ESAIM: Control, Optimisation and Calculus of Variations Will be set by the publisher
URL: http://wuw.emath.fr/cocv/

ON THE CODIMENSION OF THE ABNORMAL SET IN STEP TWO
CARNOT GROUPS* **

ALESSANDRO OTTAZZI! AND DAVIDE VITTONE?

Abstract. In this article we prove that the codimension of the abnormal set of the
endpoint map for certain classes of Carnot groups of step 2 is at least three. Our result
applies to all step 2 Carnot groups of dimension up to 7 and is a generalisation of a previous
analogous result for step 2 free nilpotent groups.

Résumé. Dans cet article nous montrons que la codimension de ’ensemble abnormal de
la carte de point final pour certaines classes de groupes de Carnot de classe 2 est au moins
trois. Notre résultat s’applique a tous les groupes de Carnot de classe 2 de dimension
jusqu’a 7 et c’est une généralisation d’un résultat analogue précédent pour les groupes
nilpotents libres de pas 2.
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INTRODUCTION

Let G be a Carnot group, i.e., a connected and simply connected Lie group with stratified nilpotent
Lie algebra g =V; & --- @ V,. Let End be the endpoint map

End: L*([0,1],V1) — G
U = vu(1),

where 7, is the curve on G leaving from the identity e € G with 4, (t) = (dL,, ¢))cu(t), Ly denoting
left translation by g. The abnormal set is the subset Abng C G of all singular values of the endpoint
map. Equivalently, Abng is the union of all abnormal curves passing through the origin. If the
abnormal set has measure 0, then G is said to satisfy the Sard Property. Proving the Sard Property
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in the general context of sub-Riemannian manifolds is one of the major open problems in sub-
Riemannian geometry, see the questions in [6, Sec. 10.2] and Problem III in [2]. See also [1], [3]
and [7]. In [5], the authors of this note and others proved the Sard Property in a number of special
cases, and they also obtained the following first result concerning the interesting problem of obtaining
finer estimates on the size of the abnormal set.

Theorem ( [5, Theorem 3.15]). In any free nilpotent group of step 2 the abnormal set is an algebraic
subvariety of codimension 3.

In the present paper we discuss generalizations of the result above to some classes of step 2 Carnot
groups that are not necessarily free. Our purpose is to present different possible approaches to the
problem. As our examples will show, going from the free to the general case does not seem to be a
trivial step. Before summarizing our contributions in the followizng statement, it is worth recalling
s

2

that a free-nilpotent group of step 2 and rank r has dimension

Theorem. Let G be a step 2 Carnot group and let diim V; = r. The abnormal set Abng is contained
in an algebraic subvariety of codimension three (or more) in the following cases:

(i) G has dimensionr+1 orr+ 2;
(#1) G has dimension T22+T —1 or T22+r —9;

(#91) r =4 and G has dimension 7.

After having established the notation and having recalled some known results in Section 1, we
state and prove our contributions. In Section 2 we consider Carnot groups of step 2 and dimensions
r 4+ 1 and r 4+ 2. This will be the content of Theorem 2.1 and Theorem 2.3. While the case r + 1
is rather straightforward, in order to prove Theorem 2.3 we reason by induction on r and we need
some fine observations on the bases of V;. Already in dimension r 4+ 3 our technique apparently
fails to being convenient. In Section 3, we consider dimensions TZ# —1 and Tzi — 2 (Theorem 3.2
and Theorem 3.9). The idea here is to see the Carnot groups as quotients of free-nilpotent groups
of step 2 by 1 and 2—dimensional ideals, respectively. Indeed, it turns out (see Proposition 1.16)
that if 7 : F — G is a homomorphic projection of stratified groups, then the abnormal curves in G
are the abnormal curves in F' that remain abnormal under 7. If the dimension of the kernel of 7 is
1 or 2 and F is free, we are able to study the abnormal curves of G using this method. However,
when the dimension of the kernel is higher, the computations become more complicated. Finally, in
Section 4 we prove Theorem 4.2, which concerns the case where » = 4 and the dimension is 7.

It can be easily checked that all stratified Lie groups up to dimension 7 fall in one of the cases
(7), (#4) or (iii) above. In particular, we have the following consequence.

Corollary. Let G be a step 2 Carnot group of topological dimension not greater than 7; then, the
abnormal set Abng is contained in an algebraic subvariety of codimension at most three.

1. PRELIMINARIES

In this section we establish the notation we are going to use and we recall some preliminary facts
that were proved in [5].

A Carnot (or stratified) group G is a connected, simply connected and nilpotent Lie group whose
Lie algebra g is stratified, i.e., it has a direct sum decomposition g = V1 & --- @ V; such that

Vil =[V;,VilVi=1,...,s—1, Vs # {0} and [Vs, V1] = {0}.

We refer to the integer s as the step of G and to r := dim V; as its rank. The group identity will be
denoted by e. We will indifferently view g either as the tangent space to G at e or as the Lie algebra
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of left-invariant vector fields in G. Recall that in this case the exponential map exp : g — G is a
diffeomorphism; we write log for the inverse of exp. When we use log to identify g with G, the group
law on G becomes a polynomial map g x g — g with 0 € g playing the role of the identity element
e € G. For all g € G, denote by L, and R, the left and right multiplication by g, respectively. We
write Ady := d(Rg-10Ly)e : g — g. For X € g we define adx : g — g by adx (Y) := [X,Y].

Fix u € L?([0,1], V1) and denote by v, the curve in G solving

16 = ALy utt), (1.1)

with initial condition y(0) = e. Vice versa, if v : [0,1] — G is an absolutely continuous curve that
solves (1.1) for some u € L%([0,1], V1), then we say that v is horizontal and that u is its control. The
endpoint map End is

End: L2([0,1],V3) — G
u = Yu(1).

We will sometimes write End® to underline the group G we are working with.

Let v : [0,1] — G be a horizontal curve with control u and such that v(0) = e. If Im(dEnd,,) C
T,1)G we say that «y is abnormal. In other words, a horizontal curve + : [0,1] — G is abnormal if
and only if (1) is a critical value of End. The main goal of this paper is the study of the abnormal
set Abng of G defined by

Abng :={~(1) : v:[0,1] — G abnormal ,~(0) = e}. (1.2)

The following result is proved in [5, Proposition 2.3].

Proposition 1.3. If v :[0,1] — G is a horizontal curve leaving from e with control u, then
Im(dEnd,) = (dRy1))e(span{Ad,) V1 : t € [0,1]}). (1.4)

It is clear from (1.4) that Im(dEnd,) depends only on 7 and not on its parametrization (i.e., on
the control u). Given a horizontal curve v : [0,1] — G with v(0) = e we define

é",y = Span{Ad,y(t) Vl cte [0, 1]} (15)

By Proposition 1.3, « is abnormal if and only if &, is not the whole Lie algebra g. In fact, &, C
T.G = g is the image under the diffeomorphism (dR.)); " of Im(dEnd,) C T,(1)G for any control
u associated with . Evaluating (1.5) at t = 0 and ¢ = 1 yields

Vi+Adyy Vi €&, (1.6)

We will sometimes use the notation c?,YG if we need to stress the group under consideration.

Example 1.7. There are no abnormal curves in R™ (seen as a step 1 Carnot group). Indeed, by
(1.6), g = V4 = &, for any ~. In particular, Abng» = (.

We restrict our analysis to a Carnot group G associated with a stratified Lie algebra g = V7 ® V5
of step 2. Denote by 7y, : g — Vi the canonical projection; for any fixed X € g we recall the formula
Adexp(x) = e X to get

Adepx)(Y) =Y + [X,Y] =Y + 1y, (X), Y] VY €g. (1.8)
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We use this formula to compute more efficiently the linear space &, defined in (1.5).

Proposition 1.9. Let G be a Carnot group associated with a stratified Lie algebra g = Vi & Vo of
step 2. Let v be a horizontal curve in G with (0) = e and define the linear space P, C g by

P, := span{my, (log~(t)) : t €0,1]}, (1.10)
where log : G — g is the inverse of exp. Then
&y =V1 @ [Py, V1]
and, in particular, v is abnormal if and only if [Py, V1] # Va.
Proof. Using (1.8) and the fact that Vi, C & (see (1.6)), we obtain

&y = span{Y + [my, (log~(1)),Y] : t€[0,1],Y € V;}
= V1 @ span{[my, (log~(t)),Y] : t €[0,1],Y € V;}
= V1@ [P, V]

as stated. O

Example 1.11. Given an integer n > 1, the n-th Heisenberg group H™ is the Carnot group associ-
ated with the (2n + 1)-dimensional stratified Lie algebra Vi @ Vs of step 2 where

Vi :=span{Xy,..., Xp, Y1,..., Y, }, Vs := span{T'}
and the only non-zero commutation relations between the generators are given by
[X;,Y;]=T foranyi=1,...,n.
In particular, for any horizontal curve v with v(0) = e we have [P,,Vi] = V5 unless P, = {0}.
It follows that the only abnormal curve in H™ is the constant curve ¥(t) = e and, in particular,

Abng» = {e}. We note here for future reference that & = V.

Proposition 1.9 allows to give a completely algebraic description of Abng. Consider an abnormal
curve v in G leaving from the identity e and let P, be as in (1.10). Then Im v is contained in the
subgroup of G associated to the Lie algebra generated by P, i.e.,

Im v C exp(P, & [Py, Py]).

Assume for a moment that dim P, € {r,r — 1}, i.e., that P, is either the whole horizontal layer V;
or a hyperplane of V1; in both cases one would have [Py, V] =V and, by Proposition 1.9, v would
not be abnormal. This proves that

Abng C U{exp(P @ [P, P]) : P linear subspace of g, dim P < r — 2,[P, P] # V,}.

The reverse inclusion holds as well. Indeed, if P is a linear subspace of g such that dim P < r—2 and
[P, P] # Va, then by Chow connectivity theorem any point in the subgroup H := exp(P @ [P, P]) can
be connected to e by a horizontal curve ~ entirely contained in H, and such a v must be abnormal
by Proposition 1.9. We have therefore proved the following result (see also [5, Section 3.1]).
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Proposition 1.12. Let G be a Carnot group associated with a Lie algebra g = Vi ® Vo of step 2;
then

Abng = U{exp(P @ [P, P]) : P linear subspace of g, dim P < r — 2, [P, P] # V2}.

An immediate consequence of Proposition 1.12, proved in [5, Theorem 1.4], is the following result.

Theorem 1.13. Let G be a Carnot group associated with o free Lie algebra of step 2; then Abng
is contained in an affine algebraic subvariety of codimension 3.

We conclude this section by proving two simple results that hold in general Carnot groups.

Proposition 1.14. Let G and H be Carnot groups associated with stratified Lie algebras g and b
(respectively). Let v be a horizontal curve in the Carnot group G x H and write v = («, 8) for
unique horizontal curves a and B in G and H, respectively. Then, v is abnormal in G x H if and
only if either a is abnormal in G or B is abnormal in H; in particular

Abngypg = (Abng x H) U (G x Abng).

Proof. Let Vi and W; be the first layers in the stratifications of g and b respectively. If u €
L?([0,1], V1) and w € L%([0, 1], W7 ) are the controls associated to v and 3 respectively, then (u,v) €
L2([0,1], V4 x W7) is a control of v and

dEnd(;f = dEnd{ @ dEnd;’.
xH

In particular, dEnd(Ci ) is surjective if and only if both dEndf and dEndf are, and this is enough
to conclude. 0

We need some terminology before stating our next result. Assume that f =V & --- @V, is a
nilpotent stratified Lie algebra and that J C Vo @ --- @ V; is an ideal of f; consider the quotient Lie
algebra g = /3. Let 7 : f — g be the associated canonical projection and let F, G be the Carnot
groups associated with f, g respectively; we use the same symbol 7 : F' — G to denote the canonical
projection at the group level. It is well-known that any horizontal curve v in G leaving from the
identity (of G) admits a unique lift to F, i.e., a unique horizontal curve % in F' leaving from the
identity (of F') and such that v = w o 4. Moreover, essentially by definition (see (1.5)) we have that
for any horizontal curve ¢ in F’

Eroe = (8). (1.15)
This proves the following result.

Proposition 1.16. Let f=V1&--- & V; be a nilpotent stratified Lie algebra, let I C Vo B --- DV be
an ideal of § and let g = §/J be the quotient Lie algebra. Let m : F — G be the canonical projection
between the Carnot groups F' and G associated with f and g, respectively. Then, for any abnormal
curve v in G, the lift 4 is an abnormal curve in F; in particular,

Abng C m(Abnp).

2. STEP 2, RANK 7, DIMENSIONS 7+ 1 AND 7 + 2

In this section we show that if G is a Carnot group of step 2 such that dimV; = r and dim Vo = 1
or 2, then the abnormal set Abn has codimension at least 3. The case where dim V5 = 1 is somewhat
elementary. Given an integer £ > 0, we say that a vector X € V; has rank ¢ if rank(ad X) = ¢. We
denote by Ry the set of vectors in V; of rank at most ¢; notice that Ry = 3(g) N V4.
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Theorem 2.1. Let G be the Carnot group associated with a stratified Lie algebra g = Vi & V, such
that dimV, = r and dim V5 = 1. Then dim Abng < r — 2.

Proof. By Proposition 1.9, a curve v is abnormal if and only if [P,, V1] = {0}, i.e., P, C 3(g), the
center of g. So the abnormal curves are contained in exp Ry, which is a subgroup of dimension at
most 7 — 2, for otherwise g would be abelian. (|

We also provide an alternative proof suggested to us by E. Le Donne.

Alternative proof of Theorem 2.1. It is an exercise left to the reader to show that G is isomorphic to
the product H* x R" for suitable integers k > 1 and h > 0. The conclusion follows from Proposition
1.14 and Examples 1.7 and 1.11 . ]

The proof of the case dim Vo = 2 is less straightforward, and it requires some preliminary results.

Lemma 2.2. Let g = V& V5 be a step two stratified Lie algebra with dim V; = r > 3 and dim Vo = 2.
Then Ry has codimension at least 1 in V;.

Proof. Let X1,...,X, be a basis of V| and Z;, Z> a basis of Va; let X ="/, 2;X; € V;. Asking X
to have rank at most 1 amounts to an algebraic condition on x1,...,x,: in fact, X has rank at most
1 if and only if all the 2 x 2 minors of the matrix M € R?*" defined by [X;, X] = M1;Z1 + Ma;jZ,
j =1,...,r have null determinant. We notice that the entries of M are linear in z1,...,x,, hence
all the determinants of the 2 x 2 minors are given by a (possibly zero) homogeneous second-order
polynomial in x1,...,x,. It follows that R; is contained in an algebraic variety of V7.

In order to show that this variety is not the whole V7 (and hence it has positive codimension, as
desired) it is enough to find a vector in V; of rank 2. This is trivial if » = 3. For r > 4 we reason by
contradiction and assume that all vectors have rank 0 or 1. Fix X, X5 € V; such that [X;, X5] =
Z1 # 0. We can choose' a basis {X1, X2, X3,..., X} of V4 so that [X;, X1] = [X;, X2] = 0 for every
j=3,...,r. Since dim V5 = 2, we may assume that Z; and Zs := [X3, X4] are linearly independent.
Then X7 + X3 has rank 2, and the proof is accomplished. |

Theorem 2.3. Let G be the Carnot group associated with a stratified Lie algebra g = Vi @ Vo such
that dimV; = r and dim Vo = 2. Then dim Abng <r — 1.

Proof. We argue by induction on r. Since dim V5 = 2, the smallest possible dimension for V; is r = 3.
If this is the case, then for every (non-constant) abnormal curve y the space P, has dimension one
(otherwise [P,,Vi] = V5 and v would not be abnormal). Therefore + is a horizontal line, and
P, = span{X"} for some X7 € V;; actually, X7 € Ry, for otherwise [P,,V;] = V5. It follows that
Abng C exp(R1); by Lemma 2.2, this has dimension at most 2, as stated.

Assume now that the thesis is true for dimV; < r — 1 and let v be an abnormal curve. Notice
that if dim P, = 1, then v C exp(Ri). Therefore, if there is no abnormal curve v such that
dim P, > 2, the conclusion follows from Lemma 2.2. Otherwise there is a curve v which is abnormal
(i.e., dim[P,, V4] < 1) and such that P, has dimension > 2. If P, is abelian for every such ~, then
the abnormal curves are all contained in the space exp(R;), which has dimension at most » — 1 by
Lemma 2.2.

Otherwise, suppose there is an abnormal curve v such that dim P, > 2, dim[P,,V;] < 1, and
[Py,Py] # 0, so that dim[P,, P,] = dim[P,,V;] = 1. Then there are X;, X, € P, such that
(X1, Xa] = Z1 # 0. We may complete’ X; and Xz to a basis Xi,..., X, of V; so that [X;, X1] =
[X;, X2] = 0 for every j = 3,...,r. Denoting by g the Lie algebra of G, we have two cases: either Z;
is in the Lie algebra generated by X3, ..., X, or not. In the latter case, we may write g=h@d g, a

LOtherwise [X;, X1] = aZ;1 and [X;, X2] = bZ; and one could replace X; with X; — bX; + aXo.
2See footnote 1.
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Lie algebra direct sum where §) := span{ X, Xa, Z; } is the three dimensional Heisenberg Lie algebra,
g := span{Xs,..., X,, Zo} is a subalgebra of g, and Z5 is a vector in V; linearly independent from
Z1. In particular, by Proposition 1.14 the abnormal set satisfies

Abng C (Aan X é) U (H x Abng)

with H and G denoting the subgroups of G with Lie algebras h and § respectively. One can then
easily conclude using Theorem 2.1 (which applies to G) and Example 1.11.

We are left with the case where Z; is in the Lie algebra generated by Xj,..., X,. In this case
X3,..., X, generate two independent vectors Z; and Zs in V5. Define the Lie algebra g’ :=
span{Xs,..., X, T, Z2} with Lie product given by declaring the map ¢ : g — ¢, defined by
¢(Z1) = T and by the identity on the other basis vectors, to be an isomorphism. Then we can
write

g=(haog)/7,
where J := span{T — Z;} and again b := span{X;, X3, Z1}. The homomorphic surjective projection
m:h® g — g defines a natural projection (for which we use the same symbol 7) at the Lie group
level

7 HxG — G,
where G’ denotes the exponential group of g’. By Proposition 1.16 the abnormal curves v in G
are projections of abnormal curves (o, 8) in H X G', with a and 8 horizontal curves in H and G’
respectively. Namely, v = m(«, ). By Proposition 1.14, (a, ) is abnormal in H x G’ if and only
if at least one of a and 3 is abnormal in H and G’ respectively. So, the abnormal set Abng is
contained in Ay U Ag/, where

Apg ={y(1):v=n(a, ) abnormal in G,~(0) = e, « abnormal in H}

and

Ag :={v(1) : v = m(a, B) abnormal in G,~(0) = e, 8 abnormal in G’}
We first consider Ay. By Example 1.11, the only abnormal curves in H leaving from e is the
constant curve & = e; we claim that v = (@, §) is abnormal in G if and only if 3 is abnormal in G.
Indeed, if this was not the case, then é"ﬁGl =g and &7 = Vlh7 where V1h = span{ X1, X5}. Recalling
(1.15) we would have éaf =m(&8 @ c?BC:/) = g and vy would not be abnormal in G. This proves that
Ap C 7w({e} x Abngs) and, in particular, that Ay has codimension at least 5.

Next, we consider Ag/. If 4 is abnormal in G and « is not constant, then & = b by Example
1.11. Hence, in order to have (E’,YG # g, it must be that

&5 CVE ORT,

with V' = span{Xs,..., X, }. If & = Vi, then [P, V] = {0}. So 8 C exp(V¥ N3(g')), with
3(g’) the center of g’. But Vlg/ N 3(g’) has dimension at most r — 5, so we reach the conclusion in
this case. Otherwise [ is such that éaﬁc = V¥ @ RT, which implies that [Pg, V;# | = RT. Namely,
B C exp(M @ RT), where
M={X eV : Im(ad X) CRT}.

Notice that M is a linear subspace of Vlg/ and that dim M < r—4. Using the fact that 7(T—Z;) =0
we obtain

(e, B) Cw(H x exp(M x R)) = n(H x exp(M))
and the set on the right hand side has dimension 7 — 1. This concludes the proof.
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2 2
3. STEP 2, RANK 7, DIMENSION "5 — 1 AND = — 2.

Let g = V1@ V3 be a step two Lie algebra with dim V; = 7. Let §, 2 be the nilpotent free Lie algebra
of rank r and step 2 and let F}. > be the Carnot group with f, 2 as Lie algebra. Denote by W; ® W5 a
stratification of §, 2, and recall that dim W» = w Then the Lie algebra g can be viewed as the
quotient of f, o by a subspace W of Wj. One possible strategy for studying the abnormal set of G is
to study those abnormal curves in F;. 5 that project to abnormal curves on G. In the following two
sections we use this idea to study the abnormal set of G when dim V5, = @ —1 (ie,dimW =1)
and dim Vp = # — 2 (i.e., dimW = 2). As the dimension of the space W grows, the discussion
becomes considerably more complicated and this strategy (apparently) ceases to be convenient. The
following lemma will be useful for both cases

Lemma 3.1. The set & C F, 5 defined by
of = U{Im v i is a curve in F,o and dim P, <r — 3}

has dimension TT” — 6.

Proof. Denoting by Gr(Wi, k) the Grassmannian of k-planes in Wi, we have

r—1
o = U Ay, where A = U exp(P @ [P, P)).
h=3 PeGr(Wi,r—h)

Each set @7, can (locally) be parametrized by a smooth map depending on a number of parameters
equal to dim Gr(R",r — h) 4+ dim F,_j, 2, hence it has dimension

_ _ 2 2
h(r—h)—&—(r h)(r2 h+2):T ;—r_h(h;—l)gr ;_T—G

because h > 3. O

3.1. Dimension 7“22” -1
We prove the following.

Theorem 3.2. Let G be the Carnot group associated with a step two stratified Lie algebra g = V& Vs
with dim V] = r and dim V5 = % — 1. Then Abng has codimension at least 3.

Proof. As we said, the algebra g is isomorphic to the quotient of f, » by a one dimensional subspace
of Wy, say RZ. From Proposition 1.16, every abnormal curve in G lifts to an abnormal curve in
F, . Denote by 7 the projection of F;.» onto G, and let v be an abnormal curve in F;.». Then P,
has dimension at most » — 2 in W; by Proposition 1.12; the set Abng is thus contained in the union
AU B, where

A :={mo~vy(l):~ abnormal in F,.5 and dim P, <r — 3}
and

B :={mo~y(1): v abnormal in F,.» and dim P, =r — 2}.
Since A coincides with the projection 7 () of the set 7 introduced in Lemma 3.1, A has codimension
at least 5 in G. Next, we analyze the set B and consider an abnormal curve v in F; o such that
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P, is (r — 2)-dimensional; in particular, dim[P,, W;] = "2 — 1 = dim W, — 1. Tt follows that
the projection 7 oy is abnormal if and only if Z € [P,, W], which is an easy consequence of the
equalities

Erory = (&) = (W1 & [Py, W1)),

where we denoted by 7 also the projection f,o — g. Let £ = @ and fix a basis Zy,...,Z of
W,. Without loss of generality, we may assume Z; = Z. Let Z{,...,Z, ; be independent vectors
of [P, Wi], that we can write as Z} = Zle agZi, j=1,...,4—1. Then Z € [P,, W1] if and only if
the matrix

1 a% af_l
z z - z)-|"
0 a} af‘l

has determinant equal to zero. This gives a non-trivial algebraic condition on P,. Therefore, the
space of all (r — 2)-dimensional subspaces P, of Wi such that Z € [P,, W] has dimension at most
dim Gr(r,r —2) — 1 = 2(r — 2) — 1. Now, every (r — 2)-dimensional plane in W; generates a Lie
algebra of dimension % So B has dimension at most 2(r —2) — 1+ (T_Q)Q(T_l) = ’"2;"" —4,
that is, B has codimension at least 3 in G. We then conclude that Abng has codimension at least

3, as stated. O

. . 2
3.2. Dimension % -2

Let G be a Carnot group of step 2 whose algebra g = V; & V5 is such that dimV; = r and
dim V5 = Tz;r —2. Let F' = F. 5 be the free Carnot group of rank r and step 2; in this section it will
be convenient to identify the Lie algebra f of F' with V; @& A2V;; accordingly, we will indifferently use
the symbols [X,Y] and X AY to denote the Lie bracket of X, Y € V. There exists a 2-dimensional

subspace W C A2%V; such that

Vo = A?Vy/W. (3.3)

We use the same symbol 7 to denote the canonical projections 7 : A2V} — Vo and 7: F — G.

Before stating the main result of this section, some preparatory work is in order. Let a € W\ {0}
be a 2-vector and let k > 1 be its rank; let eq, es,..., e € V1 be such that

a=(eg Nea)+ -+ (ear—1 N eag).

We complete ey, ..., e, to a basis eq,...,e,. of V; and we endow V; of a scalar product making
this basis orthonormal. This induces a canonical scalar product on A?V; making (e; A ej)1<i<j<r
an orthonormal basis. Finally, we choose b € W in such a way that a,b is a basis of W; writing
b= Zl§i<j§r cij €; A ej, up to replacing b with b — cj2a we can assume that

C12 — 0. (34)
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Let us introduce the following skew-symmetric r X r matrices:

0 1
-1 0
0 1
-1 0 0
Q= )
0 1
-1 0
0 0

where k blocks of the form ( oo ) appear, all not-shown entries are null and 0 denotes null
matrices of proper sizes, and

0 c12 €13 Cla
—C12 0 co3 co4
—C13 —C23 0 ¢34

These matrices have the following notable relations with a, b. If one considers x,y € Vi as column-
vectors written in the basis eq,...,e., then

(xAy)-a=z-(Q) =2 and (zAy)-b=2z-(Cy)=2'Cy, (3.5)

where - denotes scalar product (either in V4 or in A2V;) and ¢ denotes transposition. Notice also
that, by skew-symmetry,

- (Qy)=—(Qx)-y and z-(Cy)=—(Cz)-y. (3.6)
We will later need the following special form of the matrix C in the particular case in which

and C' commute.

Lemma 3.7. Assume that QC = CS). Then, the basis e1,...,e,. of V1 can be chosen in such a way
that

a=(e1 Nea)+ -+ (ean—1 N ear)

and there exists a (r — 2k) x (r — 2k) skew-symmetric matriz D such that

0 C12
—C12 0
0 C34
—c34 0 0
C =
0 Cok—1,k
—Cok—1,k 0

0 D

In particular, c;; = 0 whenever i =1,...,2k =1 and j > 1 + 2.
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Proof. Since —$2? is the projection on span {ej,...,ea}, for any i, j such that i < 2k < j we have
by skew-symmetry
0= Q(ei + €j) . C’Q(ez + ej) = Q(ei + ej) . QC(@Z + ej)
= —92(62' + Ej) . C(el + €j) =€; C’(el + ej) = Cij'

E|O
¢= ( 0D )
for suitable 2k x 2k and (r — 2k) x (r — 2k) matrices E, D.

Let now 4,5 € {1,...,2k} be fixed with j odd. Upon agreeing that ¢;; = 0 and ¢;; = —¢;j; if i > j,
one has

In particular, C' takes the form

Cij =€; CEJ' =€; Cer+1

. ) _ . ) o —Ci—1,j+1 if 7 1s even
=€ QC€J+1 o Qel Cej+1 - { —Ci41,j+1 if 7 is odd.
Hence the 2k x 2k matrix E is composed of k2 (2 x 2)-blocks of the form ( o b )7 which in turn

gives the following information: upon identifying R?* = C¥ in the standard way
(CEl, o 7$2k) — (:cl +ixo, ..., Top_1 + ixgk),

C can be identified with a C-linear endomorphism of C* (notice that, with this identification, €2 is
the scalar multiplication by —i in C*). Since Q and C commute, each of them preserve the other’s
eigenspaces; since C is algebraically closed, they can be simultaneously diagonalized in C*, which
proves the Lemma. O

We will also need the following simple result
Lemma 3.8. Let H be an hyperplane in Vi; then, the set B C F defined by

B:= U exp(U+ @ [U+,UH))
UeGr(H,2)

r’4r _

5 5. In particular, the dimension of m(B) C G is at most "224'” - 5.

has dimension at most

Proof. Each set of the form exp(U+ & [U+,U"]) is a subgroup of F isomorphic to F,_5 5. Hence,
the set B can (locally) be parametrized by a smooth map of a number of parameters equal to

—-2)(r—1 2
dim Gr(H,2) + dim F,_5 5 = 2(dim H — 2) + (r )2(7« ) T ;r _5

We can now state the main result of this section.

Theorem 3.9. Let G be a Carnot group associated with a step two stratified Lie algebra g = V1 & Vs

with dimV, = r and dim V5 = @ — 2. Then Abng has codimension at least 3, i.e., dim Abng <
2

r+r _ g
5 .
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Proof. As in the previous section, our strategy consists in studying the set of abnormal curves v in
F such that 7 o v is abnormal in G. By Lemma 3.1, if v is such that dim P, < r — 3, then w oy
is contained in a subset of G with codimension at least 4. It is therefore enough to study those
abnormal curves 7 in F' such that dim P, = r — 2 and 7 o 7y is abnormal in G.

Let then such a v be fixed; since dim[P,, V1] = ng L —1, we have codim é",f =1 and, in particular,

codim é’WGO,Y = codimw(é“’,YF) <1.
Since 7o+ is abnormal in G, we have therefore codim W(gf ) = 1, which is equivalent to W C é;F =
Vi @& [Py, V1] (recall that W was introduced in (3.3)) and, in turn, to

W C [Py, V1] = [Py, Py (3.10)

We have therefore to study those planes U := P;- € Gr(V1,2) such that W L [U,U]. By Lemma
3.8 it is enough to study the case in which U & ei. Since U is 2-dimensional, there exists a unique
(up to a sign) unit vector & € U Nej. Writing = (21, ...,2,) with respect to the basis ey, ..., e,
we have 27 + -+ 22 = 1 and z; = 0. Let then y € U be the unique (up to a sign) unit vector such
that x -y = 0; notice that y; # 0, otherwise U =span{r, y} C ei. Setting

M= {(z,y) €R" xR : ||z]* = |y|* = L,o1 = 0,2 -y = 0,31 # 0},

the map

M 3 (z,y) —> U, = span{z,y} € Gr(Vy,2) \ Gr(et,2)
is smooth, locally injective and surjective (actually, it is 4-to-1); moreover, [U, ,, Uy ] = span {xAy}.
Therefore, the analysis of those planes U € ei such that W L [U, U] can be reduced to the analysis
of the couples (z,y) € M such that W = span {a,b} L = Ay, or equivalently (recall (3.5)) such that

z-Qy=1z-Cy=0.

We divide our study in two cases according to whether €2 and C' commute or not.

Case 1: QC # CQ. In this case we have ker (Q2C — CQ) # V1, hence ker (2C' — CQ) is contained
in some hyperplane H C V;. By Lemma 3.8 it is enough to consider those couples (x,y) such that
Uy € H; notice that this condition implies that either x ¢ ker (QC — CQ) or y ¢ ker (QC — CQ).
We will show that the set

2l = [lylI? = 1,21 = 0,2y = 0,31 #0,
M:={(2,y) €R"xR": ¢ -Qy=x Cy=0, (3.11)
1QC — CQ)z|? + 1(QC — CQ)y|* > 0

is the union of two smooth manifolds M7, M5 of dimension 2r — 6, and we claim that this will be
enough to prove Theorem 3.9 in Case 1. Indeed, by the discussion above, in order to prove that

Abng has dimension at most T22+ L — 5 it is enough to show that (the projection on G of) the set
U e, e Uz, U:,) U U exp(U® U4 UY])  (312)
(z,y)eM UeGr(et,2)UGr(H,2)

has dimension at most “5 — 5. This would be true because the second set in the right hand side

has dimension at most Z5 — 5 by Lemma 3.8, while (provided M = M; U M as claimed above)
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the first set can (locally) be parametrized by two smooth maps of (2r —6) + dim F,_5 2 = TQ;T -5
parameters.

We start by showing that
My :=Mn{(z,y) eR" xR":y-(QC - CQ)x # 0}
is a smooth submanifold of dimension 2r — 6. Defining the open set
O1:={(z,y) ER" xR" 1 y1 # 0, [(2C — CQ)z|* + [|(2C — CAy|* > 0,y - (AC — CQ)z # 0}

we have

M, =010 {(z,y) e R" xR": F(z,y) =(1,1,0,0,0,0)}
where F(z,y) := (||z|%, |yl|?, = - y, 21,2 - Qy,z - Cy). We have to show that the rank of VF is 6 at
all points of Mj; using (3.6) one can compute

_(22]0]yle| Q | Cy )
V) = ( 0 [2y [« 0] Q| Oz )

where g1 = (1,0,...,0)! € R" and 0 is the null (column) vector in R”. Assume by contradiction
that there exists (x,y) € M; such that the six columns are linearly dependent, i.e., there exists
A € RS\ {0} such that
{/\w + A3y + Mg + AsQy 4+ AgCy =0 (3.13)
Agy + )\31’ - )\591’ — /\601' =0
Taking into account (3.6) and the fact that (z,y) € M, by scalar multiplying by x and y the two
equalities in (3.13) one obtains

A+ A1 =0
A3 =0
Az+ My =0
A2 =0,

ie, A\ = Ag = A3 = Ay =0, because 21 = 0 and y; # 0. Therefore (A5, Ag) # (0,0) are such that

AsQy 4+ XACy =0
AsQz + A\gCx = 0,

ie., (Qzx,Qy) and (Cz,Cy) are linearly dependent, hence
0=—-Qy -Cx+Cy-Qz=y-(QC - CQ)z,

a contradiction.

We now show that My := M \ M; is a (2r — 6)-dimensional smooth manifold. Defining the open
set
Oz :={(z,y) €R" x R" : y1 # 0, [|(2C — CQ)z|* + [(QC — CQ)y* > 0}
we have
My =03n{(z,y) e R" xR": G(z,y) = (1,1,0,0,0,0,0)}
where G(z,y) == (||lz|% |yl|? 2y, 21,2 Qy, z- Cy,y - (QC — CQ)x). We have to show that the rank
of VG is 6 at all points of My; using y - (QC — CQ)x = —x - (QC — CQ)y one can compute

(2] 0 |y|a]| W | Cy “(QC—CQ)ZJ)
VG(:c,y)—( 0 [2y|z|0|-Qz|[—-Cz| (U -CO)z
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Assume by contradiction that there exists (x,y) € My such that the rank of VG(z,y) is not 6; then,
the first six columns are linearly dependent and, reasoning as above, one can show the existence of
(A5, A¢) # (0,0) such that

A5(Qx, Qy) + A¢(Cx, Cy) = 0.

Since y1 # 0 we have Qy # 0, hence A\g # 0; in particular

(Cz,Cy) = AN(Q, Qy)  for A= —32. (3.14)

Since also the columns 1-5 and 7 of VG are linearly dependent, there exists u € RS\ {0} such that

paw + pizy + pact + psQy — pe(QC — CQ)y =0
p2y + par — psQz + pe(QC — CQ)z = 0.

After scalar multiplication by = and y, and taking into account that v - (QC — CQ)v = 0 for any
v € V1, one gets

w1+ pgx; =0
ps =0
3+ payr =0
p2 =0,

and, as before, 3 = po = pug = pg = 0. We deduce that there exist (us, pug) # (0,0) such that
usQy — ug(QC — CN)y = 0. We scalar multiply this equation by Qy (which is not null because

y1 # 0) to get

0 = psl|Ql® — peQy - (QC — CQ)y

(3.14)
=7 usl|Qyl? — e (R - AQQy — Qy - CQy) = ps || Q|12

which contradicts the fact that Qy # 0. This concludes Case 1.

Case 2: QC = CQ. Let C be as in Lemma 3.7; we can also assume (3.4). Reasoning as before
(and, in particular, using Lemma 3.8 and the fact that C' # 0, i.e., that ker C' is contained in some
hyperplane of R"), it will be enough to show that the variety

— T . ||$H2:||y||2:1a$1:07xyzoayl#()’}
N := {(m,y) €R" xR": x-(Qy)=2-(Cy)=0and x,y ¢ ker C

={(z,y) ER" X R" 1 y1 # 0,2,y ¢ ker C and F(z,y) = (1,1,0,0,0,0)}
(where F is as above) is (2r — 6)-dimensional, i.e., that for any (z,y) € N the columus of VF(z,y)
are linearly independent. If this were not the case, reasoning as in Case 1 one would find (z,y) € N
and (As, Ag) # (0,0) such that

AsQx + AgCx =0 and MsQy+ A¢Cy = 0.

By the particular forms of the matrices Q2 and C one has

0= (Asz + )\ch) : (07 ]-7 Oa R 0) = _)‘52/1

and, since y; # 0, we get A5 = 0 and A\g # 0. This implies that z,y € ker C' # R", a contradiction. [J
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4. STEP 2, RANK 4, DIMENSION 7

The cases discussed in the previous sections cover all Carnot groups of dimension up to 6 and,
among Carnot groups of dimension 7, only those with rank 4 are left out. We discuss them in the
following Theorem 4.2

Lemma 4.1. Let g = V) @ Vi be a step two stratified Lie algebra with dim Vi = 4 and dim Vo = 3;
assume that there exists a linear subspace P C Vi such that

dimP =2, dim[P,Vij]=2 and dim[P,P]=1.
Then, there exist A € R and bases X1,..., X4 of V1 and Xo1, X31, X32 of Vo such that
[(Xo, Xi] = Xo1,  [X3, Xq] = X1, [X4, X3] = Xug,  [Xy, Xo] = AX3,
(X4, X1] = [X3, Xo] = 0.

Proof. We can first fix a basis X1, Xz of P and a vector X3 € V4 \ P such that Xa; := [X5, X1] and
X31 := [X3, X1] are linearly independent. By assumption we will have

(X3, Xo] = aXo1 + bX3;

and, up to replacing X3, Xo with (respectively) X3 + aX1, X5 — bX;, we can assume a = b = 0.
Complete X1, X2, X3 to a basis of V7 by choosing some X, € Vi; we will have

[X4, X1] = ¢Xo1 + d X3

and we can assume ¢ = d = 0 up to replacing X4 with Xy — ¢X5 — dX3. At this point, we have
[X4, Xo] = eXo1 + A X3

and we can assume e = 0 up to replacing X, with X4 4+ eX;. The choice of X3 := [X4, X3], which

must necessarily be independent from Xs1, X371, completes the proof. O

Theorem 4.2. Let G be a Carnot group associated to a step two stratified Lie algebra g = Vi @ Va
with dim Vi = 4 and dim Vo, = 3. Then Abng has codimension at least 3, i.e., dim Abng < 4.

Proof. By Proposition 1.12, dim P, < 2 for any abnormal curve « in G. The union
U {Im v : abnormal in G and dim P, = 1}

is contained in exp(Vi), whose codimension is 3. Similarly, if P, has dimension 2 but it is Abelian,
then is contained in exp(V1).

We then have to consider only those abnormal curves 7 such that dim P, = 2, [P,, V4] # V%
and dim[P,, P,] = 1. If there existed one such v with dim[P,, V1] = 1, one could choose a basis
X1,..., X4 of Vi with Xy, X» € P, such that

€eRXy fori=1,2and j = 3,4,
which would contradict the fact that dimV, = 3. Therefore all abnormal curves v we have to

consider satisfy
dimP, =2, dim[P,,Vi]=2 and dim[P,,P,]=1. (4.3)
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Assuming that one such v exists (otherwise the proof would be concluded) we can use Lemma 4.1
to find bases X1,..., X4 of Vi and X1, X31, X32 of V5 such that

[(Xo, Xq] = Xo1, [X3,X1] = X1, [Xu, X3] = Xuz,  [Xa, Xo] = A X3y,
(X4, X1] = [X35,X5] =0

for a suitable A € R. Let v be an abnormal curve as in (4.3); the end point of v will be the
exponential exp(U) of a vector

4
U=X+27= ZCUiXi + 221 X21 + 231 X31 + 743 X43

i=1

with X = Z?:l x;X; € Py. We can safely assume that X # 0, for otherwise the endpoint exp(U) of
~ would be contained in a variety of dimension 3. Since dim[X, V;] < 2, we have to require that the
matrix

To —X1 0 0
M(X) = I3 )\.T4 —I —)\.’L‘g y
0 0 Ty —XI3

has rank not greater than 2, where the columns of M (X) represent (in the basis Xo1, X31, X43) the
vectors [X, X;] for i = 1,2,3,4. On computing the determinants of the four 3 x 3 minors we obtain

xi(xlxg + )\$21‘4) =0 Vi=1,...,4

and, since X # 0, we deduce that
z1T3 + Axozy = 0. (4.4)
We also notice that, since Z € [Py, P,] C Imadx, Z must be a linear combination of the columns
of M(X).
From now on we use exponential coordinates adapted to the basis X1, ..., X453 of g, i.e., we identify
G and R7 by

7
R" > (21,2, 3, T4, T21, 31, T43)

— exp(xle + 29 Xo + 3 X3 + 4 X4 + 191 X271 + 231 X371 + 1‘43X43) ed.

Assume first that either z9 = x3 = 0 or 21 = x4 = 0; then the endpoint exp(U) of v belongs to
the variety AU B, where

A= {(xla 0,0,.’L’4,l’21,$31, 1‘43) : (.13217 x31,x43) = a/(_xla )\Z‘4, 0) + b(07 —$1,$4),$1,.’L'4,0/, b S R}
and
B = {(0, 22, 3,0, z21, 31, T43) : (21,31, 243) = a(x2,23,0) + b(0, —Aw2, —x3), T2, 23,a,b € R}.

This easily follows from the fact that Z is a linear combination of the columns of M (X). The variety
AU B has dimension 4.

We can now assume that

(21,24) # (0,0) and (x2,z3) # (0,0). (4.5)
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Consider Y = Z?:l ¥ X; € P, linearly independent from X: without loss of generality, we can also
assume® that if 2; # 0 then ; # 0. We consider three cases to conclude the proof.

(i) Suppose that zo # 0 and x4 # 0. Then Imadx contains the linearly independent vec-
tors (z2,x3,0) and (0, —x1,24). Since [P, V4] has dimension two, Imady is also linearly
generated by (z2,x3,0) and (0, —x1,2z4). In particular, our choice of Y yields

(y27y3a0) = a(anxi’nO) and (Oa _y17y4) = b(O, _1’171'4),
for a,b € R\ {0}. Since Z is a multiple of

[X, Y] = (b — (L) ($1$2X21 + (.’Elxg — )\1'2.’E4)X31 — £E3(E4X43)
= (b—a)(z122X01 + 20123 X531 — w304 X43)

by (4.4), the endpoint exp(U) of v is in the four dimensional variety
{(z1, 22, T3, T4 tT1 72, 2tT1 T3, —tT374) © T1, T2, T3, T4, t € R, 2173 + Az274 = 0},

(ii) Suppose that zo = 0. By (4.5), 3 # 0 and M(z) has two linear independent columns
(0,23,0) and (0,0,z5), which therefore generate Imadx. By (4.4), 1 = 0. Then the
endpoint exp(U) of « is in the four dimensional variety

{(0,0, 23, 24,0, 231, T43) : 3,24, 231,243 € R},

because ($21, 3331,$43) € Imady.

(iii) Suppose that x4 = 0. By (4.5), 1 # 0 and the vectors (1,0,0) and (0,1,0) generate the
column space of M(z). By (4.4), 3 = 0. As before, we conclude that the endpoint exp(U)
of v is in

{($1,$2,070,$21,$31,0) P T1,%2,%21,T31 € R},
that has dimension 4.

The proof is accomplished. U
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