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Abstract

In this paper we investigate Marcinkiewicz-Zygmund type inequalities for multivariate polynomials on
various compact domains in R?. These inequalities provide a basic tool for the discretization of the LP norm
and are widely used in the study of the convergence properties of Fourier series, interpolation processes
and orthogonal expansions. Recently Marcinkiewicz-Zygmund type inequalities were verified for univariate
polynomials for the general class of doubling weights, and for multivariate polynomials on the ball and
sphere with doubling weights. The main goal of the present paper is to extend these considerations to more
general multidimensional domains, which in particular include polytopes, cones, spherical sectors, toruses,
etc. Our approach will rely on application of various polynomial inequalities, such as Bernstein-Markov,
Schur and Videnskii type estimates, and also using symmetry and rotation in order to generate results on
new domains.

*AMS Subject classification: 41A17, 41A63. Key words and phrases: multivariate polynomials, Marcinkiewicz-
Zygmund type inequalities, LP optimal meshes



1. Introduction

The classical Marcinkiewicz-Zygmund inequality states that for any univariate trigonometric
polynomial of degree at most n and 1 < p < oo we have

/|T|p 122nT 21s
" n "\2n+1

where the constants involved depend only on p. This inequality is a basic tool for the discretization
of the L? norms of trigonometric polynomials. In the past 30 years Marcinkiewicz-Zygmund type
inequalities for trigonometric and algebraic polynomials with various weights were widely used in the
study of the convergence of Fourier series, Lagrange and Hermite interpolation, positive quadrature
formulas, scattered data interpolation, see [9] for a survey on the univariate Marcinkiewicz-Zygmund
type inequalities. In univariate case a forereaching generalization of (1) for the so called doubling
weights was given by Mastroianni and Totik [12]. Mhaskar, Narcowich and Ward [13] studied the
Marcinkiewicz-Zygmund type problem based on scattered data on the unit sphere in the un weighted
situation. Recently, Feng Dai [7] gave some analogues of Marcinkiewicz-Zygmund type inequalities
for multivariate algebraic polynomials on the sphere and ball in R

The goal of the present paper is to extend the study of Marcinkiewicz-Zygmund type inequalities
to more general multivariate domains. Let K C R? be a compact set and denote by P? the set of
algebraic polynomials of d variables and degree at most n. Given a positive weight function w on
K we denote by

p

(1)

9]l £e(w) = (/ lglPw)?, 1< p< oo
K

the usual weighted L” norm on K. Then typically a Marcinkiewicz-Zygmund type result on K
consists in finding a discrete point sets Yy = {y1,...,yn} C K of cardinality N ~ n? and proper
positive numbers a; > 0,1 < j < N, Z1§j§N a; ~ 1 so that for every g € P4 we have

Mgl oy ~ D asla()IP- (2)

1<j<N

Here and throughout this paper we will write A ~ B whenever c;A < B < ¢y A with some constants
c1,co > 0 depending only on p, K and the weight, but independent of the individual polynomials
and their degree. The requirement that the cardinality of the discrete set Yy satisfies N ~ n? leads
to an asymptotically smallest possible discrete mesh, because dimP? ~ n? and (2) can not hold
with fewer points than the dimension of P¢. In addition, it should be also noted that the condition
D i< j<n @ ~ 1 is a consequence of relation (2) applied with g = 1, i.e., it automatically holds for
any discrete set satisfying (2). Sometimes in the sequel we will call discrete sets Yy C K with
cardinality N ~ n? satisfying relations (2) MZ meshes for K.

This notion of MZ meshes is closely related to the notion of admissible meshes or norming sets
introduced in [3] and [5]. Admissible meshes Yy C K have the property

~ Vg € Pl
max|g(z)| ~ max|g(z)], Vg€ F,



If in addition, N ~ n? then the admissible mesh is called optimal. In [8] it was shown that star like
C?-domains and convex polytopes in R? possess optimal meshes. (See also [2] and [4] where their
construction and various applications are discussed.) Evidently, the MZ meshes can be considered
as the LP analogues of the optimal meshes.

We will repeatedly use below a generalization of the Marcinkiewicz-Zygmund type inequality for
algebraic polynomials on [—1, 1] given in [12] for the general class of the so called doubling weights.
Recall that a nonnegative integrable weight w on [—1, 1] is called doubling if with certain L > 0

depending only on the weight
/ng/w, Ic[-1,1]
21 I

for any interval I and 2[ being its double with the same midpoint. In particular, all generalized
Jacobi type weights satisfy the doubling property. Then as shown in [12] there exists an integer
M € N (depending only on the weight) such that whenever m > M we have with z; := cost;,t; :=
I 0<j<mn

1
[ oo~ S alotapl. e Fl )
-1 0<j<mn
where
tj+1/n
a; ::/ w(cost)|sint|dt,0 < j < mn.
tji—1/n
Now let us recall the Marcinkiewicz-Zygmund type results for the sphere and ball given by
Feng Dai [7]. Let B(z,r) be the usual Euclidian ball centered at € R? and radius r and let
BY := B(0,1),5%1 := B denote the unit ball and sphere in R¢, respectively. Consider the
mapping T'(z) := (x,y/1 —|z|?) € S% 2 € B? and the corresponding metric p(x,y) := |T(x) —
T(y)|,z,y € B Denote by B,(z,r) the ball centered at z € R? and radius r corresponding to this
metric.
Then the weight w is called a doubling weight on S?! or BY if

/ wSL/ w,xESd_lor/ ng/ w, © € B,
B(z,2r) B(z,r) B, (x,2r) B, (z,r)

respectively, with a constant L > 0 depending only on the weight.
Furthermore, Yy = {y1, ...,yn} C B is called maximal (d, p)-separable if

B c UlngNBp(yja(S) and P(yjayk) >0, 1<j,k<N,j#k.

Then it is shown in [7] that (2) holds for every doubling weight on B¢ and every maximal (£, p)
separable set Yy C B¢ with sufficiently small § and a; = Il By(y;,5) W-

Clearly, we have by the % separation of Yy that B,(y;, %),1 < j < N are pair wise disjoint.
Since in addition, y; € B? it follows that B,(y;, %), 1 < j < N correspond to pair wise disjoint sets
on the unit sphere S¢ C R of Lebesgue surface measure > cgn~%. This yields that N < ¢gn?, i.e.,
the discrete set Yy is of optimal cardinality. Hence maximal (%, p) separable sets on B? are MZ
sets. Similarly maximally % separable sets with respect to the Euclidean distance are MZ meshes
St

The above results for the ball and sphere connecting the maximal separability with the MZ
property of the mesh are quite general in terms weights considered. However the maximal (%, )
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separability is not easily verified when d > 1. The main goal of the present paper is twofold: we
will present simple explicit MZ meshes which do not require the somewhat technical condition of
maximal separability, and also extend the above Marcinkiewicz-Zygmund type results to more gen-
eral multivariate domains, which in particular include polytopes, cones, spherical sectors, toruses,
etc. Our approach will rely on application of various polynomial inequalities including Bernstein-
Markov, Schur and Videnskii type estimates, and also on using symmetry and rotation to generate
results on new domains.

2. Circular Sectors

We will show below how some new Marcinkiewicz-Zygmund type inequalities can be derived
using rotation and symmetry of the domain. But first in this section we will consider the more
difficult case of circular sectors which can not be handled by rotational or symmetry type arguments.
Throughout this paper 1 < p < 0.

So let D, C R? be the circular sector on the plane given by

D, :={(x,y) = (rcost,rsint) : 0 <r <1, |t| < a}.

We will prove now a Marcinkiewicz-Zygmund type inequality on the circular sector D, for any
rotation invariant doubling weight of the form wg(y/22 + y?) where wy(t) is a univariate doubling
weight on [0, 1].

Theorem 1. Let D, C R? be the circular sector with a < % and consider a univariate doubling
weight wo(t) on [0,1]. Then with any sufficiently large integer m € N depending only on this weight
and p it follows that for every q € P? we have

/2 lq(z, y)Pwo(v/a? + y?)dwdy ~ > a;klg(pr cos y;, prsiny;),
D

0<j,k<mn

where t; == %,yj =acost;,0 < j <mn,pp:= %(1 + costy),0 < k < mn, and

trt1
ain = (U5 — Y1) / w(cost(t/2)) cos(t/2)| sint|dt, 0 < j,k < mn.

tp—1

First we will verify a lemma which illustrates a general connection between Marcinkiewicz-
Zygmund type inequalities and LP Bernstein-Markov type inequalities.

For any k > 0 set
1 V1—2a2
2 + —
Lemma 1. Let g(x),x € [—1,1] be any differentiable function, g # 0 a.e. satisfying relation

Ak(l’) =

Ap(2)|g (2)|)Pdx < x)|Pdx 4
[ @l@iras [ ) ()

[_111]



with some k > 0. Then whenver m > [18pk| 4+ 1 and x; := cos %, 0 <j <m we have
2 P )P
= D (i —aia)lg(z)P < lg(@)Pda <2 > (w5 — xy4)lg(a;) P
0<j<m—1 [-1,1] 0<j<m—1
Proof. It is easy to see that for z; := cos % we have

r;— i < 9AL(2), Vo € (z41,25), 0<j<m—1

Indeed -
r;— T < —sint®, V1 — 2% =sint
m

with both t*, ¢ being between ” (JH when z € (xj+1,xj). Hence if 1 < j < m — 2 then

|sint™ —sint| < [t — ¢ < — < —smt

2
ie.,
v — 11 < %sint* < %(1 + g) sint < (1 + g)Am(az).
Moreover, if j =0 or j = m — 1 then
w2 w2
Tj— T =1— COSE < Py < ?Am(:r;)

This verifies our claim (6).
Note that by (6) and relation m > [18pk| + 1 it follows that

1 .
p(x; — xj1) <A, (z) < §Ak(x), r € (zj41,25), 0<j<m-—1

Now set

F(z) = |g()]”, G(z):=lg(@)|g'(x)l, B;:= / l9(2)Pda — (25 — 2510 9(z500) .

[zj41,25]

These notations easily yield that
|F'(z)] < pG(z) a.e

Then using this estimate and (7) we have
I‘] $] , I‘] :I:J ,
Bl [ lo@l - loerrlde= [ [ Paades [ [ (Pl
T zjy1 |/ [@j41,7] Tjp1 Y41

<G~ p) [P @ <po - p0) [ G@itr <5 [ Glsats

Tj+1 Tj+1 Tj+1

Thus summing up for 0 < j < m — 1 yields

‘/[—11]|g<x)’pdx_ Z (z; — xj)|g(x,)]P| <

0<j<m—1

S B < % () Ap()de.

0<j<m—1 [-1.1]




Now applying Holder inequality together with (4) we get

/ G(2) Au(x)de = / (@) Au(a))g ()]
—1,1]

[_1’1}

<( /[171]<Ak<x>|g'<x>|>p)’l’ ([, o) < [ lawr

Combining the last two estimates yields

[ o= 3 = lote)

0<j<m

This evidently implies relations (5).
Proof of Theorem 1. Clearly

||q||lzp(Dz)=/ |q|pw=/ / \q(r cost,rsint)|[Pw(r)rdrdt, q¢& P2
D2 [—a,a] J[0,1]

Then setting

g(t) == / lq(r cost, rsint)|Pw(r)rdr, AL(t) = 2 Va2 ¢
[0,1] n

we easily obtain using Fubini theorem

[ o<y [ [ s Dty -
[—a,a] (—a,a] J[0,1] ot

—p [t [ A OlgP 12 dtdr. ®)
0,1] [~a,a] ot

Moreover, applying the Holder inequality to the last integral above yields

_ dq 0q » T
P=UAS () 2L dt < / A% ()| =2 )P / p) . 9
/{w P850 2 ar < ( g ) ( [ )

Now we will need a Videnskii type inequality in L? norm recently verified by Lubinsky [10] (see
also [6] for its weighted version). It was shown in [10] that for any trigonometric polynomial Q(t)
of degree at most n and a < % we have

At QP < . P Q.
/W]< OIQ)) < en /W]| |

Clearly the above inequality is applicable for Q(t) := g(rcost,rsint) with any fixed r hence we
obtain from (9)

p—1

([ )" =enf par o)
[—a,a] [—a,a]

1

D ;

[ sz (o [ jar)
[—a,a] [—a,a]
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Combining estimates (8) and (10) and using again Fubuni theorem we arrive at

/ A4 (t)]dt < cpn/ / rw(r)|q|Pdtdr = con/ g(t)dt,
[—a,a] [0,1] J[—a,a] [—a,d]

where ¢ > 1 depends only on p. This last inequality means that conditions of Lemma 1 hold for
G(x) := g(ax) = g(t) with p = 1,k := mn, for any integer m > cy. Thus we obtain by this lemma
that with ¢; := %,yj :=acost;,0 < j <mn

g > (i~ vy S/ gdt <2y (y;— yie1)9(y). (11)

0<j<mn—1 [~a.a] 0<j<mn—1

Now note that

9(y;) ::/ lq(r cosy;, rsiny;)[Pw(r)rdr :/ \q; () [Pw(r)rdr, 0 < j < mn (12)
[0,1] [0,1]

with ¢;(r) := q(r cosy;,rsiny;) € P! being a univariate algebraic polynomial of variable r. More-
over, since w(r) is a doubling weight by [12], Lemma 4.5 w(r)r a doubling weight, as well. Therefore
we can use the Marcinkiewicz-Zygmund type result (3) for univariate algebraic polynomials ¢;(r)
(with a standard linear transformation of [0, 1] to [—1,1]) yielding that

/ g Pw)rdr ~ S oxlas (0P,
0,1] o

where pp = %(1 + costy),0 < k < mn and m is a properly chosen sufficiently large integer
independent of n. Moreover,

tet1
g = / w(cos(t/2)) cos(t/2)| sintdt, 0 < k < mn.

tp—1
(Here we can assume without the loss of generality that this integer m is the same as in (11).)
Applying this result to g(y;),0 < j < m given by (12) yields that

mn

9(y;) ~ > arlg(pr cos ys, prsiny;)|”.
k=0

Finally, this last relation together with (11) implies

/2 lq[Pw :/[ ]g(t)dtfv S wi—vie)gw) ~ > (4 — yie)aklq(pr cosy;, pesiny;) [P
D —a,a

0<j<mn—1 0<j5,k<mn

This provides the needed discrete points set (py, cosy;, pg siny;) of cardinality (mn + 1)? ~ n?. O
Evidently, Theorem 1 can be used for deriving Marcinkiewicz-Zygmund type inequalities on any
circular sector by splitting it to a union of smaller sectors satisfying restriction a < % used in this
theorem. Nevertheless we shall present now a more direct way leading to Marcinkiewicz-Zygmund
type inequalities on the disc B?. The method used in the Theorem 2 below is substantially more
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explicit than the concept of maximally separated meshes. Our approach will be based on weighted
Bernstein- Markov and Schur type inequalities. We will also need certain Jacobi type weights of
the form

I
o(t) := h(t) Hsin @, t €[0,27] (13)

where h(t) is a positive 27 periodic function with bounded derivative.

Theorem 2. Let w(x,y) := w(|r|)p(t),x =rcost,y =rsint,r € [—1,1],¢ € [0, 7], where w is a
univariate doubling weight on [0, 1] and ¢(t) is a Jacobi type weight (13). Then with any sufficiently
large integer m € N depending only on the weights and p it follows for every q¢ € P?

1 .
/2 la(z, y)[w(e, y)drdy ~ ~ > ajlg(ricosty, risint)),
B

0<j,k<mn

where t; == %, rj:=cost;, 0 <j < mn and

Tk+1
4 = OlL;) / w(lu)uldu, 0 < k,j < mn.

Tk—1

The proof of the above theorem needs an auxiliary statement which is somewhat similar to
Lemma 1.
Lemma 2. Let g(x),x € [0,a] be any function satisfying relation

"(z)|Pdx < MP z)|Pdx 14
/[Oﬂ]\g<>| < /|g<>r (14)

[0,a]

with some M > 0. Then choosing m to be an arbitrary integer greater than 2aMp and t; := %j, 0<
7 < m we have

3 Cmt)l < [ g@par<2 3 G-t 09

0<j<m—1 0,a] 0<j<m—1

Proof. Setting G(z) := |g(z)|P~"|¢'(x)| one can show analogously to the corresponding estimate
in the proof of Lemma 1 that by (14)

<@ G(z)dx

m Jio,a

/[O ToPde = 37 (=l

0<j<m—1

1 ; 5
< '(z) [P
<5 ([ wer)

|
([ tr) " <5 [
0,a] [0,0]
This evidently yields relations (15).

Proof of Theorem 2. We will use polar coordinates in x = rcost,y = rsint,r € [—1,1],t €
[0, 7]. Then

-, :/32 |q|pwdxdy:/[0 ]¢(t)/[l latreost.rsintPur)ldrds, g € P}
, —1,1
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Setting
g(t) ::/ lq(r cost, rsint)|Pw(|r|)|r|dr
(-1,1]

we obtain similarly to (8) in the proof of Theorem 1

[ i<y [t [ o g o (16)

[—1,1] [0,7]

By the Holder inequality for any r € [—1,1] and ¢ = q(r cost,rsint)

/M \QI”_ll%lfb(t)dt < (/{07r 1ZL P t)dt )’13 (/M |q|p¢(t)dt)ppl'

Since the last estimate holds for Vr € [—1,1] and evidently
q(—rcost, —rsint) = q(rcos(t + m),rsin(t + 7))

it easily follows that the above relation holds on [—7, 7], as well. Thus

p—1

/[m' P Gylotoi < ( /[| ()t )’1’ ( /H |q|p¢<t>dt)p, vr e [-1,1]

Using that for every r € [—1,1] ¢ = q(rcost,rsint) is a univariate trigonometric polynomial of
degree at most n we have by the LP Bernstein inequality for doubling weights given in [12], p.45

(/[m]\ Pp(t)dt ); <cn (/[m] |q|p¢(t)dt>; , Vre[-1,1].

Combining the last two estimates yields
_1,0q
a5, lo(t)dt < en lqlPp(t)dt, Vr e [-1,1].
[—ﬂ',ﬂ'] [_ﬂ—)ﬂ—}

Using this estimate together with (16) we obtain

dq
/ d 1 o (1) ded
[ wnsa<y [ wtedrt [ i Gor
< Po(t)dtdr = t dt. 17
<am [ il [ Jaroivar=cn [ lowlot) )

Furthermore, we can also estimate the next integral using a Schur type inequality for trigono-
metric polynomials with the Jacobi type weight ¢ (see [12], p.49)

| swignese | gwir<oe [ il [ lapar
[0,7] [0,7] [—1,1] [—m,m]

<en /H Wbl [ labot)dedr = cn /[ RZCECT
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Clearly this last estimate together with (17) yields

/ [(g(t)o(¢))|dt < cn/ g(t)op(t)dt.
[0,7]

(0,7]

Thus conditions of Lemma 2 are satisfied for the function g(t)¢(t) with p = 1,a = 7 and M = cn.
Hence relations (15) hold for any integer m > 2cm and ¢; := <=0 < j < mn, i.e., setting

A =g(t;) = / lq(r costy, rsint;)|Pw(|r|)|r|dr
[7171]

we have

2 )< [ o= [ lapudiy <230 A0t (18)

0<j<mn (0.:7] 0<j<mn

Since q;(r) := g(rcost;,rsint;) € P! is a univariate algebraic polynomial of the variable r € [—1, 1],
and w(|r|)|r| a doubling weight on [—1, 1] we can use the Marcinkiewicz-Zygmund type result (3)
for univariate algebraic polynomials yielding with any sufficiently large integer m

mn

&=/ a5 (M) Pw((r)lrldr ~ 3" axla(re cost;, ry sint;) 7
[—1

71] k=0

where
Tkl km
ag = / w(|u))|uldu, rg:=cos—, 0<k<mn.
Tk—1 mn
(We have assumed here without the loss of generality that (18) holds with the same integer m.)
Finally, this and (18) yields

1 .
/32 lq|Pwdzdy ~ - Z ap(t;)|q(ry cost;, rpsint;)|P. O

0<j,k<mn

3. Symmetry and rotation in Marcinkiewicz-Zygmund type results

The family of sets possessing Marcinkiewicz-Zygmund type inequalities can be substantially
widened using symmetry and rotation. We will formulate now some general principles which are
based on symmetry and rotation and then proceed by combining them with the results from the
previous section leading to new applications and examples.

We start by exhibiting how the symmetry of the domain can be utilized in Marcinkiewicz-
Zygmund type inequalities. Let L : R — R? be a regular linear transformation satisfying L? = I,
i.e., L is an involutary matrix. Consider domain K C R? which is invariant with respect to
the transformation L, that is L(K) = K. Our next proposition asserts that if K possesses sets
Yv = {y1,...,yn} C K with the Marcinkiewicz-Zygmund property (2) then without the loss of
generality it can be assumed that Yy is invariant with respect to the transformation L, as well.

10



Proposition 1. Let K C RY and positive weight w be invariant with respect to the transforma-
tion L, L(K) = K,w(x) = w(Lz),z € K, where L : R? — R L? = I. Assume in addition that K
possesses a set Y = {y1,...,yn} C K with the Marcinkiewicz-Zygmund property (2) for the weight
w. Then Zy :=Yn U L(Yy) is also an MZ set which is invariant with respect to L.

Proof. Since both K and w are invariant with respect to L we clearly have that

/K |9 (@) Pw(x)de = ILI/K l9(La)Pw(z)de, g€ Py,

where |L| stands for the determinant of L.
Now using (2) for polynomials g(x) and g(Lz) yields

2 /K 9(2) Peo(z)de = /K 9(a)Pu(z)dz + L] /K g(La)Po)dr ~ Y (o)l + lg(Lu)P).

1<j<N

Evidently this means that Zy := Yy U L(Yy) is an MZ set, too. Since L? = I we clearly have that
L(Zy)=Zy.0O

Remark 1. It should be noted that the above proposition yields explicit L-invariant MZ sets
Yn U L(Yy) with the same coefficients a; assigned to the corresponding points.

The above proposition can be used to derive new Marcinkiewicz-Zygmund type results. For
instance, it will be shown below how we can obtain MZ sets on the standard simplex from MZ sets
on the ball.

But first let us give another general method of deriving new MZ sets which is based on rota-
tion. Consider a set D C R?! which is symmetric with respect to one of the coordinates, say
(21, .., Tqg1) € D & (21, ..., 24 2,—2q_1) € D. Then the rotation of the set D around this axis of
symmetry yields the domain

Kp = {(z1, ., 1) ER?: (21, ..., Tg_s, (z3_, + 22)2) € D} C R% (19)

Proposition 2. Let D C R4 be symmetric with respect to its last coordinate and consider
the body of revolution Kp C R given by (19). If D possesses an MZ set with respect to the weight
w(T1, ..., Tq—1) even in xq_1 then it follows that Kp possesses an MZ set with respect to the weight

w*(z) = (23, + x?i)_%w(xl, oy Do, (23 + xfl)%), r € R (20)
Proof. Consider the cylindrical substitution x = T'(z,t),z := (21, ...,24-1) € D,t € [0, 7] defined

by z; = 2,1 < j <d—2,24-1 = zg_1c08t,x4 = zg_ysint. Clearly, T : D x [0,7] — Kp is a
one-to-one correspondence. Setting F'(z,t) := f(T(z,t)) we have

/ |f (z)Pw* (z)dx = / / |F(z,t)|Pw(z)dzdt, x:=(z1,...,24-2, 24—1 COSt, zq_1 Sint).
Kp [0,7] /D

Moreover, using the symmetry of D and w and substituting z; 1 by —z4_1 also yields

/ /|F(z,t)|pw(z)dzdt:/ /|F(z,t)|pw(z)dzdt,
[0,7] /D [m,27] J D

11



ie.,

/KD | (2)|Pw* (z)dz = %47%}/D|F(Z,t)|pw(z)dzdt.

Note that whenever f € P? then for any fixed ¢t € [0,27] we have F(z,t) € P41, Moreover
by the assumption D possesses an MZ set with respect to the weight w(z) hence there exists
Yy ={y1,..,yn} C D, N ~n?l anda; > 072135]\/ a; =1 so that

[ IFGOPuE~ 3 alPp. e 02
b 1<G<N
Using this together with the previous relation yields
IECIERCTID Sy SN ORI
1<j<N

Now note that for any fixed z the function F(z,t) is a univariate trigonometric polynomial of degree
n for which the classical Marcinkiewicz-Zygmund type inequality implies

2n
21s

1
Fly, O)Pdt ~ =S |F(y, )P, e = .
0~ SR abs =5

Finally, combining the last two estimates we arrive at

/K F@Pur@)de ~ 3 ZWWS 3 Za]\fyjs ,

1<j<N s=0 1<j5<N s=0

where y; s = T'(y;,7s) € Kp.O
Remark 2. Again it should be noted that Proposition 2 yields explicit MZ sets in case when
Yy = {y1,...,un} C D, N ~nélisan MZ set for the set D C R%"! with corresponding coefficients

a;,1 <j < N. As can be easily seen from the proof in this case T'(y;, ;fjl) 1<7<N0<s<2n

is an MZ set of cardinality ~ n? with corresponding coefficients belng —

4. Applications: ball, simplex, cone, spherical sector, torus

Propositions 1 and 2 provide convenient tools for obtaining new Marcinkiewicz-Zygmund type
results from the known cases. In this last section we will combine these propositions with results
from Section 2 in order to derive explicit MZ meshes on various domains. Let us show for instance
how the explicit mesh given for the disc in Theorem 2 together with Proposition 2 yields a simple
MZ mesh for the ball in R3. Throughout this section we denote

g 2ms

tj:=—, rj:=costj, vs:=

= <9< 0<s<2n.
mn on+1’ =J=mn, V=8> an

The integer n here will always correspond to the degree of the polynomials, while the integer m is
a fixed integer depending on the domain and the weight considered.

12



Ezample 1. (Ball) Let K := B3. For a given a univariate doubling weight wq on [0, 1] consider
the weights

w(z,y,2) = (y° + 22) Bw(e, (1 + 22)2), w(z,y) = |ylwol((® +y2)2).

Then clearly w(rcost,rsint) = |rwy(|r|)sint| is of the form required by Theorem 2 with ¢(t) =
|sint| and w(r) = rwy(r). (Note that here again we use the fact that twg(t) is doubling when-
ever wy(t) is doubling.) Thus Theorem 2 is applicable on the disc B? with the weight w(z,y) =
ly|wo((y? + 22)2). Therefore we can use Proposition 2 for K = B3 (which is the the body of revolu-
tion of B?) and the above weight w*(z,y, 2) = wo(y/22 + y% + 22). Hence we get an MZ set on B3
by applying transformation T : B% x [0, 7] — B3 specified in the proof of Proposition 2 to the MZ
set of the disc presented by Theorem 2. This easily yields the following Marcinkiewicz-Zygmund

type result for B* with the doubling weight wo(y/22 + y? + 22)

| en Pl /EEE A S ailal)P

0<s<2n,0<j5,k<mn

where

sint; [T )
Mijs = Ti(rj,sint; cosys,sint; siny,), ajj = p wo(Ju|)udt
Tk—1

0<j,k<mn, 0<s<2n.

Ezample 2. (Simplex) We will deduct now a Marcinkiewicz-Zygmund type inequality on the
standard simplex using our previous results from Sections 2 and 3. Let us call a multivariate function
even if it is even in each of its variables. Denote by Bﬁlr ={x = (21,...,0q) € BY:2; > 0,1 < j < d}
the "positive” part of the unit ball. By Proposition 1 any MZ set with an even weight on the ball
B9 can be symmetrized by reflecting it about each coordinate plane. Therefore we can choose an
MZ set Y C B?, CardY ~ n? so that for every y = (y1,...,44) € Y we have y = (£y;,...,+yq) € Y.
Then it is easy to see that for even weight w and every even polynomial g € P? we have

[ o~ Y alat) @
By y;€YNBY

where Y is a symmetric MZ set on B? for w.
Consider now the standard simplex

A={r=(21,....,2q) 1 x; >0, Z x; < 1}

1<j<d

For & = (z1,...,2q4) € A set y = V& := (V2 ,....,v/2,) € B,z = y* := (y},...,y3). Setting
J(y) == Tli<j<qlysl we clearly have for any g € P

I
<

/Ad lg(x)|Pw(x)dx = 2d/ lg(y?) [Pw(y?) I (y)dy, = 2,

d
B+
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Thus whenever Y C B? is a symmetric MZ set for the unit ball with the even weight w(y?).J(y)
we can us (21) for the even polynomials g(y?) € Pg, yielding

/Ad |9(2)[Pw(x)dz :/ 9@ Pw®) I (W)dy ~ D ailg@)lP =D ajla(z)P  (22)

Bd
+ y; EYNBE z€Z

where Z == {y; : y; € Y N B?}. This establishes a Marcinkiewicz-Zygmund type result on the
standard simplex.
Let, for instance d = 2. Then by Theorem 2 the discrete set

{(rerj, iy /1—73), 0<j,k<mn}C R?

is a symmetric around each coordinate axis MZ set on the unit disc for the weight
w(z,y) = wo(|r])|zy| = wo(|r|)r?|sint cost|, = =rcost,y = rsint,

where wy is a univariate doubling weight on [0, 1]. Therefore using Theorem 2 and relations (22)
with this weight yields that for any univariate doubling weight wy and any bivariate polynomial
g € P? we have the following Marcinkiewicz-Zygmund type result on the triangle A?

/AQlg(x,y)|pwo(\/liv|+\y!)dxdyfv > aulg(zal, (23)

0<j,k<mn
with

Tk+1
Zig = (15, 1= 13), aje = |rj|y/1— 1“32/ w(|u))|ul*du, 0<k,j<mn. (24)
TE—1

Similarly, we can consider the weight wq(+/|z| + |y|)|z —y| on A? which after proper transformation

leads to the MZ problem on the disc with the weight wq(y/22 + y?)|zy(2* —y?)|. The corresponding
Marcinkiewicz-Zygmund type result with this weight on the triangle A? appears in the form

/ \9(z, y)|Pwo(V/|z| + |y|) |z — y|dzdy ~ E bjklg(zn)|” (25)
A2 X

0<j,k<mn
with

Tk+1
bi = |2 — [y /1 —1? w(|u))ulPdu, 0<k,j<mn. (26)

Tk—1
We will use this last example providing MZ sets on the simplex with weights of the form
wo(+/]z| + |y|)|x — y| in order to derive MZ meshes on the cone, see Example 3 below.
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degree n=8 m=3
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Figure 1: The simplex for d = 2,n = 8 and m = 3.

Ezxample 3. (Cone) We will derive now a Marcinkiewicz-Zygmund type result on the cone
{(x,y,2) : Vy2+22 <z < 1} C R? by considering this cone as the rotation of the simplex
A" = {(u,v) : |v| < u < /2/2} around axis u. Consider the weight

wo(v/u —v| + |u+v))|v| = we(vu)|v|, (u,v) € A

where as above wy is a univariate doubling weight on [0,27'/4]. The MZ problem on A’ with this
weight after a standard linear transformation is equivalent to MZ problem on A? with the weight

wo(V/ |z +[yDlz =yl (z,y) € A”.

Hence using (25) and (26) we obtain setting n; := 1} — 2rir; € A’

lg(u, v)Pwo(Va) oldudo ~ Y bilg(ri )7 (27)

A’ 0<j,k<mn

with b, -s being specified in (26). Now we can use Proposition 2 for the cone

Kp=Kpn ={(z,y,2) : V2 + 22 <2 <1} CR?

with D := A’ being endowed with the weight wq(y/u)|v|. In view of relation (20) of Proposition 2
this yields an MZ set on the cone Kas with the weight w(x,y, z) := wy(y/x). Moreover by Remark
2 and Proposition 2 we can easily derive an explicit Marcinkiewicz-Zygmund type mesh on the cone
by applying transformation T of Proposition 2 to the MZ set {(r%, nx;), 0 < j,k < mn} C A’. This
together with the formula for the coefficients specified in Proposition 2 yields

bjk .
/ 9P wo(va)dadydz ~ Y LE|g(rf e cos e sin) |7, Vg € P
Kar

0<7,k<mn,0<s<2n
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where b; ;-s are given by (26). This provides an explicit Marcinkiewicz-Zygmund type result for the
cone in R3.

degree n=6 m=2
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Figure 2: The cone obtained by rotating the simplex of Example 2, with n = 6 and m = 2.

Ezample 4. (Spherical sector or "ice cream” cone) Now we consider the ”ice cream” cone

Ky = {(z,y,2) : V2 + 22 <bx, 2 +9y° + 22 <1} CR® b>0

in R? which is the intersection of the unit ball and cone. This domain can be obtained by rotating
the circular sector D, := {(z,y) = (rcost,rsint) : 0 < r < 1,|t| < a},a := arctanb around axis
x. Therefore, we can obtain a Marcinkiewicz-Zygmund type result on the "ice cream” cone by
combining Theorem 1 and Proposition 2. The MZ set can be obtained by applying transformation
T of Proposition 2 to the MZ set of the circular sector D, given in Theorem 1. This yields the
following MZ mesh on K,,b < tan1/2

1+r . . . .
Eikys = %(cosarj,sma'r’j co8 Vs, sinar;sinys); 0 < j,k <mn, 0 <s < 2n.

With this MZ mesh we have the next Marcinkiewicz-Zygmund type result on the "ice cream”
cone for an arbitrary univariate doubling weight wq

_ Qa;
/ lg|Pwo(v/22 + 42 + 22)(y? + 22) Y 2dadydz ~ Z %|9(§j,k,s)|pa Vg € P},
Ky

0<4,k<mn,0<s<2n
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where coefficients a;, are the same as in Theorem 1.

degree n=6 m=2

Figure 3: The rotated circular sector or “ice cream” cone for n = 6 and m = 2.

Ezample 5. (Torus) Proposition 2 provides MZ meshes for sets obtained by rotating a do-
main D symmetric in its last coordinate. Analogously we can consider rotation of D C ]Ri_l =
{(z1,...,04_1) : £g—1 > 0} around axis x4 leading to similar conclusions as given in Proposition 2.
This approach allows to consider non convex domains like for instance the torus

Ty = {2 + 9> + 22 <4y/y> + 22 — 3} C R%.

resulting from full rotation of the two dimensional disc 22 + (y — 2)* < 1 around axis . On this
disc we can choose the MZ set

(reri, &)y & =1 =12 +20 < 5k <mn

which results from a proper shift of the mesh given for the unit disc by Theorem 2. Now similarly
as this was done in Proposition 2 the rotation of this MZ set yields an the following MZ mesh on
the torus T

Ziks = (Ti75, &k cOSYs, Ejpsinys) € Ty, 0 <7,k <mn, 0 <s < 2n.

The weight function and the proper coefficients a;; can be specified similarly to the previous
example, we omit the details.
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degree n=6 m=2

Figure 4: The torus for n = 6 and m = 2.
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