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ABSTRACT. We define a homogeneous parabolic De Giorgi class of order 2
which suits a mixed type class of evolution equations whose simplest example
is ,u($)% — Awu = 0 where p can be positive, null and negative. The functions
belonging to this class are local bounded and satisfy a Harnack type inequality.
Interesting by-products are Holder-continuity, at least in the “evolutionary”
part of © and in particular in the interface I where p change sign, and an
interesting maximum principle.

1. Introduction. In the paper [7] (see also [6]), given  open subset of R" and
T > 0, we studied some properties of mixed type equations of the type

u(m)% —div(A(z,t,u,Du)) =0  in Q2 x(0,7) (1)
where p € Li () may be positive, negative and null and A satisfies
A@)[E)* < (Alz,t,u,6),6) < C M)l (2)

for every £ € R™ and for a.e. (x,t) € Q x (0,7) and v € R, for a given positive
constant C.

In particular we study local solutions of (1), in fact a wider class which can
contain also functions which are not solutions, a suitable De Giorgi class of functions
containing the solutions of (1), showing first a local boundedness result and then a
suitable Harnack inequality for that class.

As a byproduct we get Holder-continuity for the functions belonging to that class,
at least in the region where p # 0 (see Section 6), and so in particular in the regions
where p changes sign.

Here we give some equivalent formulations of the Harnack inequality and, as a
consequence, we show that a maximum principle holds. The interesting thing is
that if p takes both the positive and the negative sign the maximum principle we
get is similar to the analogous result in the elliptic case. This means that it is
sufficient for a function u to have an interior maximum, or minimum, point to get
that u is constant in the whole  x (0, 7).
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2. Preliminaries and assumptions. We start recalling the definition of Mucken-
houpt weight, where by weight we mean an almost everywhere non-negative function

in LIIOC(R"). Obviously if w and w™! are weights then w > 0 almost everywhere.

Sometimes we will write
w(A) instead of / w(z)dx, ACR".
A

Definition 2.1. Let p > 1, K > 0 be constants, w a weight. We say that w belongs
to the class A, (K) if

1/p (r—-1)/p
<][ wdx) <][ wl/(pl)dx> < K for every ball BCR"
B B

We say that w belongs to the class A (K, <) if (by w(B) we will denote the quantity
Jpwdz)

w(5) <SU<

) g (2L

w(B) Bl
for every ball B and every measurable set S C B.

We denote by A, = (U~ Ap(K). It turns out (see, e.g., [2]) that Aoe = U~ Ap.

Another condition useful below (essentially to get the Sobolev-Poincaré inequal-
ity) is the following.

Definition 2.2. For a pair of weights v,w in R™ and p,q with 1 < p < ¢, K >0
we will write

(v, w) € By 4(K)
if for every pair of balls B,(z), B,(z) with r < p and z € R"
B, (@) \*" (v(B(@)\"? (w(B.(2)\ "
<Bp<x>|) <u<Bp<x>>> <w<Bp<x>>> =K

Given two weights v > 0 and w > 0 a.e. and the quantity

lull2,, :z/ﬂuz(aj)y(x) dx+/Q|Du\2(x)w(a:) dx

one can define a weighted Sobolev space
HY (Q;v,w)
as the completion of
{ue () | llullyw < +oo}
even if v > 0 (see [5]).
Assumptions about p and A. Now consider two functions p and A, which will

be the ones appearing in (1) and (2), defined in R™, A positive almost everywhere,
while 1 may be positive, null and negative, we define

poo it p#0,
Y8 dtp—o.
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Once considered () on open subset of R™ and T" > 0 we require p and A to satisfy
what follows: there is ¢ > 2 such that

(H.1) Xe Ay(Ky),
(H2) (lulxA) € By o (Ka),
(H3)  |ulx € A (K3,5).
These conditions garantee the validity of the Sobolev-Poincaré type inequality

1/2

[#hL%LéwaW”uhummrﬂ“sVuﬂA&%%éJDw@pxumq )

for some & € (2,¢q) and of some consequent results. Moreover (H.1) and (H.3) (see,
e.g., [6]) implies that A and ||y are doubling, i.e. there is a constant g such that

[1a (Bzp(2)) < qlpla(By(x)),
)\(ng(x)) <q /\(Bp(x))

for every z € Q and p > 0 for which B, (x) C .
Moreover by (H.1) and (H.3) one gets that there are two constants k and T such

that
T T
) o (LY ) ()
A(B) lu|A(B) lulA(B) A(B)
for every measurable S C B, for every B ball of R". Finally by (H.2) garantees the
existence of & € (0,1), Ky > K3 and ¢ € (2, ¢) such that

(H.2)" (lulx,A) € B 5(K2) C Bg,y(Ka).

(4)

Geometric assumptions about the interfaces. By “interfaces” we mean the
set where p changes sign and is the set I defined by

I, =00,NnQ, I_=00_NnQ, I,=000NQ, I=1,uUl_Uly, (5
where
Qp={zeQlu) >0}, Q_:={zcQ|ul)<0} and Q:=0Q\ (2 UQ)

We will also suppose that Q4, Q_ and Qg \ I are the union of a finite number of
open and connected subsets of €2, i.e.

Q= Ui:NJrA?_ s Q= Ui:N,Ai_ s Qo = Ui=n,Bi . (6)
Defining the non-negative function
A in)
)\0 = 0
0 in Q \ QO

we can split the weight |u|y as the sum of three different non-negative functions as
follows
[uln = lul +Xo = py + -+ Ao

where for a given function f we will denote

f+ and f-

respectively the positive and the negative part of f.
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About the three functions splitting ||y we will assume that (with the same
constant q as in (4))

u+(ngx)<q,u+( px) for every x € Q4 U1y,
(H.4) e (ng y ) < qp— ( (Y ) for every y € Q_UI_,
Ao (ng(z)) <q )\0( p(z)) for every z € Qg U Iy,

(H.5) [ is asuch that lim |I¢| =0,
e—0t

where (H.4) holds for every p > 0 for which By,(x) C Q and I° is the open e-
neighbourhood of I defined in by
IF = {z € Q|dist(z,]) <e}.

Assumption (H.4) is deeply connected to a geometric requirement about the set I
of interfaces since it has to hold in particular for points belonging to I. Moreover
notice that (H.5) is weaker than the requirement that I is a H"~!-rectifiable set
because I could be also not rectifiable. But for more details we refer to the last
section, where some examples could better clarify these comments.

3. De Giorgi classes. In this section we define a suitable De Giorgi class for the
equations (1). Honestly, compared with the following definition, in [7] a wider class
is considered. In the following definition, which is simpler compared to the one
given in [7], we consider a generic test function ¢ while in [7] we consider only some
particular (’s.

As already said, for a given function f we will denote

f+ and f-

the positive and the negative part of f. Writing fi we will mean or the positive
either the negative part of f.

Definition 3.1. Consider €2 an open subset of R™ and T' > 0 and a point zg, p > 0,
t1,ta € (0,T) with ¢; < t3 and a positive constant v. We say that a function

w € Line (0, T; Hige (2, |ul, A)) N Lige (0, T); Li (2, [ulx))
belongs to the De Giorgi class DG (Q, T, i, A\, v) if

/ (u—k)i@c,t2><2<x,t2>u+<x>dx+/ (u—E)2 (2, 0)C (s ) () dz +
By (x0) By (xo)

to
+// |D(u — k) |*¢2 N dadt <
t1 J By(z0)

- ,Y/ /Bp(mo)(u = k)2 (DS A + (Gepr) devdt+
+/ (U—k')i(.’l},tg)c ("L‘ t2) ( )dl‘—i—
B, (zo)

" /P(%)(u - k’)i(:& t)CP (2, t) () doe

for every k € R, every ¢ € Lip(2 x (0,T)) such that {(-,¢) € Lip,(€2) and for every
Bp(xo) X (tl,tg) Cc Qx (O,T)
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Similarly the class DG_(Q, T, u, A,v) will be defined in the same way taking into
account (u — k)_ in the place of (u — k).

Finally the class DG(Q, T, u, A, ) will be defined as DG (Q, T, u, A\, v) N DG_ (9,
T7 M, )‘7 ,7)

A typical choice of a function ¢ will be done in such a way that

0 S C S 15 Ct/’(' Z 07
|D<|2)‘(Bp(x0)) and (¢ N(Bp($0)) < (p_lr)g )\(Bp(fo)) , (7)

|1l (By(0)) g
A(By(zo)) ©

where in (7) we precisely mean that ((-,¢) € Lip,(Q) for every time ¢ € (0,7) and
for r € (0, p)

0<¢<1 in By(zo) X (t1,t2) and ¢(-,t) =0 outside of B,(zo),

to —t1 ~

1 1 AN(B
0<|D¢ < —— 0 <Gl < 5 (B,(20))
p—r (p = 7)? [ulx (Bo(xo))
in such a way that both the quantities in (7) are controlled by the same bound
1
——— \(B .
(p—r1)2 ( P(‘TO))

llx(Bp (o)) 2
. . . i A(Bp(wo)) m
Notice that also test functions ¢ independent of time are admitted. Anyway for

a detailed and clearer definition of the De Giorgi class we refer to [7]. From now on
we will denote by h the following function

1| (Bp(20))
A (Bp(xO)) .

In this way the choice of ¢ (Which depends on its support) will be done in such a
way that 0 < |¢¢] < and

By ~ we mean that to — t; has to be proportional to

h(xg, p) :=

(p— 7“)2 h(afmp)
ta =t ~ h(zo,p) p° .

4. Local boundedness. Here we state one of the principal results contained in [7],
a result which show local boundedness of a function belonging to DG(Q, T, i, A, 7).

Theorem 4.1. Suppose v € DG(U, T, i, A,7y) and consider (zo,t) € Q x (0,T).
Then there is a constant ¢, depending only on v,v1, & (1, k appearing in (3)) such
that:

i) for every Br(wo) X (to,to + h(zg, R)R?) C Q x (0,T) if uy(Br(zo)) > 0 we have

CSS SUPBE ,(w0)x(to+3 h(zo,R) 2, to+h(zo, R) R2)|“‘ <
i 2
< e upy dedt +
h(xo, R) R? |u|x(Br(20)) B (o) (to, toth(wo,R) R?)

1/2
wAydadt|

h('ro’ )R2 A BR x[) // 7R ID)X to,to-‘rh(a:o,R) Rg)
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ii) for every Br(zo) X (to — h(zo, R)R?,tg) C Qx (0,T) if u—(Br(xo)) > 0 we have

O8S SUPB L | (wo) X (to—h(wo,R) R, to— % h(z0,R) reylul <

; /] 2
< Coo u”p_ dxdt +
h(zo, R) R? |u|A(Br(20)) JJ B3, (20)x (to—h(z0,R) R?, to)
2

1/2
1

ui\_ dadt ;
h(xo, R) R? \(Bg(x0)) //333 (wo) X (to—h(zo,R) R?, to)
2

iii) for every Br(zo) % (01,02) C Q x (0,T), 02 — 01 = R?, if Ao(B%(z0)) >0
1/2

+

1 2
58 SupB?%/2(ac‘))><(gl’a2)|u| < Coo m //B%R (w0)x (01,02) o et
2

In the following picture there is an example of the sets involved in the previous
statement in the case p # 0.

(g0, t0)

FIGURE 1. The sets involved in the estimates of points i) and i)
of Theorem 4.1

5. The Harnack type inequality. In this section we state two results, the first
of which is the main result of [7].

Notice the dependence of the constants ¢, c_, co: they depend on many param-
eters, but we want to remark here that if

A=1 and i takes values in the set {—1,0,1}
than
K1:K2:K3=T:K:§=1
and for every x € Q and every p > 0 such that B,(z) C {2 we have
h(z,p)=1.

Theorem 5.1. Assume u € DG(Q,T, pi, A, 7y), u > 0, (x0,t0) € 2 x (0,T) and fix
p>0.
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i) Suppose x, € Qy UIy. For every 97 € (0,1] for which Bs,(z,) X [to, —
h(zo, p)p?,to+ 16 h(,, 4p)p? + 9T h(0, p)p?] C Q x (0,T) there exists c; >0
depending (only) on v1,7,4q, k, o, K, T, K1, K2, K3,q,5,9%, p such that

w(o,to) < cy inf w(x,t, + 9T p*h(z,, p)).
B;r To)

it ) Suppose v, € Q_ U I_. For every 9~ € (0,1] for which Bs,(z,) X [to —
16 h(z0,4p)p? + 97 (20, p)p2,to + h(0, p)p?] C Q% (0,T) there exists c— > 0
depending (only) on v1,7,4q, Kk, a, K, T, K1, Ko, K3,q,5,97, p such that

w(To,to) < c_ inf u(z,t, — 9 p?h(x,, p)).
By (20)
i1 ) Suppose x, € Qo U Ily. Suppose Bs,(x,) C Q. Then there is co depending
(only) on K1, Ky, K3,4,5,k,71,7, 4, p such that for almost every t € (0,T)

sup u(-,t) <cg inf wu(-,1).

S ) <o ot et
One can also prove the following theorems, which can be derived as a consequence

of Theorem 5.1.

Theorem 5.2. Assume u € DG(Q,T, u, \,7y), u >0, (x,,t,) € Q x (0,T) and fix
p>0.

i) Suppose x, € Qi UIy. For every 97 € (0,1] for which Bs,(z,) X [to —
16 h(zo,4p)p? + 97 (20, p)p2,to + h(z0, p)p?] C Q% (0,T) there exists cy > 0
depending (only) on v1,7,4, 8, @, K, T, K1, Ko, K3,q,5,97, p such that

cy sup u(x,ty — I P h(xe, p)) < u(wo,to).
B/T(IO)
it ) Suppose x, € Q_ U I_. For every 9~ € (0,1] for which Bs,(x,) X [to —
h(zo, p)p? o+ 16 W0, 4p)p + 9T h(0, p)p?] C Q% (0,T) there exists c— >0
depending (only) on 1,7, 4, k, a, K, T, K1, K2, K3,q,5,97, p such that
csup (e, to— 0 Ph(ro, p)) < ulzots).
B, (z0)
Corollary 1. Under the same assumptions of Theorem 5.1, fit R > 0. Then

i) there is cy, depending on the same constants (but p) as above and on R, such

that
w(xo,to) < . inf U
PRJ?Jr (To,to)
where
Py (@orto) = | By (w0) x {to +90F p*h(,,p)}
p€(0,R]
i1 ) there is c_, depending on the same constants (but p) as above and on R, such
that
w(To, to) < c inf u
Pl;ﬂf(xoyto)
where
Pp g (%o, 1) = U B () x {to — 9 p*h(xo, p)}
p€(0,R]
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Proof. The proof is immediate since it is sufficient considering, for point ¢) for
instance, for each p € (0, R] the constant c¢; of Theorem 5.1 and then taking the
supremum with respect to p € (0, R]. Notice that also p = 0 can be considered, but
in that case the inequality becomes trivial with c¢; = 1, so in fact one is taking the
supremum with respect to p in the compact [0, R]. O

Corollary 2. Under the same assumptions of Theorem 5.1

i) for every 97,95 with 0 < 9 < 95 one has c;, depending on the same

constants as above and moreover on 97,95, such that
sup u<cy inf u;
B (20) X (to—0F p2h(@0,p)sto— 97 p2h(20,p)) B (26) X (to+97 p2h(20,p),to+07 p2h(z0,p))
i1 ) for every 97,95 with 0 < 97 < 95 one has c_, depending on the same
constants as above and moreover on 97,79, , such that
sup u<c_ inf Uu.
By (20) X (to+97 p2h(T0,p) to+05 p2h(T0,p)) By (z0) X (to—15 p2h(20,p),to =01 p2h(z0,p))
The following result is an evident consequence of Theorem 5.1, but we state it to

show expressly the Harnack type inequality in a point x, belonging to the interface
1.

Theorem 5.3. Assume v € DG(Q,T,p, A7), v > 0. Fix p > 0 and 9 €
(0,1] for which Bs,(x,) X [to — 16 h(x0,4p)p* — Ih(T0, p)p?.to + 16 M0, 4p)p* +
Vh(zo, p)p?] C Q x (0,T). Suppose x, € I. Then there exists ¢ > 0 depending on
71,7, 9, K, &, K, T, K17 K27 KB, q,S, 19, P such that
u(zo,t,) <c inf a(x
(o, to) st (x)
where
u(x,to + 90 h(zo,p)p®)  if € Bf ()
w(x) = ulz,ty—Vh(zo,p)p®) if x € B, (x0) (xo€1).
u(z, to) if © € BY(x,)

Comments. If p > 0 almost everywhere Theorem 5.1 and Corollary 2 reduces
to point ) which is a standard parabolic Harnack’s inequality which, only for the
solutions and not for the De Giorgi class, of linear equations is contained in the
paper [4].

Clearly if p < 0 almost everywhere we have the analogous result for backward
parabolic equations.

Finally if 4 = 0 we have a family of elliptic Harnack’s inequalities, which gives a
regularity (only in space) result which generalizes the one contained in [1].

6. Some consequences: Holder continuity and a maximum principle.

Local Holder-continuity. Mimicking the Moser’s proof of local Holder estimates
derived from the elliptic Harnack’s inequality (see, e.g., the comments in Chapter 7
in [3]) one can get from Theorem 5.1, Corollary 2 and Theorem 5.3 the local Holder
continuity for the functions in DG(Q, T, u, \,y). Precisely one gets that

u is locally Hélder continuous in (Q4 UQ_) x (0,7)
and for almost every ¢t € (0,7)

u(+,t) is locally Holder continuous in € .
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One in particular gets (by Corollary 2) that
u is Holder continuous in I x (0,7,

while to get continuity in time in Q¢ x (0,7") is hopeless as the following example
shows.

Consider n =1, 2 = (0, 1) and the solution of the problem
o
dx?

u(0,¢8) =0 for t € [0,T)

=0 inQx(0,7)

u(0,¢) =1 fort e [0,T/2)

u(0,t) =2 forte[T/2,T].
The solution is given by
u(z,t) =z inQx[0,T/2) and u(z,t) =2¢ in Qx[T/2,T]
which belong to the De Giorgi class defined in Definition 3.1 and which clearly is

discontinuous in ¢t = T/2.

A “local” maximum principle. First we give a partial result for points belonging
to the interface I defined in (5).

In [7] the following fact is proved (see Remark 2.7): for every z € Q, r, R > 0 for
which » < R and Br(x) C  one has that the function

f(x,p) = p**h(x,p) = Pz&w ’

where & < 1 is the constant appearing in (H.2)’, satisfies
fo.r) =r**h(z,r) < K3 R*h(z, R) = K f(z, R).

By that we derive that

limsup f(z, p) < +o0
p—0t

and in particular
lim f(z,p) =0  where  f(x,p):=p°h(z,p). (8)
p—0+

Moreover notice that for every z € Q)
p f(z,p) is continuous in (0, R]
and, by (8), one gets that
p— f(z,p) is continuous in [0, R] and f(z,0) =0, 9)

but not necessarily increasing.

Thanks to (9) the sets PE’W and Py, (defined in Corollary 1) could be like
the example in the following picture, where for simplicity we have chosen n = 1,
(%o, t0) = (0,0), > 0 for z < 0 and p < 0 for z > 0.

Now consider (z,,t,) ((0,0) in the picture) and suppose
(wo,t0) € I x (0,T),
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is a maximum point. In particular it is a local maximum point and then for every
p > 0 such that

Bs,(6) X [to — 1T h(z0,4p)p% o + 1Th(20, p)p°] C Q2 x (0,T)
there is 6 > 0 such that
M = u(zo,t,) > u(z,t) for every (z,y) € By(xo) X (to — 9,15 +6).

Then, once defined v := M —wu, since v € DG(Q, T, u, A, y) for some v > 0, v > 0 in
B,(z5) X (to —0,t5+0), M —u(x,,t,) = 0, applying Corollary 1 with ¢ =9+ =9~
and Theorem 5.1, point i ), we get that there is ¢, depending in particular on ¢,
such that

v(xo,t,) < c Jinf v
C? J(@orto)

where ¢ = max{c4,c_,co} and
C? 5 (To,to) 1=

= ((P;,ﬁ(xm%) U Plg,ﬂ(xmtf?)) n (Bp(xO) X (to — 0,t0 + 6))) U (Bg(xo) X {to})'

Then we deduce that
v=0 in C¥ 5(xo,t,) (10)

provided that assumptions of Theorem 5.1 are satisfied, i.e.
Bs,(20) X [to — 1T h(x0,4p)p% to + 1Th(z0, p)p®] € Q x (0,T).
Now fix a point
(Z,1) € (B (o) X (to,to+06)) U (B, (o) X (to — d,1,)).

Since (10) is true for every ¥ > 0, taking ¢ small enough it is possible to get that
(z,1) € 0375(3307 t,) for some 9, and then conclude that v(z,) = 0, i.e. u(z,t) = M.
Then one can conclude that

if x, € I is such that (x,,1t,) is a maximum point, u(z,,t,) = M,
then there are p,d > 0 such that (11)
then u(z,t) = M in  (Bf (zo) X (to — 6,8,)) U (B, (z0) X (to,to +0)) U
U (Bg(aco) x {to}) .

The analogous result holds if (z,,t,) is a minimum point.
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A maximum principle. Now consider
(zo,t,) € 2 x (0,T),
and suppose it is a maximum point for a function u € DG(Q, T, u, A, y), w(zo,to) =
M. We suppose here that  is connected and, for simplicity, that Q, Q_, Q¢ are
connected, but one could consider the more general case described in (6).
1. Suppose first that
Xy € QJ’_ .

Since in particular

u € DG(Qy, T, u, \,7y)

which is a parabolic (forward-parabolic) De Giorgi class. By point i) of Theorem
5.2 combined with the argument used to show the “local” maximum principle we
get that there are p > 0 and § > 0 such that

By(xo) X (to —6,t0) C Q4 x (0,1,), u=M in By(x,) X (to — 6, t0) . (12)
Now consider the set
Cr == {(z,1) € Qy x (0,¢,) |u(x,t) =M}

which, by the continuity of u (see the first subsection of the present section) has to
be a closed subset of Q4 x (0,t,] (closed in the topology induced in 4 x (0,t,] by
R"1), but because of (12) we have

Cyu 2 {(zmtO)} .

Now suppose, by contradiction, that Cjy is strictly included in Q4 x (0,t,]. If this
were true, since C)y is closed we could find a point (z, ),

(i‘,f) € 0Cy,

(notice that this is a maximum point for u) for which one could repeat the argument
as before and find r > 0 and ¢ > 0 such that

B, (Z) x (t —e,t) C Q4 x (0,1),

B, (z) x (t—e,t) £ Cu
but this would be impossible. Then

Cy = Q4 x(0,t,].
As a consequence one gets in particular that
u=M in I+ x (0,¢t,].
If O, = Q we have nothing else to prove, otherwise I, N (I_ U Iy) # () and
u=M in I N(I-UlIy) x (0,2

Then we can find a point

u=M  in B.(Z) x (t —¢,1),

zel,Nn(I_Ul).
1.1. Suppose first
I.NnI_#0.
Then Z € I_. Then for every s € (0,t,] we can repeat the argument as above and
in an analogous way we get that

u=M in Q_ x[s,T)
for every s > 0, and then
u=M in Q_ x (0,7).
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Since in particular we have
u=M in (0Q-NoQy) x (0,T)
we can also derive with the usual argument that
u=M in Q4 x(0,7).
Then finally we conclude that
u=M in (QyNQ_) x(0,7).
1.2. Suppose now
I.NIg#0.
Then by (11) and the classical argument (see, e.g., Theorem 7.12 in [3]) we derive
that
u=M in (Q4 UQ) x (0,1,]. (13)
Now if
IoNI_#0
then we can argue as in point 1.1 and conclude first that
u=M in Q_ x (0,7)
and finally
u=M in Qx(0,7),
otherwise only (13) holds.
2. If z, € Q_ we can argue similarly as before. Suppose now

o €\ T.
Then, since u is continuous, we conclude (see, e.g., Theorem 7.12 in [3]) that
u(-to) =M in Q.
If Qg = Q we can prove nothing else, but if
IoNnIp#0 or IoNI_#0

we reach the boundary of Q4 or of 2_ and using the local result and arguing as in
point 1.1 we get something more. Precisely

IoNIL#0 = u=M in(QJrLJQO)><(O,to]7
IoNnI_#0 = u=M in (Q-UQ) x[t,,T),
IyNnIy #Qand IpNI_ #0 = u=M inQx(0,7T).
Combining these informations if Q4 # 0, Q_ # 0, Qp # 0 one can reach that
u=M inQx(0,T).

3. If z, € I we can use the local maximum principle to find an open set in which
u is constant, then proceed as above.

The same conclusions hold if (z,,t,) is a minimum point.

Summing up the following result holds.

Theorem 6.1. Suppose 2, Qy, Q_, Qo are connected. Considerw € DG(Q, T, u, A,
v) and suppose (Zo,t,) € Q x (0,T) is a mazimum (or a minimum) point for u in
Q% (0,T). Then

i) if QL £0,Q_ =0, then u is constant in Q x (0,t,];
i) if Qp =0, Q_ £ 0, then u is constant in Q X [ty, T);
i) if Qe =0, Q- =0, Qo # 0 then u is constant in Q x {t,};
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w) if Qp #£0, Q_ # 0, then u is constant in Q x (0,T).

Notice that points i), i), v ) are independent of y: this could be empty or
not.

One can adapt this result to a more general result in which each set among €,
Q_, Qp can have more than one connected component, as assumed in (6).

0.5

Example. Here we give an example to show that point #ii ) of the previous theorem
is sharp, in the sense that the conclusion, in general, is the best one can get.
Consider the family of elliptic problems

d?u .

@(x,t) =0 mn (—1, 1) X (0,27’[’)
u(—1,t) = 2sint t € (0,2m)

u(l,t) =2 t € (0,2m)

whose solution is
u(z,t) = (1 —sint)z + 1 +sint.

This function has a maximum point in (0,7/2). It is constant in (—1,1) x {7/2},
but it not constant in no other bigger set.

Example. We conclude with an example of a possible interface to explain assump-
tions (H.4). Suppose Q C R? and suppose I is the image of a curve, which has
a cusp. Assuming, for simplicity, that p takes only the two values 1 and —1, in
this case not always the Lebesgue measure restricted to one of the two part of
delineated by the curve satisfies (H.4). Suppose the curve below if the union of the
graphs of two functions f and g. For instance, if f(z) = 2™ and g(z) = —z™ (x > 0)
assumption (H.4) is satisfied, if f(z) = e+ and g(z) = —e~ = (x > 0) assumption
(H.4) is not.

In the first case I is an admitted interface, and so the Harnack inequality and all
the consequences hold, in the second case I is not an admitted interface, but we do
not know if in such a case Harnack’s inequality fails to hold.
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