ON SMALL MODULES FOR QUANTUM GROUPS AT ROOTS OF
UNITY

GIOVANNA CARNOVALE AND IULIAN I. SIMION

ABSTRACT. A conjecture of De Concini Kac and Procesi provides a bound on the minimal
possible dimension of an irreducible module for quantized enveloping algebras at an odd
root of unity. We pose the problem of the existence of modules whose dimension equals
this bound. We show that this question cannot have a positive answer in full generality
and discuss variants of this question.

1. INTRODUCTION

Let ¢ be an odd positive integer. A construction due to De Concini Kac and Procesi
[T1] associates with an irreducible representation V' of a quantized enveloping algebra at
an (-th root of unity a conjugacy class Oy in a corresponding algebraic group G. They
conjectured that the dimension of each irreducible module V' is divisible by ¢34mOv  The
De Concini-Kac-Procesi (DCKP for short) conjecture was confirmed in [13] for regular
conjugacy classes, in [4] for subregular unipotent classes in type A, in [2] for all conjugacy
classes in type A, when ¢ is a prime, in [3] and [5] for spherical conjugacy classes for
arbitrary GG. An approach to settle the conjecture for unipotent conjugacy classes was given
in [18]. In [24, 25], which at the time of writing are under refereeing process, Sevostyanov
proposes a strategy for the proof of the DCKP conjecture for simply-connected quantized
enveloping algebras, with some restrictions on /.

We are interested in the assumptions under which the bound in the DCKP conjecture
is attained, i.e., in conditions for the existence of a module V' of dimension ¢3dmOv W
call such a module V' a small module. In the case of modular Lie algebras, the analogue
problem was formulated in [I7, §8] and is usually referred to as Humphreys conjecture.
For an account on the development of this conjecture, see [23].

One of the big differences with the modular case is that for each reductive Lie algebra g,
there are several quantized enveloping algebras, each corresponding to a lattice M between
the root lattice and the weight lattice of g. We say that M is the isogeny type of the algebra.
The theory is well developed for the simply connected case (i.e., when M is the weight
lattice), but does not seem to allow for standard inductive arguments as in the case of
modular Lie algebras, as quantized Levi subalgebras are not always simply connected.
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This motivates our analysis of different isogeny types both with respect to the DCKP-
conjecture and to the question of the existence of small modules.

The paper is structured as follows: we recall in Section [3] the DCKP construction, in
particular we see that every irreducible module for a quantized enveloping algebra is a
representation of some finite-dimensional quotient Ué‘/[ (g), corresponding to an ¢-character
1. Each (-character is associated with a conjugacy class in GG. In Section [4] we relate the
finite-dimensional quotients U, (g) and U}Y(g) corresponding to different isogeny types in
Theorem in particular we provide necessary and sufficient conditions on ¢ ensuring
that Uéw (g) is independent of the isogeny type. As a consequence, under these assumptions
on ¢, in order to confirm the DCKP conjecture for all isogeny types it is enough to prove
it for one type (Corollary . In Section |5l we give an inductive argument using parabolic
induction which reduces the quest for small modules to rigid conjugacy classes and settles
their existence for sl,, 1 when (¢,(n + 1)!) = 1. The results we get are in analogy with
the ones in [I5]. The last Section is devoted to the cases in which the assumption on ¢ is
not verified. We show that in this case small modules may fail to exist for U} (g) even if
they exist for Ué‘/[ (g). A complete answer to the question of existence of small modules for
central elements in G is given in Proposition As a conclusion, we formulate Conjecture
which is a quantum analogue of Humphreys conjecture.

2. NOTATION

Let € be a primitive ¢-th root of 1. Throughout g denotes a fixed semisimple Lie algebra
of rank n with root lattice Q and weight lattice A. We assume that ¢ is odd and coprime
with 3 if g has a component of type Gs.

For a lattice M such that @ C M C A we denote by Gj; the complex semisimple
algebraic group with Lie(Gjs) = g and of isogeny type determined by M. We let Ty C Gy
be a maximal torus and By; C Gj; a Borel subgroup containing T3,. The opposite Borel
subgroup is denoted by B,,. The unipotent radical of By; does not depend on M and we
denote it by U so By = Ty X U. Similarly, the radical of B, is denoted by U~.

The set of roots w.r.t. T}, is denoted by @, the set of positive roots w.r.t. B), is denoted
by ®* and A = {ay,...,a,} stands for the set of simple roots determined by Bj;. We
use the Bourbaki numbering of the simple roots. If I C A then @y := & N ZII. The ith
fundamental weight is denoted by \; and the longest element of the Weyl group W of ® is
denoted by wy.

We choose the W-invariant Euclidean norm (_|_) on RA so that (a|a) = 2 for short roots
in all simple factors of g.

For the lattice M as above, we denote by UM (g) the De Concini-Kac quantized envelop-
ing algebra at the root € of one. It is defined by generators E,, F,,(o € A) and K,(u € M)
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subject to the relations

(2.1) Ko=1, K,K,=K,.,

(2.2) K,E,=c"WI)E K,

(2.3) K,F, = WIF, K,

(2.4) EoFp — F3Bq = 0o 57"

(2.5) > ao  (=1)["F] EiBsEL =0

_ (a|B
atb=1-2:7108

(2.6) SO aee  (=1)[*] FaFFY =0
a+b:172gg‘|§; co
cC Cle! eC_e—C (ala)
where [{] = —[d}e![[i_'d}e!, [cle! = [clele = 1]e---[1]e, [dle = == and e, = €72 .

Ifg=g,® - D g, is the decomposition of g into simple factors, M = M; & --- & M,,
we have the isomorphism UM (g) ~ @/_, UMi(g;).

For every choice of the lattice M and every reduced decomposition wy, we have root
vectors ., F, for v € & [19]. The set of root vectors of UM (g) is the union of the sets
of root vectors for each factor UMi(g,) .

The notation for the main objects that we consider is as follows:

° (’)f denotes the conjugacy class of g in the group H, if it is clear what H is we
write O,

o Cy(S) for H a group and S C H is the centralizer of S in H

e H° denotes the identity component of the algebraic group H

e Rep(A) is the set of modules of the algebra A up to isomorphism

e Spec(A) is the set of simple modules of the algebra A up to isomorphism

e UM(h) is the subalgebra of UM(g) generated by the K for A € M

o ZM(g) is the center of UM (g)

o ZM(g) is the l-center of UM (g), i.e. the central subalgebra generated by Ef, F:,
foraqu*andKﬁfor,uEM

o UM(g) = UM(g)/(kern)UM(g) is the reduced quantized enveloping algebra corre-
sponding to 1 € Spec(Z(g)).

. Ué‘”(f)) is the subalgebra of Ué‘/l(g) generated by K for A € M

3. PRELIMINARIES

3.1. For any reduced decomposition of wy, we have an ordering of the positive roots and
a choice of root vectors. Ordered monomials in the root vectors and the K, , for a Z-basis
1 - -y of M, form a PBW basis for UM (g). This is proved in [19, Proposition 4.2] for
M = () and the construction works for general M.

In addition, UM(g) is a Hopf algebra, [12, §9.1]. Its f-center is the central Hopf subal-
gebra Z}M(g) [11], §5.6 Proposition (d)] generated by ¢-th powers of the root vectors and
of the K, [10, §4]. Considering the same ordering of positive in order to describe U as
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a product of root subgroups, the group U is identified with Spec(C[E:, o € ®*]); simi-
larly, U~ =~ Spec(C[F’, a € ®T]) and Spec((C[Kjf, j=1,...,n]) ~ Homgy(M,C*) ~ T),.
Combining these identifications we get isomorphisms of varieties

Spec(Zy'(g)) =~ Spec(C[F},a € ®*]) x Spec(C[K ", j = 1,...,n]) x Spec(C[E}, a € &7])
U xTyxU

~ {({ttu,tv) |t € Ty, u € U ,v € U}.

12

In addition, Z}’(g) is a finitely generated commutative Poisson Hopf algebra [11}, §7.3] and
the composition of the above isomorphisms is an isomorphism of Poisson algebraic groups
[11], §7.6].

If M C N, the natural inclusion ¢: UM (g) C U (g) induces an inclusion Z} (g) — Z3'(g)
which we denote by the same symbol.

3.2. Considering the PBW basis, UM(g) is a free Z}(g)-module with basis given by
the subset of the PBW monomials of UM (g) with all exponents in {0, ...,/ —1}. As a
consequence, UM (g) is finite over its center and every irreducible representation of UM (g)
is finite-dimensional [8, §11.1A]. By Schur’s Lemma we have the natural restriction map
Ear: Spec(UM(g)) — Spec(Z)(g)). Let mar: Spec(Z)(g)) — By, Bur be given by (z,y) —
271y, where we use the identification in . By the formulas in [I1, 0.5] the map
is the product of the my;, for each simple component of g, since ZM(g) = @', Zo" (g:)
(notation as in §2)).

If M C N, we have an isogeny ¢yar: Gy — Gur. Again using (* is the restriction
of ¢y X oy to {(t7 u,tv) |t € Tv,u € U ,v € U} < Gy x Gy. We have surjective
horizontal maps in the commutative diagram below [I1].

M

Spec(UM(g)) — Spec(Z2(g))

L* ONM
EN T
Spec(UN (g)) ——— Spec(ZY(g)) ——— ByBy C Gy

Let n € Spec(Z}!(g)) and let V' € Spec(UM(g)). We say that V has (-character n if
Env (V) = n. Since &y is surjective and ¢* is induced from ¢npr X dnas, any f-character of
UM (g) lifts to exactly |[N/M| (-characters of UM (g). Moreover, considering the rows of the
diagram, every V € Spec(UM(g)) is an irreducible module over the algebra

Uy'(8) := UM (g)/ (Kern)U (g)

for n = & (V). We call such quotients reduced quantized enveloping algebra.

By abuse of notation, we denote the image of the generators of UM(g) in U, (g) with
the same symbols. For any n € Spec(Z}(g)), the image of any Z}(g)-basis of UM (g)
through the canonical projection UM (g) — U} (g) is a linear basis of U} (g). In particular
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dim Uflw(g) = (4m9 and fixing a basis X = {y1, ..., i} of M, we may choose the basis to
consist of monomials of the form

ArrBnC . an ... a1 by bn c1 | .. ICN
FAKEEC (= Fov - FORY K ES .. BN

where N = |®F|, B = (by,...,b,), A = (an,...,a1) and C = (¢q,...,cy) are tuples of
elements in {0, ..., ¢ — 1},

3.3. Let (o1, ...,0,) € {£1}". For a given Z-basis p, ..., u, of the lattice M, we
consider the algebra automorphism o of UM(h) given by o(K,,) = 0;K,,. For every
j=1,...,n wehave 0(K,,) = 7;K,, for some 7; € {£1}. Then, o extends to an algebra
automorphism of UM (g) by setting o(Fy,) = Fy,, and 0(E,,) = 7, E,,.

3.4. For alattice M, let M' = AO%M, and the corresponding central isogeny ¢par: Gy —
G- By [11L p. 176], the map 7, factors through the big cell of G v, so we have the fol-
lowing composition of maps:

i O

Em _
Spec(UM(g)) ——— Spec(Z3(g)) By By C Gy

By By € Gy

By [11}, §6.6 Theorem], if g = 7'(n) € Gy \ Z(Gur), then for every 7 € (7')~1(O,)
we have U}M(g) ~ UM(g). Now, O, has a representative in B}, so we may assume
g =7'(n) € By,. Therefore my(n) € By;. Thus, by definition of the map 7y, in and
the identification in , we have n(E’) = 0 for every a € ®F. If h = ¢y a(g) € By, then
T (On) C U.cker bar M(W’)*l((’)zg). For any z € Ker ¢y, we choose § € (7/)7!(zg).
Since Ker ¢ C {2 € Z(Gap) | 22 = 1}, we have n(E') = §(E%) = 0, n(F!) = §(F!)
and n(K ﬁj) = 0;0(K ﬁj), for o; € {£1}. The automorphism o from paragraph |3.3| induces
an isomorphism U} (g) ~ U{(g). In other words, if h = my(n) € Gy, then for every
6 € (mar) 1 (O) we have U (g) ~ Uy’ (g).

3.5. In 1992, De Concini, Kac, Procesi formulated the following conjecture:
Conjecture 1. If V is an irreducible U (g)-module with wy(n) = g then ¢24mOs | gim V.

Since the map ), is compatible with the tensor product decomposition of UM (g), veri-
fication of the conjecture can be reduced to the case of g simple.

Note that, since the diagram in is commutative and since ¢y, is a central isogeny,
. a - a
dim O Y., = dim OW.]]VV(H) fo.r any 1 € Spec(Z{¥(g)).
The following questions arise:

(1) Let M C N. Under which assumptions Conjecture 1] for the lattice M follows from
or implies Conjecture (1| for the lattice N?

(2) Let n € Spec(Zj"(g)). Does there exist a U, (g)-module of dimension 2 8mOny ()7
Is it irreducible?
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(3) Let M C N. Under which assumptions can we deduce an answer to Question (|2))
for the lattice M from the case of the lattice N or viceversa?

Question is the quantum analogue of a problem posed by Humphreys, on repre-
sentations of restricted Lie algebras. We call a module V' whose dimension satisfies an
equality as in Question (2)) a small module for U} (g). If the DCKP holds for my;(n), then
any corresponding small module is irreducible. We show in §6|that Question does not
always have an affirmative answer and we formulate necessary conditions under which an
affirmative answer can be expected.

3.6.  We close this section by noticing that if (¢,|N/M|) = 1, the center ZM(g) of UM (g)
behaves well with respect to inclusion. This fact will not be needed in the sequel.

Lemma 3.1. Let M C N be such that ({,|N/M|) = 1. Then, ZM(g) C ZN(g). In
particular, this holds for every M, N whenever ({,|A/Q|) = 1.

Proof. The algebra UN(g) is generated by UM(g) and the elements K, with w running
through a set Njs of representatives of N/M in N. Therefore z € ZM(g) lies in ZN(g) if
and only if [K,,, z] = 0 for every w € Ny;. Let z = > z; be the expression of z with respect
to the PBW basis. By construction of the PBW basis, K, z; = ¢,z K, for ¢;, some power
of €. By linear independence of the z;, for every k > 0 and every w we have [KF, 2] = 0 if
and only if [K*, z;] = 0 for every i, which happens if and only if ¢f =1 for every i. Since
KNI ¢ UM(g), for every w and every i we have clf/ Ml 1, which under our hypotheses
forces ¢;, = 1, whence the statement. O

The map &,/ in is the composition of the (surjective) restriction maps yas to ZM(g)
and 13 to ZM(g), so in the the diagram

Spec(UM (g)) —~ Spec(ZM (g)) — 1 Spec(ZY ()

L L

Spec(UN (g)) — 1 Spec(Z (g)) —2— Spec(Z) (g))

the first vertical arrow is surjective if (¢, |N/M|) = 1.

4. REDUCED QUANTIZED ENVELOPING ALGEBRAS

In order to deal with the questions from §3.5], we compare reduced algebras corresponding
to different lattices M C N.

4.1. Let ny € Spec(Z3(g)) and ny € Spec(ZY (g)) such that t*nx = . It follows from
the inclusion Z'(g) C Z{'(g) that there is a natural algebra morphism fyn: U (g) —
U} (9). Indeed, we always have

(Ker m)UM(g) € (Kerny N 23" (9))UM (g) € (Kerny)UXN ().
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Note that, with respect to PBW bases corresponding to the same reduced decomposition
of wy, we have fyn(FAK\E®) = FA fin(K,)EC for any A € M. Hence the dimension of
the image equals (2" dim fy;n (U} (h)).

For the purpose of analyzing fi;n, note that we are not bound to considering a specific
basis X of M. For each p € X, n(K,) # 0 since K, is invertible. Fix ¢} an {-th root
of n(K,) and denote K, /c]l by K. Clearly, replacing the K, in the monomials of the
basis (paragraph with K]} we still have a basis of Ué‘/f (h). The latter is isomorphic to
the group algebra C[M/¢M]. Let fy : C[N/{N] — C[N/{N] ~ UY(b) be the invertible
linear map defined by f]'V(KZN) = (M [N ) KN, Then kyn = fy o fun restricts to the
canonical group homomorphism M/¢M — N/{N.

Lemma 4.1. Let N be a lattice and M C N a sublattice of finite index. The natural group
homomorphism kyry - M /UM — N/EN is an isomorphism if and only if (|N/M|,¢) = 1.

Proof. Note that ker kyyy = (CN N M)/OM. Assume that (|[N/M|,¢) = 1. Since kpy is
an endomorphism of the finite group Z;** it is enough to show that ks is surjective.
By assumption, there are a,b € Z such that al + b|N/M| = 1 so, for any 2 € N we have
x = alx + b|N/M|x € (N + M. If instead there is a prime p dividing (|N/M]|,¢), then,
there is 4 € N such that u & M and pu € M. Then, lu = ﬁ(pu) EINNM and b & (M
hence kj;n is not injective. O

For our purposes we will have to consider lattices M C N for which (|N/M]|,¢) # 1. As
¢ is odd, they occur only for Lie algebras with components of type A,, or Eg. Recall that
the simple roots are in Bourbaki ordering.

Lemma 4.2. If g is simple of type A,, or Eg, then there is \x € A such that Ay, aq, ..., 0,1
is a basis for A and any lattice @ C M C A is generated by [N/ M|y, 1, ..., Q1.

Proof. We use [16, §13.2]. For A, we have (n+ 1)\ => " (n —i+ 1)y, so A = (A, Q)
and since the coefficient of ay, is 1, we have A = (A, aq, ..., a,_1) as claimed with Ay = A;.
For Eg we choose Ay := A3 — \5 = %(al +2a3 —2a5 —ag). Since Ay € A\ Q and A/Q = Z3
we have A = (A\y, Q). As —3Xp € A\, + (a4, ..., a,_1) the claim follows also in this case.

The last claim follows from the fact that A/Q is cyclic. O

The following theorem relates different isogeny types for reduced quantized enveloping
algebras. A result comparing different isogeny types for the infinite-dimensional algebras
UM(g) is described in [14} §5].

Theorem 4.3. Let Q C M C N C A with M; C N; corresponding to the simple factors of
g. Then UY(g) is a free fMN(U”M(n)(g))—module of rank T[,(¢, |N;/M;|). In particular fun

is an algebra isomorphism if and only if (|[N/M]|,¢) = 1.

Proof. Tt is enough to prove the statement for g simple of rank n. Consider the group
homomorphism ky;n : M/{M — N/{N and note that dim kyn(C[M/¢M]) equals the
order of the image of N/¢M — M/(M. By Lemma [4.1] when &y is not an isomorphism,
then d := (¢,|N/M|) # 1 and g is of type A, or Eg. Moreover in this case, by Lemma
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M.2] ky is the endomorphism Z; — Z7 which restricts to the identity on the last n — 1
Z-factors and on the first factor restricts to  +— |N/M|xz. Then, a basis of fyn (UM (g))

1sg1venbyF K\A/MIA Kb . KgfhllEC,WherebGO,...,d 1,0, €0,....0—1,and A,C
are as in §4.1| 0

Theorem and the discussion in give the following answer to Questions and
(3)-
Corollary 4.4. Let Q C M C N C A and let n € Spec(Z3'(g)). If (¢,|N/M|) =1 then

(a) the DCKP conjecture holds for U (g) if and only if it holds for U*(n)< );
(b) there exists a small U} (g)-module if and only if there exists a small UL*(n)(g)—module.

Let b(g) be the maximum between the largest bad prime for g and the maximum m such
that A contains a subset of type A,, 1. The values of b(g) for g simple are listed in
Il

Table 1

A, | B, C,| D, | Es|E;| Eg| Fy| Gy
n+1lln|n|n |6 7]|83]3

Remark 4.5. The strategy proposed in [24], [25] aims at settling the DCKP-conjecture
for (¢,n!) = 1if g is of type A, and (¢,b(g)!) = 1 otherwise, in the case of M = A. So,
if (£,b(g)!) = 1, Corollary together with this result would imply the DCKP conjecture
for every lattice M.

5. SOME POSITIVE ANSWERS TO QUESTION 2

In this section we apply an inductive argument on the rank of g in order to give affir-
mative answers to Question [2) under certain coprimality assumptions on ¢. With notation
explained in the sequel, there are two main parts in the argument: a reduction to Uév (I
for some Levi subalgebra [ of g as in [6] and a further reduction to a subalgebra determined
by [I, [] for which the coprimality condition is needed. By parabolic induction, the problem
of determining the existence of small modules is reduced to rigid orbits, see Remark
hence the existence of small modules is settled for sl,, 11 when (¢, (n +1)!) = 1.

5.1. ForIl C A, let Qp = ZII, o35 = QuN P, <I>H = QuN®*. We denote the weight lattice
of &1 by Ap and the longest element of the corresponding Weyl group by w{'. Let p be
the associated standard parabolic subalgebra of g with standard Levi factor [. For a lattice
N between @ and A, if P and L are the connected subgroups of Gy with Lie(P) = p
and Lie(L) = [, then P = LUp for a connected unipotent subgroup Up C U. We set
Up == woUpuwy .

Let UM (p) be the subalgebra of UM (g) generated by F,,, K., Es fora € II, 3 € A, v € N,
let UM (1) be the subalgebra of UN(p) generated by F,, K., Es, o, 3 € I,y € N.

When dealing with such subalgebras, we always assume that the reduced decomposition
of wy is such that the first |®{;| terms form a reduced decomposition of wg'. This way, the
root vectors corresponding to roots in ®;; will be contained in UN(T).
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For n € Spec(Z{¥(g)), let
Uy (p) = UN (p)/(Kern)UZ (g) N U (p)) and U (1) = U (1) /(Kern)UZ (g) N U (1)).

By construction, U,]]V (p) and U,ZIV ([) are subalgebras of Uf]V (g) generated, respectively by
Fo, K\ Eg fora €Il, B € A, v € N, and F,, K, Eg, o, 8 € I,y € N. Note that U([)
depends only on the restriction of 7 to the subalgebra of Z¥(g) generated by FY, Kﬁ, Ef;,
o, € df,veN.

5.2. If n is such that n(E’) = 0 for every a € ®*\ &y then, extending trivially the action
of {E,:a € ®T\ &} induces a natural map

(5.7) Rep(U,' (1)) = Rep(U' (p)).

If V' € Spec(U)Y (p)), then E,V = 0 for every a € &+ \ ®y;. Indeed, if I is the left ideal of
Uf,v (p) generated by {E, : a € &+ \ &y} then IV is a proper submodule of V. Therefore,
the map restricts to a bijection Spec(U}N () — Spec(U} (p)).

The composition of the map with extension of scalars to Uflv(g), i.e.,, with V
Uy (8) ®up ) Vs is the induction map defined in [6, §2.1]

Ind}" : Spec(UN (1)) = Rep(U,Y (g))-

5.3.  We make use of the generalization of Lusztig-Spaltenstein induction [21] to arbitrary
elements described in [7]. If OF is a conjugacy class in a Levi subgroup L of a parabolic
subgroup P, with decomposition P = Uy L, then Indf((’)ﬁ) is the unique conjugacy class
in G intersecting U, x in a dense subset. A conjugacy class which is not induced from a
class in any proper Levi subgroup is called rigid. For g € Gy the semisimple and unipotent
factors in the Jordan decoposition are denoted by gs; and g, respectively.

For n € Spec(Z{(g)), let m € Spec(Z{¥(g)) be defined as n(z) = n(z) for every = €
ZN(g)NUXN (1) and 0 elsewhere. By our choice of reduced decomposition of wy, the ordering
in ®* begins with the roots in ®;; and the ordering in —®* ends with the roots in —®;.
By the identification in and the definition of 7y in we see that my () € L.

Lemma 5.1. For n € Spec(UN(g)) and 11 C A let L be the standard Levi subgroup
corresponding to II, | = Lie(L). Assume g = mn(n) € By and that OF~ = Ind§™ (05)
where g = wn(nr).

(a) If there exists an U} (I)-module of dimension 02900 then there exists a small module
for UN(g).
(b) Assume in addition that L = Cg,(Z(Ca(gs)°)°). If there exists a U (g)-module of

im OL,

. . 1 qim OSN . . . 14
dimension €2 9mOa" then there exists a U,év([)—module of dimension (2 9 and one

1s iwrreducible if and only if the other is so.
Proof. Note that UN([) ~ U} (I). If V is an U,"(I)-module of dimension ¢z 4m Oy then, by
[6, (2.2)]

dim Ind?"V = 03120l gim vV — 3(®=@nl+dimO%)
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By [21, Theorem 1.3], [7, Proposition 4.6], dim Indi((’)gL,) = |® — ®p| + dim O} which
proves (a). The main theorem in [10} §8] applies when L = C(Z(Cs(gs)°)°), the minimal
Levi subgroup containing C(gs)° [20, §3.1] and the claim (b) follows. O

Remark 5.2. If the DCKP conjecture holds for the lattice N and the integer ¢, the
U} (g)-modules considered in the lemma are always irreducible.

5.4. The inductive argument that we are aiming for is for quantized enveloping algebras
of semisimple Lie algebras. In order to make this possible we want to pass from U,]]V () to
a product of quantized enveloping algebra corresponding to the simple factors of [[,[], as
suggested, in a special case, in [10, Remark 8.1].

Let [I, ] = [1®- - -®I, be the decomposition of [I, [] in simple factors, with IT = IT,L- - -UII,..
We set ¢; 1= ¢, if (a]a) > 2 for all @ € II; and ¢; := € otherwise. Then for the r-tuple
€ consisting of the g;’s, the subalgebra UL ([(,1]) of U2(I) generated by F,, K., Ejs for
a, 8, £v € Il is isomorphic to Q);_, Ugnl’ (L;).

It follows from the construction that for our choice of a reduced decompostion of wy
and w{', the root vectors of each USH"([Z-) are exactly the E,, Fp for o, 8 € CIDR_. Thus,
Z8(g) NUL([L,1]) is the tensor product of the ¢-centers of the Ugni (G).

Now, let U2 ([, 1]) := U2n([1, 1))/ ((Kern U2(g))NUL™([1, 1])). Then, for n; the restriction

of n to the ¢-center of US " (1;), this algebra is the product of restricted quantized enveloping
algebras, for possibly different primitive ¢/-th roots of unity:

(5.8) U2 ([1,1]) = @ UL (1) / (ker ) U™ (1)

For the subset of simple roots II C A associated to [, let NI := NNII+, where IT* is the
orthogonal subgroup of IT in A with respect to the natural pairing. Let K} be the central
subalgebra of U} (I) generated by K, for € NT'.

Identifying IT and A \ IT with the set of corresponding indices parametrizing the simple
roots, we see that a basis for All is given by {)\;, i € II}. In general, NI has rank |A —II|

and K1 ~ C[z/*\").
The following Lemma partially generalizes Theorem 4.3

Lemma 5.3. Let Q C N C A and let | be a standard Levi subalgebra corresponding to
HCA. If (¢,IN/Qu & NU|) =1 then Uév([) o~ U,?H([[, ) ® Kxy.

Proof. Consider the product map j: U2™([[,[]) ® Ky — UN([). Let M = Qu & N and
m = |N/M|. For any p € N, mp = x4+ y with € Qn and y € NI'. If (¢,m) = 1 then
there are by, by € Z such that p = (b1¢ + bom)u = bylp + box + boy. Hence

Ky = 0((Kpy)) Koo Ky € GUZM([L 1) @ K)

and j is surjective. Using the PBW bases we see that dim U2n([[, []) ® K} = dim UN([),
whence the statement. g

We treat now the two special cases N = A and N = Q.
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Lemma 5.4. Let | be a standard Levi subalgebra corresponding to I C A, let A be the
Cartan matriz of [[,1]. Assume (¢,det(An)) = 1. Then,

(5.9) UMD = UR™([L1]) @ Ky and UP(1) ~ UZ™([,1]) @ K.

Proof. Recall that det(An) = |[An/Qn|. In order to show that j as in Lemma is
an isomorphism when N = A, we observe that for two lattices M C N of rank n and
Ay the matrix expressing n generators of M in terms of n generators of N we have
IN/M| = det Axp. Let M = Qu @ Al and N = A. Since a basis of All is a subset of the
fundamental weights, after a suitable reordering of the vectors, we may assume that the
matrix Ay is the block diagonal matrix diag( Ay, ]|A\H|). In particular det Axjy; = det Ayy.

We consider now the case N = Q). Let V = QA. We rearrange the basis A in such a way
that the first elements are the simple roots in I1. Let DA be the symmetrized Cartan matrix
of @, let Dy be the square submatrix of D consisting of its first |II| rows and columns, and
let A" = (DpAn  C) be the |II| x |A| submatrix of DA consisting of the first |II| rows. The
orthogonal subspace V! to IT in V' is given by those vectors whose coordinate columns X
with respect to the reordered basis A are solutions to A’X = 0. Mulitplying by (DyApn) ™"
on the left we have (/jny (DnAn) 'C)X = 0. For B := (DpAn) 'C, a Q-basis for V' is
then given by the vectors of the form f; := — Z'ﬂl bjioy; + oy, for i =1, |JA\ II).
Let M :=(II,3;, j = 1,...,|A\II]). Then, we have Qu & Q" C Q C M and |Q/Qu® Q|
divides |[M/Qn @ Q"'|. Now, the exponent of M/Qn @& Q' divides det(DAy) because
det(DnAn)B; € Qu @ QY for every j. Since (¢,det(An)) = 1 and (¢,d;) = 1, we have
(¢,IM/Qu @ Q"|) = 1, whence (£,|Q/Qu ® Q') = 1. Lemma [5.3 applies. O

Let @ C N C A be such that (¢,|N/Qn @ NY|) = 1 and let n € Spec(ZY(g)). An
immediate consequence of the above lemma is the following equality of sets

{dimV | V € Spec(U} (1))} = {dim V' | V € Spec(UZ"([L,1]))}.

5.5. We are now in a position to prove the main statement. Recall that a unipotent
conjugacy class O is called Richardson if it is induced from the trivial class in some Levi
subgroup of a parabolic subgroup. Note that for unipotent conjugacy classes this property
of O does not depend on the isogeny type of Gy. As U~ does not depend on the isogeny
type, if 7 is such that my(n) € U™, then my(¢*n) = mn(n) for every M C N and we simply
write mar(n).

Lemma 5.5. Let Q C N C A, n € Spec(Z}'(g)) and g = 7n(n) € By. Assume that
(¢,|N/Qu @& N|) = 1 and that L = Cg,(g,)° is the standard Levi subgroup of a standard
parabolic subgroup associated with 11 C A. Let g, € [L,L] = Ly---L, decompose as

a product g, = hy---hy, so that Tqy, (n;) = h;. If each Usni([i)/(kerm)USHi([i) has a
13 L;

module of dimension (2™ | then UN(g) has a small module.

Proof. Under these assumptions, U2 ([l, I]) has a module of dimension ¢ 24m 05, Therefore,

by Lemma U} (1) has a module of the same dimension. Lemma (b) applies. d
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Lemma 5.6. Let 1 € Spec(Z{'(g)) and g = ny(n) € U~. If OSV is Richardson, then
UN(g) has a small module. In particular this hold if g = sl and 7n(n) € U™,

Proof. By assumption we have g € Ind$Y (OF), for some standard Levi subgroup L of a
parabolic subgroup of G, associated with II. By Lemma (a) it is enough to show that
UJ (1) = UV (1) has a 1-dimensional module. Being a Hopf algebra, the counit gives a small
module. The last statement follows because all unipotent conjugacy classes in type A,, are
Richardson. (l

We are ready to state our result on small modules for g = sl,,1(C).

Theorem 5.7. If ((,(n + 1)!) = 1 then U} (sl.41) has a small module for every n €
Spec(ZM (sl,41)) and every lattice M.

Proof. By Lemma 4.3] it suffices to consider the lattice M = (). The connected centralizer
L of any semisimple element in G = PSL,,;1(C) is a Levi subgroup of a parabolic subgroup
of Gy corresponding to some IT C A and every unipotent class in [L, L] is Richardson. We

apply Lemmas and [5.6] O

The condition on ¢ in the theorem is in accordance to the one given by Friedlander and
Parshall in their proof of the existence of small modules for sl,, 1 in the modular case [15]
Theorem 5.1].

Remark 5.8. Lemma [5.6] and Theorem are special cases of the following pattern,
which is similar to [15, Theorem 5.1]. By transitivity of induction, combining Lemma
with Lemma (a) and the product decomposition in , we see that if there exists a
small module for all rigid conjugacy classes in all simple factors of Levi subgroups of G,
then there is a small module for all conjugacy classes in G.

6. THE CASE ({,|N/M]) # 1

In this section we deal with Questions , and when g is simple of type A,, or Fj,
M C N and d := (¢,|N/M|) # 1. With respect to the dimension of g, the smallest case to
consider is type A, when 3 | £. From a different perspective, with respect to dim O, the
smallest cases are the central /-characters. Type Aj is considered in and we describe
precisely when there exists a small module for a central (-character and all g in §6.4 We
observe that if mx(n) = 1 then U (g) is a Hopf algebra, so it always has a small module,
namely the one given by the counit. For this reason we will deal only with n such that

mn(n) # 1.

6.1. An (-character n € Z}'(g) is called central if mx(n) € Z(Gy). For such characters
we have n(E%) = n(FY) = 0 for all a € ®*. Moreover, my(n) € Z(Gy) if and only
a(mn(n)) =1 for every a € A, i.e., if and only if n(K2) =1 for all « € Q. In our setting,
by Lemma [4.2, a central (-character 7 is uniquely determined by (K3 ) = w a [N/Q|-th
root of one. By it suffices to treat the case (K3 ) = w.
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6.2. If it exists, a small module V for a central ¢-character n has dimension 1. We recall
from [12), §9.1] that in this case E,V = F,V =0 for any « and

(610) EaFa - FaEa - e e =

Ea — €L

K? =idy .

In general, consider a finite-dimensional UM (g)-module W. If E,W = 0 or F,W = 0 for
some a € @, then K2 = idy. Conversely, if K2 = idy, then for any 8 € ® such («|3) # 0
mod ¢ we have FgWW = EgWW = 0. Indeed, as K, is diagonalizable, it is enough to show
that £z and Fj act trivially on each of its eigenspaces. However, these operators map any
+1-eigenvector to the +e*(*#)_eigenspace. The latter is trivial because +e*(*#) £ 1.

6.3.  We explore here the case where g = sl3(C) and 3 | . The example below shows that
Question (2)) from has a negative answer in general.

By he possible 1-dimensional representations of U(sl3) are in bijection with
Hom(A/2Q,C). Let V = C be a 1-dimensional module affording the central ¢-character
n. As 3\; € Q, we have K§ .1 = 1 on V and since 3 | ¢, necessarily K31 =1 on V.
The image of V' through the map defined in [I1) §4.3] is the element ¢ = my(n) in Ty such
that \;(t) = n(K3Y) for every i. But n(K3") = 1 on V hence t = mx(n) = 1. Therefore, if
ma(n) € Z(SL3(C)) is of order 3, there does not exist a small module for U (sl3).

We show now that the minimal dimension of an irreducible U*(sl3)-module with central
(-character n with w5 (n) # 1 is at least 3. Let wy have reduced expression szs,sg. From
[19, §5], Eg+a = —EﬂEa + 8_1EQE5.

By the discussion in it suffices to show that if W is a Ué\ (sl3)-module of dimension 2
then E.,.W = 0 for some y € ®* because then n(K2) = 1 for every a € @ and the previous
argument applies. There exists a basis {v,w} of W consisting of weight vectors for Ué\(b).
If E,.W # 0 then we may assume that w = E,v # 0. Moreover, since F, is nilpotent,
E2W =0. If K,v=\v, then K w = &2 w. As K E, 30 = eAE,, v, since e\ & {\,e2\}
we have 0 = E,.50 = (—EgE, + sflEaEg)v. Hence Fsw = 6*1EaE51). Now K, Ezw =
eAEsw so as before Egw = 0 and E,ypw = (—EgE, + ¢ 'E,Eg)w = —EgFE,w = 0 where
the last equality follows from E?v = E,w = 0. Hence E,.W =0 for v = a + .

6.3.1. We look at the case ¢/ = 3 and we show that there is an irreducible representation
of UX(sl3) with central f-character m4(n) # 1 and dimension 3. By the above discussion,
the minimal dimension of an irreducible Ué\ (sl3)-module is therefore exactly 3.

Let z € C be such that z* = 2. The map p: U;*(sl3) — Mats(C) given on generators by

000 000 000 0 01
Ey— 10 0 1|, Eg— |0 0 0|, Fo— |0 0 0, Fz— |0 0 0
000 1 00 010 000

and Ky, — diag(z,27%, 2), K, — diag(1,¢,£?) is a representation. It is irreducible because
p is surjective. Its f-character 7 is central, with n(K7} ) = e. Since U;(sl3) is a Hopf
algebra we can construct the dual representation. It is again irreducible and has central
(-character n* with n*(KY ) = .
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6.4. The observations on central /-characters in the case of sl; can be generalized to
arbitrary simple g.

Proposition 6.1. Let g be a simple Lie algebra, let M be a lattice with m := |M/Q)| and
d:= ((,|M/Q]). Letn € Spec(Z}(g)) be such that mpr(n) = z € Z(Gy). Then, there
exists a 1-dimensional representation of Ué”(g) if and only if the order of z divides .

Proof. If d = 1, Theorem {.3| yields U} (g) ~ UP(g) so we assume d # 1. Here g is either of
type Eg or A,. Weset (' ;= 5 andm' := 7. From Lemma , UM(h) has a Z-basis given by
A, 1, ..y (1, where the order of Ay@ in M/Q is exactly m, and mAy, g, ..., Qg
is a Z-basis for (). If V' is a 1-dimensional U,]IW (g)-module, by we have K 2]_ = idy for

) so Ay (2™) = n(KZ,

’
o) = 1, whence 2™ = 1. Conversely,

every j and Ay (z) = (K3,
if 2™ = 1, we define the following action of UM (h) on V = Cuv: we set K,,.v = v for
every j # n and for a,b € Z and ¢ € C satisfying d = al + bm and &2 = \j;(2)?, we set
Kyy,v = &u. Then, K2, v =£&""v=xy(z")*v=nu,so K v =uv Thus, setting
Eyv = F,v =0 for every a € ®* gives a well-defined representation of UM (g). As Ef =
FY =0 for every a, we have (V) € Spec(C[K;*, u € M]). Moreover, Kff =1 for every

j, 80 xar(V) € Z(Gyy). Finally, K¥ = &% = & = X\y(2)" = Mr(2)7 = A (2).
Hence, V is a 1-dimensional representation of U} (g). O

Motivated by the positive results from Section [5| and the above discussion, we formulate
a quantum analogue of Humphreys conjecture.

Conjecture 2. Let g be a Lie algebra with root system ®, let M be a lattice satisfying
Q C M C A, and let £ be such that (£,b(g)!) = 1. Then, for every n € Spec(Z}M(g)) with
T (n) € O there exists an irreducible U} (g)-module V' such that dim V' = (2 dmO,

Conjecture [2 holds for sl,, 1, Theorem [5.7 Evidence for this conjecture is also given by
Lemmas and Remark shows that it is enough to consider rigid orbits. The
bound b(g) could be relaxed for specific ’s, see Proposition , but seems to be necessary
if we wish to have a general statement for g.
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