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HARDY AND UNCERTAINTY INEQUALITIES
ON STRATIFIED LIE GROUPS

PAOLO CIATTI, MICHAEL G. COWLING, AND FULVIO RICCI

ABSTRACT. We prove various Hardy-type and uncertainty inequalities on a stratified
Lie group G. In particular, we show that the operators T, : f > |-|“ L=/ f where
|-| is a homogeneous norm, 0 < o < @/p, and L is the sub-Laplacian, are bounded
on the Lebesgue space LP(G). As consequences, we estimate the norms of these opera-
tors sufficiently precisely to be able to differentiate and prove a logarithmic uncertainty
inequality. We also deduce a general version of the Heisenberg—Pauli-Weyl inequality,
relating the LP norm of a function f to the LY norm of |- |5 f and the L™ norm of L%/?f.

1. INTRODUCTION

In 1920, in a paper on Fourier series, Hardy stated the following integral inequality; he
published a proof five years later. Given a nonnegative (measurable) function f on RY,

let F(z) = [ f(t)dt. Then
p p P [ee) »
dr < (F) | as,

J
when p > 1 and the right hand side is finite. See [2I Theorem 327] for the history of this
inequality. Of course, this is much the same as the inequality

[T G [ 22

We might also replace f(x) by zf(z) and interpret this inequality as a statement about
the boundedness of the operator 7', given by

d
rf(r) = 1D
or of the dual operator T™:
d
T f(z) ==x ];(;) .

In this paper, we will focus on generalizations of T™ rather than of T'.
Hardy’s inequality, which is related to inequalities of Rellich and of Sobolev, has been
extended in many ways; for instance, Davies and Hinz [14] showed that
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for all f € C°(R™), when n > p.

In 1927, Heisenberg presented a heuristic argument for his famous uncertain principle;
the mathematical details were provided by Pauli and Weyl. In mathematical language,
this inequality states that, if f is a suitable function on R, then

2
d:z:) :

(1.1) (/R\f(a:)\2 dw)2 <2 </R|:cf(:c)|2 dx> (/R df(z)

dx
Many inequalities combining features of both Hardy’s inequality and Heisenberg’s un-
certainty principle are known; for instance,

02 ([uere) <cow ([ e swPa) ([ perfe),

where L is minus the Laplacian. An equivalent form of (L.2]) is

(/ ()] d:):>2 < C(n,a) (/Rn‘|:£|°‘f(:):)}2dx) (/Rn“ﬂaf(g)fdg)

(using the factor exp(—iz - €) in the definition of the Fourier transform f of f). If C(n, a)
is the best constant in this inequality (see [2]), then C(n,a) — 1 as o — 0+, and C(n, «)
is right differentiable (as a function of «) at 0, with right derivative D(n), say. As a
consequence, by differentiating, we obtain the logarithmic uncertainty inequality

D(n R
08 =20 [ s e [ toglel 1@ de [ gl de
R™ n Rn
Alternatively, we could write

(1.4) — D;n) /n |f(x)\2 dx < /Rn log || \f(x)\z dx+/Rn Re ((long/zf(:c)) f(:c)) dx .

It is known that the Heisenberg—Pauli-Weyl inequality (L2]) may be recovered from (L3)).
For more on these inequalities, including how to deduce (L2) from (L3), generalizations
to LP spaces, and the best constants therein, see Beckner [2] [3].

These inequalities have been generalized in many ways. Uncertainty inequalities have
been extended to environments such as Lie groups and manifolds; see Folland and Sitaram
[16] for more information about older work. More recent work on the general topic of
uncertainty principles on groups and manifolds includes [10} 37, B38]. Earlier work on the
problems that we treat here includes [I], [19]. Less is known about logarithmic inequalities
in more general contexts, and one of the main aims of our paper is to generalize the
inequality (L4]) to LP spaces on stratified Lie groups. This entails generalizing (2] to
L? spaces on stratified groups and controlling the constants as o — 0+.

For completeness, we mention that there are two types of logarithmic inequality that
are related to Heisenberg—Pauli-Weyl inequalities. Besides ([L3]), there are also inequali-
ties arising from the Hausdorff-Young inequality by differentiating in the Lebesgue index,
which introduces a factor of log | f|. These were apparently first noticed by Hirschman [22];
other important work on the topic includes [4, 29], and, in the context of nilpotent
groups, [7]. In this article, we deal with inequalities where the weight functions are
differentiated, introducing factors such as log |z]|.
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In this paper, we take a stratified Lie group G of homogeneous dimension (), with a
positive hypoelliptic sub-Laplacian L (more on these terms later).

In R", the negative fractional powers of the Laplacian are given by convolution with
a negative power of the euclidean norm; in general stratified groups, the situation is
complicated by the fact that each power L=/ of the sub-Laplacian involves a different
homogeneous norm |- |,. For the detailed analysis of the behaviour of L=/% as a tends
to 0, which we develop in Section 2], it is convenient to use a special homogeneous norm,
written |- |,, which is a limit of the norms |- | .

In Section 3, we study the Hardy operator T, associated to a homogeneous norm |- |
by

Tof =|-["“L™2f

for all f € C°(G). Using the Schur criterion, we derive Theorem B and Corollary B.4]
which combine to give the following result.

Theorem A. Suppose that |-| is a homogeneous norm on G, that 1 < p < oo and that
0 < o < Q/p. Then the operator T, extends uniquely to a bounded operator on LP(G).
For the particular homogeneous norm |- |, the operator norm |1, |, , satisfies

IT.]l,, <1+ Ca+0(a?) .

p,p —

The next two main results follow from Theorem A. First, we combine Theorem A with
Holder’s inequality and differentiate to obtain the following statement.

Theorem B. Suppose that |- | is a homogeneous norm on G and 1 < p < oco. There is a
constant C' such that

/G (log|al) |f ()" dz + / Re((log L2 f)(x) F@) | f(@) "2 d > C|| |1

for all f € CX(G).

Second, in Sections Bl and [6] we explore Heisenberg—Pauli-Weyl type inequalities. In
Section Bl we take Theorem A as out starting point, while in Section [0, we give an
alternative method of attack. Our main result in this direction is as general as one might
hope for, although we lose control of the constants.

Theorem C. Suppose that |-| is a homogeneous norm, that 5 >0, >0, p>1, s > 1,
r > 1, and that

(1.5) p+é_8_ B
D s r
Then
(16) 90, < C-P A e

for all f € CX(G).

A simple dilation and homogeneity argument shows that the only possible indices for
which we could hope to prove an inequality like ([L6]) are those which satisfy (.3]).

The proof of Theorem C requires an extension of the classical Landau-Kolmogorov
inequality [26], which may be of independent interest, and so we state it explicitly here.
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Theorem D. Suppose that 0 < 0 <1 and that o > 0. If 1 < p,q,r < 00, and
1 6 1-46
_'_

p g r

)

then . ,
/2 /26 1—
[Lo2f|, < C L £, I1F1L

for all f € CX(G).

The proof of Theorem B is given in Section @l Theorems C and D are proved in Section

Given the very general context in which we work, we do not make any attempt to assign
explicit values to the constants appearing in the above inequalities. We believe that this
is a challenging problem in special cases, and almost impossible in general.

The symbol C' will be used throughout to denote an undefined constant which may vary
from one line to the next. When necessary we specify, possibly with a subscript, which
parameters the value of C' may depend on.

Any dependence of constants on the group G and the sub-Laplacian L is ignored.

2. RIESZ POTENTIALS

Consider a connected, simply connected, nilpotent Lie group G of dimension n. As
the exponential map is bijective, we may identify G with its Lie algebra g. With this
identification, the Haar measure of GG is given by the Lebesgue measure in the vector
space g. We may define the Schwartz space S(G) on G similarly.

Assume that G is stratified, that is, the Lie algebra g of G has a vector space direct
sum decomposition

0=01DPgD---Don ,
where g;+1 = [g1,9;] for j =1,...,m (we set g1 = {0}). For r € RT, the dilation 0, is
the automorphism of g given by scalar multiplication by 77 on g; for each j. The integer

Q =dimg, +2dimg, + - - - + mdim g,,

is the homogeneous dimension of G.
Fix a basis {X1,..., X;} of g;. The associated sub-Laplacian L is defined by

L=—-X}-X2—...—X}.
It is well known that L is hypoelliptic [23], and positive and essentially self-adjoint on

12(G) 24,

We now construct kernels corresponding to certain negative powers of the sub-Laplacian,
slightly improving on the results in Folland [I5]. By a theorem of G. A. Hunt [25], the
semigroup (e7'%);~ generated by L (or more precisely, by its unique self-adoint extension)
consists of convolutions with probability measures. Since L is hypoelliptic, these mea-
sures are absolutely continuous with respect to the Haar measure and have densities in
the Schwartz space [I7], which are strictly positive by the maximum principle [6]. Hence
for all t € RT, there exists p; € S(G) such that

et (2) = f % py(a) = /G flay™) pu(y) dy
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for all x € G and all f € L*(G). The function p; is called the heat kernel of L. By the
homogeneity of L with respect to the dilations ¢,

pe(x) = t=@/2 P(6;-1)27)

for all x € G, where P = pq; this is a strictly positive function in S(G) and

/GP(:E)dz):zl.

The associated heat equation has been extensively studied in the more general contexts
of Lie groups (see, for example [38]) and manifolds (see, for example [20]), and much of
what applies in the case of stratified Lie groups also applies there, but some aspects of
our environment are special; for instance, Schwartz spaces and dilations are not defined
in general.

We define the fractional integral kernel F,, on G \ {0} when Re o < @ by the formula

o0 dt o dt
(2.1) F, () :/0 /2 () n :/0 t(O‘_Q)/QP(éfl/z:z) n :

the integral converges absolutely and uniformly on compact subsets of G\ {0} to a smooth
function, homogeneous of degree o« — ). Moreover, F,, is positive when « is real, since P
is positive. Hence the function |- |, given by

@) i
- = {(0 e\

is nonnegative and homogeneous of degree 1, and vanishes only at the origin, so is a
homogeneous norm in the sense of Folland and Stein [I7]. In general, these norms are
all different. Not all homogeneous norms on stratified groups are subadditive, so some
authors use the term gauge, but for some cases where this holds, see [13].

We shall use the norm |- |,. Given any homogeneous norm |- | on G, there are positive
constants A and B such that, for all x € G,

(2.3) Alz|, <|z] < Blzl,
for all x € G.

Denote the half-plane {a € C : Rea < Q} by Hg. As a function of «, the integral

F,(x) in (2.0 is holomorphic in H, and its derivatives Fo(tk)(x) are given by the absolutely
convergent integrals

1 dt

— /00 t2(log t)* py(x) -

F(e) =
2k J,

Lemma 2.1. Let |-| be a homogeneous norm on G. If x # 0 and o € He, then F,(x)
and its derivatives F." () in « satisfy the estimates

[FO ()] < Coe ol ™2 (1 + [logal|)

where k = 0,1,..., and the constants C, ), are independent of Im cv.
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Proof. This follows immediately from the homogeneity of £P (z) in x. Indeed, differen-
tiating the identity
EF,(6,3) = r*"CF,(z)
with respect to «, we see that
F!(6,2) = r* QF(z) + (r* Plogr) F.(z) ,
and, inductively,
E®(5,2) = roQ Z cxj(logr)F I EW (1)

Jj<k

Write & = 0y2’, where |2’| = 1; then this identity yields

F{(x) =[] )_ axj(log|a]) T ED («')

i<k

which implies that

‘Fo(ﬁ (r)] < (sup Z |ckjl ‘F ) Rea_Q (1 + }log|ka> ,

l='1=1 <k
as required. 0
From this, we can estimate the remainder term in the Taylor series in « of F,(z).
Proposition 2.2. For all o« € Hq, there is a constant C,, independent of Im «v, such that
[Fasr(2) = Fu(@)] < Calr] 1277 (14 log all) (1 + |o|"™*")
|Fair(2) = Fal@) = FL(2)] < Calrl 2% (1 + 1og? Jo]) (1+ [2]*7)
whenever x € G\ {0} and a + 71 € Hqg. In particular, for o close to 0,
(2.4) Fo(z) = Fo(z) + aFj(z) + O(a?)
uniformly on compact subsets of G\ {0}.

Proof. To prove the second inequality, we use the identity

1
Fate(&) = Fala) = TFy(a) = 7° [ (1= 9) Fly () ds
0
and apply Lemma 2.1l The first inequality may be proved similarly. O

Since the functions F, are smooth and homogeneous of degree @ — @, they are locally
integrable on G when 0 < Rea < () and thus define distributions by integration:

(Faa¢>=/GFa(x)q5(x)d:c
(2.5) :/QS(I’) /Oot(a—Q)/2 P(5t71/2117)@d:1:

_2/ [ otba) Pl ryar®
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for all ¢ € C>*(G). We write I,, for I'(a/2)7'F,,. From (1)), we see that I, is the Riesz
potential of order o, that is, the convolution kernel of L=%/2, a power of the sub-Laplacian,
and

(2.6) L7 f = fx1, .
Note that
(2.7) Io|,_y =00 .

The family of Riesz potentials may be analytically continued as distributions to the
half-plane H¢ by the identity

I, =L(I,s2) .
The analytic continuation to the strip {a € C: —1 < Rea < Q} will be enough for our
purposes. An explicit expression is obtained by rewriting (2.5) in the form

i) == [ ([ e (6(82) = 0(0)) ) Pla)do+ 2 o0)

50& S OéF(§Oé)

N ﬁ/{} </100 5 6(0.) %) Plz)dx :

the mean value theorem for stratified groups [I7] ensures that the first integral converges.
Next, we find the Taylor expansion of I, around 0.

Proposition 2.3. Let ¢ in CX(G). For o near 0,

(2.9) (Ias &) = 0(0) + (A, 9) a + O(a?) |
where A is the distribution defined by

wor= [ ([ w6000 2) Pyds + o0

+/G (/100¢(5sx) %) Pl)da

v being the Euler—Mascheroni constant.

Proof. Clearly, (2.10) defines a distribution. Since V(1) = —v and hence

1 t
2.11 = =t — 7t 3
(2.11) NOREES) t—t*4+0(t°) ast—0,

(2.8)

(2.10)

and ,
st = 1—|—logs/ s“du ,
29) follows from (2.8). : O
Note that, in analogy with (2.0)),
fsxA=—logL'?f .

The next proposition expresses the distribution A in terms of the homogeneous norm

||y, defined in (2.2)).
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Proposition 2.4. There is a positive number a such that
1 _ 1 _
(212) (A9)=3 / (6(x) = #(0)) [2ly© da + 5 / o) |2y dx
{zeCG:|z|y<a} {zeG:|z|y>a}
for all p € C.

Proof. We start from a different expression for the analytic continuation (28] of the Riesz
potentials.
Fix a positive number a, to be specified later. If ¢ € C°(G) and 0 < Rea < @, then

1
(e ) = 5123 /G o) Fulz) de
1

Y x) — ¢(0)) F(x) dx
(2.13) L(3a) /{IGGI|xO<a} (9(z) = (0)) Falo)

¢(0) L I
F(%a) /{xEG:|xo<a} Folwydo + F(%O&) /{xeGilxo>a} Ha)Folz)d
= Ti(a) + Ta(e) + T(a)

say. Clearly, T} is defined when —1 < Rea < @), by the stratified mean value theorem,
and T} is trivially defined for every a. Moreover 7T} and T3 are analytic.

To treat T3, we use polar coordinates. Write z = 6,2, where |z|, = r and 2’ is in S,
the unit sphere for the norm |- |;,. We denote by o the unique measure on S (see [I7])

such that n
_ / / Q-1
/{xEG:|x|O<R} o(x) dx /0 </s ¢(0,2") do(x )) r<tdr .

Since F,(6,2) = r*~QF,(z), it follows that
/) ﬁuwdx:/"</ﬁxyyw@ﬂ)w4dw:%ﬂ_,
{z€G:|z|y<a} 0 S «

%:Anwmmw.

_|_

where

By [2.4),
Fo(a') = 14 aFy(z') + O(e?)

for small o, where O(?) is uniform in 2/ in S. This gives
Ca = Co+ cha+ O(a?) ,

where ¢y = 0(5) and
o= / Fi(2")do(2') .
s
Hence, using (2.11]),

To(a) = Cat” #(0) = @ (co+ (ch + cologa — coy)a + O(a?)).
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Since ¢y # 0, we may choose a so that the linear term in the above formula vanishes.
Plugging this expansion into (2.I3]), we deduce that

1
e ) = E71ay /{ oy (60 OO Ea0) o
1

(3 +0) 60) + gy /{ oy PO o)

which, compared with (27, yields
(2.15) Co=2.
The linear term in « in (2Z14) gives (A, ¢). The result follows from (2.IT]). O

When Rear > 0, Re f > 0 and Re(a + ) < @, the convolution of the Riesz potentials
of orders v and [ is defined pointwise by absolutely convergent integrals, and the identity

(216) [a * [5 = [a—l—ﬁ

is satisfied pointwise and in the sense of distributions. This is consistent with the func-
tional identity L~®/2L=5/2 = [=(@*5)/2 and can be derived from (ZI) and the properties
of the heat kernel.

We extend this result using analytic continuation.

Proposition 2.5. Let ¢ € CX°(G). The identity
(¢ Ia) % Ig = ¢ * lasp
holds if Reaw > —1, Re 8 > —1 and Re(a + ) < Q.

Proof. We must show that the left-hand side is well-defined and analytic for o and S in
the given range.

Assume that § # 0. The inner convolution is well-defined and produces a smooth
function u,, satisfying u,(z) = O(|z|;9T"*) at infinity. By @I3),

(¢ % La) * I5(2) = ua * Ig(x)

_ / (ua(zy™) = ua(2)) Is(y) dy
{yeGilylp<a}

(2.14)

T ual®) / Ioy) dy + / waley™) In(y) dy
{yeG:ly| <a} {yeG:|y|y>a}

for all x € GG; the integrals are absolutely convergent and each term depends analytically
on o and . The conclusion follows from ([2ZI0) by analytic continuation. O

3. HARDY INEQUALITIES

In this section, we use the distributions discussed above to obtain a family of Hardy-type
inequalities.
Take a homogeneous norm |-| on G. For —1 < Rea < @), we define the operator T,
on C*(G) by
Tof = -7 L7 = [ (f* La) -
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The operator 17, given by

Tig=(I-1""9)* I
satisfies the identity
(3.1) (. T39) = (Taf, 9)

for all f,g € C*(G). The right-hand side of (B) is holomorphic in « and Tj is the
identity.

In this section we prove Theorem A, of which we repeat the statement for the reader’s
convenience.

Theorem. Suppose that |-| is a homogeneous norm on G, that 1 < p < oo and that
0 < o < Q/p. Then the operator T, extends uniquely to a bounded operator on LP(G).
For the particular homogeneous norm |- |, the operator norm |1, |, , satisfies

ITull,, <1+ Ca+0(a?) .

p,p —

We first prove that T, is bounded on LP(G) when 1 < p < oo and 0 < a < Q/p.

Theorem 3.1. Let 1 < p < co. If 0 < a < Q/p, then the operator T, extends uniquely
to a bounded operator on LP(G).

Proof. Fix p and « as enunciated, and let p’ denote the conjugate index to p. Since the
integral kernel of T, is positive, we can apply Schur’s test [18]. It suffices to exhibit a
positive function v and constants A, , and B, , such that

(3.2) To(u?)(z) < Agpuf (z) and  TF(uP)(z) < BayuP(z)
for almost all z € G . It then follows that, for all f € LP(G),
1/p' pt
(33) ITefll, < A3 B 111, -
For v > 0, take u, = |- |7~ and consider the convolution integrals

u? x I, and (|-|7"ud) =1,

involved in the computation of Ta(u{’/’) and T (ub). We set

(3.4) B=Q+(y-Q)p and B=Q—-a+(y-Q)p,
SO u{’{/ and |-|~"u? have the same homogeneity as Ig and Ig. As in the proof of (218,

the convolution integrals converge absolutely in G\ {0} if and only if 0 < § < Q) — @ and
0< ' <@ — a, that is, for v such that

(3.5) max(g,g+9/)<7<62—g/.
p p D Y

When this condition is satisfied, T, (u?') and Ti(u?) are positive functions, continuous
away from 0, and with the same homogeneity as Iz and I5. The pointwise estimates (3.2))
follow trivially by homogeneity.

The range ([B.H) for v is nontrivial if and only if 0 < o < @/p, and the proof is

complete. 0O
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Note that if & > @/p, then T, f can be infinite everywhere; however, if « is complex
and 0 < Rea < @/p, then T, is bounded on LP(G), but it is harder to control the norm.

Corollary 3.2. Let 1 <p < oo and 0 < a < Q/p. For all f € C*(G),
117l < Izl 227,

Proof. We apply Theorem B.Ilto L%/ f rather than f. O

For the rest of this section, we assume that |-| = |- |, and T, is defined using |- |,. The
proof of Theorem Bl and especially (83]), shows that, if
(3.6) 0<a<9 and g+9,<7<Q—g/,

p p p p
then
1/p pl

(3.7) ITall,, < A% ,BLE, .
where

Aasp = sup (115797 10) (o) = sup (1177 # 1) (&)
z'e

(38) SCIES
B~ p = sup <| . |((]”_Q)p_°‘ * Ia) (2') = sup (\ . |g_Q * Ia) (2) .
2'€S 2'€S

Estimating these quantities is the focus of our next result. Recall the distribution A
introduced in (2.I0). We also define the operator 7§ by

(39)  Tyf = (Tur)| = —losL2f — (og|-|))f =~ « A~ (log|-|,) -

We also look for bounds on the operator norm [|7,]|,,, of the form

1750l < 1+ Cra,
for v close to 0. These bounds will lead to our logarithmic uncertainty inequality for 7.

Lemma 3.3. Let 0 < < Q. If a is small and 0 < o < Q — (3, then

sup <\ . g_Q * Ia) (') <14 Lga+ O(Ozz) ,
z'eS

where

(3.10) Lg = sup <| Sl A(x')) :

z’'eS

Proof. The integrals in (2.12) converge absolutely when ¢ is replaced by |z’ -|g_Q for any
' € S, and so ([Z.9) also extends, that is,

Iy “* La(@) = 1+ al - |79 * Al@') + 0(a?) ;
the O(a?) term is uniform in 2’ € S. Taking the supremum over 2’ yields the result. O

We repeat that we are now specializing to the particular homogeneous norm |- |,.
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Corollary 3.4. Let 1 < p < oo. There is a constant C,, such that, for all sufficiently
small positive a,

(3.11) IT.fl,, < 1+ Coa+0(a?) .
Proof. Fix « satisfying Q/p’ < v < Q. Then (B8] holds for « in a right neighborhood

of 0. With § and ' as in ([3.4]), the constants A, ,, and B, ., in ([3.8)) are bounded by
1+ Lya+ O(a?) and 1+ Lga + O(a?). By B.1),
LB/ LB

2
I7all,, <1+ <F + ?) a+0O(a”) ,

as required. O

Note that A is not a positive distribution, hence the constants Lg in (B.10) and C, in
(BII) need not be positive.

4. A LOGARITHMIC UNCERTAINTY INEQUALITY

In this section, we find logarithmic versions of the Heisenberg uncertainty principle.
We were inspired by the work of W. Beckner [2] [3], but unlike Beckner, we do not look
for sharp constants. The following statement is Theorem B of the Introduction.

Theorem. Let 1 < p < oo. Then, for all f € C(G),
(4.1) /@mwuwvm+/mm%m%WWEMMW*mzmmﬁ
G G

Proof. First, we consider the particular homogeneous norm |- |,. Taking f € C2°(G) with
[|f]l, = 1 and restricting ourselves to positive values of a for which ([B.II) holds and
1+ Cpa > 0, we consider the function

Oc(a) = (14 (Cp + )’ — | TS5
where € > 0. The expression [T, f[|; can be differentiated in a at 0, and
d p _ ' TNy p—2
T (Imasg)| = [ Re(Tr@T@) 1#@P= da.

Hence @, is differentiable at 0. Now ®.(0) = 0 and ®.(«) > 0 for all sufficiently small
a, by [BI1), and so ®.(0) > 0. Now we let € tend to 0, and deduce that ®((0) > 0. It
follows from (B3] that

A®mmumvm+émﬂmﬁ%mwﬂmv@W*mz—@wm.

For general homogeneous norms, the results follows using the equivalence (2.3)). O

Remark 4.1. When || f|[, = 1, Jensen’s inequality coupled with inequality (4.I) yield

Hog [ el ) de-+ [ Re ((og 2V2)a) F@)) 17 ()P de >

for every r > 0. If we could find a similar way to move the logarithm outside the second
integral, then we would be able to derive a version of Corollary [B.4] for an arbitrary
homogeneous norm. It is not clear to us whether this is possible.
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5. UNCERTAINTY INEQUALITIES

In [10], a general Heisenberg—Pauli-Weyl uncertainty inequality was proved, in a broad
setting that includes the case of a homogenous sub-Laplacian L on a stratified group G.
It follows that

171l < Caal|l- 12 13/ E L0725

for all positive § and v and all f € C(G).

In this section, we extend this inequality to more general LP-norms. To do this, we
recall a weighted version of Holder’s inequality, then prove a corollary. Next, we extend
the Landau—Kolmogorov inequality, and finally we prove another corollary. These results
actually hold in more general contexts than stratified groups.

Lemma 5.1. Suppose that | -| is a homogeneous norm on G, that 0 < 0 <1 and o > 0.
If1<p,q,r <00, and
1 60 1-90
+

then ) p
11 Al < 17 )
for all f € CX(G).

Proof. Write

17 = (1) (1)

then apply Holder’s inequality with index s and take pth roots to get

( PRI da:) e ( [ (i 15" dx) e ( [ (o) dx) -

If s is chosen so that ¢ = Ops, then r = (1 — 0)ps’, and we are done. O
Of course, it is routine to extend this result to more general measurable functions.

Corollary 5.2. Suppose that 5 >0,v>0,p>1,q>1, r>1, and that

O O ke A
r p q T
Then
(5.1) £, < cll|- E fH;//(Bﬂ) HL7/2fo/(B+W)

for all f € CX(G).
Proof. Use Holder’s inequality, as in the proof of Lemma GBI Corollary with the

estimate (B11)):
1AL, < JI1-17 27 g

3 R i ] e

)

as required. O
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If we use the homogeneous norm |- |,, then we can show that the constant C' in (5.2))
may be taken to be 1+ C, min{3,7} + O ((min{B,~v}?), with C, as in (BII). Since we
can control the constants, we can differentiate the inequality of Corollary to obtain a
logarithmic version. At the cost of losing control of the constants, and hence the possibility
of differentiating, we can treat higher powers of the sub-Laplacian and obtain Theorem D
of the Introduction.

Theorem. Suppose that L is a sub-Laplacian on G, that 0 < 0 < 1, and that o > 0. If
1<pq,r<oo, and

1 6 1-4
+

then
|Eo2g), < Lo pl 1
for all f € CX(G).
Proof. We use the arguments of complex interpolation (see [5 33]). To do this, we need

to know that the operators L%, where y € R, are bounded on the Lebesgue spaces L*(G)
when 1 < s < oo, and that ||[L¥/?| . < C(s)¢(y), where ¢(y) = e¥l. For stratified

S$,5 —
groups, this follows from the Mihlin-Hérmander multiplier theorem (see, for instance,
[9, 28]). In more general cases, such estimates follow from versions of this theorem for

semigroups, see [, [T, 35].
We write S for the strip
S:{zEC:OSRezg%}.

Take an arbitrary compactly supported simple function g € L” (G), and for z in S,
define ¢, : G — C by

az+b

g:(z) = llglly " g() lg() |

for all z € G, where

op /1 1 ! oy /1 1 !
a="L(2_2 , b:—g, c=2L (22 and d=L2 1.
a \qg p r! a \p ¢ r!

When Re z = n and

it follows readily that

S/ s/ S/CL b ’
lg.l15 = / 9.@)I” do = gl — 1

Now we fix f € C2°(G) and consider the analytic function h : S — C, defined by

h(z) = ¢ /G L2 f(2) g () da
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By our assumptions on f, for each z € S, the function L*?f on G is smooth, while g,
is a simple function with compact support, and so h(z) is defined; moreover, if z = n+ iy,
then

[h(2)] < e~ (| L2 F|| Mgl = €70 || LY L2 F|| < Ce gly) || L2,

whence |h(n +iy)| < C’HL"/2fHS. Further, if Rez = 0, then |h(2)| < C'| f]|,, while if
Rez = «/6, then |h(2)] < C HLO‘/%qu. By the Phragmén-Lindel6f theorem, it follows
that

()| < CIL F| 1A
Since

h(a) = /G L2 f(z) galx) da |

and g, is an arbitrary simple function on G with compact support and L*' (G)-norm equal
to 1, the desired estimate follows. O

It is more complicated to extend this inequality to more general functions, and we leave
this to the interested reader. See [5l [36] for more on the necessary technology. Now we
apply these interpolation results to extend our uncertainty inequalities to a wider range
of Lebesgue indices and powers of the homogenous norm and sub-Laplacian, to obtain
the following statement, which is Theorem C of the Introduction.

Theorem. Suppose that §>0,0>0,p>1,s>1,r>1, and that
+0 0
50 5

p s r
Then
171, < 18 £ | oz g )

for all f € CX(G).

Proof. 1f 6 < @/r, there is nothing to do. Otherwise, we begin with the estimate from

Corollary 5.2, and apply our version of the Landau-Kolmogorov inequality (Theorem D).
Take 0 between 0 and @Q/(rd)), and let v = #5. Corollary 5.2 shows that

||f|| CH| |0 fH’Y/(ﬁ‘f"Y HL-y/2fHB/(B+’Y
for all f € C°(G). By Theorem [H, with r, s and p in place of p, ¢, and r,
|72, < L2 A1,

and so

Y

1711, < O~ 18 £/ L2 7] 227 | g - or e+

and reorganizing this expression, we obtain the desired estimate. U
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6. AN ALTERNATIVE APPROACH TO UNCERTAINTY INEQUALITIES

We can use a real interpolation argument to give a simpler proof of an uncertainty
inequality involving different Lebesgue indices; however the range of powers of the ho-
mogenous norm and of the sub-Laplacian that appear is limited. Of course, we can always
extend these using the arguments used in the previous section.

Theorem 6.1. Suppose that 1 < p,q,r < oo, that 0 < a < Q/q’, and that 0 < < Q/r,
and take s and t such that

1 1 « 1 1 B
—=—-+—= d —=-—=.
S q+Q an )
Suppose also that either
1 1-—
s#t and _:Q —9,
p s t
or
s
=t d 60<6y=
S an <bh=373

If f € CX(G), then
171, < CI 1 A 222817

Proof. We use Lorentz spaces and real interpolation [5]. Recall that the nondecreasing
rearrangement f*: RT — [0, 00) of a function f on G satisfies

}{t eERT: f5(t) > A} = {z € G : |f(z)| > A}

for all A € RT; the measures are Lebesgue measure on R and the Haar measure on G.
The Lorentz space LP(() is the set of all functions f on G such that | f[[,, is finite,

where
— ~ 1/p p* q@)l/q
I, = ([ 1eror )

with the obvious modification if ¢ = co. The space LP(G) coincides with LPP(G). In

general, |-|| is a quasi-norm, not a norm. Mostly there is an equivalent norm, though
in some cases, L?(G) is not normable.
First, we observe that f =|-|"%|-|" f, and study the operator M of pointwise multipli-

cation by |- |7, This function lies in L&/%(@), and so M takes L(@/®">(G) to L1*(Q)
and L>®(G) to L9/*>(G). By the real interpolation theorem, if (Q/a) < ¢ < oo, then
M also maps L?(G) to L*(G), and

117 gll,, < Caqllglly, -

S,q —
It follows that
1fllsq < Cag 1% I, -

Second, we observe that f = L~%/2LP/2f and consider the convolution operator L="/2.
The kernel of this operator, I5, lies in L?/(@=%):>°(@), and so the operator L~7/2 takes



INEQUALITIES ON STRATIFIED GROUPS 17

LY(G) to LR/(@=F>0(G) and LIQ/(@=A)"1(G) to L>°(G). By the real interpolation theorem,
if 1 <7< (Q/(Q—B)), then L=%/2 also maps L™ (G) to L'"(G), and

IL72g]l,, < Canrllgll,., -
Returning to our problem, it follows that
||f||t7r S CB,T’ HL6/2fHT’ :

To conclude, there are two cases to consider. If s # ¢, then p lies between these indices,
and by hypothesis, 1/p = 6/s+ (1 — 0)/t. By the real interpolation theorem,

_ o 1-0
1L, < CHAIL A < CU- 1 LI IEP2 1)L

If s = ¢, then p lies between the indices ¢ and r, and p > u, where 1/u = 0/q+(1—0)/r.
By complex interpolation between the LP¢ and LP" quasinorms,

_ o 1-6
LA, < U flw < CUAL L < O FISNEP2E)
and we are done. O

Remark 6.2. We have focussed on a priori inequalities here. The reader who wishes
to prove more general inequalities will be able to do this by using the techniques of [12],
coupled with the generalization to the stratified group setting in [31] of the Landau—
Pollak—Slepian theorem (see [27], 30] 32]) used in [12].
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