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ABSTRACT

The occurrence of hysteresis in a supercritical, open-
channel flow approaching an obstacle has been recognized
and investigated both experimentally and theoretically over
the past few decades. However, the available theory, as
well as experimental investigations in the literature, do not
include the case when subcritical flow, controlled from
downstream, can establish across the obstacle. The present
work fills this gap by proposing a new theory that includes
this occurrence and shows that, also in this case, two dif-
ferent steady flow states can establish for the same obstacle
geometry and flow conditions; one, with supercritical to
subcritical transition far downstream from the obstacle,
the other, with supercritical to subcritical transition far
upstream from the obstacle. The proposed, more general
theory includes the existing one as a special case. Finally,
two specific examples are illustrated and discussed, i.e.,
the case of flow over a raised bed hump, and the case of
flow through a channel contraction.

INTRODUCTION

For a supercritical, open channel flow approaching an
obstacle there is a range of values of the geometric and flow
parameters such that two steady flow states are possible
and stable, with the state that actually establishes being
determined by the past history of the flow, i.e., by the way in
which flow conditions have evolved up to the current ones.
In these conditions, the flow is said to have a hysteretic
behavior.

The occurrence of hysteresis in a supercritical flow ap-
proaching an obstacle has been recognized and investi-
gated both experimentally and theoretically over the past
few decades. The case of a sill in a channel of constant
width is the first and most studied type of obstacle (Abeca-
sis and Quintela 1964; Mehrotra 1974; Muskatirovic and
Batinic 1977; Pratt 1983; Baines 1984; Austria 1987;
Lawrence 1987; Baines and Whitehead 2003). Defina and
Susin (2003) demonstrated both theoretically and exper-
imentally the occurrence of hysteresis in the flow under
a sluice gate. More recently, the hysteretic behavior of
flow approaching a channel contraction has been demon-
strated by Akers and Bokhove (2008) and by Defina and
Viero (2010). All these studies have shown that the flow
configuration that establishes across an obstacle depends
not only on the incoming flow characteristics and on the
geometry and size of the obstacle, but on the past history

of the flow as well.

A criterion to identify hysteresis occurrence for a steady,
open channel flow has been proposed by Defina and Susin
(2003). The authors used one-dimensional flow equa-
tions for energy and momentum conservation and showed
that these equations can confidently be used to predict
hydraulic hysteresis, at least for the case of negligibly
small energy dissipation (Muskatirovic and Batinic 1977;
Austria 1987; Baines and Whitehead 2003; Akers and
Bokhove 2008).

In all the above theoretical and experimental studies,
two different stable states have been identified, with the
incoming supercritical flow that can either remain super-
critical across the obstacle (Fig. 1a) or it can undergo a
supercritical to subcritical transition upstream of the ob-
stacle followed by a subcritical to supercritical transition
at the obstacle (Fig. 1b). Accordingly, it was implicitly
assumed that hysteresis only depends on the obstacle char-
acteristics and on the upstream flow conditions.

Experimental investigations carried out by the Authors
proved the occurrence of hysteresis also when the flow
through the obstacle is affected by a downstream subcrit-
ical flow that can extend upstream across the obstacle. In
this case, subcritical to supercritical transition at the ob-
stacle does not occur, but still two different steady flow
states can establish; one, with supercritical to subcritical
transition far downstream from the obstacle (Fig. 1a), the
other, with supercritical to subcritical transition far up-
stream from the obstacle (Fig. 1c). For example, Fig. 2
shows, for the same flow conditions away from the ob-
stacle, two steady stable states for the case of a raised
bed hump (discussed later in text) with subcritical flow
downstream of the obstacle.

The occurrence of hysteresis in such conditions has
never been reported in the literature, nor it can be pre-
dicted by the available theory of hysteresis. A new theory
of hysteresis in open-channel flows is here proposed, which
includes the previous one, and extends it to the case when
a downstream subcritical flow affects the flow through the
obstacle. Besides the practical interest (e.g., in the design
of energy dissipators and stilling basins), the importance
of identifying the conditions so that this dual behavior can
establish, also stems from the possibility of using the re-
sults of the present work to check the ability of numerical
models in correctly predicting the flow in the presence
of an obstacle (e.g., Catella and Bechi 2006; Jaafar and
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Fig. 1. Steady flow regimes in the flow through an obstacle, with notation. The specific energy of the supercritical
incoming flow, H,,, is greater than the minimum specific energy required to pass the obstacle. a) supercritical smooth
flow configuration with a jump far downstream from the obstacle, b) supercritical to subcritical transition upstream
of the obstacle and critical conditions at the obstacle, and c) subcritical smooth flow configuration with a jump far

upstream from the obstacle.

Fig. 2. Steady stable states in a 30 cm wide laboratory
flume. Bottom slope is 0.02, raised bed hump is 2 cm
high, flow rate is 15 l/s, from left to right. Upstream
Froude number is F,, = 4, downstream Froude number
is Fy = 0.4. Supercritical (a) and subcritical (b) smooth
flow across the bed hump.

Merkley 2010; Viero et al. 2013a; Cozzolino et al. 2015).

In the following sections, the new theory is outlined and,
for illustration purposes, is applied to two specific obsta-
cles, namely a raised bed hump and a channel contraction.

THE THEORETICAL APPROACH

To derive the extended theory of hydraulic hysteresis for
steady open channel flow, which includes the case when
a downstream subcritical flow affects the flow through
the obstacle, the one-dimensional hydraulic approach is
used; friction and bed slope are neglected, and hydrostatic
pressure is assumed away from the obstacle.

In the mathematical developments, H denotes the spe-
cific energy, i.e., the flow energy per unit weight, rel-
ative to the channel bottom; subscripts U and d denote
the characteristics of the upstream supercritical flow and
downstream subcritical flow, respectively, and subscripts
Su and Rd denote the characteristics of the upstream sub-
critical (slow) flow and downstream supercritical (rapid)
flow, respectively (see Fig. 2).
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For hysteresis to occur, the incoming supercritical flow
must have enough energy to pass the obstacle without
undergoing transition (Defina and Susin 2003). Contrarily,
the problem has one trivial solution, with supercritical
to subcritical transition (i.e., an hydraulic jump, Castro-
Orgaz and Hager 2009) upstream of the obstacle.

If the subcritical downstream flow has enough energy
to pass the obstacle, i.e.,

Hy > H™"

)]

it can affect the upstream flow field. In this case, the
possible flow configurations across the obstacle are shown
in Fig. 1, and they are referred to as supercritical smooth
flow configuration (Fig. 1a) and subcritical smooth flow
configuration (Fig. 1c).

The hysteresis domain, i.e., the flow and geometry con-
ditions for which both the above configurations can estab-
lish and are stable, is outlined in the following.

The lower boundary of the hysteresis domain

The lower boundary of the hysteresis domain is de-
termined by the necessary condition that supercritical to
subcritical transition occurs downstream of the obstacle
(Fig. 2a). In order to fulfill the above condition, two dif-
ferent constraints must be satisfied. On one hand, as in
Defina and Susin (2003), the specific energy H, of the
supercritical incoming flow must be large enough so that
the flow can pass the obstacle without transition

min
H, > H”

2

On the other hand, the supercritical flow downstream of
the obstacle must be strong enough to backstop the down-
stream subcritical flow. Downstream of the obstacle, the
supercritical flow has a specific energy Hrs = H,, — AH,,,
with AH,, the loss of specific energy due to the channel
geometry variation and/or energy dissipation, and a wa-
ter depth Yz, (Valiani and Caleffi 2008). To ensure that
the supercritical flow can actually establish downstream
of the obstacle, the momentum of the supercritical flow
at section C; must be greater than the momentum of the
downstream subcritical flow, i.e., Yg4 must be smaller than

the conjugate depth, Y;mj, of the downstream subcritical
flow. This is equivalent to imposing Hrg > H;Om, with
HflOIIJ the specific energy at the section C; when water

depth is Y;O"j. Therefore, this condition can be written as

He > H™ + AH, 3)

On the whole, the lower boundary of the hysteresis do-

main is

Ha = max {HI™ HS™ + AH, | @)

Although trivial, it is interesting to estimate the ab-
solute lower boundary of the hysteresis domain, i.e., the
minimum energy of the supercritical incoming flow, for
given downstream subcritical flow, below which hysteresis
cannot occur, no matter the shape and size of the obstacle.
This threshold condition is found when the obstacle is neg-
ligibly small so that i) condition (2) is certainly satisfied,
and ii) AH, = 0. With this, Eq. (4) reduces to H, > H™
or, equivalently, to

conj conj
Yu <Y, or Ya <Y,

)

The continuity equation between section C, and section
C, can be written as

Y, P

Y. BR

(6)

where F; (j = u,d) is the Froude number. Using Eq. (6)
and the conjugate depth relation

2% = RY; M
with
Rj=—1+1/1+8F]2. (8)
equation (5) can be rearranged to read
Fg2F,2/R)"? or  F,2Fs2/R)" (9

which represents the absolute lower boundary of the hys-
teresis domain. As per Eq. (9), at moderately small F;
(e.g., Fg < 0.1 — 0.2) the incoming flow must have an
unbelievably high F, (i.e., F, > 10 — 40) for hysteresis
can occur. This is possibly one of the reasons why hys-
teresis is seldom observed in the presence of a downstream
subcritical flow with low Froude number.

The upper boundary of the hysteresis domain

The upper boundary of the hysteresis domain is deter-
mined by the necessary condition that supercritical to sub-
critical transition occurs upstream of the obstacle (Fig. 2b).

Upstream of the obstacle, the subcritical flow has a water
depth Ys,, such that the specific energy is Hs, = Hg +
AHg, with AH, the loss of specific energy due to channel
geometry variation and/or energy dissipation. To ensure
that the subcritical flow can actually establish upstream of
the obstacle, the momentum of the subcritical flow just
upstream of the obstacle must be greater than or equal
to the momentum of the incoming supercritical flow, i.e.,
Ys,, must be greater than the conjugate depth, Y,*" of the
incoming supercritical flow. This is equivalent to imposing

that the specific energy Hg ", at the section C,, upstream of
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the obstacle (Fig. 2), computed using the water depth YScan ,
be greater than the specific energy of the incoming flow.
Therefore, the upper boundary of the hysteresis domain is

H, < HEM (10)

If the constraint (1) is not satisfied, i.e., in the absence
of downstream subcritical flow or when the downstream
subcritical flow has not enough energy to propagate up-
stream of the obstacle, one has to prescribe the critical
flow condition, H; = H;“t, at section Cy. In this case, the
two possible stable states are those of Fig. 1a and Fig. 1b.

The hysteresis domain

On the whole, the hysteresis (or double solution) domain
is defined by the lower boundary (4) and upper boundary
(10), as

max {HI HPY + AR, L <H, < HGY A

——
upper boundary

lower boundary

The above constraint actually identifies the hysteresis
region provided that, in the absence of downstream sub-
critical flow or when the downstream subcritical flow has
not enough energy to propagate upstream of the obstacle,
F4=1 is conventionally assumed.

When the energy of the incoming flow is within the
above interval, then the history of the flow plays a crucial
role, since it determines the flow configuration that actually
establishes across the obstruction.

Importantly, the present theory includes the theory pro-
posed by Defina and Susin (2003). To show this, let us
first consider the upper boundary of the hysteresis region,
H, = H;inj. This condition is equivalent to Y,, = YSCZHJ,
i.e., the flow depth of the supercritical and subcritical flow
at section C,, are related each other through the conjugate
depth equation. Therefore, Hg,, = H,, — AEjump, and hence

Hsu = Hi" — ABjump (12)

At the limit condition, when subcritical to supercritical
transition occurs at the obstacle, Hg, turns out to be the
minimum energy that the incoming flow must have to pass
the obstacle, i.e., Hs, = HEI". With this, equation (12)
can be rewritten as

HI + AEjump = Hgo'? (13)

We now consider the lower boundary of the hysteresis
region. In the absence of downstream subcritical flow, as
stated above, we assume F,=1, so that H;Om =Hg =HS™"
is the minimum specific energy of the flow. Accordingly,
Hflon] + AH,, turns out to be always smaller than or equal
to H™M" and hence

H, = HM" (14)

Equations (13) and (14) show that the present theory
reduces to that proposed by Defina and Susin (2003), that
applies when critical flow conditions establishes at the ob-
stacle or, equivalently, when downstream subcritical flow
does not affect the flow through the obstacle.

Momentum approach

Within the assumption that both upstream and down-
stream flow have enough energy to pass the obstacle with-
out undergoing transition, the existence of a double so-
lution domain can also be inferred by approaching the
problem in terms of momentum, M, rather than specific
energy balance equation. Applying the momentum equa-
tion between section C, and section Cy yields

My =S¢ = Mga, 15)
when considering the supercritical flow, and
Ms, — S = My (16)

when considering the subcritical flow through the obstacle;
S, and §; are the resistances opposed by the obstruction
when it is approached by supercritical or subcritical flow,
respectively. In order that supercritical flow can establish
downstream of the obstacle, the following constraint must
be satisfied

Mga 2 My (17)
which, with (15) and (16), can be written as
MuZMSu_Si+S,¢ (18)

In addition, the subcritical flow can establish upstream
of the obstacle only if

Msu = M, 19)

Therefore, the dual solution domain is identified by

MSu - Sl + SA < Mu < MSu (20)

The constraint (20) shows that if the obstacle does
not experience any resistance then, within the hypotheses
stated above, no double solution can establish, or, more
precisely, one double solution can exist if, and only if],
My = Mgy, = Mg = MRga.

Also, a dual solution domain exists only if §; > §,, i.e.,
if the obstacle produces a greater resistance on the subcrit-
ical flow than on the supercritical flow. This is often the
case, since the resistance is mainly due to pressure forces
acting on the flow direction, and the pressure increases
with increasing water depth (e.g., Henderson (1966)).
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Interestingly, equation (20) also suggests that, if the
channel geometry is the same upstream and downstream of
the obstacle (which is the case of, e.g., a bridge pier), then
a double solution domain can be found only if the energy
dissipated by the flow through the obstacle is considered.

However, close and across an obstacle, streamlines cur-
vature is often severe and pressure is far from being hy-
drostatic so that §; and §, can hardly be estimated. For
this reason, the use of constraint (11) is preferred.

For illustration purposes, the proposed theory is now
applied to two specific obstacles, namely araised bed hump
and a channel contraction. Condition (11) is specified for
each obstacle, and the hysteresis domain is expressed in
terms of the fundamental flow parameters and geometrical
characteristics of the obstruction. Both examples use a
rectangular channel and neglect bed slope and bed friction.

APPLICATIONS

Flow over a raised bed hump

In the following, g is the flow rate per unit width (which,
in this case, is the same upstream and downstream of
the obstacle), g is gravity, a is the hump height, AE,
is the energy dissipated by the incoming flow in passing
the obstacle (see Fig. 3), Hflm = 3/2+/0%/g the critical
(i.e., minimum) specific energy. For the case of flow
over a raised bed hump, the minimum specific energy
the upstream supercritical flow must have to flow over
the step without undergoing transition is HJ"™ = HS™ +
AH,. Hence H™" turns out to be always less than or
equal to H;Om + AH,,. Therefore, the lower boundary of
the hysteresis domain, identified by the left inequality of
constraint (11), can be written as

2 . q2
Y, (1 o —“) > Y"1+ —=——|+a+AE, (21)
2 Zg(Yd J)3
———
H, o AH,,

d

Recalling that Ygonj = Y4R;/2, inequality (21), with
equation (6), can be rewritten as

F2 4F+ R (F,\’ AE,
-4 _df_x) _ (22)
Fa

Yu

The behavior of the endpoint of constraint (22), when
AE, =0, is plotted in Fig. 4a for some values of the down-
stream Froude number. The points (Fy4, F,,) when a/Y,,=0
fall onto the curve given by Eq. (9). It is worth noting that
the lower boundary, in terms of the incoming flow energy,
becomes an upper boundary for the non-dimensional step
height a/Y,, and vice versa.

Fig. 4. Flow over a raised bed hump; the lower (a) and
upper (b) boundary of the hysteresis domain for F;=0.3,
0.4,0.5,0.7, and 1.

The upper boundary of the hysteresis domain is ex-
pressed by the right inequality of constraint (11). This
condition can also be written as

Hs, > HS™ (23)

with H.*Y the specific energy at the cross section C, when
water depth is Y, "
3
Y
Yconj
u

Since Hs, = Hy + AH; inequality (23) with equation
(6), and after some algebra, can be written as

F2

HE™ = Y 1 2

(24)
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Fig. 3. Supercritical (gray lines) and subcritical (black lines) flow over a raised bed hump. Gray and black dash-dotted

lines denote the corresponding specific energy, H.

a 4F2+R FF F2\  AE,
— %M _ 1+-4]- (25)
Yy ZRL% Fz/’; 2 Ya

The behavior of equation (25), when AE;=0, is plot-
ted in Fig. 4b for some values of the downstream Froude
number. It can be observed from Fig. 4 that the hysteresis
domain becomes progressively insensitive to F; when Fy
itself approaches 1, i.e., when the momentum of the down-
stream subcritical flow approaches its minimum value.

The hysteresis domain is then given by the constraint

4R2 4R P | F2\  AE, _a .
2R2 3 2 Y. Y.~
2 3 2/3
1+§_M(F_”) / _AE” (26)
2 2R2 \Fq Yu

This is plotted in the (F,,, a/Y,,) plane for the case F;=0.5
in Fig. 5a and in the (Fg4, a/Y,,) plane for the case F,,=4 in
Fig. 5b; AE,, = AE; = 0 are assumed in both cases.

Even at moderately small F,,, the amplitude of the hys-
teresis region, which is defined as the difference, Aa, be-
tween the step height at the lower and upper boundary, is
considerably wide.

However, one has to say that the amplitude of the hys-
teresis region is strongly affected by energy dissipation.
The effect of energy dissipation is to move both the bound-
aries toward smaller values of the relative step height a/Y,,;
moreover, since AE,, turns to be much greater than AE,,
the hysteresis region reduces its amplitude with increasing
energy dissipation. The amount of dissipated energy, and
hence the amplitude of the hysteresis region, mainly de-
pends on the severity of the ramp (see, e.g., Figs. 4 and 6
in Defina and Susin 2006); for an abrupt step, the two
boundaries may come so near each other, that the hystere-
sis domain almost vanishes (see, e.g., Fig. 6 in Defina and
Susin 2006).

In addition, the amplitude of the hysteresis region can
also reduce because of the cyclic instabilities that affect
hydraulic jumps on non-flat bottom (Long et al. 1991;
Mossa 1999; Mossa et al. 2003; Defina et al. 2008).

Finally, it’s interesting to note that, for given F;, a com-
plete hysteresis cycle can be accomplished by only chang-
ing the Froude number of the upstream supercritical flow.
In other words, a stationary hydraulic jump downstream
of the obstacle can be moved upstream of the bed hump
by reducing F,, to less than the lower boundary, and can
be pushed downstream of the obstacle by increasing F,
up to the upper boundary. On the contrary, for a given F,
and when a/Y is sufficiently large (e.g., a8/Y greater than
approximately 2 in Fig. 5b), a stationary hydraulic jump
downstream of the bed hump can be moved upstream of
the obstacle by reducing F, but can not be pushed down-
stream the obstacle anymore by changing F.

Flow through a channel contraction

The one-dimensional theory to predict the flow through
a channel contraction should be used with due care.
Strengths and weaknesses of this simplified approach are
discussed after deriving the boundaries of the hysteresis
domain.

As for the raised hump, even in this case H{}‘i“ turns out
to be always greater than or equal to HZZOnJ + AH,, so that
the lower boundary of the hysteresis domain, expressed by
left inequality of constraint (11) can be written as

F2 , o
Y, (1 + 7”) > Y1+ ——es |t AE, (27)
2g(Y,)
N——
H, Feoni AH,,

where 0 is the flow rate per unit width downstream of the
obstacle and AE,, is the energy dissipated by the incoming
flow through the obstacle.

In this case, the continuity equation gives
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Fig. 5. Flow over a raised bed hump; the hysteresis domain as a function of a) upstream Froude number, F,, for
F,;=0.5, and b) downstream Froude number, F,, for F,,=4; when AE,, = AE;=0.

2/3
Ya _ (BF“) (28)

Y, bF,

with B and b the upstream and downstream channel width,
respectively. Equation (27), with Eq. (28), can be rewritten
as

-3/2

R,
2 3
4Fd+Rd

F,
Fq

2
gz (1+F—“—AE”) (29)

2 Yy

The behavior of the endpoint of constraint (29), i.e.,
the lower boundary of the hysteresis region, is plotted in
Fig. 6a for some values of the downstream Froude number
and when AE, =0.

The upper boundary of the hysteresis domain is ex-
pressed by right inequality of constraint (11) or, equiva-
lently, by inequality (23). Since Hgs, = Hg + AE,, with
AE, the energy dissipated in the contraction, inequality
(23) can be written as

3
, F2[Y
Hg + AE; > Y, 1+ > YC:“J') (30)
u

Equation (30), after some algebra, and recalling (28), is
rewritten as

B~ Fy

3/2 _

b F [ B\ +R A,

P PR Iy pul TR 31)
2 2R2 Yu

The behavior of the endpoint of inequality (31), i.e.,
the upper boundary of the hysteresis region, is plotted in

Fig. 6b for some values of the downstream Froude number
and when AE;=0.

As for the raised bed hump, both the boundaries of
the hysteresis domain become progressively insensitive to
F, when F,; is close to 1, i.e., when the momentum of
the downstream subcritical flow approaches its minimum
value.

The hysteresis domain, as predicted by the one-
dimensional theory, is then given by the constraint

-3/2
<

E, (HF_E,_AEM) 2R
Fd 2 Yu 4F3+RZ

3/2 _
F, F / AP+ R AE,\
U I I i 7E TR0 (32)

Wl o

<

which is plotted in the (F,, a/Y,,) plane for the case F;=0.5
in Fig. 7a, and in the (F4, a/Y,,) plane for the case F,,=4 in
Fig. 7b.

Similarly to the raised bed hump, a complete hysteresis
cycle can not be accomplished by only changing the Froude
number of the downstream subcritical flow when b/B is
within a specific range which depends on F,, (e.g., 0.27 <
b/B < 0.58 for F,, = 4, as shown in Fig. 7).

The one-dimensional approach is able to capture the key
aspects of the hysteresis phenomenon in a channel contrac-
tion, and can provide, at least at the leading order of ap-
proximation, quantitative information on the boundaries
of the hysteresis domain. However, it must be stressed
that the hysteresis domain plotted in Fig. 7 is the ideal
one, since it is estimated by neglecting energy dissipa-
tion. Similarly to the raised bed hump, energy dissipation
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Fig. 7. Flow in a channel contraction; the hysteresis domain as a function of a) upstream Froude number, F,,, for
F4=0.5, and b) downstream Froude number, F,, for F,,=4; when AE,, = AE;=0.

acts to reduce the amplitude of the hysteresis domain.
Not less important, the flow in the contraction has a dis-
tinct two-dimensional character with steady, oblique shock
waves and localized patches of subcritical flow (Akers
and Bokhove 2008; Defina and Viero 2010; Viero et al.
2013b), and the flow is also strongly affected by three-
dimensional phenomena related to free surface slope and
curvature (i.e., non-hydrostatic pressure). All these effects
move both the boundaries of the hysteresis region toward
greater (see Fig. 6a in Akers and Bokhove 2008) or smaller
(see Fig. 14 in Defina and Viero 2010) values of the ratio
b/B, possibly depending on the flow depth-to-contraction
width ratio, Y /b, as shown by Defina and Susin 2006 (see
Fig. 21 therein).

CONCLUSIONS

In this paper, the hysteretic behavior of a steady, su-
percritical open channel flow approaching an obstacle was
examined for the case when subcritical flow can estab-
lish close downstream of the obstacle. A simple, one-
dimensional theoretical approach to predict conditions for
the occurrence of hydraulic hysteresis and to evaluate the
boundaries of the hysteresis domain was proposed. The
proposed theory was shown to reduces to the theory pro-
posed by Defina and Susin (2003) when the subcritical
flow downstream of the obstacle can not affect the up-
stream flow, or when it can not establish at all.

For the cases of flow over a raised bed hump and through
a channel contraction it has been shown that the amplitude
of the hysteresis region is large so that hysteresis is likely
to occur in many practical cases, even at moderately small
values of the Froude number of the incoming supercritical
flow. It should, however, be stated that energy dissipation
in the flow through an obstacle has a large impact on the

shape and size of the hysteresis domain. Hence, energy
dissipation has to be carefully evaluated on a case-by-case
basis, since it strongly depends on the geometry of the
obstruction.
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