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We consider a Dirichlet problem for the Poisson equation in an unbounded periodically perforated domain.
The domain has a periodic structure, and the size of each cell is determined by a positive parameter §, and the
level of anisotropy of the cell is determined by a diagonal matrix « with positive diagonal entries. The relative
size of each periodic perforation is instead determined by a positive parameter €. For a given value 7 of -, we
analyze the behavior of the unique solution of the problem as (e, d,v) tends to (0, 0,7) by an approach which
is alternative to that of asymptotic expansions and of classical homogenization theory.
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1 Introduction

In this paper, we consider a Dirichlet problem for the Poisson equation in a periodically perforated domain with
small holes. We fix once for all

nEN\{051}7 and (Q1la"'7Q1’Ln) 6]07 +oo[n7
and we introduce a periodicity cell
Q =107_,]0, gj5[ -

Then we denote by ¢ the diagonal matrix

1 0 ... 0
= 0 g2 ... 0
0 0 ... qun

and by m,,(Q) the n dimensional measure of the fundamental cell Q. Clearly, ¢Z" = {qz : z € Z"} is the set
of vertices of a periodic subdivision of R™ corresponding to the fundamental cell ).
Then we consider m € N\ {0} and « €]0, 1] and a subset {2 of R™ satisfying the following assumption.

Let 2 be a bounded open connected subset of R™ of class C""“. D
Let R™ \ cI2 be connected. Let 0 € Q).

Next we fix p € Q). Then there exists ¢y €]0, +oo[ such that
p+eclQ) CQ Ve €] — €, €o] 2)
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2 M. Lanza de Cristoforis and P. Musolino: Two-parameter anisotropic homogenization

where cl denotes the closure. To shorten our notation, we set
Qpe=p+efd Ve € R.

Then we introduce the periodic domains

S = | (@z+ %), S[Qd” =R\ dS[Q,d],
ZEL™

forall € €]—eg, €o[. Then a function u from cIS[2,, (] or from cIS[Q,, ]~ to C is g-periodic if u(z+qnnen) = u(z)
for all z in the domain of w and for all h € {1,...,n}. Here {e;,..., e, } denotes the canonical basis of R".

Next we introduce a two-parameter anisotropic version of the periodic domain S[€2, .]~. To do so, we intro-
duce an anisotropic dilation in the form of a diagonal matrix. Let D,,(R) denote the space of n x n diagonal
matrices with real entries. Let D} (R) be the set of elements of D,,(R) with diagonal entries in ]0, +oco[. Then
we set

S(e, 6,7)” = 0yS[Qp.e] ™ Y(e, 8,7) €]0,€0[x]0, +oo[xD; (R) .

The parameter 0 determines the size of the periodic cells of S(e,d,y)~, while the matrix 7 determines the
anisotropy. In particular, if v equals a positive multiple of the identity matrix I, then we have isotropic ho-
mogenization.

Next we turn to introduce the data of our problem. Let

f be a ¢ — periodic real analytic function from R™ to R such that / fdx=0. 3)
Jq

Then we assign a function g in the Schauder class C"™%(0f2), and we consider the Dirichlet problem

Au(z) = f(0~ 1y ') Va € S(e, 8,7) ",
u is dyq — periodic in S(e, §,v) ", (4)
u(r) = g0~y e (x — dyp)) Vo € 5v0Q,..

If (e,8,7) €]0,€0[x]0, +oo[xD; (R) and if f and g are as above, then it is well known that there exists a unique
solution

’U,(€, 67 v, ) S Cm,a (018(67 6’ ,Y)_) .

Now let ¥ € D;f (R). The goal of this paper is to investigate the behavior of u(e, d,~, -) and of the energy integral
Enle, d,v] = / |Dyu(e, 8,7, x)|? dz
QNS(e,0,7)~

of the solution in the cell Q as (¢, d,) tends to (0, 0,4). In particular, we pose the following questions.

(j) What can we say on the function (e,d,v) — u(e,d,7,-) as (e,4,7) degenerates to the triple (0,0,7) in
10, €0[x]0, +oo[xD;" (R)?

(ij) What can we say on the function (e, 4,7v) — Enle, §,7] as (e, 9, ) degenerates to the triple (0,0,%) in
10, €9[x]0, +oo[x D (R)?

The asymptotic behavior of solutions of problems in periodically perforated domains has long been investigated
in the frame of Homogenization Theory. It is perhaps difficult to provide a complete list of contributions, and
here we mention, e.g., Ansini and Braides [?], Cioranescu and Murat [?, ?], Conca, Gémez, Lobo and Pérez [?].
We also mention Marc¢enko and Khruslov [?], and Maz’ya and Movchan [?], where the assumption of periodicity
of the array of inclusions has been released.

More generally, problems in singularly perturbed domains have been largely studied with the methods of
Asymptotic Analysis and of Calculus of Variations. Here, we mention, e.g., Ammari and Kang [?, Ch. 5],
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Bonnaillie-Noé&l, Dambrine, Tordeux, and Vial [?], Dal Maso and Murat [?], Kozlov, Maz’ya, and Movchan [?],
Maz’ya, Movchan, and Nieves [?], Maz’ya, Nazarov, and Plamenewskij [?, ?], Nazarov and Sokotowski [?],
Ozawa [?], Ward and Keller [?].

We also observe that boundary value problems in domains with periodic inclusions can be analyzed, at least
for the two dimensional case, with the method of functional equations. Here we mention, e.g., Castro, Kapanadze,
and Pesetskaya [?, ?], Castro, Pesetskaya, and Rogosin [?], Drygas and Mityushev [?], Mityushev and Adler [?],
Rogosin, Dubatovskaya, and Pesetskaya [?].

Problems of this type are relevant in the applications. For example, Ammari, Garnier, Giovangigli, Jing,
Seo [?] consider transmission problems to study the effective admittivity of cell suspensions. In particular,
they use homogenization techniques with asymptotic expansions to derive a homogenized problem and prove
two-scale convergence. Moreover, they exploit layer potential techniques to expand the effective admittivity in
terms of cell volume fraction for dilute cell suspensions. Analogous techniques have been exploited by Ammari,
Giovangigli, Kwon, Seo, and Wintz [?] in order to provide a mathematical scheme which allows to determine
microscopic properties of cell cultures from spectral measurements of the effective conductivity.

Here instead, we wish to represent the functions in (j), (jj) in terms of real analytic maps of (¢, d,~y) and in
terms of possibly singular at e = 0, 6 = 0, but known functions of ¢, §.

This paper is a first step in the analysis of multi-parameter homogenization problems by exploiting a point of
view which has already been developed for singular perturbation problems in domains with small periodic holes
(cf. e.g.,[2,2,2,?].) In the frame of linearized elastostatics and of the Stokes equations, we mention [?,?] and [?],
and for periodic problems we refer to [?,?,?].

Our approach is based on potential theory and, more precisely, on periodic layer potentials built by replacing
the fundamental solution of the Laplace operator by a ~yg-periodic analog of the fundamental solution, i.e., a
~g-periodic locally integrable function S, such that

1

zZEZL™

in the sense of distributions in R™, where 5’7(12 denotes the Dirac measure with mass in ygz. As is well known,
such a yg-periodic analog of the fundamental solution exists and is determined up to an additive constant (cf. e.g.,
Ammari and Kang [?, p. 53], [?, §3].) The distribution S, is determined up to an additive constant, and we
take

1 -
Spgml(@) == 3 —LCTRSE
sermqoy Mm@ (va) 2]

in the sense of distributions in R™ (cf. e.g., Ammari and Kang [?, p. 53], [?, §3].)

Thus, if we want to investigate the dependence of (e, d,, ) upon (¢, d,y) by a potential theoretic approach,
we also need to know the regularity properties of the family {S,q .} €D (R) of yg-periodic analogs of the fun-
damental solution of the Laplace operator upon ~. By [?], we know that

the family {S+q.n} +eDE (R) of yg-periodic analogs of the fundamental solution is such

that the map from D} (R) x (R™ \ ¢Z") to R which takes (7, ) t0 Syq.n(77) is 5)
real analytic.

We note that in case n = 2 the existence of a family of periodic analogs of a fundamental solution for which
the analyticity property of (??) holds can also be deduced by constructive formulas in terms of special functions
as those of Lin and Wang [?], of Mamode [?], and of Mityushev and Adler [?]. For related results, see also [?],
whose techniques are completely different from those of [?,?,?].

Finally, we observe that in case we fix v € D} (R) and we are interested in studying the dependence of the
solution of problem (??) only on € and J, then the proofs of the present paper notably simplify (see [?].)
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4 M. Lanza de Cristoforis and P. Musolino: Two-parameter anisotropic homogenization

2 Preliminaries and notation

We denote the norm on a normed space & by || - || x. Let X and ) be normed spaces. We endow the space X' x )
with the norm defined by ||(z,y)||xxy = ||z|lx + |ly]|y for all (z,y) € X x ), while we use the Euclidean
norm for R™. For standard definitions of Calculus in normed spaces, we refer to Deimling [?]. The symbol N
denotes the set of natural numbers including 0. Let A be a matrix. Then A;; denotes the (¢, j)-entry of A and A
denotes the transpose matrix of A. If A is invertible, A~1 denotes the inverse matrix of A. Let D C R™. Then
clD denotes the closure of D and D denotes the boundary of ID. We also set

D™ =R"\ clD.

For all R > 0, x € R", x; denotes the j-th coordinate of x, || denotes the Euclidean modulus of z in R™, and

B, (x, R) denotes the ball {y € R™ : |x — y| < R}. Let Q be an open subset of R”. The space of m times

continuously differentiable real-valued functions on €2 is denoted by C™ (2, R), or more simply by C"(2).
Letr € N\ {0}. Let f € (C™(Q))". The s-th component of f is denoted fs, and D f denotes the Jacobian

matrix (afs) . Letn = (m,..-,mn) € N |n[ = m1 + -+ + n,. Then D" f denotes oy

oz, ) s=1,...,r, 93171...8:102” :

1=1,....,n
The subspace of C"™ () of those functions f whose derivatives D" f of order |n| < m can be extended with
continuity to clf? is denoted C"*(clf2). The subspace of C"(cl{2) whose functions have m-th order derivatives
that are Holder continuous with exponent o €]0, 1] is denoted C™*(cl{?) (cf. e.g., Gilbarg and Trudinger [?].)
The subspace of C™(clQ2) of those functions f such that ficiong,0,r) € C"™“(cl(2 N B, (0, R))) for all
R €]0, +o0[ is denoted C|2* (c12). If D C R”, we set C"™*(cIQ, D) = {f € (C™*(cl))" : f(clQ) C D}.

We say that a bounded open subset 2 of R™ is of class C" or of class C"?, if cl{2 is a manifold with boundary
imbedded in R™ of class C"* or C"™%, respectively (cf. e.g., Gilbarg and Trudinger [?, §6.2].) We denote by vq
the outward unit normal to 0f2, where it exists. For standard properties of functions in Schauder spaces, we refer
the reader to Gilbarg and Trudinger [?] (see also [?, §2, Lem. 3.1, 4.26, Thm. 4.28], [?, §2].)

If M is a manifold imbedded in R™ of class C™ %, with m > 1, « €]0, 1], one can define the Schauder spaces
also on M by exploiting the local parametrizations. In particular, one can consider the space C*:*(9) on 952
for 0 < k < m with Q a bounded open set of class C"™ %, and the trace operator from C*<(clQ2) to C*<(9) is
linear and continuous. We denote by do the area element of a manifold imbedded in R™. We retain the standard
notation for the Lebesgue space LP (M) of p-summable functions. Also, if X is a vector subspace of L' (M), we
find convenient to set

XOE{fGX: de':O}.
M

We note that throughout the paper ‘analytic’ means always ‘real analytic’. For the definition and properties of
analytic operators, we refer to Deimling [?, §15].

Wesetd;; =1ifi=j,0;; =0if ¢ # jforalli,j=1,...,n.

If Q is an arbitrary open subset of R™, k € N, 5 €]0, 1], we set

CF(cIQ) = {u € C*(cl) : DY is bounded Vy € N" such that |y| < k},

and we endow CF(clQ) with its usual norm

llull o i) = > sup [DVu(x)]  Vu € CF(clQ).
[vI<k zEClQ

Then we set
C’,’f’ﬁ(le) = {u € C*P(cl) : DYu is bounded Vy € N" such that |y| < k},

and we endow Cl’f (1) with its usual norm

[ell oo e10) = Z sup. | D u(x)] + Z [DYu:dQs  Vue CpP(eR),
lyl<k &€ y|=k
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where [D7u : cl2|g denotes the 5-Holder constant of DV u.
Next, we turn to introduce the Roumieu classes. For all bounded open subsets (2 of R™ and p > 0, we set

Cg7p(le) = {u e C*®(clQ) : sup ||D ul|coan)y < —|—oo}

\5I'

and

18]
lulles oy = sup Pz llDPullcoay  Yu € €Y (cl0),
P BENn |5| ’

where |3| = 81 + -+ + B, forall 8 = (B1,...,5,) € N". The Roumieu class (ngp(le), Il - ||Co cm))

well-known to be a Banach space.
Next we turn to periodic domains. If €2 is an arbitrary subset of R™ such that cl2 C @), then we set

Sl = |J (ez+Q) =qz"+Q,  S[Q" =R"\dS[Q)].

If 2 is an open subset of R™ such that cI2 C @ and if k € N, § €]0, 1], then we set
CF(cIS[Q]) = {u € CF(cIS[Q]) : uis ¢ — periodic} |
which we regard as a Banach subspace of Cf (cIS[(]), and
C(’;’/B(CIS[Q]) = {u € C’f’B(CIS[Q}) cuisg— periodic} ,
which we regard as a Banach subspace of Cf 2 (cIS[Q]), and
Ck(clS[ = {u e C{(cIS[Q] ") : uis g — periodic} ,
which we regard as a Banach subspace of C¥(cIS[2]7), and
C’,’;’B(CIS[Q]*) = {u € C’f’ﬁ(clS[Q]*) Tuisq— periodic} ,

which we regard as a Banach subspace of C{f P (IS[] ).
If p €]0, +00l, then we set

q,w,p

cl . (R™) = {u € C°(R™) : 5up HD ullco(erg) < —|—oo}

Iﬂl'

where C2°(R™) denotes the set of g-periodic functions of C'>°(R"), and

||UHCq o (RY) = bup Wl' ||D ullco(c1g) Yu € ng p( ny.
The Roumieu class (Cg w,p(R™), [ - ||Cg‘w p(R”)) is a Banach space. As is well known, if f is a g-periodic real

analytic function from R” to RR, then there exists p €]0, +o0o[ such that
0 n
fel), ,(R"). 6)

Lety € D (R). Then, S, is even and real analytic in R™\ ygZ™ (cf. e.g., Ammari and Kang [?, p. 53], [?, §3].)
Let S,, be the function from R™ \ {0} to R defined by

o log|z| Ve e R\ {0}, ifn=2,

Sn(@) = { z>n Vo € R™\ {0}, ifn>2,

(2—n)sn
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6 M. Lanza de Cristoforis and P. Musolino: Two-parameter anisotropic homogenization

where s,, denotes the (n — 1) dimensional measure of 9B,,. .S, is well-known to be the fundamental solution of
the Laplace operator. Then the function S, , — S, can be extended to an analytic function in (R™ \ v¢Z™) U {0}
(cf. e.g., Ammari and Kang [?, Lemma 2.39, p. 54].) We denote such an extension of S, , — S, by the symbol
Ry forally € D (R).

Obviously, R ., is not a yg-periodic function. We note that the following elementary equality holds

1
Sygmn(€x) = 62_”'Sn(x) + %(527n loge) + Rygn(ex),

forall x € R™ \ e 1y¢Z" and € €]0, +-o0[. If ) is a bounded open subset of R and f € L>°({2), then we set

PRS0 = [ Sue-n)f)dy  VacR.
If we further assume that (2 C (), then we set

Sy = | (vaz+ Q) =12 +Q, S0 =R"\dS,[Q],
ZEL™

and
Pyl fl(z) = /QS’yq.,n(fE —y)f(y)dy Yz eR".

Let  be a bounded open subset of R™ of class C'* for some «v €]0, 1[. If H is any of the functions S.q 11, Ryq.n
and clQ2 C vQ or if H equals S,,, we set

v[0Q, H, pl(x) = . H(z — y)p(y) doy Vo € R™,
— 9 = — 1 T — g T "
WO Hlw) = [ SEs i@ yuty) o, =~ [ val)DH( =ty da, Ve < B,
w,[0Q, H, p(z) = LH(!E —y)uly) doy = / va(z)DH (z — y)u(y) doy, Vo € 09,
o0 Ova(z) o0

for all € L*(99). As is well known, if p € C°(9), then v[0, S+ g, 1] and v[O, S, 1] are continuous in
R"™, and we set

er[aQ, S’yq,na ,U'] = U[aQa S’yq,m N]\CISA, Q] v [GQ, S’yq,na ,U'] = v[aQa S’yq,m /’L]‘CIS-Y Q-
v+[aﬂ, S,“ /.L] = 0[897 Sn, /L]|C19 v [aQ» Sn7 M] = U[agv Sna ,Uf]|le— .

Also, if i is continuous, then w[0, Sy q.n; 11]|s, (o) admits a continuous extension to clS, [©2], which we denote
by w082, Sygn, p] and w0, Syg n, i s, (o)~ admits a continuous extension to clS, [2] ~, which we denote by
w™ [0, Sygn, 1 (cf. e.g., [2,§3])

Similarly, w[0€, Sy, 11]| admits a continuous extension to clf2, which we denote by w™ [0, Sy, ] and
w[0Q, Sy, p]jo- admits a continuous extension to clQ2~, which we denote by w™[0€2, Sy, u] (cf. e.g., Mi-
randa [?], [?, Thm. 3.1].)

In the specific case in which H equals S,,, we omit S,, and we simply write v[0€2, ], w[O€, ], w, [0, u)
instead of v[0Q, Sy, p], W[OKY, Sy, p1], W [0, Sy, 1], respectively.

3 Formulation of problem (??) in terms of integral equations

As a first step, we transform our problem so as to remove the parameters ¢ and  from the domain of problem
(??). We do so by exploiting the rule of change of variables.
We observe that a function u € C"™*(clS(e, d, ) ~) satisfies problem (??) if and only if the function

u(dy-) € C"™(cIS(e, 1,1)7),
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satisfies the following auxiliary boundary value problem

n —29%,t _
i s aax? (x) = 6 f(x) Vo € S(e,1,1)7,
ut is ¢ — periodic in S(e, 1, 1), @)
uf(z) = g(e(z —p)) Yz €09,

for all (e,8,7) €]0,€0[x]0, +oo[xD; (R). In particular, the auxiliary problem (??) has a unique solution in

Cyv(clS(e, 1, 1)), which we denote by

uﬂ(e’ 6) e ) )
and
u(e, 8,7, ) = uf(e, 8,7, 6 1y a) vV € cIS(e, 0,7) . ®)

Next we convert problem (??) into a system of integral equations. To do so, we need the following statement.
For a proof, we refer to [?, Prop. 2.9, p. 339].

Proposition 3.1 Lerm € N\ {0}, a €]0, 1[. Lery € D;f (R). Let I be a bounded open connected subset of R™
of class C™* such that R™ \ cll is connected and such that cll C ~Q. Then the map M-, -] from C"™*(91)p x R
to C™“(0l) defined by

Ml €)(r) = — () + 0l Sy () + € Vo€ 0L,

Sor all (u, &) € C™*(9)o x R is a linear homeomorphism from C"™“(91)y x R onto C"™<(01). Moreover,
for each ~g-periodic function w in C™(cl(S,[I]7)) such that Au = 0 in S,[I)~ there exists a unique pair
(1, &) € C™*(0N)g x R such that

w(x) = w[OL, Sygp, pul(z) + € Va €S, I .
Such pair (i, &) € C™*(9)g x R is the unique solution of
Mu, €&](z) = u(z) vz € 9.

Then we are in the position to prove the following.

Theorem 3.2 Let m € N\ {0}, o €]0,1[. Let p € Q. Let 2 be as in (??). Let €y be as in (??). Let
(€,0,7) €]0,€0[x]0, +00[xD;} (R). Let f be as in (??). Let g € C™%(0Q). Then problem (??) has a unique
solution u® (e, 8,7, ") in Cyv(clS(e, 1, 1)7), which is delivered by the formula

Uﬁ(c, 5,’}/,1') Ewﬁ(ea 53771') +52P'yq,nh/Qvf(Pyil)](’yx) Va € CIS(leI)i ) (9)
where
wh(e,8,7,2) = W [07p.c, Sygin, (Y e (- — Ap))](vx) + € Va € clS(e, 1,1)™, (10)
and where (0, c) € C™*(92) x R is the unique solution of the following system of integral equations
1
759(15) — det’y/ (v Yo (s)) DS, (y(t — 5))0(s) do (11)
a0

—ent det'y/ (v tva(s)) DRygn(ey(t — 5))0(s) dos + ¢
o0
= g(t) — 0° det’y/ Syan(Y(0+ et —s))f(s)ds vt € 092,
Q

Oo[y]do =0, (12)
o0

where

1

o[v](s) = det y|v va(s)| Vs € 092.
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8 M. Lanza de Cristoforis and P. Musolino: Two-parameter anisotropic homogenization

Proof. By the rule of change of variables, a function uf € Cyv(clS(e, 1, 1)) solves problem (2?) if and
only if the function u*(y~!.) satisfies the following boundary value problem

Au(z) = 82 f(y1a) Vo e Se, 1,7)7,
w is yq — periodic in S(e, 1,7) ™, (13)
u(z) = g(y~te Nz —p)) Vz € 07y,

a problem which is well known to have a unique solution in C"%(clS(e, 1, ) ™). Moreover, u satisfies problem
(??) if and only if the function

w(@) = u(@) = Py nlrQ. f(y7 (@) Vo €cS(e,1,9)7,
satisfies the following boundary value problem

Aw(z) =0 Vo € S(e,1,7)7,
w is yq — periodic in S(e, 1,7) ™, (14)
w(x) =g(y e Nz —9p)) = Py [¥Q. fF(v1)I(x) Vo € 07y -

Thus if u* € CI™(clS(e, 1, 1)) solves problem (2?), then Proposition ?? applied to problem (??) implies that
there exists a unique pair (0, c) € C"™*(99) x R such that

/ 0(yv ‘e 'y —p))do, =0, (15)
Yy, e

and such that
uF(y72) = w006, Shgn 00T = p))](@) + e+ 8Py [1Q, F(v)](), (16)
for all € cIS(¢, 1,+) ™, and that (6, ¢) is the unique pair of C"™*(92) x R such that
~ 5007 @ = 9p)) + 001 e S 67— D)) + € (7)
=g(y e @ —p) = O PoguQ, F(y (@) Yz € 09y,
and such that (??) holds. Equation (??) can be rewritten as

1
—59@) — ! /89 vaq, (70 + €78)DSygn(vp + evt — (Y0 + €75))0(s)o[v](s) dos + ¢ (18)

= g(t) — 0° / Svgn(Yp + eyt —vs) f(s) detyds vt € 99).
Q
By rewriting once more equation (??), we deduce that (??), (??) can be rewritten as

—%H(t) — " tdety /(m('y_lz/g(s))DS’Wm(efy(t —$))0(s)dos + ¢

=g(t) — o° detfy/Q Syan(y(p+ et —s))f(s)ds Vit € 09,

/ Oo[y]do =0,
oN

and thus in the form of (??). Indeed, v,q,, , (yp+eys) = % for all s € ON).

Conversely, by reading backward the above arguments, we can show that that if (6, ¢) solves (??), (??), then
the function uf (e, 8,7, -) delivered by (2?) solves (2?).
On the other hand, if (01, ¢1), (02, c2) € C™*(092) x R solve equations (2?), (??), then

w076, g O1(Y T (= p))] (@) + e1 = wT[07p.es Sygins 2(7 (- = Ap)))(@) + o
for all z € 0v€, .. Then by uniqueness of Proposition ??, we deduce that §; = 05, ¢; = ca. O
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Next we note that if (0, ¢) € C™*(992) x R and if we let (¢, d,7) tend to (0,0, 7) in equations (2?), (2?), we
obtain a system which we address to as the ‘limiting system’, and which has the following form

—%H(t) ~ det ¥ / (7 wo(s) DSn((t — $)0(s) dos +c = g(t)  WEedQ,  (19)
o0

Oo[¥]do =0. (20)
o0

Then we have the following Theorem, which shows the unique solvability of system (??), (??) and its link with
a boundary value problem, which we shall address to as the ‘limiting boundary value problem’. To do so, we
proceed as in the proof of [?, Lem. 3.4].

Theorem 3.3 Letm € N\{0}, « €]0, 1. Letp € Q. Let 2 be asin(??). Let 5 € D} (R). Let g € C™*(0N0),
d € R. Let 7 be the unique solution in C™~1%(982) of the following problem

{ —57(t) +det ¥ [ (7 tva(t) DS, (5(t — 5))7(s)dos =0Vt € 992, 21

Joq oAl do =1.
Then the following statements hold.

(1) There exists a unique pair (0, c) € C™*(982) x R which satisfies the system of equation (??) and condition

/ Oo[y]do =d. (22)
20
In particular, the limiting system (??), (??) has one and only one solution (é, ¢) in the space C"™ < (0Q2) x R.
Moreover,
= / gTo[y]do . (23)
o0

(i1) The ‘limiting boundary value problem’

S A22%up) =0 Yz eR™\cQ,

j=1 1jj Bm?
u(z) = g(x) Vo € 09, (24)

lim, 00 u(x) =€,

has one and only one solution @ in C{':“(R™ \ Q). Moreover,

a(x) = wd3Q, 037 1)) (Fx) + ¢ Yoz e R"\ Q. (25)
Proof. We first consider statement (i). By a change of variables, we can rewrite problem (??) in the form

{ _%T(Tl_tz +w, [0, T(F 1)) =0 Vt € dIQ, 6

fam 7(y 7 1s)dos = 1.

By classical potential theory, problem (??) has a unique solution 7 € C°(9) (cf. e.g., Folland [?, Ch. 3].) Then

by Schauder regularity theory, the function 7(7~!-) belongs to C™~1%(9Q) (cf. e.g., [?, App. A].) Moreover,
the adjoint equation

1y _ ey Al o .
—50071) + [0, 007 ]() = 9(7 ) e V€I
can have a solution § € C"*(9Q) if and only if

/ (9 — ©)Fol3]do =0,
o0
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and thus if and only if condition (??) holds. Since the kernel of the operator 7%1 + w[07Q, ] |oq is well known
to be the set of constant functions, condition (??) guarantees the uniqueness of ] (cf. e.g., Folland [?, Ch. 3].)
Next we consider statement (ii). By the rule of change of variables, the function % defined by (??) satisfies
the first and the third equation of problem (??). By classical jump properties of double layer potentials and by
equation (??), the function u satisfies also the second condition in (??). On the other hand, up to a change of
variables, problem (??) is an exterior Dirichlet problem for the Laplace operator and is well known to have up to
one classical solution, which must necessarily coincide with . O

We are now ready to analyze equations (??), (??) around the degenerate case in which (e, d,v) = (0,0, 7).
Thus we introduce the following.

Theorem 3.4 Ler m € N\ {0}, a €]0,1[. Letp € Q. Let Q be as in (??). Let €y be as in (??). Let
5 € DF(R™). Let f be as in(??). Let g € C"™(99).
Let A = (A;)j=1,2 be the map from | — €g, eo[ xR x D;f (R) x C™*(9Q) x R to C"™*(9) x R defined by

A6, 6,4, 0, dl(t) = —%9@) _ dety /8 () DS, (3t = )0 do

—en! det'y/ (Y o (s)) DRy n(ey(t — 5))0(s) dos + ¢
o0
—g(t) + 62 det’y/ Sygn(Y(p+ €t — ) f(s)ds vt € 092,
Q

Asle, 8,7,0,c] = Ooly] do,
o0

forall (€,8,7,0,¢) €] — €g, €o[ xR x DF (R) x C™*(9Q) x R. Then the following statements hold.

@) Eguation AJ0,0,7,0, c] = 0is equivalent to the limiting system (??), (??) and has one and only one solution
(0,¢) € C™*(08) x R (cf. Theorem ??.)

(1) If (¢, 6,7) €]0,€0[x]0, +oo[xD;" (R), then the equation Ale, 8,7, 0, c] = 0 is equivalent to the system (2?),
(??), which has one and only one solution (0[e, 6, 7], cle, d,7]) in C™*(0Q) x R.

(iii) There exist (€', 0") €]0, €o[x]0, +o0[ and an open neighborhood T of 7 in D}t (R) and an open neighborhood

U of (0,¢) in C™*(02) x R and a real analytic map (O, -,-],C[-,,]) from | — €', €'[x] — 8", 8'[xT 1o
U such that the set of zeros of the map A in ] — € ,€'[x] — &',0'[xT X U coincides with the graph of
(®[+],C[,-,"]). In particular,

(©10,0,5),€[0,0,7)) = (6,¢),
(©[¢,8,7], Cle, 8,7]) = (0]€,8,7], cle, 8,7])  ¥(e,8,7) €]0,€[x]0, 8 [xT .

Proof. Statements (i) and (ii) are an immediate consequence of Theorems ?? and ?? and of the definition of
A.

We now turn to show that A is real analytic in a neighborhood of (0, 0, 7, 0, ¢). The analyticity of As in the
domain of A follows by the analyticity of the pointwise productin C™~1:%(9)) and by the analyticity of o[-] from
D;f (R) to C™~5(99). We now turn to consider A;. By [?, Thm. 4.11 (iii)], the map from D} (R) x C™<(9)
to C™(0S2) which takes (v, 0) to

dety [ (M) DSt =)o) do, = wlor.007 )6 Vi e o0, @n

is real analytic.

Next we turn to consider the second integral operator in the definition of A;. Let €’ be a bounded open subset
of R™ of class C! such that c1Q” C R™ \ ¢ (2" \ {0}), 0 € Q. Since (9Q) — (99) is compact, there exists
€’ €]0, o[ such that

e(t—s)CQ Ve el — €€, Vs, t € 00).
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Then by Theorem ?? (i) of the Appendix, the map DR, »(ey(t — s)) is analytic in the variable (e,v, ¢, s) in an
open neighborhood of | — ¢, ¢/[xI" x (8Q)2. Then by a result on integral operators with real analytic kernels
and with no singularity (cf. [?, Prop. 4.1 (i)]), the map from | — €', € [xT" x C™*(9f2) to C™(HQ) which takes
(€,7, 0) to the function

/8 e DRy (1t )0s) day S € D0, (28)

is analytic. We now consider the third integral operator in the definition of A;. Let p €]0, 00| be as in (??).
Then possibly shrinking I', Propositions ?? and ?? and Lemma ?? of the Appendix imply that the map from
| — €, €'[xT to C™*(9€) which takes (e, ) to the function

/ Syan(y(p+ et —s))f(s)ds vt € 092, (29)
Q

is real analytic. By the analytic dependence of the maps in (2?)—(2?), we deduce that A; is real analytic in
] —€,e[xR x T x C™*(dQ) x R.

Next we turn to prove that the differential 4 ) A[0, 0, 7, 0, ¢] of A at (0,0,7, 0, ¢) with respect to the variable
(0, ¢) is a linear homeomorphism from C"%(92) x R onto itself. By standard calculus in Banach spaces, the
differential of A at (0,0, 7, 5, ¢) with respect to the variable (6, c¢) is delivered by the following formula

8(49,c)A1 [07 07 5/7 57 E] (97 E) (t)

= 10() - det / (7 va(s)) DSu(it — $))B(s) dos +2 ¥t € 99,
o0

a(@,c)AQ[OaOa;}'@(i E](gaé) = ga’[’?] dO’,
o

for all (A,2) € C™*(99) x R. We now show that 9y .)A[0,0,7, 0,¢] is a bijection. To do so, we show that if
(h,d) € C™*(0Q) x R, then the equation

9(6,0)A[0,0,7,0,E(0,¢) = (h,d), (30)

has a unique solution (6,¢) € C™*(99) x R. By changing the variable with the map 7 in the first component
of (2?), we rewrite (2?) in the following way

{ —%?(E) —det ¥ faﬂ(ﬁl—lug(s))DSn(ﬁ(t —5))0(s)dos +¢ = h(t) vt € 091, 31
faa,g 0y 'y)doy =d.

By Theorem ??, problem (??) has a unique solution (8,¢) in C™<(99) x R. Hence, 916,6)A[0,0,7, 0, clisa
bijection. Then by the Open Mapping Theorem, the operator dy ) A[0,0, 7, 6, ¢] is a homeomorphism. Since A is
analytic, statement (iii) is an immediate consequence of statements (i), (ii) and of the Implicit Function Theorem
in Banach spaces (cf. e.g., Deimling [?, Thm. 15.3].) O

4 A functional analytic representation theorem for the solution of the auxil-
iary problem (2?

We now prove a representation theorem for the solution ul (€,0,7,+) of problem (??) (cf. (??).)

Proposition 4.1 Let m € N\ {0}, o €]0,1[. Let p € Q. Let Q be as in (??). Let €y be as in (??). Let
5 € D (R). Let f be as in (??). Let g € C™(99).
Let @, ¢ be as in Theorem ??. Let €/, &', T be as in Theorem ?? (iii). Then the following statements hold.

(i) There exists p' €]0, +oo] such that the map P from T to C° ,(R™) defined by

q,w,p’
Phl(@) = Pygny@, f(y1))(ye) Ve eR™,
forall v € T, is real analytic.
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(ii) Let Q be an open subset of R™ with nonzero distance from p + qZ". Then there exist 66 €]0, €'[ such that
AQ CS[Qp]”  Vee[—eh.€y],
and eg €10, €% [ such that CIS[QP%]* C S[Qp,e]™ forall e € [—eg, €g], and a real analytic map VSﬁ[QP,Et -
from] — eg, eq[x] — &', 8'[xT 1o C;”’Q(CIS[QP,%]_) such that )
W (e, 8,7, x) = Vgu[ﬂp%], [e,d,7](x) Yz € CIS[QP,%]_ ,

# — vt 2 e
u (63 57’771.) - ‘/S[vafz_z]f[ev(x ’7](‘%) + 4 'P[’}/](.’ﬂ) Vo € ClS[QP’EQ] ’

forall (¢,8,7) €]0,¢eq[x]0,8'[<T. Moreover,

VSﬁ[Q - [Oa 07 ’NY] ('1:) = &7 (32)

prex]
Q
forall xz € CIS[Qp,e;_z]f.

(iii) Let Q be a bounded open subset of R™ \ clS). Then there exist €a.r €)0, €[ and a real analytic map Vgr from

] = €q€q . [X] =6, §'[xT 1o C™(cIQY) and a real analytic map Pg from | — eo, eo[xT to C™(clQ)
such that

P+ ecl) C clS[Q,. ™ Ve €] — €Q eQA’T[,

and

wh(e, 8,7, p+ et) = Vér[e, 5,7](t) Vvt € clQ,

u(e,8,7,p+ et) = Vér [e,6,7](t) + 62P6[6, ~](¥) Vit € clf?,
forall (€,4,7) €]0, €q,.[x]0, &'[xT. Moreover;

VE0,0,4](t) = ()  VtedQ. (33)
(iv) There exists a real analytic map J* from | — €', €'[x] — &', 8'[xT to R such that
/ uﬁ(e,(s,%a:)dx:Jﬁ[e,5,7]+52/ Ply] dx,
Q\cl2, Q
for all (e,8,~) €]0,€[x]0,8'[xT. Moreover,
J[0,0,3] = emn(Q) - (34)
Proof. (i) Since

Pyl @. f(v 1)) (va) = /Q Syam(y — 48 f(s) detryds Vi € R",

for all v € T, the existence of p’ follows by Proposition ?? and Lemma ?? of the Appendix.
Next we turn to statement (ii). Let e;%, €g be asin Lemma ?? (i) of the Appendix. By definition of wh (e,0,7,"),
and by Theorem ??, and by Theorem ?? (iii), we have

wh(e, 8,7, 2) = w[0Vp,e; Syqns Ole, 3, V(Y e (- — vp))] (vz) + Cle, 8, 9]
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— =" Lot [ (7 va(5)DSs0n(a( — p— €5))0le,8.1](5) o + Cles 6]
o
W(e.8,7,2) = w6.0.7,0) +8 [ Syl = 19)f(5)dety ds
Q

forall z € clS[Qp,%]_ and for all (¢, ,7) €0, ¢5[x]0, 8" [xT.
Thus it is natural to set

VSﬁ[Qp,ggiz]7 [67 57 ’Y] (IE)
=" det’y/ (fy_lug(s))DSW)n('y(x —p—¢€s5))Ole, 0,7](s) dos + Cle, 8, 7]
o0

forallz € CIS[Q,,,%]_ and for all (¢,4,7) €] — e, eq[x] — &, 8'[xT. Now it suffices to show that the right hand
side of the above definition defines a real analytic map from | — eg, e[ %] — &', &'[xT to C’(T’a(clg[ﬁp7ea]’). Let
V" be an open bounded connected subset of R™ such that

AQCV,  dVN(gz+cQe)=0  VzeZ"\{0},

Let W = V' \ lep,eg. By (2?), the function from | — €, EQ[Xf x clW x 99 to R which takes (¢,v, z, s)
to DSygn(v(x — p — €s)) is real analytic. Then by a result on integral operators with real analytic kernels

and with no singularity (cf. [?, Prop. 4.1 (i)]), and by the analyticity of ©, we conclude that the function from
| —€eq.€q[x] — 8", 8'[xT to C™(clW) which takes (¢, d, y) to the function

/89(’7_1VQ(5))DSW7”(7($ —p—e€s8))O[e, 6,7](s) dos Vo € clW,

is real analytic. Since the restriction operator from CIS[QP’%]* to clW induces an isomorphism from the
space C’;”’a(clS[Qp%]_) onto the subspace of C"™*(clWW) of the restrictions to clW of g-periodic functions

on clS[Qp,%]*, we conclude that the function from | — e, e5[x] — &, 8'[xT to o (CIS[QP’%] ~) which takes

(€e,9,7) to the above function is analytic. Since C[-,, -] is analytic, then also Vsﬁmm*~ - [-,+,] is analytic. Also,
Q

equality (??) follows by the definition of Vsﬁ[Q .- and by Theorem ?? (iii).
1-77(5—2

We now turn to prove statement (iii). By assumption, there exists £ > 0 such that ) C B, (0, R). Then
we set * = B, (0,R) \ clQ. Let eg-, be as in Lemma ?? (ii) of the Appendix with e = ¢. Then we
take €g . = €q- . It clearly suffices to show that Vggf and P,. exist and then to set Vér and P equal to the

composition of the restriction of C"*(clQ*) to C"™ (cl2) with Vé: and Pf,., respectively. By definition of w*
and by Theorems ??, ?? (iii), we have

W€, 0,7, P+ et) = w[07 e, Shgn: Ole. 5,7(7 e (- — )] (v(p + €t) + Cle, 6,7]
= w[97Q, ©[e,8,9](v )] (7t)

e det /6 (7 va(5) DRy (€1t = )8 8.3](3) o + Cle. 6,
WHe, 6,70+ et) = wH(e,6, 7, p + et) + 67 /Q Sran(7(p -+ t) — 5 f(s) det y ds
forall ¢ € cl2*, and for all (¢, §,7) €]0, €5 ,.[x]0, &'[xT. Thus it is natural to set
Vatle, 6,9(t) = w™[099, Ofe, 6,9](v 1)) (1) (35)
—e"Ldety /BQ(’)/_lVQ(S))DR,\/q’n(E’Y(t —5))Ole, 8,7](s) dos + Cle, §,7]

Pole,1(t) = /Q Saaqm(Y(p +et) —vs) f(s) det v ds, (36)
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forall ¢t € cI)*, and for all (¢,6,7) €] — €5 .. €q ,[x] — ¢, &'[xT. Now it suffices to prove that the right hand
side of (??), (??) define real analytic maps from | — € ., €5 ,.[x] — &', §'[xT to C™(clQ*). By [2, Thm. 4.11
(iii)], the map from D;f (R) x C"™*(99Q) to C"™(cl*) which takes (7,0) to w™ [0y, 0(y )] (7)1~ is real
analytic. Then Theorem ?? (iii) implies that the map from | — €q ., €5 .[x] — &, §'[xT to C"™(cl2*) which
takes (e, 6,7) to w= [0y, Ole, 6, 7] (y1+)] () is real analytic.

Next we consider the integral operator in the right hand side of (??) and we proceed as in the proof of the
analyticity of A in Theorem ??. Let €2’ be a bounded open subset of R™ of class C! such that cIQ2’ C R™ \
q (2™ \{0}), 0 € . Clearly, (cl2* — 0%) is compact. Then possibly shrinking €, ., we can assume that

e(t—s)CQ  V(e,t,s) €]l —eq,, efzﬂ_[xf X clQ* x 9.

Then Theorem ?? (i) of the Appendix implies that DR »(ey(t — s)) is analytic in the variable (e,v,t, s) in an
open neighborhood of | — €, , , eQr[xf x clQ2* x 0f), and a result on integral operators with real analytic kernels
and with no singularity (cf. [2, Prop. 4.1 (i)]) implies that the map from | —eg, ., €5, ,.[x O™ (9Q) to C™*(c1Q*)
which takes (¢, v, 0) to the function 7 1

/ (v wa(s)) DRy m(ey(t — $))0(s) dos Vit € clQ* |
o0

is analytic. Then by the analyticity of C|[-, -, -], we conclude that the map Véz is analytic. Then by Theorem ??
(iii) and by (??), we have

VEL[0,0,3](8) = w™ 972, 8[0,0,7)(F")I(5t) + C[0,0,7] = at) Vi€ cQ”.
By Propositions 22, 22 and by Lemma ??, the map from | — ¢ ,., €q [ <D} (R) to C™(clQ2*) which takes (e, 7)

to P [€, 7] is analytic.
Next we prove statement (iv). First we note that

/ uf (e, 0,7, x) do det 7
Q\CIQPYE
— [ w109 S0 Ble )0 = )] () det d
Q\CIQZ,,5
HCle 8@\ D) dety +8 [ P bQu T ) (o) dety de

Q\clQp

for all (¢, d,~) €]0, €[x]0, §'[xT. Next we note that

/Q\ . w[0YQp,c; Syqn: Ol 6, 7](v e (- — yp))](yx) det y da

=- / / V19, . (Y)DSygn(z — y)Ole, 6,7(v ey —p)) doy dx
'YQ\Cl'YQ;n,e a'YQp,e

_ / S 9 /8 ) Sygn(® —9)Ole, 6, (v ey — 1p)) (10, (v)); doy da

Q\clyQp e j=1 8&0]

/H'vﬂp,f ;(Vvﬂp,e (x)); /[MQW Syan(@—19)Ole,8,7(v e (y — p) (10, (v)); doy do,
-3 [ 67000 [ Sanlertt - 9)Ole 510N (o), dodore et

= ; /69(7’1'/9@))]‘ - Sn(1(t = 5))8le, 6,9 (s) (7 va(s)); dos doe” (det )
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+(§;L€(610g6);[)9(71u9(t))j doy /896[6,5,7}(5)(7*11,0(5)% dory (det 7)?
(v "ra(t); /a . Rogn(ey(t — $)O[e, 8,7](s) (v 'va(s)); dog doe®™ % (det y)?

= Z/ (v tra®); | Sa(y(t = $))Ole, 6,7](s) (v va(s)); dos dore” (det 7)?

e o9
+JZ::1 /69(7’11/9@)% /aQ Rygn(€y(t = 9))Ole, 8,91(5) (v va(s)); dos dowe® = (det ),

for all (¢, ) €]0, ¢'[xT. Thus it is natural to set

Tien = ; /m(v’lm(t))j /m Su((t = 5))Ole, 8, (s) (v va(s)); dos doe” (det )

+;/89(7_1m(t))j /aQ Rygn(ey(t — 5))Ole, 8,7](s) (v vals)); dos dowe®™ 2 (det ),

for all (e,7) €] — ¢, €[xT. By the analyticity of 7 and by Proposition ?? of the Appendix, the map J§ from
] — €, €[xT to R defined by

BleA] = —€ / Phlp+es)ds  W(e) €] — €€ [xT,
Q

is real analytic and satisfies the equality

el == [ Phlds  Vien) €0.¢[xT,
Then we set

JHle,8,9] = Jife] + Cle, 8,91 (ma(Q) — € ma(©)) + 6 J5[e, 7]
for all (¢,0,7) €] — €, €[x] — &',8'[xT. Clearly,

J¥[0,0,7) = C[0,0,31mn(Q) = emn(Q)
and thus statement (iv) holds true (see also Theorem ?? (iii).) O

Next we turn to consider the behavior of the energy integral of u%(e, 6, v, -), and we prove the following.
Proposition 4.2 Let m € N\ {0}, o €]0,1[. Let p € Q. Let Q be as in (??). Let €y be as in (??). Let

3 € DY (R). Let f be as in (2?). Let g € C™(99Q).
Let @, ¢ be as in Theorem ??. Let €, &', lj be as in Theorem ?? (iii). Then there exists ¢, E]Q, €'[ and a real
analytic map E* from | — €., e.[x] — &', 6'[xT to R, and a real analytic map P? from | — €., e.[xI" to R such that
/ |Doub(e,8,v,2)y | do = E¥[e, 5,7]€" 2 + 6P e, 4] (37)
Q\cly .
for all (¢,5,7) €]0, €.[x]0,5[xT. Moreover
£90,0,3] = / | Dai(z)y ™| da, (38)
R \clQ2

PH0.5] = /Q 1Dy (Psgn3Q. FG 1)) 5
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Proof. Clearly, we have

[ ipadesnay P (39)
Q\Clﬂpyg
:/Q\ . |Dyw(€,6,7,2)7" " + 6°Dy (Pygn @, fF( 1)) (v2)) v~ da
= / |D,w (e, 8,7, z)7 ! |* da
Q\cly .
+262 /Q\ . Dyt (e,8,7, @)y [Dy (Prgn Y@, (Y )] (7)) v 1]" da
40 [ DL (Praabi@ 56 ) v s
Q\Clﬂp,5
= det’y’l/ div [w¥(e, 8,7,7 'y) Dy (W (€, 6,7, 7 'y))] dy
YR\clp e
+262 det 7’1/ div [Pygn[vQ, F(v 1)) D (Wi (€, 6,7, 7 y))] dy

YR\l

e / IDa (Pron1@, F(v (7)) v d,
Q\clQy

for all (¢,0,7) €0, o[x]0, +00[xT (cf. (2?).) We now consider separately each term in the right hand side of
(22). By the Divergence Theorem and by the ¢-periodicity of w (e, 6, , -), we have

det 7*1/ div [wﬁ(e, 6,7,7*1y)Dy (wﬁ(e,é,'y,'yfly))] dy
YR\ ycl2p e

(w(e,8,7,7"'y)) doy

——dety [ wHedn ) g
ey 00, ()

= —dety ! /Bm w¥ (e, 8,7, 7 Yy, . (¥) Dy (W (e, 6,7, 77 y)) doy,

- _ /aQ wﬁ(ﬁ57%x)(’V_luﬂpve(x))(DIwﬁ(G’5,%@7_1) i

— /E)QW g€ (x —p)(v g, (2))(Dewb (€, 6,7, 2)y" ") do,

+62/8 ~ Prgnh@, FOTN(2) (v v, (2))(Daw? (e, 6,7, 2)77") do,

_ /6 o0 ) D8+ et)y ) dore

+02 /asz PoynlYQ, F(y ) (v(p + e)) (v v (1)) (De(wh (€, 8,7, p + et)y 1)) dope™ 2,

for all (¢, 6, v) €]0,¢'[x]0,8[xT. Now let R €]0, +o0] be such that cIQ C B,,(0, R), @ = B,,(0, R) \ cIQ. Then
we take €0 Vgr, 736 as in Proposition ?? (iii), and we set

Efle,6,7] = —/ 9() (7 v (D)) (D(VE e, 6,7](8)y ") doy
o0

+8° | Palel00 o) PV 68,910 dow
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forall (¢,0,7) €] —€q ., €5 ,.[x] — ¢, &'[xT. Then we have
det 7*1/ div [wh(e, 8,777 '9)Dy (wH(e. 8.7, 77'y)] dy = Efle,6,7]e"
YR\l e
for all (e, 4,7) €]0, €5 ,.[X]0, &'[xT. By Proposition ?? (iii), &; is analytic. Moreover,
£4[0,0,9] = —/899@)(“1 a(0)(D(VE'[0,0,7](6)7 " dor
—— | o0 ralt)(Dale)i o

Q

5]

_ / 97 2) v (@) De (3" 2)) doy det 7
02

=~ [ (66") ~ sa(@)Da(a(ie) — ) do det !
BQ

/ evaa(z) Dy (W(y  w) — &) doy, det 771
[o0%9)

:/ |Dy(w(3 ) — &)|* dedet 771
R \cl4Q

:/ Dyii(2)51 2 dar
R\ clQ

Indeed, @(7~'z) — ¢ is harmonic at infinity and equals g(7~'x) — ¢ on 92 (cf. Folland [?, Props. 2.74, 2.75,
proof of Prop. 3.4].) Next we note that

1

252det71/Q\ . div { Py [vQ, F(Y )] (y) Dy [w?(e,8,7,7 y)] } dy
Y YCldip e

:—262det’y_1/8 ) PoanQ, fF(y)](w) 0 )(w”(@&%v‘ly)) do,
Yilp,e

Isq, (y

= —26% det 7_1/6\ o qu,n[’YQ7f(’V_l'ﬂ(y)Vva,e(y)Dy [Wu(@é»%V_ly)] doy
Yiip,e

= —26? /Q P’yq,n[’YQ» f('Y_l')}('Vx)('Y_lVﬂp,é(x))(waﬁ(ea 5a%x)'7_1) doy

D,

:_mﬁéﬂ,wnth< L) (p + et))

x (v tvq(t)) (Dt [wﬁ(e, 0,7y, p+ et)] 7_1) doe" 2,
for all (¢, 8,~) €]0, €[x]0, 8'[xT. Then we set
0.7 = -2 [ Phlenl00  valt) (D [Vle5.2)(0)] 77 dov.
o9
forall (¢,0,7) €] —€q ., €5 ,.[x] = &, &'[xT. Then we have
26 det ™! / div { Py n Q. f (7 () D [ (e,6, 7.7 )] } dy
YR\l

= Elle,6,7)e" 2,

for all (¢, 0,7) €]0, €5 ,.[X]0, &'[xT. By Proposition ?? (iii), & is analytic. Moreover,

£4[0,0,7] = 0.
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18 M. Lanza de Cristoforis and P. Musolino: Two-parameter anisotropic homogenization

By Proposition ?? (i) and by Lemma ??, there exists a real analytic map P? from | — €, € [xf‘ to R such that

/Q\ D (Pranv@, f(y 1 )N(v2)) v~ P dar = Phe,r]  Wle,) €0, eo[xT.
Moreover, the second equality in (??) holds true. Then by setting €, = min{emﬂ, €0} and
EMe, 8,7) = Ef[e, 8,7] + Efle, 6,11,

for all (¢,0,7) €] — €., e.[x] — &, 8'[xT, equalities (??) and (2?) hold true. O

The function u(e, d,, -) can be extended to the whole of R™ by setting it equal to zero outside of its domain
clS(e, d,) . Then one can ask whether the extension of u(e, d,, -) has a limit as (e, 4, v) converges to (0,0, %),
a question which we answer below. To do so, we introduce a notation for the extension of u(e, d,7, -).

Let m € N\ {0}, o €]0,1[. Letp € @. Let Q be as in (??). Let ¢y be as in (2?). Let (¢,d,7) €
10, €0[x]0, +-00[xD;t (R). If v is a function from cIS(e, d,y)~ to R, then we denote by E . 5. [v] the function
from R™ to R defined by

_ [ v(z) VaxeclS(ed,y),
Eeomll(z) = { 0  VaeR"\dS(e,d,7y) .

Then we have the following.
Proposition 4.3 Ler m € N\ {0}, o €]0,1]. Letp € Q. Let Q2 be as in (??). Let ¢ be as in (??). Let
7 € DF(R). Let f be as in (??). Let g € C™(90).
Let {(g;,0;,7;)}jen be a sequence in |0, €y[x]0, +-00[x D} (R) which converges to (0,0,7). Letr € [1,+00].
Then
i B, [u*(ej, 05,75, )] =&  inL"(Q),

where ¢ is as in Theorem ??.

Proof. Let €, 0’ be as in Theorem ?? (iii). Possibly neglecting a finite number of indexes j, we can assume
thate; < €/, §; < ¢ forall j € N. By formula (??), we have

Bl §: ~s
ma €
zeclsm,i]k [ (25, 0,75, )]

Ble 8 2 ' 1 '
< zedlsl[ls?fgjr (e, 85,75, 0)| + 8 max | Py g Q0 £ (5 1)) (352)]

Let Q = 117 ,] — qu/2,qu/2[. Since (’YjQ \ Uze{o,l}n(’quz + ,ij) has measure zero and S, n(-) is v;q-
periodic, we have

/ ‘S'yjq,n(m 7y)|dy S Z / _ ‘S'ijbn(m 7y)|dy
7 Q@ ze{0,1}n i1z HY @
<2 [ 1S0n(-ldy=2" [ 1,00 (1,6)| ¢ det ;.
7@ Q
Hence, the Maximum Principle implies that
"ei, 05,7, 40
chlg[lg;:fsj]7 |u (8]7 J’WJVIE)' ( )

< llgslleoon + 207 max |f(r; '2)|2" /Q Yy sup (S5, g ()] [
reehy; zeclQ\{0}

Moreover,

sup 1S5, q.n (V52))] |37|/\ (41)
zeclQ\{0}
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< sup [Sp(y@)l |z sup Ry gyl 2t

zeclQ\{0} z€clQ\{0}
< S A |J"|)\ R . A
< sup  |Sn(§)] €] sup T+ sup  [Ryqn(vo)l 2],
ge;c1Q\{0} rvead\foy T seag oy

(see also [?].) Now let T be a ball in D;f (R) with center 4 and closure contained in D} (R). Then there exists
a €]1, +oo[ such that

1 N
glvélﬁ\ﬁlﬁalvél Vyerl, VEeR". (42)

Then by inequalities (?2)—(??), and by Theorem ?? (i), there exists M €]0, +oo[ such that

Bl 8 ~s <M
ma. e
zGclS[Szzsj]— [u* (5, 05,75, 2) < M,

for all j € N such that y; € I. As a consequence,
B, 10w (e5,05,75, (@) <M Ve eR",
for all j € N such that y; € I. By Proposition ?? (ii),

lim E, 11 [u?(g4,8;,7;,)|(x) =&  for almost all z € R™.

j—o0

Hence, the Dominated Convergence Theorem in the set () implies the validity of the statement. O

5 A functional analytic representation theorem for the solution of problem
(??

We now exploit the results on the solution of the auxiliary problem (??) in order to analyze the behavior of the
solution of problem (??). We first show the validity of the following convergence result in Lebesgue spaces.

Theorem 5.1 Let m € N\ {0}, a €]0,1[. Letp € Q. Let Q2 be as in (??). Let €y be as in (??). Let 7 € D (R).
Let f be asin (??). Let g € C"™*(00). Let 14, ¢ be as in Theorem ??. Let {(¢,0;,7;)}jen be a sequence in
10, €0[x]0, +00[xD; (R) which converges to (0,0,7%). Let r € [1,+00|. Let V be a bounded open subset of R".
Then

lim E(Ej,5j7')’j) [u(ej, 6j, Yis )] =c in LT(V) . (43)

Jj—o0
Proof. We first show that there exists a constant C' €]0, +oo[ such that
IBe, 5, ) [E5: 0575, 0] = ellr vy < ClBee, 1l (65,0575, )] = Ellir@)  Vi€N. (44)

We do so by exploiting a slight variant of a known dilation argument for periodic functions (see Braides and De
Franceschi [?, ex. 27, p. 20].) Let v;. and ~; denote the minimum and the maximum eigenvalue of the matrix
7;, respectively. Since the sequence {; } ;e is convergent in D;f (R), we have

0<u*zjirelg’yj*, ,u*zs_ugfy;<oo.
JjeE

Since V' is bounded, there exists s € N such that
V CsQ where Q = I, ] — qu/2, qu/2|.

Then the g-periodicity of E(. 1 1) [u*(g;,0;,7;,)] and equality (??) imply that

/V|E(sj,5j,»y_,»)[u(fj»5jma (@) —él"dr < / B0, (€, 65,75, )] (x) — € dx

sQ
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IN

5110 |E(Ej,1,I)[uﬁ(5j7 5j7 Vi )](y) - é|r dyégl det Vi
i i

A

/
/

B, 1.0 (5,685,735, ) (y) — & dyd} (u*)"

s([67 4+ ([ '+ D)@

= s"([07 ']+ D)™ ([ + 1)”5}7(u*)”/(2 B ;1,0 (W (65, 65,75,))(y) — &l dy

= /Q 1B, 1.0 (g5, 65,75 )](y) — & dy

where

0= {01+ 070 s 05151 <

and where the brackets denote the integer part. Hence, inequality (??) follows. Then inequality (??) and Propo-
sition ?? imply the validity of the limiting relation (??). O

The result above is akin to those obtained by variational methods, although here the methods are completely
different. We now exploit our methods to describe the convergence of u(e, d,, ) as (e, d, ) tends to (0,0,7) in
terms of analytic functions evaluated at specific values of (¢, d,~) in the spirit of the point of view of the present

paper. .
We first note that if §2 is a nonempty open subset of R™, then

QN (R™\ cIS(e,8,7)7) # 0,

whenever (e, d,v) is sufficiently close to (0,0,%). Hence, u(e, 8,7, ) is not defined in the whole of Q for
(e,9,7) is sufficiently close to (0,0, ), and we cannot hope to describe the behavior of u(e, d,, ) as we did
for u® (e, 8, ~, -) in Proposition ??. Hence, we must resort to different avenues.

We first fix r € [1, +-00[ and we identify E(. 5 .[u(e, d,7, -)] with the corresponding functional in the dual of

the space of functions of L (R™) with compact support, where 7’ is the conjugate exponent to -, and we would
like to describe the ‘weak’ behavior of E(. 5., [u(€, d,7, )] as (¢, d,) tends to (0,0, 7) in terms of analytic maps.
More precisely, we would like to describe the behavior of the integral

/]R E(e,&,’y) [u(675577 >]¢d$ 45)

as (e, 8,7) tends to (0,0, %) in terms of analytic maps, for all elements ¢ with compact support of L™ (R™). At
the moment however, we cannot do so for all elements ¢ with compact support of L (R™), but only for all the
elements ¢ which belong to a certain dense subspace 7, of L (R™) of functions with compact support, which
we now turn to introduce by means of the following.

Proposition 5.2 Let T, be the vector subspace of L>°(R™) N L' (R™) generated by the set of functions
{Xs@+y 1 (5,9) € (QN]O, +oof) x R™} .
(i) Ifr € [1,+00], then the space T is dense in L" (R™).

(i) If ¢ € Ty, then there exist yi,...,yr € R, and Ay, ..., A\, € R, and s € QN|0, o0 such that

P(x) = Z /\lel+sQ(55) fora.a.z € R".
=1

Proof. We first prove statement (i). By the density of C'S°(R™) in L"(R™), it suffices to show that if ¢ €
C*(R™) in L"(R™), then there exists a sequence {¢;};en in T4, which converges to ¢ in L"(R™). Let ¢ €
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C°(R™). We first assume that supp ¢ CJ0, +oo[™. Let § € QN]0, +oo] be such that supp ¢ C Q. Then we
define the sequence {¢; };en by setting

$o(x) =0, di(z) = Z D(517 " qz)Xs1- 10451142 (2) Ve R",
z€{0,...,1—-1}n

foralll € N\{0}. Clearly, ¢; € T, forall € N. Moreover, the continuity of ¢ implies that lim;_, . ¢;(z) = ¢(z)
for almost all x € R™. Since

|é1(z)] < x30(x) sﬂyy ] Yz € R™,

for all [ € N, the Dominated Convergence Theorem implies that
lim ¢; = ¢ in L"(R"™).
l—o00

Next we release the assumption that the support of ¢ is contained in |0, +o0o[". Clearly, there exists Z € R”
depending on ¢ such that the translate function ¢(-) = ¢(- — Z) has support in ]0, +oc[". Then the case above
implies the existence of a sequence {él}leN in 7, such that lim;_, o <;~$ in L"(R™). Hence, lim;_, o, ¢~>l( +
#) = ¢(-) in L"(R™). Since ¢;(- + &) € T, for all [ € N, the proof of statement (i) is complete.

Next we turn to statement (ii). By assumption, there exist &1, ..., &, € R”, and p1,..., g4y € R, and sq, ...,
Sm € QNJ0, +o0] such that

m

¢(z) = ZMX&JFSLQ(JJ) Vo e R".
1=1

Since s; is rational, then there exist u; € Nand v; € N\ {0} such that s, = !, foreachl € {1,...,m}. Now
let b = II;* , v;. Each n-dimensional interval & + s;() can be written as a disjoint union of a set of measure zero

and of (Uzv%) translations of the n-dimensional interval b~'(). Then statement (ii) holds with s = b~ . O

Next we turn to analyze the behavior of the integral in (??) with ¢ € 7T, as (¢, 6,y) tends to (0, 0,7) for some
4 € DF(R). In the spirit of this paper, we represent the integral in (??) in terms of analytic maps evaluated at
specific values of (e, 4, v). Namely, at values of (e, d, ) such that the periodic cell §v(Q is a certain integer fraction
of the periodicity cell Q. More precisely, we require that § equals the reciprocal of some integer [ € N\ {0} and
that the entry 7, ; of -y equals the reciprocal of some integer number a,; € N\ {0} forall j € {1,...,n} and we
prove the following.

Theorem 5.3 Let m € N\ {0}, o €]0,1[. Letp € Q. Let Q2 be as in (??). Let €y be as in (??). Let
aj; € N\ {0} forall j € {1,...,n}. Let ¥ € D} (R) be defined by 7;; = aj_jlfor allj € {1,...,n}. Let f be
asin (??). Let g € C™(0N).

Let @, ¢ be as in Theorem ??. Let €, &', T be as in Theorem ?? (iii). Then the following statements hold.

(i) Let s €]0,4oc[. Let § € R™. Let J*, P be as in Proposition ??. Then
/Rn E(c1-1s5)ule, 15,9, )xgtsq dz
= s"J%e, 17 s, ] + s (17 1s)? /Q P[] dx
foralll € N\ {0} such thatl > s/d" and for all € €]0, €'[. Moreover
s"J%0,0,7] = s"m,(Q)é = / EXg+sQ dr .
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(ii) Let ¢ € Ty Let s € QN|0, 400 be as in Proposition ?? (ii). Then there exists a real analytic map H from
| — €, €[x] = 9,0 [xT to R such that

/ E(e,l_ls,’y) [U(Ev l_lsv ’S/v )]¢d$ = SnH¢[€7 l_lsa 'ﬂ
Sforalll € N\ {0} such that | > s/¢" and for all € €]0, €'[. Moreover,

s"H[0,0,7] = / ép(x) de .

n

Proof. (i) Let/ € N\ {0} be such that [ > s/&". Since u(e,l"1s,7,-) is [~ sYg-periodic, it is also sg-
periodic and accordingly,

| B lue s 30040 (w) de

:/ QE(E71—157:/)[U(6,Z718,’7,')](1’) dx :/ E(e,l_ls,’?)[u(evlilsv;?v')K‘I‘) dx .
§+s

sQ

Next we observe that

U @+irsoce, m. |\ J (@+175Q) ] =0.

OSZ]‘Sla]‘j*l OSZjSlajjfl

Accordingly, the [~ s7¢-periodicity of E(c1-15,5)u(e, 1=1s,7,-)] implies that

/ E(e,lfls,’y)[u(eal_lsﬁ'%')](x) dx

sQ

=" (H?zlajj)/ ~ E(e’l—ls’:}‘/)[u(€7l7157’3/7~)](,I> dz
1=1s5Q

=" (I}_, aj5) / u(e, 1™ 's, 7, 2) dx
l_lsa(Q\CIQp,e)

= 1" (IT}_, aj;) / uf(e,171s,7,1s7 147 e) da
=157 (Q\elp,e)

= s”/ uf(e,17"s,7,y) dy = " J¥[e, 175, 7] +l’28”+2/ Phlde,
Q\clp Q

foralll € N\ {0} such that > s/¢" and for all € €]0, ¢'[. Hence, statement (i) holds true.
Since ¢ is a finite linear combination of translations of functions such as 4@, statement (ii) is an immediate
consequence of statement (i). O]

6 A functional analytic representation theorem for the energy integral of the
solution of problem (??

We now turn to analyze the behavior of the energy integral of u(e, d,, -) in the periodic cell vQ as (e, J, ) ap-
proaches (0,0, %) in |0, eg[x]0, +o0o[x D} (R). We first introduce a notation for the energy integral of u(e, 4,7, -)
in the periodic cell () by means of the following.

Definition 6.1 Let m € N\ {0}, « €]0,1[. Letp € Q. Let 2 be as in (??). Let g be as in (??). Let f be as
in (22). Let g € C™*(0€2). Then we set
Bufe.d,q) = [ IDyu(e,8,7,2)] do
QNS(e,6,7)~

for all (e, d,7) €]0, €9[x]0, +oo[xD;! (R).
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In the spirit of this paper, we now represent Enle, ¢, ] in terms of analytic maps evaluated at triples (e, d,7)
when § and ~y are such that the corresponding periodic cell §y( is an integer fraction of the cell ). In other words,
we require that 0 equals the reciprocal of some integer number ! € N\ {0} and that ~;; equals the reciprocal of
some integer number a;; € N\ {0} forall j € {1,...,n}, and we prove the following.

Theorem 6.2 Letm € N\{0}, o €]0,1[. Letp € Q. Let Q2 be as in(??). Let ¢g be as in (??). Let aj; € N\{0}
forallj € {1,...,n}. Let 3;; = aj_jlfor allj € {1,...,n}. Let f be as in (??). Let g € C™*(0Q). Let €., &',
P! be as in Proposition ??. Then there exists I, € N\ {0} such that

Enfe, 17!, 7] = 2 {&¥[e, 17", 31" +17"Plle. A1}
forall e €]0,¢e.[ and | € N\ {0} such that 1 > ..
Proof. We first note that if (e, §,y) €]0, e.[x]0, +oo[xD;" (R), then we have
/ |Du(e, 8,7, x)|? de = / |D(uf (e, 8,7,0 v 1a)) |2 da (46)
57(Q\Clgp,s) 67(Q\Clﬂp,e)

=02 |y D uf (e, 8,7, 61y a) |2 da
0y(Q\clp )

P
Q\clQy, .

Next we note that if § = [~!, v = 7, then

QN (R" \ U 0v(gz + CIQP’E)> =QnN (R" \ U 173 (qz + lep@)) ,

zZEL™ zZEL™

and the set in the right hand side differs by a set of measure zero from the set
QN ( U 79z + (Q\clﬂp,J)) = U (I7'5qz +1715(Q \ c1,0))
FISYAL z€Z™, 0<z;<la;;j—1

which is the union of a family of /" (TI_a;;) sets, all of which are a translation of I~ '5(Q \ cl€, ). Hence,
formula (??) implies that

/ |Dyu(e, 171, 7, z) | do
QNS(e,l=1,%)~

= 1" (I aj5) / 15~ Dt (e, 171, 3, )| dyl= "2 det 5

\cly e
e /Q DA ARy N (o},

Then Proposition ?? implies that
Enfe, 17!, 5] = 2" 28 e, 171, 4] +17*Pile, 3],
foralll € N'\ {0} such that [=! < ¢, and for all € €]0, €./ O

Next we want to show that Theorem ?? implies the validity of the following result, which could probably be
deduced by variational techniques.

Proposition 6.3 Let m € N\ {0}, o €]0,1[. Let p € Q. Let Q be as in (??). Let €y be as in (??). Let
4 € DF(R). Let f be as in (??). Let g € C™(00).

Let @ be as in Theorem ??. Let h €]0, +o0l. If g is not a constant function and if n > 3, then

0 if h > 25,

6 }inzo ) En[6",6,7] = f]R"\le D de if h =25,
R (] :

400 if h < n32 .
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Proof. We first compute the number of elements of the set
Z7(o7) ={z€Z": ov(qz+ Q) C Q} ,
for each (6,7) €]0, +oo[xD; (R). Let (d,7) €]0, +oo[xD;! (R). Clearly,
Z7(0y)={2€Z": 0< 2 <N;7(0y) -1 Vje{l,....n}},
where N, 5 (67y) denotes the largest natural number such that
N; (67)0753955 < @55 »
i.e., such that

— —1_ -1 .
N;(0y) <67y Vie{l,....n},

N (0y)=[0"";'1  Vie{l,....n}.

We also note that the number of elements of Z~(0+y) equals IT7_, [0 ’W;f].

Next we fix (d,7) €]0, +oo[xD; (R) and we compute the number of elements of the set
ZH0n) = {z €27 dv(gz+ Q) NQ A0} .
Clearly,
ZT(y)={2€Z": 0< 2 < N;‘(éfy) —1Vje{l,...,n}},
where N ;L (67y) denotes the smallest natural number such that
45 < Nj (67)675455
i.e., such that

5_171-31 §Nj+(5'y) Vie{l,...,n},

H5) — [5—1a—11—
Nj (6y) =10 ’ij] +1,
where [0~ 1y = [§71y;; it 671yt € R\ Zand [§-1v;;' ]~ = [671;,'] — 1if 6 ';;' € Z. We note that

the number of elements of Z*(dv) equals TT}_, ([ _Wj_jl] ~ 4+ 1). Moreover

U dez+@cec | olez+adQ).

z€Z~(67) z€Z1(67)

Next we note that the dyg-periodicity of u(e, d, v, -), and equality (??), and Proposition ?? imply that
/ |Dufe, 8,7, )| dx 47)
QNS(e,6,7)~

>

|Dule, 8,7, x)|? dx

z€Z~(67) /6’7(‘12"1‘(@\912‘6))

— () [ \Dule,6,,2)? d
5"/(@\910,5)
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~ () [ \Da (e, 8,7, -1y~ 1)) 2 da
3y (Q\Q2p,e)
= (15—, [07";;') 5’2/ |yt Du(€,6,7, 6y a)? da
67(@\91776)

= (}_ [0 1;;']) det 6™ /Q\Q Iy DU (e, 8,7, y) 2 dy
= (I [0~ ;') (5= (6755)) { €20 2E% e, 6,9] + 6°PE[e, 1]}

for all (¢, ,7) €]0,€[x]0,d'[xD;} (R). Similarly,
/ |Du(e,d,7,2)|* dz (48)
QNS(e,6,7)~
< (I (875) (=g (615,11 + 1)) {207 2E e, 6,7) + 8*PE[e, 1}

for all (e, 6,7) €]0, ¢'[x]0,§'[xD; (R). Next we note that £* and P? are continuous, and that the assumption that
g is not constant implies that

&0.0.5) = [ F'Datds > o,

and that
0 if h > 25,
lim ghn=2)5-2g* [5h’ 6,9 + 5273”5}1,’7] = f]R"\clSZ |’7_1D11\2 dr if h = ﬁ )
(67)=(0.3) +o0 if h < 25.
Then by replacing e by 6" in (2?), (2?), the validity of the statement follows. O

We note that the criticality of the exponent % has been observed a long time ago by Marcenko and Khruslov [?]
and by Cioranescu and Murat [?,?] for related problems (see also Maz’ya and Movchan [?], where the assumption
of periodicity of the array of holes has been releaxed.)

A Auxiliary results
We first introduce the following result, which follows by standard properties of analytic functions in Roumieu
classes and by (??) (cf. e.g., [?, Prop. A.1].)

Theorem A.1 Let Q) be a bounded open subset of R™ such that c1Q C (R™ \ ¢Z™). Let T be a bounded open
subset of D} (R) such that cIl' € D} (R). Then there exists p €]0,+o0| such that the map from T to CJ_(cIQ)
which takes vy to the function S-q n(7-)|ciq is real analytic.

Then we have the following. For a proof we refer to [?, § 5].

Theorem A.2 The following statements hold.
(i) The map from D;} (R) x (R™ \ ¢(Z™ \ {0})) to R which takes (7, z) to Rq ,(y) is real analytic.

(i) Let Q be a bounded open subset of R™ such that c1) C R™ \ q(Z" \ {0}). Let T be a bounded open subset
of D} (R) such that cI' C D} (R). Then there exists p €0, +00[ such that the map from T to C3) (cI€)
which takes v to the function Ry n(7-)|ciq is real analytic.

Next we introduce the following classes of singular functions in a periodically punctured domain.

Definition A.3 Let A €]0, +o0[. Let Q= I ) = qu/2, qu/2|.
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(i) We denote by Ag) , the set of g-periodic elements i of CO(R™ \ ¢Z™) such that

sup |A(x)| |zt < +oo,
2€Q\{0}

and we set

Ihllac = sup [A(2)[]a]*  VheAg,
' z€Q\{0}

(ii) We denote by Aé, , the set of g-periodic elements h of C*(R™ \ ¢Z™) such that

Oh .
heA),, o1, € Agay Vie{l,...,n},
and we set
1Pllaz = llRllac Vh e A,
3xj A0 2

One can readily verify that (A ,, |- A9 .)and (Ag s -l AL A) are Banach spaces. Then we have the following
result of [?]. For the convenience of the reader we include a proof

Proposition A.4 Let p €]0,+00], A €]0,n — 1[. The function Py[h, o] from R™ to R defined by
R4l = [ ha—ue)dy  ve R

belongsto C3 , ,(R™) forall (h, ) € Al \xC3 , ,(R") and the operator from A} \ xCJ , ,(R") 10 CJ , ,(R")

q,0,p qw,p aw,p q,0,p
which takes (h, @) to Pylh, | is bilinear and continuous.

Proof. By exploiting the Divergence Theorem in a periodicity cell and the periodicity of &, ¢, we can prove
that

D%P,lh, ¢] = Py[h, D] Ya e N™,

for all (h,p) € A} \ x CJ , ,(R™). Now let Zg = {z € Z" : qz € Q}. Obviously, Z has 2" elements, and

QC UzeZQ (qz + clQ), and m, (Q \ UZEZQ (qgz + Q)) = 0. Then we have

| ||||Da [ ?(ID]HCO(ClQ)

|
p n — «
o |,HP alhs D% ]”CO(CIQ)§7|O¢|!2 /Q|3/| *dyllhllao  ID%¢llcoqio)

< 2”[ I~ dylihllao Nelles, @) VaeN".
) , :
Hence, the statement follows. 0

Then we have the following variant of a result of Preciso [?, Prop. 1.1, p. 101].

Proposition A.5 Let ny, no € N\ {0}, p €]0,+0c0[, m € N, « €]0,1]. Let Q1 be a bounded open subset
of R™. Let Qs be a bounded open connected subset of R™ of class C. Then the composition operator T from
CP ,(cl1) x C™*(clQy, Q1) to C™(clSYy) defined by

Tu,v] =uov ¥Y(u,v) € C’g,p(lel) x O™ (cla, Q) ,
is real analytic.
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We also point out the validity of the following lemma on the fundamental solution.

Lemma A.6 There exists ¢ €]0, +oo] such that

sup [T DS, (&) < ¥l Va e N"\ {0}
E€R™\{0}

Proof. Let « € N™ \ {0}. Then there exist 5 € N and j e {1,...,n} such that « = f +¢;. If 3 =0,

then the inequality of the statement is satisfied with any ¢ € [s,; 1, +-00[. Thus we can assume that 3 # 0. Since

%*2” is positively homogeneous of degree —(n — 1), then the Euler Theorem implies that D” ‘95;’ is positively

homogeneous of degree —(n — 1) — |3]. Since S,, is analytic in R™ \ {0} and 9B,,(0, 1) is compact, then there
exists ¢ € [s,,; 1, 400 such that

sup DTS (x)] < Il vr e N*\ {0}.
£€0B,,(0,1)

Hence, we conclude that

D5, (€)] = |¢] -1~ |Dﬂ35 <§>|<5| (=-D-loldlolal v € R"\ {0}

Then we have the following consequence of Theorem ?? (ii).

Lemma A.7 Let 5 € D (R). Then there exists an open neighborhood T of 7 such that the map from I to

L which takes vy to Syq.n © 7y is real analytic.

q,max{n72,%}

Proof. Let A = max{n — 2, 1 }. Let

E{feCl((CIQ)\{O})r sup |£(@)] 2 < +oo,

er\{o}
sup |f< )2 < +oo Vi € {1, ,n}}
z€Q\{0}
Ifla = sup II:C\A+Z sup |22 (z)] |zA Ve AL.
freQ\{O} = 1z€Q\{O}
Clearly, (/1}\, Il Z\i) is a Banach space and the restriction map induces a linear isometry from A}L 5 into fl}\.

Hence, it suffices to show that there exists an open neighborhood T of 4 in D;F(R) such that the map from I to
A}, which takes v to S, ., © Vi@adn {0t = On © Y @on{oy T Byam © V@) foy 18 real analytic.

By Theorem ?? (ii), there exists a bounded open neighborhood I" of 7 in D (R) such that the map from I'to
ok (le) which takes «y to g5 © Va0 is real analytic. We can clearly assume that the closure of Iis compact

and contained in D} (R). Since the restriction map from C'!(clQ) to A}\ is linear and continuous, the map from
I to A1 which takes y to R4y, © V(@) {0} is real analytic.

Next we turn to show that the map from I to A}, which takes ~ to .S, o V|(c10)\ {0} 1S Teal analytic. We first
prove that there exist M, r €]0, +-00[ such that DZ _ (Sn(7)| gy (o) belongs to A} and

o |ov! n
D8 o) Sn (V) g oy lay < Mo Ve €N?, (49)

for all 4 € I. Since S, (vyz) is analytic in (v, z) € D (R) x (R™\ {0}), we conclude that

Catreeorn) (50 0 Va@nop) € CH(CEAQ)\{0}) Vv € DY (R).
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We also note that

lz| < Vz € @,

@
2

0<g1=inf min v <|y| <sup|y|=g2 < > VyerT,
'VEFJ:L“"n 'yéf

hel <di= Y, V(.2 € T xelq.
By Lemma ??, we have
IDE1s oy (S ()| = 2 DSy, (y) | |2} (50)
<Ot ) (72)* DSy ()| [y g

< g;\a|*)\ ( sup |£‘|a\‘DaSn(€)‘ |£n—2> di\*(nf2)

0<[¢]<dy
< g7 d} =2 Yy, 2) e T x (@) \ {0})
forall « € N™ \ {0} and

0

@ A+1
i, Dl ($212)) ] (51)

o = | 5, )

< oz~ DSy (yr)| [z M + |2 [DOF S, (ya) v M

<ol 1(Vighs s Y ) () =% DS (ya) | [y =D F A= (= g At
HOh - Yo ) (@) DO S (y) | [y 2y A (2 g A g

—lal+1 — A—(n—2) —\—
< Jay|g; T ( sup ¢l 2>|Dasn<f>|) 4y~ g
0<|¢|<dy

—|a]=A— o n— a+te; A—(n—
+gp ! 192( sup |¢[lol+1+(=2)|p +asn<s>|> =)
0<\§\§d1

—|a|+1 A—(n—2) —X\—
S
—la|=A-1 «a A—(n—2 ~ ~
o1 M o (o + 1T (@) €T x ((€1Q)\ {0))
forall « € N\ {0} and j € {1,...,n}, where the first summand in the left hand side should be omitted if
a; = 0. Since (Ja| + 1) < 2l¢1*1 for all a € N™ \ {0}, the inequalities (??) and (??) imply the existence of

M and r €]0, +oo] such that inequality (??) holds true. Possibly shrinking I, we can assume that T is a ball of
radius r; €]0, r[. Then we introduce the map 7" from I to A} by setting

| ) )
ThI= Y D% ) Sn (V) aan o) (=) ¥y el

al
aeNn

By inequality (??), the series which defines 7" is convergent in /ﬂ\ uniformly in v € T and accordingly 7 is real
analytic. Since the convergence in A} is stronger than the pointwise convergence in (clQ) \ {0}, we have

TRIE) = 3 2D (SaG) (= 3) Ve € (@) {0}, (52
aeNn

for all v € T'. Moreover, the function S,, (yx) is analytic in (v, 2) € D} (R) x (R™\ {0}). Thus the right hand
side of (2?) equals Sy, (yz) for all (v,z) € I' x (cl@) \ {0}). Hence, T[y] = S5,(7") |16\ (o} for all v € I' and

the map from T to AL, which takes 7 to S, (’y-)‘( O\ {0} is analytic, and the proof is complete. O

Next, we have the following, which can be proved as Lemma 2.2 of [?].
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Lemma A.8 Let p €]0,+oo[ Letp € Q. Let Q) be as in (??). Let ¢ be as in (??). Let W be an open
neighborhood of c1Q. Then there exists a real analytic map G from ] — eq, eO[XCB, p(CIW) to R such that

/ hde=Gle.h]  ¥(eh) €0, ep[xCO (V).
Q\quﬁ

Finally, we introduce the following elementary lemma of [?, Lem. A.5].

Lemma A.9 Letrm € N\ {0}, a €]0,1[. Letp € Q. Let Q be as in (??). Let ¢y €]0, +0o0] be as in (??). Let
€1 6]0760[.

(i) Let Q be an open subset of R with a nonzero distance from p + qZ". Then there exist e;% €]0, €1 [ such that

AQ CS[Q,.]” Ve € [—e€5, €5,
and €, €0, €% [ such that

cIS[Qp,ex |7 S S[Qp,e]” Ve € [—€g,€5] -

(i) Let QU be a bounded open subset of R™ such that Qf C R™ \ cl§). Then there exists €t €)0, €1 such that

P+ eclQf C Q, p+eQf CS[Q,. ] Ve € [—eqt reqr ) \ {0}
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