d° is C*(Q2s) and satisfies

—F[1-d’]<F[d*-1]<-M in Qs.
Proof. As before, we prove the second inequality, since the first comes from the

definition of F. For ¢ € (0,1) small enough we have that the function d” — 1 is of
class C? in Qg, where it satisfies

d
Then, recalling that 0 < p < 1 and the computation (12), we obtain
Fld? —1] < pd*~' (F[d] + (p — 1)B*d*"~1).

F[d? — 1] = pd"~ ! sup <b(;1:, «) - Dd — p1 lo(z,a)Dd|? — tr(a(a:,oz)Dzd)) .
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Hence, using (11) and choosing p < 1 — v, we see that
Fld* = 1] < pd P~ (=k+ (p— 1)B%d* 71y < -M  in Qy,
provided ¢ is sufficiently small (depending in particular on k, B, 3,~, p, M). O

4. The Cauchy problem. We study the following Cauchy problem in the cylinder
Q x (0, 4+00):

u+ Hlul=0, z€Q,t>0 (13)
u(z,0) = up(z), z €.
The initial condition is understood to hold in the classical sense, with ug € C(2) N
L>(Q). Notice that no boundary condition on 92 is imposed.
The first result is a comparison principle between smooth sub and supersolution

which satisfy an appropriate growth condition at the boundary.

Lemma 4.1. Let u,u € C*1(Q x (0,T])NC(2 x [0,T)) be respectively a sub and a
supersolution to (13) such that
IN>0, limsupu(z,t)d(z)® <0 <liminfa(z,t)d(z)  uniformly in t € [0,T).
x—09Q =00
Then u < in Q x (0,T].

Proof. We start with observing that

Vu,w € C?,  Hu] — Flw] < H[u — w] < H[u] + F[~w). (14)
The first inequality implies that the function w := @ — u satisfies

wy + Flw] > W + H[u) —w, — Hlu] > 0, x e, t>0.

Furthermore, w is nonnegative at ¢ = 0 and fulfills the same condition as u at 0f2.
We know from Lemma 3.1 that F[—d(x)™*] < —1 in some Qs. Fix T > 0 and call

m::min{ min w,O}.
(O\Q5)x[0,T]
For € > 0, the function V.(x) := m — ed(x) ™" satisfies F[V.] < 0 in Qs, as well as
Ve(z) <m < w(a,t) if d(x) = §, and also
liminf(w(x,t) — Vo(x)) = oo uniformly in ¢ € [0, 7.

z—00Q
The latter implies that, for ¢’ € (0,d) small enough, w(x,t) > V(x) if d(z) = ¢’
and t € [0,7]. Finally, observe that w > V. at initial time. We can therefore
apply the standard parabolic comparison principle (see, e.g., [15]) in the cylinder
(Qs5\ Qs) x [0,T] and infer that w > V. there. Due to the arbitrariness of §’ and
g, this implies that w > m in Qs x [0, 7], whence

inf w>min{ min w,O}.
Qx[0,7T] (2\Q5)%[0,T]
If the above right-hand side were negative, since w > 0 at ¢t = 0, it would be reached
at some (z,1) € (2\ Qs) x (0,7, and therefore, by the parabolic strong maximum
principle (see [15]), w would coincide with a negative constant for ¢ < t, which is
impossible. This shows that w > 0 in Q x [0,T]. O

Theorem 4.2. For any ug € L= (Q)NC(Q), problem (13) admits a unique solution
u € CHHQx (0, +00))NC (%[0, +00)) satisfying (2). Moreover, u € L>(2x(0,T))
for every T > 0.
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Proof. We start by proving existence and interior regularity. Let Q" := Q\ Q; /n
(according to definition (5)), for n sufficiently large, so that €, is smooth. Let £ be
a standard mollifier with support contained in the unit ball and &, (z) := n’V¢(na)
for n € N. We define ug,, 1= ug * £, and consider the following Cauchy-Dirichlet
problem

v+ Hlv] =0, r€Q,, t>0
v(z,t) =ugp(x), € 0Q,,t>0 (15)
U(:Z?7O) = uO,n(gj), xr € Qn

By [15, Theorem 14.18], problem (15) admits a unique solution u, € C*1(£, x
(0,4+00)) N C(Q,, x [0, +00)).

Let us now fix T' > 0 and a compact set Q@ C Q x (0,T). Then Q C Q,, x (0,T)
for n larger than some m. Thanks to our assumptions and a covering argument,
we can apply Theorem 1.1 in [18] (see also Remark 1.1 parts (a) and (b) for the
regularity issues regarding u and H respectively) in order to see that there exist
some constants 6 € (0,1] and C' > 0 not depending on n such that

Vn >m, HD2uans,9/2(Q) <C. (16)

Notice that in principle C' depends also on n through the uniform bound ||, || £ (o, x 0,77+
but we can actually substitute this bound with the uniform bound ||ug ||z (q), inde-
pendent of n, because %||ug ||~ (q,) £ Il[l«t are sub/super solutions of (15) and

thus the standard comparison principle yields

[unlzoe @ xt0.11) < llto,nllzoe @) + e < fuollzoe (@) + [T (17)

Now, from (15), (16) and the regularity of the coefficients, it follows that the
(Ottn)n>7 are uniformly Holder-continuous in @ in both the z, ¢ variables. The
Ascoli-Arzela theorem eventually implies that there is a subsequence of (uy,)nen
converging in C?*tG14¢/2(Q), ¢ < 6, to a function u satisfying the first equation
of (13) in Q. Finally, by a diagonal argument, we find a subsequence of (uy,), for
which this convergence holds true in any compact subset of §2,, x (0,T). Notice
that, the limit being just local, we lose the information about the boundary and
the initial behavior of the solution. Observe nevertheless that by (17), we get that
u is bounded in © x [0, T.

We claim now that u € C(Q x [0,400)) and satisfies u(z,0) = ug(x), that is, it
solves (13). Fix zg € Q. For 0 < ¢ < dist(zg, 0f2) consider the function ug ,, € C(€2)
defined by

2
() = | maxwou(2)+ o= ol gl
—ZLo|>

We compute

A|uo,nloo
0,nl = _572

(IIbll oo diam($2) + Nlalloe) — [[7]loc-

Then, we take M > ||b]| diam(Q2) + N||a||c and define the function
4AM

un(@,8) = ug 5 (2) + —5 w0 nlloot + Lot

It is easy to check, using our choice of M and noticing that uj,(z,t) > ug () >
up.n () in Q, x [0, T, that s (z,t) is a supersolution to (15). Then, by comparison,
we get

U (z,t) < (z,t) x € Qp, t>0.
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Computing the previous inequality at x = zy and letting n — 400, we obtain
4M
u(zp,t) < max wp(z) + — lwolloot + ||| oot t>0.
|z—z0|<e €

Now, letting t — 0, we get

limsup u(zg,t) < max wug(2).
t—0 |z—z0|<e

Finally letting € — 0, the continuity of ug yields
lim sup u(zg, t) < ug(xo).
t—0
Arguing in an analogous way, with the function
2 4M
€ _ : 2
up@t) = | min_uon(z) = ko = a0l uonllo — oot = 1t
we also obtain that
lim inf > .
imin (o, t) > uo(xo)
We conclude by the arbitrariness of zy. Finally, uniqueness follows from Lemma
4.1. O

5. Boundary behavior of the solution. We investigate now the behavior of the
solution u to (13) at the boundary of .

Proposition 1. Let u be the solution to (13), (2) provided by Theorem j.2. Then
for every p € (0,1 —«), there exists 6 € (0,1) such that for § < ¢ it holds

VeeQs, t>1, —o6’+d(x)’+ min u<u(z,t) <d°—d(z)’+  max u.
(9925\09) x[0,1] (925\09) X [0,1]
(18)
Proof. By Lemma 3.2 there exists § > 0 such that, for z € Qj,
F[1—-d(z)’] > M, Fldz)’—-1]<-M, with M :=2|ugllco + ||{llco-

Owing to Lemma 3.1, up to reducing 4 if needed, we also have that F[—d(z)] <0
and F[d(z)™'] > 0in Q5. Fix ¢t > 1 and, for § < 6 and € > 0, let us define in
Q5 x [0, %] the following function:

[[40]loo
e

v (z,8) = u+ (1 —d(z)?) =146 +ed(x) ™t —2(s—t)

max
a05\02x[0,1]
This is a C?! function which, by (14), satisfies in Q5 x (0,1],

u
v ) 2 21 () e Pl d ()] > 2ot M e = 0
Moreover v¢ fulfills the boundary condition

liminf v*(z, s)d(z) = ¢ uniformly in s € [0,¢],
z—0Q

and, for € 95 \ 9N and s € [0, ],

v (z, 8)

as well as the initial condition

leolloe

u+ed Tt +2(t —s) > ax
t 8925\092x[0,1]

=  max u > u(x, s),
05\00x[0,1]

“(z,0) > ma. 2 > ma 2 > .
@02 a2l 2w w0+ 2uol > uo(a)
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Then by the comparison principle given by Lemma 4.1 applied with A = 1 (recall
that u is bounded in X [0,¢]) we obtain

u(z, s) < v°(x, ) for x € Q5, s €[0,1],
which, computed at s =t and with € — 0, eventually implies the second inequality
in (18).
To obtain the first inequality in (18) one argues analogously: define the function
[[uolloo

w®(z,s) = agé\rgsi)g[w] u—1+d(x)” +1—6" —ed(z)™ ' +2(s—t) rat

and, after observing that

[[uolloo

w® + Huw®] < 2 + H[d(z)? — 1] + eF[—d(z)"] < 2|Jug|lec — M <0,

one concludes as before. O

We now turn to the ergodic problem
Hx] =e¢, in Q. (19)
The solution x will be used to derive the large time behavior for the Cauchy problem
(13).

It has been proved in [1] that, under the same standing assumptions as here, there
exists a unique constant ¢ for which (19) admits a solution y € C?(Q) satisfying (2).
Moreover x is unique up to additive constants and actually satisfies the stronger
condition

x(z) = o(—log(d(z))) as x — IN. (20)
However, such condition is not sufficient for our purpose, but we need boundedness.
This is provided by the following.

Proposition 2. Let ¢ € R and x € C?(Q) be the solution to (19) satisfying (20).
Then x € L>*(S2). In particular, for every p € (0,1—1), there exists & € (0,1) such
that, for every 6 < § and x € Qs, there holds
i -6 +d(x)? < < 07 — d(x)”. 21
plin X =07+ (2)” < x(z) < pax X+ () (21)
Proof. First of all notice that x(z) — ¢t is an entire solution to the first equation in
(13). Set M = 2|c| + ||I]|so and consider the associated quantity ¢ given by Lemma
3.2. Then
—H[l —d(x)’] < Hld(z)? — 1] < =2|¢| for z € Qs.

Possibly decreasing 6, we can also assume that —F[d(z)~!] < F[-d(z)™!] < 0 in
Qs by Lemma 3.1.

Take now t. < 0 such that

—le|t: > max(x(x) —ed(z)"') — max
et > max (o) - ed(e) ) = ma

Note that the first maximum above exists due to the fact that y satisfies (20).

For € > 0 define in Q5 X [t.,0] the function

€ = 1— Py —1+6° —1 _9lcls.
ve(z, s) Bg%xﬂ d(z)?) =1+ 0” + ed(z) |c|s

Then v¢ is in C%1(Qs x [t.,0]) and satisfies the boundary condition

P s
lirggglzfv (z,t)d(z) =>0
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uniformly in ¢ € [t.,0]. Moreover
vE 4+ H[v°] > —2|c| + H[1 — d(x)?] — eF[—d(z)"'] > 0.
Finally at € 9Q5 \ 99, for s € [tc, 0],

ve(z,s) = Bg}s%cﬂx +ed™t —2|c|s > 8&%)8(9)( —le|s > x(z) —cs

and for all z € Qs

v¥(x,t:) > ma ed(z)™! = 2e|t. > x(x) —ct
(0t 2 s x o+ ed(a) ! = 2elte > x(o) et
by our choice of t.. Then by the parabolic comparison principle (see Lemma 4.1),
we get that for every e > 0

x(z) — cs < v°(x, s) x €5, s € [te,0].

Computing the previous inequality at s = 0, and letting ¢ — 0, we get the right
hand side of the inequality (21).
The other side is obtained with similar arguments, by considering the function

w®(z,8) = a(Izr;i\%QX — (1 —d(z)?) +1—6° —ed(x)™" +2|c|s

for s € [t%, 0], where t© < 0 satisfies

clt® < min (x(z) +ed(z)™') — min
" < min (x(x) + ed(@) )~ min v

O

Remark 1. In dimension N = 1 condition (21) implies that x is Holder-continuous
in Q with Holder exponent up to 1 — «. Indeed, if = (a,b) then the sets Q5 are
composed by two disjoint intervals and this allows one to split the estimates (21)
into the following two sets of estimates:

Va<z<y<a+d, x(y)-(y—a)+(@-a) <x(@)<x@)+y—a)f - (r-a),

Vo—d<y<a<b x(y)—0-y)+(b-2) <x(@) <x(y)+(0-y)"—(b-2)"
Combining this with standard interior regularity for elliptic equations, we get that
X € CP() for every p € (0,1 — 7).

In general we cannot expect more than Holder regularity for x under the hypoth-
esis (11). In particular, if the constant 7 there is strictly positive, x may not be
Lipschitz-continuous in 2, as shown by the following example. Let €2 be the interval
(0,1), the set A to be a singleton, a to be a smooth function such that ¢ > 0 for
x € (0,1), a(z) = 2% for x in a neighborhood of 0 and a(z) = (1 — 2)?# for z in a
neighborhood of 1 with 28 > 1, b be a smooth function such that b(0) = b(1) = 0,
and [ be a smooth function such that [(0) # I(1). Assume moreover that there exist
0, k,v, with 0 < v < 28 — 1 such that

Vaze(0,9), blx)>kx” and Vee(l-46,1), blz)<—-k(l—-2x).

Note that this condition is exactly condition (11), and that is compatible with the
assumption b(0) = b(1) = 0, since v > 0. The solution x of (19) solves

X'(@) = a(2)7 (=b(@)x/(z) —U(z) —¢), = €(0,1).
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Define G(z) = —b(x)x'(z) — I(x) — ¢. Assume by contradiction that x is Lipschitz-
continuous in (0, 1), so in particular there exists C' > 0 such that |x’'| < C. By our
assumptions on the coefficients,

mlgng G(z) =—1(0) —c # xlg{lﬁ G(z) =—-I(1) —c.

Then necessarily, either lim,_,o+ G(z) # 0 or lim,_,;- G(z) # 0. Assume to fix the
ideas that lim,_,o+ G(x) # 0 (the other case is completely analogous), then in a
neighborhood of 0 we get that x”(z) ~ a(z)™! = 2727, So ¥/(z) =~ 2720+ + C,
and this is in contradiction with the Lipschitz-continuity of x because 1 — 25 < 0.

6. Convergence result. In this last section we show that solutions of the Cauchy
problem share the same large time behavior. This will imply our main result.

Theorem 6.1. Let uy,us € C31(Qx (0, 400))NC(2 % [0, +00)) be two solutions to
the first equation in (13) which satisfy the boundary control (2), such that uy — us
is bounded and

Vr>0, Kccf, 3IC>0,0¢c/(0, 1], |luq —’LL2||02+9,1+9/2(K><(T7+OO)) <C. (22)
Then, as t — +00, u; — ug converges to a constant uniformly in €.

Proof. Consider the difference function w := u; — us, which is bounded by hypoth-
esis. By Lemmas 3.1 and 3.2, there exist 6 € (0,1) and p € (0,1 — «) such that
F[-d™1] < =1 and F[d? — 1] € —2||w||s in Q5. For t > 0 define

m(t) ;== min w(z,t).
( ) €\ Q5 ( )
Let (t5,)nen be such that
nl;rgo t, = 400, nl;rrgo m(ty) = ltlgﬁgof m(t) =:m.

Our aim is to show that w = u; — us — m uniformly in © as ¢ — 4o0.

Step 1. w(:,+ +t,) = m as n — oo, locally uniformly in Q x (—o0,0].
By assumption (22), the functions (w(:,- + t,))nen and their derivatives 9;, D, D?
are locally uniformly bounded in  x R. Moreover, by (14), w solves w; + F[w] > 0.
Thus, as n — oo, w(+,- + t,) converges locally uniformly (up to subsequences) to a
supersolution w of the same equation in €2 x R, which satisfies in addition

W = in @ =m. (23)

min m
(Q2\Qs5) xR (Q\Q5)x {0}

For given T' € R and ¢ > 0, the function v defined by
v(z,t) i=e(t —T —d(x)™') +m

satisfies v¢ + F[v] < 0 in Q5 x R. Moreover, for x € Qs, v(z,t) < m if t < T, and
v(z,t) < inf® if ¢ is less than some ¢. € R, that we can suppose to be smaller than
T. We can therefore apply the comparison principle between v and w in Qs X [te, T
and deduce in particular that

VaeQs, wxT)>vT)=—edz)"+m.
By the arbitrariness of € and T', we then infer that @ > m in Q5 x R. Eventually,
by (23), w attains its global minimum m somewhere in 2\ Q5 at time 0. The

parabolic strong maximum principle then implies that @ = m for all t < 0. We
have shown that w(-,- 4+ t,) — m as n — oo, locally uniformly in Q x (—o0, 0].

Step 2. w(-,t,) — m uniformly in Q as n — oo.
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Define m,, 5 := min(, seQ\Qs)x[—1,0 W(Y, tnt+s). Observe that by Step 1, lim,, m,, s =
m. For given n € N consider the function
v(z,t) =mps — L+ d(@)” +1 -6 —ed(z) ™" + 2t||w]| -
Using (14) and recalling our definition of §, we find that
v+ Fv] < 2|0l + Fld(z)? — 1] + eF[—d(z)"'] <0, x € Qs, t € (—1,0).
Moreover limsup,,_, 5 v(z, t)d(x) < 0, uniformly in ¢ € (—1,0), and
Ve e Qs, v(r,—1) <mps — 2w < —lJw]leo < w(z,t, —1).

Finally, if d(z) = 6 and t € [-1,0], then v(z,t) < m,s. Then the standard
comparison principle yields

Vo € Qs, s €[=1,0], w(z,t+t,)>mus+dx) — 5 —ed(z) " + 25|10 -
Letting ¢ — 0 and computing the inequality at s = 0, we obtain
w(x,tn) > mps +d(x)” — 8 > my 5 — 0° r € Qs.

This implies that

Mp5 — 0 < igéw(fc’t”) < M.

So, letting n — +00, by the arbitrariness of § we get

hmnmfigsflw(x,tn) = m.

Again by Step 1, as n — +o0o we have

M, s = w(yvtn"'s) = (_w(yatn+5)) — —m.

— max min
(y’S)E(Q\QKS)X[7170] (y,S)E(Q\Qg)X[fl,O]

Hence repeating the same argument as above for —w (exchanging the role of uy, us)
we get

liminf inf (—w(zx,t,)) = —m, ie. lim sup sup w(z, t,,) = m.
n  zeN n EASY)

This concludes the proof of the step.

Step 3. w(-,t) = m uniformly in Q as t — +oo.
Define

m(t) := inf w(z,t), m(t) := sup w(w,1).
LSy €Q

For any s > 0, the function us + m(s) is a subsolution to the first equation in (13)
and lies below uj at time t = s. Hence, Lemma 4.1 implies that us + m(s) < ug
for all ¢ > s, from which we deduce that ¢ — m(t) is nondecreasing. Analogously,
ug +m(s) > uy for all t > s, whence t — mTi(t) is nonincreasing. It follows that

S mlt) = i mltn) = = g lin) = Bip M)

This concludes the proof. O

Corollary 1. Let ug € L>®(Q) N C() and let u be the unique solution to (13)
satisfying the boundary control (2). Then there exists a constant K, depending only
on ||uglleo, such that

w(z,t) +ct —x(x)+ K =0 as t — +oo, wuniformly in x € Q,
where (¢, x) is the bounded solution to (19) normalized by sup x = 0.
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Proof. The result is a straightforward application of Theorem 6.1 to us(z,t) :=
u(z,t) and us(z,t) := x(x) — ct, once we check the assumptions.

We recall that y is bounded, by Proposition 2. Then, by the comparison principle
of Lemma 4.1, we have that

—lluolleo < ul,t) = (x(2) — ct) < Jluolloc — inf x.

This implies that u; —ug is bounded. The same inequality also implies that u(x,t)+
ct is bounded in Q x (0, +00). So, both u(x,t) + ¢t and x(x) are globally bounded
solutions to @;+H[u] = ¢. Let @ be a solution to 4;+H[a] = ¢, such that 4 € L>(Qx
(0,00)). Arguing as in Theorem 4.2, by Theorem 1.1 in [18], we infer that, for all
7> 0 and all Q' CC €, there exist §,C > 0 such that || D?@l|co.0/2 (0 (r,4+00)) < C-
Hence, using the equation, we eventually find that @ € C?+91+9/2(Q) x (1, 4-00)).
In particular, we have that this estimate holds for both u(x,t) + ¢t and , which
implies that the hypothesis (22) is satisfied. O

REFERENCES

[1] M. Bardi, A. Cesaroni and L. Rossi, Nonexistence of nonconstant solutions of some degenerate
Bellman equations and applications to stochastic control , ESAIM Control Optim. Calc. Var.,
to appear.

[2] G. Barles and J. Burdeau, The Dirichlet problem for semilinear second-order degenerate

elliptic equations and applications to stochastic exit control problems, Comm. Part. Diff.

Eq., 20 (1995), 129-178.

G. Barles, A. Porretta and T.T. Tchamba, On the large time behavior of solutions of the

Dirichlet problem for subquadratic viscous Hamilton-Jacobi equations, J. Math. Pures Appl.,

94 (2010), 497-519.

[4] G. Barles and P.E. Souganidis, Space-time periodic solutions and long-time behavior of solu-

tions to quasi-linear parabolic equations, STAM J. Math. Anal., 32 (2001), 1311-1323.

H. Berestycki, I. Capuzzo Dolcetta, A. Porretta and L. Rossi, Maximum Principle and gener-

alized principal eigenvalue for degenerate elliptic operators, J. Math. Pures Appl., 103 (2015),

1276-1293.

(6] F. Cagnetti, D. Gomes, H. Mitake and H.V. Tran, A new method for large time behavior
of degenerate viscous Hamilton—Jacobi equations with convex Hamiltonians, Ann. Inst. H.
Poincare Anal. Non Lineaire, 32 (2015), 183-200.

[7] M.G. Crandall, H. Ishii and P.-L. Lions, User’s guide to viscosity solutions of second order
partial differential equations, Bull. Amer. Math. Soc. (N.S.), 27 (1992), 1-67.

[8] F. Da Lio, Large time behavior of solutions to parabolic equations with Neumann boundary
conditions, J. Math. Anal. Appl., 339 (2008), 384-398.

[9] G. Fichera, Sulle equazioni differenziali lineari ellittico-paraboliche del secondo ordine, Attt
Accad. Naz. Lincei. Mem. Cl. Sci. Fis. Mat. Nat. Sez. I., 5 (1956), 1-30.

[10] D. Gilbarg and N.S. Trudinger, FElliptic Partial Differential Equations of Second Order,
Springer, Berlin, 1988.

[11] H. Ishii and P. Loreti, A class of stochastic optimal control problems with state constraints,
Indiana Univ. Math. J., 51 (2002), 1167-1196.

[12] J.M. Lasry and P.-L. Lions, Nonlinear elliptic equations with singular boundary conditions
and stochastic control with state constraints. I. The model problem, Math. Ann., 283 (1989),
583-630.

[13] O. Ley and V.D. Nguyen, Large time behavior for some nonlinear degenerate parabolic equa-
tions, J. Math. Pures Appl., 102 (2014), 293-314.

[14] T. Leonori and A. Porretta, Gradient bounds for elliptic problems singular at the boundary,
Arch. Ration. Mech. Anal., 202 (2011), 663—705.

[15] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientific Publishing
Co., Inc., River Edge, NJ 1996.

[16] M.V. Safonov, On the classical solution of Bellman’s elliptic equation, Sov. Math. Dokl., 30
(1984), 482-485.

(3

(5


http://dx.doi.org/http://dx.doi.org/10.1051/cocv/2015033
http://www.ams.org/mathscinet-getitem?mr=MR1312703&return=pdf
http://dx.doi.org/10.1080/03605309508821090
http://dx.doi.org/10.1080/03605309508821090
http://www.ams.org/mathscinet-getitem?mr=MR2732926&return=pdf
http://dx.doi.org/10.1016/j.matpur.2010.03.006
http://dx.doi.org/10.1016/j.matpur.2010.03.006
http://www.ams.org/mathscinet-getitem?mr=MR1856250&return=pdf
http://dx.doi.org/10.1137/S0036141000369344
http://dx.doi.org/10.1137/S0036141000369344
http://www.ams.org/mathscinet-getitem?mr=MR3333057&return=pdf
http://dx.doi.org/10.1016/j.matpur.2014.10.012
http://dx.doi.org/10.1016/j.matpur.2014.10.012
http://www.ams.org/mathscinet-getitem?mr=MR3303946&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2013.10.005
http://dx.doi.org/10.1016/j.anihpc.2013.10.005
http://www.ams.org/mathscinet-getitem?mr=MR1118699&return=pdf
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://www.ams.org/mathscinet-getitem?mr=MR2370659&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2007.06.052
http://dx.doi.org/10.1016/j.jmaa.2007.06.052
http://www.ams.org/mathscinet-getitem?mr=MR0089348&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1947872&return=pdf
http://dx.doi.org/10.1512/iumj.2002.51.2079
http://www.ams.org/mathscinet-getitem?mr=MR990591&return=pdf
http://dx.doi.org/10.1007/BF01442856
http://dx.doi.org/10.1007/BF01442856
http://www.ams.org/mathscinet-getitem?mr=MR3227323&return=pdf
http://dx.doi.org/10.1016/j.matpur.2013.11.010
http://dx.doi.org/10.1016/j.matpur.2013.11.010
http://www.ams.org/mathscinet-getitem?mr=MR2847537&return=pdf
http://dx.doi.org/10.1007/s00205-011-0436-9
http://www.ams.org/mathscinet-getitem?mr=MR1465184&return=pdf
http://dx.doi.org/10.1142/3302

ON A PARABOLIC HJB EQUATION DEGENERATING AT THE BOUNDARY 13

[17] N.S. Trudinger, On regularity and existence of viscosity solutions of nonlinear second order,
elliptic equations, Partial differential equations and the calculus of variations, Vol. I, 939-957,
Progr. Nonlinear Differential Equations Appl., 2, Birkhauser Boston, Boston, MA, 1989.

[18] G. Tian and X.J. Wang, A priori estimates for fully nonlinear parabolic equations, Int. Math.
Res. Notes, 169 (2012), 1-21.

Received September 2015; revised January 2016.

E-mail address: castorin@math.unipd.it
E-mail address: annalisa.cesaroni@unipd.it
E-mail address: lucar@math.unipd.it


http://www.ams.org/mathscinet-getitem?mr=MR1034037&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3096911&return=pdf
mailto:castorin@math.unipd.it
mailto:annalisa.cesaroni@unipd.it
mailto:lucar@math.unipd.it

	1. Introduction
	2. Assumptions and notations
	3. Lyapunov functions and barriers at the boundary
	4. The Cauchy problem
	5. Boundary behavior of the solution.
	6. Convergence result
	REFERENCES

