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Abstract: Let f be a Borel measurable function of the complex plane to itself. We
consider the nonlinear operator Tt defined by T¢[g] = f o g, when g belongs to a certain
subspace X of the space BMO(R") of functions with bounded mean oscillation on the
Fuclidean space. In particular, we investigate the case in which X is the whole of BMO,
the case in which X is the space VMO of functions with vanishing mean oscillation,
and the case in which X is the closure in BMO of the smooth functions with compact
support. We characterize those f’s for which T} maps X to itself, those f’s for which T’
is continuous from X to itself, and those f’s for which T} is differentiable in X.

1 Introduction and main results.

In this paper, we characterize those Borel measurable functions f of the complex plane C
to itself such that the nonlinear superposition operator T’y defined by

Ttlgl:==fog

takes BMO(R™) and several spaces related to BMO(R™) to themselves. Also continuity
and differentiability of T’y will be discussed.

This paper may be considered as a continuation of the investigations of Fominykh [6],
of Chevalier [3], and of Brezis and Nirenberg [2]. Whereas Fominykh and Chevalier have
characterized all functions f such that Tp(BMO) C BMO in cases n = 1, and n > 1,
respectively, Brezis and Nirenberg have shown that the uniform continuity of f suffices to
ensure that 7 acts in VMO(R™).

We are going to consider 77 in BMO(R"), in VMO(R"), in CMO(R") and in their
respective inhomogeneous counterparts bmo(R"™), vmo(R™) and cmo(R™). For the defi-
nition of these spaces, we refer to Section 2. (The reader should be aware of the fact
that the symbols VMO and CMO are used with different meanings at different places in
the literature.) It turns out that the behaviour of Ty can differ strongly on these various
classes.

We start by analyzing the acting condition of 7.

Here and in the sequel we require, without further reference, the validity of the following

Assumption f is a Borel measurable function of C to itself.

We first introduce the following more general form of Fominykh-Chevalier Theorem.

Theorem 1 The following properties are equivalent.

(i) sup (1+ [z —y))7|f(2) = f(y)] < +oo.
z,yeC

(ii) T¢[BMO(R"™)] € BMO(R").
(tit) Tr[bmo(R™)] C bmo(R"™).



() T¢lemo(R™)] € BMO(R"™).

Furthermore, if any of the above properties is satisfied, then Ty maps bounded subsets of
BMO(R"™) to bounded subsets of BMO(R™), and bounded subsets of bmo(R™) to bounded
subsets of bmo(R™).

Next we extend the result of Brezis and Nirenberg which we mentioned before by
establishing the necessity of the uniform continuity in case of VMO.

Theorem 2 The following properties are equivalent.
(a) f is uniformly continuous.
(b) T¢[VMO(R"™)] C VMOR").
(¢) Trlvmo(R™)] C vmo(R").
(d) Tflemo(R™)] C VMO(R").

Furthermore, if any of the above properties is satisfied, then Ty maps bounded subsets of
VMO(R™) to bounded subsets of VMO(R™), and bounded subsets of vmo(R™) to bounded

subsets of vmo(R™).

In cases of cmo and CM O, we have the following nice conclusion, which can be deduced
from Theorem 2 and from a continuity result for T} (cf. Proposition 2 of Section 5.)

Corollary 1 The following two statements hold.

o We have T¢[cmo(R™)] € cmo(R"™) if and only f is uniformly continuous and f(0) =
0.

o We have Tt{CMO(R™)] € CMO(R") if and only f is uniformly continuous.

We now turn to discuss the continuity of the operator Ty. Brezis and Nirenberg [2,
Lem. A.8, p. 238] have proved that if f is a uniformly continuous function, and if M is a
compact Riemann manifold, then T is continuous from BMO(M) to itself at all points
of VMO(M). By exploiting the same arguments, we can prove that T’ is continuous from
bmo(R™) to itself at all points of vmo(R™), and that T is continuous from BMO(R") to
itself at all points of CMO(R"™) (cf. Proposition 2 of Section 5.) With this respect, we
observe that when M is compact, there is no difference between CMO(M) and VM O(M).
Instead, CMO(R"™) # VMO(R") and, as we shall see in Theorem 4, the uniform continuity
of f does not suffice to guarantee the continuity of T at the points of VMO(R™). By
combining such continuity result with Theorem 2 and with Corollary 1, we obtain the
following characterization.

Theorem 3 The following two statements hold.

(J) Ty is continuous from vmo(R™) to itself or from CMO(R™) to itself if and only if f
is uniformly continuous.

(JJ) Ty is continuous from cmo(R™) to itself if and only if f is uniformly continuous and

£(0) = 0.

By Theorem 2, by Corollary 1, and by Theorem 3, we can immediately deduce the following
characterization, inspired by the famous corresponding result for superposition operators
acting in first order Sobolev spaces of Marcus and Mizel [9].



Corollary 2 Let X be either vmo(R™), or emo(R™), or CMO(R™). Then the following
properties are equivalent.

(1) Ty[X] € X, i.e., Ty acts in X.
(2) Tt maps bounded subsets of X to bounded subsets of X.

(3) Ty is continuous from X to itself.

Very different instead, are the cases of bmo(R"™), BMO(R™) and VMO(R™). Brezis and
Nirenberg [2, p. 240] have proved that even the Lipschitz continuous function max{0,t}
does not generate a continuous superposition operator on bmo(R™). A more complete
picture is given by the following degeneracy result.

Theorem 4 Let X be either BMO(R™), or VMO(R"), or bmo(R™). Then T} is contin-
uous from X to BMO(R™) if and only if f is R-affine.

We now turn to consider the differentiability of the operator T, and we present the
following degeneracy result.

Theorem 5 Ty is R-differentiable from D(R"™) endowed with the norm of bmo(R™) to
BMO(R™) if and only if f is R-affine.

This paper is organized as follows. In Section 2, we recall the definitions of BMO
and of its subspaces. Sections 3 and 4 are devoted to the proofs of Theorems 1 and 2,
respectively. Section 5 is devoted to the proof of the continuity statements and of Corollary
1, Section 6 is devoted to the proof of the statement concerning the differentiability. The
last section is an Appendix, where we collect some technical facts, known in large part,
which we exploit in the proofs.

2 Function spaces.

We recall that BMO(R™) is the set of complex-valued locally integrable functions g on
R™ such that

lgllmaro = supfg |g—f 9| < +oo.
Q

where the supremum is taken on all cubes () with sides parallel to the coordinate axes and
where

f Q9
denotes the mean value of the function g on ). The quotient space of BMO(R"™) with
the above seminorm over the constant functions is a Banach space. Since the operator T’

is clearly not defined on the quotient space, we prefer to consider BMO(R™) as a Banach
space of ‘true’ functions with the following norm:

lgll« = llgllzryo + fg,lgl Vg € BMOR"),

where Qg is the unit cube [—1/2,41/2]". We denote by bmo(R") the linear subspace of
BMO(R™) consisting of those functions g which satisfy also the following condition

sup fQ\g| < 400,
|QI>1

where |@Q| denotes the Lebesgue measure of @) or, equivalently,

sup f,|g] < +o0
Q=1



(cf. Lemma 7 of the Appendix.) It turns out that bmo(R™) is a Banach space for the norm

19llbmo = llgllBrro + |ZuplfQ|g| Vg € bmo(R").

We denote by cmo(R™) the closure of the set D(R™) of the C*° functions with compact
support in bmo(R™), and we endow cmo(R™) with the norm of bmo(R™). Similarly, we
denote by CMO(R™) the closure of D(R™) in BMO(R"™), and we endow CMO(R"™) with
the norm of BMO(R").

According to Sarason [10], a function g of BMO(R™) which satisfies the limiting con-
dition

ling (lglllgan \g—ngD =0 (1)

is said to be of vanishing mean oscillation. The subspace of BMO(R™) consisting of the
functions of vanishing mean oscillation is denoted VMO(R"™), and we endow VMO(R")
with the norm of BMO(R™). We note that the space VMO(R") considered by Coifman
and Weiss [4] is different from that considered by Sarason, and it coincides with our
CMO(R™). As it is well known, VMO(R™) G BMO(R™). For example, the function
log || belongs to BMO(R™), but not to VMO(R™) (cf. e.g., Stein [12, Ch. IV, §. 1.1.2],
and Brezis and Nirenberg [2, p. 211].) We set

vmo(R") := VMO(R") N bmo(R"),

and we endow the space vmo(R™) with the norm of bmo(R™).
For the convenience of the reader, we display all the subspaces of BMO(R"™) we have
introduced in the following diagram:

bmo(R") & BMO(R™)
U+ U+

vmo(R") & VMO(R™)
U+ U+

cmo(R™) & CMO(R™)

where all inclusions are proper and continuous.

3 Proof of Theorem 1.

3.1 Alternative formulations of condition (i).

Proposition 1 The condition (i) of Theorem 1 is equivalent to each of the following
properties.

(j) There exist two constants o > 0 and C > 0 such that |f(z) — f(y)| < C, for all
complex numbers x, y satisfying inequality |z — y| < a.

(k) f is the sum of a bounded Borel measurable function and of a Lipschitz continuous
function.

Proof. Obviously, condition (k) implies condition (i), and condition (i) implies con-
dition (j). By a standard argument, condition (i) follows by condition (j). By Lemma 6
of the Appendix, condition (k) follows by condition (i).



3.2 Condition (i) implies conditions (ii), (iii) and (iv).

By Proposition 1, it suffices to consider separately, the case in which f is Lipschitz con-
tinuous, and the case in which f is bounded.

Assume first that f is Lipschitz continuous, with Lipschitz constant denoted Lip(f).
Then we have

Tolfoa—£(fq9)| < Lin(Hlglmuo

and

Talf o9l < fqlf 09— F(O)] +1£(0)] < Lin(f) (fqlal) + 17O,
for all g € BMO(R™) and for all cubes (. By inequality (21) of the Appendix, we obtain

If e gllBrao < 2Lip(f)llgllzao (2)

1 o gll« < 2Lip(f)llgll+ + [£(O)],

Hf og”bmo < 2Lip(f)”9”bmo + ’f(0>’ .

Assume now that f is bounded. Then Ty takes BAM/O(R™) into L>°(R™), a subspace
of bmo(R™).

3.3 Condition (iv) of Theorem 1 implies condition (j) of Proposition 1.

As customary in this type of problems (cf. e.g., Katznelson [8, ch. VIII, § 8.3]), we first
prove that the acting condition of T implies a property of local boundedness on bounded
sets for 1.

Lemma 1 If conditions Tflcmo(R™)] € BMO(R™) and f(0) = 0 hold, then there exist a
cube QQ and two constants C1, Cy > 0 such that || f o g||« < Co for any g € emo(R™) with

suppg C Q and ||glpmo < C1-

Proof. We argue by contradiction. We assume that for any cube @) and for any positive
numbers C1, Ca, there exists g € cmo(R™) with suppg C @, [|g]ltmo < C1 and || f o g« >

Cy. Let (Q});>1 be a sequence of disjoint cubes. Let @); be the cube with the same center
as that of @)}, and with sidelength equal to one half of that of @;. Let ¢; € D(R™) be such
that ¢j(x) =1 on @j and ¢;(z) = 0 out of ;. According to Lemma 11 of the Appendix,
there exists 7; > 0 such that

lg@ill« <illglls (3)

for all g € BMO(R"™). By the contradiction assumption, there exist functions g; €
cmo(R™) such that

suppg; € Q. Ngjllomo <277, [If 0 gjllx > jv; -
o0

Now we set g := Z gj- Then g € emo(R™). Moreover, since
j=1

0 [e%¢]
S [ 11 3 gl < o
Jj=1 Q j=1

for all unit cubes @ of R™, then

o0
Z gj(x)| < +00  a.e. in R™,
j=1



Thus we also have

o
g(z) = Zgj(m) a.e. in R™.
j=1
Then by condition f(0) = 0, we deduce that

(fog)pj=fog; ae inR".

By assumption, we have f o g € BMO(R™). Then inequality (3) implies that

7 <l foglls Vi>1,

a contradiction. [ |

We now prove the following Lemma, which we also employ in the rest of the paper,
and which is inspired by an argument of Bourdaud [1].

Lemma 2 Assume that there exist constants ¢; > 0, co > 0, ¢3 > 0, and a cube K such
that
sup fQ‘ng—(foOg)‘Sc:g, (4)

|Ql<c2

whenever g € D(R™) and ||gllpmo < ¢1, suppg C K, then there exists a constant k > 0

depending only on the cube K such that
sup{|f(a) — f(b)|: a,b € C, |a—b| < kec1} < qgntle, . (5)

Proof. By translation invariance of the norm in bmo(R"™) and of the supremum in (4),
and by Lemma 12 of the Appendix, and by replacing ¢; and ¢s by aj¢; and asces, for some
strictly positive constants «; and ag depending only on K, we can assume that K = Q.
Then we take ¢ € D(R™) such that ¢ =1 on %Qo and suppo C Qp, 0 < ¢ < 1. Let a, b

be two complex numbers such that
a1C1

ja—b < 1L (6)

According to Lemma 8 of the Appendix, there exist a function §# € D(R™) and an integer
j > 1 such that supp8 C Qp, 6 = 1 on the cube 277Qq, 27" < agco, and

a1,

|all|0l[pmo <

(7)

Now we set
g(x) = (b—a)p(2 M z) + ab(x) Vo e R™.

Clearly, ¢ € D(R™) and suppg C Q. Then by the inequalities (6) and (7), by the
boundedness of ¢, and by inequality | - ||pmo < 3|| - |0, We have

||g||bmo < aicy.

Thus by our assumption, we have

fz—jQO fog— <f2_jQOf og)‘ < c3.

Clearly, f(g(x)) = f(b) on 27772Qq, and f(g(x)) = f(a) on 277Qy \ 2777 'Qp. Thus we
obtain

1) - fla)] <
10 = (fss0,7 09)| + [ £@) = (fo s, 09)| < cat™™,

6



and we can take k = aq /6. |

Next we assume that Tr[cmo(R™)] € BMO(R™). By possibly subtracting f(0), we can
assume that f(0) = 0. Then condition (j) holds by Lemma 1 and by Lemma 2.

4 Proof of Theorem 2 .

Brezis and Nirenberg [2, Lem. A.7, p. 238] have proved that condition (b) follows by
condition (a). Solely for the sake of completeness, we report here their proof.

We say that a function w of [0, 0o to itself is a modulus of continuity for the function
f provided that

[f(@) = fl <w(lz—yl)  Ve,yeC,  limw(t) =0, (8)

t—0

Now let f be a uniformly continuous function. As it is well known, there exists a concave
increasing modulus of continuity w for f (cf. e.g., DeVore and Lorentz [5, Lem. 6.1, p. 43].)
Thus by Jensen’s inequality and by inequality (22) of the Appendix, we have

folfoa—(fofos)| < Y
<w (ol o la(x) — 9] drdy) < (2f o|o ~ (Fo9))

for all cubes @, and for all g € BMO(R™). Inequality (9) implies the validity of condition
(b). Since condition (b) implies condition (iv) of Theorem 1, then, by Theorem 1, condition
(b) implies condition (c). Since condition (d) clearly follows by condition (c), it remains
to prove that condition (d) implies the uniform continuity of f.

4.1 Condition (d) implies condition (a).
We need the following technical lemma.

Lemma 3 If conditions T¢lcmo(R™)] € VMO(R™) and f(0) = 0 hold, then for every
€ > 0, there exist a cube K contained in the cube Qqy, and two constants ¢c; > 0, co > 0

such that
fQ‘ng— (f@f°g>‘ <eg,
for all g € emo(R™) with supp g C K, ||]lbme < c1, and for all cubes Q with |Q] < ca.

Proof. By contradiction, we assume that there exists € > 0 such that for any cube K
contained in Ky := @, and for all positive numbers ¢; > 0, ¢ > 0, there exist g € cmo(R"™)
with support in K, ||g]lpme < ¢1, and |Q| < c2 such that

ééfQ(fog— (foog)‘-
We now define a family of disjoint cubes contained in K. Namely, we take
Kj=2"1+1)"Ko+j 'er,

for j natural, j > 3, e; := (1,0,...,0). Now let ¢ € D(R™), with ¢ =1 on %Ko, and with
supp ¢ C Ko, ¢j(z) := ¢ (2(j + 1)*(z — j"e1)). Clearly, [Vojlloc = 2(j +1)*|| V|0 By



our contradiction assumption, there exist functions g; € ecmo(R™) and cubes @; such that
suppg; C K :=272(j + 1) 2 Ko + j e, [|gjllomo < 277, 1Q;| < 2777,

e<fo |ton - (fofon)]-

Since g; vanishes outside K; and f(0) = 0, we have Q; N K; # (), and thus Q; C K
for 7 > 3. Now, we set g := Z;’i3 gj. Then g € emo(R™). Moreover, as in the proof of
Lemma 1, we have (f o g)¢; = f o g;. By assumption, we have fog e VMO(R"). Thus
by our contradiction assumption, by inequality j < 2|log|Q;|| and by Lemma 10 of the
Appendix, we obtain

2<2|fg,|roo-(Jo s o0)|] +
+20/1Q,1M" (1+ 21 1og Q51D IV 8llo [CI1F 0 gllmaro (1 + og Q1) + [f . o.9]]

for all j > 3. Then by letting j tend to infinity and by observing that fog € VMO(R"),
we obtain a contradiction. [

Next we assume that T¢[cmo(R™)] € VMO(R™). By possibly subtracting f(0), we can
assume that f(0) = 0. Then by Lemma 3 and by Lemma 2, the function f is uniformly
continuous.

5 Proof of the continuity statements for 7.

We first introduce a continuity statement for T, which we prove by an argument of Brezis
and Nirenberg.

Proposition 2 Let f be uniformly continuous. If g € vmo(R"™), then T} is continuous at
g as a map of bmo(R™) to itself. If g € CMO(R™), then Ty is continuous at g as a map
of BMO(R™) to itself.

Proof. The proof is based on an inequality which we present in the following Lemma.
Lemma 4 If f has a concave increasing modulus of continuity w as in (8), then we have
folfolg+v)—fog—fo(folg+v)~fog)l
< min (20(2f ol — f g91) + w(2f glv = f gul) 2(f ) )
for all locally integrable functions g and v on R™, and for all cubes Q.

Proof. The left hand side of the above inequality is less than or equal to

L= fof olf(9(2) + v(2)) = f9(2)) = flg(y) + v(v)) + fg(y))| dzdy.

Then we have
I < fof of(g(@) +v(x)) = flg(z) + o)+ [f(9(x) — fla(y))|+

1 (g(w) +v() — £ (gy) + o)) drdy <
<w (fof glv@) = v(y)l dedy) + 2 (fof glo@) — g(y)| dwdy) <



<w (QfQ\v —va|> + 2w <2fQ|g —ngD :

On the other hand

1< fof o (F(9@) + v(@)) = F(g(@))] + | (9(y) + v(y)) = Flg(y))]) dedy <
<2 (fof glo@) dedy) =2 (folol) -

Thus the proof of the Lemma is complete. |

We now return to the proof of Proposition 2. We find it convenient to introduce some
notation. If @ is a cube with center a, and sidelength r > 0, then we set 7(Q) := |a| + r,

A N I A
rQzr" ¢ 19 CES

Furthermore, for any function v € BMO(R™), we set

Ig(v) :ZfQ‘f0(9+v)*fogfo(fO(g+v)*fog)‘-

Let w be a concave increasing modulus of continuity for f.
Let g € vmo(R™) and ¢ > 0. By definition of vmo(R"), there exists 0 < ¢ < 27! such
that
w(2M,) <e. (10)

Then we can take n > 0 such that
w(n/e) <e.

Now let v € bmo(R"™) with ||v|[pme < 1. Let @ be a cube. If |Q| < ¢, then by Lemma 4
and by (10), we have
Ig(v) < 2e + w(2]|v]lbmo) < 3¢.

If ¢ < Q| <1, we have
fQ|U| < C_IHUHbmo

and thus
Io(v) < 2w (¢7H|v]lpmo) < 2e.

Moreover, if |Q| = 1, then
Tolfolg+v) = Fogl <w (foll) <w (lellmo)-
Finally, we obtain

sup Io(v) + sup folfo(g+wv) — fogl < 4e,
QI Ql=1

for all ||v][pme < m. Then by Lemma 7 of the Appendix, the operator Ty is continuous
from bmo(R™) to itself at g.

Now we assume that g € CMO(R™). Again, we choose 0 < ¢ < 27! such that (10)
holds. By Lemma 15 of the Appendix, there exists some R > 1 such that

w(2Wg) < e. (11)

By applying Lemma 9 of the Appendix to |v|, there exists a constant C(n, ¢, R) > 2, such
that
folvl < Cln, e, R)||v]ls,

9



for all v € BMO(R™), and for all cubes @ such that |Q| > ¢ and 7(Q) < R. Then we
choose 7 > 0 such that w(nC(n,c, R)) < e and w(n/c) <e.

Now let v € BMO(R") such that ||v][« < n. If |Q| < corif 7(Q) > R, then by (10),
and by (11), and by Lemma 4, we have Ig(v) < 3e. If |Q] > ¢ and 7(Q) < R, we have
Ig(v) < 2w([[v]|+C(n,c, R)) < 2e. We conclude that supg Ig(v) < 3. Moreover,

fQ0|fO(g+U)—fog|§w(fQ0|v|) <e,

and thus the proof of Proposition 2 is complete. |

5.1 Proof of Corollary 1.
If Ty acts in cmo(R™) or in CMO(R"), then T¢[cmo(R™)] € VMO(R™) and, by The-

orem 2, f is uniformly continuous. If Tt[emo(R™)] C emo(R"), then the constant function
f(0) = T%[0] belongs to cmo(R™). Then by Lemma 13 of the Appendix, we have f(0) = 0.

Now assume that f is uniformly continuous. By Theorem 2 and by Proposition 2, we
know that T is continuous from CMO(R™) to VMO(R™), and from cmo(R™) to vmo(R"™).
Thus, it suffices to prove the following two inclusions.

Ty[D(R")] € CMO(R™), (12)

T{[D(R™)] C emo(R™) if £(0) =0. (13)

If f(0) =0, then T¢[D(R™)] is included in the space C.(R") of continuous functions with
compact support. Since any such function is a uniform limit of functions of D(R"™), we
obtain C.(R") C emo(R"™). Thus the proof of (13) is complete. If f(0) # 0, we apply (13)
to the function f — f(0). Then, for all g € D(R"), we have fog— f(0) € cmo(R"). By
Lemma 14 of the Appendix, all constant functions belong to CMO(R™). Thus we obtain
foge CMO(R™), for all g € D(R™). |

5.2 Proof of Theorem 3.

Statement (J) is an immediate consequence of Theorem 2, of Corollary 1 and of Proposi-
tion 2. By definition of crmo(R"™), statement (JJ) is an immediate consequence of statement
(J), and of Corollary 1. |

5.3 Proof of Theorem 4.
We first introduce the following preliminary Lemma.

Lemma 5 If the superposition operator Ty of the space D(R™) endowed with the norm
| llomo to BMO(R™) is continuous at the constant function 0, then f is uniformly con-
tinuous.

Proof. By possibly subtracting f(0) from f, we can assume that f(0) = 0. Accordingly,
T¢[0] = 0. Let € > 0 be arbitrary. By continuity of Ty at 0, there exists r > 0 such that
Ifog|« <eif g € DR™) and if ||g||pmo < r. Then by Lemma 2, we conclude that f is

uniformly continuous. |

10



We are now ready to prove Theorem 4. As usual, we can assume that f(0) = 0. Let
a, 8 be two arbitrary complex numbers.

First we assume that T is continuous from bmo(R"™) to BMO(R™). By Lemma 8 of
the Appendix, there exists a sequence (#;);>1 of functions such that 6;(x) = 1 on the cube
K; = [—774 i7", and limj_o0 [|05]lme = 0. Let v denote the characteristic function of
[0,1]™. Clearly,

¢j = fg,(fo(By+a)=Fo(B)
= 27" [/  (fBv(x) +a) = f(By(x))) da
(057"

+/ (f(By() + ) — f(BY(x))) dx
K051
= 27"(f(B+a)—f(B)+ fla)(1—27").

Then we have

I8y + 003~ Tf3rllpo 2 275 [ 1Fe v a)~fo (B e
J

= 27" [f(B+a) = f(B) - ¢l
271 =2 [f(B+ ) = f(B) = fa)] -

By taking the limit as j tends to infinity, we obtain

fla+pB)=fla)+f(B) Va,feC.

Then by the continuity of f, which follows from Lemma 5, and by a classical argument,
we can easily deduce that f is R-linear.

We now assume that 7' is continuous from VMO(R"™) to BMO(R™). Again, Lemma 5
implies the continuity of f. Let M be a sufficiently large positive constant. Let Kj, K7, K/
be the cubes of center a; = 2M 4Je; and halfsidelength 27,27 + 1, and 271!, respectively.
We note that

K\ Kj| =02 ) as j— +o0 (15)

and that the cubes K J’-’ are pairwise disjoint. Let (¢;);j>1 be a sequence of functions of
D(R™) such that

pi(x) =1 forxe[-1,1]", ¢;(x)=0 forz¢[-1—-277 14279"

and '
95 <2, sup 27| Vjllec < +o00. (16)
V-

We define the function g by setting

9(x) = ¢; <x ;ja]) if z € Kj for some j > 1,

and g(z) = 0 elsewhere. From (16) we deduce that g and Vg are bounded. Hence
g € VMO(R"). Let (vj)j>1 be the sequence of functions introduced in Lemma 8 of the

11



Appendix. Let uj(x) :=1; ( “(z — a])) Then u; € D(R"™), ||ujlBmo = ||¢;||Bmo and
uj(z) = 0 on Qo, for j sufficiently large. Thus we have

li -
A ugl, =0

and u;(z) = 1 on the cube K7. We now set
¢j = f u(f o (Bg + awy) — f o (Bg)).

Clearly,
1

i (G5 ) = FB) + 1KY\ Kl (@) +45)

G =

where A; = / (fo(Bg+ auj)— fo(Bg)). By (15) and by the uniform continuity of
K\K;
f, we deduce that A; = O(2/("~1). Moreover,
K\ K| = (2" = 1| K| — | KG\ K.
Hence

¢j=2""(f(B+a)=f(B)+(1—-27")f(a) +¢j,

with lim; ;o €; = 0. Then we have

175185 + ] = 75139l o = 1y / o (Bg -+ auy) ~ f o (Bg) i =

=27"|(1=27")(f(B+a) = £(B) — f(a)) — &1 -
Thus by taking the limit as 7 — +o0, we obtain f(5 + «) = f(8) + f(«). |

5.4 Open questions.

We end this section by mentioning some open problems concerning the continuity of T'.
1. By Theorem 4, there are no nonlinear uniformly continuous function f for which T’
is continuous from the whole of BMO(R™), or of VMO(R™), or of bmo(R"™) to BMO(R"™).
However, we did not characterize the points of continuity of 7.
2. Are there nonlinear functions f for which T} is locally Holder continuous on

vmo(R™), emo(R™) or CMO(R™)?

6 Proof of Theorem 5.

A function f of C to itself can be Vlewed as a function of two real variables, say y1, yo. As
a first step, we prove that and L exist. We consider for example af Let ¢ € D(R™)
be real valued and equal to one on Qo Since T is differentiable at cqﬁ for all ¢ € C, we
have

lim t {Tyled + 1] — Tyledl} = dTy[col(6)  in BMO(R™). (17)

Since BMO(R™) is continuously imbedded in the space of locally summable functions, we
deduce that there exists a sequence (ji)r>1 in N such that limy_, ji = co and

lim i {fo(ct+j;'0) = fo (co)} = dTylea)(9)  ac.inR" (18)

12



Since the argument of the limit in (18) is constant on @ for each k, such limit must exist
and have a constant value (. for all € Qp. Now let (¢;);>1 be an arbitrary sequence
in R\ {0} converging to 0. We show that an arbitrary subsequence of (t;);>1 has a

subsequence (1, )x>1 such that lim_,. tl_kl {f(c + tlll) — f(c)} = B.. Then the existence

of g—yfl(c) = [, will follow by a standard argument. By (17), there exists a subsequence
(t1, )k>1 such that

Jim 1 {f o (co+t1,6) — fo (o)} =dTy[co](¢)  ae inR" (19)

By arguing as above, such limit exists at all points of Qp, and has a constant value ..
Moreover, 3, = dT¢[cp](¢) a.e. in Qp. Then we have . = .. Thus we can conclude that

%(C) exists for all ¢ € C. Now let u, v € D(R"), v; := Rew, vy := Imwv. Clearly,

dTflu](vi) = P_If(l)t_l {fo(ut+tv)— fou}= <g;1 o u> V1 in BMO(R"),
dT¢lu](ive) = %ii?)t_l {fo(u+tivy) — fou} = (352 o u) vy in BMO(R").

Thus by R-linearity of the differential d7't[u], we have

dTs[u](v1 + ivg) = <§;1 o u) v + (gyj; o u) v .

If Ty is R-differentiable at u = 0, then so is the function that takes u = uq + iuz to
Tylu] — ulaanl(O) - uzg—y];(O) — f(0). Thus there is no loss of generality in assuming that

f(0) = %(0) = %(0) = 0. Now we set

T
o(t) :=sup {HM”BMO cu € D(R™), 0 < |lullpmo < t} vt > 0.

ll2][bmo

Then by conditions T¢[0] = 0 and dTt[0] = 0, we have

limo(t) = 0. (20)

t—0

Clearly, |T¢[ulllBmo < to(t) whenever u € D(R™) and ||ul|pmo < t. Thus by applying
Lemma 2 with K = )y, we conclude that

|f(a) = f(b)] < 4"k a — blo (k™ |a —b]),

if |a — b| is sufficiently small, where k is the constant of Lemma 2. Thus (20) implies that
f is differentiable, and that its differential is identically zero. [

Remark. By Theorem 5, there are no nonlinear uniformly continuous functions f for
which Ty is differentiable from the whole of vmo(R™) to vmo(R™) or to VMO(R™). How-
ever, we did not characterize the points of differentiability of T'.

7 Appendix.

For the convenience of the reader, we collect in this Appendix some known results and
some more or less elementary facts.

13



Lemma 6 Let h be a measurable function of R™ to C such that

sup (1+ |z —y|) "' h(z) = h(y)| < +oo.
z,yeR™

Then h is the sum of a bounded measurable function and of a continuously differentiable
function with bounded first order derivatives.

Proof. Let u be a Radon measure on R" such that

L i) < +oc.

and p(R™) = 0. By assumption, we have

o ta)l =1 [ (=) = i) o) < € | (1ol dielt).

Thus h * p1 is a bounded measurable function. Let ¢ € D(R™) be such that [z, ¢ = 1. By
taking p equal to d — ¢dx and to 0;¢dx, for j = 1,...,n, we deduce that h — h * ¢ and
h x 0;j¢ are bounded and measurable. Then, by a classical argument, we see that h * ¢ is
a function of class C! with bounded gradient. |

We now turn to more specific properties of BM O functions. First we note that if g is
a locally summable function in R™ and if @) is a cube, then

Talo=(fo9)| < 2fgla—cl  veec, (21)
and
folo =109l < fofolo@) —g(y)l dzdy < 2f Hlg — £ pal- (22)

Lemma 7 A locally integrable function g on R™ belongs to bmo(R™) if and only if

sup f ‘g—f g‘—i— sup f,lgl < +o0,
Q<1 @ @ Q=1 @
and the above expression defines an equivalent norm on bmo(R™).

Proof. If the cube K has sidelength equal to an integer NV > 1, then K is the union of
N nonoverlapping cubes K of sidelength equal to 1. Hence

1
Txlol = 5 DTk lol < ‘lelplfdm.
: !

If the cube K has a noninteger sidelength r > 1, then K C K’, where the sidelength of
K’ is [r] + 1. Then we have
Tclal < g gl <27 sup folol.
EETRPT R T g @

Finally, for a cube such that |Q| > 1, we have

fo ‘g—ng‘ < 2fglal-

14



Lemma 8 There exist two sequences (6;);>1 and (¢;);>1 of functions of D(R™) such that
e 0i(x) =1 for |z| <277, 0j(z) =0 for |z| > 1,0 <6; <1, forall j > 1, and
limji)oo ||0ijmo =0.
e Yj(z) =1 for |z| < 27, ¢j(z) =0 for |[z| > 47, 0
limj oo [l 310 = 0.

IN
IN

Yj <1, forall j > 1, and

Proof. As we have pointed out in Section 2, the function log, | - | belongs to BMO(R™).
Let o, be its BMO-seminorm. Let u € C°°(R™) be such that 0 < u < 1, and
u(t)y=1 for t<—-1 ,u(t)=0 for ¢t>0.

Let 0; and v; be defined as follows.
. _ log, |z | , _ log, |z|
0i(x) =u — . Yi(r) =wu — 2.

By inequality (2), we have

1

16l B30 < 25 amlltlloe 105l Baro < 25 o |U || oo -

Moreover, if ) is a unit cube, we have

logs | n
/rej<x>|da:s/ u(g?’ ‘) < 1||u’|oo/ |log, ||| da .
Q " J |z|<1

Thus by Lemma 7, the sequences (;);>1 and (¢j);>1 have the required properties. [

Then we have the following Lemma, which can be proved as the corresponding statement
for BMO functions on the unit circle (cf. e.g., Stegenga [11].)

Lemma 9 There exists a constant C' > 0 depending only on n such that

|Q'|
1Og@ lgllBaso

‘ng_fQ/g SC(1+

for all cubes Q, Q" with QN Q" # 0, and for all g € BMO(R™).

By Lemma 9, we can deduce the following.

Lemma 10 There exists a constant C' > 0, depending only on n, such that

Tal90 = (fqo0)| <216l (Folo— (Fo9)|) +
|

n %
RIQI Ve [CHgHBMo <1 +log ') +[f o0
for all cubes Q, Q' with Q@ C Q', for all g € BMO(R™), and for all bounded Lipschitz
continuous functions ¢ of R™ to C.

Proof. Let a be the center of the cube Q). By inequality (21), we have

Tal9o = (Fq90)| < 2fq |90 — (fo0) 6la)| <
<20dll (folo — Fqo]) +[f oo VIR V6]

Then the statement follows by Lemma 9. |
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Lemma 11 For each ¢ € D(R™), there exists a constant M(¢p) > 0, depending only on ¢
and n, such that

198llbmo < M () 9]l (23)
for all g € BMO(R™).

Proof. We denote by M a constant depending solely on n and ¢ whose value may change
from equation to equation. Let R > 0 be such that supp ¢ C [-R, R]". Let @) be any cube
such that |Q] < 1 and @ Nsupp ¢ # (. Then we have

QCQ :=[-2-R,2+ R]".
By applying Lemma 9 to |g|, to the unit cube Qg and to @1, we obtain
fo,lgl < Mgl
Then by Lemma 10 , with Q' = Q1, we have
foloo = (fose)| < Mligll-
Moreover, if |Q| = 1, then

foladl < l16llecl@il o, lgl < Mgl

Hence,
sup {90 — (fg90) |+ sup 14 lg6l < Mllg]..
lQI<1 |Q|=1
and Lemma 7 yields the conclusion. |

Remark. Inequality (23) does not follow immediately from the known characterizations
of the multiplier spaces for BMO and bmo (cf. Janson [7], Stegenga [11]) because of the
specific type of norms employed in both hand sides of inequality (23).

Lemma 12 There exists ¢ > 0 depending only on n such that

gD lomo < cllgllbmeo »

for all X > 1 and for all g € bmo(R™).

Proof. Since the BMO seminorm is invariant by dilations, it suffices to estimate the
means on the cubes with sidelength equal to 1. If K is such a cube, we obtain

FrlgOO)I = frklgl < sup folgl.
lQI=1
By Lemma 7, sup|g|>1 fQ\g\ can be estimated in terms of a constant multiple of ||¢||pmo,

and thus the proof is complete. |

Lemma 13 If g € emo(R"™), then

a—00

lim [ |g[ =0,

where QQ, denotes the unit cube in R™ with center a. In particular, if g is constant, then
g 1S zero.
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Proof. The seminorm N on bmo(R") defined by N(g) := limsup,_, |, 0n lg| is easily seen

to be continuous. Moreover, N has value zero on D(R™). Thus N(g) = 0 for all elements
g of ecmo(R™). |

Lemma 14 Any constant function belongs to CMO(R™).

Proof. Let 1; be the functions of Lemma 8. We have v; = 1 on the unit cube ()p. Hence
11 —;]l« = ||¥;ll BMo, which tends to 0 as j tends to infinity. |

Lemma 15 If g € CMO(R"™), then we have

lim sup ‘g — g‘ =0,
R—oo <T(Q)zRfQ Ja
where 7(Q) denotes the sum |a| + v of the modulus |a| of the center a of Q, and of
r= QI
Proof. The seminorm N on BMO(R") defined by
N(g) := lim sup )g — g‘
R—vo0 (T(Q)ZRfQ Jo

is easily seen to be continuous. Moreover, N has value zero on D(R™). Thus N(g) = 0 for
all elements g of CMO(R"™). |
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