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Abstract: The complex and unsteady aerodynamics of vertical axis wind turbines (VAWTs) pose
significant challenges for simulation tools. Recently, significant research efforts have focused on the
development of new methods for analysing and optimising the aerodynamic performance of VAWTs.
This paper presents an electric circuit model for Darrieus-type vertical axis wind turbine (DT-VAWT)
rotors. The novel Tchakoua model is based on the mechanical description given by the Paraschivoiu
double-multiple streamtube model using a mechanical-electrical analogy. Model simulations were
conducted using MATLAB for a three-bladed rotor architecture, characterized by a NACA0012 profile,
an average Reynolds number of 40,000 for the blade and a tip speed ratio of 5. The results obtained
show strong agreement with findings from both aerodynamic and computational fluid dynamics
(CFD) models in the literature.

Keywords: wind energy; Darrieus turbines; vertical axis wind turbine; modelling; electric circuit
model; aerodynamic characteristics; performance analysis; Tchakoua model

1. Introduction

Darrieus-type vertical axis wind turbines (DT-VAWTs) are nonlinear systems that operate
in turbulent environments. Therefore, it is difficult to accurately characterize their aerodynamic
rotor behaviour across a wide range of operating conditions using physically meaningful models.
Commonly used models are either derived from wind turbine data and are presented in a “black box”
format or are computationally expensive. Indeed, most of these models lack both conciseness and
intelligibility and are therefore prohibitive for the routine engineering analyses of the local interaction
mechanisms of wind turbines. Furthermore, none of the models with high reliability and accuracy can
be efficiently coupled with models of the other mechanical and electrical parts of the wind turbine to
form a global model for the wind energy conversion system (WECS).

Models are of central importance in many scientific contexts and are one of the principal
instruments of modern science. Scientists spend considerable time building, testing, comparing
and revising models, and many scientific publications are dedicated to introducing, applying and
interpreting these valuable tools. The use of electrical circuit elements to model physical devices and
systems has a long and successful history. Additionally, understanding analogies and constructing
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an analogue model for a given system allows the system to be studied in an environment other
than that for which it is intended [1–3], thereby facilitating the study of specific system phenomena.
Moreover, a model based on electrical components is accessible and quickly understood by researchers
from almost all engineering fields. This wide understanding is of great importance because research
and development in the wind turbine industry requires competencies from several different fields of
engineering. Furthermore, the equivalent electrical model can take advantage of existing resources
by simultaneously capitalizing on the strengths of these resources and minimizing their respective
drawbacks. In addition, such a model can be a good tool for simulating wind turbine rotor operation
in the case of physical damage or structural faults on one or more blades. Finally, because electrical
and other dynamic models for other parts of the wind turbine have been developed [4–11], this new
rotor model can easily be linked to existing models to create an overall wind turbine model.

This paper presents an electric circuit model for three-blade DT-VAWT rotors that we named the
Tchakoua model. This model is based on a recently developed approach for modelling DT-VAWT
rotors using the equivalent electrical circuit analogy that is presented in [12–14]. The proposed model
was built from the mechanical description given by the Paraschivoiu double-multiple streamtube
model and was based on an analogy between mechanical and electrical circuits. Thus, the rotating
blades and the blades’ mechanical coupling to the shaft are modelled using the mechanical-electrical
analogy, and the wind flow is modelled as a source of electric current.

This paper is organized as follows: Section 2 presents the context of the work and the methodology
used for building the model; Section 3 presents the theoretical background and the model construction;
the results are presented and discussed in Section 4; and Section 5 concludes the paper.

2. Context and Method

2.1. Context

Due to their compactness, adaptability for domestic installations, omni-directionality, and other
advantages, VAWTs have recently become the focus of renewed interest. Several universities and
research institutions have conducted extensive research and developed numerous designs based on
aerodynamic computational models [15–17]. For example, the on-going studies at the University of
Québec at Abiti-Témiscamingue could construct a new model that is more appropriate for the design
and further conceptual analysis focusing on operational optimization, condition monitoring, and fault
prediction and detection of DT-VAWT rotors. Figure 1 shows the “Cap d’Ours” three-blade VAWT that
serves as a teaching and research tool at the University of Québec at Abitibi-Témiscamingue.
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Figure 1. “Cap d’Ours wind turbine”, a curved, three-blade, Darrieus-type VAWT.

Several advances have been made in the understanding and modelling of wind turbine
aerodynamics. Various models for VAWT aerodynamic simulation can be found in the literature.
These models can be broadly classified into four categories: momentum models, vortex models, cascade
models and computational fluid dynamic (CFD) models. A literature survey on the most used models
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was conducted in [12,14]. Aerodynamics are still unable to meet the demands of various applications,
although the streamtube and vortex models have seen significant improvements. However, as with
all knowledge, our understanding of aerodynamics is not absolute and can be viewed as tentative,
approximate, and always subject to revision. For instance, CFD solutions remain very computationally
expensive and are prohibitive for routine engineering analyses of the local interaction mechanisms of
wind turbines. Furthermore, none of the models with high reliability and accuracy can be efficiently
coupled with the models of the other mechanical and electrical parts of the wind turbine to create a
global model for the wind energy conversion system (WECS).

To overcome these problems, this paper presents a DT-VAWT model that is built using electric
components. The Tchakoua model is a circuit-based model that is advantageous because it allows
an electrical engineer to visualize and understand the working principles and the aerodynamics
underlying the VAWT rotor functions and behaviour in a connected circuit better than a black box
or a complex equation. Indeed, wind energy is a multidisciplinary domain with increasing research
in the field of electrical engineering. Furthermore, the Tchakoua model could be linked to existing
electric models of other mechanical and electrical parts of a wind turbine to form a global model for
the WECS. Such a global circuit-based model for WECS will help users to understand the effects of
various parameters on the aerodynamic blade forces and the effects of rotor structural faults on the
overall WECS performance. According to [18–20], this model will contribute to constructing a global
model that can be used to develop or improve the overall condition monitoring technique for WECS.
Overall WTCM approaches include performance monitoring, power curve analysis, electrical signature,
and supervisory control and data acquisition (SCADA) system data analysis. Compared to subsystem
condition monitoring techniques, global system condition monitoring techniques are nonintrusive, low
cost and reliable; global monitoring techniques can be used in online monitoring to reduce downtime
and OM costs [21–23]. Finally, the new model is very versatile and may therefore permit the study
of various effects and phenomena, including dynamic stall effects, flow curvature effects, pitching
circulation, added mass effects, interference among blades, and vibration effects.

2.2. Method: The Mechanical-Electrical Analogy Approach

Analogies are of greatest use in electromechanical systems when there is a connection between
mechanical and electrical parts, especially when the system includes transducers between different
energy domains, such as WECS.

Mechanical-electrical analogies are used to represent the function of a mechanical system as
an equivalent electrical system by drawing analogies between mechanical and electrical parameters.
The main value of analogies lies in the way in which mathematics unifies these diverse fields of
engineering into one subject. Tools previously developed for solving problems in one field can be
used to solve problems in another field. This is an important concept because some fields, particularly
electrical engineering, have developed rich sets of problem-solving tools that are fully applicable to
other engineering fields [24]; for example, there are simple and straightforward analogies between
electrical and mechanical systems. Furthermore, analogies between mechanical systems and electrical
or fluid systems are effective and commonly used.

Two valid techniques for modelling mechanical systems with electrical systems or for drawing
analogies between the two types of systems can be found in the literature, and each method has its
own advantages and disadvantages [25–28]. The first technique is intuitive; in this technique, current
corresponds to velocity (both consist of motion), and voltage corresponds to force (both provide a
“push”). The second technique is the through/across analogy that uses voltage as an analogy for
velocity and current as an analogy for force. The two schools of thought for modelling mechanical
systems with electrical systems are presented in Table 1. Although both are valid, the through/across
analogy results in a counterintuitive definition of impedance [24,29,30]. The universally applied
analogy for impedance is that from the intuitive analogy listed in the corresponding section of Table 1.
Therefore, the intuitive analogy is used in the present study.
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Table 1. System analogy used for developing the new model.

Topology-Preserving Set (Book’s Analogy)
Intuitive Analogy Set

⇐==⇒ Intuitive Stretch ⇐==⇒ Topology Change
Description Trans Mech Rot Mech Electrical Thermal Fluid Trans Mech Rot Mech Description
“Through”

variable f (force) τ (torque) i (current) φ (heat flux) q (flow) v (velocity) ω (angular
velocity) Motion

“Across”
variable v (velocity) ω (angular

velocity) ν (voltage) T, θ p (pressure) f (force) τ (torque) Push (force)

Dissipative
element v = 1

B f ω = 1
Br

τ v = iR θ = φR p = qR f = vB τ = ωBr
Dissipative

element
Dissipation f 2 1

B = v2

1/B τ2 1
B = ω2

1/B i2R = v2/R N/A q2R = p2/R v2R = f 2/R ω2Br = τ2/Br Dissipation

Through-variable
storage element

v = 1
K

d f
dt or∫

vdt = 1
K f

ω = 1
Kr

dτ
dt or∫

ωdt = 1
Kr

τ
v = L di

dt N/A p = I dq
dt

f = M dv
dt

(one end must
be “grounded”)

τ = J dω
dt

(one end must
be “grounded”)

Motion storage
element

Energy E = 1
2

1
K f 2 E = 1

2
1

Kr
τ2 E = 1

2 Li2 E = 1
2 Iq2 E = 1

2 Mv2 E = 1
2 Jω2 Energy

Impedance Standard definition is
shown to the right V (s) = I (s)Ls P (s) = Q (s) Is F (s) = V (s)Ms T (s) = Ω (s) Js Impedance

Across-variable
storage element

f = M dv
dt

(one end must
be “grounded”)

τ = J dω
dt i = C dv

dt

φ = C dθ
dt

(one end must
be “grounded”)

q = C dp
dt (one end

is usually
“grounded”)

v = 1
K

d f
dt or∫

vdt = 1
K f

ω = 1
Kr

dτ
dt or∫

ωdt = 1
Kr

τ

Push (force)
storage element

Energy E = 1
2 Mv2 E = 1

2 Jω2 E = 1
2 Cv2 E = CT(not

analogous) E = 1
2 Cp2 E = 1

2
1
K f 2 E = 1

2
1

Kr
τ2 Energy

Impedance

The standard definition of
mechanical impedance is the one

on the right, based on the
intuitive analogy

V (s) = I (s) I
sC Θ (s) = Φ (s) 1

sC P (s) = Q (s) 1
sC F (s) = V (s) K

s T (s) = Ω (s) Kr
s Impedance
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3. Model Construction

3.1. Theoretical Background

DT-VAWTs are lift-based machines, i.e., their driving torque is mainly generated by the lift
force, and they consist of two or more aerofoil-shaped blades attached to a rotating vertical shaft.
The interaction between the wind and the rotating blades creates a system of lift and drag forces over
the blades themselves. The instantaneous resultant of these forces is dominated by the lift effect that
is responsible for the aerodynamically generated mechanical torque. If we consider a Darrieus-type
VAWT, as shown in Figure 2, the aerofoil blade is characterized by the height 2H, the rotor radius R,
the number of blades Nb = 3 and the blade chord c. For a given point on any of the blades, r and z are
the local radius and height, respectively. When the rotor is subject to an instantaneous incoming wind
speed W0(t), it turns at a rotational speedω(t).
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Figure 2. Schematic of a curved, three-blade DT-VAWT.

Figure 3 shows the aerodynamic forces and the three velocity vectors acting on DT-VAWT blade
elements at a random position [31,32]. FL and FD are the lift and drag force, respectively. As the blade
rotates, the local angle of attack α varies with the relative velocity Wr. The incoming wind speed W0

and the rotational velocity of the blade ω govern the orientation and magnitude of Wr [33,34]. In turn,
the forces FL and FD acting on the blade vary. The magnitude and orientation of the lift and drag forces
vary along with the resultant force. The resultant force can be decomposed into a normal force FN
and a tangential force FT. The tangential force component drives the rotation of the wind turbine and
produces the torque necessary to generate electricity [35].
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A new approach for modelling DT-VAWT rotors using the electric-mechanic analogy was
presented in [12–14]. These works provide a proof-of-concept demonstration of the approach and
verify the feasibility of such a model through step-by-step demonstrations of the theoretical and
practical concepts that underpin the new model as well as simulations and cross-validation of a
single-blade model.

3.1.1. Wind Flow as a Current Source

As stated in [12,14], an analogy can be made between the wind flow in a streamtube and an
electric current. If the incident wind flow is assumed to be an electric current, then the wind’s relative
dynamic pressure flow can be defined as q = 1

2 ρW2
rb (where q is given in N/m2 and the fluid density

ρ is given in kg/m3), which is the energy of the wind due to its velocity, that can be considered an
electric energy source. Thus, the instantaneous expression of the current source that represents the
relative wind seen by the blade is as follows:

iw(t) =

{
Ψusin (ωt + 2α) for − π/2 ≤ θ ≤ π/2
Ψdsin (ωt + 2α) for 3π/2 ≤ θ ≤ −π/2

(1)

where Ψ = 1
2 ρW0

2
((

ωR
W0

+ sinθb

)2
+ (cosθb)

2 (cosη)2
)

and α = tan−1
(

cosθbcosη
λi+sinθb

)
+ δ.

Ψ is the modulus of the current flow that varies with the rotational angle of the blade. For the
Double-multiple multi-streamtube model shown in Figure 4, the modulus of the corresponding current
in the downwind disk is slightly lower than that in the upwind disk (Ψd ≺ Ψu).
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Figure 4. Double-multiple multi-streamtube model.

As described in [12,14], the airflow in a streamtube can be compared to wind flow on a thin flat
disc that is parallel to the airstream. In such conditions, the resistance to the airflow due to air friction
on both sides of the plate is minimal, and the wind driving pressure difference from one point of
the streamtube to another is approximately zero. Thus, the resistance to wind flow is zero, meaning
that the electric resistance parallel to the current source tends to infinity such that the total current
produced by the current generator flows in the blade. The improved equivalent electric model for
wind flow in a double-multiple multi-streamtube model is shown in Figure 5.
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Figure 5. Electric circuit model for wind flow.

3.1.2. Electric Circuit Model for a Single Blade

The aerodynamic force coefficients acting on a cross-sectional blade element of a Darrieus
wind turbine are shown in Figure 6. The directions of the lift and drag coefficients as well as their
normal and tangential components are illustrated in this figure. The effort variable is voltage, while
the flow variable is electrical current. The ratio of voltage to current is the electrical resistance
(Ohm’s law). The ratio of the effort variable to the flow variable in other domains is also described
as resistance. Oscillating voltages and currents with a phase difference between them provide the
concept of electrical impedance. Impedance can be considered an extension to the concept of resistance:
resistance is associated with energy dissipation, while impedance encompasses both energy storage
and energy dissipation.
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We consider a complex coordinate system as shown in Figure 6, where the vertical axis is assumed
to be real and the horizontal axis is assumed to be imaginary. Then, the lift and drag coefficients can be
written as follows: (

CL
CD

)
=

(
CLcosϕ + jCL

sinϕ
cosη

CDsinϕ− jCD
cosϕ
cosη

)
(2)

The total impedance for a blade element is obtained by adding the elementary lift and drag
impedances. We can then write:

ZB = RB + jXB = ZN + jZT (3)

where (
ZN

ZT

)
=

(
RB

XB

)
=

(
RL + RD

XL − XD

)
(4)
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and


RL

RD

XL

XD

 =



n
∑

i=1
ciziCLicosϕi

n
∑

i=1
ciziCDisinϕi

n
∑

i=1
ciziCLi

sinϕi
cosηi

n
∑

i=1
ciziCDi

cosϕi
cosηi


(5)

where RLi and XLi are the resistive and inductive components of the lift impedance, respectively,
while RDi and XDi are the resistive and inductive components of the elementary drag impedance,
respectively. Because CLi varies with the angle of attack α, RLi and XLi correspond to a variable resistor
(RLi = f (αi)) and a variable inductor (XLi = f (αi)), respectively. Similarly, because CDi varies with
the angle of attack α, RDi and XDicorrespond to a variable resistor (RDi = f (αi)) and a variable
capacitor (XDi = f (αi)), respectively.

Figure 7 shows the enhanced equivalent electric model of a single blade. The normal and
tangential voltages produced by the blade can be expressed as follows:(

VN

VT

)
=

(
ZN Iw

ZT Iw

)
=

(
RBei0

XBeiπ/2

)
(Ψ∠2α, Ψ∠2α) =

(
ΨRB∠2α

ΨXB∠2α+ π
2

)
(6)
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The variation of the lift, drag and normal resistances as well as those of the lift, drag and tangential
reactances are shown in Figures 8 and 9, respectively [14]. These resistances and reactances are obtained
considering a blade element; therefore, they are given per unit of blade height.

Following the laws of electrical circuit analysis, the branch with RW→∞ can be assumed to be an
open circuit, and the total voltage across a blade can be obtained from the algebraic sum of the lift and
drag voltages. We can then write:

VB = Iw × ZB = Iw ×
(
ZN + jZT

)
= VN + VT (7)

When the blade is turning, the elementary work (or elementary amount of mechanical energy)
is produced when an elementary force is exerted on an elementary linear distance rdθ covered by
the blade. Furthermore, because the torque varies with the azimuth angle of the blade, the torque
produced by a blade element is obtained by integrating with respect to the rotational angle. Then, the
total torque produced by the entire blade for a complete revolution of the turbine is obtained by adding
n discrete elementary torques over the full height of the rotor:

TB =
n

∑
i=1

TBi =
n

∑
i=1

 ri
2π

2π∫
0

ΨXBidθ

 =
1

2π

∫ 2π

0

(
n

∑
i=1

riΨXBi

)
dθ. (8)



Energies 2016, 9, 820 9 of 20

The final expression of the total torque is then obtained;

TB =
1

2π

∫ 2π

0
Ψ

(
n

∑
i=1

ricizi

(
CLi

sinϕi
cosηi

− CDi
cosϕi
cosηi

))
dθ. (9)
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Figure 8. Lift, drag and normal resistance variations as functions of the angle of attack.
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Figure 9. Lift, drag and tangential reactance variations as functions of the angle of attack.

3.2. Electric Circuit Model for the Blades’ Mechanical Coupling to the Shaft

The wind turbine shaft is connected to the centre of the rotor; this shaft supports the rotor
(hub and blades) and transmits the rotary motion and torque moments of the rotor to the gearbox
and/or generator. When the rotor spins, the shaft spins as well. In this way, the rotor transfers its
rotational mechanical energy to the shaft and then to an electrical generator on the other end. If we
assume that the rotor’s mechanical coupling to the shaft is ideal, then it would be electrically equivalent
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to an ideal transformer. Figure 10 shows the equivalent electric diagram for a single blade coupled to
the shaft.
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At this stage of the WECS (shaft), we no longer consider fluid mechanics; instead, we address
translation and/or rotation mechanics. Assuming an ideal autotransformer, the voltage at the primary
side is equal to that at the secondary side, i.e., VSi = VTi. The current produced by the source
corresponds to the relative wind seen by the blades at any moment. That is, for each blade:

IB = Iw =
1
2

ρV0
2

((
ωR
V0

+ sinθb

)2
+ (cosθb)

2 (cosη)2

)
ej2(ϕ+δ) (10)

IB = Ψej2α (11)

where Ψ = 1
2 ρW0

2
((

ωR
W0

+ sinθb

)2
+ (cosθb)

2 (cosη)2
)

and α = tan−1
(

cosθbcosη
λi+sinθb

)
+ δ.

We can then obtain:
VT = ΨXBei(2α+π/2). (12)

Because the mechanical coupling of a single blade i to the shaft can be modelled as an ideal
autotransformer, we can then write: {

VTi = VSi
ITi = ISi

(13)

Assuming that the rotor mechanical coupling of three blades to the shaft is ideal, this coupling
can be electrically modelled as multiple ideal primary transformers, as shown in Figure 11.Energies 2016, 9, 820    11 of 21 

 

 

Figure 11. Rotor coupling of three blades modelled as an electric transformer. 

The windings of the corresponding transformer are made so that the following is true: 

31 2

1 2 3

TT T R

R

VV V V

a a a a
     (14) 

Because we have  1 2 3 Ra a a a   , we can write: 

1 2 3R T T TV V V V  
   

  (15)

The voltage at the secondary of the transformer can be obtained by vector addition of the three 

primary  voltages  because  1TV


,  2TV

  and  2TV


  have  variable moduli  and  phases while  the  phase 

difference from one blade to another remains constant. At any instant, the three voltages behave as if 

in an unbalanced three‐phase system. 

As  suggested  in  the  intuitive  analogy,  the  rotational  speed  of  the  shaft  ω  is  analogous  to  the 

electrical current. Finally, the rotational speed of the shaft can be assumed to be equivalent to the electric 

current at the secondary of the transformer, i.e., IS = ω. We can therefore write the following relations: 

1 2 3

1 2 3 3

S S S S

S S S

I I I I

I I I




   



  

  (16) 

4. Results and Discussion 

4.1. Electric Circuit Model for Three‐Blade DT‐VAWT Rotors: The Tchakoua Model 

We  can now  construct  the  equivalent  electric model  for  the whole  three‐blade  turbine. The 

equivalent  circuits  for  various  blades  are  brought  together  and  are  coupled  based  on  the 

developments presented  in Section 3. Figure 12 presents the Tchakoua model, which  is the global 

equivalent electric model for a three‐blade DT‐VAWT. 

Figure 11. Rotor coupling of three blades modelled as an electric transformer.



Energies 2016, 9, 820 11 of 20

The windings of the corresponding transformer are made so that the following is true:

VT1

a1
+

VT2

a2
+

VT3

a3
=

VR
aR

(14)

Because we have a1 = a2 = a3 = aR, we can write:

→
VR =

→
VT1 +

→
VT2 +

→
VT3 (15)

The voltage at the secondary of the transformer can be obtained by vector addition of the

three primary voltages because
→
VT1,

→
VT2 and

→
VT2 have variable moduli and phases while the phase

difference from one blade to another remains constant. At any instant, the three voltages behave as if
in an unbalanced three-phase system.

As suggested in the intuitive analogy, the rotational speed of the shaft ω is analogous to the
electrical current. Finally, the rotational speed of the shaft can be assumed to be equivalent to the electric
current at the secondary of the transformer, i.e., IS =ω. We can therefore write the following relations:{

IS = IS1 + IS2 + IS3 = ω

IS1 = IS2 = IS3 = ω
3

(16)

4. Results and Discussion

4.1. Electric Circuit Model for Three-Blade DT-VAWT Rotors: The Tchakoua Model

We can now construct the equivalent electric model for the whole three-blade turbine.
The equivalent circuits for various blades are brought together and are coupled based on the
developments presented in Section 3. Figure 12 presents the Tchakoua model, which is the global
equivalent electric model for a three-blade DT-VAWT.Energies 2016, 9, 820    12 of 21 
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Because the rotor has three blades, the angle between two blades is 2π
3 . If we assume a constant

wind flow, then the blades are subject to the same current vector with their respective phase delays.
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Assuming that the rotor turns in the forward rotational direction, we can write:
∣∣IB1

∣∣ = ∣∣IB2
∣∣ = ∣∣IB3

∣∣;
arg

(
IB2
)
= arg

(
IB1
)
− 2π

3 and arg
(

IB3
)
= arg

(
IB1
)
+ 2π

3 .
Then, the following matrix can be obtained: VB1

VB2

VB3

 =

Im

 ZB1 0 0
0 ZB2 0
0 0 ZB3



 IB1

IB2

IB3

 (17)

Considering the operator a = 1∠120, we have IB2 = a2 · IB1 and IB3 = a · IB1. Thus, the voltage
vectors for the three-blade rotor can be written as follows: VB1

VB2

VB3

 =

Im

 ZB1 0 0
0 ZB2 0
0 0 ZB3



 1

a2

a

 IB1 (18)

 SB1

SB2

SB3

 =

 VB1

VB2

VB3

×
 I∗S1

I∗S2
I∗S3

 =

 VB1

VB2

VB3

×
 1

a2

a

 I∗S1 (19)

Following Figure 4, the apparent power representing the contribution of the whole rotor to the
shaft power can be obtained by adding the power produced by the three blades separately:

ST = VT I∗S = (VB1 + VB1 + VB1)I∗S (20)

Finally:
ST =

(
ZB1 + ZB2 a2 + ZB3 a

) ∣∣IS
∣∣2 (21)

The voltage produced by a sectional element of a single blade varies with its azimuth position
and relative radius and height. The curved blade is discretized into n blade elements, as suggested
in [14], and the average power produced by a blade element for a complete revolution of the turbine is
obtained by integrating the elementary power with respect to θ.

SB =
1

2π

2π∫
0

s(ωt)d(ωt) (22)

For different blades, the blades elements at the same high will produce the same power. We can
then write:

SB = SB1 = SB2 = SB3 =
1

2π

∫ 2π

0
((rω) (XD − XL)Ψ) dθb (23)

That is:

SB =
1

2π

∫ 2π

0

[
(rω) (XD − XL)

(
1
2

ρW0
2

((
ωR
W0

+ sinθb

)2
+ (cosθb)

2 (cosη)2

))]
dθb (24)

We then obtain:

SB =
1
2

ρW0
2.

rω

2π

∫ 2π

0

[(
XDi − XLi

) ((ωR
W0

+ sinθb

)2
+ (cosθb)

2 (cosη)2

)]
dθb (25)

Finally, the total average power produced by sectional element of the rotor is obtained by adding
the power from each of the three blades.
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ST = 3SB =
3
2

ρW0
2.

rω

2π

∫ 2π

0

[(
XDi − XLi

) ((ωR
W0

+ sinθb

)2
+ (cosθb)

2 (cosη)2

)]
dθb (26)

4.2. Simulation Results

This section presents the results of the Tchakoua model for a three-blade DT-VAWT.
The simulations were performed in MATLAB using data for NACA0012 that was obtained
from different literature sources [37–39] with Reynolds numbers ranging from 500,000 to
approximately 750,000. We choose the NACA0012 blade profile because it is one of the most studied
and most commonly used profiles [39] Finally, the simulation results were assessed using results from
the literature [40].

The simulation characteristics of the rotor were taken from [34] and are presented in Table 2.

Table 2. Blade simulation characteristics.

Number of Blades 3

Aerofoil section NACA0012
Blade’s average Reynolds number 40,000

Aerofoil chord length 9.14 cm
Rotor tip speed 45.7 cm/s
Tip speed ratio 5

Chord-to-radius ratio 0.15

4.2.1. Simulation Results for Current Sources

Figure 13 shows the current variations for each blade. These variations are similar to those of
AOA as a function of the rotational angle of the blade. In addition, the incident current for a given
blade is at a maximum when its AOA is at a maximum; similarly, the incident current is minimal
or zero when the AOA is minimal or zero. Furthermore, the incident currents appear similar to the
alternating current of a symmetric three-phase power supply system with the same frequency and
voltage amplitudes relative to a common reference but with a phase difference that is one-third of
the period.
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Figure 13. Incident current variations as functions of the rotational angle.



Energies 2016, 9, 820 14 of 20

4.2.2. Variations of the Resistances and Reactances in the Model

The total normal and resistive components of the blade impedance Rb and the total tangential
and reactive components of the blade impedance Xb are plotted using the relations in Equations (4)
and (5). Figures 14 and 15 show the variations of Rb and Xb for the three blades as functions of the
rotational angle.
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Figure 15. Variations of the blade reactance as a function of the rotational angle.

For a given blade, the resistance is zero when the blade rotational angle corresponds to wind
incident angle equal to zero, that is a shortly before θ = π

2 and θ = 3π
2 for B1. At these positions, the

blade is parallel to the wind flow streamtubes, and the incident angle is therefore zero. In addition,
the blade’s B1 resistance is at a maximum when corresponding wind incident angle is minims, which
corresponds to a position close to 190◦ from the reference point for these blade positions, the blades are
perpendicular to the wind flow streamtubes, and the incident angle is at its maximum. Furthermore, the
resistances vary between positive and negative quantities. According to our model inspired from
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double-multiple multi-streamtube models, the resistance of the blade to the wind flow is considered to
be positive in the upwind disk and negative in the downwind disk.

The reactance of B1 is minimal when it is at θ = π
2 and θ = 3π

2 . At these positions, the blade is
parallel to the wind flow streamtubes, and the incident angle is therefore zero; thus, the contribution
of the wind to the torque production is negligible. Starting from θ = π

2 , the blade reactance continue to
increase reaching two maximums respectively at 160◦ and 220◦. At between 160◦ and 220◦, a valley
appears that is caused by dynamic stall, which occurs when an aerofoil, operating in unsteady flow,
overcomes the static stall angle. For a VAWT with a fixed blade geometry in unsteady flow and a given
induction factor, the angle of attack is a function of the azimuth angle; for λ < 5, the angle of attack
can overcome the static stall angle, causing dynamic stall. During dynamic stall, large leading edge
separated vortices are formed, delaying lift loss until they are convected over the surface results in a
rapid decrease in lift.

4.2.3. Variations of the Normal and Tangential Voltages

Figures 16 and 17 plot the normal and tangential voltage variations as functions of the blade
position, respectively.

The normal voltage produced by the blade during a complete rotation varies from zero to a
minimal value. All the normal voltages are negative quantities at any instant of blade rotation because
they stem from the drag coefficient and constitute obstructions to the blade rotation, meaning that they
are negative contributions to the torque production. During a complete rotation of the reference blade,
there are two minimums at rotational angles for which the angle of attack is zero at 190◦ and 350◦.
The negative value of the resistance matches the contribution of this impedance element in the blade
movement and thus in the torque production.Energies 2016, 9, 820    16 of 21 
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Figure 16. Normal voltage variations of the blade as a function of the rotational angle.

The tangential voltage produced by the blade during a complete rotation varies following an
alternative and 2π periodic signal. During a complete rotation of the blade, the tangential voltage is
equal to zero at π

2 and 2π
3 ; these points are also inflexion points that correspond to angles for which the

tangential impedance is zero. Similar to the tangential impedance, a valley occurs between 160◦ and
220◦ due to dynamic stall. The total voltage produced by the rotor is obtained by adding the voltages
produced by the blades. As shown in Figure 17, the total voltage is an alternative and 2π

3 periodic
signal is not equal to zero because at any moment, the blade voltage is an unbalanced three-phase
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system. The effect of dynamic stall can also be observed for the total voltage at π
2 and every 2π

3 after
this point.

Energies 2016, 9, 820    16 of 21 

 

 

Figure 16. Normal voltage variations of the blade as a function of the rotational angle. 

The tangential voltage produced by the blade during a complete rotation varies following an 

alternative and 2π periodic signal. During a complete rotation of the blade, the tangential voltage is 

equal  to  zero  at 
2


  and 

2

3


;  these points  are  also  inflexion points  that  correspond  to  angles  for 

which the tangential impedance is zero. Similar to the tangential impedance, a valley occurs between 

160° and 220° due to dynamic stall. The total voltage produced by the rotor is obtained by adding the 

voltages produced by the blades. As shown in Figure 17, the total voltage is an alternative and 
2

3


 

periodic  signal  is not  equal  to  zero because  at  any moment,  the blade voltage  is  an unbalanced 

three‐phase system. The effect of dynamic stall can also be observed for the total voltage at 
2


  and 

every 
2

3


  after this point. 

 

Figure 17. Tangential voltage variations of the blades as a function of the rotational angle. 

  

0 45 90 135 180 225 270 315 360 400
-14

-12

-10

-8

-6

-4

-2

0

2
x 10

9

Rotational angle in degrees

N
or

m
al

 V
ol

ta
ge

 in
 N

 

 

Vn1

Vn2
Vn3

0 45 90 135 180 225 270 315 360 400
-3

-2

-1

0

1

2

3

Rotational angle in degrees

T
an

ge
nt

ia
l V

ol
ta

ge
 in

 N

 

 

Vt1

Vt2
Vt3

Vs

Figure 17. Tangential voltage variations of the blades as a function of the rotational angle.

4.2.4. Power Variations Produced as a Function of the Rotational Angle

The power produced by individual blades and the total power produced by the whole rotor
are plotted in Figure 18. These results agree with findings in [32,35,41–43]. The power produced by
each blade is always positive and is a variable and periodic quantity with a period of π. The power
produced by a blade varies similar to the reactance with negative reactance producing positive power.
A phase difference of 2π

3 exists between the powers of the three blades. The total power for the rotor is
always a positive quantity; is variable and periodic with a period of 2π

3 . The results obtained show
strong agreement with results from both aerodynamic and CFD models in the literature.
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Figure 18. Power produced by the blades as a function of the rotational angle.

The normal and tangential voltages are both periodic values that undergo important variations
during rotor rotation. The total tangential voltage produces the total torque.
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5. Conclusions

In this paper, an electric circuit model for a three-blade DT-VAWT rotor is proposed.
The new Tchakoua model is based on a new approach for modelling DT-VAWT rotors using
the mechanical-electrical analogy. Indeed, the construction of this novel model is further to the
proof-of-concept demonstration of the relevancy of modelling VAWTs rotors using electrical equivalent
circuit analogy that was performed in previous research work. The model is based on an analogy
with the double multiple streamtube model and was obtained by combining the equivalent electrical
models for the wind, the three blades and the mechanical coupling. For validation, simulations were
conducted using MATLAB for a three-bladed rotor. Results obtained for models outputs such as
voltages and power are consistent with findings of the Paraschivoiu double-multiple streamtube
model as well as Frank Scheurich among others.

The Tchakoua model is more appropriate for the design, performance prediction and optimization
of Darrieus rotors. Mechanical fault diagnosis and prognosis are also important because the model can
be used to simulate rotor behaviour in the event of mechanical faults in one or more of the blades or
in the rotor-shaft coupling elements. The model can also simulate turbine operation in the event of
mechanical faults in one or more rotor elements. The simulations were conducted in MATLAB, and
the results show high accuracy with the Paraschivoiu model as well as other results in the literature.

Despite the very simple design philosophy of VAWTs, their aerodynamics presents several
challenges. The main feature of VAWTs is that the effective angle of attack “seen” by the blades
undergoes a very large variation that in moderate to low tip speed conditions drives the blades into
stall for both negative and the positive angles of attack. In future works, we intend to implement
the Tchakoua model in simulation tools such as MATLAB Simulik or P-SPICE to study the effects of
varying angles of attack within the post-stall region on flow unsteadiness and dynamic stall phenomena.
The model could be extended to other types of wind turbines including horizontal axis wind turbines,
Savonious-type VAWTs and hybrid Darrius-Savonius VAWTs. Additionally, the Tchakoua model will
be used to study the influence of wind flow turbulence on turbine vibrations. Transitional (starting)
and permanent sate functioning of VAWTs may also be examined. Finally, we intend to use the model
to study the impact of structural faults in one or more blades on a DT-VAWT. As a long-term goal,
the Tchakoua model will be linked to existing models of other electrical and mechanical wind turbine
parts to obtain a global Darrieus-type WECS model.
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Abbreviations

Ae Area of a blade element
c Chord of the blade (m)
Ceq Equivalent or total coefficient
CL Lift coefficient
CD Drag coefficient
CN Normal coefficient
CT Tangential coefficient
Ceq Total or equivalent coefficient
FN Normal force (N)
FT Tangential force (N)
FL Lift force (N)
FD Drag force (N)
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H Half of rotor’s height (m)
iw(t) Instantaneous current that represents the incident wind flow
IT Current at the primary side of the transformer
IS Current at the secondary side of the transformer
Nb Number of blades
q Relative dynamic pressure flow (N/m2)
r Local radius of the blade (m)
RD Drag resistance
RL Lift resistance
RW Resistance to wind flow
Re Reynolds number
R Rotor radius (m)
SB Apparent power produced by the blade
ST Total apparent power produced by the rotor
TB Blade torque
TR Rotor torque
ν = 1.45× 10−5 Kinematic viscosity of air (m)
VR = VS Total voltage across the blade
VN Normal voltage across the blade
VT = VB Tangential voltage across the blade
W0 Incoming wind speed (m/s)
Wb Linear velocity of the blade (m/s)
Wr Relative wind speed seen by the blade (m/s)
Wrb Incident wind on the wind turbine rotor (m/s) (relative wind speed seen by the

blade when aligning the blade motion with the negative real axis)
xb Blade shift position
XL Lift reactance
XD Drag reactance
Z Local height of the blade from H (m)
ZD Drag impedance
ZB Total impedance of the blade
ZN = RB Normal impedance of the blade
ZT = XB Tangential impedance of the blade
ZL Lift impedance
α Angle of attack or angle of the wind with respect to the X axis
δ Pitch angle of the blade
ϕ Angle of the relative wind speed (deg)
η Angle of the blade relative to the vertical axis (deg)
θb Azimuthal angle of the blade
λ Blade tip speed ratio
ρ Fluid density (kg/m3)
Ψ Modulus of the instantaneous current
ω Rotational speed of the rotor (rad/s)
CFD Computational fluid dynamics
DT-VAWTs Darrieus-type vertical axis wind turbines
OM Operations and maintenance
SCADA Supervisory control and data acquisition
VAWTs Vertical axis wind turbines
WECS Wind energy conversion system
WTCM Wind turbine condition monitoring
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