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Abstract. We consider a quasi-linear heat transmission problem for a com-
posite material which fills the n-dimensional Euclidean space. The composite
has a periodic structure and consists of two materials. In each periodicity
cell one material occupies a cavity of size €, and the second material fills the
remaining part of the cell. We assume that the thermal conductivities of the
materials depend nonlinearly upon the temperature. For € small enough the
problem is known to have a solution, i.e., a pair of functions which determine
the temperature distribution in the two materials. Then we prove a limiting
property and a local uniqueness result for families of solutions which converge
as e tends to 0.
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1. Introduction

This paper is devoted to the investigation of limiting and local uniqueness prop-
erties for families of solutions of a singularly perturbed quasi-linear temperature
transmission problem in an infinite periodic two-phase composite. Our approach is
based on integral equations and functional analysis. As is well-known, the integral
equation method has shown to be an extremely powerful tool to analyze and solve
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several problems of physical relevance. Clearly, it is impossible to provide a com-
plete list. Here, however, we mention applications to scattering theory and inverse
problems (Ammari and Kang [1], Castro, Duduchava, and Kapanadze [8], Colton
and Kress [10], Costabel and Le Louér [11], Kirsch and Hettlich [32]), elasticity and
thermoelasticity (Duduchava [20, 21], Duduchava, Natroshvili, and Shargorodsky
[22, 23], Kupradze, Gegelia, Basheleishvili, and Burchuladze [35], Thomson and
Constanda [53]), fluid mechanics (Kohr, Wendland and the second-named author
[34]), composite materials (Chkadua, Mikhailov, and Natroshvili [9], Duduchava,
Séndig, and Wendland [24]), etc.

In this paper, instead, we exploit the integral equation method and potential
theory in order to prove a local uniqueness result for families of solutions of quasi-
linear temperature transmission problems in a singularly perturbed periodic two-
phase composite. In order to do so, we fix once for all

neN\{0,1},  (q1,---,qnn) €]0,+o00[",

and we introduce a periodicity cell

Q =T15_,10, gj -
Then we denote by ¢ the diagonal matrix
1 0 ... 0
g= 0 g2 ... 0 ,
00 . g

and by m,(Q) the n-dimensional measure of the fundamental cell @, and by vg
the outward unit normal to 9Q, where it exists. Clearly, ¢Z" = {qz : z € Z"} is
the set of vertices of a periodic subdivision of R™ corresponding to the fundamental
cell Q.
Then we consider o €]0,1[ and a subset Q of R™ satisfying the following
assumption.
Let © be a bounded open connected subset of R™ of class C'.

1.1
Let R™\ cI2 be connected. Let 0 € . (1)

Here cl denotes the closure. Next we fix p € Q. Then there exists g €]0, +00[ such
that

p+eclQ CQ Ve €] — €, €0l - (1.2)

To shorten our notation, we set
Qpe=p+efd Ve e R.

Then we introduce the periodic domains

S = | (@2+ Qo). Sd” =R"\dS[Q.d,
ZEL™



A local uniqueness result for a quasi-linear heat transmission problem 3

for all € €] — €o, €o[. Then a function u’ from cIS[Q, ] to R is g-periodic if
u'(z + quaen) = u' () V€ clS[Q, ],
for all h € {1,...,n}, and a function u° from cIS[Q, |~ to R is g-periodic if
u®(x + gnren) = u®(x) Vo € clS[Q,. ],

for all h € {1,...,n}. Here {e1,..., e,} denotes the canonical basis of R". Next
we assume that

K;, K, are C? diffeomorphisms from R onto itself. (1.3)

Then we set

ki(T) = K{(T), ko(T) = K. (7) for all T € R.
The functions x; and k, represent the heat conductivity of the materials occupying
the sets S[Qp ] and S[Q, |7, respectively. Next we fix

p €]0, 4+00]

and we denote by Cg’w’ p(R") the corresponding Roumieu Banach space of ¢-

periodic analytic functions in R™ (cf. (2.1).) Then we assume that
{feteq—coco 18 @ C* family in C , (R™), (1.4)

q.w,p
i.e., that the map from | — €, eo[ to Cf , ,(R™) which takes € to fc is of class C",
and that

{getee)—coreo 18 @ C! family in C%(99). (1.5)
For a fixed value € €]0, ¢y the function f. represents the opposite of the exter-
nal heat source per volume unit applied to the composite material. The function
ge represents the external heat supply per surface unit applied at the interface
between the materials of S[Q, ] and S[, (]~. Then we introduce a constant

keR. (1.6)

The role of k is that of a normalizing condition for the temperature in S[Q,, ().
Then for each € €]0, €[, we consider the following quasi-linear transmission

problem.

div (ki (T4 (2)) DT (z)) = f(x) Vz € S[Q,.],

div (ko(T°(x))DT°(x)) = fe(x) Vo e S[Qp. ™,

T is q — periodic in cIS[Q, ],

T° is ¢ — periodic in cIS[Q, ],

To(z) = Ti(x) vreon,., 7
olT2(2)) 2 (@) = (T (0) 52 () + g (552) W € 00,

1 (i _
Joay, . 4o Ay« KT (@) dow =k

where v, _ denotes the outward unit normal to €, ., and where the functions T*
and 7° from cIS[(2, (| to R and from cIS[2, |~ to R represent the temperature
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distribution of the material in S[, ] and in S[Q, ], respectively. The pair of
functions (T, T°) is the unknown of the problem, and we are interested in solutions
in the product C*(cIS[Qy,]) x C1*(cIS[Qy,c] ™) of Schauder spaces of g-periodic
functions (cf. §3.) By an energy argument, problem (1.7) can have a classical
solution (T, T°) only if

/Qfedm—&—e”_l/(mgeda:& (1.8)

(cf. [41, Lem. 3.1].) We note that a priori, it is not clear why problem (1.7) should
admit a classical solution. However, if we further assume that

K;, K, are C° diffeomorphisms from R onto itself, (1.9)

and that
Ki(T) > 0, ko(7) > 0 for all T € R, (1.10)

then we know that under suitable assumptions there exists €’ €]0, eg] such that the
boundary value problem in (1.7) has a solution (T%(e, -), T°(e, -)) in Cp>* (cIS[€, ] ) X
Cr(clIS[Qy,] ™) for all € €]0, €[ (cf. [41] and Theorem 3.5 and Definition 3.7 be-
low.)

In this paper, we are interested in discussing the limiting behavior and the
local uniqueness of families of solutions of problem (1.7) as € tends to 0, under
weaker assumptions than those in [41]. In particular, in Theorems 4.5, 4.6 below, we
show that if {e;}jen is a sequence in |0, e[ converging to 0 and if {(T},T7)} en is a
family of pairs of functions such that (T}, T}) solves problem (1.7) for e = ¢; for all
7 € N and such that a certain limiting condition holds, then suitable restrictions of
the rescaled functions 7%(p+e;-) and T°(p+¢;-) converge to Ki(_l)(k) as j — +o0.

Then we turn to consider uniqueness results and by Theorem 4.7 and Corol-
lary 4.8, we show that if {€,},en is a sequence in ]0,€y| converging to 0 and if
{(T] ;,T? ;) Yjen, {(T35 ;, T3 ;) } jen are families of functions such that (T ;, T7 ;) and
(T3 ;,Ts ;) solve problem (1.7) for € = ¢; for all j € N and such that the restrictions
to O of k(T ;(p+e¢;°)) <a§§;] ) (p+e;-) and of k(T3 ;(p+¢;-)) < OTs; ) (p+¢;°)

81/917‘5.7,

converge as j — 400, then we must have
(T1 ;.17 ;) = (13,5, 13 5)

for j big enough.

We note that the present article extends to the case of a quasi-linear transmis-
sion problem the results of [15] and of [16], concerning a nonlinear Robin problem
for the Laplace equation and a nonlinear traction problem for the linearized elas-
tostatics equations, respectively.

The functional analytic approach of [41] and of the present paper has been
previously exploited by the authors to analyze nonlinear singular perturbation
problems in a bounded perforated domain (cf. e.g., [14, 37, 38]) and in a periodi-
cally perforated domain (cf. e.g., [16, 40, 41].)
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Singularly perturbed boundary value problems have been largely investigated
with the methods of asymptotic analysis: see, e.g., the works of Bonnaillie-Noél,
Dambrine, Tordeux, and Vial [5], Bonnaillie-Noél, Lacave, and Masmoudi [6],
Iguernane, Nazarov, Roche, Sokotowski, and Szulc [31], Maz’ya, Movchan, and
Nieves [45], Maz’ya, Nazarov, and Plamenevskij, [46], Novotny and Sokolowski
[52]. In particular, in connection with periodic problems, we mention, e.g., Am-
mari, Kang, and Touibi [2].

We also observe that in literature the existence and uniqueness of solutions
of nonlinear boundary value problems has been largely investigated by means of
variational techniques (see, e.g., the monographs of Necas [51] and of Roubi¢ek [54]
and references therein. See also Hlavavcek, Kifzek and Maly [30].) Instead, poten-
tial theoretic techniques have been widely exploited to study linear or semi-linear
partial differential equations with nonlinear boundary conditions. In particular, as
far back as in 1921 Carleman [7] has considered the existence of harmonic functions
which satisfy a certain nonlinear Robin condition on the boundary of the domain
of definition. Since then, such a problem has received the attention of many au-
thors such as Leray [44], Nakamori and Suyama [50], Kilngelhéfer [33], Cushing
[13], and Efendiev, Schmitz, and Wendland [25]. Moreover, an approach based on
coupling of boundary integral and finite element methods has been developed in
order to study exterior nonlinear boundary value problems with transmission con-
ditions, we mention for example the papers of Berger, Warnecke, and Wendland
[4], Costabel and Stephan [12], Gatica and Hsiao [27], and Barrenechea and Gatica
[3]. Boundary integral methods have been applied also by Mityushev and Rogosin
for the analysis of transmission problems in the two dimensional plane (cf. [48,
Chap. 5]) and by the first named author and Mishuris [17] to study the existence
of solutions of boundary value problems with nonlinear transmission conditions.

The paper is organized as follows. Section 2 is a section of notation and pre-
liminaries. In Section 3 we provide an existence result for the solutions of problem
(1.7). In Section 4 we prove our main results on the limiting behavior and the local
uniqueness of a family of solutions of problem (1.7).

2. Notation and preliminaries

We denote the norm on a normed space X by ||-||x. Let X and ) be normed spaces.
We endow the space X' x Y with the norm defined by ||(x,y)||xxy = ||z]lx + ||lylly
for all (z,y) € X x ), while we use the Euclidean norm for R®. We denote by
L (X,Y) the Banach space of linear and continuous maps from X to ) endowed
with its usual norm of the uniform convergence on the unit sphere of X. For
standard definitions of Calculus in normed spaces, we refer to Deimling [18]. The
symbol N denotes the set of natural numbers including 0. The inverse function of
an invertible function f is denoted f(~1) as opposed to the reciprocal of a real-
valued function g, or the inverse of a matrix A, which are denoted g~ and A~!,
respectively. Let A be a matrix. Then A? denotes the transpose matrix of A and
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A;; denotes the (7, j)-entry of A. Let D C R™. Then clD denotes the closure of D,
and 0D denotes the boundary of D, and idp denotes the identity map in D. We
also set

D™ =R"\ cID.

For all R > 0, z € R", z; denotes the j-th coordinate of z, |z| denotes the Eu-
clidean modulus of z in R™, and B,,(z, R) denotes the ball {y € R™: |z —y| < R}.
Let Q be an open subset of R™. The space of m times continuously differentiable
real-valued functions on  is denoted by C™(€Q,R), or more simply by C™(Q).
Let r € N\ {0}. Let f € (C™(2))". The s-th component of f is denoted fs,

and Df denotes the Jacobian matrix (gﬁ)s=l,...,r,' Let n = (1,...,mn) € N,

I=1,...,n

Inl = m + -+ + nn. Then D"f denotes 817;,‘?"7.7].'5#. The subspace of C™ () of
those functions f whose derivatives D" f of order |n| < m can be extended with
continuity to ¢l is denoted C™ (clf2). The subspace of C™(cl2) whose functions
have m-th order derivatives that are Holder continuous with exponent a €]0, 1]
is denoted C™*(cl?) (cf. e.g., Gilbarg and Trudinger [28].) The subspace of
C™(cl2) of those functions f such that fians, 0,r) € C"™*(c(QNB,(0, R)))
for all R €]0,+o0[ is denoted C}'»*(cI?). Let D C R”. Then C"™*(cl2, D) denotes
{f € (C™2(cIN))" : f(cIQ) C D}.

We say that a bounded open subset €2 of R™ is of class C™ or of class C™ if
clQ) is a manifold with boundary imbedded in R™ of class C™ or C""%, respectively
(cf. e.g., Gilbarg and Trudinger [28, §6.2].) We denote by vq the outward unit
normal to 0€2. For standard properties of functions in Schauder spaces, we refer the
reader to Gilbarg and Trudinger [28] (see also [36, §2, Lem. 3.1, 4.26, Thm. 4.28],
43, §2].)

If M is a manifold imbedded into R™ of class C"™<, with m > 1, « €]0, 1], one
can define the Schauder spaces also on M by exploiting the local parametrizations.
In particular, one can consider the spaces Ck’a(aﬂ) on Jf) for 0 < k < m with
Q a bounded open set of class C™“, and the trace operator from C*(clQ) to
Ck2(9Q) is linear and continuous. We denote by do the area element of a manifold
imbedded in R™. We retain the standard notation for the Lebesgue space LP (M) of
p-summable functions. Also, if X is a vector subspace of L' (M), we find convenient

to set
Xy = c X do =0 .
0 {f /M f }

We note that throughout the paper ‘analytic’ means always ‘real analytic’ (cf. e.g.,
Deimling [18, §15].) In particular, we mention that the pointwise product in
Schauder spaces is bilinear and continuous, and thus analytic, and that the map
which takes a nonvanishing function to its reciprocal, or an invertible matrix of
functions to its inverse matrix is real analytic in Schauder spaces.

Weset 0; ; =1ifi=j,0;; =0if i #jforalli,j=1,...,n
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If Q is an arbitrary open subset of R”, k € N, /3 €]0, 1], we set
CF(cI) = {u € C*(clQ) : DVu is bounded Vv € N" such that |y| < k},

and we endow CF(cl2) with its usual norm

lullor ) = Z sup [D7u(z)|  Vu € Cf(clf).

IvI<k zecl)
Then we set
C{f’B(ClQ) = {u € C*P(cI) : DYu is bounded Vy € N" such that |y| <k},
and we endow C’f (1) with its usual norm
||u\|c§,ﬁ(cm) = Z sup |DVu(x)| + Z |[DYw : clQ|s Yu € Cf’ﬁ(le),
|ﬂ§k$6d9 =k

where |D7u : cl|s denotes the S-Holder constant of D7u.
Next, we turn to introduce the Roumieu classes. For all bounded open subsets
Q of R™ and p > 0, we set

|ﬂ“Hl) u”CDCHD <'+OO}

0 —
Cy ,(cl?) = {u € C™(clQ) : sup
and
B plPl 8 0
ullco ,0) = ;;@1 W”D ullcoeiy  Vu € Oy ,(cl),
where |B] = 51+ -+ By, for all 8 = (B1,...,0,) € N™. As is well known, the
Roumieu class (Cg’p(le), - 1lco p(cm)) is a Banach space.

Next we turn to periodic domains. If €2 is an arbitrary subset of R™ such that
clQ C @, then we set

Sl = |J (ez+Q) =qz"+Q,  S[Q" =R"\dS[Q].

zEL™
If Q is an open subset of R™ such that cl2 C @ and if k € N, 5 €]0, 1], then we set
Ck(dS = {u € Cf(cIS[Q]) : u is ¢ — periodic} ,

which we regard as a Banach subspace of CF(cIS[(2]), and
ChP(as()) = {ue CFP(asla)) : uis g - periodic} |
which we regard as a Banach subspace of Ck’ﬁ (cI1S[€?]), and
Cr(S[Q] ) = {u € CH(cIS[Q7) : w is ¢ — periodic}
which we regard as a Banach subspace of C¥(cIS[Q]7), and
C’Z;’B(CIS[Q}_) = {u € C’f’ﬂ(clS[Q]_) tuis g — periodic} ,

which we regard as a Banach subspace of Cf’ﬁ (cIS[Q] 7).
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If p €]0, +o0], then we set

18]
n J— oo n p
Clu®) = {ue CR@) s sup Ll D ulonagy < o0} (21)

where Cg°(R™) denotes the set of g-periodic functions of C>°(R™), and

[ullcg

q,w,p

18l
— P B 0 n
(k) = SUD TaT [D%ullcog)  Vu € Cgy ,(R™).

The Roumieu class (CO (R™), I - llco

q,w,p q,w,p

there exists a g-periodic tempered distribution S, ,, such that

1
ASyn=S 6, - — .
@ ZEZZ" ! mn(Q)

where A = 2?21(32 /023) and .. denotes the Dirac measure with mass in gz
(cf. e.g., [49, Thm. 2.1].) As is well known, S, ,, is determined up to an additive
constant, and we can take

1 o1
Sq,n(x) - _ Z — 2627”([1 z).m7
ccimiqoy Mn(@)4mg™ 2]

(Rn)) is a Banach space. As is well known,

in the sense of distributions in R™ (cf. e.g., Ammari and Kang [1, p. 53], [49,
Thm. 2.1].) The function S, is even, and real analytic in R™ \ ¢Z", and locally
integrable in R™ (cf. e.g., [49, Thm. 2.1].)

Let S,, be the function from R™ \ {0} to R defined by

ilog|x| Vo e R™\ {0}, ifn=2,
Sn(@) =19 " sn gm0 ifn e
mkﬂ‘ x € \{ }, uUn>2,

where s,, denotes the (n — 1)-dimensional measure of 9B,,. S, is well-known to be
the fundamental solution of the Laplace operator.

Then the function S, — S, is analytic in (R” \ ¢Z™) U {0} (cf. e.g., Ammari
and Kang [1, Lemma 2.39, p. 54].) Then we find convenient to set

Ryn = Sqn— S in (R"\ ¢Z")U {0} .

Obviously, Ry, is not a g-periodic function. We also note that the following ele-
mentary equality holds

Symlex) = €78, () + %(52” loge) + Ry n(ex),

for all z € R™ \ e 1¢Z" and € €]0, +o0].
If  is a bounded open subset of R and f € L>°(Q), then we set

P9, f](z) = / Su(z—9)fy)dy Vo eR",
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If we further assume that 2 C Q, then we set
P, o[, fl(z) = /qu’n(x —y)f(y)dy Ve e R™.

Let Q be a bounded open connected subset of R™ of class C1'® for some
a €]0,1[. If H is any of the functions Sy ., Ryn and cl2 C Q or if H equals Sy,
we set

v[0, H, pl(z) = . H(z —y)u(y)do,  Vx €R",
woo ) = [ SO He-pude, vaeR".
w,[0Q, H, p)(z) = LH(.T —y)u(y) doy Vo € 09,
a0 Ova(z)

for all p € L*(09). As is well known, if p € CY(9Q), then v[0Q, Sy.n, ] and
v[0R, Sy, 1] are continuous in R™, and we set

’U+[8Q, Sq,na ,U/] = U[an Sq,n» U]lclS[Q] v [897 Sq,n» N] = U[@Q, Sq,ru M]\CIS[Q]*
U+ [6Qa S’ru M] = v[@Q, S’ru M]\CIQ v [697 Sna /J/] = v[@Q, S’I’H thlQ* .

Also, if p is continuous, then w[0, Sy n, 1]jsj) admits a continuous extension
to cIS[Q], which we denote by wT[0€, S, ,, ] and w[OQ, Sqn, p]jsi0)- admits a
continuous extension to cIS[2]~, which we denote by w~ [0, Sy n, 1] (cf. e.g., [49,
Thm. 2.3].) Similarly, w[09, Sy, u]jo admits a continuous extension to cl{2, which
we denote by wT[09Q, Sy, u] and w[0Q, Sy, p]|o- admits a continuous extension to
clQ~, which we denote by w™ [0, Sy, u] (cf. e.g., Miranda [47], [43, Thm. 3.1].)

In the specific case in which H equals .S,,, we omit S,, and we simply write
v[0Q, ], w[ONQ, p], w.[0Q, u] instead of v[O, Sy, u|, W[ON, Sy, u], WL[OQ, Sy, ],
respectively.

Finally, we denote by f -, the integral / 4 divided by the measure of A, for all
measurable subsets A of R™ or of a manifold imbedded into R™.

3. An existence results for the solutions of problem (1.7)

In this section, we proceed as in [41] and we prove the existence of a solution of
problem (1.7) for e small enough under weaker assumptions. As a first step, in order
to convert the non-homogeneous problem (1.7) into a homogeneous one, we need
the following lemma on periodic volume potentials. For a proof and appropriate
references, we refer to [42, §3].

Lemma 3.1. Let a €]0,1[, p € Q. Let Q and ¢ be as in (1.1) and (1.2), respectively.
Let € €]0,¢9[. Then the following statements hold.

(1) The function a. from clS[, (] to R defined by

ac(x) = /Q Sp(x —qz —y)dy Vo € gz +clQpc,
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for each z € Z" belongs to Cy*(clS[Qy.(]) and satisfies the equalities
Aac(z) =1 Vo € S[Qp.],

and

0
graee) == [ Sue—gz—9)n, )W) do, Vo€ gzt O,
Zj 0Qp,c

forall z € Z".
(i1) The function b. from R™ to R defined by

/ Sy dy VocR",
belongs to C}(R™) and
9 n
gbel@) == [ Sunlo—9)on, ) do,  Vae R,
Ty Q¢
Moreover,
bejaisia,..] € Ca® (S| c])
mp(Qp.e)
Ab(r) =1 — B2 Vo € S[Qp.],
( ) mn(Q) [ P,]
and

bejaisia, .- € Cq*(cIS[Q.d] 7)),
M (2p,e)
(iii) Let f € CY*(R™). Then the function F!|f] from clS[Q,.] to R defined by

/ Sqn(x )dy+ / fly (3.1)

for all x € cIS[Q, ] belongs to qu’a(clS[pré]) and satzsﬁes the equality

A(FfD(z) = flx) Vo €S[Qp.
(iv) Let f € C*(R™). Then the function F°[f] from cIS[Q ]~ to R defined by

1
T) = /QSq,n(-T —y)f(y)dy — mbe($> /Q fly)dy (3.2)

for all z € cIS[Yy, ]~ belongs to Cp*(cIS[Qy, ] ™) and satisfies the equality
AFZ[fD(x) = f(z) Vo eSEy .

By exploiting Lemma 3.1 and the Kirchhoff transformation (cf. e.g., Mityu-
shev and Rogosin [48, Ch. 5]), we convert our quasi-linear transmission problem
(1.7) into a problem for a linear equation with a nonlinear boundary condition

(ct. [41, §3].)

Abe(x) = — Vo € S[Qyp.]™ .
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Proposition 3.2. Let o €]0,1[, p €]0,400[, p € Q. Let Q and €y be as in (1.1) and
(1.2), respectively. Let € €]0,eo[. Let (1.3), (1.4), (1.5), (1.6) hold. Then the pair
of functions (T, T°) € CL(cIS[y.c]) x CL(cIS[y.c]7) satisfies problem (1.7)
if and only if the pair of functions (u',u®) € Cp*(cIS[Qp.]) x Cp*(cIS[Qy.c]7)
defined by

u'(z) = K; o T'(x) — F[f](x) Vo € clS[Qy ],

u(x) = Ky, o T%(x) — F2[f](x) V€ clS[Q,.]7,
satisfies the following nonlinear transmission problem
Aut(z) =0 Yz € S[Q. ],
Au®(x) =0 Vo € S[Qp.] ™,
u® is ¢ — periodic in cIS[Q,, ],
u® is ¢ — periodic in cIS[, ] 7,

1

uo(x)+Pqn[Q fe](x)_ip foe

M () (e

=K, oK( 1)( ( )+Pqn[Q fel(z) + P, [ poes 1 JCQ‘fe )

3.3
Vo € 09, (3-3)
8UO 1 anvn[Q:D,63 1]
Bvo,. ") T @) v, ) Je S
out oP, [Q%g, 1] —p

xT
- v, (@) + ovq, . (2)fq Jelu) dy =+ 5 (

foo 0 (1) doy =k~ fo0  PonlQ, fe](x)dffx
~Fon, . Pal@p.e, 1)(@) doufy, fo(y) dy

Then we have the following proposition, which allows to convert problem
(1.7) into a system of integral equation for each € €]0, ¢y[. For a proof we refer to
[41, Thm. 4.2, 4.4].

Vo € 009,

Proposition 3.3. Let o €]0,1[, p €]0,4o0[, p € Q. Let Q and €y be as in (1.1)
and (1.2), respectively. Let € €]0,¢€[. Let (1.4), (1.5), (1.6), (1.9) hold. Let K =
K,o K. Let
m'le, ¥](t) = v[0Q, Y](t) + "2 , Fan (e(t = 5))p(s) do
—][ ( [0, ](T) + "~ 2/ Ryn(e(T = 8))(s) dos> do,  YteoQ,
o9

1
mi[e](t) = /O t-DP,,[Q, f)(p+ etr) dr + P, [, 1](15)]{2 fodw Wt € 00,

m°le, 0,€](t) = v[0, 0](t) + "2 | Ryn(e(t —s))0(s)dos + & YVt €00,
o0
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Gle,e1] = K(k - ]{9 Pl A1+ et don (3.4)

~f seavf epionaan— f foa5 e+ p00.500).

for all (e, €1,1,0,€) €] — €o, €0[ xR x CH*(9N2)? x R. Let A = (Aj);=1,2 be the map
from | — €, €0[xR x CO*(92)3 x R to C(9) x C**(9RQ) defined by

A1[€7 617¢7975](t)

1
— mle, 0,€](1) + / D(PyalQ. 1)) (p + 7et) - tdr

L n—2 s B
+m /mgedo— {Pn[ﬂl](t)—i—e /QRq,n(e(t ) d }
—K'(K“Y(Gle, e1]))

y [mi e, 6](t) + mi [e](#) +

2, (Q)
! " (-1) €. €
« [[a- s (KC0Gka)
+fe [mi[e,qu] (t) + mi[e](¢) 2773727(1{(22)61 ; fe dac]) dg vt € 092,

A2 [67 €1, IZH 97 5](t)

0(t) + w, [09, 0](t) + ! /a vn(t)- DRy (et = 9)0(s)do

DN | =

_#(Q) /8Q e da{ /;m Sn(t — s)va(t) - va(s) dos

fen=? /8 Ryn(elt = 5)un(t) - vas) das}
00 = 0RO ~ 1 [ valt) - DRy(elt = 5))0(s) do.
o0

61’7,
- ge do Sn(t — s)va(t) - va(s)dos — ge(t YVt € 09,
5 | et [ Su(=spn(t)- vals) dor. — o)
for all (€,€1,1,0,€) €] — €0, eg[ xR x C%(9Q)2 x R.
Then the map (u'le,-,-,-],u’le,-,-,-]) from the set of triples (1,0,&) of the space

Co*(90)% x R that solve the equation

Ale, 02 neloge, ,0,&] =0 (3.5)
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to the set of pairs (u*,u®) of Cy*(cIS[y c]) X C3*(cIS[y.c| ) which solve problem
(3.3), which takes (1,0,&) to the pair (u'le, v, 0, &), u’[e, v, 0,&]) defined by

ui [6, 1][}, 07 g] (I)
= 041000, Spn (D)~ f

V[0 e, Sams 0(—L)] do
Q. €

6nfl
k- J{, PunlQuE o+ t)doy /8 do

X][ P, [, 1](t)e* + €(d2 neloge)doy  Va € cIS[Q, ],
a0 2T

and

ule, ), 0,€)(@) = 07090, Sy 6(—D)](@) + €€ = PyalQ. £)(p)
+Gle, 02 n€log €] + /Q fe dy%égm loge VzeclS[Q,.]™,

is a bijection.

Hence, in order to study problem (1.7), we are reduced to analyze system
(3.5). As a first step, we note that if (1,6, &) € C%*(9Q)3 x R and if we let € tend
to 0, we obtain a system which we address to as the ‘limiting system’, and which
has the following form

v[09,0](t) + & + D(Pyn[Q, fo])(p) - t (3.6)

+ / G0 Ao { Pa[, 1](8) + 82,11, (Q) Ry n(0))
o0

1

= K0 |o[0R41(0) - . vlo0.uldo + 1 DPLIQBIG)| ve e 0.

1 1
59(75) + w, [0, 0](t) — o) /@Q go do - Sp(t = s)va(t) - va(s) dos (3.7)

= 500+ w00, (1) +aolt) Vi€ 00,

Then we have the following proposition of [41], which shows the unique solvability
of the system of equations (3.6), (3.7), and its link with a boundary value prob-
lem which we shall address to as the ‘limiting boundary value problem’ (see [41,
Thm. 4.3).)

Proposition 3.4. Let a €]0, 1], p €]0,+oo[, p € Q. Let Q be as in (1.1). Let (1.3),
(1.10) hold. Let fo € C9,, ,(R™), go € C¥*(dQ), k € R, K = K, 0 K\ . Then
the following statements hold.

(i) The limiting system (3.6)-(3.7) has one and only one solution (1,0, &) in the
space C%%(92)3 x R. Moreover,

Fo_ ]é ofos 0o + ][8 1 D(Pyn (@ fo))(p) dou(K (k) ~ 1)
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_ ﬁ(ﬁ) /m % dg{]{m P, 1] do + az,nmn(Q)Rq,n(O)}-

(i1) The ‘limiting boundary value problem’
Aut =0 in Q,
Au® =0 in R™\ clQ,
u?(t) = foq u®do +t- D(Pyn[Q; fo])(p)
+fag S D(Pq,n[Q, fol)(p) dos(K'(k) — 1)

1
+mn(Q) /BQ go do {Pn[ﬂ, 1(t) - ) P,[2,1] do’}
= K'(E)[u’(t) +t - D(P,..[Q, fo])(p)]
Ou? ou’
= o—(t) + go(t)

(t)
of)
+ do Syt — s)vq(t) - va(s) dos YVt € 002,
(@) oo P17 Jo S P t) rale)
faguldazo,

lim, 0o ul(z) =0,

Yt € 09,

- (91/9

has one and only one solution (@', %) € CH%(clQ) x Clt’ca(R" \ Q), and the
following formulas hold.

ii(z) = v[0oQ,Y](z) —JQQUWQJZ] do Vo € clf),

W(x) = 0o, 0)(x) VYreR™\Q.

By exploiting the proof of [41, Thm. 4.4], where K;, K, have been assumed
to be analytic, while here K; and K, have been assumed to be only of class C?,
and by differentiability results for the composition operator (cf. e.g., Valent [55,
Thm. 4.4, p. 35]), we can analyze equation (3.5) for € close to 0 by the very same
argument based on the Implicit Function Theorem in Banach spaces and we can
prove the following.

Theorem 3.5. Let o €]0,1[, p €]0,+0c0[, p € Q. Let Q and € be as in (1.1) and
(1.2), respectively. Let (1.4), (1.5), (1.6), (1.9), (1.10) hold. Let (1.8) hold for all
e €]0,e0l. Let (1,0,€) be as in Proposition 3.4, K = K, o Ki(_l). Then there
exist (¢, €t) €]0, €9[x]0, +-00[ and an open neighborhood U of (,0,€) in the space
CO*(99Q)2 x R and a C* map (V[-,-],0[,],Z[,-]) from ] — ¢, €[x] — et [ toU
such that & neloge €] — €, €' for all € €]0,€'[ and such that the set of zeros of the
map A in| — €, €[x] — e e [xU coincides with the graph of (¥[-,-],0[,],Z[,-]).
In particular, (¥]0,0],0[0,0],Z[0,0]) = (¥, 6,€).

We are now in the position to introduce the following.

Definition 3.6. Let the assumptions of Theorem 3.5 hold. Let both € €]0, ¢y[ and
(U[-,-],0[,],Z[,*]) be as in Theorem 3.5. Let € €]0, €'[. Let (u'le, -, ], u°[€, -, -, ])
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be as in Proposition 3.3. Then we set

u'(e,r) = u'le, Ve, 0z eloge], B¢, baneloge], Ze, da e log €] ()
Vo € clS[Q, ],

u(e,z) = u’le, V[, 02 neloge], Ole, 2 nelogel, Ele, d2 nelog €]l ()
V€ clS[Qpe|™ .

By definition, the pair (u’(e, ), u°(e,-)) is a solution of problem (3.3) for all
€ €]0, €'[. Then Proposition 3.2 implies that we can define a corresponding solution
of our original problem (1.7). We do so in the following.

Definition 3.7. Let the assumptions of Theorem 3.5 hold. Let € €]0, [ be as in
Theorem 3.5. Let € €]0,¢'[. Let (ui(e,-),u°(e,-)) be as in Definition 3.6. Then we
set

T'(e,x) = K V(Fi[f](x) +u'(e,x))  VaedS[,],
T°(e,z) = KV (F2[f)(z) +u’(e, ) Vz € clS[Q,. ] .

By Proposition 3.2 and by Definition 3.6, the pair (T%(e,-),T°(e, ")) is a so-
lution of problem (1.7) in CJ*(cIS[€y,c]) x Cg*(clS[Qy, ] ™) for all € €]0, €.

4. Converging families of solutions

In this section we investigate some limiting and uniqueness properties of converging
families of solutions of problem (1.7).

4.1. Preliminary results
We first need to study some auxiliary integral operators. In the following lemma,
we introduce an operator which we denote by M. The proof of the lemma can

be effected by exploiting classical properties of the single layer potential (cf. e.g.,
Folland [26, Ch. 3], [37, Thm. 5.1].)
Lemma 4.1. Let o €]0,1[. Let Q be as in (1.1). Let M, denote the operator from
CO(9Q)g to CO*(NQ)o, which takes 0 to the function M[6] defined by
- 1
ML[0)(t) = —59(25) + w, [0, 0](t) Vte 0N.
Then M%E s a linear homeomorphism.

Then, if € €]0, €[, we define the auxiliary integral operator M! by means of
the following.

Lemma 4.2. Let a €]0,1[, p € Q. Let Q and €y be as in (1.1) and (1.2), respectively.
Let € €]0,€0[. Let M! denote the operator from C%*(9Q)o to CO*(982) which takes
0 to the function M![0] defined by

M[0](t) = ML[0](t) + " /6Q va(t) - DRy n(e(t — 5))0(s)dos Yt € 0.
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Then M} is a linear homeomorphism.

Proof. By [42, Prop. A.4] applied to 99, ., M! is a linear homeomorphism in
C%(09). Then [40, Lem. A.1] implies that M/ carries C%*(9Q), onto itself. O

We now show that if {€;},en is a sequence in ]0, o[ converging to 0, then
(MZ)=Y converges to (M) as j tends to +o0.

Lemma 4.3. Let {¢;}jen be a sequence in |0, €g] converging to 0. Then

lim (M) = (ML)Yin L(CO*(09)0, C(09)o) -

Jj—+oo

Proof. Let N; be the operator from C%(982)o to C%(d82)o which takes 6 to
MM@E%A/)mwlmw@N—QW@wS Wt a0, Vj € N.
o0

Let Uq be an open bounded neighborhood of cl2. Let ex be such that e(t — s) €
(R™\gZ™)U{0} for all ¢, s € U, and all € €] —ex, ex[. By the real analyticity of R, ,,
in (R™\ ¢Z™) U {0} it follows that the map which takes (€, t,s) to DRy ,(e(t — s))
is real analytic from | — ey, ex[xUq X Uq to R”. Then, by standard properties
of integral operators with real analytic kernels and with no singularities (cf. [39,
§4]), we can deduce that lim;_, . N; = 0 in £(C%*(9Q)y, C**(9Q)o). Since
M; = M, + Ny, it follows that lim; , o M; = Mg in L(C%*(0Q)g, C%*(0Q)o).
Then by the continuity of the map from the open subset of the invertible operators
of L(CY*(9)qg, C(0)o) to L(C®¥(9Q)g, C%¥(0Q)o) which takes an operator
to its inverse, one deduces that lim; oo (M7 )" = (M) (cf. e.g., Hille and
Phillips [29, Thms. 4.3.2 and 4.3.3].) Thus the validity of the lemma follows. O

4.2. Limiting behavior of a converging family of solutions

We are now ready to investigate the limiting behavior of a converging family
of solutions of problem (1.7). To begin with, we consider the limiting behavior
of converging families of g-periodic harmonic functions in the following technical
proposition

Proposition 4.4. Let o €]0,1], p € Q. Let Q and € be as in (1.1) and (1.2),
respectively. Let {¢;};en be a sequence in )0, e[ converging to 0. Then the following
statements hold.

(i) Let {uf#yj}jeN be a sequence of functions such that for each j € N
uly i € Cp(cS[y.e,]) and Auly ;=0 in S[Qpe,] .
Assume that there exist g;é € C%*(09)o and 5; such that

li Oulys idpg) = ¢t in C%*(0Q 4.1
i (G ) esidon) =gl CO%0o. (@D

1 . .
—1 i 1
sup |e; (fagz o /BQ uly ;(p+ejs)dos —§#>‘ < 00. (4.2)

jEN
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Then

< 00. (4.3)
Che(clQ)

sup
jEN

et (U;&,j (p + &jidag) — 5;4)
(i) Let {uy ;}jen be a sequence of functions such that
uy ; € Cr(aS[y]7)  and  Aug; =01in S[,.]7,
for all j € N. Assume that there exists a function vy, € C1(09) such that

lim uf ;(p+€jidaq) = v} in CH*(09) .

Jj—4o0
Then there exists a unique pair (ug,£%) € C’ll.f (R™\ ) x R such that
Vg = u;élaﬂ +&%, Auly =01 R"\clQ,

and such that
lim ug(x) =0.

Tr—0o0
Moreover,
jEI—&I-loo ug ;(p+ejidao) = uy a0 + % in CH(clO)
for all open bounded subsets O of R™ \ clQ), and
jiiinoo U a6 = Eu in C"(clO)

for all r € N and for all open bounded subsets O of R™ such that 10 C
R™\ (p + qZ").

Proof. We first consider statement (i). Let

0= ) (o ) ejdon)] VIEN, 0= (M)l

Since the evaluation map from £(C%®(9Q)g, C%*(9Q)o) x C%*(92)g to C%*(90Q)o,
which takes a pair (A,v) to AJv] is bilinear and continuous, the limiting relation
(4.1) and Lemma 4.3 imply that

. , oul, .
lim 6% = lim (M;J_)(_l) {<#’J

j—too 7 jotoo

v, ... )(p+€jidan)] = (ML) [gl] = i, (4.4)

in C%(99Q)g. Also, by the representation formula for periodic harmonic functions
in terms of single layer potentials and constants of [41, Lem. 4.1 (ii)], one has

@) =57 [ Suale—p - g)0i(e) don

N fa:da /m ( /m Sn(t = 5)0;(s) dos + €§ 2 /8  Ranles(t = 5)5(s) das> do,

1 . |

+
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Then one has

u;w(p +e5t) =¢; (v[aﬁ, 0;](t) + 5}1—2 /m Rgn(g;(t — ))01( )d05>

B faijdo /m (vmv@é}(me}” /8  Banles(t = 9)05(s )das) do

1 , .
W/@Qltzég’j(p‘i’f‘:js)dgs VtEClQ,V]€N

As a consequence,

et <u;£7j(p+5jt) - 5;) = 0[09,0%](t) + £} /zm Rynl(e;(t — 5))0i(s) do
_fmldU/a@( V[0, 07](t) + £ 2/ Rynlej(t—s)) ;(s)das> do,

1 . )
+gj1<f39d0/89u;&’j(p+5j8)d05—§;¢> Vvt € cl),Vj € N.
Then, by (4.2), by the continuity of the map from C%%(98) to C1*(cl2) which
takes 0 to v[0€, 0], by standard properties of integral operators with real ana-
lytic kernels and with no singularities (cf. [40, §4]) and by (4.4), one deduces the
validity of (4.3). The proof of statement (ii) follows the lines of the proof of [16,
Prop. 4.4], where the more involved case of the operator of linearized elastostatics
has been considered. (]

+

We are now ready to prove the main results of this subsection, where we
study the limiting behavior of converging families of solutions of problem (1.7).

Theorem 4.5. Let a €]0,1[, p €]0,+o0[, p € Q. Let Q and €y be as in (1.1) and
(1.2), respectively. Let (1.3), (1.4), (1.5), (1.6) hold. Let (1.8) holdfor all € €]0, €.
Let {e;}jen be a sequence of ]0, €| which converges to 0. Let {(T},17)}jen be a
sequence of pairs of functions such that

(T, T?) € C1 Y(cIS[Qp,e;]) x 01 Y(cIS[Qype;]7)

AN
(T, T7) solves (1.7) for e =¢;,

(4.5)

i

lim; 1 oo ki (T} (p + €5idag)) <312T ) (p+ g5idaq) exists in CO*(9Q)o .

Then

lim T} ‘(p+ gjidaq) = Ki(fl)(k) in C(clQ),

Jj—+o0
and
lim T9(p+¢jidao) = KL V(k)  in CH(clO)

J—+o0

for all open bounded subsets O of R™ \ clQ2, and
lim T4 6 = K (PynlQ. fol o= Paunl@: fol (0)+Ko(KTV(R)) ) in C1(0)

j—+o0 jlelo
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for all open bounded subsets O of R"™ such that cl® C R” \ (p + qZ™).
Proof. Let u;, uj be the functions defined by
wi(e) =K; o Ti() — Fi[f)() Vo €S0,
u;’(a:) =K, OTJQ(Z‘) - F; [fe,;](z) Vo € clS[Q, ;]

By Proposition 3.2 (see also [41, Thm. 3.3]), the pair (u},uS 2) solves problem (3.3)
for € = €. Then we set

(4.6)

u;r(t) = ui(p+eit) VtedQ,
W) = wptet) Ve ([0 —p).
for all j € N. Next we turn to show that
ut = jLiIfoo ub" exists in C1%(clQ).

By assumption (1.4) and by [42, Lem. A.7 (ii)], we deduce that the map from
] — €0, €0] to C1%(clQ) which takes € to fQ Sq.n(p+ et —y) fe(y) dy is continuously

differentiable. Accordingly, there exists a continuous function F' from | — €, €g] to
C1H%(clQ)) such that

/ Sqn(p+et —y)fe(y)dy = / Sqn(p—y) foly) dy + eFe|(t)
Q Q
= P a[Q, fol(p) +eF[e](t)  Vtecl,

for all € €] — €g, €9[. As a consequence,

Filf)(p + €t) = PyaQ, £ (p+ et) + Palpe, 1)(p + et>]{2 foy) dy

/S* foly) dy + eFle](1) W)
{ / Sp(t—s)ds + —ﬂ_e(log e)mn(Q)] /89 gedo Yt € clQ),
and
O[] OF [¢]
(p+et) = (1)
(3V e ) . Ovg (4.8)
+m aQSn(t—S)VQ(t)-I/Q(s)do's/é)ﬂgedo. Vvt € 9Q,
for all € €]0, e[ (see also (1.8) and (3.1).) By (4.6) and (4.8), we have
o) : T 4
<am:ﬂ )(p+6jt) = ri(T; (p + €5t)) <8u :’Ej )(p+ eit) — 3(1;[;3] )
g S (t — t-(d/ i Vi e o0
mn(Q) Joa w(t = s)va(t) - va(s) dos - ge; do ,



20 M. Dalla Riva, M. Lanza de Cristoforis and P. Musolino

for all j € N. Moreover, by definition (4.6), and by the last equation of (1.7), and
by (4.7), we have

-1
1

]{m“; (p+25t) dov =k + / Sqn(p = y)fo(y) dy> = _]{m Fle;] do

[Ej][ /S s)ds doy + 62 nsj(logsj)mn(Q)}/ ge, do .
a0 19)

Accordingly, the sequence {u; }jen satisfies the hypotheses of Proposition 4.4. As
a consequence,

sup <u§-(19 +gjidan) — k + / Sqn(p = y) fo(y) dy) <oo. (4.9)
JeN Q Clha(clQ)
Hence,
111+n ul(p + gjidaq) = k — /Sq, (p—y)foly)dy  in CH(clQ). (4.10)
j—+oo
Moreover, equation (4.7) implies that
lim F [fej](p + Ejldle) q,n[Qy fol(p) in Cl’a(dQ) . (4.11)

j—too

Then by the definition of u; and by continuity results for the composition operator
in Schauder spaces (cf. e.g., Drabek [19], Valent [55, Thm. 3.3, p. 32]), we deduce
that

lim 77 ‘(p+ gjidag) = Ki(fl)(k) in C1(clQ).

Jj—+oo

Next we turn to prove a corresponding statement for {Tjo}jeN. Assumption (1.4)
and the analyticity statement [42, Lem. A.7] imply that

lim Py Q. fo,](p+ €jidaq) = Py alQ, fol(p) in C1*(09) . (4.12)

Jj—+oo

By assumption (1.8) and by known results on integral operators with analytic
kernels, we have

1
li —_— n t—1y)d o d 4.13
JJI-POC mn(prsj) /Qp,sj Sq7 (p + 83 y) y/ f ’ Y ( )
= i 1 d
J*EPOO mn { / S ( o8 sj)sj 5

+/Rq7n(€j(t—8))d85?_l}/ ge, do =0,
Q2 T9)

in the C1®mnorm in the variable t € 9Q (cf. e.g., [39, Prop. 4.1].) Hence, the
limiting relations (4.12) and (4.13) imply that

Jim FEfe)(p +ejidon) = PonlQ fol(p) - in Cche(09), (4.14)
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(see also (3.2).) On the other hand, equation (4.11) implies that
i F[f](p+ 5idon) = Ponl@ () in C12(09).  (415)

Jj—+o0

Since K, o K i(_l) is of class C?, known continuity results on the composition
operator, and the fifth and sixth line in (3.3), and (4.10), (4.14), (4.15) imply that

jLiIiloo u? (p + EjidaQ)

= lim (-Fé [£2;1(p + €5idaa)

Jj—+o0

+K,o0 Ki(_l) (u; (p+ ¢;idpa) + Fjj [fe;](p + sjidag)>>

=~ PunlQ 1) + Koo K7 (R) in €10 (00)

cf. e.g., Drabek [19], Valent [55, Thm. 3.3, p. 32].) As a consequence, Proposition
4.4 (ii) implies that
EI}} u?(p + EjidclO) - *Pq,n[Qa fO](p) +K,0 Ki(_l) (k) in Cl’a(do) (416)
j [eS)
for all open bounded subsets O of R™ \ cl?, and that
: -1 e 1
i o= —Ponl@ fol(p) + Koo KTV (K) i CT(eO)  (417)
for all 7 € N and for all open bounded subsets O of R” such that clO € R™\ (p +
qZ™). By the limiting relations (4.12) and (4.13) with 0 replaced by clO, we have
dim F2[fo,)(p + ejidao) = Pyal@Q, fol(p)  in CH(clO) (4.18)
Jj—+oo
for all open bounded subsets O of R™ \ clQ2. By standard properties of integral
operators with real analytic kernels and with no singularities (cf. [39, §4]), we can
deduce that
lim Sn(-— (p+e5v) dy = Sp(- — p)mn () in C"(clO)
Jj—=+ Jo
for all 7 € N and for all open bounded subsets O of R™ such that clO C R" \
(p+gZ"). Then by the definition of F? [f.,], and by the continuity of P ,[Q, -] in
Roumieu spaces and by assumption (1.8), we have
Jim FE[fe]lae = PunlQ: follao i C7(c10)
for all 7 € N and for all open bounded subsets O of R” such that cl® C R™\ (p +
qZ™). Then (4.6), (4.16), (4.17), (4.18), assumption (1.3) and continuity results for
the composition operators imply that
lim T9(p+¢jidao) = KV (k) in C1(clO)

Jj—+oo
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for all open bounded subsets O of R™ \ cl2, and that

lim T? -
j——+oo jlclO

= K (Pl fil o Pan Q. A0+ KoK 1) )

in C1(clO)
for all open bounded subsets @ of R™ such that cl® C R™ \ (p+ qZ"™) (ctf. e.g.,
Dréabek [19], Valent [55, Thm. 3.3, p. 32].) O

The next theorem shows in particular that if a family of solutions has a limit
when rescaled, then such a limit is uniquely determined and equals the constant
KTV (k).

Theorem 4.6. Let o €]0,1[, p €]0,+o0[, p € Q. Let Q and € be as in (1.1)
and (1.2), respectively. Let (1.3), (1.4), (1.5), (1.6), (1.10) hold. Let (1.8) hold
for all € €]0,€]. Let {e;};en be a sequence of ]0, e[ which converges to 0. Let
{(T},T?)}jen be a sequence of pairs of functions such that

777
(T, T9) € CLo(CIS[ 2y, ]) X CL (S, ),

(Tj-i,ij’) solves (1.7) for e = ¢, (4.19)
lim; 4 T; (p+ gjidan) exists in Cl’o‘(clﬂ) )
Then
dim TiHp +ejidag) = KV (k) in O (),
Jj—+oo
and

lim T?9(p+¢jidao) = KL V(k)  in C12(clO)

Jj—4o00

for all open bounded subsets O of R™\ clQ), and

j—=+oo J

i o = K5 PunlQ.folao = Fan Q. () Kol (1))
in CH*(clO)
for all open bounded subsets O of R"™ such that clO C R” \ (p + qZ™).
Proof. Let u?, u$ be the functions defined by
u;(x) = Ko T;(gc) - FEij [fe,1(x) Vo € clS[Q, ],
K,oT}(x) - F? [fe;](x) Va € clS[Qy.,]™ .

£
Q
&

If

By Proposition 3.2, the pair (u;7 u?) solves problem (3.3) for e = ¢;. Then we set

uzr(t) = ui(p+ejt) Vit € clQ2,
ud"(t) = uf(p+ejt) Vit e E;l(CIS[prsj]i -p),
for all j € N. Next we turn to show that
vt = lim u;T exists in CH*(cl) . (4.20)

j—+oo
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Since K; is of class C?, known results on the composition operator and assumption
(4.19) imply that
v = lim K;o T;(p + ¢;iden) exists in C1*(clQ) (4.21)
J—+oo
(cf. e.g., Drédbek [19], Valent [55, Thm. 3.3, p. 32].) Then the limiting relations
(4.11) and (4.21) imply that the limit in (4.20) exists and that

ub(t) = 0" (1) — PualQ, fol(p) VYt e Q. (4.22)
Since u»" is the uniform limit of the harmonic functions uj-’r, the function u»" is

harmonic in 2. By arguing as in the part of the proof of Theorem 4.5 following
(4.10), we deduce that

lim “;I;m exists in CH*(99Q) .
J—+oo

Then by Proposition 4.4 (ii), there exists a unique pair (u®", cf) € Cllo’ca (R™"\Q) xR
such that

Ay®" =0 in R™\ clQ2, lim u®"(t) = ¢*,
t—o0
and that
lim wll, =ul,  in Ch(cO) (4.23)

jotoo Il
for all open bounded subsets O of R™ \ clQ2, and that

c in C"(clO)

lim u° -~ =
_]—>+OO ]|c10

for all 7 € N and for all open bounded subsets O of R” such that clO C R™ \ (p +
gZ™). Then we set

v () = u"(t) + Py @, fol(p) VteR"\ Q.

By a change of variable, and by multiplying the second last equation of (3.3) by
¢j, and by (1.8), we obtain

Ou3”" Ej _ .
U (o /8 o da{ [ .= 9alt) - va(s) do
n—2 —3))v -vq(s)do
e [ Runlett = 9valt) vn(s)do. | .
L P do [ St ¢ d
 Ovg )+ mn(Q) /89 ey 80 89 nlt = s)alt) - vals) do

tejge,(t) Ve dQ.
Then by equalities
() LS o e5t) = Koo KTV (w7 () FLIf Mo 5t)) Ve €00,

f u;7TdU:k— ng[faj](p“v‘ffjs)das,
on o0
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and by the limiting relations in (4.14), (4.15), (4.20), (4.23), and by (1.8), and by
letting j tend to 400 in (4.24), we conclude that
AubT(t) =0 vVt e Q,
Au®"(t) =0 vVt € R™\ clQ,
uOT () + PynlQ, fol(p) = Koo K7V (ul™(8) + PoulQ, fol(p)) Vit €09,
. (t) = Qe (t)  Vte o,
J%Q ut"do =k — qu[Qa fO](p) )
lim; o0 u®"(t) = ct.
Then the pair of functions (v>",v%") € C*(clQ) x CLY(R™ \ Q) satifies the
boundary value problem
Avtr(t) =0 VteQ,
Av®>T(t) =0 YVt e R™\ clf?,
v (t) = Koo KTV (vir(t)) Vit e oQ,
G () = Go(t)  Vte o,
foq vt do =k,
lim; s o0 Uo’r(t) =cd+P n [Q» fO](p) .

We now turn to show that such a problem has a unique solution. To do so, we set
THT = K(—l) o b TO" = K(fl) 0T
- 7 ’ - o 9

and we note that the pair (7%, T°") belongs to C*(clQ) x CL¥(R™ \ Q) and
satisfies the following boundary value problem

div (k; (T*" (t))DTH"(t)) = 0 vt € Q,

div (ko (T (t))DT"(t)) =0 YVt e R™\ clf2,

Tor(t) = T (t) vt € 092, '

RolT07 ()2 (6) = mi(T ()2 (1) Ve € 09,

JCaQ K,oT"" do =k,

limy o0 TO7 (8) = KS (¢ + PyalQ, fol (0)) -
If R > 0 is such that clQ C B, (0, R), we can apply the Divergence Theorem in
B, (0, R) \ cIQ2 and obtain

/Q s (T (£))| DT (1) 2 dt (4.26)

(4.25)

_ /Q div (T () (T (1)) DT (1)) dt

aTi,'r‘
(91/9
o1

= [ o) 5 0 do
o0

= [ 1)
a0 vQ

9
_ / div (T (o (TO7 (£) DT (£)) dt
B, (0,R)\clQ

(t) dO’t
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aTO,T

—(t) do
aV]E,,L(O,R)( ) !

+ / o (£)10 (T (1))
0B, (0,R)
_ / o (T (1)) DT (1) 2 dt
B, (0,R)\clf2
b [ R 0wt~ KOV + PanlQu il 0)] (0o
0B, (0,R)

LKV £ Py Q) fol ) / ov*

—(t) doy .
9B, (0,R) aVIBn(O,R)( )dax

Since v®" is harmonic in R™ \ cl§2 and has a finite limit at infinity, classical decay
properties of the gradient of harmonic functions at infinity imply that

sup
tER™\Q

(cf. e.g. Folland [26, p. 114].) Since

t
— - Dv?"(t)

m [t|""' <oo ifn>3, sup

tER™\Q

t
0 ~Dvo’r(t)‘ [t|? < oo ifn=2,

lim [ 0027 (t) = KSD (¢ + PyalQ. fol )] =0,

t—o0
we have
) B o 3 o
lim [KSD 0027 (t) = KS (4 PynlQ. fol 0)] 5 (8) dor
R—+o0 Jop, (0,R) g, (0,R)
=0.
(4.27)
Since v*" and v*" are harmonic in £ and R™ \ cl, respectively, we have
ov>" v’ ovhr
——(t)doy = t)do, = t)doy = 0. 4.28
/GJB,L(O,R) 8VIBTL(0,R)( ) ! a0 Ovg ( ) ! o0 Ovg ( ) ‘ ( )

By the limiting relation (4.27) and by equality (4.28) and by the Monotone Con-
vergence Theorem, we can take the limit as R tends to infinity in equality (4.26)
and obtain

/ k(T (8)| DT (1) dt = — / ko (T (1)) DT (0)]2 dt .

Q R7\clQ

Since x; > 0, kK, > 0, such an equation can hold if and only if T%" and T°"

are both constant. Then assumption (1.9) implies that v*" and v®" are also both

constant and the third and fifth conditions of problem (4.25) imply that
K(gfl)(vo,r) _ Ki(—l)(vi,r) _ K.(_l)(k), vhT = k,

(2

and thus 7" = K"V (k) and T°" = KV (v°7) = KV (k). In particular, (4.20)
and (4.22) imply that

lim u;r =k— /Q Sen(— ) foly)dy in C1*(clQ).

j—+oo
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Then, by arguing exactly as in the proof of Theorem 4.5 from equation (4.10) to
the end of the proof, we deduce that
lim T(p+gjidag) = KL V(k)  in C1o(cf),
J—+oo
and that
lim T%(p+¢jidao) = KTV (k) in CH(clO)

j—too 7

for all open bounded subsets O of R™ \ clQ?, and that

. o — -1

i T = K5 (PunlQ. folao = Pan Q. A0+ KoL (1))
in Ch%(clO)

for all open bounded subsets O of R” such that clO C R™\ (p + ¢Z™). O

4.3. A local uniqueness result for converging families of solutions

In this subsection we prove that a family of solutions of (1.7) which satisfies the
limiting condition in (4.5) is essentially unique in a local sense which we clarify in
the following theorem.

Theorem 4.7. Let o €]0,1[, p €]0,+o0[, p € Q. Let Q and ¢ be as in (1.1)
and (1.2), respectively. Let (1.4), (1.5), (1.6), (1.9), (1.10) hold. Let (1.8) hold
for all € €]0,e0[. Let {€;}jen be a sequence of |0, €| which converges to 0. Let
{(T;,Tjo)}jeN is a sequence of pairs of functions such that

(T}, T9) € Cy*(cIS[Qy.e,]) x Cp*(cIS[Qype,]17) s

7770

(T}, T¢) solves (1.7) for e = ¢,
limj s 4 o0 k4 (T} (p + €5idog)) <aj;iij > (p+ g;idaq) exists in CO*(0Q)o .
(4.29)
then there exists jo € N such that
Tj()=T"(ej,),  TP()=T%%5-)  Vj>jo. (4.30)

Proof. Let u} be the function defined by

u;(x) =Ko Tj’(x) — F; [fe;]() Va € cIS[Q, ¢, ] Vj e N.

Since the assumptions of Theorem (4.5) are satisfied condition (4.9) holds, and we
have

sup
jEN

On the other hand by (4.7), we have

&' (F [f,](p + €5idoq) — /Q Sqn(®—y) fo(y) dy)

€;1<UE(p+ejidclg) —k+/ San(p =) foly) dy)’ < o0.
0 Cloa(clQ)

sup
JEN

< 00.
C1.2(99)
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As a consequence, we have

sup||5 (Ki o T} (p + e5idaq) — < 00. (4.31)
jEN

k) Hcl«a(aﬂ)

Since (T;, T¢) solves problem (1.7), Propositions 3.2 and 3.3 ensure that for each

j € N there exists a unique (¢;,0;,&;) € C%*(92)3 x R such that
o= K Vo (Fﬁj [fe;] +Ui[€ja¢j79ja§j]) : (4.32)
Ty = Ko (L) +ulle v, 05,651) -
Let (¢,0,€) be as in Proposition 3.4. We now try to show that
Jim (5,05,6) = (4,60,6)  in CO%(0Q)F x R. (4.33)

Indeed, if I is as in Theorem 3.5, the limiting relation (4.33) implies that there
exists jo € N such that

(6j,02,nejloge;, ;,0;,&5) €] — €, €[x] — e [ xU for all § > jo,
and thus Theorem 3.5 implies that
(¥5,05,&5) = (U[ej, 02,ne;5loge;], ©[ej, 62,n loge;], Elej, 62,ne 5 log g5])

if j > jo and thus equality (4.30) holds for j > jo.
In order to prove (4.33), we rewrite equation Ale, e1,1,6,&] = 0 in the fol-
lowing form

mele, 0,€)(t) — K'(KD(Gle, ex]))mile, 4](t) (4.34)
- /0 D(PynlQ. f))(p+ 7et) - tdr
1

g s { P+ / Ryelt = ) ds

KK G ea) i)+ e | g

wemilecul(o) + mild(0) + 5 / fode]

<[ a-om (K<1><G[e,e11>

e e 1)+ mifd) + 52 e [ e a5 e on,
3000+ w09.010) + 1 [ valt)- DRy (clt = 5)0(5)do (4.35)

%w(t) — w, [0, ] (t) — "t / vo(t) - DRy, (e(t — s))i(s) dos
o
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_ mnl(Q) /SQ 7 do{ /aQ St — 8)va(t) - va(s) doy

671
+— do St — s)va(t) - va(s)dos + ge(t vVt € 992,
5 | et [ Su(t=sn(®)- va() do + )

for all (e, €1,%,0,&) €] — €0, €0[ xR x C%*(92)3 x R. As shown in the proof of [41,
Thm. 4.4 (iii), p. 2529, equation (32)], both hand sides of equation (4.35) have
zero integral on 95 for all (€, €1,1,0,€) €] — €g, o[ xR x C*¥(9Q)2 x R. We define
the maps N = (N;);=1,2 and B = (B;);=1,2 from | — €, o[ xR x C»*(92)3 x R
to CL(0) x C%(00N), by setting Nile, e1,,0,&] and Bile, e1,,0,&] equal to
the left and the right hand side of the equality in (4.34) for all (¢, €1,1,0,¢) €
] — €0, c0[ xR x C%*(0Q)2 x R, respectively, and by setting Nale, e1,1,6,£] and
Bsle, €1,1,0,&] equal to the left and the right hand side of the equality in (4.35)
for all (e, €1,1,0,€) €] — €, eg[ xR x C4¥(90)2 x R, respectively.

By the proof of [41, Thm. 4.4 ] the maps N and B are analytic under ana-
lyticity assumptions on K;, K, and on the families of (1.4), (1.5). Here instead,
K; and K, are of class C® and the families of (1.4), (1.5) are of class C*. Thus
the same proof of [41, Thm. 4.4 ] implies that the maps N and B are of class

C'. Next we note that Nle, ey, -, -, ] is linear for all fixed (e, ¢;) €] — €9, €o[xR. In
particular, the map from | — g, €[ xR to £L(C%*(92)3 x R, CH(982) x C**(9)o)
which takes (e, €1) to Nle, ey, -, -, ] is continuous. We also note that

N[Ov 07 Ty ] = a(d),e,f)A[Oa 07 ’Jja é» g](? B ) )
and that accordingly, N|0,0,-,-, ] is a linear homeomorphism (see the proof of

[41, Thm. 4.4].) Since the set of linear homeomorphisms is open in the set of
linear and continuous operators, and since the map which takes a linear invertible
operator to its inverse is continuous (cf. e.g., Hille and Phillips [29, Thms. 4.3.2
and 4.3.4]), there exists an open neighborhood W of (0,0) in | — e, eg[x] — ¥, €]
such that the map which takes (e, ¢;) to Ne, ey, -, -, -](=1) is continuous from W to
L(CH*(992) x CO*(98)o, C**(90)3 x R). Clearly, there exists j; € N such that
(Ej,ég,nfjlogéj) ew Vi>g1.
Since Alej, I nejloge;, ¥;,0;,&] = 0, the invertibility of the linear operator
N[€7 52,n<€j 1Og€j7 wjv ] ]

and equalities (4.34), (4.35) guarantee that

("/}j» 9]’7 fj) = N[Ev 62,77,5]' log Ejsy '](_1) [B[G, 52,n5j log €55 wja ajv g]]] ) (436)
if § > ji. By (4.32) and by the same computations of [41, equation (18), fourth
equation of p. 2522] yielding to [41, equations (20), (21)], we have

K; OT;(p—f—ejt)
= F[f,)(p+ te)) + u'lej, 15,0, &) (0 + te;) = KT (Glej, 62,08, loge,])
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i i may (2)
+€j [m [Ej,’l/)j](t) + ml[sj](t) + m(sgmgc,'j IOgEj A fej dl‘:|

for all ¢t € 90 and j € N. Accordingly we have

27mmy, (Q)

=¢;! (Ki o Tip+¢e;t) — KTV (Glej, 2,ne5 log q]))

m'[ej, ¥;)(t) + mi[e;](t) + 02,n€; loggj/Qfsj dx

for all ¢t € 99 and j € N. Hence,
Bilej, 0a,ne5loge;, 1hj, 65, &5](t) (4.37)

1
= —/O D(P;,[Q, fc;])(p + Te;t) - tdr

_#Q) /89 9e; do {PH[Q, 1](f) + E?_Q /g; Rq,n(sj(t - S)) dS}
+K'(KTV(Glej, da.nejloge;]))

X [mll [e51(t) + m&g,naj loge; /Q e dm}
+e; [Ejl (Ki o T} (p+¢e;t) = KCV(Glej, banej log Ea‘]))] 2
) /01(1 - B K" (K(_l)(G[Ej’ 02.n€510g €5])
+B¢; |:5j1 <Kz' o Tj(p+¢et) — KV (Glej, 2,ne; log Ej])ﬂ ) g,
for all t € 0Q. We also note that Bale;, 02 n¢5l0ge;,%;,60;,;] is actually inde-

pendent of ¢;, 0;, &;. Next we note that (3.4) and the Fundamental Theorem of
Calculus imply that

gj_l (K(_l)(G[Ej, d2,n€jloge;]) — k)

1
= —][ / D(P;4[Q, f;])(p + Tej4t) - tdr doy
o0 JOo
A ronf spiude—f 10" e 0,
Q 80 Q . 2T

for all j € N. By [42, Appendix], the function fol D(P, ,[Q, fe])(p + Tet) - tdr
of the variable t € 9Q belongs to C**(9Q) and depends continuously on e €

]—€0, €0[. Then the sequence {6]»_1 <K(_1) (Glej, 62,ne; log ej])—k‘) } of constant
JEN
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functions is bounded in C%(9Q). Then (4.31) implies that the sequence

{sjl (K o THp + ¢jidon) — KV (Glej, 62,ne; log sj])) } (4.38)
JEN
is bounded in C**(9Q).
Now let B = (Bj, Bs) be the element of C%*(92) x C%*(9Q)o defined by

B](t) = — D(Pq,n[QafO])(p) -t

_ mnl(Q) /asz go do { P, [, 1](¢t) + d2,n Ry n(0)m, ()}
+ K'(k)D(Py.n[Q, fo)(p) -t Vi € 09,

and

1
Bat) =i /[mgoda [ St () - vae)da,+anlt) i€ 00,

Then the continuity of Bs, and equality (4.37), and condition (4.38) imply that
lim Blej, 0 nejloge;, ), 0;,&] = B (4.39)

j—+oo
in CH(9Q) x C%*(9Q)g. The continuity of the map which takes (e, €;) to
N[€7 6]_7 5 .](_1)
implies that
lim  Nlej,d2ne;loge-, -, 1Y = N[0,0,-,-, ]V (4.40)
J—-+oo
in L(CH(9Q) x CO*(982)o, C**(00)3 x R). Since the evaluation map from the
space L(CH(09Q) x CO%(98)g, C**(9N)3 x R) x (CL*(92) x C*(9Q)0) to the
space CO%(9€2)3 x R, which takes a pair (A, v) to Av] is bilinear and continuous,
equation (4.36) and the limiting relations (4.39), (4.40) imply that
lim (¥;,0;,&;) = N[0,0,,-, ]V [B] (4.41)
Jj—+oo
in CO(082)2 x R. Since the equality A[0, 0,7,6,€] = 0 is equivalent to (¢,8,€) =
NI0,0,-,-,-]"V[B], the limiting relation (4.41) implies that lim;_, 4 o (¥;,0;,&;) =
($,6,€) in CO*(8Q)2 x R. O

Then by Theorem 4.7, we immediately deduce the validity of the following.

Corollary 4.8. Let the assumptions of Theorem 4.7 hold. If {e;}jen is a sequence
of 10, €o[ which converges to 0 and if {(Tf,j,Tﬂj)}jeN, {(Tﬁ’j,Té”j)}jeN are two
sequences of pairs of functions satisfying the conditions in (4.29), then there exists
jo € N such that

T =Ti,(), T =T5,(),  Yi>jo.
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