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Abstract. We show that volume potentials associated to a parameter de-
pendent analytic family of weakly singular kernels depend real-analyt-
ically upon the density function and on the parameter. Then we consider
the special case in which the analytic family corresponds to a family of
fundamental solutions of second order differential operators with con-
stant coefficients.
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1. Introduction

The aim of this paper is to analyze the behavior of the volume potential
corresponding to the fundamental solution of a parameter dependent second
order differential operator upon variation of the density and of the parameter.

We first introduce our parameter dependent differential operators. We
fix once for all a natural number

n € N\{0, 1}.

We denote by N, the set of multi-indexes o € N” with o] < 2. If a =
(aa)\a|§2 € (CNz"", then we set

Pla,z] = Z anx® VreR"
o <2

Y Birkhauser
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We also set

E=1{a=(aa)al<2 € (OREX Z € #£0 V& e R™\{0}

lor]=2

Clearly, £ coincides with the set of coefficients a = (aq)|a|<2 such that the
complex coefficient partial differential operator

Pla,D] = Z aq, D
jal<2

is elliptic. As is well known, P[a, D] has a fundamental solution for all a € £.
We are now interested into a parameter dependent family of fundamental
solutions, and we want to consider the following assumptions

Let K be a real Banach space. Let O be an open subset of K. (1.1)
Let a(-) be a real analytic map from O to £.

Let S(-,-) be a real analytic map from (R"\{0}) x O to C such that
S(-, k) is a fundamental solution of Pla(k), D] for all k € O.

Next we fix an open bounded connected subset € of R™ of class C!, and an
open bounded subset €27 of R™ such that

ClQl Q Q.
Then we are interested into the dependence of the volume potential
Prlel = / S(x =y, r)e(y)dy V€ clfy, (1.2)
Q

upon ¢ and k. Indeed, in the applications of volume potentials to perturbation
problems for partial differential equations, one often needs to understand the
dependence of the composition Pylp] o1 of P,[p] with a function 4 in the
subset C™(clQ2y, 1) upon the triple (s, @, 1) (cf. Sect. 6.3). Here 2y is
a bounded open subset of R™ of class C!, and C™%(cldy, Q) denotes the
set of functions from clQdy to €2y which belong to the Schauder space with
exponents m € N and « €]0, 1.

As shown by Preciso [32,33], if we want that both ¢ and Pyly] o ¢
belong to a Schauder space and that Py[p] o ¢ depends analytically on 1,
then a right choice for the space for Py[g] is the Roumieu class C9 ,(clQ;)
built on the space of continuous functions on cl€); for some p €]0, 4o00[ [see
(2.1) below]. Thus it is natural to ask whether there exist p and p; €0, +o00[
such that the map from O x CJ (cIQ) to C9 , (clfyy) which takes (k,¢) to
P[] is a real analytic map. We prove such analyticity in Theorem 5.1.

The dependence of integral operators associated to fundamental solu-
tions of elliptic differential equations upon perturbations has long been in-
vestigated by several authors with the aim of applying those results to the
study of boundary value problems.

For example, Fréchet differentiability results for the dependence of layer
potentials for the Helmholtz equation upon the support of integration have
been obtained by Potthast [29-31] in the framework of Schauder spaces, in
order to analyze the domain derivative of the far field pattern for a scattering
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Analytic Dependence of Volume Potentials

problem. In this context, we also mention the works by Haddar and Kress
[11], Hettlich [13], Kirsch [17], and Kress and Paivarinta [18]. Instead, Fréchet
differentiability properties of operators related to the inverse elastic scattering
problem have been shown by Charalambopoulos [2]. Analogous results in the
framework of Sobolev spaces on Lipschitz domains have been obtained by
Costabel and Le Louér [3,4,26].

The authors of the present paper have developed a method based on
potential theory to prove analyticity results for the solution of boundary
value problems upon perturbations of the domain and of the data (cf. e.g.,
[20]). In order to exploit such a method, one has to study the dependence of
layer and volume potentials upon perturbations. As a consequence, [24,25]
have analyzed the layer potentials associated to the Laplace and Helmholtz
equations. Then [6] has investigated the case of layer potentials corresponding
to second order complex constant coefficient elliptic differentials operators,
and [23] has considered a periodic analog.

The present paper extends such a technique to volume potentials in or-
der to investigate perturbation results for the solutions of boundary value
problems for non-homogeneous elliptic differential equations (cf. Sect. 6.3).
The paper is organized as follows. In Sect. 2, we introduce some basic no-
tation. In Sect. 3, we introduce some variant of some classical material on
volume potentials in a form which is suitable to the developments of the
present paper. In Sect. 4, we estimate the Roumieu norm of a volume po-
tential corresponding to a general kernel in terms of a weighted norm of the
kernel and of a norm of the density. Here the idea is to introduce a special
weighted class of singular functions at the origin, which are analytic away
from the origin (see Definition 4.1). In Sect. 5 we exploit the results of Sect.
3 to prove the analyticity Theorem 5.1 for volume potentials corresponding
to a family of fundamental solutions. In Sect. 6, we present some concrete
applications.

2. Notation

We denote the norm on a normed space X by ||-||x. Let X and Y be normed
spaces. We endow the space X x ) with the norm defined by ||(z,y)||xxy =
lz]| 2 + |ly]ly for all (z,y) € X x Y, while we use the Euclidean norm for
R™. For standard definitions of Calculus in normed spaces, we refer to Deim-
ling [8]. The symbol N denotes the set of natural numbers including 0. Let
D C R™. Then clD denotes the closure of I, and 0D denotes the boundary
of D, and diam(D) denotes the diameter of D. The symbol | - | denotes the
Euclidean modulus in R™ or in C. For all R €]0, +o00[, x € R", z; denotes the
jth coordinate of x, and B, (x, R) denotes the ball {y € R": |z — y| < R}.
Let Q be an open subset of R™. The space of m times continuously differ-
entiable complex-valued functions on € is denoted by C™(2,C), or more
simply by C™(Q). Let f € (C™(2)). Then Df denotes the gradient of f. Let
n=(Mm,....,NMn) € N*, In| =n1 + -+ n,. Then D"f denotes ﬁ#ﬁ'
The subspace of C™ () of those functions f whose derivatives D" f of or-
der |n| < m can be extended with continuity to clf2 is denoted C™(cl2).
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The subspace of C™(clQ2) whose functions have mth order derivatives that
are Holder continuous with exponent a €]0,1] is denoted C™%(clQ2) (cf.
e.g., Gilbarg and Trudinger [10]). Let D C C™. Then C™%(clQ2, D) denotes
{f € (C™2(cIN))" : f(cl2) C D}. The subspace of C™(cI) of those func-
tions f such that ficans, 0,r)) € C"™*(cl(QNB,(0, R))) for all R €]0, +o0|
is denoted C{2 (cl€2).

Now let © be a bounded open subset of R™. Then C™(clQ?) and C"™*
(cl) are endowed with their usual norm and are well known to be Banach
spaces (cf. e.g., Troianiello [36, §1.2.1]). For the definition of a bounded open
Lipschitz subset of R™, we refer for example to Necas [28, §1.3]. We say that
a bounded open subset Q of R™ is of class C™ or of class C"™ if it is a
manifold with boundary imbedded in R™ of class C™ or C"%, respectively
(cf. e.g., Gilbarg and Trudinger [10, §6.2]). We denote by vq the outward
unit normal to 9. For standard properties of functions in Schauder spaces,
we refer the reader to Gilbarg and Trudinger [10] and to Troianiello [36] (see
also [24, §2]). We denote by do the area element of a manifold imbedded in
R™. We retain the standard notation for the Lebesgue spaces.

We note that throughout the paper ‘analytic’ means always ‘real an-
alytic’. For the definition and properties of analytic operators, we refer to
Deimling [8, §15].

Next, we turn to introduce the Roumieu classes. For all bounded open
subsets 2 of R™ and p €]0, +00], we set

C&I)(CIQ) = {u € C™(cl): sup HD ullco(ern) < +oo} (2.1)

Benn ﬁ|'
and
plPl
lullco ) = bup WHD ullcoerny Yu € CY ().
As is well known, the Roumieu class (ngp(le), I llco p(cm)) is a Banach
space.

3. Preliminaries on Volume Potentials

We first introduce the following preliminary classical lemma. We denote by
m,, the n-dimensional Lebesgue measure and by s,, the (n — 1)-dimensional
measure of 9B,, (0, 1).

Lemma 3.1. Let h € L'(R™). For each € €]0,+o0[ there exists § €]0,+oo|

such that
/ |h| dx < e,
E

for all measurable subsets E of R™ such that m,(E) <.

For a proof, we refer to Folland [9, Cor. 3.6, p. 89]. Then we have the
following elementary technical statement.
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Analytic Dependence of Volume Potentials

Lemma 3.2. Let \ €]0,n[, R €]0,+o0[. Let h € CO((cIB, (0, R))\{0}). Let
sup |h(x)| |z]* < +oo.
z€(clB, (0,R))\{0}
Let p €]0, R]. For each e €]0, +00[ there exists § €]0, +oo[ such that

/|h:c— ) dy <,

for all measurable subsets E of c1B,,(0, R — p) such that m,(E) < § and for
all z € c1B, (0, p).

Proof. Let h be the function from R" to R defined by h(z) = h(z) if z €
(cIB,, (0, R))\{0}, h(z) = 0 if z € R™\((cIB,, (0, R))\{0}). Then h € L'(R™)
and for each € €]0, +oo[, there exists § €]0, +oo[ such that

/|h|dx:/ Bl dz < e,
F P

for all measurable subsets F' of clB,, (0, R) such that m,,(F) < 4. Now if E is
a measurable subset of B,, (0, R — p) and if m,,(E) <0, and if z € B, (0, p),
then we have my,(x — E) = m,(E) <0, x — E C clB, (0, R) and accordingly,

[ =lds= [ hldy< e 0

Next we introduce the following class of singular functions in a punc-
tured ball.

Definition 3.3. Let A €]0,+o00[. Let R €]0,40c0[. Then we denote by A (R)
the set of functions h € C°((clB, (0, R))\{0}) such that

sup ()| |z < +oc,
z€(clB,, (0,R))\{0}
and we set
1hllag () = sup |h(x)| x> Vh e AY(R).

z€(clBn (0,R))\{0}

One can readily verify that (49 (R), || - 49 (r)) is a Banach space. Then
we prove the following.

Proposition 3.4. Let A €]0,n[. Let Q be a bounded open subset of R™. Then
the following statements hold.
(i) If (h,p) € AS(diam (22)) x L>=(2) and if x € cl€2, then the function from
Q to R which takes y € Q to h(x — y)p(y) is integrable.
(ii) If (h,¢) € AY(diam (2)) x L>°(Q), then the function Plh, @] from cl§) to
R which takes x € clQ) to

Plh, ol (z) = / Wz — y)e(y) dy,

Q
18 continuous.
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(iii) P[h,¢] is bounded and

(diam (€)™
PR, o)l Lo () < S 21149 (diam () Il L (@), (3.1)

for all (h, ) € A (diam (Q2)) x L>=(9).
Proof. If (h,¢) € AQ(diam (2)) x L>(£2), then we have

h(z = y)e(y)] < bz = y)lllpll=@ foraa yel,

for all z € clQ). Then h(z—-)p(+) is integrable in Q. Since Q C B, (z, diam (£2))
for all x € clf), we have

JREt dy' </ Ih(z — )| dyllel o)
Q B, (z,diam (2))

dy

< [17]] 49 (diam (Q))/

el zoe
B, (z,diam (2)) |IE - y|)\ @
diam (Q))"—*
= [[hl 49 (diam (Q))SH%H@HLOQ(Q) Yz € cl.

Hence, inequality (3.1) follows.
Next we show that P[h, ¢] is continuous. Let zg € clQ. Let € €]0, +o0].
By Lemma 3.2 with p = diam (€2)/2, there exists § €]0, diam (€2)/2[ such that

/ |h<x—y>|dy=/ Ih((z = 0) — 2)|dz < /2
B, (z0,0)

B, (0,6)
for all € B, (x0,d). Then we have

[Plh, ¢l(x) = Plh, ¢l(x0)|

/ h(z —y)p(y) dy — / h(zo —y)e(y) dy
B, (20,5) Q\B,, (%0,)

<

w [ e ldlelise+ [ G- o)l dylele)
B, (z0,0) B, (z0,0)

<

+ellell Lo ()

/ h(z—y)e(y) dy— / h(zo—y)e(y) dy
Q\B,, (0,0) Q\B,, (z0,0)

for all x € cl2NB,,(xg,0). Since h is continuous in clB,, (0, diam (2))\{0}, we
have

sup [h(§)] < 0.
£€B, (0,diam (2))\Bn (0,5/2)

7y

If z € clQNclB,, (zo, 6/2), we have |z —y| > 6/2 for all y € Q\B,, (20, d). Then
we have
[h(z =y) = h(zo = y)l leW)] < 2v[[@ll=~ @)

for almost all y € Q\B,,(zo,0) and for all € cIQ N clB,,(x,d/2). Then the
dominated convergence theorem implies that

lim [h(z —y) — h(zo — y)]e(y) dy =0,
T—To Q\B,, (z0,0)
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Analytic Dependence of Volume Potentials

and we have

limsup [P[h, ¢](x) = Plh, ¢](zo)| < [[¢llL= ()€

T—x0
Since € €]0, +oo[ has been chosen arbitrarily, we obtain

lim P[hv <P]($) - P[hv 30}(1’0) =0,

Tx—T0

and accordingly, P[h, ¢] is continuous at the point z. O

Next we introduce the following.

Definition 3.5. Let A €]0,+o00[. Let R €]0,400[. Then we denote by A} (R)
the set of functions h € C1((cIB,, (0, R))\{0}) such that

oh

0 on
h e A\ (R), oz,

€ A9\+1(R) vie{l,...,n},

and we set

n

12l ag ry = I7llag(r Z

=1

vh € AL(R).

61‘] AO L(R)

One can easily verify that (A}\(R), [ - HAg(R)) is a Banach space. In
the following proposition we consider the function P[h,¢] with (h,¢) in
Al (diam (Q)) x L>=(9Q).

Proposition 3.6. Let A €]0,n — 1[. Let Q be a bounded open subset of R™.

Then the following statements hold.

(i) If (h,p) € A}(diam (2)) x L>(Q) and if z € cl, then the functions
from  to R which take y € Q to h(z —y)p(y) and to 5~ (ac y)p(y) for

j €{1,...,n} are integrable.
(i) If (h,p) € A}\(diam(Q)) x L>(Q), then Plh,¢] € C*(clQ) and

2 Plhe = Plor g incle (3.2)

Ox; zj

Pmof Statement (i) is an immediate consequence of Proposition 3.4 applied

oh 8h

) Oz
We now consider statement (ii). By Proposition 3.4 (ii), P[h,¢] and
Pl gmh ,] are continuous in cl) for all j € {1,...,n}. Thus it suffices to

show that P[h ] exists in © and that (3.2) holds in 2. We proceed by a
standard argument Let g € C*°(R) be such that

gt) =0 Vte]—oo,1], gt)=1 Vte|2,+o0l.
Then we set
gs(t) = g(t/d) VteR,

and

us(z) = /Q g5(]7 — y)h(z — y)p(y) dy Vr € A,
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for all § €]0,+oo]. We also observe that the function which takes (z,y) €
clQ x el to gs(|z —y|)h(z—y) is of class C''. We now show that us € C*(cl€2),
by applying the classical theorem of differentiation for integrals depending
on a parameter. Clearly,

l95(|lz — yDh(z = y)eW)| < llgllLe=(®) ( sup |h|> lo(y)l,

clB,, (0,diam (€2))\B, (0,6)
(3.3)

for all z € cl2 and for almost all y € Q. Since ¢ € L!(2), inequality (3.3) and
the continuity theorem for integrals depending on a parameter imply that wus
is continuous in clQ2. Then we have

](f%{gm ~yDha —y)@(y)}‘

<

gsuxm)gg(wy)m) 7
(3.4)

shlle =) =Yt = ot +

for all z € clQ and for almost all y € Q. The functions h and a% are

continuous in clB,, (0, diam (£2))\{0}. Hence, h and aan; are bounded in cIB,,

(0, diam (£2))\B,,(0,0). Then the right hand side of (3.4) is less than or equal
to

1
=119l w) sup bl | e ()l
1

cIB,, (0,diam (€2))\B, (0,)

gl ( sup |8h|> le(w)l; (3.5)

clB,, (0,diam (22))\B, (0,5) Ox;

for all x € clQ and for almost all y € Q. Since p € L1(), inequalities (3.4),
(3.5) and the differentiability theorem for integrals depending on a parameter
imply that

8U5

ayﬂj(w)=/Qa%[ga<x—y|>h<x—y>w<y>dy Vo e Q.

and that % has a continuous extension to clQ). Hence, us € C*(clQ2). In
order to prove that P[h, ] belongs to C*(cl(2), it suffices to show that

;irr(l) us = P[h, ] uniformly in clf2, (3.6)
(%ii% ngf =P [537 90} uniformly in cl€Q, (3.7)

for all j € {1,...,n}. We first consider (3.6). Since 1 — gs(|z — y|) = 0 for
|x — y| > 20, we have

;"‘: Journal: 20 Article No.: 2236 [_] TYPESET [ DISK [_]LE [_] CP Disp.:2015/4/21 Pages: 23




Author Proof

268

269

270

271

272

273

274

275

277

278

279

280

281

282

283

284

285

286

287
288

289
290

Analytic Dependence of Volume Potentials

Plh, @l(x) — us(x)]

/ (1 - ga(Jz — gz — )o(y) dy
B, (2,25)NQ

< (4 gl oo [ (o~ )] dy
IB%,L(J:,26)|’WBH (w,diam (Q))

= (14 gl )@l = / Ih(y)| dy
B, (0,26)NB,, (0,diam ()

= (1 + l|lgll o)) l2ll Lo ()

X sup |h(z)| |m|’\ / |x\_)‘ dx
2E€B,, (0,diam (2))\{0} B, (0,25)

(26)n—>\

= (1 + [lgll= @) el Lo @) 171l a9 (diam (2))5n >

for all z € ¢l and for all § €]0, diam (£2)/2]. Hence, (3.6) holds.
We now turn to prove (3.7). Since the support of g5 is contained in
[0,26], the same argument we have exploited to prove (3.6) implies that

'P | @0 - 5@

or, ?| @~ o,

< ‘ L= astle =) g et dy]

1,<Ix—y|)xj—yj ‘
- = f(x — d
/Q 59 3 vyl (z=y)ely) dy
< (14 gl e @)l Lo @)

oh A1 (25)n—)\—1

_|_

X sup
z€B,, (0,diam (2))\{0}
1
459 e [ (e = )l dyllol o)
By, (2,26)\By (2,6)

< sn(1+ gl @) + 19" | @)@l Lo ()

h 2 n—A—1
x{( sup 6(33)’ |x|)‘+1>(5)
2€B,, (0,diam (2))\{0} | 0T n—XA—1
1 285)—A
+( sup [h(x)] x|*>(5)} Ve € Q,
0 \zeB,, (0,diam (2))\ {0} n—A

for all § €]0,diam (2)/2[. Since n — A — 1 > 0, the limiting relation (3.7)

O

Then we present the following variant of the classical formula for the
partial derivatives of a volume potential with a differentiable density.
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Lemma 3.7. Let A €]0,n — 1[. Let Q be a bounded open Lipschitz subset of
R™. If (h,¢) € Al (diam (2)) x C(cIQ) and j € {1,...,n}, then
0 0
s Pl =P [ 52| @)= [ he - et)on)s o, o€ o
l'j Z’J 90
(3.8)

Proof. By the previous proposition and by standard computations, we have

aijp[h, A = [ 5% y)ely) dy

- f%m(x—y)w(y) dy
- nyj(fz(x—y)w(y)) dy

+ / ho - 9) 22 () dy Vo €. (3.9)
Q Jy;

Next we fix z € Q and we take €, €]0,dist (z,0Q)[. Then clB,, (z,¢) C Q and
the set

Q. = Q\clB,, (z, €)

is of Lipschitz class for all € €]0, ¢, [. By the divergence theorem, we have

/Q 82 (h(x — v)o(y) dy

0 0
= [ - (h(z—-y)ely dy+/ o— (W —y)e(y)) dy
L gy e —weto) v [ o = o)
Ti— Y
— [ he - ye)oa@idn, + [ e yel) P2 do,
o9 OB, (,€) |z —y|
oh Ao
- > (@ —y)e(y)dy + / hz—y)—()dy  (3.10)
/]B%n(x,e) 3:E] Bn(xve) ay]
for all € €]0, €, [. Next we note that
Ay
Wz —y)p(y)—+ do
/3]}137,,(:6,6) |(E - y‘ .
< ( sup |h(z)] |$|A> ||<P||Loc(n)/ ly| = do,
z€B,, (0,diam (£2))\{0} OB, (0,€)
= ||/ 49 (diam (Q))||<P||Loc(Q)Sn€”717’\ (3.11)
for all € €]0,¢,[. By Proposition 3.6 (i), the functions gg (x — )p(-) and
h(x — )887“"() are integrable in €2, and accordingly
. oh
lim (@ —yely)dy= 0,
e—0 BR(I,E) a:]}j
” (3.12)
lim h(z —y)=—(y)dy = 0.
e—0 By, (z,€) ( )ay]( )
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By (3.11) and (3.12), we can take the limit as € tends to 0 in (3.10) and
deduce that

0
[ o (bt =)o) dy = [ (o= g)elu) 00 (0) v,
Q 9Y; 20
Then equality (3.9) implies that formula (3.8) holds. O

4. Volume Potentials Corresponding to General Kernels

in Roumieu Classes

In order to estimate the Roumieu norm of a volume potential in terms of a
norm of the kernel and of a norm of the density, we introduce the following

class of functions which are singular at the origin and analytic away from the
origin.

Definition 4.1. Let d1, 62 €]0, 400 with §; < d2. Let A, p €]0, +00[. Then we
set

HYP(81,02) = {h€ A} (02): hiciB, (0,62)\B.. (0,61)
€ C) ,((cIB,,(0,62))\B,(0,61))} ,
and we set
1Rl (61.62) = 0l ar o) + hllog, (@B, 0.50\Ba0,5r)) TR € HMP(81,82).

One can readily verify that (H**(61,02),] - [|zr>e(s,.5,)) is a Banach
space. Then we can prove the following.

Proposition 4.2. Let p €]0,+o0[, A €]0,n — 1[. Let Q be a bounded open
Lipschitz subset of R™. Let Q1 be a nonempty open subset of R"™ such that
cl C Q. Let
§* = diam(Q), 6, =min{|t —s|: t € clQy,s € 0OQ}. (4.1)

Then the restriction of Plh, @] to clQy belongs to CJ (clQy) for all (h,¢) €
HA(6,,0%) x CF(cl2).

Moreover, the map from H*P(6,,6%) x C3 (cl) to CJ ,(cl) which
takes (h, @) to Plh, ¢ljaq, is bilinear and continuous.

Proof. We first prove that if m € N\{0} and if (h,p) € H»?(,,86*) x
C™(cl), then P[h, p]jcq, € C™(clQ) and
9°Plh, ¢)(z) = P[h,0%¢(x)

n Br—1

=N ok ook {/ h(z —y)
o0

k=1 1,=0
X (B0 10 B 1 0 () (v () do—y} @)

for all z € cl)y and for all § € N™ such that || < m, where we understand
that Zi’“;ol is omitted if 8, = 0. We proceed by induction on m. If m =1,
then the statement follows by Lemma 3.7. Next we assume that the statement
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holds for m and we prove it for m+ 1. Let (h, p) € H*?(d,,6%) x C™F1(clQ).
By the inductive assumption, we have Plh, gT@thlQl € C™(cl)y) for all
J € {1, . ,’ﬂ}. Since h|cHE§.,L(O,6*)\]B"(0,5*) S Cm(cl]Bn(O,d*)\IB%n(O,é*)) and ©,
(vq); € C°(09), the classical differentiability theorem for integrals depend-
ing on a parameter implies that the second term in the right hand side of
formula (3.8) defines a function of class C™ (cl€2;). Then formula (3.8) implies
that %P[h, ©lje10, belongs to C™(cly). Hence, Plh, ¢]jaq, € C™ T (cl).
Next we prove the formula for the derivatives by following the lines of the cor-
responding argument of [20, p. 856]. We first prove the formula for 9% = 8fj
by finite induction on the length of 3;. Then we prove the formula for
0° = 8511 65; by finite induction on j € {1,...,n}. As a consequence,
the formula holds for || < m + 1. For the details, we refer to [20, p. 856].

If (h, ) € H P (8,,0%)x O (clfY), then by applying the above statement
for all m € N\{0} we deduce that P[h, ]cq, belongs to C*°(cl€2;) and that
formula (4.1) holds for all order derivatives.

We now assume that (h,¢) € H ?(8,,5%) x C? ,(c12) and we turn to
estimate the supnorm in cl€); of the double summation in the right hand
side of (4.2), which we denote by I. To do so, we abbreviate by I(k,l) the
(k,lx)th term in the sum I, and we estimate the supremum of I(k,l;) in cl€;.
We can clearly assume that Gy > 0. Then we have

sup [I(k,l;)| = sup 85:5 5‘5:I;8;’;{AQ h(z —y)

clQy xecly

< BB 11 9B o) (v)ely) doy}\

Bn & I —1-1 ,
< /8 s D8 00 Ol (O |0 0kt L O oly) | doy,

where A = {z —y: z € clQy, y € 9N}. Since h € HM(6,,*), we have
(B + -+ & Bregr + 1)’

sup 85'6: ...55k+laé];h(f)‘ < ||hHHNP(6*,6*)

ce Ekt1 pﬁn+~--+ﬁk+1+lk
Moreover,
Br—1—ly 2Bk 8 B+ 4 Br—1+ 0 — 1 —1i)!
‘aylf kay:—ll e 8@!11S0(y)1 = ||¢||Cgp(ClQ) pﬂ1+"'+ﬁk_1+ﬁkflflk ’

for all y € cl€2. Then we have

sup (K, le)| < mn—1(OQ)[| 2] a5, .64 [l c10)
cliiy

Bt 4 Ben + W) B+ 4+ Ber + B — 1 = I)!
plBI=1 ’

(4.3)

X

where m,,_1(0€2) denotes the (n — 1) dimensional Lebesgue measure of 9f.
Next we note that

my!lma! < (my + ma)!,
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Analytic Dependence of Volume Potentials

for all m1, mo € N. Indeed,

1< mi + mo _ (m1 +m2)'
- mi ml!mgl ’

Then (4.3) implies that

Bl —1)!
sup (K, L)l < mn—1(0Q)[[h]l g s, 54 1@l (0 a(lpﬂml
clfy
Hence,
18!
sup | < npmy—1(0Q) ||l re (s, 5% <PHcg,p(cm)T|ﬁ|o (4.4)
cly

By Proposition 3.4 (iii), we have

(diam ()"

—A
PR, 0° @]l e () < Sn —\ Hh||A§(6*)||6ﬁ<PHL°°(Q)~ (4.5)

Then equality (4.2) and inequalities (4.4) and (4.5) imply that there exists
C €]0, 4o0[ such that

10°Ph, @lia, L2 (@) < ClBl (s, )

18! n
<P\|cgyp(cm)m VB e N”,
for all (h, ) € HM(6,,0%) x Cg7p(le). O

Proposition 4.2 can be applied in case h is replaced by a fundamental
solution of a second order elliptic operator. As shown in John [15], if S is a
fundamental solution of a second order elliptic operator and if 6 €]0, +o0],
then

a8
sup |S ()] |z|" 2 < +oo, sup — ()] |z|" < +oo,
+€B,,(0,6)\{0} z€B,(0,6)\{0} | 0T;
forall j € {1,...,n}, if n—2>0, and
a8
sup |S(x)||=['/? < oo, sup | o—(2)| |2/* < 400,
+€B,,(0,6)\{0} 2€B,(0,6)\{0} | 0T;

forall j € {1,...,n}, if n—2 = 0. Moreover, S is analytic in R”\{0}, and the
classical Cauchy inequalities for the derivatives of S on a compact set imply
that S € CQ (cIB,(0,02)\B,,(0,61)) for all 61, d2 €]0, +o0| such that &; < dy
and for p €]0, +oo| sufficiently small (cf. e.g., John [14, p. 65]). Hence,

S € HPn=23}10(5, 4,).

Thus if we plan to apply Proposition 4.2 with h replaced by a fun-
damental solution of a second order elliptic operator, we can choose A =
max{n — 2, $}.
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5. A Real Analyticity Result for Volume Potentials
Corresponding to Analytic Families of Fundamental
Solutions

We now exploit Proposition 4.2 of the previous section in order to analyze
the analytic dependence of the volume potentials of (1.2) upon (k,¢) both
under the assumption (1.1) and under the following assumption.

Let kg € O. Let 41,92 €]0, +00[, 61 < d2. Then (5.1)
there exist p €]0, 4o00[ and an open neighborhood V,;, of kg in O
such that the map from V,, to Hmax{”%’%}’p(él, 02), which takes
K to S(-, K)|cIB,, (0,5,)\{0} 1S real analytic.
Then we are ready to deduce the validity of the following.

Theorem 5.1. Let n € N\{0,1}. Let Q be a bounded open Lipschitz subset of
R™. Let 1 be an open subset of R™ such that clQy C Q. Let assumption (1.1)
hold. Let assumption (5.1) hold with 01 = 0., 62 = 6* [see (4.1)]. Then the
map from Ve, x CO (clQ) to CF (cIQ) which takes (k, @) to Pxleljaq, is
real analytic [see (1.2)].

Proof. Let 61 = 6., 02 = 6* be as in (4.1). Let p, Vi, be as in (5.1). Then
assumption (1.1) implies that the map from V,, to H™»{n=23}br(§, §*)
which takes & to S(-, )|, (0,6.))\{0} is real analytic.

By Proposition 4.2, the map from H™a<{n=2.3}.2(5, §*) x CY (1)
to C9 ,(clQ;) which takes (h, @) to P[h, ¢jaq, is bilinear and continuous.

Since a composition of real analytic maps is real analytic, the map from
Vieo X CJ (1) to G2, (clQ;) which takes (r, ¢) to

Pn[@]\clﬁl = P[S(7 ’i)a 90]\0191
is real analytic. O

If the Banach space K of assumption (1.1) coincides with R™* for some
n1 € N\{0}, then the condition in (5.1) can be relaxed and replaced by the
following.

Let ko € O. Let 62 €]0, +oo[. Then there exists an open (5.2)
neighborhood Vj,, of kg in O such that the map from V,
to Al

max{n—2,3

}((52) Wthh takes K to S(, ’i)\can(O,ég)\{O}
is real analytic.

Indeed, in such a case, the real analyticity of the map which takes
t0 S(-, K)|ciB,, (0,62)\B, (0,6,) from Vi to Cg,p((cHB%n(O, 02))\B(0,01)), for some
p €]0, +o0], is guaranteed by Proposition A.1 of the Appendix as long as V,;,
is bounded. Then we have the following.

Theorem 5.2. Let n € N\{0,1}, ny € N\{0}. Let assumption (1.1) hold
with K = R™. Let kg € O. Let Q be a bounded open Lipschitz subset of
R™. Assume that condition (5.2) holds with 62 = diam(f?), and that Vi, is
bounded, and that clV,,, C O. Let ; be an open subset of R™ such that cl{2y C
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Analytic Dependence of Volume Potentials

Q. Then there exists p €]0,+o00| such that the map from Vi, x CJ ,(clQ) to
CY ,(cl) which takes (k, @) to Pelpljaq, is real analytic [see (1.2)].

Proof. Let 0., 6* be asin (4.1). Let W = B,,(0,6*)\clB, (0, d.). Since S is real
analytic on Ox (R™\{0}) and cl(V;, x W) is a compact subset of O x (R™\{0}),
there exists p; €]0, 400 such that Slel(Viy xw) € C&m (cl(Viy x W)). Let
p €]0,p1[. Then by Proposition A.1 of the Appendix, the map from V,,
to CJ ,(cIW) which takes & to S(-,%)cw is real analytic. Then by taking
d1 = 0x, 02 = 0%, our assumptions imply that condition (5.1) holds, and thus
Theorem 5.1 implies the validity of the statement. O

6. Applications

6.1. A Family of Fundamental Solutions for Second Order Elliptic Partial
Differential Operators

In the following Theorem 6.1 we introduce a family of fundamental solutions
for second order elliptic partial differential operators. For the construction of
such a family we refer the reader to [7, Thm. 5.5], where the case of quaternion
coefficient partial differential operators is considered (see also [5] for the case
of real coefficients). Then the validity of Theorem 6.1 can be deduced by the
embedding of C in the quaternion algebra H, by the basic multiplication rules
of the quaternion units, and by standard properties of real analytic functions.

Theorem 6.1. Let n € N\{0,1}. There exist a real analytic function A from
0B, (0,1) xR x & to C, and two real analytic functions B and C' from R™ x &£
to C such that the function E(-,a) from R™\{0} to C, defined by

E(z,a) = |z|* " A(x/|z], |z|,a) + B(x,a)log |z| + C(z,a) Va € R™\{0},

is a fundamental solution of Pla, D] for all a € £. Moreover, the functions
B and C are identically equal to 0 if n is odd.

Then one can verify that the function S = E of Theorem 6.1 satisfies
condition (1.1) with K = CN2» and O = &, and a(-) equal to the identity
function from & to itself. We now show that S = E satisfies also the condition
n (5.2). To do so we prove the following.

Proposition 6.2. Let n € N\{0,1}. Let ag € €. Let Va, be an open bounded
neighborhood of ag in € such that clVa, C E. Let 03 €]0, +oo[. Then the map
from Va, to Arlnax{n72,%}(62) which takes a to E(-,a)|(m, (0,5,))\{0} S real
analytic.

Proof. Let A, B, and C be as in Theorem 6.1. Then there exist an open
neighborhood Wyg, (0,1 of 0B,,(0,1) in R™ and a real analytic function A
from Wag, (0,1) x R x & such that A|BBn(071)XRxg = A (cf. [7, §4]). Let
Vag, (0,1) be an open bounded neighborhood of 9B, (0, 1) with clVag, 9,1y €
Wag,.(0,1)- By the classical Cauchy inequalities for the derivatives of ana-

lytic functions, there exists p’ €]0, +o00[ such that A|01V813n(0,1) X[~62,65]xcVag €
CY ,/(cVag, (0,1) X [~02,82] X clVa,) (cf. e.g., John [14, p. 65]). Let p €0, p'[.

;"‘: Journal: 20 Article No.: 2236 [_] TYPESET [_] DISK [_]JLE [_] CP Disp.:2015/4/21 Pages: 23‘




Author Proof

491

492

493

494
495

497

498
499
500
501

502

503
504
505
506
507
508
509
510
511
512

513

514

515

516

517
518
519

520

521

522
523
524
525

M. D. Riva et al.

Then Proposition A.1 of the Appendix implies that the map from Va, to
C’g_’p(clvagn(oﬁl) X [—02, 62]) which takes a to A(-, -, a)\clVaEnw,l)X[—éméz] is real
analytic. Then we observe that the map from G2 (cIVyg, (0,1) X [—02,d2]) to
Al (02) which takes a function F to the function |z|?>~" F(x/|xz|, |z|)

max{n—2,1}
of z € (cIB,(0,02))\{0} is linear and continuous. As a consequence, we con-
clude that the map from V,, to A} (n_2,1 }(62) which takes a to the function

22" A(z/|z|, |z, a) = |z|> " A(x/|z|,|z],a) of z € (cIB,(0,d2))\{0} is real
analytic. Slmllarly one shows that the maps from Va, to A! (n2,1 }((52)
which take a to the function B(z,a)log|x| of x € (cIB,(0,d2))\{0} and to
the function C'(z,a) of z € (cIB,,(0,d2))\{0} are real analytic. Now the va-
lidity of the proposition follows by Theorem 6.1 and by standard calculus in

Banach spaces. O

6.2. Families of Fundamental Solutions for the Helmholtz Operator

We now consider two specific families of fundamental solutions for the Helm-
holtz operator A+ with A € C\{0}. Such families have been exploited in [22]
to study a singularly perturbed Neumann eigenvalue problem for the Laplace
operator. As we shall see, the first family consists of functions which can be
extended to entire holomorphic functions of the variable A € C when the
spatial variable x is fixed. Instead, the second family consists of fundamen-
tal solutions which satisfy a Bohr-Sommerfeld outgoing radiation condition
corresponding to a suitable choice of a square root of .

We start by introducing the holomorphic family, which we denote by
S,EW. Here the subscript h stands for ‘holomorphic’. To do so, we need the

following notation. We denote by J# the function from C to C defined by

_ o (=172 (1/2)%(1/2)”
Ji(z) = ZO S ETES) Vz € C,

it v e C\{—j: j € N\{0}}, and by

Lo (1)7E(1/2)%(1/2)
Ji(z) = ;V ESVITETES) Vz € C,

if v € {—j:j € N\{0}}. Then J(z) is well known to be an entire function of
z € C for all fixed v € C and 2”J4(22) is the Bessel function of the first kind
of index v. Moreover, if v € N, then we set

NB(z)Efg Z wzﬂ'(l/m?y’

T !
0<j<v—1 J

o JZJ 1/2)2J(1/2) 22%+ 3 % vz e C.

w
(v +5)! 0<i<j © j<I<jtv

As one can see, also Nf(z) is an entire holomorphic function of the
variable z € C for all v € N, and 2(logz — log2 + 7)J,(2) — 2 N}(2?)
coincides with the Bessel function of the second kind and index v for all
z € C\] — 00,0]. Here log is the principal branch of the logarithm and = is
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the Euler-Mascheroni constant. Then we have the following proposition (for
a proof, see e.g., [22]).

Proposition 6.3. Let n € N\{0,1}. Let
_ nl=(n/2)9=1=(n/2) if n is even,
T (=D Al ) if n is odd.

Let SfL,n(-, -) be the map from (R™\{0}) x C to C defined by

2 n—2
b 2

f _
Sh,n(m7A) = +|:1:|2 ”Nﬁ (/\|x\ )} if n is even,

n2 (Alz]?) log |z

by |z~ "JE%()\M ) if n is odd,

for all (z,\) € (R"\{0}) x C. Then Sg,n(")\) is a fundamental solution of

A+ X for all A € C. Moreover, the function Sg7rb(z, -) is holomorphic in C
for all fized x € R™\{0}.

Now, one readily verifies that the function from (R™\{0}) x C to C which
takes (x, \) to S,ﬁl ,(x, A) is real analytic. Accordingly, the function S = Sh n
satisfies condition (1.1) with £ = O = C, and a(-) = (aq(-))|a|<2 defined by

1 if a=2e; with je{l,...,n},
aoN)=¢0 ifla|=1orif a=¢e; +e, with j,k € {1,...,n}, j#Ek,
A if jo| =0
(6.2)

for all A € C. Here {eq,...,e,} denotes the canonical basis of R". We now
show that S,ﬁl ,, verifies also the condition in (5.2). To do so we prove the
following.

Proposition 6.4. Let n € N\{0,1}. Let Ao € C. Let Vi, be an open bounded

neighborhood of Ao in C. Let §3 €]0,4o00[. Then the map from Vy, to the space
1
max{n—2,%}

(62) which takes X to Sg’n(-, A)|(clB,, (0,5:))\{0} %5 Teal analytic.

Proof. Assume that n is even. Then, by the classical Cauchy inequalities
for real analytic functions, there exists p’ €]0, +o00[ such that the function

from clVy, x clB, (0, d5) to C which takes (\,z) to A"z~ JL}L » (A\|z]?) belongs

to Cf ,/(clVy, x clB,(0,02)) (cf. e.g., John [14, p. 65]). Then let p €]0,p'[.

By Proposition A.1 of the Appendix, the map from Vy, to C ,(clB,(0,42))

which takes A to the function A*z" JE_, (A\z[2) of z € cIB,, (0, ) is real ana-
2

lytic. We also observe that the map from C3 ,(cIB, (0, 02)) to Ainax{n—Q,%} (02)

which takes a function F' to the function F(z)log|z| of z € (cIB,,(0,02))\{0}
is linear and continuous. Hence we conclude that the map from V), to

Al (85) which takes A to the function A"z" JE L (M) log |z| of

max{n—2,1}

x € (cIB,(0,02))\{0} is real analytic. Similarly one can show that the map
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from Vj, to Amax{n 21 }(62) which takes A to the function |z[2~"N*_, (A|z|?)

of z € (cIB,, (0, 62))\{0} is real analytic. Now the validity of the prop051t10n
for n even follows by standard calculus in Banach spaces. The proof for n
odd is similar and is accordingly omitted. O

We now turn to consider the family of fundamental solutions S,ii’n(~7 A),
where the subscript r stands for ‘radiation’. As well known in scattering
theory, if A € C\] — 00,0] and Im A > 0, then a function v € C*(R™\{0}) is

said to satisfy the outgoing (e2 °6*)-radiation condition if we have

Illjlgo|x\%1 (Du( )l | ze?logAu(a:)> =0.
Then we have the following (for a proof we refer the reader to [22]).

Proposition 6.5. Let n € N\{0,1}. Let vy, be the function from C to C defined
by setting

jnt2 e
—e "z b, if n is odd,

for all z € C, with b, asin (6.1). Let
S (@ N) = S) (2, ) + (27 log Ne T 10%&]jj . (Az]?) Vo e R™\{0},

—i4+ 2(z—log2+7)b, if n is even,
= { i )

Jor all X € C\] —00,0]. Then S, (-,\) is a fundamental solution of A+ X for

all X € C\]—o0, O] and satisfies the the outgoing (e2 '°&8 *)-radiation condition
for all X € C\] — 00, 0] with Im A > 0.

Then one verifies that the function from (R™\{0}) x (C\] — o0, 0]) to C
which takes (2, ) to S%, (, ) is real analytic.

Accordingly, the function S = S¥, satisfies condition (1.1) with K = C,
and O = C\] — 00,0}, and a(-) = (aa(-))|aj<2 With aq as in (6.2). Moreover,
the following Proposition 6.6 implies that S = Sﬁ’n satisfies also the condition
n (5.2). Its proof is similar to the one of Proposition 6.4 and is accordingly
omitted.

Proposition 6.6. Let n € N\{0,1}. Let )\0 € C\| — 00,0]. Let Vy, be an open
bounded neighborhood of Ao in C\] — 00,0]. Let d2 €]0,+00[. Then the map
from Vy, to Al (02) which takes A to S 1 (55 A (CIB,0 (0,62))\ {0} B8 Teal

analytic.

max{n—2,3}

6.3. An Application to Domain Perturbation Problems

The study of the dependence of the solution of a boundary value problem
upon regular and singular perturbations of the domain has long been investi-
gated by several authors and with many different approaches. So for example,
we mention Burenkov and Lamberti [1], Henry [12], Keldysh [16], Maz’ya et
al. [27], Sokolowski and Zolésio [35], and Ward and Keller [37]. We now briefly
outline an application of the results of the previous sections to an operator
which appears when dealing with the investigation of the dependence of the
solution of a boundary value problem upon perturbation of the coefficients
of the differential operator, of the domain, and of the data.
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So let assumption (1.1) hold and let £ be a bounded open Lipschitz
subset of R™. Suppose we are interested in studying the dependence of the
solution of a certain boundary value problem for the partial differential equa-
tion

Pla(k),Dju=¢ in ¥(Qy), (6.3)

upon &, ¢, and 9, where Q0 is a bounded open Lipschitz subset of R", k € O,
@ is a sufficiently regular function defined in cl2, and 1 a certain diffeomor-
phism of class C"™ from clQ2y onto ¥ (clQy) C Q. The set 24 represents a
‘base domain’ which is perturbed by means of the diffeomorphism . In or-
der to investigate the dependence of the solution on the triple (k, ¢, ), one
may need to convert the boundary value problem for the non-homogeneous
equation (6.3) defined on the varying domain 1(€4) into a boundary value
problem for an homogeneous equation defined on the fixed domain €. Thus,
as in [20], one may find useful to consider the composition P [p] o 1) of the
volume potential Py[p] with the diffeomorphism 1, and study the regular-
ity of the map which takes the triple (k,p, 1) to Pk[p] o 1. As observed in
the introduction, a convenient choice of the function space for ¢ in order to
ensure the real analyticity of such operator with the Schauder class C" as
target space is a Roumieu class.

Then, in the following proposition, by combining Theorem 5.1 and
Proposition A.2 of the Appendix, we deduce under suitable assumptions the
analyticity of the operator which takes the triple (k, ¢, ) to the composite
function P[] o .

Proposition 6.7. Let n € N\{0,1}. Let m € N\{0}, a €]0, 1[. Let assumption
(1.1) hold. Let 2, Q4 be bounded open Lipschitz subsets of R™. Let Qq be an
open subset of R™ such that c1Q); C Q. Let assumption (5.1) hold with §, = J.,
by = 6" [see (4.1)]. Then the map from Vi, x CO ,(cl2) x C™*(clQy, Q) to
C™(clQy) which takes (K, @, 1) to Pklp] o is real analytic [see (1.2)].

Appendix A.

We introduce in this appendix some technical results which we exploit in the
paper.

Proposition A.1. Let ny, ny € N\{0}. Let V, W be bounded open subsets of
R™ and R"2, respectively. Let p' €]0,4o00. Let H € CJ ,(cl(V x W)). Then
H(x,-) € C’g’p, (clW) for all x € clV. Moreover, if p €]0,p'[ then the map
from V to C (W) which takes z to H(x,-) is real analytic and

102 H(z, )lco aw) < HH”C&‘),(CI(VXW))‘O‘“/(Pl —p)l vz edy,

(A1)
for all a € N™.,
Proof. By the membership of H in G, (cl(V x W)) we have
2R H )| < 1Hllco ey (lal + 18D/ (A2)
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forallz € clV,y € clW, o € N™ and 8 € N"2. Then by taking a = (0, ...,0)
we deduce that H(z,-) € CJ ,(clW) for all z € clV. Now let p €0, o[ and
observe that

W _ <|a||;ﬁ|> (p’p—/p>“' (5/)'5' ml%!

(|a|;|lﬁ|> (P/p—/p>|a (2))5

lal+18| ) || +18]— j
|a+|ﬂ|>(p—p> (g)
S Z ( j p/ p/

and

3=0
o [l +[8]
(7))
Thus inequality (A.2) implies that
" ot |B]!
|8z85H(3:,y)| < ||H|‘Cg’p,(cl(VXW))(p,—7Wm

and the validity of (A.1) follows by the definition of || - [co (aw). Now the

real analyticity of the map from V to C9  (cIW) which takes z to H(x,-)
can be deduced by inequality (A.1) and by the classical Cauchy inequalities

for real analytic maps in Banach spaces (cf. e.g., Prodi and Ambrosetti [34,
Thm. 10.5]). d

Then we introduce the following slight variant of Preciso [32, Prop.
4.2.16, p. 51], Preciso [33, Prop. 1.1, p. 101] on the real analyticity of a
composition operator. See also [19, Prop. 2.17, Rem. 2.19] and the slight
variant of the argument of Preciso of the proof of [21, Prop. 9, p. 214]. Indeed,
bounded open connected Lipschitz subsets of the Euclidean space are easily
seen to be Whitney regular as requested by the statement of Preciso.

Proposition A.2. Let h,k € N\{0}, m € N. Let « €]0,1], p > 0. Let Q,
be bounded open subsets of R, R, respectively. Let Q' be a Lipschitz subset.
Then the operator T defined by

TG ¥l =Cod
for all (¢, ¥) € CF ,(cl2) x C™*(clY', Q) is real analytic from the open subset
CY () x C™(cIY, Q) of CF ,(cl2) x C™*(cIQ,R") to C™*(cl').
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