Comm. Algebra, 46 (2018), no. 11, 4724-4738, https://doi.org/10.1080/00927872.2018.1455099

Maximal Subrings and Covering Numbers of Finite
Semisimple Rings

G. Peruginelli*
N. J. Werner!

September 25, 2018

Abstract

We classify the maximal subrings of the ring of n X n matrices over a finite field, and
show that these subrings may be divided into three types. We also describe all of the
maximal subrings of a finite semisimple ring, and categorize them into two classes. As
an application of these results, we calculate the covering number of a finite semisimple
ring.
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1 Introduction

When dealing with an algebraic structure, a standard goal is to understand its substructures. In this, special
attention is often paid to those substructures that are maximal with respect to inclusion, such as maximal
subgroups or maximal ideals. There are many papers in the literature studying maximal subalgebras of an
algebra & over a field F (see e.g. [9) [10] 11} 21] 22] 23] and the references therein), and for commutative
rings the related notion of minimal ring extensions has become popular (for this, the papers [6] [7, [§] are a
good starting point). However, less work has been done on classifying the maximal subrings of a general
algebra /. This problem is nontrivial, because there usually exist maximal subrings of &/ that are not
F-subalgebras. An easy example of this is given by taking &/ = F' and considering a minimal field extension
F/Fy. In this case, Fp is a maximal subring of F' but is not an F-algebra, and hence would fall outside any
classification of maximal F-subalgebras.

The aim of the current paper is to classify all of the maximal subrings of an n X n matrix ring M, (F,)
with entries from a finite field F, with ¢ elements. We will also describe the maximal subrings of a finite
semisimple ring (i.e. a direct product of the form [[!_, My, (F,,)). Here and elsewhere, when we speak
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of subrings, we mean a subset of a ring that is an Abelian group under addition and is closed under
multiplication; we do not require subrings to contain a multiplicative identity. As it turns out, however,
the maximal subrings of a unital ring R often contain 1r (see Lemma , so the omission of unity from
the definition of a subring will not be a hindrance to our work.

The paper begins in Section 2 with some results on maximal subrings of a finite dimensional central
simple algebra &7 over a field F. This allows us to build on the work of Racine [21], 22], who classified
maximal F-subalgebras in various types of F-algebras, among them matrix algebras and central simple
algebras. As we demonstrate in Proposition [2:4] and Theorem [3:3} as long as Fq # F), it is easy to produce
maximal subrings of M, (F,) that are not Fg-subalgebras. Thus, our work is more than just a corollary of
Racine’s theorems.

In Section [3] we begin to restrict our attention to M, (F,) and we prove that the maximal subrings
of M,(F,) can be classified into three types (Theorem [3.3)), which we call Types I, II, and III (Definition
3.1). We then provide precise counts for the number of maximal subrings of each type (Propositions
. In Section 4} we work with finite semisimple rings and we prove (Theorem that the maximal
subrings of such a ring fall into two distinct classes, which we call Types 111 and Il (Definition .

In the last section, we apply our results to determine the covering numbers of finite semisimple rings.
A cover of a (unital, associative) ring R is a collection of proper subrings S; C R such that R = |J, S;. If
such a union is possible, then we say that R is coverable and the covering number of R, denoted by o(R),
is the size of a minimal cover, i.e. the least number of subrings necessary to form a cover. A minimal cover
(if it exists) can always be formed out of maximal subrings, so knowing the maximal subrings of R is quite
useful in determining o(R).

The analogous problem of covering numbers for groups has been well-studied and covering numbers
are known for several types of groups, among them all solvable groups [26], various linear groups [I]
2, [3], assorted symmetric and alternating groups [4, [14] 19, 25], and some sporadic simple groups [12].
Less attention has been paid to covering numbers for rings. All rings with covering number three were
determined in [18], [27] gives formulas for covering numbers of direct products of finite fields, and a formula
for o(Mn(Fq)) was determined in [17] and [5] (see Theorem of the present paper). The survey paper
[13] gives an overview of theorems related to coverings for various algebraic structures, including groups
and rings. Our contribution to this topic is to prove (Theorem that if R = [[/_, M,(F,) and n > 2,
then o(R) = 0(Mn(Fy)). When combined with some of the other theorems in Section |5} this result allows
one to find the covering number for any finite semisimple ring.

2 Some Maximal Subrings of Central Simple Algebras

Throughout this section, & denotes a finite dimensional central simple algebra over a field F'. We are
interested in describing the maximal subrings of 7. To be consistent with the terminology used in [27],
we use subring in the weakest sense: a subring S of a unital ring R is a subset of R that is an Abelian
group under addition and that is closed under multiplication. Thus, a priori we make no assumption that
S contains 1g, or that S contains any multiplicative identity. In practice, however, we will be focusing on
maximal subrings of &/, and our first results show that—except for the situation where &/ = [F,, for some
prime p—any maximal subring of <7 contains 1. .

Lemma 2.1. Let R be a ring with unity. Let M be a mazximal subring of R. Then, either

(1) 1r € M, or

(2) M is a mazimal two-sided ideal of R and R/M = F, for some prime p.

Proof. If 1r € M then we are done, so assume that 1 ¢ M. Let D be the subring of R generated by

1r and let S = D + M. Note that either D = Z if R has characteristic 0, or D = Z/nZ if R has positive
characteristic n.



Observe that dm € M for all d € D and all m € M; it follows that a product of elements of S remains
in S. Since S is also clearly closed under addition, we see that S is a subring of R. But, M g S, and M is
a maximal subring of R, so in fact S = R. Finally, the fact that dm € M for all d € D and all m € M also
implies that M is a two-sided ideal of R. By the maximality of M, we conclude that M is a maximal ideal
of R.

It remains to show that R/M = F, for some p. Since M is a maximal two-sided ideal of R, the residue
ring R/M is a simple ring. Furthermore, since R = D + M, we have R/M = (D + M)/M = D/D N M.
But, as noted above, D is a residue ring of Z, so the only possible simple residue rings of D are the finite
fields . Thus, R/M =, for some p. O

Corollary 2.2. Let R be a ring with unity. If R has no residue ring isomorphic to a finite prime field
Fy,, then every mazimal subring of R contains 1r. In particular, if R is a simple ring and R # Fp, for all
primes p, then every mazimal subring of R contains 1g.

We return now to the situation of a central simple algebra </ with center F. In [2I], Racine proved
that maximal F-subalgebras of &/ fall into two types (Racine later gave an analogous classification of
maximal subalgebras of central separable algebras over a commutative ring R in [22]). Note that if R is
an F-subalgebra of &/ containing 1., S is a subring of &/, and R C S, then F C S, so that S is also an
F-subalgebra. Thus, any maximal subalgebra of &/ is also a maximal subring of &, although the converse
does not hold, as we shall see below in Proposition

Theorem 2.3. (|21, Thm. 1]) Assume that & = M, (D), where 2 is a division algebra with center F. Let
V be an n-dimensional right P-vector space, so that & =2 Endg (V). Let M be a mazimal F-subalgebra of
/. Then, M has one of the following two forms.

(I) M is the stabilizer of a proper nonzero subspace of V.. That is, M = S(W)={A e o | WA C W},
where W is a proper nonzero subspace of V.

(II) M is the centralizer of a minimal field extension of F in «/. That is, M = €(K) ={A € o | Au=
uA for allu € K}, where F C K C o/ and K/F is a minimal field extension.

If we relax our requirements and allow M to be a maximal subring of & rather than a maximal
subalgebra, there are choices for M that do not fit into Racine’s classification. For instance, if F)/Fy is a
minimal field extension, then Fp is a maximal subring of F, but is not an F-algebra. Similar examples
are possible with matrix rings and central simple algebras. In what follows, for any unital ring R and for
1<4,j <n, welet E;; € My,(R) denote the standard matrix unit with 1 in the (¢, j)-entry and 0 elsewhere.
Also, we associate R with the scalar matrices in M, (R), so that 1g is the n x n identity matrix and we
can write R C M, (R). Finally, for a nonzero subring R of </, the notation F - R denotes the extension of
R to an F-algebra, i.e. the subring of &/ generated by F' and R. Elements of F' - R are finite sums ), u;rs
where u; € F and r; € R.

Proposition 2.4. Assume that F # Fy, and let M be a mazimal subring of F. Then, M, (M) is a maximal
subring of M, (F) but is not an F-subalgebra of M, (F).

Proof. Let S be a subring of M, (F) properly containing M, (M) and let A € S\ M, (M). Then, A contains
an entry a such that a € F'\ M. Since M is maximal in F, a must be a generator of F' over M; that is,
F = M]Ja].

Now, M, (M) contains all of the matrix units {E;; }1<ij<n of My (F). Assume that a occurs as the
(4, j)-entry of A. Then, for each 1 < k < n, we have Ei; AEji, = aErr € S. Hence, the scalar matrix al =
> x 0Ere € S. Thus, S contains the matrix units and all of the scalar matrices in M, (F). Consequently,
S = M, (F) and M, (M) is maximal. Finally, FF € M,(M), so M,(M) is not an F-subalgebra. O



We suspect that a maximal subring of M, (F) that is not an F-algebra is (up to conjugacy by an
invertible matrix in GL(n, F')) equal to M, (M) for some maximal subring M of F. This is trivially true
when n = 1, and we are able to prove it when n > 2 and R is Artinian, and so in particular it is true when
F=F,.

Lemma 2.5. Let R be a subring of <.

(1) If R is nonzero, maximal, and is not an F-algebra, then F - R = o/

(2) If F-R=4/, then Z(R)=RNF.

(3) Let I be a two-sided ideal of R. Then, F - I is a two-sided ideal of F - R.

Proof. (1) If R is nonzero, maximal, and not an F-algebra, then R G F - R, which means that F'- R = /.
(2) Clearly, RNF C Z(R). Conversely, let ¢ € Z(R). Then ¢ commutes with both R and F, and hence
commutes with all elements of F'- R = &/. Thus, c € Z(&/) = F.
(3) This is a straightforward calculation, noting that F'- I = {>, uix; | u; € Fyz; € [} and F- R =
{ZZ wir; ‘ u; € Fir; € R} O

Recall that a ring R is called decomposable if there exist nonzero subrings R; and Rs of R such that
R = R1 & R». The ring R is indecomposable if no such subrings exist.

Lemma 2.6. Let R be a subring of &/ such that F - R = <. Then, R is indecomposable.

Proof. Since F # {0} and F - R = &/, we know that R # {0}. Assume first that & is a field. Since
a decomposable ring always contains zero divisors, no subring of a field is decomposable. Hence, R is
indecomposable when &7 is a field.

For the remainder of the proof, assume that 7 is not a field. Let R1 and Rz be subrings of R such
that R = R1 @ Ry and R; 76 {0} We will show that Rs = {O} Let T = R1 & {0} and I = {0} @& Ra,
which are both two-sided ideals of R. By Lemma part (3), both F'-I; and F - I, are two-sided ideals of
F-R. But, F- R =« and & is simple, so each extended ideal is either {0} or «/. Since I # {0}, we have
F-I1=F -Ri=4«.If F-1I, ={0}, then Ry = I, = {0} and we are done. So, assume that F - [ = &/.

Now, each element of R; commutes with each element of Rz, so in fact each element of R1 commutes
with each element of F'- I = o7; hence, R1 C Z(«/) = F. But, this means that &/ = F'- Ry = F is a field,
contrary to our assumption above. We conclude that F' - Iy # & and that R is indecomposable. (|

With the additional assumption that R is Artinian, we can use these two lemmas to prove that if
F - R = 4/, then R is isomorphic to a matrix ring with entries in a field. A key step in the process is to
prove that R must be semisimple. Recall that R is semisimple if and only if the Jacobson radical of R is
{0} and R is Artinian; this is where the Artinian condition arises. Indeed, if R is not Artinian, then it is
possible that F'- R = & but R is not semisimple. This occurs, for instance, if we take & = Q and R = Z
(or R = Zp), the localization of Z at the prime ideal pZ).

Theorem 2.7. Let R be a subring of &/ such that 14 € R, F'- R = &/, and R is Artinian. Then,
o = Mp(F) for somen and R = My (Fy), where Fy = RN F is a subfield of F.

Proof. Since R is Artinian, the Jacobson radical J of R is a nilpotent ideal [I5, Thm. 4.12]. Hence, there
exists m > 0 such that J™ = {0}. Consider the extended ideal F'- J of &/. Given a = >, usx; € F - J, we
have a™ = 0, because each summand of a™ involves a product of m of the x;, which is in J™. Thus, F - J
is nilpotent. Since &/ is simple, either F'- J = & or F - J = {0}, and we must have F - J = {0} because
F - J is nilpotent. Consequently, J = {0} and we conclude that R is semisimple [I5, Thm. 4.14].

Now, by Lemma [2.6] R is indecomposable. Since R is also semisimple, we see that R is actually a
simple ring. Thus, by the Artin-Wedderburn Theorem [I5, Thm. 3.10], R & M,,(2) for some n and some
division ring 2. Since F - R = 7, we see that &/ = M,(F - 2), and since F is the center of <7, we have
F -2 = F. This means that 2 is a subfield Fy of F. So, R & M, (Fop). Finally, Fp is the center of R and
equals RN F by Lemma [2.5] part (2). O



Theorem 2.8. Let F be a field, let S be a subring of F' containing 1r, and let R be a subring of My (F)
such that R = M,,(S). Then, R is a GL(n, F)-conjugate of My(S).

Proof. Let {Eij}1<ij<n be the standard matrix units of M, (F). Since R = M,(S), by |16, Thm. 17.5]
the ring R contains a full system of matrix units {’]"ij}lgl"jgn. So, 11+ 122 + -+ Tun = In, the n X n
identity matrix, and r;;rie = 9573 for all 4, j, k, and ¢, where ;1 is the Kronecker delta.

Now, each r;; is an idempotent, and hence is a diagonalizable matrix (because the minimal polynomial
of ry is 22 — z, which has no repeated roots). Moreover, since the r;; are mutually orthogonal, they
all commute with one another. Hence, r11,722,...7,, are simultaneously diagonalizable. Thus, up to
conjugation by elements of GL(n, F'), we may assume that r;; = E;; for each 1 <14 < n.

Next, for all 1 <4,j <mn, let f;; denote the (i, j)-entry of r;;. Then, for all ¢ and j,

rig = riarijrj; = BurijEjj = fijEij (2.9)
and f;; # 0 because r;; # 0. Using (2.9), we get, for all 4, j, and k,
fieEir = rik = rijrie = fijEij fiEik = fijfirBijEjk = fij firFik
from which we conclude that
fie = fij fir. (2.10)
Let U be the diagonal matrix U = >°}_, fixEre. Note that U € GL(n,F) with inverse U™ =
S vy fix Exk. Then, for i and 7,

n

Uijfl = (meEkk)Tij( . ffklEkk)
k=1 k=1

= (iflkEkk)fijEij(iffklEkk) by
k=1 k=1

= f1iEii(fi; Eij) f1;' Eij

= frifisfi; Eij
= f1;f1; Eij by 210)
= E»;j.

Hence, via conjugation by elements of GL(n, F'), the matrix units of R can be transformed into the standard
matrix units of M, (F). Since the E;; are also the matrix units for M, (S), this means that R is conjugate
to M, (S), as desired. O

Combining Theorems and gives us a stronger version of the former theorem.

Corollary 2.11.

(1) Let R be a subring of &/ such that 1oy € R, F- R = &/, and R is Artinian. Then, o/ = My, (F) for
some n and R is a GL(n, F)-conjugate of M, (Fv), where Fy = RN F is a subfield of F.

(2) Let R be a nonzero mazimal subring of </ that is not an F-algebra. If R is Artinian, then R is a
GL(n, F)-conjugate of M, (Fy), where Fy = RN F is a mazimal subfield of F.

Proof. (1) is clear from Theorems and For (2), assume that R is nonzero and maximal, but is not
an F-algebra. Since R # {0}, we cannot have o/ = F,, (because {0} is the only maximal subring of Fp).
So, 1o € R by Corollary and F'- R = & by Lemma Next, by (1) R is a conjugate of M, (Fp),
where Fy = RN F is a subfield of F'. It remains to show that Fy is maximal in F'. If S is a subring of F
such that Fy g S C F, then R is properly contained in a conjugate of M, (S). By the maximality of R, we
have M, (S) = M, (F), and hence S = F. O



3 Maximal Subrings of M, (F,)

We now specialize to the case of the ring M, (F,) of matrices with entries in the finite field Fy, and with
n > 2. These matrix rings—and later, direct products of them—will remain our focus for the remainder of
the paper. Throughout, we assume that ¢ is a power of a prime p. We associate F, with the n x n scalar
matrices, so that Fq C M, (Fy). The group of invertible matrices in M, (FF,) will be denoted by GL(n, q).

Our goal in this section is to classify the maximal subrings of M, (F,), of which there are three types.
We will give formulas for the exact number of maximal subrings of each type and discuss when two subrings
of the same type are conjugate.

Definition 3.1. Let M be a maximal subring of M, (F,).

o We say that M is Type I-k if M is the stabilizer of a proper nonzero subspace of Fy of dimension k.
That is, M = S (W) = {A € Mn(Fy) | AW C W}, where W is a proper nonzero F,-subspace of Fy
with dim W = k. If we do not wish to specify k, then we will say M is simply of Type I.

e We say that M is Type II-¢ if M is the centralizer of a minimal degree ¢ field extension of Fy in
M, (Fy). That is, M = G, v,y (K) = {A € My(Fy) | Au=uA, for all u € K}, where K C M, (F,),
K 2 Fp., and £ € Z is a prime dividing n. If we do not wish to specify ¢, then we will say M is
simply of Type II.

o We say that M is Type III-r if M is a GL(n, ¢)-conjugate of M, (IF,.), where I, is a (nonzero) maximal
subfield of F,. If there is no need to specify r, then we will say M is of Type III.

Notation 3.2. Here and elsewhere, we use (W) to denote the stabilizer of a subspace W of Fy, and we
use € to denote centralizers of matrices or sets of matrices.

Theorem 3.3. Let M be a mazimal subring of My (Fy).
(1) If ¢ = p, then M is Type I or Type II.
(2) If ¢ # p, then M is Type I, Type 11, or Type III.

Proof. If M is an Fg-subalgebra of M, (F,), then M is either Type I or Type II by Racine’s classification
[21} 22] (summarized previously in Theorem , and if ¢ = p then these are the only possibilities. So,
assume that ¢ # p. Then, we know that there exist maximal subrings of M, (F,) that are not F,-algebras
(Proposition. Assume M is such a subring. Then, F, - M properly contains M, and since M is maximal
we must have Fq - M = M,,(Fq). Since M is finite (hence Artinian), by Corollary we know that M is
a GL(n, q)-conjugate of M, (F,), where F, = M NF, is a maximal subfield of F,. O

We now investigate some of the properties of the three classes of maximal subrings of M, (F,), including
counting how many of each type occur in the matrix ring.

It is clear that Type I maximal subrings are in one-to-one correspondence with the nonzero proper
subspaces of Fy. The number of such subspaces can be counted by using the g-binomial coefficients (also

called Gaussian binomial coefficients) (Z)q, which for 0 < k < n are defined by

(”) _ (" =1)(g" ' =1)- - (¢" kD — 1)'

k (g—=D(*—-1)---(¢* - 1)

Proposition 3.4.

(1) The number of Type I-k mazimal subrings of Mn(Fgq) is (:)q.

(2) Let k € {1,...,n}. Then any two Type I-k maximal subrings are GL(n, q)-conjugate.



Proof. (1) follows from the well known fact that (Z)q equals the number of k-dimensional subspaces of Fy.

For (2), let W1 and W> be k-dimensional Fy-subspaces of Fy. Then, there exists U € GL(n,q) such that
UW1 = Wa, and it is easy to verify that ./ (Ws) = UY(Wl)Ufl. O

Next, we consider Type II maximal subrings. Note first that any such ring can be realized as the
centralizer of a matrix A € M, (F,) with irreducible minimal polynomial of degree ¢, where £ is a prime
dividing n. For such ¢, if K is a minimal field extension of F, of degree ¢ contained in M, (F,), then
let A € K be a matrix with irreducible minimal polynomial of degree ¢. Then, K = Fy[A], so that
%ﬂjwn(]Fq)(K) = CgMn(]Fq)(A)‘

As we show below in Lemma [3.6] part (1), any Type II maximal subring in M, (F,) is isomorphic to
M, /¢(Fe) for some prime divisor £ of n. The difficulty here is that while M, () always contains subrings
1somorph1c to My e(Fye) (see 20, Thm. VIIL.10]), there is no unique or canonical copy of M, /¢(F,¢) within
M, (Fq). To get around this obstacle, we describe one way to produce a Type II maximal subring by starting
only with an irreducible polynomial of degree ¢ in Fgq[z].

Definition 3.5. Let ¢ be a prime divisor of n and let p € Fy[z] be irreducible of degree £. We define the
Type II maximal subring of M, (F,) associated to u, denoted by T}, as follows. Let C € M,(F4) be the
companion matrix for p and let

e
be the block diagonal matrix in M, (F,) where each diagonal block is equal to C'. Then, Fy[A,] = F is a
minimal field extension of Fy in M, (Fy). We define T, = G, r,) (Fq[Ap]) = Cas,, 7, (Ap)-

Lemma 3.6. Let £ be a prime divisor of n and let p € Fq[x] be irreducible of degree £. Then,
(1) Ty = Myyo(Fpe).
(2) Let F be a subfield of M (Fq) such that F = F . Then, G, (r,)(F) is a GL(n, q)-conjugate of T),.
(3) Let M be a Type II-£ mazimal subring of My, (Fy). Then, M = G, (r,)(A) for some A € My, (Fy) which
is a GL(n, q)-conjugate of A,,.
Thus, any Type IT1-¢ mazimal subring of M, (Fq) is isomorphic to My,e(Fe) and is GL(n, q)-conjugate to
T,
Proof. (1) Since T}, is the centralizer of Fy[A,] = F ¢, we get T), = M,,/¢(F,¢) by [20, Thm. VIIL.10].
(2) Since F' = F ., there exists A € F such that the minimal polynomial of A over F, is equal to
1, and the characteristic polynomial of A (as a matrix in M, (F,)) is equal to p™/*. Then, the rational

canonical form of A is equal to the matrix A, from Definition so there exists U € GL(n, q) such that
A=UA,U™!. Hence, €(F) = €(A) = UE(A,)U™' = UT,U~". This also proves (3), because a Type II-£

maximal subring M will equal ¢ (F) for a field F' isomorphic to some F .. O
Proposition 3.7. Let £ be a prime divisor of n. The number of Type II-{ maximal subrings of Mn(Fq) is
equal to
|GL(n, q _1 -
|GL(n/t,q%) L kq
ok

Proof. By [I7, Lem. 7.2], the number of Type I1-£ maximal subrings of M, (F,) is equal to |GL(n, q)|/(|GL(n/¢,q")|-

£). A routine calculation using the fact that |GL(n, q)| = Z;é (¢" — ¢*) for all n and ¢ shows that
|GL(n, q _1 -
|GL(n/¢,q%) L 11
1k



Finally, we look at Type III maximal subrings.

Proposition 3.8. Assume that ¢ # p and let F,. be a mazimal subfield of Fy.
(1) All Type III-r mazimal subrings of My (Fq) are GL(n, q)-conjugate.

|GL(n, @)|(r — 1)

2) The number of Type III-r maximal subrings of M, (F,) is equal to .

Proof. Part (1) is immediate from the definition of Type III maximal subrings. For (2), let M = M, (F,).
By Theorem [2.8] any subring of M, (F,) that is isomorphic to M is actually a GL(n, q) conjugate of M. We
will count the number of such conjugates. Let .4 = {U € GL(n,q) | UMU ™" = M} be the normalizer of
M under the action of GL(n, ¢). Note that .4 contains both GL(n,r) and F;* (which is the set of invertible
scalar matrices).

Now, conjugation by U € .4 acts as an F-automorphism of M. By the Skolem-Noether Theorem [24]
Thm. 24.40], the group Autg, (M) of F,-automorphisms of M is isomorphic to GL(n,r)/F). Thus, there
is a homomorphism ¢ : A4 — GL(n,r)/F), and ¢ is surjective because GL(n,r) is contained in .#". The
kernel of ¢ is G L(n,q) (M) = F; . Since all the groups involved are finite, we get

|GL(n,7)|
|E]

|GL(n,7)[(g — 1)

1= r—1

IRy =
_ |GL(n,g)|(r — 1)

= 1GLin (g 1) -

Hence, the number of conjugates of M is [GL(n,q) : A

Remark 3.9. For any field F', let PG L(n, F') denote the projective general linear group, which is PGL(n, F') =
GL(n,F)/F*. With this notation, Proposition says that number of GL(n, g)-conjugates of M, (F,) is
equal to [PGL(n,q) : PGL(n,r)].

4 Maximal Subrings of Products of Simple Rings

In this section, we classify the maximal subrings of a finite semisimple ring. By the Artin-Wedderburn
Theorem, such a semisimple ring is isomorphic to a direct product of matrix rings over finite fields. The
results of this section are an extension of Section 4 of [27], which dealt with the maximal subrings of a
direct product of finite fields.

Any finite ring R with unity is isomorphic to a direct product of rings of prime power order [20, Thm.
I.1], and any subring S C R respects this decomposition. In particular, if R = [['_, R; with |R;| = p"* for
distinct primes p; and positive integers n;, and if M is a maximal subring of R, then

M=Ri X+ XRi—1 X M; X Riy1 X -+ X Ry

for some 1 <14 < t, where M; is a maximal subring of R;. Hence, if we wish to classify the maximal subrings
of a finite semisimple ring R, then we may assume that R has prime power order. Consequently, throughout
this section we could work with products of the form R = H2:1 R;, where each R; is a finite simple ring of
characteristic p. In fact, since our proofs rely only on the simplicity of each R;, we can work in a broader
context and assume that each R; is simple (but not necessarily finite) and has the same characteristic.

Given a product R = szl R; with each R; simple and sharing the same characteristic, ' will denote
the prime field of each R;. Then, F' = Q if the R; have characteristic 0, and F' = F,, if their characteristic
is p. For convenience, we will identify each simple ring with its canonical matrix ring. Thus, saying that R;
is a simple ring means that R; = Mni(.%) for some division ring %; with prime field F' and some positive
integer n;. Furthermore, having R; & R; means that R; = R;.



We begin by examining the case t = 2, for which R = R; X Rz. Proposition shows that the maximal
subrings of R1 X Rz can be divided into two non-overlapping classes. These classes are then generalized to
larger products of simple rings in Definition 4.3} and Theorem shows that any maximal subring of such
a product falls into one of the two classes.

When ¢t = 2, it is clear that there exist maximal subrings of the form M; x Re and R1 X Ma, where M;
is maximal in R;. However, other maximal subrings are possible. In the special case where R1 = Rz, the
ring R = Ry X R; admits a diagonal subring M = {(a,a) | @ € R1}, which is actually maximal. We can
generalize this subring by considering pairs (a, ¢(a)) where the entries are linked by an F-automorphism ¢
of Ri. The next lemma shows that a subring consisting of such elements is always maximal.

Lemma 4.1. Let Ry be a simple ring with prime field F and let R = R1 X R1. Let ¢ € Autr(R1) and let
M = {(a,¢(a)) | a € R1}. Then, M is a mazimal subring of R.

Proof. Let S be a subring of R such that M & S and let (z,y) € S\ M. Then, (z,¢(z)) € M, so
(0,¢(z) —y) € S, and ¢(z) —y # 0 because (z,y) ¢ M. Let I be the two-sided ideal of S generated by
(0, ¢(z) —y). Note that since ¢ is an automorphism, the set of components {b € R; | (a,b) € S for some a}
is equal to Ri; this means that I is actually an ideal of {0} x R;y. Since I is nonzero and R; is simple, we
must have I = {0} x Ry C S. In a similar fashion, one may show that Ry x {0} C S, so S = Ry x R; and
hence M is maximal. (]

We now prove that the maximal subrings discussed prior to Lemma |4.1| are the only ones possible in
R = R1 X RQ.

Proposition 4.2. Let R = R1 X Rz, where R1 and Ra are simple rings with prime field F. Let M be a
mazimal subring of R. Then, M has one of the following forms:

1. (a) M = M X Ry for some maximal subring M1 of R,
(b) M = Ri X Ma for some mazimal subring Mz of Ra,
2. Ry =Ry and M = {(a,¢(a)) | a € R1} for some ¢ € Autp(Ry).

Proof. If M has the form M = M; x Rs or M = R; X Ms, then we are done. So, assume that M is not of
this form. In particular, this means that M cannot be a maximal ideal of R. By Lemma (1,1) € M.
From here, we break the proof into a number of claims.

Claim 1: Let m1 : R — R1 and w2 : R — R2 be the projection maps. Then, m1 (M) = Ry and m2(M) = Rs.
Proof of claim. If m (M) # Ri, then m (M) C M; for some maximal subring M; of Ri. But then,
M C My X Rz and so M = M; x Rs by the maximality of M, which is contrary to our assumption. Thus,
7T1(M) = Rl. Similarly, TI'Q(M) = Rz.

Claim 2: For all (a,b) € M, a =0 if and only if b = 0.

Proof of claim. Suppose there exists (0,b) € M with b # 0 and let I be the two-sided ideal of M generated
by (0,b). By Claim 1, m2(M) = R, so (as in the proof of Lemma I is actually an ideal of {0} x Rs.
Since Ry is simple we must have I = {0} x R2 C M. The only way this can be true with M maximal is if
M has the form M; X Rz, and we are assuming this is not the case. Thus, if (a,b) € M with a = 0, then
b = 0. The proof of the converse is similar.

Claim 3: For all (a,b), (¢,d) € M, a = c if and only if b = d.
Proof of claim. We always have (a — ¢,b —d) € M, so by Claim 2 if a = ¢ then (0,b — d) € M and hence
b = d, and analogously for the converse.

Claim 4: For each a € Ri, there is a unique ¢(a) € R such that (a,¢(a)) € M. Moreover, the mapping
¢ : Ri — R is an F-isomorphism.



Proof of claim. The uniqueness of ¢(a) follows from Claim 3, and this uniqueness guarantees that the
mapping ¢ is well-defined. Claim 3 also shows that ¢ is injective, and surjectivity follows from Claim
1 because m2(M) = Rz. Thus, ¢ is a bijection. Next, ¢ respects operations because M is a ring. In-
deed, if (a,b),(c,d) € M, then (a + ¢,b+ d), (ac,bd) € M, and so ¢(a +c) = b+ d = ¢(a) + ¢(c) and
¢(ac) = bd = ¢(a)d(c). Finally, the function ¢ commutes with the action of F because (1,1) € M, and so
o(1) = 1.

The existence of the isomorphism ¢ from Claim 4 shows that R; = Ro (and hence R1 = Rz by our
convention) and that M = {(a,¢(a)) | @ € R1}, so the proof is now complete. O

Definition 4.3. Let R = szl R; be a direct product of simple rings with prime field F. Let M be a
maximal subring of R. We say that M is of Type II; if there exists an index ¢ and a maximal subring M;
of R; such that

M:Rl X XRi,1 ><Mi XR,’+1 X XRt.
We say that M is of Type Il if there exist indices ¢ < 7 and ¢ € Autr(R;) such that R; = R; and

M ={(a1,...,an) € R|a; = ¢(ai)};
here, there are no restrictions on the entries ay, for k # 4, j.

We employ this II-notation in Definition 23] so as not to conflict with Definition [3.I} and as an implicit
reminder that these definitions apply to direct products of rings. Subrings of Type II; are clearly maximal.
Proving that subrings of Type II> are maximal proceeds as in Lemma [I.1] Indeed, if M is of Type II> and
M G S C R, then let m;; : R — R; X R; be the projection map. Then, 7;;(M) is maximal in R; X R; and
mij (M) G mij(S), so mi;(S) = Ri x R;. It follows that S = R and M is maximal.

In Theorem we will prove that every maximal subring of R is of Type II; or Type II>. The proof
of the theorem uses the following lemma.

Lemma 4.4. Let R = HZ:1 R; be a direct product of simple rings with prime field F', and assume that
t>3. Foreach1<i<t, letm : R— Hj# R; be the projection map. If S is a subring of R such that
7i(S) = [1,z Ri for each i, then S = R.
Proof. Assume that S is a subring of R such that 7:(S) = [[;_, R, for each i. For each 1 <17 < j <, let
Zij = {(a1,...,a:) € R| a; = a; = 0} be the ideal of R with {0} in the i*® and j'* components and Ry,
elsewhere.

First, we show that Z12 C S. Since 71(S) =[], R;, there exists a € R1 such that (a,0,1,1,...,1) €
S. Since 72(S) = l_[j;é2 R; and each R; is simple, the two-sided ideal of S generated by (a,0,1,1,...,1) in
S is equal to either {0} x {0} X R3 x -+ x Ry (if a =0) or R1 X {0} x R3 X --- x R; (if a # 0). In either
case, we conclude that Z12 C S.

Now, the technique used in the previous paragraph can be applied to Z;; for any 1 < ¢ < j < ¢, so
each Z;; is contained in S. Since ¢ > 3, this means that Zi2, Z13, Z23 C S; but, Zi2 + Zi3 + Z23 = R, so
S =R. O

Theorem 4.5. Let R = H:zl R; be a direct product of simple rings with prime field F'. Then, any mazimal
subring of R is of Type 11 or Type Ila.

Proof. The proof is by induction on ¢. The theorem is trivial when ¢t = 1, and the case ¢ = 2 was completed
in Proposition So, assume that ¢ > 3 and that the result holds for any direct product of less than ¢
simple rings.

Define the projection maps 7; as in Lemma[4£:4] Since ¢t > 3 and M # R, by Lemma [£.4] there is some
1 <4 <t such that 7(M) # [[;, R;. Without loss of generality, assume that 71 (M) # H;:Q R;. Then,
71(M) is contained in a maximal subring M’ of H;ZQ R;. By induction, M’ is of Type II; or Type Ils.
Hence, M C Ry x M’, and by the maximality of M we must have M = Ry x M’. Since M’ is of Type II;
or Type Iz, so is M. O
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5 The Covering Number of a Finite Semisimple Ring

In this final section, we show how to calculate the covering number of a finite semisimple ring. Recall
from the introduction that for a unital ring R, a cover is a collection of proper subrings S; C R such that
R = |, Si, and the covering number o(R) is the size of a minimal cover (if one exists). Not every finite
ring admits a cover. For example, a finite field F' is not coverable, because the generator of the unit group
cannot lie in any proper subring of F. If R is not coverable, then we take o(R) = oo.

The following theorem from [27] describes exactly when a finite semisimple ring is coverable.

Theorem 5.1. [27, Cor. 8.8] For each prime p and positive integer n, let Irr(p,n) denote the set of monic
irreducible polynomials of degree n in Fy[z]. For a prime power ¢ = p", let

r(a) = {p A

[Irr(p,m)| +1 ifn > 1.
Let R = H§:1 M, (Fq,) be a finite semisimple ring, where for each i, n; is a positive integer and g; is a
prime power. Then, R is coverable if and only if one of the following conditions holds:
1. somen; > 1.
2. alln; =1 and some Fy; occurs in the product at least T(q;) times.
Section 5 of [27] gives a formula for o(R) when R is a coverable product of finite fields. The covering

number of a matrix ring M, (Fy) with n > 2 has been established by the work of Lucchini, Maroti, and
Crestani.

Theorem 5.2. (Lucchini, Maroti, Crestani) Let n > 2 and let £ be the smallest prime divisor of n. Then,

—

n—1 [n/2]

1 n n
o(Mn(Fo)) =5 [[(@" =)+ (k) :

s e

-l
S

Proof. In the terminology of Section 3] the theorem is saying that a minimal cover for M, (Fq) is found by
taking the union of all the Type II-£ maximal subrings and all the Type I-k subrings for k = 1,...,|[n/2]
such that £ 1 k. For convenience, let X denote the expression on the right-hand side of the above equation.
A proof that o(M,(Fq)) < X is given in [I7, Prop. 7.3]. The inequality o(Mn,(Fq)) > X is shown in [17]
Sec. 7], and also follows from the main result in [5]. O

Interestingly, the work done in [I7), Sec. 7] and [5] relied on a classification of the maximal subrings of
M, (F,) that did not include Type III maximal subrings (see [I7, Lem. 7.1], which is equivalent to Racine’s
classifications [21], 22] of maximal Fg-subalgebras of M, (F,)). However, the techniques employed in [17]
and [5] were robust enough that Type III maximal subrings where automatically excluded from the minimal
covers that were formed, and so (M, (F4)) can be determined by using only Type I and Type II maximal
subrings.

To calculate the covering number of a general finite semisimple ring, we will need a few elementary
results from [27]. We state them here for easy reference.

Lemma 5.3.

(1) [27, Lem. 2.1] Let R be a finite unital ring with a minimal cover R = sz(lf) M;, where each M; is a
maximal subring of R. If M is a maximal subring of R containing a multiplicative identity and such
that M # M; for each i, then o(M) < o(R).
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(2) [Z7, Thm. 2.2] Let R = [[\_, Ri, where each R; is a finite unital ring. Assume that each mazimal
subring M of R has the form
M:R1 X -~~><Ri,1 XMZ' XRi+1 X --~><Rt7
for some 1 < i <'t, where M; is a maximal subring of R;. Then, o(R) = 1121_'1%{0(}{1-)}‘

(3) [27, Cor. 2.4] Let R = H’;:l R;, where each R; is a finite unital ring and |R;| = p;* for some distinct
primes p; and some positive integers n;. Then, o(R) = 1ré1i1f<1 {o(R:)}.
<i<t

When R = HE=1 R; is a product of finite simple rings R;, we can always reindex the product so that
identical simple rings are grouped together. When this kind of decomposition is used, determining o(R)
reduces to the case where R is a product of copies of a single simple ring.

Proposition 5.4. Let R1,..., R; be distinct finite simple rings. Let R = ];_, (H;;l Aij) , where A;; = R;

for every 5 € {1,...,t;}. Then, o(R) = min {a(f{lAij)}.
j=

1<i<t

Proof. By Lemma [5.3| part (3), we may assume that R; has the same characteristic for each 1 < i < t.
Then, by Theorem [4.5, each maximal subring of R is of Type II; or Type II>. For each 1 < ¢ < ¢, let
P = H§;1 Ajj. Then, R = [['_, P; and each maximal subring M of R has the form

M:P1><~~~><P¢71><Mi><PZ‘+1><"~><Pt
where M; is a maximal subring of P;. By Lemma part (2), we get o(R) = min {o(P;)}. O

1<i<t

As mentioned earlier, the value of o(IT;_, Fy) is determined in [27, Sec. 5]. It remains to consider the

case where R = H§:1 M, (Fq) for some n > 2. After an ugly proof of an inequality, we will show (Theorem
5.11)) that o(R) = o (M, (Fy)).

Lemma 5.5. Let n > 2. Then, o(Mn(F,)) < |Autp, (Mn(Fy))|.

Proof. Let £ be the smallest prime divisor of n. By Theorem [5.2]

n—1 . Ln/2] n

Mo+ 3 (3)-

k=1, k=1, q

£k £4k

By the Skolem-Noether Theorem [24], Thm. 24.40], the group of F4-automorphisms of M, (F,) has order
|GL(n,q)|/(¢ — 1). Every Fq-automorphism is also an Fp-automorphism, so we get the following lower

bound for |Autr, (Mn(F,))|:

o (Mn(Fq)) =

| =

|GL(n,q)|
|Aut]1rp (M (Fq))| > ﬁ
O U R C e )
q—1
=(l+q+ -+ Na"—q) (@ —q"). (5.6)

An upper bound for the first part of the formula for o (M, (F,)) is

n—1 n—1
1 n k 1 n k
@ - <5 [T -dh
k= k=1
L4

Eall

n

—q) - (q" —q"). (5.7)

1
5(11
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For readability, let f = [n/2]. Then, an upper bound for the second part of the formula is

> (1) =x ().

1,
otk

s _ e
R A ) C A SRR C )
_kZ:l (g—D(¢=1)---(¢" = 1)

n f n—1 n—(k—1
_ 4 _1(1+Z(q 1) )_1)>. (5.8)
k=2

Clearly, the expression in (5.6)) is greater than the expression in (5.7). After comparing these two, we
see that it suffices to show that the expression in (5.8)) is strictly less than

(%+q+~~-+q"’1)(q"fQ)~-(q"fq"’l)- (5.9)

Note that

@ =)@ ¢ (" =" )=qld" " =" =1 ¢" (g 1)
_ q(nfl)n/Q(qnfl _ 1)(qn72 _ 1) . (q _ 1)

so that (5.9) is equal to

1 n— n— n n— n—
(gHa+ -+ " = D@ =) (g 1)

n n2—n— n— n—
=(%+q2+---+Q)q( DR —1)(q" P = 1) (g - ).

Now, certainly
q" -1
-1

so it will be enough to prove the following inequality:

:1+q+~~~+q"71<g+q2+---+q",

(qn—l —1)--- (q"—(k—l) -1)
—= (-1 ("1 (5.10)

n?—n— n— n—
< ¢! D@ =D =) (g D).

M-

1+

The product (¢" ™' —1)(¢""2 —1)--- (g — 1) is at least as large as the numerator of each fraction in the
left-hand side of . So, inequality will hold once we verify that q<"27"72)/2 is greater than or
equal to f, the number of summands in the left-hand side of (5.10).

If n =2, then f = [n/2] =1 and q(”27"72>/2 =1, so holds. So, assume that n > 3. Then,
n<n?—n-— 2, s0

f < % < qn/Z < q(nZ—n—2)/2.

Thus, (5.10) holds in this case as well, and the proof is complete. O
Theorem 5.11. Let n > 2 and let R = [[\_, M, (F,), where t > 1. Then, o(R) = o(M,(F,)).

Proof. We will use induction on ¢. There is nothing to prove if ¢ = 1, so assume that ¢t > 2 and that the
result holds for [['~} M, (F,). Since t > 2, R has M, (F,) as a residue ring. Since a cover can be lifted from

a residue ring up to R, we see that o(R) < o (M, (Fg)).
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Now, each Type II> maximal subring of R corresponds to a choice of two indices i < j and an Fp-
automorphism ¢ of M, (Fy). It follows that the number of Type IT, maximal subrings of R is (})[Autr, (Mn(F,))|,
which by Lemma is strictly greater than (M, (F;)). Thus, it is possible to form a minimal cover of R
that does not include some Type II maximal subring M. By Lemma part (1), o(R) > o(M). But,

M = [['Z} Mn(F,), because M consists of ¢ — 2 factors equal to M, (F,), and the remaining two factors
are linked by an automorphism, and hence comprise a single ring isomorphic to M, (F,). By induction,
o(M) = o(Mn(Fgq)), so we are done. O
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