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Abstract

We prove the existence of the fundamental solution of the degenerate second order partial differ-
ential equation related to Geman-Yor stochastic processes, that arise in models for option pricing
theory in finance.

We then prove pointwise lower and upper bounds for such fundamental solution. Lower bounds
are obtained by using repeatedly an invariant Harnack inequality and by solving an associated
optimal control problem with quadratic cost. Upper bounds are obtained by the fact that the
cost satisfies a specific Hamilton-Jacobi-Bellman equation.

Résumé

Nous démontrons I’existence de la solution fondamentale pour une equation différentielle dégénérée
d’ordre deux associée au processus stochastique de Geman-Yor. Ce dernier est utilisé dans des
modéles issus de la théorie du “pricing” des options financiéres.

Nous obtenons ensuite des bornes ponctuelles inférieures et supérieures pour cette solution fon-
damentale. Les bornes inférieures sont obtenues en utilisant de facon répétée une inégalité de
Harnack invariante et en résolvant un probléme de commande optimale avec cotlit quadratique.
Les bornes supérieures sont quant a elles dérivées en utilisant le fait que le coit satisfait une
équation de Hamilton-Jacobi-Bellman.
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1. Introduction

A keystone result in the theory of parabolic partial differential equations reads as follows: if
' =T(z,t,& 7) denotes the fundamental solution of an uniformly parabolic PDE

N
Opu(x,t) = Z Or, (asj(x, )0z, u(z, 1)), (z,t) € RN x]0, 7Y,
ij=1

then there exist positive constants ¢, C~,¢t, C" such that

c e —gp
<t—T>N/2eXp< M

for every (z,t), (£,7) € RV x]0,T] with 7 < t. This result has been proved by Aronson [3] for
operators with bounded measurable coefficients a;;, following the fundamental works of Nash
[49] and Moser [46, 47]. We also refer to the article of Fabes and Strook [25] for divergence form
parabolic operators, and to Krylov and Safonov [35] for non-divergence form operators.

The bounds (1.1) have been extended by many authors to subelliptic operators. We recall in
particular, the Gaussian upper bound proved by Davies in [20], and the upper and lower bounds
due to Jerison and Sanchez-Calle [34], and to Varopoulos, Saloff-Coste and Coulhon [58]. We also
recall that Kusuoka and Stroock in [36] extend (1.1) by probabilistic methods. In this setting, the
quantity |x —&| appearing in (1.1) is replaced by the the Carnot-Carathéodory distance doc(z, €),
that is its natural counterpart in the subelliptic setting. See also [7]. Analogous results have been
proved in [23, 12, 19, 15, 39|, where subelliptic parabolic operators with drift are considered. In
this case, not even the Carnot-Carathéodory distance is appropriate to express a bound of the
fundamental solution. Actually, the value function ¥ = U(z,t,&, 7) of a suitable optimal control

|z—¢]?
t—7 -

Cr+

2
> <TI'(z,t,& 1)< mexp <—c+|i_§_|> , (1.1)

problem substitutes the whole term
In this note we extend the method used in [23, 12, 19, 15, 39] to the study of the degenerate
parabolic operator

Lu = 20, (a(:z:, Y, t)x@xu) + 2 b(z,y,t)0pu + x0yu — Opu, (1.2)

with (z,y,t) € Rt x Rx]0,T]. The interest in the operator (1.2) arises in Finance as we consider
the problem of pricing Arithmetic Average Asian Options in the Black & Scholes setting. We
refer to the Black & Scholes [11] and to Merton [44] articles for the seminal works of this theory,
and to the books by Bjork [10], Hull [33] and Pascucci [51] for its complete treatment. Section
1.2 of this article describes the application of our results to the Pricing Theory for Financial
Derivatives in the Black & Scholes setting.

The main achievements of this article are bounds analogous to (1.1) for the operator .Z.
Specifically, we prove the following inequalities for the fundamental solution I' of £

o _ cr + 1.3

7 oXPp (—=C~U(z,y +et,t —et) <I(z,y,t,1,0,0) < 3 eXP (—c"V(2z,y —e,t+¢)), (1.3)

for every (z,y,t), € RT x Rx]0,T] with y + et < 0, where ¢ € (0,1) is arbitrary. Here ¥ is the



value function of the following optimal control problem

t
U(z,y,t) ;== inf / w?(t)dr subject to constraint (1.4)
weLl([0,t]) Jo

{ qi(s) =w(s)qi(s), q0)==z, qt)=1,
¢@2(s) = q1(s), ©(0) =y, q(t)=0.

In Theorem 1.3 we will give the precise statement of the bounds for I'(z, y, ¢, &,n, 7) at any point
(x,y,t) belonging to a specific subset of RT x R x [0, 7T7].

To emphasize the application of our main result to the existing literature for the operator .2,
and to the corresponding stochastic theory, we note that (1.1) can be alternatively written as

kD (2,t,6,7) <T(a,t,&,7) <KTTH (21,6, 7), (1.5)

where I'F is the fundamental solution of the heat equation dyu = p*Au with singularity at &, 7,
and the constants k%, u* only depend on ¢*, C*. From this point of view, it would be natural
to write (1.3) in terms of the fundamental solution of a suitable constant coefficients operator
analogous to .Z. Actually, the simplest form of % appears by choosing a = 1, and b = 0:

Lou = 22 0ppu + 20pu + 20yu — du,  (2,y,t) € RT x Rx]0,T]. (1.6)

The fundamental solution I'y of % has been first written by Yor [60] as the transition density
of the process (Wt, At) 0’ where (W}),~( is a Wiener process and
> >

A = /0 exp (2W;) ds. (1.7)

As we will see in Section 1.1 (formula (1.19)), the expression of the fundamental solution I'g of
£ is quite involved, and an estimate of the form (1.5) would be hard to handle. On the other
hand, our bound (1.3) applies in particular to I'g and provides us with explicit information about
it. Moreover, several authors point out that the explicit representation of the Asian option prices
given by Geman and Yor [30] is hardly numerically treatable, in particular when pricing Asian
options with short maturities or small volatilities (see [28, 57, 29, 24]).

Concerning the operator . in its general form, we recall that existence and regularity result
for the local transition density were established in the recent article of Lanconelli, Pagliarani and
Pascucci [37], under the assumption that the coefficients a and b belong to some space of Holder
continuous functions.

A further consequence of (1.3) is the following result, again in the spirit of (1.5). By applying
(1.3) to T' and to the fundamental solutions I'* of the operators

LHu = pte?0pu + 20pu + 20yu — O, (z,y,t) € RT x Rx]0,T], (1.8)
we obtain
kT (z,y+e(t+1),t—e(t+1)) <T(z,y,t1,0,0)

< ktpt e Dt ——(t+1
< BT (= S e+ 04D
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for every (z,y,t),€ RT x Rx]0,T[ with y +e(t+1) < 0 and ¢ > ¢/(1 — ). This is an important
theoretical result, as it allows us to extend to .Z any quantitative information we know on the
fundamental solution of .Z*. Clearly, the same result holds for the densities of the respective
stochastic processes. See more details in Proposition 1.5.

This article is organized as follows. In Section 1.1 we give the precise statements of our main
results. In Section 1.2 we explain the role which .Z plays in Mathematical Finance and we give
a comparison between our bounds and similar PDE’s estimates. In Section 2 we recall known
results about the operator .Z defined in (1.2) and we prove a sharp Harnack inequality for it. In
Section 3, we recall some basic facts of stochastic processes theory, of Malliavin Calculus and we
prove the existence of the density p of the stochastic process (Xt, Yt) > associated to Zin (1.2).
In Section 4 we recall some basic tools of control theory, we solve the optimal control problem
(1.4), and we prove the lower estimate in (1.3). In Section 5 we prove the upper estimate in (1.3)
and the main Theorem 1.3.

1.1. Invariance properties and main results

This section contains the precise statement of our assumptions and our main results. In order
to introduce the geometrical setting useful for the study of £, we recall some properties of %j.
Monti and Pascucci observed in [45] that % is invariant with respect to the following group
operation on Rt x R2:

(:L‘Ovy[)a tO) © (ﬂf,y,t) = (1?05'3,3/0 + »T'Oyyto + t) (]‘9)

Indeed, if we set
v(w,y,t) = u(wox, yo + Toy, to + 1), (1.10)

then Zv = 0 if, and only if Zu = 0. We also note that
G := (Rt xR?,0) (1.11)

is a Lie group, its identity 1g and the inverse of (z,y,t) are defined as

1
1o = (1,00, (e,y.0) "= <x,_i,_t> , (1.12)

Then, in particular, we have

(0. Yo, to) "o (z,y,t) = <m7y—yo?t_t0>7 (1.13)
zy o

so that (1.10) is equivalent to u(x,y,t) = v (f—o, y;go,t - t0>.

We now introduce a further notation based on the invariance properties of .%y with respect to
G. As the zero of the group (R+ x R?, o) is (1,0,0), in the sequel we use the simplified notation

I(z,y,t) :== (2,9, 1,0,0). (1.14)

Then, thanks to the invariance with respect to the left translation of G, we have

— X — Yo
x(z)r('rayvta $07?J07t0) = F(({I;O:yOvtO) Yo ($7y7t)7 17070) =TI <7 vy 1= tO) .
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Analogously, we denote by ¥ (x,y,t; xo, yo,to) the function defined in (1.4), with the end point
(1,0) replaced by (o, yo), and t replaced by ¢t — ty. Note that, in analogy with (1.14), we have

U(z,y,t) = V(z,y,t;1,0,0).

The definition of W is explicitly written in (4.4) below and is well posed only when ¢ > ¢y and
Yo > y, otherwise problem (1.4) has no solution. In this case we agree to set ¥(x, y, t; o, Yo, to) =
+00. The following Proposition states its invariance properties with respect to the operation on

G.

Proposition 1.1. For every (z,y,t), (x0,%0,t0) € RT x R%, with tg < t and yo > y, and for
every r > 0 we have

V(z,y,t;w0,90,t0) = ¥ (fo Lt — to) ; (1.15)

U (x,y, t; w0, Yo, to) = + ¥ (2, %, L0, 20, 10). (1.16)
In particular, from (1.15) we find

(2, y,t; 20, Y0, to) = ¥(rz, ry,t;rzo, 790, t0),

whereas, rewriting (1.16) with r =t — tg, we obtain
Wz, y, 500,90, t0) = ¥ (£, 1)

We assume the following conditions on the coefficients of .. The functions a and b are
smooth, and there exist two positive constants A, A such that

la(z,y, )] < A, [de(zalz,y, )] <A, [blz,y, 0] <A, [0:(2b(x,y,1))] < A,

1.17
a(z,y,t) >\ forevery (z,y,t) € Rt x R*x]0,T]. (1.17)

Remark 1.2. Unlike %, the operator £ is not invariant with respect to the left translation
(1.9). Indeed, as we apply the change of variable (1.10) to a solution u of Lu =0, then v is a
solution of ZL,,v =0, where zo = (x0, Yo, to) and

LV = 20y (a(xox, Yo + xoy, to + t)x@xv) + 2 b(zox, yo + oy, to + t)0zv + x0yv — Opv.  (1.18)

However, even if Z,, does not agree with £, it satisfies the assumption (1.17) with the same
constants A and A used for £. This property will be often used in the sequel and is the basis of
the invariant nature of our bounds (1.24) for the fundamental solution of £ .

The smoothness of the coefficients a and b are needed to prove the existence of a fundamental
solution by using the stochastic theory (see Proposition 3.7 below). On the other hand, we prove
upper and lower bounds for I' in terms of quantities only depending on the constants A and
A appearing in (1.17). In a future study we plan to combine the bounds (1.3) with, either
pure PDEs methods, or with the local results established in [37], to prove the existence of a
fundamental solution of . under weaker regularity assumptions on a and b.



We next compare our main results with the existing literature. Some results are available for
the operator %y. We quote [61] for an exhaustive presentation of the topic. We mainly refer to
Yor’s work [60] in this paper, where the author writes the density of the process (1.7) as follows:

2
et 14 e ev e
w,y,t) = exp | — — —,t], 1.19
plw,5 %) T2t p( 2y >y2w<y ) (1.19)

Y (z,t) = /OOO e*%e*ZCOSh(O sinh (&) sin (7Tf> dg. (1.20)

Other works are due by Matsumoto, Geman and Yor [42, 43, 30|, Carr and Schroder [14], Bally
and Kohatsu-Higa [5]. The fundamental solution I'g of % is

where

]-—‘O(xayat,xmy()vto) = ﬁp (% log (3;70) ) yOQ;ya %) : (12]‘)

In Section 3, we recall some known results from the Malliavin Calculus that provide us
with the existence of a fundamental solution of . defined in (1.2). In particular, we prove in
Proposition 3.7 that, if the coefficients a and b are smooth and satisfy suitable growth conditions,
then the fundamental solution of .Z exists and is expressed in terms of the density of a stochastic
differential equation of the form

{ dX, = p(Xy, V) Xodt + o( Xy, V) XedW, (1.22)

dY; = X.dt.

For this reason, in our main result we assume the existence of a fundamental solution I' of .Z.
We prove uniform bounds for I, that only depend on the constants A\ and A appearing in (1.17),
and on the L* norms of a, b, 0;(xza) and 05 (xb).

The main result of this article is the following

Theorem 1.3. Let ' be the fundamental solution of £. Then for every (zo,yo,t0), (z,y,t) €
R x R x [0,T] we have

F('r7y7t7 CL‘anO,tO) =0 v ($7y7t) € R+ X RQ \ {] - OovyO[X]t()?T[}’ (123)

Moreover, for arbitrary e €]0, 1], there exist two positive constants ¢z ,CS depending on e, on T
and on the operator £, and two positive constants C—,c*, only depending on the operator &
such that

c _
ﬁ exp (—C~W(z,y + zoe(t — to),t — et — to); zo, Yo, to)) <

I'(z,y,t; 20, Y0, o) < (1.24)
Ci‘j exp (—c"W(z,y — zoe, t + £; 20, Yo, o))
l‘%(t _ 750)2 ) ) 3 ) 9 )
for every (x,y,t) € Rt x] — 00, yo — oe(t — to)[X]to, T). Here ¥ is the value function defined in
(1.4).



If we agree to set exp (—cTW(x, y, t; z0, Yo, to)) = 0 whenever W(x, y, t; zo, yo, to) = +00, then
(1.24) holds for every (zo,yo,t0), (,y,t) € Rt x R x [0,T].

Clearly, the knowledge of the function ¥ is crucial for the application of our Theorem 1.3.
Section 4 of this article is devoted to the study of ¥. We summarize here some of the quantitative
information about W, that are written in terms of the function g defined as follows

sinh(,/T) r >0,

\/? I
g(r)=1q L r=0, (1.25)
Sm&?), —m? <r <0.

Proposition 1.4. For every (x,y,t), (zo, yo,to) € Rt x R2, with tq <t and yo >y, we have

4 . 2
(21,91, t15 %0, Yo, to) = E(t1 — to) + % A\ E+ gy, if B> =T
_|_

U (1,1, 1 T, Yo, to) = Bty — to) + 2&t20) gy [p g Anze - gp Ar o p oo

Yo—u1 (yo_yl)Q’ tl—to tl_t[) .
(1.26)
where \
- Yo —Y
b= g < > : 1.27
(t —to)? (t — to)\/TZ0 (1.27)
Moreover,
V(z,y,t; %o, Yo, o) Yo — U
B as TN == 00 (1.28)
4 2 — 4(zo+x) ’ _ )
iy 108 (Thorvam) + oy (t — to)y/Tox
\Ij(x)yvta JEanO,tO) Yo — Y
4(\/54-\/%)2 B Ar2 — 1, as W — 0. (129)

Yo—Y (t—to)

The lower bound in Theorem 1.3 is based on a Harnack inequality for positive solutions of
Zu = 0. The repeated application of the Harnack inequality, combined with a suitable opti-
mization procedure, provides us with the lower bound of the fundamental solution. The proof of
the upper bound in Theorem 1.3 for I' exploits the fact that the value function ¥ is a solution
of the relevant Hamilton-Jacobi equation.

As a corollary of Theorem 1.3, by applying (1.3) to T' and to the fundamental solutions I'*
of the operators (1.8), we obtain the following result. It essentially says that the fundamental
solutions of .Z and % have the same behavior.

Proposition 1.5. For every ¢ €]0,1[, there exist T in the form (1.8), and positive constants
k* such that

k:*F*(a:,y + $0€(t — 1o+ 1),t — €(t — 1o+ 1);$0,y0,t0) <
F(x7y7t7'r07y07t0) S

ETTT (:U,y — x9 <

g
1_5(75—750+1)at+1_6(t—t0+1),$0,y0,t0>,

for every (z,y,t), (zo,y0, to) € RT x Rx]0,T] with y+xoe(t—to+1) < yo and t > to+¢e/(1—¢).



1.2. Applications to Finance

The operator .Z in (1.2) plays a crucial role in Mathematical Finance, since it occurs in the
classical problem of the Pricing of Arithmetic Average Asian Option. For this reason we briefly
recall in this section some notions and details about the classic Option Pricing Theory. We
start with the introduction of some simple financial derivatives, and after we briefly recall the
Black-Sholes Option Pricing Theory. We refer to the works of Barraquand and Pudet [8], and of
Barucci, Polidoro and Vespri [9] for a PDE approach to the pricing problem for Asian Options.

An European Put Option is a contract that gives the owner the right to sell an asset at
the expiry date T and at a prescribed price K. A Call Option gives him, instead, the right to
buy the same asset at the date T" and at the price K. Clearly, the value of the Option at its
expiry date T is given by a function ¢(S7), where S; denotes the price of the asset at time ¢.
For instance, the payoff of a call option is ¢ (St) = max (0, Sr — K), while the payoff of a put
option is ¢p(S7) = max (0, K — S7). In their celebrated article [11], Black & Scholes solve the
problem of finding a fair price Z = Z; for this kind of contract, at every time ¢, with 0 <t <T.
They assume that the price of the underlying asset at time ¢, that is denoted by (S¢)o<i<7, is a
log-normal stochastic process,

Sy = Spexp ((M — %0’2) t+ O'Wt) , t€[0,T7], (1.30)

where (W})>0 denotes a standard Wiener process, p and o are given constants. They construct
a self-financing portfolio, that replicates at every time ¢ the value (Z;)o<¢<7 of the Option. The
portfolio only contains an amount of the stock (St)o<t<7 and an amount of a riskless bond with
constant interest rate r, whose price is B; = Bgexp(rt). In this setting, Black & Scholes prove
that the value Z; = Z(S¢,t) of the Option is a solution of the Black & Scholes equation

0%z 0z 0z
1 202 _7 — Rt T 1.31
50°S 552 +r<585 >+ 5 0, (S,t) € RTx]0,T7, (1.31)

with final condition Z7 = ¢(St). We refer to Pascucci’s book [51] for an exhaustive and detailed
description of the Black & Scholes theory and of its recent developments.

Path dependent Options are characterized by the fact that their value also depends on some
average of the past price of the stock, that is Zy = Z(S, A¢,t) for 0 < t < T'. For instance, in
an Arithmetic Average Floating Strike Option, the strike price of an option is computed as the
average of the stock price, then its payoff is

T T
wc(St, Ar) = max (07 St — 1/ Stdt) , ¢p(S7, Ar) = max (0, ;/ Sidt — ST) ,
0 0

T
(1.32)
while in the Arithmetic Average Fized Strike Option the payoff is

T T
vo(St, Ar) = max (0, 1{/ S;dt — K) ,  op(St, Ar) = max <O,K — 1{/ Stdt> . (1.33)
0 0

When considering Geometric Average Options, the arithmetic average % fOT S dt is replaced by
T
exp (% Jo log(S) dt).



We can summarize all the above cases by introducing the average variable (A;)o<¢<7, defined
as

At:/of(ST)dT, t €0, T, (1.34)

for some given continuous function f. Following the Black & Scholes approach, we look for the
density of the process (S, A¢)e>0. We consider the stochastic differential equation of the process
(St, Bt, At)t>0,

dSy = pSydt + 0SidWy,

dB; = rBdt, (1.35)

dAr= f (S)dt,

we construct the replicating portfolio, and we apply [t0’s formula. We obtain

0 (S A4t eR" xRTx]0,T[, (1.36)

0%Z o0z YA YA
_z _
(S oS )

1 2q20°4 oz i
50°S 8S2+f(5)8A+T + 5

with final condition Zp = @(St, Ar).
We also remind that a numerical solution of the pricing problem can be obtained by a Monte
Carlo method based on the Feynman-Kac formula

Z(8,4,t) = B2 [T 05 (Sp, Ap)|(S1, Ar) = (5, 4)] |

where Q is a measure such that the process e "' Z; is a martingale under Q.

When considering Geometric Average Asian Option, we have f(S) = log(S), then the sim-
ple change of variable v (e*,y,T —t) := Z(S, A,t) transforms the PDE (1.36), with its final
condition, into the following Cauchy problem

1_2 (82 0 0 0 _ 0
{ Lo? (3 - 8) +aetr (P —v) =%
v(xvya 0) = (p(exay)v

which, in turns, after the change of variable u(x,y,t) := e"v (%x + (%02 — 7") t, y,t), can be

2
U(x,y,0)=¢(eﬁ,y>-

In PDEs theory, the solution of (1.37) is given in terms of its fundamental solution as follows

written as follows

(1.37)

£
(e t) = [ Doyt 0 (%) dedn. (1.39)
R2
The explicit expression of the fundamental solution I" for the operator in (1.37) is

_ lx— ¢ Lly—n+ 5@+
F(xayatvfanﬂ_) - mexp <4(t _ 7.) - (t _27-)3 )

(1.39)

if t > 7, while I'(x, y,t,&,n,7) = 0 if t < 7 (see [40] and the references therein).



The function f(S) = S appears in (1.36) as we consider Arithmetic Average Asian Option.
In this case the function v(z,y,t) = e " Z(x,y,t) is a solution of the following PDE with final
condition

1 2 28 ov _
v—f—xay—i-m:am—i-aﬁ—o, (1.40)
(':UayaT) - QO(IE,y)
This problem can be further simplified by the change of variable
2 2t 1
u(z,y,t) = 2"e" by <x, U—Z,T — 02> m = % -5
that leads to the Cauchy problem for %
2
Lou = x2g;§ + xax + xa—y — % =0, (z,y,t) e Rt xRTx]0,%T7; (1.41)
u(@,y,0) = ¢(z,y) (z,y,t) € RT x RT,
whose solution writes as
u(z,y,t) = / Lo(z,y,t,&,m,0)p(&, n)ddn, (1.42)
Rt xR

with 'y defined in (1.21).

The PDE approach adopted in this work allows us to consider more general problems. Among

them, we can consider an option on a basket containing n assets Sy = (Stl, cees Sf) whose dynamic
is
. . . n
dS] = 57 p;(Se, A, t) + 81 ow(Se, A )dWf,  j=1,...,n, (1.43)
k=1

where (th, e ,Wt") >0 18 @ n-dimensional Wiener process and (At) is an average of the

assets. In particular, we can choose

. t n t
A‘g:/ Sldr, j=1,...,n, or At:Z/ Sldr,
0 — Jo

7=1

including, for instance, the following ones

t>0

n n n
Au = Z 750y, (ajk(x,y,t)xkaxku) + Z w5bj (2, y, )0, u + ijayju — O, (1.44)
Jk=1 Jk=1 j=1

with (z,y,t) € (RT)" x R"x]0,T], and

n n n
Lou = Z 20y, (aji(z, y, t)xR0p,u) + Z z5bj (2, y,t)0p,u + Z xj0yu — Oyu, (1.45)
k=1 k=1 j=1

with (z, y, t) € (RT)" x Rx]0,T], respectively. In these examples, denoting by o(x,y,t) the

matrix (o(z,y,1) ,,» We have

jk=1,...,n
(ajk($7y7t))j7k:17."’n = % [O’(l‘,y,t)O’(I‘,y,t)*] :

and the coefficients b;;, 4,7 = 1,...,n depend on the coefficients p1, ..., i, and on the derivatives
of the aj,. In this work we focus on the simplest one-dimensional case (1.2) for the sake of
simplicity.
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1.2.1. Comparison with literature

We conclude this introduction with some remarks about our bounds of the fundamental
solution. We first note that the expression of I' in (1.39) yields much information on the solution
w. In particular, it is a smooth function, then u is smooth as well. Moreover, (1.39) gives us
sufficient conditions on the function ¢ that guarantee the convergence of the integral in (1.38).
It is also used to prove the uniqueness of the solution of (1.37) (see [54, 22, 23]). In the same
spirit, our Theorem 1.3 gives conditions on function ¢ that guarantee the convergence of the
integral in (1.42), and the uniqueness of the solution of (1.41) as well.

We compare our result with the more recent work by Delarue and Menozzi [21], where
operators in the form

d nd
Lu = Z g (7, ) O 0 + Z Fj(x,t)0p,u — Opu (1.46)

Gk=1 j=1
are considered. Here d, n are positive integers, (a]k x,t) ) 4 18 a symmetric strictly positive
matrix with bounded Hoélder continuous coefficients, and ... nd satisfy suitable assumptions.

Delarue and Menozzi prove bounds for the fundamental bolutlon of £ that, in the case d = 1
and n = 2, write in terms of the function I" in (1.39), and that of course do not apply to 'y in
(1.21). The reason is that, even if % in (1.44) or (1.45) writes in the form (1.46), it does not
satisfy the assumption made in [21]. Indeed, following the same notations adopted in [21], our
operator % writes as above with

Fi(z,t)=0, Fz,t)==z  oxt) = < ‘/gx >

which are respectively uniformly Lipschitz in ¢ and a-Holder continuous with respect to x, but

the matrix )
1 * _ x 0

has spectrum which cannot be included in a compact interval. On the other hand, if we apply
the transformation y = log(z) we are led to consider the function

A =0  Buo-< oo - (),

then we lose the Hélder continuity of 5 with respect to the space variable v.

We eventually compare our approach with the article [5] by Bally and Kohatsu-Higa. The
operator considered there writes in the from

t t t
X} :xl-i-/ Vf(Xs)dWer/ Vo (X)ds, X3:w2+/ Vo (Xs)ds.
0 0 0

In the first step, the authors of |5] write the short time decomposition
, 0
Xy =a'+ V' (@)Ws+R;,  X;=2a"+(V5) (z)- / (6 — 5)dW, + Rj,
0
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where Ry is small with respect to the principal part given by the Gaussian random variable

)

Alw) = (x VW 2+ () @) [

(6 — s)dWS> .

Notice that (Wg, f06(5 - s)dWS) is a non degenerated Gaussian random variable so that an
explicit expression for its density is available. In particular, the following quantity

P(A(x) € C(z)) > e >0, (1.47)

if C(z) is an ellipsoid given by the covariance matrix of A(x), is explicitly known.
In a second step, Bally and Kohatsu-Higa take any control w and the corresponding skeleton

t t ;
@ = +/ Vll(qs)w(s)dSJr/ Vo(as)ds,  qf =x2+/ Vi'(as)ds,
0 0 0
with ¢r(z) = y. Then they take a partition 0 < ¢; < ... < tp = T and consider the points
rj = q,(v), for j = 0,1,..., k. Using recursively the estimate (1.47) they then obtain a bound
for
P (ﬂé“zl{A(xk) € C(a:k)) >k > 0.

Lower bounds for the density of the process X; are obtained by combining this “tube estimate"
with some further arguments based on Malliavin Calculus. Since such estimates hold for every
control w, an optimal choice of w gives a sharp lower bound for the density.

As we will see in Section 2, in this article we rely on a PDE approach to prove the lower bound,
and in particular we use a Harnack inequality, which plays a role analogous to the estimate of
(1.47). The main difference is in the assumption on the regularity of the coefficients, that are
more restrictive as we adopt the stochastic process point of view. However, even thought we feel
that our main results can be alternatively proved by a purely probabilistic method, it improves
any previous bound as we write explicitly the solution to the relevant optimal control problem.

2. Degenerate Hypoelliptic Operators

In this section we recall some known results about the regularity theory of linear second order
operators with non-negative characteristic form. We then introduce Harnack type inequalities
and Harnack chains.

We consider a general family of differential operators, which of course contains .Z, but also
the operators defined in (1.44) and (1.45). We set

=1 i=1

The prototypes of these operator appear when we choose a;; = d;; and b; = 0:

L= XP+Y, Yi=Xo-0, (2.2)
k=1
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where Xy, X1,..., X,, are smooth vector fields defined in some open subset 2 of R” xR. As usual
in the PDEs theory, we identify the directional derivatives with their vector fields. In general,
as m < m, the operator .% is strongly degenerate. However, it may be hypoelliptic according to
the following definition

Definition 2.1. We say that .:?% is hypoelliptic if for every distributional solution u of %u =f
in Q, we have
ue C®(Q) whenever feC®(Q). (2.3)

The Hormander condition [32] provides us with a simple sufficient condition for the hypoellipticity
of %. It requires the following definition

Definition 2.2 (commutator (or Lie bracket)). Given two vector fields W and Z, acting
on u € C*(R), we define the commutator of W and Z as

W, Zlu :=WZu — ZWu. (2.4)

The notation Lie{X1,..., X,,, Y} (z,t) denotes the vector space generate by the vector fields
{X1,..., X, Y} and by their commutators. The celebrated hypoellipticity result due to Hor-
mander states as follows.

Theorem 2.3 (Hérmander [32]). If
Lie{X1,...,Xm, Y} (z,t) =R" xR (2.5)

at every (z,t) € Q, then .,é% is hypoelliptic.

Remark 2.4. [t is worth noticing that the two condition

Lie {X1,..., X, X0 — 0} (x,1) = R™ x R,
Lie {Xl, e ,Xm,Xo} (I’) = Rn,

are not equivalent. For instance, consider the operator 02 + Oy — O in R? x R. In this case
X1 = 0z, Xo = 0y and the operator satisfies the second condition but not the first one. By the
way, such operator is not hypoelliptic.

It is easy to check that, if the coefficient of the vector fields Xo, X1, ..., Xm only depend on
the space variable x the first condition is equivalent to

Lie {Xl, PN 7Xm7 [XU, Xl], ey [Xo, Xm]} (fL‘) = R"™

Concerning the operator % in (1.6), we can easily check that it satisfies the Hormander condition
(2.5). Indeed, we have

T 0 0
X(z,y,t) =20, ~ | 0 |, Y(z,y,t) =20y — O ~ x , (X, Y(z,y,t) =20, ~ | =
0 —1 0

(2.6)
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Then, the vectors X,Y and [X,Y] form a basis of R? at every point (z,y,t) € Rt x R%2. By
Hérmander’s Theorem 2.3, % is hypoelliptic in RT x R? in the sense of Definition 2.1. In
PDE’s Theory the regularity of operators satisfying Hérmander condition is strongly related to
a Lie group structure on the underlying domain. We refer to the seminal works of Folland [26],
Folland-Stein [27|, Nagel-Stein-Wainger [48].

For the sake of clarity, we now recall the definition of fundamental solution for a hypoelliptic
operator .Z. With this aim we write £ in its divergence form

Lu=—-X"(aXu)+ (b—a)Xu+ Yu, (2.7)
where X*u(x,y,t) .= —Xu(z,y,t) — u(z,y,t).

Definition 2.5. We say that a function T : (Rt x R?) x (R x R?) — R is a fundamental
solution of .Z if:
1. for every (zo,v0,t0) € RT x R? the function (x,y,t) — T(z,y,t; 20, Y0, to):
i) belongs to L (RT x R?) N C®(RT x R?\ {(z0,y0,t0)}),
i) it is a classical solution of Lu =0 in RT x R?\ {(z0,yo,t0)};
2. for every o € Cy(R?) the function

u(z,y,t) :/R+ RF(SU,y,t;f,n,o)w(f,n)dfdm

1s a classical solution of the Cauchy problem

{ Lu=0, (r,y,t) e RT x R x RT;

u(,y,0) = p(z,y) (z,y,t) € RT xR. (2.8)

3. The function T*(x,y, t; xo, yo, to) := I'(zo, Yo, to; z,y,t) satisfies 1. and 2. with £ replaced
by its formal adjoint

L= —X*(aXv) + X*((b— a)v) — Y. (2.9)

The main tool in the proof of our asymptotic estimates of the fundamental solution are the
Harnack inequalities and the Harnack chains. In this setting a Harnack chain is defined as
follows:

Definition 2.6. Let Q be an open subset of RNTL. We say that a finite set {2y, 21, ..., 21} € Q
is @ Harnack chain connecting zg to zi if there exist positive constants C1, ..., Cy, such that:

u(z;) < Cju(zi-1), j=1,...,k,
for every positive solution u of% =0.

Harnack chains have been used by several authors to prove asymptotical lower bounds of the
fundamental solution of degenerate hypoelliptic operators. See for instance [58, 55, 23, 12, 15, 52].
They have been also used to prove asymptotic estimates near the boundary for the positive
solution of Kolmogorov operators, see [16, 17]. In the above articles, Harnack chains have been
constructed by selecting points belonging to the trajectories of #-admissible paths, which are
defined as follows:
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Definition 2.7. An .Z-admissible path with starting point zg is a solution of the following
Cauchy problem

m

(s) = D we()Xu(1(s) + Y (7(s)),  7(0) = = (2.10)
k=1

where w(s) = (w1(5),...,wm(s)) €R™, s >0 and each w;(s) € L]0, +ool.
We next focus on the operator . in (1.2).

2.1. Harnack inequality and Green function for £

Our construction of Harnack chains for .Z is based on the following Harnack inequality. Its
statement requires some notation. For any zo = (20, %0, t0) € RT x R? and r €0, 1], we set

H,(2) = {(x,y,t) €R3: o — 20| < rao, —1r? <t —1to <0,y —yo+ ot —to)| < r?’xo}
2
Sr(20) = {(@,y,1) € R | — o < v, 1% St —to < =, |y — yo + wo(t — to)| < 100 }

(2.11)

Notice that the cylinders defined in (2.11) are the most natural geometric sets which can be
defined taking into account the invariance group (1.9) of 4. Indeed, they are obtained from
H,(1,0,0) and S,-(1,0,0), respectively, by using the left translation “o” in (1.9).

Proposition 2.8. Let 29 € Rt x R? and r €]0,1/2]. If u is a positive solution of Lu = 0 in
H,(z0), then
u(z) < Mu(zp)

for every z € Sy, (z9). The two constants 6 €]0,1[ and M > 0 only depend on the operator £ .

The proof of Proposition 2.8 relies on the Harnack inequality proven by Golse, Imbert,
Mouhot, and Vasseur in [31]. We also refer to [2| for a geometric statement of the Harnack
inequality. The operators IC considered in [31] and [2] act on a function u as follows

n

Ku = Z Oz, (Ejk(x,y,t)axku) + Z gj(m,y,t)ﬁmju + ijayju — Ou. (2.12)
Jk=1 Jk=1 j=1

Here (z,y,t) € R” x R™ x R and the coefficients Zijk,gj are bounded measurable functions for
J.k=1,...,n. Moreover a;; = aj; and

Z Q@ (w, v, €& > NEP, for every ¢ € R™, and (z,y,t) € R*H1, (2.13)
k=1

Note that the main structural difference between % and K is in that the coefficients of K are
bounded and satisfy the unform ellipticity condition (2.13), with respect to the variable z € R”™.
As the Harnack inequality is a local result, we will borrow the Harnack inequality for I for the
study of the positive solutions of Zu = 0. For the sake of simplicity, we recall the statement
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of the Harnack inequality proven in [31] only for n = 1 and with a notation suitable for our
operator .Z.
Let © be an open subset of R3. Consider the following operator

Kv = 8 (a(x,y, t)0,0) + bz, y, )dpv + 2dyv — v, (w,y.t) € Q. (2.14)

Assume that @ and b are bounded measurable functions such that infgs a(x,y,t) > 0. Let zp €
Q, r €]0,1/2] be such that H,(z9) C . Then there exist two positive constants 6 and M, only
depending on the operator IC, such that

v(z) < M w(z), for every z € Sy (20), (2.15)

and for every non-negative solution v of Kv =0 in €.

PROOF OF PROPOSITION 2.8. Let u be a positive solution of Zu = 0in H,(zp), with r €]0,1/2].
We first consider the point zp = (1,0,0). With the aim to apply (2.15) to u, we write .Z in the
form (2.14) by setting

a(z,y,t) = x2a(x, y,t), b(z,y,t) =z (b(x,y,t) — a(z,y,t)). (2.16)

In order to deal with bounded coefficients @ and b, we modify them out of the cylinder H,(z) as
follows. We set

a(z,y.t) = P’ (@)alz,y. 1), blz,y,t) = () (b(z,y,t) — alz,y,1)), (2.17)

where 1/2 for z €]0,1/2],
p(x) =<9 x  forxz€]1/2,3/2], (2.18)
3/2 for xz € [3/2,00].

Then, it is easy to check that our assumption (1.17) on ¢ implies the conditions on K for the
validity of (2.15). In particular, our claim is proven for zy = (1,0,0) and for every r €]0,1/2],
since in this case .Z agrees with K in the cylinder H,(zp).

An argument similar to that used above would give the proof of Proposition 2.8 with a
constant M that may depend on zy. In order to prove our claim as stated, with M independent
on zp, we rely on the left translation (1.9). As we apply the change of variable (1.10) to a solution
u of Lu =0 in H,(zp), then v is a solution of .Z, ;v = 0 in H,(1,0,0) where .Z,, is defined in
(1.18). Note that, as we have noticed in Remark 1.2, ., satisfies assumptions (1.17), with the
same constants used for .. In particular, the Harnack inequality (2.15) holds for v, and implies

u(z,y,t) =v (i y—¥o ¢ to) < Mwv(1,0,0) = M u(zo, yo, to),

o’ xo

for every z,y,t € Sy (xo,yo,to). This concludes the proof. O

As a direct consequence, we obtain the following

Corollary 2.9. If u is a positive solution of Lu =0 in H.(zp), where 0 <r < 1/2, then

u(z) < M u(zp)
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for every z in the set

Pr(20) = {(az,y,t) ER3:0<tyg—t <% |x— x| < (to — t)%:po,
i (2.19)
[y — yo — (to — t)ao| < (to — t)gwo}-

A crucial ingredient for the proof of our lower bound of the fundamental solution to .Z is the
analogous lower bound of a Green function G for the operator K defined in (2.14). The existence
of a Green function for K (2.14) has been established by Di Francesco and Polidoro in [23] if
the coefficients Ejk,gj, j,k =1,...,n are bounded, and Holder continuous functions, and (2.13)
is satisfied. In [23] it is also given a lower bound for G, in terms of constants depending on the
Hoélder continuity of the coefficients of K (see Theorem 4.3 in [23]). Here we give a bound of G
where the constants only depend on the dimension n, on the constant A in (2.13) and on the L
norm of 'djk,gj,j, kE=1,...,n. We rely on the method used in [23] and on the upper and lower
bounds proven by Lanconelli, Pascucci and Polidoro in [39] (see also [38]).

We next recall the statement Theorem 1.3 in [39] with the notation used here for the operator
K. Here I'ic denotes the fundamental solution to X, while F‘,é is the fundamental solution to the
constant coefficients operator

n d
Kt o= Opywy + Y bjaidy, — 0.
j=1 j=1
Assume that the coefficients 5jk,gj,j,k = 1,...,n of the operator K are bounded measurable
functions and that (2.13) is satisfied. Let I =]Ty,T1[ be a bounded interval. Then, there exist
four positive constants u*, =, CT,C~ such that

_ - +
C Fl]é (:Ea y7ta£a 77’7—) < FIC(:Ea y7ta£a 77’7—) < C+F% (CE, Y, tvéaan)a (220)

for every (z,y,t), (&,n,7) € R2HL with Ty < 7 < t < Ty. The constants =, u+ depend only on
n and £, while C—,C™T also depend on Ty — Tj.

We recall that the explicit expression of F’,éi is known (see, for instance [32] and [40]):

i L(lz—¢P | Jly—n+E-7)(x+8/2]
et emn) = oo (- (520 2 (=) )
(2.21)

+
for every 7 < t and (,y), (£,1) € R*™. We also recall that I'}- are homogeneous of degree —4n
with respect to the dilation (z,y,t) — (rz,r3y,r?t), that is

1
F%i (T’I, 7“39, T2t) T&) 7"3777 T2T) = m F%i (LU, Y, tv 67 m, 7-)7 (222)

for every (z,y,t;&,m,7) € R and for every positive r.
We next recall the method used in [23| to prove a lower bound for the Green function, in
order to remove the Holder regularity assumption made on the coefficients of the operator. With
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this aim, we introduce here a simplified notation useful for our purpose. We first define a cylinder
analogous to H,(zp), centered at zop = (1,0,0). For any r,d €]0,1/2], we set

HY(1,0,0) = {(x,y,t) 3 g e S N R 1"2},
2.23

SO _ R3 - (z—1)? lz—1] v <8 t= ( )
r,é(lvoao) (w,y,t) € . 2 + r + 6 = ,t O¢.

Note that H?(1,0,0) C {1 —r<r<l+ r}. In particular, if we define a and b according to
(2.17) and (2.18), then K agrees with . in the cylinder H?(1,0,0). Also note that the geometry
of HY(1,0,0) is more complicated than the one of HY(1,0,0). The advantage of this fact is that
the the Dirichlet problem for K in (2.14) is well posed in H(1,0,0) .

In Section 4 of [23] it is proven the existence of a Green function G, : HO(1,0,0)x H%(1,0,0) —
[0, +oo[ with the following property: for every f € C§°(H?(1,0,0)), the function

oy, t) = / G,y €., 7) (€, 7)dE dy dr, (2.24)
HS(I,0,0)

is a classical solution of the Dirichlet problem

Lu=—f in H(1,0,0
U f . m 7“0( Y Y )7 (225)
u=0 ind(HX(1,0,0)Nn{t<T}.
The Green function G, for the cylinder H2(1,0,0) is defined in [23] as follows:
Gr(z,y, t:&m,7) =Tc(z, 9, 1,60, 7) = he(2, 9,1, 6,0, 7), (2.26)
where hy(z,y,t;&,n,7) is the solution to the Dirichlet problem:
Lu=0 in H2(1,0,0), (2.27)
u="Tx(z,y,t;&n,7) in d(H(1,0,0))N{t <T}. '

The following result will be needed in the proof of the lower bound of the fundamental solution.

Lemma 2.10. There exist two positive constants r and o, only depending on the L norms of
a,b, and on inf a, such that

Gr(1,-s,5;1,0,0) > for every s €]0, 97“2[.

K
s2’

PROOF. Choose any r,d €]0,1/2], and consider the compact set

M;(1,0,0) := 9(HY(1,0,0)) N {0 < t < T} x 5)5(1,0,0).

Let (&, m,7) be a point of S7975(1, 0,0), and let h, be the solution to (2.27). By the strong maximum
principle we have that h, > 0 and

max hy(z,y,t) = max Li(z,y,t:&,n,7).
(z,y,t)€HY(1,0,0) (2,y,t)€D(HO(1,0,0) " {0<t<T}
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Then, by using (2.20) in the above inequality, We find that

~ ~ +
max _ hy(z,y,t) <Ry,  RK:=C"  max  T% (2,y,&n,7).
(x,y,t)€HOY(1,0,0) (=,y,t)€Mr(1,0,0)

We also note that k, = % because of (2.22). As a consequence of the above inequalities, of
(2.20) and of the definition (2.26) of G, we then find

N K1
Gr(m7y7t;£a7777_) ZC F‘Llé (%yat,&ﬁﬁ)—ﬁ

for every (&,m,7) € S%4(1,0,0) and (z,y,t) € H2(1,0,0). In particular,

— -~ Ci 3 ~
G,(1,—s,s;1,0,0) > C_F’,é (1,-s,5;1,0,0) — A2 7{ K1

T 2 s (2:28)

for every s €]0,72[. We eventually choose a positive s such that k < (’;;f and we conclude that
there exist a positive g such that
C_\/g K1 K 9
It > 2 for every s €]0, or<].
This inequality and (2.28) conclude the proof. O

2.2. Harnack chains for &
Any Z-admissible path v(s) = (z(s),y(s), t(s)) for £y is the solution of the Cauchy problem
z(s) = w(s)x(s) =(0) = xo,
_ z(s) y(0) = o, (2.29)
t(S) = -1, t(O) = to,

where w € L([0,tp —t]). In this setting, we refer to the function w as the control of the problem
(2.29). We introduce now a standard definition from control theory, see [1]:

Definition 2.11. (Attainable set). For every zo € Q2 C R3 the attainable set %, from zo in §
18

.y = {z € Q |there exists a time T € RT and an Z-admissible path
v: [0,8] = Q st 29 =7(0), z=~(1)}. (2.30)

Proposition 2.12. For every (zo, yo,to) € RT x Rx|Ty, T1[ it holds:

427(35073/07150) :}O>+OO[X]Z/0’+OO[X]TOJO[- (2.31)
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PRrROOF. From (2.29) it plainly follows that
’Q{(?Co,yo,to) (R+ X RX]Tﬂv T D - [07 +OO[X]y07 +OO[><}T07 tO['

The opposite inclusion will follow from the results given in Section 4.2, where we exhibit an
Z-admissible path steering (xg,yo,t0) to any given point (z,y,t) €]0, +00[x]yo, +00[x]|Tp, to.
O

The following result provides us with a bound of any positive solution u of .Zu = 0 at the
end point y(tg — t) of an .#-admissible path ~.

Proposition 2.13. There exist four positive constants 0, h, 5 and M, with 6 <1 and M > 0
only depending on the operator £ such that the following property holds.

Let Ty < t < tg < Ty be fized. Fix (x9,y0) and let w € L'([t,to],R) be a control, with
v 1 [t to] — R? the corresponding £ -admissible path of (2.29) starting from (xo,%yo,t0). Denote
by (x,y,t) = Y(to) its end-point. Then, for every positive solution u : RY x Rx|Ty, Ti[ of Lu =0
it holds

B @(w) 4 4(tg—t)
t—T 1+=-=+
U(.’L‘,y,t) < (to_’jg()) M h 02 u(x07y07t0)7

where

B(w) = /t "2 (s) ds. (2.32)

ProOF. If w € L'([t,to]) \ L2([t,to]), then our claim reads as u(z,y,t) < +oo, that is clearly
true. We now assume w € L2([t, to]). The proof of the proposition is based on the construction
of a Harnack chain, by applying several times Corollary 2.9. We then first fix § €]0,1[ as in
Corollary 2.9, and we also fix the constant h = 4log?(3/2).

Step 1. We fix three restrictive assumptions:

e it holds tyg — Ty < % ;
e the path 7 is defined on the time interval [0, — ¢] with tg —t < 0%(tg — Tp);
e the function ®(w) satisfies (w) < h.
We first claim that, under such hypotheses, it holds
v(t+s) € P (x0,y0,t0) for every s € [0,ty — t], (2.33)

with r = v/tg — 1o < % Indeed, Holder inequality implies

t+s
/ w(T)dr
t
1

for every s € [0,t9 —t] C [0, ;]. The last inequality follows from concavity of log(1 + a), that
implies log(1 4+ a) > 2log(3/2)a for a € [0,1/2] and from the definition of h. We then find

< s ( / ” w2<7>df)% < Viivs < log(1 + V3),

t+s

‘eft w(T)dT _ 1) S 6|ftt+sw(7')d7" -1 S \/g
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for every s € [0,typ — t]. Thus, by integrating the system (2.29), we obtain
|z(s) — o] < V/szo, and |y(s) —yo — szo| < %sgwo < s?xg

for every s € [0,tp — t], and (2.33) is proven. Since H,(zo,vo,t0) C RT x Rx]Ty, T1] for the
definition of r, then Corollary 2.9 can be applied, and it holds u(x,y,t) < Mu(xo,yo,to) with
M given in Proposition 2.8.

Step 2. We now remove the three hypotheses of Step 1 and prove the main statement.
Consider any control w € L?([t,t]) and the corresponding curve ~(.). Define the sequence of
times ¢t < tp < tp_1 < ... <ty <ty < tg recursively starting from ¢y as follows

t,
tiy1 = max {t, ti —0%/4,t; — 0*(t; — Tp), inf {s s.t. /] |w(T) > dr < h}} : (2.34)

It is easy to prove that such sequence terminates in a finite number of steps, when the lower
boundary ¢ is reached. For simplicity of notation, we denote ¢ = t.
We now define r; = \/t; —t;41/6 , then we note that r; < 1/2 and

H,,(z(to — t;),y(to — t;),t;) C RT x R x [Ty, T1],

by (2.34). Moreover, we clearly have t; —t; 1 < 92rj2. By applying Step 1 on the k + 1 intervals
[tj+1, tj], it holds
U(ZL‘, Y, t) < M1+ku(x07 Yo, tO)

We point out that the points (x(t;),y(t;),t;), s =1,...k+ 1, selected on the path v(.), form a
Harnack chain. Since (2.34) implies

[ w(r)Pdr tg—t 1 _

k<t 4 log (A=t

STt e — ey 8 e ),

this concludes the proof of Proposition 2.13, by setting 5 := %. O

Remark 2.14. Even if £ does not write in the form (2.2), the lower bound in Proposition 2.13
basically depends on 7y, that in turns depends on the vector fields X and Y that define £y. This

feature depends on the fact that vy is contained in the set Z.(zy), where the Harnack inequality
holds for both operators £y and £ .

3. Elements of Stochastic theory

This section contains some known results about the theory of diffusion processes we need in
this work. We refer to the monograph of Nualart [50], and Bally [4] for an exhaustive presentation
of the topic.

Throughout this section, we denote by CP(RM R) the space of smooth functions with
bounded derivatives of any order. Note that the boundedness of the functions is not required.
We denote by C;O(RN ) the set of smooth functions f : RY — R such that f and all its partial
derivatives have polynomial growth.
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We consider the N-dimensional Markovian diffusion process (X;); solution of the SDE:

d
dX] =Y ol(Xy)dW] + F/(X;)dt, i=1,...,N, t>0 (3.1)
j=1
where Wy = (W}, ..., W) is a d-dimensional Brownian motion, (X;);>0 is a stochastic process

on a probability space (€2, .#,P) endowed with the filtration (% )¢>¢ generated by (W;);>¢ and
belonging to the space L?([0,00) x €; By x .%; A x P), where A stands for the Lebesgue measure
in RV and B, is the Borel o-algebra. We assume that

F'oob e CRpRYR) i=1,.,N; j=1,..d

We denote by X7 the solution of the SDE (3.1) with initial condition X = x € RV,

By using the Feynman-Kac representation formula (see for instance Pascucci |51, chap.9]),
one can state that the transition density (whenever it exists) p(xo, to, z,t) of the N-dimensional
process (3.1) satisfies the Fokker-Planck equation:

n

d
Z aij (»T)axixjp(ﬂ)a th x, t) + Z E(x)axzp(le th Z, t) + atp(an tO) Z, t) =0 (32)
i,j=1 i=1

where
1A
a;j(x) = ) ZUik(x)Ujk(x)'
k=1

Specifically, the function

) = Ble(Xn)|Xe = al = [ ol©n(€. Trat)ds (33)

is a solution of the Cauchy problem for (3.2) with prescribed bounded continuous final condition
. Moreover, p satisfies the identity

p($07t0;xat) = /NP(JUOatO§§,7')P(§7T§%t)dfa t <1 <tp. (34)
R

In the sequel of this section we recall the results of the Stochastic Theory which guarantee
the existence of the transition density p(zo, to, z,t).

3.1. Elements of Malliavin Calculus

We consider the space of functions # = L?([0,T],R%). For each h(t) = (h'(t),..., h4(t)), € H
we introduce the Gaussian random variable:

= J J
W (h) ; /0 W (t)dWy .

We denote by S the class of n-dimensional simple functions of Brownian motion of the form:

F = f(W(h), ... W(hy)), [€CPR"R), hy,..,hy €H.
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For every ' € S we define the Malliavin derivative (DiF')yc(o.7) of I as the R dimensional (non
adapted) process:

D\F = Z af' (W (h1),s ooy W (ha))) i (2).

Each h;(t) = (h}(t),...,h%(t)) has d components and we write DJF for the j'" component of
D:F, j=1,...,d. We introduce the Sobolev norm:

1F )1, = [E(mp) +E(\DF}I’)T“’ where  |DF| = </0T|DtF|2dt>1/2. (3.5)

It is possible to show that the operator D : S — LP(Q, L?[0,T)) is closable with respect to the
norm || - [j1,. We denote by D = Dom(D) its domain, which is the completion of S with
respect to the norm || - |1 .

Let a = (j1,...,jx) be a multi-index of length k, we define the k-order derivative as the
random vector on [0, 7] x Q with coordinates:

a —_ k... ph
Dtl,...,th = Dtk Dy F.

We introduce the Sobolev norm:

k
1ENkp = [E(!Flp) +> E(DYFP)
j=1

]W (3.6)

where /2
IDVF| =Y (/[0 - D¢, Fdty .. dtk>
jaj=j \71

We denote by D*P the completion of S with respect to the norm || - ||,p and finally we denote by

D>® = () D**.
k.p>1
We introduce now the Malliavin covariance matrix of the random vector F' = (F!, ..., FY) deriv-
able in Malliavin sense.
Definition 3.1. Let F = (F',..., FN) be a random vector which is derivable in Malliavin sense.

We define the Malliavin Covariance Matrix of the random variable F' as follows:
N = (DF', DFY) = Z/ DFFx DFFids i,j=1,..,N (3.7)
k=1"0
We say that F is non-degenerate if its Malliavin covariance matrix satisfies

E(|detyp|™?) < oo, VpeN, Vt>0 (3.8)
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The non-degeneracy (3.8) condition is necessary to ensure that the law of the random vector
F exists and is absolutely continuous with respect to the Lebesgue measure. We refer to [50],
Chapter 2, for the following proposition

Proposition 3.2 (Hirch-Bouleau). Let t € [0,+00) be fived and let X; = (X}, ..., X[') a
random variable satisfying (3.1). If each X} € ]D)llo’g with p > 1 and if vx, satisfies the non
degeneracy condition (3.8) almost surely, then the law of X is absolutely continuous with respect
to the Lebesque measure on RY | that is

PXt (dl‘) =DXx; (Qj‘)dl‘

3.2. Malliavin Theorem and Hormander condition

In this section we recall the Malliavin Theorem for a diffusion process (3.1). To start with,
we introduce the following probabilistic meanings of Lie Bracket and Hormander condition.

Definition 3.3 (Lie bracket). For each pair of functions f,g € C'(R",R") we define the Lie
Bracket [f,g] :== fVg— gV f. In components

n

gl = (F3 - g3l) i=1...n (3.9)

Jj=1

We construct by recurrence the set of functions:

MOZ{017-"aUd}7 Mk::{[Fvsp]a[alago]a"'v[O—dvtp]a gpeMk*la kzl}a
where o is the j — th column of the matrix o and F = (F1, F? ..., F").

Definition 3.4 (weak Hormander condition). We say that Hormander condition holds at
the step k in xq if:

k
span {g@(a)o) tp € U Ml} =R". (3.10)

=0
In order not to make confusion between the two definitions of Lie Bracket (2.4) and Hérmander

condition (2.5) given above, we clarify in the following Remark that the above definitions are
exactly the same.

Remark 3.5. The above definitions (3.9) and (3.10) agree with the ones we used for directional
derivatives (2.4) and (2.5). As usual in differential geometry, the vector fields are identified
with their coefficients, so, indeed, it easy to check that, if X =3 fj0:; and Y =} g;0,,, then
[X,Y] = > h;j0:;, where h = [f,g].

We state the following theorem with the notation of the monograph [4].

Theorem 3.6 (Malliavin [41]). Consider the n-dimensional diffusion process (3.1) and sup-

pose that F*, J;- € Cloj.
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i) Then for every t > 0, X; belongs to D> and
IXF Nl < crp(8)(L A+ |7 (3.11)

where B, € N and ¢y ,(t) is a constant which depends on k,p,t and on the bounds of the
derivatives of b,o up to order k.

ii) Suppose that Hormander condition (2.5) holds true. Then there exist a function Cy p(t)
and some constants ni, my € N such that the non-degeneracy condition (3.8) is satisfied.

Moreover
Crp()(1 + |z)™

tne/2

-1

I (vxz) " llp < (3.12)
The function t — Cj,(t) is increasing. In particular, the right hand side in (3.12) blows
up as t™"/% as t — 0.

iii) Suppose that the Hérmander condition (2.5) holds true and F*, (f; € Cpy. Then for every
t > 0 the law of X} is absolutely continuous with respect to the Lebesgue measure and the
transition density y — p(y,t;x,tg) is a C*° function. Moreover, if F,o are bounded, one

has
. Co(1 + |z])™ Do(t)|y — |
p(y, t;z,to) < WQXP S (3.13)
o Co(1 4 |x|)™e Do (t)|y — x|?
|Dyp(y, t;z,t0)| < (tna/|2D exp <—()’f’> (3.14)

where all above constants depend on the step for which Hérmander condition holds true and
the functions Co, Dy, Cy, Do, are increasing functions of t.

We now consider the operator .Z in (1.2), assuming that the coefficients a, b only depend on
z,y and are bounded C*°(R?) functions. We denote by

L = a(z,y)7*0u + (az(z,y)z + a(z,y) + b(z,y)) 205 + 0, (3.15)

and from (3.2) we have that £ + 0; is the infinitesimal generator of the process

dXt = /L(Xt, At)Xtdt + U(Xt, At)Xtth (3 16)
dY; = X,dt. '
with 2( ) 2( )
o(z,y o \Z,Y
a(z,y) = —5—  ba,y) + —5— +o(z,y)ou(z,y)z = plz,y).

It is simple to show that the process (Xi,Y;);>0 belongs to the space C7%(RT x R), provided
that 0, (za(x,y)) is bounded. Moreover, the operator (3.15) satisfies the Hormander Condition,
then the density p of the process (X, Y:)i>0 exists in view of i) and ii) of Theorem 3.6 and
Proposition 3.2. Point iii) of Theorem 3.6 yields the smoothness of p.

The following proposition summarizes the results about the fundamental solution of .Z we
have obtained in this Section.
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Proposition 3.7. Let a = a(z,y),b = b(z,y) € C°R"T x R), with a,b and d,(za(z,y,t))
bounded. Suppose that infa > 0. Then, there exists a smooth fundamental solution of £ .
Moreover, for every (z,y,t), (2o, v0,t0), (£,1,7) belonging to R x R? with t > T > tg, it holds
the following properties

1. Support of I':
D(z,y,t;&,n,7)=0 whenever t<Tt or y>m; (3.17)

2. Reproduction property:

F(xayat;x(]’y()vt()) = /'+ F(x7y7t;£a7777-)F(§>7777-;x07y07t0)d£d777 (318)
RTxR

3. Integrals of I':
/ L(z,y,t;:¢,n, 7)dédn = 1, / U(z,y,t;&,m,7)dzdy = C; (3.19)
Rt xR Rt xR
where C is a positive constant depending on t — 7 and C' — 1 when t — .

ProOOF. Malliavin Calculus provides us with the existence of a smooth probability density
p(x0, Yo, to; x,y,t) for the process (3.16). By setting

C(x,y, t;6,m,7) =p§,n,T —7,2,y,T — t). (3.20)

it is easy to check that (3.20) defines a smooth Fundamental solution for .Z in the sense of
the Definition 2.5. The relation (3.17) simply follows from (3.16), as the process (Xi)¢>o is
positive. The reproduction property (3.18) follows from (3.4) and (3.16). Moreover, the first
property (3.19) follow from (3.16) and by the fact that p is the transition probability density of
a Markovian process.

In order to prove the second property of (3.19), we consider the adjoint operator .£* of .Z as in
(2.9). Let rewrite .Z* in the following form

L% = a(z,y) 7?05 + (az(z,y)r+a(z,y) — b(2,y))20s — 20y+
- (b(‘rvy) - a(xvy) - xax(x,y) - bw(xyy)) + 0.

whose fundamental solution is ' (& n,1yx,y,t) with ¢ > 7.
Denote by I'*(&,n, 75z, y, t) the fundamental solution of the operator

Z* = a(, Y)220s + (az(z,y)z + a(z,y) — b(z,y)) 20y — 20y + Oy (3.21)
Note that f*(ﬁ, n,T;x,y,t) agrees with the probability density of the Stochastic Process:

{ dXt = /J,*(Xt, At)Xtdt + O'(Xt, At)Xtth, XT = f

dY; = —X,dt, Y, = .
with ) )
U x?y O- x? y *
a(z,y) = (2 ), —b(x,y) + (2 ) + o(z,y)oz (2, y)z = p*(z,y).



Therefore, it follows that:
/ T (& n, 752,y t)dody = 1 (3.22)
Rt xR

Let Cy denote the maximum of the function |b(x,y) —a(x,y) — zaz(z,y) — bx(x, y)| and consider
the following operators

21 = a(z,y)a? O + (aa(2,9)x + a(z,y) — bz, y))20; — 20, + C2 + 0, (3.23)
Ly = a(2,y) 7205 + (az(z,y)7 + a(z,y) — b(2,y)) 20y — 29y — Co + Oy (3.24)

Observe that the functions T}(&, 1, 732, y, t) = eI (&, n, 752, y, 1) and T5(E,n, 752,y 1) =
eC2(t=T) (&,m,7;2,y,t) are the fundamental solution of Zj*v = 0 and Z5v = 0, respectively.
Moreover, for every non negative function g(x,y) continuous and bounded on R* x R, if we
consider

ul(évan) :/ FT(f,n,T,x,y,t)g(x,y)dl‘dy,
RxR2

u(§,n,7) =/ (&, n, 7 2,y,t)9(z, y)dzdy,
RxR2

w(n) = [ T€ iy, 09 )dsdy,
RxR2

it holds that
L u(§,m,7) <0, Lu(é,n,7) =0, Lux,n,T)>0, (3.25)

In view of (3.25) and by using the comparison principle, we obtain:
Lin mizy,t) <TH(Em, ma,y,t) S T5(Em, 32,9, ). (3.26)

The assertion simply follows from the fact that, in view of (3.22), we have
| mim iy dady =00, [Ty iy, dady = 200,
R+ xR R+ xR
and I"(§,n, 75 2,y,t) = (2,4, 4,£,1, 7). u}

4. The Optimal Control Problem and The Lower Bound

In this section we formulate the control problem suitable to find the optimal lower bound for
the positive solutions of Zu = 0. With this aim, we recall that %y can be written in the form
(2.1), as % = X2 +Y, where X and Y are defined in (2.6).

4.1. The Pontryagin Mazximum Principle

In this section, we recall the Pontryagin Maximum Principle [56]. We will then apply it to
the optimal control problem (1.4) in Section 4.2, and it will give us optimal lower bounds for the
positive solutions of £u = 0. We use here the notations in the general setting suitable for the
study of operators . defined in (2.1) that include, as a particular case, the one studied in this
work.
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In this section the time variable ¢ in (z,¢) € RY x [0, 400) is dropped. Let then  C RY be
an open set, Fy, F1,..., Fy, : © — RY be smooth vector fields, and the final time T" be fixed. We
consider the following optimal control problem:

q = FO(Q)+ZWiFi(Q)> wi €R, / ) dt — min, ¢(0) = qo, q(T)=q1.(4.1)

For such optimal control problem, the Pontryagin Maximum Principle provides a first-order
condition for the minimizing controls w(.) and the corresponding trajectories ¢(.). We now recall
its statement in the particular case in which variables and controls belong to the Euclidean spaces
R™ R™, respectively. For a more general statement on manifolds, see e.g. [1].

Theorem 4.1 (PMP for the problem (4.1)). Consider the minimization problem (4.1), in
the class of Lipschitz continuous curves, where Fy, i = 0,...,m are smooth vector fields on RY
and the final time T is fived. Consider the map H : RN x RN x R x R™ — R defined by

H(Qa)\ap07w) = <)‘ FO+ZW1 i >+pozw (42)

If the curve q(.) : [0,T] = RN corresponding to the control w(.) : [0,T] — R™ is optimal, then
there exist a Lipschitz continuous covector A(.) : s € [0,T] + A(s) € RY and a constant py < 0
such that:

e the pair (A\(s),po) is never vanishing;

e the optimal control w(s) satisfies

H(q(s), A(s), po, w(s)) = max H(q(s), A(s), po, v);

e for a.e. s €0,T) it holds
q(s) = % (q(s), M(s), po, w(s)),
{Ms) = 200 (4(5), \(s), po, (). 3

The Hamiltonian H*(q, A, po) := max,ecrm H(q, A, po, V) is called the maximized Hamiltonian.
Solutions to the system (4.3) are called extremals. When pg = 0, they are called abnormal
extremals, while when py < 0 they are called normal extremals.

Remark 4.2. The original statement [56] of the Pontryagin Mazimum Principle provides opti-
mal controls in the space L*°([0,T],R™). Instead, we are interested in optimal controls in the
larger space L' ([0,T],R™). For this reason, we aim to apply a generalized version of the Pon-
tryagin Mazimum Principle, such as the one stated in [59, Chap. 6]. For our optimal control
problem, such generalized version has a statement completely equivalent to Theorem 4.1.
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4.2. Application of the Pontryagin Mazimum Principle to the problem (1.4)

In this section we apply the Pontryagin Maximum Principle to our problem (1.4). Note that
the terminal point of the Z-admissible path considered in (1.4) is (1,0,0), we give here the
formulation for any end-point (xg,o,t0) € RT x R2. In accordance with the notation used for
the fundamental solution of .Z, we denote the starting point of the path by (z1,y1,t1) € RT xR?,
with 1 > tg.

z(s) = w(s)x(s)
y(s) = z(s) 0<s<T, (4.4)
t(s) = -1,

(x7y7t)(0) = (xlvylvtl)v (xay7t)(T> = (*TO,yo,tO)-

We first observe that such optimal control problem is invariant on the Lie group RT x R? endowed
with the operation (1.9). We recall that optimal control problems on Lie group with invariant
vector fields satisfy useful invariance properties, that permit to have simpler solutions of the
Pontryagin Maximum Principle, eventually leading to complete synthesis for specific problems,
see e.g. [13]. In our specific problem, it is sufficient to observe the following invariance property
for the solution of (4.4). Consider a control w(-) steering (z1,y1,t1) to (zo,yo,to0) with the
trajectory (x(s),y(s),t(s)). Then the same control w(.) steers (g, 3o, to) ~to(z1,31,%1) to (1,0,0).
This can be proved by observing that the trajectory (zo,yo,t0) ! o (x(s),y(s),t(s)) is a solution
of (4.4) with the same control w(.). Since the cost depends on the control only, then the two
trajectories have the same cost, hence

(1, y1,t1520, Y0, to) = ¥ ((w0,y0,t0) ' o (x1,y1,1);1,0,0) (4.5)

As a consequence, we will now fix the final condition (xg, yo,to) = (1,0,0) in the optimal control
problem (4.4), then using the invariance property to solve it with a general initial condition.

The constraint { = —1 implies that .#-admissible paths satisfy t(s) = t; —s, hence T = t; —t,.
Then, in the sequel we drop the time variable, we set 1" := t; — tp, and we denote

t1—to
U(x1,y1,t1;5 20, Y0, to) = weLl(i[g{ . ])/0 WQ(T)dﬂ (4.6)
b1 —to

where w € L1([0,#; — to]) is such that (4.4) holds true.
For the above reasons, the optimal control problem (4.4), (4.6) now reads as follows:

t1
U(z1,y1,t1;1,0,0) = weﬁl(i[{)lt ])/0 w?(7)dr subject to constraint (4.7)
sU1

{ z(s) = w(s)x(s), z(0)=uz1, x(t1)=1,
y(s) = x(s), y(0) =y1, y(t1) =0.

To simplify the notation, in the sequel we agree to set V(z1,y1,t1) := V(z1,y1,%1;1,0,0).

We now solve such problem. As a by-product, we show that we can always steer (x1,y1) to
(z0,yo) in time T', when y; < yp. This implies that there exists a control w steering (x1,y1,1)
to y(t1 — to) = (x0, Yo, t0), as we stated in the proof of Proposition 2.12.
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We now apply the Pontryagin Maximum Principle to problem (4.7). The Hamiltonian of the
problem (4.7) is
H(:Caya )\17)\252907(*}) = >\1-TW+)\25U+pOW2a (48)

where (A1, A2) are the coordinates of the covector A.
We first remark that Problem (4.7) admits no abnormal extremals. Indeed, assume by con-
tradiction pp = 0 in (4.8). Then

H(z,y, A\, A2, p0,w) = Mzw + Xz

Recall that z > 0. Hence, the maximization of the Hamiltonian is equivalent to
OH
%(xﬂy7)‘17)‘27p07w):0 = A1(3):0, Vs € [O,tl]

Moreover, using the fact that A\ (s) = 0 for all s € [0, 1], it holds

. OH
Ai(s) = —%(x,y, A1, A2, po,w) = —A1(s)w(s) — Az(s) = 0,

hence A\a(s) = 0 for every s € [0,¢1]. We conclude that
(A1(s), A2(s),p0) = (0,0,0) for every s € [0,t1].

This is in contradiction with the fact that (A1(s), A2(s), po) is always non-vanishing.

Since no abnormal extremals occur, we choose po = —%. We then compute the optimal
control as the unique minimizer of H (1: Y, AL, Ag, — , ), that is
w(s) = Ai(s)z(s), (4.9)

and the maximized Hamiltonian is
1
H* (2,9, M1, A, po) = g Aia” + dow (4.10)

The corresponding Hamiltonian system reads as

(8) = A1( )z (s)
1
2

-

ES) = —Az( )z(s) = Aa(s)

>~

In the sequel, we choose the parameters
k:= A(t1) and c:= Aa(t1)

as the final condition for each extremal, that is uniquely determined by being the solution of
(4.11) with final condition (x, y, A1, A2)(¢t1) = (1,0, k, ¢). Note that, by the last equation in (4.11),
we have Aa(s) = ¢ for every s € [0,¢1]. Furthermore, the value of the Hamiltonian is a constant
of motion, fixed by the final data. From now on, we then fix

E = \3(s)2?(s) 4+ 2 a(s)x(s) = k? + 2c. (4.12)
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Moreover, by recalling the explicit expression for the optimal control (4.9) and § = x, we
have the following expression of the cost for extremals:

C(w(-)):/Olw(s)st:/O1/\%(s)x2(s)d5:/01(E—2cy(s))ds:Et1+2cy1. (4.13)

We now describe the explicit solutions to (4.11), as a function of the final value of the
Hamiltonian E = k% 4 2¢. For simplicity, we consider the space variable (x,%) only. We have
three cases:

1. E = 0: it holds (z(s),y(s)) = ((k(t1js)+2)27_k(Qt(lti;)SjQ);
2. E > 0: it holds

) . an(BgvE) )
el <<f<f><f>> e (B2 V) o (555 )

3. E < 0: it holds

B ~2sin (455 V=F)

(x(S)’ y(S)) - ((ﬁcos (tlgsﬁ)Jrksin (tlT_S\/j))Q’ v—E cos (tlgsﬁ)—‘rksin (tlT_S\/j) >’

where the trajectory is defined on the whole time interval s € [0,¢;] when E > —%2 only.

The three cases can be unified by using the function g defined in (1.25) and observing that

it always holds )
o) = =o (P ) - )V (4.14)

We are now ready to prove the invariance properties of W.

PROOF OF PROPOSITION 1.1. The proof of (1.15) is a direct consequence of (4.5). In order
to prove (1.16) we introduce another symmetry of the problem. Consider an extremal of (4.7)
steering (x,y) to (1,0) in time ¢, with a final covector parametrized by (k, ¢), hence with Hamil-
tonian E = k2 4+ 2¢ and cost C = ET + 2cy;. Fix now r > 0: the extremal ending to (1,0)
with final covector (rk,r?c) steers (z,%) to (1,0) in time L. Moreover, the Hamiltonian is r*E
and the cost is r C'. The proof is a direct consequence of the explicit expression of solutions of
(4.11). As a consequence, a trajectory parametrized by (k,c) steering (z,y) to (1,0) in time ¢ is
optimal if and only if the trajectory parametrized by (rk,r2c) steering (:v, %) to (1,0) in time %
is optimal too. Combining this with (4.5) we get the property

\I/(xhyhtl;w()ay()vt()) = \Il(ﬂ n-io tl - t07 17070)

o’ xo
— ly(zr 1=y t—to. -1 o h. Yo to
_T\P(xo’ rrg T ’1’0’0)_r\11<$1’r’r"ro’r’r)
This proves (1.16). O

In view of (1.15) and (1.16), with no loss of generality, from now on we consider the problem
of steering (x1,y1) to (1,0) with fixed final time ¢; = 2. First observe that, since g is a C°,
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strictly increasing function, from (4.14) we find the unique value for the prime integral E for
which it holds (x(0),y(0)) = (z1,y1), that is

It also clearly gives the basic relation ¢ = £ _2’“2, hence c is uniquely determined by k. Then,

the cost of the corresponding extremal is

C=2E+uy(E—k)=2+wy)E —yk> (4.16)

We now compute the value of k£ by imposing the initial condition on the second component only,
ie. y(0) = yp. It holds:

e for y; = —2,/x1, the unique extremal satisfying y(0) = y; has final covector k = —yly—f
2
and the optimal cost is C' = %
e for y; < —2,/x1, the unique extremal satisfying y(0) = y; has final covector
Ey? + 4z, — 2
k= —\/E( coth(\/E)) - y% = Yt 20
Y1
— — / 2
and the optimal cost is C' = o By —2m 2;2 o1t By;
e for y; > —2,/x7, the unique extremal satisfying y(0) = y; has final covector
Since —72 < E < 0, we find
fo= YEUHAn2 e 0y o g oo
Y1 ’ - ’
= _VPuitdat2 e o <E<-n%/4
Y1 ) )
and the expression of the optimal cost is
C = oBn=2m =22Vt By; e 0y < g <,
Y1 ) —_ )
O = 2PN An B e o0 g g2y
Y1 ’ ’
In conclusion, we have that the unique extremal satisfying y(0) = y; has final covector
]g:7\/]574%4"”1*2 if B> —n?/4;
y1 ’ - ’ (4.17)
Ey2+4ar +2 .
k= —12/711, if -2 < E < —m?/4,
and the optimal cost is
%y17w171+\/4xl+g*1(*2\y/12—1>y%
— , if B> —m?/4;
u = (4.18)
Ey1—x1—\/4cc1+g*1 - )y?
C=4" o SOV if —72/4 < E < —7?/4.
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We are now left to prove that, with the previous choice of k, one also has z(0) = z and z(t;) = 1.
With this goal, it is sufficient to observe the following interesting geometric feature of solutions
of (4.11): the quantity Ai(s)z(s) + A2(s)y(s) is another constant of motion for (4.11), whose
value set at s = ¢; is k. Merging this information with (4.12), we have

2cx(s) = E — (k — cy(s))?

for all points (z(s),y(s)) of the solution of (4.11). In other terms, the trajectory (z(s),y(s))
always belongs to the parabola

2(s) = —5y7(s) + ky(s) + 1.

Then, when the trajectory reaches y(0) = y1 and t; = 2, it holds

k*— E
z(0) = Ty%+ky1+1 =1, (4.19)

by plugging the explicit expression (4.17) of k.
Summing up, the optimal trajectory steering (x1,y1) to (1,0) in time ¢; = 2 is the unique
solution of (4.11) with final covector (k, kQ;E), where k and E are given by (4.17) and (4.15).
We next prove Proposition 1.4 by applying the symmetry inverse transformations (1.15) and

(1.16).

PROOF OF PROPOSITION 1.4. By (1.16) with r = “5% we find

\Il(xhylatl;x(]ay()atO) =2 v (Il 2(y1—vo) 72; 1707()) .

t1—to 20 zo(to—t1)

Moreover, the Hamiltonian of the optimal trajectory of (4.11) corresponding to the right hand

(t1—to)
4

2
side of the above equation is FE, where E is the Hamiltonian of the optimal trajectory

. . — 2 _ —
steering (z1,y1,t1) to (zo,yo,t0). From (4.15) we obtain %E =g! (%), that

gives (1.27). By using the first expression in (4.18) of the ¥ (xl 2y1—yo) ,2:1,0, O), we obtain

z0’ zo(t1—t0)

d _n
4 2 xo(to—t1) o *

2 t1—t0)?E 2y —vo) 11
‘I’(ffl,yl,h;lio,yo,to):tl_t04<( ) . (y Yo)

x| (i —10)? [ 2(y1 — o) \ 7\ 2o(ts — to)
+\/4$0+ 4 E(xo(tl—to)> ) 2(y1 — yo)’

which, recalling that yo > y1, agrees with (1.26). The proof of the second one is analogous.

In order to prove (1.28), we claim that, for every ¢ €]0, 1] there exists a positive E. such that
for every E > E. it holds

4 Yo — Y1 > 4 2< Yo — Y1 )
b2< <E< lo (420
(tl — t0)2 & (tl — to)\/wol'l (1 — 8)2(t1 — t0)2 & (tl — to)w/l'oxl ( )
where E is the function defined in (4.15). To prove the claim, we fix £ €]0, 1] and we note that

exp((1 —¢)z) < sinh(z)

< exp(z), (4.21)
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for every sufficiently large positive z. Recalling (1.27), since 0 o U — 400, we consider

t1—t0)\/ZoT1
g(r) in (1.25) with » > 0. Then, from (4.21) it follows that

exp ((1 —e)(t1 — to)\/E> < Yo — Y1 < exp ((tl — to)@) 7

2 (tl — to)\/l'ol‘l 2

for any positive E big enough. This proves (4.20). Moreover, for E big enough, we have, for
every arbitrary € > 0

dxqx0 FE
0< = <e. (4.22)
(o —91)*  sinh? ({157 \/E)
We next consider the value function ¥ as a function of % From the first expression

in (1.26) and (4.22), we obtain the following inequality

4 10g2< Yo — Y1 ) A(z1 + 0)
1 —¢)%(t1 — to) (to — t)y/Tox1 Yo — Y1

for every E > FE.. On the other hand, modifying if necessary the choice of E., we also have

4(1 — 5)2 9 Yo — Y1 4(x1 + )
V(w1,y1,t1; %0, Yo, to) = ———~ 1o — 2
=1,y vo:to) (t1 — to) (t1 — to)y/ToT1 Yo — Y1

for every E > E.. This concludes the proof of (1.28).

The proof of (1.29) is easier. It suffices to note that since, % — 0, we consider g(r)

in (1.25) with » < 0, then £ — — 47 From the second expression in (1.26) we have
(t1—to)

U(z1,y1,t1; 0, Yo, to) < (

. U(x1,y1,t1; 0, Yo, to)
1m

Feye An2 4(z14+x0)+4vV4x 120 _ 472
(t1—tg)2 Yo—Y1 (t1—to)

=1.

4.8. Lower bound in (1.3)

In this section we give the proof of the lower bound in Theorem 1.3 for a preliminary choice
of the pole zg = (z0, yo,t0) = (1,0,0). We pass to the general case at the end of Section 5. We
first prove the following

Lemma 4.3. There exists two positive constants x and o, only depending on the L> norms of
a,b, and on infa, such that
K

F(]-v _tvta 1)0)0) 2 2

for every t €0, 0/4].

o~

PRrROOF. We claim that, for every r €]0,1/2] we have

C(x,y,t;6,m,7) > Ge(x,y, 86,1, 7),

for every (x,y,t;&,n,7) € H?(1,0,0) x H(1,0,0), where G,.(x,y,t;&,n,7) is the Green function
appearing in (2.24). The proof of Lemma 4.3 then follows from Lemma 2.10.
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In order to prove our claim, we fix r €]0,1/2]. For every non-negative f € C§°(H?2(1,0,0))
and for every (z,y,t) € H?(1,0,0) we set

op(z,y,t) = / G,y €., 7) (€, 7)dE dy dr,
H,Q(l,0,0)

wp(a,y,1) = / D(a,y,t:€,0,7) £(€, 7, 7)dE dn dr.
H,Q(I,0,0)

Both vf and uys are solution of .Zu = —f in H?(1,0,0). Moreover us(z,y,t) > 0 for every
(z,y,t) € 0(H?(1,0,0)) N {t < r?}. From (2.25) and from the comparison principle we then find
ug > vy in HY(1,0,0). In other words, we have

/}IO(l 00) (F(xayvt;£>n77) - Gr(l',y,t;g”r]’ T))f(ganaT)dgdndT 2 0,

for every non-negative f € C§°(H?(1,0,0)) and for every (z,y,t) € H%(1,0,0). This proves our
claim. g

We next state and prove the main result of this section.

Proposition 4.4. Let 0 < ¢ < 1 be fived arbitrarily. There exists a positive constant c_ only
depending on the operator £, on € and on T such that for every (z,y,t) € RT x Rx]0,T] with
y < —et it holds

Cer
I (z,y,t1,0,0) > E—Q exp (—CVY(z,y + et,t — et;1,0,0)) . (4.23)

PROOF. Let ¢ €]0, 1] be fixed, by Proposition 2.13 and Lemma 4.3 we have
_4(—e)t  Y(w,y,t;1,—et,et)
02 n (1, —et,et; 1,0,0)

AT Y(z,y,t;l,—ct,et) K
h

> e Pz
=€ 4(et)?’

[(z,y,1,0,0) > e ?M "

(4.24)

for every (x,y,t) € RT x Rx]0,T] with y < —et. This proves (4.23) for (zo,yo,t0) = (1,0,0),
4T
with ¢, = 5 M 72,

5. Upper Bound and Proof of the Main Theorem

In this section we prove the upper bound in (1.3) for the fundamental solution of .£. For the
scopes of this section it is more convenient to write .# in its divergence form (2.7).

To achieve the proof of Proposition 5.1, we need to introduce some preliminary results on
non-negative weak solutions u to Zu = 0 in R x Rx]Ty, T1[ and on non-negative weak solutions
u to its formal adjoint Z*u = 0 in RT x Rx|Ty, T1[. For this reason, we consider operators with
a zero order term, namely

Au(z,y,t) = —X*(aXu) + (b— a)Xu+ cu+ Yu. (5.1)
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Clearly, .Z is the particular case of £ that we obtain with ¢ = 0. With the the same notation,
its formal adjoint .Z}" is

Lu(z,y,t) = =X (aXu) — X*((b—a)u) + cu — Yu. (5.2)
In the sequel we rely on the following assumption
a,b, c,0z(za),0z(xb) are bounded and measurable functions. (5.3)

Note that the same condition holds for .Z}". The existence of a fundamental solution for . is
guaranteed if we also suppose that the coefficients a, b, ¢ are smooth.
The main result of this section is the following

Proposition 5.1 (Upper Bound). Let Ty, Ty be fized and consider the set RT x Rx|Ty, Ty
Let £ be the operator in (5.1), and I'(z,y,t;1,0,0) be its fundamental solution. Denote by My
the L>®-norm of a(x,y,t) and T = Ty — Ty. Then, for every positive e, there exists a positive
constant CZ, depending on the vector fields X,Y, on e, T and on the L>®-norm of a(x,y,t) such

that
+

C
D(z,y,£:1,0,0) < =5 exp (— g5 (e, y — = +£1,0,0)) (5.4)
for every (x,y,t) € Rt x] — 0o, 0[x]0, T.

The proof of Theorem 5.1 is based on a local L* a priori estimate for solution of Zju = 0. In
order to state precisely this estimate, we recall some notation. For every (zq,yo,%o) € RT x R?
and r €]0, 1] we consider the set H,(zg, yo,to) introduced in (2.11).

Proposition 5.2. Let (x9,%0,t0) be any point of RT x R2, and let r,p with 0 < r/2 < p <
r < 1. Let u be a non-negative weak solution of Lu(zx,y,t) = 0 in H,.(xo,yo,to) and let
u < L2(Hr(x0,y(),t0)). Then

sup  uP < 06/ uP, (5.5)
Hp(x0,y0,t0) (r =) JH, (z0.0.t0)

where the constant ¢ > 0 depends only on 1, p and on the L*° norm of a,b, c.

The proof of Proposition 5.2 relies on the analogous result proven in [18, Theorem 1.4] for
the Kolmogorov equation with bounded coeflicients. For the sake of simplicity we recall here its
statement for a particular operator strongly related to 3. For every (zg,yo,t0) and r > 0 we
denote

H,(x0,y0,t0) := {(»T,y,t) ER® | |z —zo| <7, |y —yo+xolt—to)| <73, —r? <t—tp< 0}.

Let Q be an open subset of R3, (z,y,t) € Q and consider v(x,y,t) a positive weak solution in
of the following equation

B (@(,y,t)0xv) + b(x, y, £)Dyv + x0yv + ¢c(z,y,t)v — O = 0. (5.6)
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Assume that a, b and ¢ are measurable bounded continuous functions such that infq a(x,y,t) > 0.
Let (xo,y0,t0) € 2 and p,r such that 0 < r/2 < p <r <1 and H.(x0,y0,t0) € Q. Then, there
exists a positive constant ¢ depending on the L norm of a, b, ¢ and on p such that

sup P < ¢ 5 /V vP. (5.7)
Hpy(x0,90,t0) (7’ N 'O)

Hy(x0,y0,t0)

for every u € LP(H,(xo, Yo, t0))-

PROOF OF PROPOSITION 5.2. We first note that .Zju = 0 reads as follows
Or(x2a(,y, t)0u) + (b(z,y,t) — a(z,y,t))x0pu + c(x,y, t)u + xdyu — du =0 (5.8)

so that it has the form (5.6). Even if coefficents of ., are unbounded and infg g2 22a = 0,
estimate (5.7) holds on compact cylinders contained in R* x R?. However, we need to show that
the constant ¢ in (5.5) does not depend on (zg, yo, to) and 7.

We first fix (xo,y0,t0) = (1,0,0), so that the cylinders H,(1,0,0) and ITIT(l,O,O) coincide.
We modify the functions a(z,y,t), b(x,y,t) and c¢(z,y,t) as we have done in Section 2

a(l',y,t) - g02(w)a(x,y,t), g(xay7t) - (P(x)a)(xayat) - a(x,y,t)), E(UC,yat) = (p(:r)c(:r,y,t)

where ¢ (z) is the function defined in (2.18). Then the functions @, b and ¢ are uniformly bounded,
inf @ is strictly positive and (5.7) implies (5.5) if (xo, yo,t0) = (1,0,0).

For a general (zg,yo, %), we consider the function w(x,y,t) := u((:vo,yo,to) o (w,y,t)) and
we conclude the proof by the argument used in the proof of Proposition 2.8. O

We next introduce a result that, combined with Proposition 5.2, provides us with the asymp-
totic upper bound of the fundamental solution of .Z;. We first introduce a suitable cut-off
function. Let choose R > 1 and consider the following function

XR(xu y) = gR(ﬂf)hR(y), (I‘,y) € R* x R, (59)
where
— o (log?(@)+1 .
- an(@) = o (5 )
- (s) is a continuous function such that p(s) =1 if s € [0,1/2] and ¢(s) =0 if s € [1, +o0[;
- h(y) is a continuous function such that

(y) =1ify € [-R, R];

() = 0t y €] — o0, ~R2 U [R2, 1o

e h(y) is a C? spline function with derivative bounded by ﬁ, if y € [-R? —R]U
R, R2].

e h(y)
e h(y)

We first observe that gr(z) # 0 only if € [1/R, R] and

2
|20y xr(@, ) < 2lgr(@)|Oyhr(y)| < T—,
2log(x)
z(log?(R) + 1)

2log(x)

< "N 7 ooy ——e—l
< |l¢'l| oo () G0 (B) + 1)

|20xxr(2, )| < |hr@W)I¢]| Lo ®)
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Therefore

log R

X <(C—po—
Xxel < log? R +1

—0 as R— 400
2
Yxr| < ’xayXR‘ < o1 —0 as R — +oo0.

Now we are ready to state the following

Proposition 5.3. Let u € L? (R+ X R2) be a weak solution of Liu = 0, and let ¥ be the
value function of the control problem (4.6). Then there exist two positive constants m, My only
depending on the L norm of a, b, ¢, x0,a, x0.b, such that

_ Y(zy,y1,85m,y,t1) ¢ _ Y(z1,Y1,85%,Y,t0) ¢
/ € My " 1U2(5L‘,y,t1)dl‘ dy < / € My " 0u2($,y,t0)d{l/‘ dy7
R+ xR

R+ xR
(5.10)
for every to, t1 with to < t1, and (x1,y1,8) € RT x Rx]ty, +00].

PROOF. Fix (x1,y1,t1) € RT x R?, and ¢y < t1, and recall that, for any (zg, 50, to) € R3, in view
of (4.6) the function (z,y,t) — ¥(xzo, yo, to; x,y, t) is a classical solution of the Hamilton-Jacobi-
Bellman equation (see [6])

1
YU+ Z(X\I/)2 = 0.
We set v(x,y,t) := ﬁ\ll(xo,yo,tg;x, y,t) where M is the L>-norm of a. Then v satisfies
Yo+ 4M;(Xv)? = 0. (5.11)

We prove (5.10) by showing that

d
lim —xReTHTM2 <0, (5.12)
R=r+o0 JR+ xRx[to,t1] dt

where ypg is the cut-off function introduced above and the constant m will be specified in the
sequel. Let u be a positive solution of .} in the domain R x R X [to, 1]. We note that

/ 20y (xFe 2 ™u?) =0
R+ xRx[to,t1]

since the function yg(x,y) has compact support in Rt x R. Therefore we obtain

d
/ 7X%%672v7mtu2 — _/ Y(X%%ef2vfmtu2) —
R"'XRX[to,h] dt R+ xRx[to,t1]

= / e~ Zvmmity2 (—Y(X%{) +2x%EY v — mx%%) — 2/ Xhe 2 Tmhy Yy,
R+><]R><[to,t1] R+ xR X [to,t1]
(5.13)

38



We first focus on the last term of (5.13). By using the fact that u is weak solution of Zju =0
one gets

A= —2/ XHe 2Ty Y u = —2/ aX (xge ") Xu+
R+><]R><[to,t1] R+ xR X [to,t1]

2/ (xhe 2" u) (b — a)Xu + 2/ exhe My = Ay 4+ Ay + As.
R"'XRX[to,tﬂ R+ xR X [to,t1]

(5.14)

Consider the first term in (5.14) and compute the derivatives

A = —2/ aX(X%e*%*mtu)Xu = —4/ axre 2 "™MuXuX xp+
R"'XRX[to,tﬂ R+ xRx[to,t1]

4/ axhe 2Ty XuXv — 2/ axke 2" (Xu)? =: By + By + Bs.
R+ xRx[to,t1] R+ xRx[to,t1]
(5.15)

By using Young inequality, it follows
B, = —4/ axre 2 ™MuXuXxg < 4/ axre 2™ | Xu| |uX xr| <
R+ xR X [to,t1] R"'XRX[to,tﬂ

/ axgme 2Tm (X u)? + 4/ ae” 2" My2(Xxg)? =: C1 + Cy, (5.16)
R+ xR X [to,t1] R+ xRx[to,t1]

Merging the inequalities (5.15) and (5.16), since B3 = —2C', we conclude
A= —/ axhe 2T (Xu)? + By 4 Cy <
R+ XRX[to,tﬂ

4/ axhe 2 T2 (X v)? 4 Cy < 4M; / XReT2 T2 (Xv)2 + Cy. (5.17)
R+XRX[t0,t1] R+XRX[t0,t1]

Now consider the second term in (5.14). Start from integration by parts formula

Ay = 2/ uX* ((b—a)(xpe 2"""u)) .
R+ xR X [to,t1]
Reminding that X* = —X — 1, similarly to (5.15), (5.16) and (5.17) we have

As < —/ (b—a)xhe 2"my2 4 4M1/ XEhe 2 T2 (X )2+
R+ xRx[to,t1] R+ XxXRx[to,t1]

1
/ (b _ G)QX%e—Qv—thQ +/ X(X%{)e—Qv—thQ_i_
AMi Jr+xRxto,t1] R+ xR x [to,t1]

/ X(b—a)xhe 2 mhy? < 4M, / Xghe 2Ty (X )2+
R+ xXRx[to,t1] R+ XxXRx[to,t1]

3
/ X(X%{)e_%_mtuQ + -m Xghe 2Ty 2, (5.18)
R+XRX[t0,t1] 4 R+><R><[t()7t1]
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by setting

m := 4 max {ﬁ“(b — a)|| oo+ xRx[to11]) 1K (b= @)l Loo R+ xR [t0,11])
2|lell Loo R+ xR x[to,t1])> 1B — @ll oo+ xRx[to,tl])}- (5.19)
Going back to (5.14), combining (5.17), (5.18) and

1
A3 < m X%B—Qv—thQ

Rt xRx [t(),tl]

)

we have

A< [

X%e_Qv_thQ(XU)Q + 4/ ae—2v—mtu2(XXR)2_|_
RJVXRX[t(),tﬂ

Rt xRx [to,tl]

/ X(X%)e_%_mtu2 +m X%e_%_mtug. (5.20)
R"LXRX[to,tﬂ R+XRX[t0,t1]

Merging (5.20) with (5.14) ad (5.13) we conclude that

d
/ —xReT T2 < 2/ (XQRe_Qv_thQ) [Yv+4M; (Xv)2]—|—
R+ xRx[to,t1] A R+ xR x [to,t1]

/ (e—Qv—thQ) ( _ Y(X%%) + 4a(XXR)2 + X(X%z))-
R+ xRx[to,t1]

The first integral is zero since v satisfies the Hamilton-Jacobi-Bellman equation (5.11), and (5.10)
simply follows by letting R — +oc. O

The next Lemma is crucial to prove Theorem 5.1.

Lemma 5.4. Let ¢ be a fixed positive constants. Then there exists a constant c. > 0, only
depending on £ and € such that

u?(1,0,t/2) §ce/ e*ﬁw(lv*&%“vf’””)u2(§,77,o)dgdn (5.21)
Rt xR

for every non-negative weak solution u of LAu =0 in RT x Rx]Ty, T1].

PROOF. Let € > 0 be fixed and let  €]0, 1] be such that r® < ¢. By Proposition 5.2, with p = 2,
we have
c

2(1 0,¢/2) < s 2(¢ )</ 2(¢ Vdednd (5.22)
u-\L,Y, > up u (&, n,7) < 5 W&, T ndr .

H,j/g(LO,t/Q) (T 2) HT(LO’t/Q)
for every t €|Tp, T1[. Multiply and divide the integrand of the above inequality by the quantity

1
em‘l’(l,—€7%+€;§1nv7—)+m7—. (523)

40



Note that, as 73 < ¢, the function (&,7,7) — \11(1, —€, % + 5;5,7],7') is well defined, continuous
and bounded in the set Hr/z(l, 0,75/2).

Therefore, we denote by C. the maximum of the function in (5.23) in the set HT/Q(l, 0, t/2)7
which is uniform with respect to t €|Ty, T1[. We then find

- —e,=+€; T)—mT
o, (1042) e ) e, ryaganar
r t

C

(r/2)8

c e / Leesg ) 2 ¢ ) dednd
725 Jae Jprn© S LTS EET

(by Proposition 5.3, with tg = 0 and t; = 7)

u?(1,0,t/2) <

IN

c v / L-et4e€n0) 2
< 2 (€, m, 0)dEdn
W2 e s &m0
c v(1,-} +e£n0) 2
< . C. ¢~ 2 ,m,0)dEdn.
< G720 . (& n,0)dsdn

which gives (5.21) by setting ¢, := - Ce. O

Pk
We finally introduce a last result we need to prove Proposition 5.1. The following Proposition

is a direct consequence of Proposition 5.2 and involves the fundamental solution I of .Z.

Proposition 5.5. Let ' be a fundamental solution of £ and fix (z,y,t), (20,0, t0) in RT x R?

with y < yo and Ty <ty <t <Ty. DefineT =Ty —Ty. Then, there exist a positive constant Cp
depending on the operator £ and on T such that the following upper bounds hold for T’

i) F(xay,t§$07y0,t0) S (75_075(;)2 ;

i) ot D@y, & 20, Yo, to)dzodyo < (t_c—g;)z;
PROOF. We only prove i), since ii) is its direct consequence reminding that

/ I'(z,y,t; w0, Yo, to)dzodyo = 1.
Rt xR
We first fix 0 <t —t9 < 1 and, by using Proposition 5.2, we have

F(xayat;x07y07t0) < sup F('v"';anyO’tO)

Hm/z(zfy’t)
C
= 75755/ L'(&,n,7; %o, Yo, to)dEdndr
( n 0) Hm(xvyvt)

c [ o
= (75—750)3/t - )dT/RerRr(ﬁﬂ%T;xo,yoio)déd??= iy 020
—\t—to
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since [pi . g T'(&, 1, T3 0, Yo, to)dédn is finite in view of (3.19). If t —to > 1 we set v = =20 < 1,
and starting from the reproduction property we have

F(IE, Y, t7 Zo, Yo, tO) = / F(IL', Y, ta 5’ 7, 750 + I/)F(&, m, tO + V5 Zo, Yo, to)dfdﬁ

Rt xR
Cr / Cr
< — r x,y,t:8,m,to + v d&dn <
(t —t0)* Jr+xr (@9, o + v)deidn (t —t0)?
by (5.24) where Cr = C'T? and Sz wm Dz y, t:€,m, t0 + v)dEdn = 1. O

We are now ready to prove the main proposition of this Section.

PROOF OF PROPOSITION 5.1. Let ¢ > 0 be fixed and let I'(x,y,t;1,0,0) be the fundamental
solution of % and (z,y,t) € R x| — oo, 0[x]|Tp, T1[. We define

Dy = {(&n) eRY xR | U(z,y —e,t+¢/2,6,n,t/2) < U(E,n,t/2;1,0,—¢/2)},
Dy = {(&n) eRY xR™|U(z,y —e,t +¢/2,&n,t/2) > V(E,n,t/2;1,0,—¢/2)},

Starting from the reproduction property of I'

T2y, 41,0,0) = / e, t,y: €0, t/2)T(E, m, £/2, 1,0, 0)dédy
R+t xR~

_ / T, by €, t/2)0(E,m, £/2, 1,0, 0)dEdn-+
Dy

Do

D=

1
C 1
< TQT </D1 F2(§,n,t/2,1,0,0)d§dn> ? + </D2 F2(x,y,t;§,n,t/2)d§dn>

where T' = T1 — Tp and the last inequality follows from Holder inequality and (5.24).
We now introduce the sets

51 = {(577}) € R+ X IR_| ‘lj(l‘,y—é,t—f—&‘/Q,]_,O, _6/2) < 2‘1’(@77775/271707 _5/2)}7
Dy = {(&n) €RY xR™| U(x,y —&,t +¢/2,1,0,—¢/2) < 2U(z,y —&,t +£/2;€,m,1/2)},

and we note that Dy C 51 and Dy C 132 as a consequence of the triangular inequality of the
value function:

‘I/($0,y07t0§97;y7t) < \I/(x()vyOatO;gﬂ?aT) + \IJ(§7an;x7y7t)

for arbitrary points (zo, yo, to), (§,7,7), (z,y,t) belonging to RT x Rx]Ty, T1[ with y > n > yo
and Tp <t <7 <ty <Ti. Hence

[N

1
2
[(z,y,t1,0,0) < % </5 FQ(E,n,t/Q,l,O,O)dﬁdn> + (ﬁ FQ(w,y,t;é,n,t/Q)dfdn>
1

Do

We now claim that:
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_1 _ 10
/~ T2(&,,4/2,1,0,0)dédn < c.e” oM W (Hymebte/21.0.7¢/2) (5.25)
Dy

_1 _ 10
ﬁ Fz(x’ Y.t €, t/Q)dédn < coe 16My U(x,y—e,t+e/2;1,0,—¢/2) (5.26)
Dy

where ¢ is a positive constant depending on £ and . We first prove (5.26) and we define the
functions

v(z,w,s) = /~ D(z,w, 88, n,t/2)0(x,y,t;€,n,t/2)dEdn,  u(z,w,s) =v((x,y,t/2) o (z,w,s))
Do

We further note that the functions u and v satisfy the following properties:
i) v(z,w,s) is a solution of A v(z,w,s) =0 in RT x R x [t/2,T1[. Then u(z,w,s) is a solution
of LA .u(z,w,s) =0 in RT x Rx]0,Ti[ where z = (z,y,t/2) and
Lu(zow,s) = 20.(a(wz,y+ 2w, t/2 + 5)20.u) + 2b(zz,y + 3w, /2 + 5)0.u +
+20pu + c(zz,y + 2w, t/2 + s)u — dyu. (5.27)

ii) the function v satisfies the initial condition v(z,w,¢/2) =T'(2,y,t; z,w,t/2)15 (2, w);
iii) it holds w(1,0,¢/2) = f[~)2 [2(x,y,t;€,m,t/2)dEdn.

where 1 52(z,w) denotes the characteristic function of the set Ds. In virtue of Lemma 5.4 we
have

1 _. L
u2(1,0,t/2) < CE/ e_SMl\IJ(l’ E’24_6/2"2’11]’0)u2(z,w,0)61l2dw
R+ xR

By observing that \Il(l, —5,% + 5/2,z,w,0) = \II(:zr,y —et+¢e/2;x,y,t/2) o (z,w,O)), by the
change of variable (§,7,t/2) = (z,y,t/2) o (z,w,0) and by properties ii) and iii), we get

2
(/~ F2(x,y,t;§,n,t/2)d§dn) =u?(1,0,t/2)
Do

R _ .
<e ﬂ ¢ s Ve ) P2 e oy dedn
D

We finally obtain (5.26) by recalling the definition of Dy

2 1
( /D P2<x,y,t;5,n,t/2>d£dn) < coo o ¥ (Pymette2102/2) / T2 (2,y,t;€,n,t/2)dédn
2

Do

and the result immediately follows by dividing by [’ By [%(z,y,t;€,n,t/2)dédn and by recalling
that \I/(a:, y—e,t+¢/2,1,0, —5/2) = \I/(ac,y —e,t+¢,1,0,0)
The proof of inequality (5.25) is analogous to (5.26). Indeed, consider the function

UQ(Z) w, 8) = /~ ]-_‘(5) m, t/27 Z, W, S)F(g) mn, t/27 17 07 O)dé‘dnv
Dy
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which is a non-negative solution to .Z;"vy = 0 with final data ve(z,w,t/2) = I'(z,w,t/2;1,0,0)
if (z,w) € Dy and vy(z,w,t/2) = 0 if (z,w) ¢ D;. Notice that the coefficients of 2 satisfy the
same assumptions (1.17) and (5.3) made on %}, then all the properties shown for the function
(x,y,t) — D(x,y,t;&,n,7) and used to prove (5.26), also hold for (x,y,t) — T'(&,n,7;2,y,t)
(which is the fundamental solution of Zj*u = 0) and they can be used to prove (5.25). This
proves the claim. O

We are now ready to prove the main result of our article.

PROOF OF THEOREM 1.3. Let I'(z,y,t; zo, Yo, to) denote the fundamental solution of % in (1.2)
and (z,y,t), (zo,%0,t0) in RT x R x [0,T] with y < yo and ¢ > to. If (z0,y0,t0) = (1,0,0), the
lower bound of I" follows from Proposition 4.4, whereas the upper bound follows from Proposition
5.1. For a general choice of zy = (g, yo, to) it suffices to note that the function

on(xayvt; 17070) = x(Q)F(($0a y07t0) © (.Z', yat)a x07y0>t0) (528)

is the fundamental solution of the operator .Z,, defined in (1.18), with singularity at (1,0,0).
As noticed in Remark 1.2, it satisfies assumptions (1.17) with the same constants \ used for %,
then (4.23) and (5.4) applies to I';,. If one consider the lower estimates, we find

Cer _
F((l‘o,yo,to) o (xﬂ yvt)a x07y07t0) > 33'627252 exXp (_C \IJ(ZL‘, Y, 1, _5t75t)) )
0

that can be written equivalently as follows
Cer _ _
F((‘,I:7 Y, ta 20, Y0, tO) Z m €xXp (_C \I’((flfo, Yo, tO) ! © (JI, Y, t)7 17 —€(t - tO)? €(t - to))) .
2(t —

The conclusion follows by applying the invariance property (4.5) of W:

\IJ((J,‘Ov Yo, tO)*lo(l', Y, t); 1, —E(t — to), €(t — to)) \I’(x, Y, t; (l‘o, Yo, to)O(l, —E(t — t0)7 E(t — t())))
(z,y,t; 20,50 — €(t — to)xo, to + €(t — to))

(z,y 4+ e(t — to)wo, t — e(t — to); zo, Yo, to)-

Y
Y

The proof of the upper bound is analogous. O
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