DISCRETE AND CONTINUOUS do0i:10.3934/dcds.2019177
DYNAMICAL SYSTEMS
Volume 39, Number 8, August 2019 pp. 4359-4398

WEAK DISPERSION FOR THE DIRAC EQUATION ON
ASYMPTOTICALLY FLAT AND WARPED PRODUCT SPACES

FEDERICO CACCIAFESTA*

Dipartimento di Matematica, Universita degli studi di Padova
Via Trieste, 63 35131 Padova PD, Italy

ANNE-SOPHIE DE SUZZONI

Ecole Polytechnique, CNRS Université Paris-Saclay
91123 Palaiseau Cedex, France

(Communicated by Joachim Krieger)

ABSTRACT. In this paper we prove local smoothing estimates for the Dirac
equation on some non-flat manifolds; in particular, we will consider asymptot-
ically flat and warped products metrics. The strategy of the proofs relies on
the multiplier method.

1. Introduction. The Dirac equation on R'*3 is a constant coefficient, hyperbolic
system of the form

iur + Du+mpPu =0 (1)
where u : Ry x R — C*, m > 0 is called the mass, the Dirac operator is defined as

R 0 .
D=1 IZakaiZk:Z Yo v),
k=1

and the 4 x 4 Dirac matrices can be written as

0 I 0
Qg = % ) k= 17233a ﬂ = ? (2)
Ok 0

in terms of the Pauli matrices
0 1 0 —1 1 0

7T 1 0) 7 o) P o a1 ) 3)
The o matrices satisfy the following relations
ajoy + apoy = 205114, 1<4,k<3,
a;f + Ba; =0, 7=1,23,
B* = I
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as a consequence, the following identity holds
(i0; — D — mPB)(i0; + D +mBu = (A —m? — 92 u. (4)

This identity allows us to study the free Dirac equation through a system of de-
coupled Klein-Gordon (or wave, in the mass-less case) equations. Therefore, it is
not a difficult task to deduce dispersive estimates (time-decay, Strichartz...) for the
Dirac flow from the corresponding ones of their more celebrated Klein-Gordon or
wave counterparts. Of course, when perturbative terms appear in equation (1), as
potentials or nonlinear terms, the argument above needs to be handled with a lot
of additional care, and in particular is going to fail in low regularity settings, when
the structure of each term play crucial roles. The study of dispersive estimates for
the Dirac equation with potentials has already been dealt with in literature: we
mention at least the papers [4, 6, 8, 12, 13, 10] in which various sets of estimates
are discussed for electric and magnetic perturbations of equation (1).

In the last years, a lot of effort has been spent in order to investigate higher
order perturbations of dispersive partial differential equations: in particular, the
problem of understanding how variable coefficients perturbations affect the wave
and Schrodinger flows has attracted increasing interest in the community. The
interest for this kind of problems is of geometric nature, as it is indeed natural to
interpret the variable coefficients as a “change of metrics”, and therefore to recast
the problem as the study of dispersive dynamics on non-flat manifolds. It turns out
that in this context a crucial role is played by the so called non-trapping condition
on the coefficients that, roughly speaking, is a condition that prevents geodesic
flows to be confined in compact sets for large times: the failure of such a condition
is indeed understood to be an obstacle for dispersion. Such a condition is in fact
guaranteed in case of “small perturbations” of the flat metric. On the subject of
dispersion for Klein-Gordon and wave equations, we mention, in a non exhaustive
way, [1, 2, 3, 16, 20, 21, 22].

The aim of this manuscript is to provide some first results in this framework
for the Dirac equation for which, to the best of our knowledge, nothing is known;
in particular we here aim to prove weak dispersive estimates for its flow under
some different assumptions on the geometry. We stress the fact that, due to to the
rich algebraic structure of the Dirac operator, its generalization to curved spaces is
significantly more delicate than the one of the Laplacian; we dedicate section 2 to
this issue. On the other hand, once the equation is correctly settled, it is possible
to rely on the the squaring trick (4) as in the free case to reduce to a suitable
variable coefficients wave equation with a lower order term, for which the multiplier
technique can be exploited. Therefore, in the present paper we will essentially be
mixing the strategy developed in [4] to prove dispersive estimates for the magnetic
Dirac equation, with [7, 9], in which the same method is adapted to deal with
the more involved variable coefficients setting for the Schrodinger and Helmholtz
equations.

We will show in section 2 that the general form of the Dirac operator on a
manifold with a given metric g, is the following

D =iy*et D, (5)

where the matrices 7o = 3 and 77 = ’yoaj for j =1,2,3, e* is a vierbein (i.e. a set
of matrices that, roughly speaking, connect the curved spacetime to the Minkowski
one) and D,, defines the covariant derivative for fermionic fields.
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In what follows, we shall restrict to metrics g,, having the following structure

& 2(t) itp=v=0
guw =14 0 if yp=0and u#v (6)
—h,, () otherwise.
The function ¢ is assumed to be strictly positive for all ¢; let us remark that,
after a change of variable on time, one may take ¢ equal to 1. The structure (6)
implies means, in simple words, that time and space are decoupled. What is more,
we assume that the manifold is complete: this ensures that the Dirac operator is
self-adjoint (see [11]), a property that is crucial in order to guarantee a unitary
dynamics, and that we use for the conservation of energy or for estimates of norms
in terms of this operator. The same assumption is made in [16]. Within this setting,
we will show that equation (D + m)u = 0 can be written in the more convenient
form
1¢p0u — Hu =0 (7)
where H is an operator such that H? = —Aj + iRh +m?, and A, and Ry, are
respectively the Laplace-Beltrami operator and the scalar curvature associated to
the spatial metrics h. As a consequence, it can be proved that if u solves equation
(7) then wu also solves the equation

— (@00 u+ Dy — Ry —mPu =0, (8)

We should stress the analogy with the free case; the scalar curvature term that
appears in the equation above vanishes when reducing to the Minkowski metric.
Moreover, what we mean by A\, is actually the Laplace-Beltrami for spinors, that
is Ap, = DY D;, with D; the covariant derivatives acting on spinors (see section 2).

Our first main result concerns the case of manifolds which are asymptotically
flat; let us explain precisely the assumptions in this case. First of all, we require for
h(x) = [hj(7)]} =, the following natural matrix-type bounds to hold for every z,
£eR3

vIEP? < WF(2)€;6 < NIEP (9)
where hjp, 1= [hjk(ac)]?,,€=1 is the inverse of the matrix h(z), which is equivalent to
N7YEP < hji(2)g8r < v (10)

Notice that a consequence of (9) is that there exist constants C;, n, ¢ = 1,2,3
depending on v, N, such that for all v € R3,
|hinwv]? < Crun|ho? < Copn v < Oz 8| hinwv]?

Moreover, (9) implies

N73/2 < \/det(h(z)) < v™3/2, VzeR? (11)

where det(h(z)) = det[h;x(2)]};—,. Then, we impose an asymptotic-flatness condi-
tion in the form
|hinv(z) = I| < Cr(z)™7 (12)
and
P ()] + || ()] + 2] [R5, ()] < Cr(2) 717, (13)
for some o € (0,1), where we are using the standard notation for the japanese
bracket (z) = (1 + |z|?)'/? and we are denoting by |h(x)| the operator norm of
the matrix h(z) and where |h/| = Z |0%h(z)|, |W'| = Z |[0%h(x)| and |B"'| =

lee|=1 le]=2
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Z |0%h(z)|. The constants C; and C} will have to be small enough. Note also
|a|=3
that these assumptions imply

()7 7 (Vdet(h(@)) | = + [[(2)7 7 (V/det(A(a))h7* ()1~ < Oy, (14)
for some constant Cg, (the constant Cy might be explicitly written in terms of
Ch, v and N, but here we prefer to introduce another constant to keep notations
lighter). These are often referred to as long range perturbations of the euclidean
metrics.

We are now ready to state our first result

Theorem 1.1. Let u be a solution to (7) with initial condition ug, with g satisfying
(6), and assume that h satisfies (9), (12) and (13) with the constants involved small
enough. Then for n1,n2 > 0, there exists Cy,, 5, > 0 independent from u such that

) =22 M| 2 1z + 1) 727" G ull 2 12 < Oy | Huol 22 (an,)- (15)

The spaces L}, L?(M},) and L?(M,), which will be needed in the statement of
Theorem 1.2, are defined in a completely standard way (see forthcoming (25), (24)
and (23).

Remark 1. Let us make a few comments about the functional framework which
are valid for the two theorems. First, we work in geodesically complete geometries
such that we have no issues with border terms when computing the virial identity
that we use in the proof. Then, by H® norms, we mean norms that depend both on
the spinorial aspect of the Dirac equation and the geometry. Namely, the H® norm
of u is defined as
lul%. == S D DD ullZa o,
lor|<s

where (Dj)1<;<3 are the covariant derivatives for Dirac bispinors (we define them
later when introducing the Dirac equation), o = (a)1<j<3 € N3, |a| = >_;o; and
L?(My,) is defined thanks to the infinitesimal volume described by the metrics h.

In our settings, ||[H? - ||z> (where here H denotes the operator given in (7)) is
equivalent to the standard Sobolev norm H? such that there is enough propagation
of regularity of the Dirac equation to close the computation of the viral identity.

Finally, let us remark that only in the setting of Theorem 1.1, the H® norm of
u is equivalent to the Sobolev norm in R3, at least up to s = 3, thanks to the
assumption of smallness and regularity of the perturbation.

Remark 2. Our asymptotic-flatness assumptions listed above are fairly standard
in this setting (compare e.g. with [9]). The main example we have in mind is given
by the choice hji, = (1 + &{x)~7)d;, with o € (0,1) and for some ¢ sufficiently
small: this matrix satisfies indeed all the assumptions of this subsection. As a
further particular case we can think ;i to be a small and regular enough compactly
supported perturbation of the flat metric.

Remark 3. In fact, we can prove under assumptions of Theorem 1.1 a slightly
stronger version of estimate (15), namely the following

ulld iz + 1 7wl 12 < Coo w0l 3, (16)

where the Campanato-type norms X and Y are defined at the end of this section,
by the equations (26), (27). These spaces represent indeed somehow the natural
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setting when dealing with the multiplier method (see e.g. [4, 9]); nevertheless, we
prefer to state our Theorem in this form for the sake of symmetry with the next
result. We stress anyway that estimate (16), which is the one that we will prove,
implies (15).

Remark 4. As done in [9] for the Helmholtz equation, our proof allows us, after
carefully following all the constants produced by the various estimates, to provide
some explicit sufficient conditions that guarantee local smoothing estimate (15): we
indeed quantify the closeness to a flat metric which we require by giving out explicit
inequalities that the constants in Assumptions (12)-(13) must satisfy to get the
result. These conditions are given in forthcoming subsection (4.5), by requiring the
positivity of the constants M; and My which reflects in smallness requirements on
the constants C; and Cj, in (12)-(13). This fact, as mentioned, is strictly connected
to the geometrical assumption of non-trapping on the metric g;i; therefore our
strategy of proof gives, in a way, some explicit sufficient conditions that guarantee
the metric g to be non-trapping.

Remark 5. In Minkowski space-time, the influence of a magnetic potential in equa-
tion (1) is reflected in the change of the covariant derivative, that is the substitution

Vo Vai=v—id
where
A= A(z) = (A'(z), A%(z), A3(z)) : R® — R3
is the magnetic potential. This phenomenon can be generalized to equation (7): the
presence of a magnetic potential has indeed essentially the effect of changing the
covariant derivative D,. In particular, by squaring the magnetic Dirac equation on
a space with a metric g;; with the structure (6) one obtains the following Klein-
Gordon type equation
~ 1 1
—(0)*u + ANju — ZRhu —m?u — B
where A, is the magnetic Laplace-Beltrami operator and Fj, = 8; Ay — dpA; is the
electromagnetic field tensor. The strategy of the present paper allows to deal with
this more general situation: anyway, we prefer not to include magnetic potentials
in order to keep our presentation more readable. We refer the interested reader

to [9], in which the electromagnetic Helmholtz equation is discussed with the same
techniques as here.

Fj[vi, vi]u = 0.

Remark 6. The problem of proving Strichartz estimates for solutions to equation
(7) seems significantly more difficult: variable coefficients perturbations indeed pre-
vent the direct use of the standard Duhamel formula to handle the additional terms
(see e.g. [4]) and requires a completely different approach involving phase space
analysis and parametrices construction. We stress the fact, anyway, that proving
Morawetz-type estimates (or local energy decay in the case of the wave equation)
still represents a crucial step in this more involved setting, as they indeed provide a
convenient space to place the errors of the parametrix. The interested reader should
see [17] and references therein. We also mention the fact that one could mimic the
argument presented in [5], where it is proved that global in time Strichartz estimates
for solutions to the wave equation on a non flat background, and also outside of a
compact obstacle, are implied by a suitable local smoothing estimate, provided the
metric is assumed to be flat outside some ball and the solutions to (8) which are
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compactly supported in space are known to satisfy local in time Strichartz estimates.
This strategy seems to apply to our case, at least in order to obtain homogenous
estimates, meaning that it could be adapted to equation (8), that presents an ad-
ditional zero order term, and thus to (7). This would give, at least, a conditional
result. We intend to deal with all these problems in forthcoming papers.

Next, we consider the specific case of the so called warped products, that is metrics
of the form (6) with the additional structure

h11 = 1, hli = hil =0ifq 7’5 1, hij = d(ﬂ?l)/ﬂj(l‘Q,Jfg) (17)

where x is a 2 x 2 metric and d is a real function. We denote the scalar curvature
of k by Ry = Re(2?,23).

We will use the more comfortable (and intuitive) notation » = z'. In the case
of the flat metric of R3, d(r) = 72 and & is the metric of the sphere S2. In all
that follows, we assume that  is smooth enough (C?) and that since h should be
positive, that x is a positive matrix.

We prove the following theorem.

1

Theorem 1.2. Let u be a solution to (7) with initial condition ug, with g satisfying

(6) and h as in (17). Then the following results hold.
e (Hyperbolic-type metrics). Take d(r) = e’/ in (17) and assume that for all
(2?,2°%)
Ri(z?,2%) >0, m? > 3%
Let mi,m2 > 0. There exists C, > 0 such that for all u solution of the linear

Dirac equation, we have
||6*T/4<r>7(1+711)u||%2(/\/[9) + ||67T/4<T>7(1/2+’72) vhu”%ﬁ(Mg) < Cyyms HHUOHLZ(M;I)-
(18)
o (Flat-type metrics). Take d(r) =12 in (17) and assume that for all (x2,2%),
Ry > 2, m > 0.

Let my,m2 > 0. There exists Cy, , > 0 such that for all u solution of the linear
Dirac equation, we have

1) =2 ) T gy + 1) ™2 Tl Faun,) < el Huto 220, (19)

o (Sub-flat type metrics) Take d(r) = r™ in (17) with n €]2 —/2,4/3]. There
exists Cp, > 0 such that if for all (z%,23), R > C,, then for all ny,ns >
0, there exists Cy, p,.m > 0 such that for all u solution of the linear Dirac
equation, we have

1) =24 u) T g,y + 1) ™25 7l G2 g,y < Cop o[ H ol 220, (20)

1,72

Remark 7. The hypothesis on the mass comes from the fact that the infimum of
the curvature inf Ry, is not positive (it is negative in the hyperbolic case, and 0 in
the other ones). This issue arises when one estimates the H' norm of u with the
energy, the mass is then used to compensate this negative curvature as it is chosen
such that inf Ry, + 4m > 0. Note that proving Hardy’s inequality for any x would
permit to have m = 0 in the flat case.

Remark 8. There are different conditions for the curvature of k. One reason is
specified in the previous remark : we need the curvature not to be infinitely small,
such that the energy controls the H' norm. This explains R, > 0 in the subflat
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case and R, > 2 in the flat case. What is more, we use the curvature term to
compensate losses due to the bi-Laplace-Beltrami term in the virial identity in the
hyperbolic and subflat cases. This is why we have more constraining hypothesis.

Remark 9. By mixing the techniques used to prove Theorem 1.1 and Theorem
1.2, one should expect to be able to prove local smoothing for the Dirac equation
on metrics that are asymptotically like the warped products we presented. It is also
reasonable to expect, simply by mimicking techniques, the same results to hold for a
more generic warped product. In the cases, we present, we always take a multiplier
of the same form. The computations for a generic d are somewhat tedious, but if one

wishes to repeat the argument for another d, one natural assumption is j,((:)) < (r).

The rest would be finding sufficient hypothesis on AZr and AZr2.

The strategy for proving these results relies on the multiplier method: using
some standard integration by parts techniques we will be able to build a proper
virial identity for equation (7) (see Proposition 6) which, by choosing suitable mul-
tiplier functions, will allow us to prove local smoothing estimates. Notice that the
indefinite sign of the Dirac operator provides a major obstacle in the application of
the multiplier method directly to equation (7); this is the reason why one resorts
on the squared equation (8), as done in the magnetic case in [4]. We also stress
the fact that such a method does not seem to apply in lower dimensions due to the
difficulty of finding proper multipliers, and to the best of our knowledge we are not
aware of similar results in dimensions 1 or 2. On the other hand, the method would
be well adapted to deal with high dimensional frameworks: anyway, the extension
of the Dirac equation to high dimensions is not quite as straightforward as, e.g,
the Schrodinger or wave ones, and it would require some additional work and a
fair amount of technicalities that we prefer not to deal with here. Also, the high
dimensional cases seems to present a relatively scarce relevance in the applications.
This is the main reason behind our restriction to dimension n = 3.

The plan of the paper is the following: in section 2 we review the theory of Dirac
operators on curved spaces, showing how to properly build a dynamical equation,
in section 3 we prove the virial identity that is the crucial stepping stone for local
smoothing with the use of the multiplier method, while sections 4 and 5 are devoted,
respectively, to the proofs of Theorems 1.1 and 1.2.

Notations. We conclude this section by fixing some notations that will be adopted
throughout the paper together with some elementary properties. Some of the def-
initions will be anyway recalled when needed to help the reader’s reading. Let
h = h(z) be a 3 x 3, positive definite, real matrix that defines, in a standard way,
a metric tensor. We recall that the scalar curvature can be written as

Ry = hik ( 9 iA;‘i +Aek/\§z +A§iA§cé) , (21)

8:51- ik 8a:k J

where A;k denote the standard Christoffel symbols (we use will T’ for the ones
associated to g).
In what follows we will use the compact notation for the matrices

h=h(z) = [hjk(@)]3 o1 hinw = hino(z) = [W7"(2)]3 21
We will need the quantities
h(z) = W*%d,  h(x) = Tr(hin(z) = B (z)



4366 FEDERICO CACCIAFESTA AND ANNE-SOPHIE DE SUZZONI

where we are using the standard conventions for implicit summation and & = z/|x|.
Notice that, as h(x) is assumed to be positive definite,

0 < h(z) < h(z)
for every z. Also, we will use the compact notation

'k = \/det(h)h*.

We point out that the quantities above are to be understood in local coordinates.
Straightforward computations show that, for every sufficiently regular radial func-
tion v,

. h—h 1 -
App(z) = b+ Y+ 9; (W™ d ' 22
@ o =0 (") (22)
where ’ denotes the radial derivative and we are slightly abusing notations by iden-
tifying the functions ¥ (z) and ¥ (|z|).
We now introduce the notation for the functional spaces we are using. The norms
with respect to time are given by

Tu 2 +oou 2
s, = [ Soian ity = [T O (23)

where T' > 0 and ¢ is the positive function given in the definition of g (6). In
particular, when ¢ = 1 these norms recover the standard L% (resp. L?) ones, and
we will simply denote with L2. = LiT. We shall use freely either 9y or 0, for the
time derivative.

The norms || - ||z2(a,) and || - [[2(um,) are respectively the L? norms on the
manifold M, and My, that is

117 2,) =/ |f\2=/ |f(t,2)[*/det(g(t, x))dadt (24)
M, Rx D(h)

and
ey = [ 152 = [ 15 VA (29

where D(h) is the set where h is defined. Due to the structure of g (6), we have
g(t,x) = —¢~2(t)h(z), which yields

1ty = [ 15y~ ()

Concerning the scalar products, we will denote the scalar product induced by h as
o= [ to= [ T@igte)v/deiliia’s
My D(h)

while with <75, f - /1, we mean the operator h* (D; f, D;)cs.
In the asymptotically flat case we will also make use of the so called Campanato-
type norms , which are defined as (note that (R) = /1 + R?)

1 1
v|% = sup—/ v]?dS = sup / v|?+/det(h)dS 26
|| ||X R>0 <R>2 MthR‘ | R>0 <R>2 SR| | ( ) ( )

where dS denotes the surface measure on the surface of the ball {|z| = R}, and

1 1
|lv||? := sup —/ |v[*d2 = sup —/ [v|?/det(h)dx (27)
£>0 (R) Jy,nBn r>0 (R) Jp,
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where we are denoting by Sr and Bpg, respectively, the surface and the interior of
the sphere of radius R centred in the origin. Notice that || - ||y is equivalent to the

norm whose square is

1
sup — [v|?. (28)
r>1 R J 085,

2. From vierbein to dreibein. Our aim in this subsection is first of all to give
some (basic) motivations and backgrounds that lead to the study of the Dirac
equation on a non-flat setting, and then to describe the Dirac equation on curved
space-time in the case of a metrics which dissociates time and space. We prove
indeed that it can be written as

ip0ru — Hu =0

with ¢ is the function appearing in the metrics (6) and H an operator such that

1
H?=— A, +1Rh +m?

where h is the space metrics, /\;, the Laplace-Beltrami operator associated to this
metrics, m € R is a parameter (a mass) and Ry, the scalar curvature.

2.1. The Dirac equation in the Minkowski metrics. Before we explain what
is the Dirac equation on manifolds, let us recall what it is on the Minkowski metrics.

The Dirac equation is a Schrédinger equation which is covariant, that is, invariant
under the changes of special relativity referencial, which makes it an equation of
quantum mechanics with relativistic corrections, and which is used to model the
free evolution of a pair electron-positron. In the introduction we have seen how the
equation writes in dimension 1+ 3 (see equation (1) and subsequent lines for the
notations). It can be seen as a Schrédinger equation in the sense that it takes the
form

10;u = Hu

with H =mf — i3, ald; a self-adjoint operator.

We now want to discuss the covariance. The changes of special relativity refer-
encials are the Poincaré group, generated by the space-time translations and linear
transforms that preserve:

e the metrics,

e the orientation,

e causality.
In other words, they form the connected component of the identity in SO(1,3),
which makes it a connected Lie group. It is denoted by SOq(1,3) and its elements
are also called Lorentz transforms. Notice that The Dirac equation is quite clearly
invariant under the action of space-time translations. To see that it is invariant
under the action of SOg(1,3), let us consider a solution u to

iy 0 u = mu
and set v/ (2’) = u(x) where (/) = L* z¥ with L € SOy(1,3). We have :
mu' o L = mu = iy"dyu = iy"9,(u' o L) = iy"L",(d,u') o L
which can be rewritten as
mu’ = i(y")" o,
where (7/)” = L¥ .
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Since L € O(1, 3), we get that the 4/ satisfy the same anti-commutation relations

as the v, that is
{(V), ()} =20
Canonical anti-commutation relations tell us that there exists an explicit group
morphism U : SOy(1,3) — Us(C) where Uy (C) denotes the unitary matrices of C*,
satisfying :
() =LA = Vu, ()" =U(L)"y*U(L).
From that, we deduce
mU (L)u' = in"9,U(L)u'.

In other words, up to an orthonormal change of basis of C* characterised by U(L),
u’ satisfies the same equation as u.

Hence, to define the Dirac equation, one needs to fix equivalently

e the set of v,
e the referencial,
e the basis of C*.

The standard representation of the Dirac equation, as discussed, comes with
the choice 79 = B and 7/ = 7%, with a; and 8 given by (2) (these are known
as standard gamma matrices). In this representation, the components in C* of a
solution u to the Dirac equation are an electron of spin up, an electron of spin down,
a positron of spin up, a positron of spin down.

A solution u to the Dirac equation is called a (bi)spinor in the sense that a change
of referencial induces a change of basis of C* as we have seen previously.

Note that :

1. it was the first prediction of anti-matter;

2. a aspinor encodes an information on the spin;

3. experiments validates this equation as a good description of the free evolution
of electron-positrons as it is known for instance in the context of large atoms
or (in 2D) of graphene.

2.2. Motivation and first construction: Vierbein. Let (M, g) be a manifold
with Lorentzian metrics g endowed with a spin structure (as it should encode spin).
Given the spin structure, we can fix a vierbein (or tetrad) e for (M, g), that is, a
matrix bundle satisfying :
eln?et, = g
or equivalently
6;777abeyb =Guv-
The latin indices a,b, etc are lowered or uppered according to metrics n and the
greek indices u, v, etc according to metrics g.
Note that e is not uniquely defined by this formula since, if e changes into €’ by
a local Lorentz transform L, that is (¢/),* = L%e?, the fact that L belongs locally
to O(1, 3) ensures that
(€)fun™ (€)% = g™
The Dirac equation writes :
iv"Dyu = mu
where m € R still is the mass of the electron, v* = ef, v* with v* the standard
gamma matrices, and where D,, is the covariant derivatives for Dirac (bi)spinors.
One may check that {y*,7"} = g"".
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The covariant derivative for Dirac (bi)spinors is defined as
Dy = 0 +iw, M Sap
where w,fb is a purely geometric factor called the spin connection and ¥, is a purely
algebraic factor depending only on the algebraic structure of Dirac (bi)spinors.
This algebraic factor is defined as :
U(6% + %) = Ides + e Syp + o(e)

where U is the same group morphism as previously that sends Lorentz transforms
into orthonormal changes of basis of C*. In other words, the ¥, generate U (recall
that SOg(1,3) is a connected Lie group). Explicitely,

7

Eab:_8

[’Vaa 'Yb} .
The spin connection takes the form

ab _ _a vb v ob
wy = e, (Oue +T",.e )

where '/, denotes the affine connection, but is usually computed using that it
should satisfy the Leibniz rule :

de® +w% A e’ =0 (29)

where d is the exterior derivative, A is the exterior product and e® and w9 are the
1-forms

e =eldat, w = wdzt.
Under a local Lorentz transform L, the vierbein e is changed into e’ such that

() = Le,/

which induces that w changes into w’, D, changes into Dj, and 7" changes into
()"

In parallel, under the same local Lorentz transform L, the spinor u is changed
by definition into spinor u’ as

o' (2") = U(L)u(x).
The covariant derivative is built in such a way that

Diu' =U(L)D,u
while we can check that

()" = ()ar® = ey L.
Since, by definition of U, L2y* = U(L)y*U(L)* we get that
(7'} = UL U(L) = UL U(L)".
Therefore, if u satisfies the Dirac equation iv* D, u = mu, we get
i(y ) D = iU(L)y* Dyu = U(L)mu = mu'

and thus v’ satisfies the Dirac equation.

In other words, the Dirac equation is covariant, i.e. it is invariant under local
Lorentz transforms up to a local orthonormal change of basis of C* described by U.
What is more, the covariant derivative D, satisfies the Leibniz rule thanks to the
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condition on w, (29). One important fact to be noticed is that, by construction, the
squared equation becomes

1
D"D,u+ m2u + ERgu =0
where R4 is the scalar curvature associated to the metric g.

2.3. Dreibein. In this subsection, we prove that if time and space are decorrelated
in the metrics, then they also are in the Dirac equation. The idea is then the
following, having a metrics g of the form

o=(o )

where h is positive, we write the dreibein, that is the connection between h and
a Euclidean space of dimension 3, the affine connection, the spin connection and
the covariant derivatives relative to h, and explain how they relate to the vierbein,
affine connection, the spin connection and the covariant derivative relative to g.
Then, we write the Dirac equation with the help of the information on h, which
helps us disconnect time and space as in

100w = Hu

with H = —0(if#4*D,, + m) where f! is a dreibein for h, 7* are the standard

Dirac matrices, and D,, is the covariant derivative for spinors in R3, h. We must say

that the result is the natural one, and that this subsection is preeminently technical.
We consider a metric g of the following form

»2(2") ifpu=v=0
Juw =4 0 if uwv=0and p#v
—h,, () otherwise.

where 7 = (xt, 22, 23).

Note that in the sequel we will use the latin letters a,b, etc... for the Minkowski
space RT3 1 or for the Euclidean space R3, the latin letters i,j, etc... for the space
D(h), h (where D(h) is the space where h is defined) and the greek letters p, v, etc...
for the space, M, g.

Let fi be a dreibein hence satisfying

hz] _ fééabfg

where ¢ here denotes the Kronecker symbol. In this sum, a and b are taken only
between 1 and 3. Note that we can and do choose f independent from x°.

In the sequel, we write e}; a vierbein for g, I'},, the affine connection for g, while
Afj is the affine connection for h, wl‘jb is the spin connection for g, and a2’ is the

one for h.

Proposition 1. Write

¢(z%) fp=a=0
el =470 if pa=0 and u # a
i otherwise.

The matriz et is a vierbein for g.
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Proof. The issue is to prove that efmabeg = guv- We start with 4 = v = 0. We have
016 = 2507060 = 2% = g0,
What is more, with ¢ £ 0 (u =0, v =14 # 0),
Qe = och =0 = 4

and for the same reason e’ ne) = gi

And finally, with ij # 0,

can®el, = fan™ fi = fo(=0")f] = —h =g
This makes e# a suitable vierbein for g. O
Let us see how the Christoffel symbol is changed.

Proposition 2. Let
1
Ay = ShM(Oiha; + Oy — Oihiy).

We have
—¢7'¢ ifp=v=0=0
7, =9 AL if pro #0
0 otherwise .

Proof. We have

1
P?w = 590)\(6;19)\1/ + 81/9“)\ - 8)\guu)~

Since g% = 0 if A # 0, we get

1
ng = §¢2 (augOu + 0uguo — 809/W)-

Assume v # 0. We have that g, = g,0 = 0. Since ggo depends only on z, and

guo = 0 if u # 0, we have 9,g,0 = 0. Since h does not depend on 29, we have
Oogyuy = 0. This yields
ro, =0
if v # 0 and by symmetry, I') , = 0 if u # 0.
Besides,

1 _
TG0 = §¢250900 =—¢'¢.
We have considered all the cases when ¢ = 0. Now we assume o # 0, and we

consider all the cases when u = 0. We have

1
rg, = -
Ov 2

Since o # 0, the sum over X is only for A € {1,2,3}. Hence, replacing A by i

90/\ (Gogrv + Ovgor — Orgow)-

I, = _%hdi(aogiu + 9y goi — Gigov)-
Now it appears that 0,¢99; = 0;90, = 0. Therefore,
I't, = *%hgiaogw
If v =0, ¢g;, = 0 and otherwise it does not depend on z°, hence

g, =0
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and by symmetry
IV =0.
Finally, if yrvo # 0, we may write u =i, v = j, 0 = k. We have

1
Tl = 59" (9igx + 090 — Oxg15).

Because of the form of g, the sum over A is taken only for A € {1,2,3}, we replace
A by [, and get

1
Ffj = ih’”(ﬁihﬂ + ajhu — 8lhij) = A]:]
Therefore, we retrieve the result :

—¢7l¢ ifpu=v=0=0

7, =19 Al if ppo #0
0 otherwise .
O
Let us see how the spin connection is changed.
Proposition 3. Let
Qb = fo9, $I0 4 fopI g
i j 7 ik .
We have
b _ [ ot if pab#£0
i 0 otherwise .
Proof. Indeed, we have
wgb = e20pe”’ + egrgae"”.
00 _

Because I'y, = 0 if 0 + v # 0 we have eI} e?® = eil'9,e”® which, since e =
7Y%l = ¢, is equal to —¢¢’ if a = b =0 and to 0 otherwise.

If v + b # 0, then either e = ¢% = 0 since b # 0, or e*® = " = 0 or e = f°
and does not depend on z°.

Hence, dpe”® = 0 if v+b # 0 and we have 9pe®® = 9y = ¢’ we get e20pe’® = ¢’

if a = b = 0 and to 0 otherwise. Therefore,
wgb = 0.

We have considered all the cases where g = 0. We assume p # 0. We deal with
the case a = 0.
We have

ob _ 0 vb Opv _ob __ 0b 0 _ob
w, =e,0.e”" +e, ') €7 =po,e” + oL, 7.

Since p # 0, 1"20 = 0. Since € depends only on z° and p # 0, (“),LeOb =0.

Since wzb = fwza, we have that wzo =0.

We have dealt with all the cases where either a, b or p is equal to 0. We now
treat the case pab # 0.

We can replace the sums on the greek letters by sums on latin letters, this yields

wi' = [0 + [T = FOf + AL S = o
This gives the result. O
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2.4. Covariant derivative and Dirac operator. The covariant derivative is
given by

Do = 0o, D; = 0; + éa?b[7a77b]~
Therefore, the Dirac operator can be written as
D = ir°¢d + iv" fD;.
Let
H=iv"fID; and H = —*(H + m).

Proposition 4. With these notations, we have

1
H? = m? —Ah‘f‘th- (30)

Proof. First, we prove that H? = A, — %Rh.
We have

D? = H? + (iy°00)” + (i 9o H + Hiv° $d).
Since 7° commutes with ¢ and dy and (7°)? = 1, we have (i7°¢dy)* = —(¢0p)>.
Since ¢ and 9y commute with 7 and 7°, we have

(i7° pOoH + Hir’pdo) = igpdo(°H + HAP).

Given the Dirac matrices (2) (recall, again that 4 = 8 and +* = 7%q;) , we have
for all @ > 0, 7%y, = —7,7°. Hence, v° commutes with [y,,75] and thus with D;.
Therefore, we obtain

(VH+HAY) =i(7" + ") fID; = 0.
We get
D2 = H? — (900)"

We recall that D? = —[, — R, and given the metric O, = (¢dy)*> — A, and
Rg = Rp. Therefore,

1
H2 == Ah - ZR}L
Finally, we have
H? =7°(H +m)°(H +m)

and since m commutes with 4* and (7°)? = Id we get
H? = ("HA" + m)(H +m)

and since H anti-commutes with v and commutes with m, we get

1
H2:(—’H—|—m)(’H+m):mQ—HQZmQ—Ah—i—iRh.

Besides, notice that
m+D = ~%(i¢d — H)

and

(i + H)(ip0y — H) = —(¢0p)? — H*> = —(¢0p)?® + Ap, — iRh +m?.
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Corollary 1. If u solves the Dirac equation
ipOu — Hu =0 (31)

then u satisfies also
1
- (¢8t)2u + Apu — ZRhu —m?u=0. (32)

Remark 10. After a change of variable, we can replace ¢ by ¢ = 1, and we get
the more simple expression,

m+D =0, — H),
and

1
(i0y + H)(i0y — H) = =0} + A, — R m?.

3. Virial identity. We consider the linear equation
1p0u — Hu = 0. (33)
We have seen that if u solves (33), then u also solves
(¢0y)*u+ Lu =0 (34)

with L = H? = 2R), + m® — AAj,. Note that L is self-adjoint for the inner product
(-,*)n. Let us prove quickly that L is indeed symmetric. Take wu,v test-functions
(smooth with compact support avoiding possible coordinate singularities of B;).
The issue comes from —/A\j,. Let us prove formally that

(u, Apv)n = —(Vnts Vhv)n-
‘We have
Apv = Dijv = Ahv + B'0;v + D'B;v + B'Bv

where Ah is the Laplace-Beltrami operator for scalars, DU, = 9'0;, — Fi’j ¥; and
B = h'7 B;. We get since B; is skew-symmetric,

(u, Apv) = —(Vpu, Vo) — (Blu, 80, —/ h"0;uB;v — (B'u, Bv)y
Mp,
= —(Vnt, Vao)n

where v/, is the scalar gradient.

We define

O(t) = (VoOyu, pOru)n + Re((2Y L — Lap)u, u)n

where v is a real valued function of space.

To conclude this subsection, we compute ¢9;0 and (¢9;)?>© when u solves (33).

The computation is the same as in the case of a flat metrics and is mainly based on
the self-adjointness of L, and one gets the following

Proposition 5. Let u be a solution of (33). We have that © satisfies

$00 = R€<[L,’¢]U7¢atu>h, (35)
(60)°0 = —5 Rel(L L, ¥lju w)n (36)
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3.1. Commutators. We compute explicit formulae in terms of u and h of ¢0,0

and (40;)?0.

Proposition 6. Let u be a solution of (33). The explicit expressions of pOO and
(¢01)%0© in terms of u and h are

600 = —re( [ (vt [ v vimd) (37)
My, My
1 1 _ |
ware = [ (330)+19n0-waRa)uP+2 [ (Dubu)DAw)
My M
where D?(1p)Y = W' h*19,041) — A¥1 0y, from which we deduce the virial identity

L2 1 2 D.uD: 2 ()W
- [, Gt + guav-wir)f +2 [ Drupapey

— (60 Re( /M (yisou+2 [ - gamsou). (38)

h My,

Proof. Before we start, let us mention that A\, and v7; denote respectively the co-
variant Laplace-Beltrami operator and the gradient applied to a spinor. Therefore,
we denote indifferently A, for the scalar Laplace-Beltrami operator applied to 1,
and Apu the Laplace-Beltrami operator for Dirac bispinors applied to u. We also
note that covariant derivatives sastisfy the Leibniz rule, as in

D, (¢yu) = 0;9u + ¢YDju.
First, the commutator between L = %Rh +m? — A\, and 9 is given by
[L,Y] = [-Dp, Y] = —Drtp —2Vn ¢ Vh
where 7,1 - 7y, is the operator given by
V- nu = h70ppDju.
We deduce from that

$9,0 = —Re(/M

We now have that, since m

(@uyasou-+2 [ - imoo).

h

2 commutes with everything,

(L, [L,¢]] = [L, —Ahﬂ)]+&Rh»—2Vh1/f'Vh]+[AhﬂVhw'Vh] = My + M+ Ms.

We have, in terms of distributions

1
My = (D8p)* Y+ 275 (Ant) - 7n , Mo = 3 Vh Y- /nRn

and hence

<M1’U,7U>h = / (Ah)21/)\u|2 +/ AV (Ah’Q/J) -V hUU

My, My,

and
1
(Mawuhy = +5 [ OaRalul®
Mp

The term with M5 is dealt with. We now deal with the term with M; that does
not contain the bi-Laplace-Beltrami operator applied to .
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First, we compute (2, ¢ - Vn)*, the symmetric operator of 2 7y, ¢ - 75, for any
¢ € C° bounded. We have for any test functions v, w € H'°, by definition,

2 . v,w) = 2 det(h)h¥ 80D vwdx
(2Vh ¢ Vhv,w) (h) iPLj

and since D; is skew-symmetric,

(2@ Vhv,w) = 2/Dj (\/det(h)hijaiapw)ﬁdsx

and by the Leibniz rule,

2he- - Vhv,w) = —2/8j(\/det(h)hij8igp)5wd3x - 2/ V/det(h)h" ;0D ;w
and finally, by the definition of A\
(2Vnh ¢ Vrv,w) = =2(v, (Bpp)w)n — 2(v, Vap - Vhw)n

in other words, (2/h ¢ -Vh) =280 —2Vh@  Vh-
Note that, when we say symmetric, we always mean for the scalar product (-, ).
This gives in particular, for ¢ = AR,

(2 (Apt) - Tnu,u) = —2 /M (AR ul* = (u, 2 7 (Dnt) - Thu)n
and thus

Re(2 U1 (Anth) - T ) = — / (A2)uf? (39)

h
which yields
Re(Myu,u)p, = 0.
We deal with the M3 term by directly taking the inner product. We have M3 =
Ah(Q YV h 1/) . vh) — (2 YVh 1/) . Vh)Ah and hence
(Mau,u)p, = (An(2Vn ¥ - Vn)u, upn — (2 Vh ¥ - Vi) D u, uhn

and then, given the symmetry of 257, %/, (and the self-adjointness of the Laplace-
Beltrami operator),

(2Vn - Tn) Db u,uhp = —(Bpu, 20800 ) — (U, Ap(2 VY - V)t
Therefore, we get
Re(Msu, u)p, = 2Re(Dn(2Vn ¥ - Vn)u, w)n + 2Re(Dpu, (App)udn.
The second term is given by

(Dpu, Apthuyp, = — WA RRVAA VAVR LTy
My,

which decomposes, by the Leibniz rule, into
(Bpu, Appuyp = =(Va(Dpt) - Vau, u) — AR IAVIRTRR VATl
My,
and thanks to previous computations, (39), we get

1
Re(Apu, Appu)y = — Apth Jhu - Jpu+ 5/ (A7) ul.
Mh Mh
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By summing up, we get

Re(lLu[Lolluw) = [ ((830)+ 5 906 TaRa ) ul

My,

72/ (Ahd)) VhU- th+2Re(Ah(2 Vh’l/)‘vh)u, u)h.
My,

It remains to compute Rel, where
I =2(An(27n 0 - Jh)u, udp.
Since for any test functions, v, w, we have (Apv, w), = —(Vrv, Viw), we get
I=-4 / Vdet(h)h D; (hklakz/)Dlu) Diud®x
which decomposes, by the Leibniz rule, into
I=-4 / V/det(h)h" 8; (W o) DiuDiud®x — 4 / Vdet(h)h" h*' 0, DiDjuDud’ .
Let I1 be the second term of the right hand side, that is,
IT=—4 / Vdet(h)h" B¥ 9y Dy DyuDsud’ .
By integration by parts, we have
I1=4 / DZ(Mhijhklakaiu)md?’x
which decomposes into
II=4 / & (\/Mhij hklak.w) DiuDjud®s — 1.
Hence,
Rell =2 / o) (\/Mhijhklakw) DiuDjud.

Therefore, by summing up
Rel = —4Re / V/det(h)h¥ 9;(h* Oyp) DyuDsud®x
+2 / or(v/det(W)hh* 0 ) DiuDjud’s

that is
Rel =Re [ (DyuDu)D(w)"
My,
with
D(¢)" = deTh)az (\/det(h>h”h“ak¢) — 4h" o (WM Oyp).
Since
o (\/det(h)hijhklakw) = hiig, (\/cﬁ(h)h“aw) + (8h) (mh“aw),

we have

D) = 21" Ay p + 20K 9pyhT — AR Oy (R dap).
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To sum up, we get

@are == [ (3k)+{vrv- vl + [ (20) vau- ga
’ 1 : . -
— §Re /Mh (DjuD;u)D()".
We get
1 1 1 ’
(60)°0 = — /Mh (5(8%6) + 3 Va - R ) [uf® + SRe /Mh(ajuale(w)”
with

D' () =2 Ay ph" — D(p)"
that is, by definition,
DY () = —2h* 98k + 4h 0y (R )
and by the Leibniz rule :
D) = 4h™ Wk 9,040) + 20,00 (—hM R + 2K O RRT).
Thanks to the real part, we have a symmetry in ¢ and j. Indeed,
Re(DuDiuDi (1)) = Re(Drub;ubi(¥)").

Thus, we can replace D ()% by %(Dl(w)ij + Dl(t/J)ji>7 which yields

1 N - _ .
§Re/ (DjuDyu) D (4)7 = 2/ (DjuDyu) D*(4)"
My, M
with
D))" = W' 00 + SOk (=hMOh™ + WM + W' O™,
We recognize the affine connection or Christoffel symbol
ARiI — pilpimpk 1 (hkla BT _ pilg,pki _ pily hki)
- lm — 5 1 - 1 - 1 )
which yields
D?(4)" = W Wk 9,01p — A*" 9pp. (40)

Finally, we get the virial identity,
N 1 2 5o 20, 1\ij
Y <§(Ah¢) + 1 Vh (2 Vth) lul® +2 (DjuD;u)D?(v))
h

- (¢8t)Re(/M (Ahq/;)u¢8tu+2/M th/}'vhm)atu)'

h

O
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4. The asymptotically flat case. The proof of Theorem (1.1) is fairly classical
in this setting (see e.g. [4, 9]); nevertheless, before getting into details, let us give a
brief sketch of it in order to make the various steps easier to be followed. The idea
is to rely on virial identity (38), plug in it a proper choice of the multiplier (with
a fixed R > 0) that we will define in subsection 4.2 (see in particular Remark 12
where we briefly discuss the spirit behind the choice), integrate in time and carefully
estimate all the terms. By multiplier we mean the function ¥. We will start from
the Right Hand Side: making use of a modified Hardy inequality, that will be proved
in the next subsection, will allow us to estimate from above with some energy-type
terms at some fixed times 0 and 7". Then, we will have to bound the Left Hand Side
from below, which will be significantly more involved. Here we will make heavy use
of our asymptotic-flatness (and smallness) assumptions to prove estimates of the
different terms and, roughly speaking, treat the non-flat ones as perturbations. To
absorb them, it will be necessary to take the sup in R > 0: this will prevent us from
exchanging the time and space norms in the Left Hand Side of (15). Eventually,
we will take the sup in time and use conservation of energy.

4.1. Useful inequalities. We start by proving some Hardy-type and weighted
estimates that will be needed in the proof of Theorem 1.1, i.e. in the asymptotically
flat case.

Proposition 7. Let m > 0 and assume that h satisfies assumptions (9), (12) and
(13) with the constants C; and C}, sufficiently small. Then for any u such that
Hu € L*(My,) the following inequality holds

2 2 % |U|2 2
m lul® + [ - Kh} / ) S/ |Hul (41)
My, 4 M, 17 M,

for some small constant Ky depending on Cy, Ch,.

Proof. We assumed that g was complete, such that the Dirac operator v°D is self-
adjoint (see [11]). Since 7°D = i¢pd; — H — +"m, we get that H is essentially
self-adjoint on C§°.

We write, as the operator H is self-adjoint with respect to the inner product
defined by h,

1
/ |Hu|2:/ (m? — Ap)u+ = Rplu|> =T +11. (42)
Mh Mh 4 Mh,
Notice now that
I= / Vht - pu A+ m? |u|?. (43)
./Vlh Mh

As, we recall, the operator \/pu - 575 denotes h¥/ D; fD; where D; is the covariant
derivative for spinors widely discussed in section 2 we can write

BB ut /

hiﬂ’BTquu—/ R (9;B7)|u|? = I, +I,—1Is,
My,

VhaU\/pth = /
My

My, My
where we are denoting for brevity with B the field that defines the covariant deriva-
tive D; (recall D; = 0;+B; with B; = iw§’%,). Now, we rely on the asymptotically

flat structure of the metrics h to estimate the single terms: from (9) we directly

have
/ hij%é)juzzﬁﬂ/ |Vu\2
My, R3
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which, by the application of standard Hardy’s inequality
2
U
[ [ o
rs |2| R3

4 2
L>2 %
4 Jpm, |7l

gives

This is to be thought of, somehow, as the “leading” term, the other ones being small
perturbations of it. The term I is strictly positive, and therefore we can neglect it;
to control I3 we need instead to give an estimate for the term 9; B’. We have shown
that B; = a?b = fiaajf’b + fi“A;.kfk'b, Whevre fi¥ denotes the dreibein that connects
the metrics & with the flat metrics and A}, are the Christoffel symbols. Since the

dreibein are constructed such that they satisfy the relation h" = f26% f7 it is clear
that one can bound, in the sense of the matrices, the square of f with h; therefore,
estimates (9), (12) and (13) hold for the matrices f with the constant o replaced
by o/2. After differentiating and some computations one then gets the estimate

Ju?
(x)2+5

I3 :/ R (9, B |ul? < C1(Ch, Cy, v, N)/
My, M

h

for some ¢ > 0, and thus

2
U
I3§C1(Ch,CI7V,N)/ %
My, 7]
For the term II, in an analogous fashion, we can estimate each term in the curvature
by using assumptions (9), (12) and (13) to eventually obtain

2
IISCQ(C}L,CLI/,N)/ % (44)
My, ||

We should stress indeed the fact that (13) holds for the matrix h as well, due to the

well known relation 8, """ = —h"""(8,,h)h"™", with the modified constant v=2C},
and thus

i (A i N _ Cp
|h”“’(8h m1)8h| < ﬁma
N? Cy,

mnv <
inv (1,inv N4 Ch
o < e

Putting all together, we thus have

4 2
/ |Hu\2 Z |:V4 - 01 - Cgil / % +m2/ |u\2
My My, |£C| My,

Notice that, even though we did not write it explicitly in order to keep the presen-
tation as light as possible, it is possible to take the constants C; and C5 in order
to have Kj, := C1 + Cy < %4 provided the constants Cj and C7 are small enough,
and this concludes the proof. O
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Remark 11. In what follows we will make also use of the following estimate, which
holds for any ¢ € (0,1),

1—e) 2
m? [+ [(E)V—Kh}/ %H/ |vu|2§/ \Hul?2  (45)
My, 4 My, |I| M, M,

L h

that can be obtained by combining (41) with the obvious inequality

1— 2
E/ |VU|2+( 6)1/4/ |u|2 S/ |VU|2
M, 4 M, 7] M,

In the following Proposition we collect a number of other weighted inequalities
that will be needed in the proofs of the main results (we recall that the spaces X
and Y are defined by (26) and (27) ).

Proposition 8. For any o € (0,1) and any u € C§°(R3) the following estimates
hold

|U|2 -1 2
<80 Cnyllully, (46)
/Mh (z)tte Y
R2 2 2
sup slul” < Onpllullx, (47)
R>1JM,NBS, |z|
/ JLZHU <207 ' Cnplulk- (48)
ManBe |T[*(z)
1
Julf < Covs 4500 5 ul? + 13 7wl (49)
R>1 R MpNSkr
Jully, <3Cn. 2l 7 ull§ + llull%k) (50)
v 3/2
where the constant Cn , = (N) .

Proof. For the proof we refer to [9] section 3: the generalization from the Euclidean
case to our perturbative setting is straightforward under assumptions (9)-(11). O

4.2. Choice of the multiplier. We here present the multiplier function ¥ that
will be used in the main proof. We define the radial function ¢(x) as

dolz) = /O yi(s)ds

where
r
-, r<l1
/
vy =<1 .
2 62 "

(with a slight abuse we are using the same notation for ¢ (z) and ¢ (r) where r = |z|).
We then define the scaled function

Yr(r) == Riy (%) . R>0

for which we have

Wa(r) = {387 o ™
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Moreover, we evaluate the first 4 derivatives of ©r: we have
1

—, r<R
AOERET
ﬁ’ r > R
" _ 2
R(r) = —alzr
R? 1

’(/)3%) = 4F]_TER — E&(T‘ - R)

where 1,>p denotes the characteristic function of the set {z : || > R} and ¢ the
standard Dirac delta distribution. Notice that, for every r > 0,

1 1 1
"< — < = ! < =,
r(r) < 2max{R,r} ~ 2r’ Vr(r) < 2
Moreover, notice that
¢ 0, <R
R _ 2
— = 1 51
TR Ry &
2r2 r

In the following we shall simply denote with ¢ = 1 for a fixed R.

Remark 12. Our choice of the multiplier 1 here is classical, and already highly used
in several papers to prove smoothing estimates for different dispersive equations,
also in some perturbative settings. The function 1 is a mix of the so called wvirial
and Morawetz multipliers, which are respectively given by |z| and |z|?; originally,
the choice of such a function was dictated by the conditions of having a negative
bi-Laplacian and a positive Hessian, together with some good decay at infinity. Of
course, in a fully variable coefficients setting, this properties are much more difficult
to be fulfilled, and a smart choice of the multiplier, to the best of our knowledge,
has never been attempted in this general case. Therefore our choice is motivated by
perturbative arguments: the idea of the proof will be that the “leading” terms in
the inequality will mainly recover the ones in the flat case, while the terms involving
the variable coefficients will be treated by “smallness” arguments.

4.3. Estimate of the right hand-side (RHS). We use the Dirac equation (7)
to rewrite the right hand side of (38) as (notice that the mass term vanishes when
taking the real part)

(¢6t)Re (Z /M (Ahd))Huﬁ+ 2 " \V/XERVIAT) H’U,) . (52)

First of all, by the application of Young’s inequality we can write the estimate

‘/ [(Anp)HuT +2 739 - vnu Hul (53)
My,

3

§||HU|\L2(Mh) + Vv VatllZz o, + 5 ||Ah¢ 72y
Recalling (22), (11) and (41) we then have

3N
12 1
| Antp UHH(Mh) < ||x‘ uHL2(M;L 41,3/2 H HL2(M;) (54)

IN

3N (O N3/?2
C <4 + v4> | Hull£2(m,)
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where the constant C' above will depened on C; and C},. Moreover, due to condition
(13), we have

| Vh - vnul < NJ2|7 ul,
so that applying estimate (45) we obtain
|70 % ntllZe o, < CllHull 20, (55)

with a constant C depending on N, v, C; and C},. Therefore, multiplying (54)
times ¢! and integrating in time between 0 and 7' we obtain, plugging (54) and
(55) into (53),

T
/0 67 (1) (6(1)0)) /M [(Ap)HuT + 2 7 o - 77 Hul (56)

S Hu(T)|[Z2(pm,) + 1Hu(0)[F2(n,,)-

4.4. Estimate of the left hand-side (LHS). We now deal with the left hand
side of identity (38). We estimate each term separately, and start with the one
involving the gradient, namely

> /Mh (DyuDiu) D()". (57)

Recalling (40), we treat separately terms involving derivatives on the coefficients
from the others. Concerning A** we have

|(DjuD;u) A" 0| < 3|hino| B0 || Vn ul? |1

and thus, by our assumptions (13) and from the bound on ¢/,
—_ i 3
(DjuD;u) A9 oy < §N0h<$>717”| Vhul?. (58)
Turning to the other term, we use the fact that ¢ is radial to rewrite it as follows

/ /
RURRI 90 0p = AR 33y, (w - w) + h”hﬂi.
|z ||
We restrict the quantity above first in the region |z| < R where, notice, 1" = %
Therefore,

- il ki 1 N
Lo<r(DjuDa)h WM 00k = g5 1ja<ph” W (DjuDju)
2
14

3R

where in the last inequality we have used (9). In the region |x| > R we have instead
1o ™ B 00 = [P RIE — W RN gy + R—Qaelazkhikhﬂ C I s g

o=t 2[a] 2[af? 6" " =
(60)

in the sense of matrices (notice that h*'h/' —h*h*i3;2; > 0 in the sense of matrices).
We can therefore neglect this term.

We thus multiply (57) by ¢!, and integrate in time between 0 and 7. Exchang-
ing the integrals and applying (58), (59) and (60) therefore gives (recall (46))

T 2
_ . ii 2v
2/ ¢ 1/ (0;u0;u) D*p™ > —/ | ull}2 —Cpe||vul}. (61)
My 0 3R MuNBr ¢ T &, T

> Laj<rl Va uf® (59)
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with the constant

120%/2C
Cpz = fTah (62)
Now we turn to the bi-Laplacian term, that is
1
3 ] @t (63)
h

First of all observe that
An(fg) = (Anf)g+2n f-Vrg + (Ang)f,

so that we can write, after some manipulations

A2p = ApAwp =T+ IT+ 111 +1V

with ,
I=h A" + (h— h)A<|7’i|)
IT = Ah " + A(h — h) - ri/

djl

III:2V}L}ALVh¢/I+2Vh (E_h) Vh|l‘|

1 -
IV = Ap | ——=0;(h7* ") | .
" ( det(h) i (R )>
We separate terms involving derivatives on the coefficients of h/¥ (which will be

of perturbative nature) from the others. After some long winded but not difficult
computations (see [9] section 4.4 for further details) one gets

Ajyp = S(x) R(x)
S(x) =h2y™ + 2h(h — h) % (1/)” zz;)

+ 2Zalhm i — b~ 4(|h£|2 —h?)] (qp" i)
4 152 mo_ i )’
+ plinaP - 72 (¢ 2] |x\2)

and

det(h) R(x) =hop (KTt + (B — )O(")7r (L — 25 ) +

||

+[aj(hﬂ"€a,€(h@m)§5§ ) + 0; (R7* ™) 0y (T T )] (1/// i)

det(h )Ahh +2\/det VW ORh ™ T T (w,,, ,,)+

-
+ 24/det(h)h( Vh Vm + /det(h)Ay, (Ma (h]kl‘kd) )) .
In our assumptions on the metric h and noticing that by the definition of ) we have

" " —1
|¢ ‘ — 2(R\/\m|)’ |¢ | - 2n(R\/|x|) |,¢ | < 2(R7\l/|a:\)\w|’
the remainder term R(z) can be estimated as

\R(z)| < 36CL(N + Cy)
 zl(@) e max{R, ||}
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We regroup the terms in S(z) to write

w///
]

tmyptm | T2 77 72 ~12 1//, "//
+ <2h e 4+ B2 — 6hh + 15k —12|mc|)<|x|2—|x|3 .

Now, plugging our choice of the weight into (65) gives (recall (51)

Sx) = h¥+ <2Eh — 6h% + 4|h§;\2)

1 -
S(z) = —ﬁh26(|x| — R)
for r < R and, after rearranging the terms,

7 <12 72 iz
S(z) =2 (3h - h) hW = 6(haf* — %)

o . . R\?\ 1
- (2hfmhfm + 7 — 6hh + 15h2 — 12|h;a|2) <1 - (> )

z[) ) 2[«®

for |z| > R. As we can write hipn,(z) = I +£(z) (meaning €, = h?* — §;;), we have

hlmhém = 6Zm€m + 264m££m + EtmEem = 3 + 28 + €4mEim

as well as

h=1+¢  a+h, |hi]> =142+ |z
Notice also that by assumption (12) |e(z)| = |hine(z) — I| < Cr{(z)™° < 1 and
therefore
Bl <3Cr(x)7, el <Cr(x)™?, ez < Cr(x)™”
so that
QMR R — R + 15h2 — 12|hi? AF — 122 + 2epmepm + 22
—68¢ 4 1582 — 12|ei|?

> 47 — 128 — 682 — 12|e2)?
> —46C(z)"°. (66)
Also,as 1 — C7 < h <1+ Cp, we have
~h? < —(1-Cp)?,
and
(3;1 - E) h <601+ Cr) < 1207, (67)

Therefore, under our assumptions and with our choice of the multiplier ), we obtain
the estimates

S(z) < —(1- C‘N%é(\ﬂ —R)  for|z| <R,

and, with a bit more careful computations that essentially rely on (66) and (67)

R? 1

We now multiply times ¢~! and integrate in time (63) from 0 to 7' this gives

T
- / / AZplul? = / AZyllul2, = T+1T
0 My, My, & T
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- [ s@lis, == [ REw,,

and estimate the two terms separately. For the S(x) term we get, thanks to (47)
and (48),

with

1 72C v \3/2
S (1—C)2— 2 (7) 2 '
L TP (O T

The R(x) term can be instead estimated with

. 2
|ul
11> —=36C,(N + Oh)/o [/MhﬂBR Jr/MmBJ $@laP () i+e

where B¢, is the complementary set of Bg, that is the region where » > R. Thanks
o (48) we have

[y L S YO Kt o
i TORPGT = oo W7 <7 () Moz,
and thanks to (28) and (41)

/ / P / / I < gy .
MhﬂB1 |$| < 1+<7 MhﬁB1 ()‘ |2 - L (MhﬁBl)

(69)
From (68) and (69) we thus obtain
324Cy (N 4+ Cy) v \3/2 9 9
112 === () (ks + 19 Wl ez, ) -

Putting all together gives

1/T -1 2 2 (1_01)2 1 2
[t [ stenpz S [ ik
2 0 My, 2 R2 MpNSgr L¢'T
1 /v

3/2 2 2 2
—— (%) [36Culullkss , +162Ch(N +Cn) (Iullkss , + I v ulizgunnmnis , )]

Recalling (28) eventually gives

1/T -1 2 2 (1_01)2 1 2
—= | o) / A2gplul? > 77/ ul|?, (70
2, | Alvlul o L o )

Challully 2, — CRll 7 ulld 1z

\%

where the constants are explicitly given by

I _(V 3/2 36CT + 162Ch(N+Ch) m_ (v 3/2 1620h(N+Ch)
¢k =(¥) ; cek=(y) T
We now turn to the last term of (38) that is
| owb- iRl (72)
My,

Notice that it involves only terms with derivatives on h (and indeed vanishes in the
flat case). Therefore, using repeatedly assumptions (13), it is not difficult to show
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that
(o Ra(a)| < SCWULEISNY | SNCE+ONCE+ON'GY NG
A ()72 a] CEGEE
C
TR )

where the constant Cr is the sum of the three numerators above, that is
Cr = 3Cy(1 4+ 18N?) + 3NC?(4 + 3N?) + 3C3 N2

We now multiply as usual (72) times ¢~! and integrate in time between 0 and T
following calculations and relying on (48)-(41) yield the estimate

T
/ o(t)! / Tnth - TuRalul
0 My,

e f | ot a
= ~UVUR TN 9 N+
0 |Jmunr  Imunsg | o)z ()
2 s v\3/2 v\ 3/2
> o |2 (5) Wb, 2 (5) N9 ulv,
= —4Ck|ullxpz - CRII v ullyes, (74)
with o 3/2 o 3/2
1 _ YR (V i _ YR (V.
R =5 (N) T 2 (N) ' (75)

4.5. Conclusion of the proof. We multiply times ¢! and integrate in time
identity (38) from 0 to T', exchange integrals and use (61), (70), (74) for the left
hand side and (56) for the right hand side to obtain

1-Cp)? 1 / 9 202 )
— > - > 76
eyl O LW v O A (76)

~(Cha + C)ulikss, — (Cpe + OB+ CHD T ully iz,

< Cy N ollHu(T) 172 pn,y + IHUW(O) |72 a4,
where the constants are explicit and given by (62), (71) and (75). We also stress
that the constant C' = C, y,, does not depend on R. We now take the sup over
R > 1 on the left hand side of (76) (notice that only the first two terms of inequality
above depend on R). We use (49) to estimate, for 0 < 6 < 1,

1-Cp)? 1 1-Cr)? 1
(Chul)) . luf2, > (1—9)¥sup—2/ 2.
2 re1 B2 pmnsy #T 2 R>1 % JMmunse @7
(77)

1 /v\3/2 13
ro-cr? |3 (5)" W, - S v ulvas, ]

Thanks to our assumption (12), we can take v = 1 — Cy, such that
2

2V 9 2
su w 21_cC "
S SR oo |V U 2 30 O Tl

Choosing 0 in (77) such that 129 < 2 (e.g.  =1/5) and using the simple property

[\J\P—‘

sup(Fy(R) + Fo(R)) > (sup Fu(R) + sup F2<R>)
R R
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for positive F} and F5 yields
(1 — 01)2 1 / 2 202 2
————— sup —5 U + bup U
2 R>1 R2 MyASn || ||L3>1 3R MynBr || \V4 HL?J,T

1 sv\3/2
z(l—cn?(m(N) lullezs , + 120||VU|YL2)

which plugged into (76) finally gives
M1||u||§fLi,T + M| v u”%’L;T < Cyn.

(D) 72w,y + @O 12 (04,

with ( )2
1-Cr
Ml = T - O£2 - 071%
and )
1—
My = =y Cp> — CL —CF

120
The proof is concluded provided the constants M; and M, are positive, i.e. if

the constants C; and C}, are small enough, by letting 7" to infinity and using the
conservation of the L2-norm of Hu, which is standard.

5. The warped products case. We dedicate this section to prove Theorem 1.2.
First of all, we notice that if h is in the form (17) the following result holds.

Proposition 9. Let h be a warped product. We have

d’ d\2 1
Ry = =27+ 2(5) +-Ra 78
" a 2\q) T3 (78)
and
1,ij Y . 1,ij 1d ,
A’J:()zfz:lorjzlandA’J:—ﬁﬁ/@J otherwise. (79)
Proof. The proof is straightforward computation. O

The strategy to prove Theorem 1.2 is the same we have seen in details in the
previous section to deal with the asymptotically flat case, and thus consists in
applying the virial identity (38) to an appropriate function ¢, and then estimate
the various terms. We will deal with the three different cases separately.

Before getting into details, let us comment on the choice of the multiplier and on
some of its basic properties. The multiplier we choose is very similar to the flat case
or, indeed, the asymptotically flat case one. First, we take ¥ to be radial, which
means here that it depends only on the priviledged variable z! = r. We divide 1
into two sectors: one below a chosen R (r < R) and one above R. Below R, we
choose the map 1’ to be affine. This is important because of the integral

D2(w)”8m8ju,
My
as 1 is radial, this term is equal to

/ hll’l/)//|Dr’UJ|2 o / ’l/)/Al’”.DilUDJU
Mh Mh

Taking 1/’ affine (and chosing it not constant), the first part controls the L? norm
of d,u. In the subflat and flat cases, we chose v linear because A% is proportional
to —%hij thus we need r to compensate this loss. In the hyperbolic case, we have
AL proportional to —h* thus we need a constant term.
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Above R, we take ¢'(r) = A — Bd(r)~!, choosing A and B such that v is C2.
This has many advantages : since d is increasing, v’ is increasing and positive;
taking the Laplace-Beltrami of ¢ yields Apyp = A A r = A%; this choice makes
¢ differentiable but not C', which induces a Dirac delta in AZ.

r/2

5.1. Hyperbolic-type metrics. We start with the choice d(r) = e"/* that, as one

may re-scale, includes some hyperbolic manifolds. In this case we have

3 X 1 _. 1 ..
Rn=-2+ e PR, Ry = —ie_’/QRN, AL = —h
We recall that under the hypothesis of Theorem 1.2 for the hyperbolic type
metrics, the curvature of x is positive, we recall our notation : R, > 0.
We make the following choice for the radial multiplier ¥z, which is very much
related to the choice of the asymptotically flat case:

Wi (r) = 14+ Mre B/2 ifr<R
BV 14+ MRe ®2(24 R) —2Me™™/?  ifr > R.

for some M < infR, where, we recall, ¥, = 1¢r = 0,¢g. With this choice, we
have that v is C? and the following identities hold

(80)

R = MefR/ergR + Me /?1,o5
1 r 1
Appr = (5 + Me R2(1 4 5))1r§R+1r>R(§ +M€7R/2(2+R)>
M M
App = _76—R/25(T ~R)+ ITSRIe—Rm

where ¢ is the Dirac delta.
We start by computing the terms involving |u|? in the virial identity.

Lemma 5.1. We have

1

1
—5/ (Ai%ﬂ- 3 Vhi/f'Vth)WQ Z/ dk|u)?
Mh, SR

where Sg is the set r = R.

Proof. We use the fact that R, is positive, that ¢/’ > 0 and that below R, ¥'(r) > 1,
to get
M 1 1 M
g B2 . >1, ( —r2IR, —R/27)_
<R7€ 5 V¥ ViRn 2 Lecr(e" R — € 1
Since M < infR,, we get
M 1
_1r§RZe_R/2 — §Vh1/f “VhrRn > 0.
Therefore, we have
1 1 M
”/ (A2 0+ 5 Tnv- vaRa)lul® > / e R26(r — R)luf?.
2 Im, 2 M, 2
What is more,
5(r— R)|uf* = eR/Q/ lu|?dk
My, Skr
which yields the result. O

We now deal with the terms involving the gradient of w.
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1

Lemma 5.2. Assuming M < 7, we have

D?(4)" DjuDju > Me_R/Q/ | 7n ul?.

My, Br

Proof. If i = j = 0, we have D?(¢))¥ = 4" (r). And if none of them is 0, we have
D?()¥ = Ihiy)/. We use that above R, ¢’ and ¢ are non negative to get

D?(¢)"90;udsu > 0.
r>R

Below R, we use that 1"/ > Me~#/2 and ¢/ > 1 > Me /2, to get the result. [

Lemma 5.3. We have, for anyn >0

sup/ /dt¢_1(t)|u2\dn 2/ (7“)_(“”7)6_”2/dt¢_1(t)\u|2.
R Sr M
Proof. Indeed,

/Mh<r><1+”>er/2 [ e = | - / ,. [t @lufan

Lemma 5.4. For any 12 > 0, there exists Cy,, such that
Cppswe ™2 [ [aw ol guu = [ @me fag o) gnl
R Br My

Proof. Indeed, let x = (r)~(1*m2)e="/2 e have

/Mh x(r) /dt¢_1(t)| Vhul? = - /Mh /TOO X/(y)dy/dt¢—1(t)| T ul2(r).

Interverting the integrals we get

/thm / dt6~ () T uf? = — / dyx' () /B y / a6~ ()] 7 ul?
_ = / /2 —R/2 -1 2
< /O X' (y)e! dys%pe /BR/dt¢ )] 7 ul”

We have x/(y)e¥/? = —(1 + N2) TrysFs — 1 (r)~(4m2) Hence it is integrable, and we
get the result. O

Lemma 5.5. Under the hypothesis of Theorem 1.2, there exists C' such that for
every u solution of the linear Dirac equation, we have the following estimate

|| svruotu+ [ Tt vausdu] < CIHU® |,
Mp Mp
Proof. We use that u is a solution to the Dirac equation, that is ¢p0,u = Hu,
‘ AwRﬂqﬁatu +/ V}ﬂ/)R . vhﬂqsatu = ’ Ah'l/}RﬂHu +/ vh'l/)R . VhﬂHu‘.
My, My, My, My,
Then, we use that Apr and /pr both belong to L>° and that their L norms

are uniformly bounded in R, to obtain
R R et o B Ry )
Mh Mh Mh

‘ My,
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Thanks to Holder’s inequality we get

‘ Aprugdu+ [ nbr - VO] S Jlullp2l|Hullze + || 7 ull 2] Hul| 2
Mh Mh

We use that under the hypothesis of Theorem 1.2, R, + 4m? is more than a non-

negative constant, which explains the hypothesis m? > 33—2, to get that

lull2 + 1| Vn ullL2 S [[Hul| L2
which yields the result. O

Proof of estimate (18) in Theorem 1.2. Let us recall the virial identity

1 1 -
— / (* A;QL YR+ = Vh UR - Vth) |u\2 + 2/ (ajﬂaiu)DQ(il)R)”
My, 2 4 h

——ooe( [ Suvwmds2 [ yvn- imoom).
Mp

Mp
We divide by ¢ and integrate over time to get

/dt¢_1(t)(—/M (%Ain‘Fthq/}R'Vth)|u|2+2/ (8jﬂaiu)D2(wR)ij)

h

< 2sup ’Re( AntbRTEdu + 2 / Tntr - V;ﬂqﬁ@tu) ]
t My,

My

We use Lemma 5.5 to get
~1p( — Lazy o1 . 2 18w D2 (1)
dte™ (t) hOR+ < Vrr VR ) |ul”+2 (05u0;u) D= (Yr)
My, 2 4 My,
< Csup [[Hu(t)||72
t

And finally, we use the conservation of energy to get

1 1 -
/dt(b_l(t)(_//\/t (§A}2L¢R+1VhwR'Vth)|U|2+2/ (ajﬂaiu)D2(¢R)”)
h h
< Csup | Huo 2.
t
We use Lemmas 5.1 and 5.2 :
[t ([ dslul < e [ 950P) < CsuplHuola,
Sr Br t
that is,
([ an [t ol +me ™2 [ a0 v ul) < Csup [ Huol
SR Br t
Finally, we pass to the sup and use Lemmas 5.3 and 5.4 to get
(/ <T,>—1—771€—T/2/dt¢—1(t)|u|2 +/ <T>—1—Y]26—T/2/dt¢—1(t)| Uh u|2)
M}L Mh
< C'sup ||Huol|3 2,
t

which gives the result. O
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5.2. Flat-type metrics. There is an equivalence between the Dirac equation on
R*3 and on the warped product R xR x S? provided one choses a natural dreibein.
As we mentionned, dreibein connect the structure of the tangent spaces, it is there-
fore natural to consider

Ii = 05y"
where we use y® as the coordinates in the Euclidean space. In this case, the equality
I Mab fib = h¥ is equivalent to dy®na,dy® = dxihijdxj. The spin connection provided
with this dreibein is equal to 0. An easy way to see this is to use a different (but
equivalent) definition for the spin connection :

af? = SIOSL — 0480) = SEMO] — 0457) = 317 SOt — i)
Because the change of variable is smooth, we have
Oif) = 0:0;4" = 0, f}.
We also have fjc = 7cd f]d therefore,

(O fic — 0jfre) = Nea(Oufi — 0 i) =0

which yields a;-‘b = 0. This gives D; = 0;. Finally, the Dirac equation in this space
and with this dreibein writes

iyel Dyu = mu.

The mass term and the term involving the derivative in time do not change, hence
we may focus on
7 FiD; = 2" 110,
and since 9; = 9;4°0, = f;-’@b we get
Y fiD; = A f170 = 7"620p = 7"0a
and we retrieve the Dirac equation in the flat case.

We now take d(r) = r? which includes the flat case. With this choice we have

1
Rp=—2r2471Rp,0:Rp = —2(Rx — 2) .
r
If R, > 2, then the computations are exactly the same as in the flat case. Let us
be more precise.

The multiplier should be essentially the same as in the flat case, that is :

, r R (3 RZ)
=—1, — (= — == )1,>R.
wR(T) <R> <R T <R> 2 72 >R
We multiply the usual multiplier by % not to mess with Hardy’s inequality in the
energy term.

We recall that ¢, is non-negative, increasing and bounded by %

What is more,

3 R 3
Antbg = —-1 2y
R ) r<R R r >R

which is positive and bounded by 3 and
3
Ny = ———06(r — R).

We start with the terms involving |u|?.
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Lemma 5.6. For all R, we have

1/ 2 1 2 R 2
-5 (ARYR + 5 Vn YR - VaRR)|ul” > 3+ ul*dk.
2 Jy, SR G VO S

And for all 1 > 0, there exists C,, such that
||<r)_3/2_"u||2L2 M, SOy sup / /dt¢ t)|ul*dk.
Proof. We have that

R
— a2 u2:3—/ u|?dk.
My, h R| ‘ <R> SR| |

What is more ¢ is non-negative and since R, > 2, 0,Rj, is non positive. This

means 1
1 Vntr - VhRalul? > 0.
Mh

Note that since ¥} goes to %% when r goes to oo, Vp¥r - VrRnr behave like

%3 when r goes to oo, this is not sufficient to be compensated by the bi-Laplace-
Beltrami term if R,, < 2.
We consider the quantity

1)l angy = [ )0 [

:/0 (ry=2=21p / /dt¢) |u|2d/<;)

Since (r)=272"r is integrable, this yields,

1) Ml rgy < Cosum e [ [ o™ fufa
R

which concludes the proof. O
We now focus on the term involving the derivatives of u.

Lemma 5.7. For all R, we have

D) DraDyu > - / |7 ul?.
My, (R) /B,

And for any n2 > 0, there exists C,,, such that
_1/9- 1 _
1662 T ullaney < Copsup s [ [ dto 0] Tl
r (R) Jpg

Proof. We have D?(¢g)" = hi'h* 9,0)pr — A% 0y1pr, and because ¢ is radial,
this yields - . -
D2(¢R)"Y = 516 — AVl
we have AW =0ifi=1or j =1and ALY = —%%’h” otherwise. Therefore, with
d(r) = r?
2 ij NN i g hij !
D*(¢r)" = 61610k + (1 = 61)(1 — 51)7¢R-
Above R, we use that 1% and 9% are non negative and that % is positive to get

D?*(yr)? DiuDju > 0.
r>R



4394 FEDERICO CACCIAFESTA AND ANNE-SOPHIE DE SUZZONI

Below R, we have ¢, = % = <le>’ therefore D?(1p)" = ﬁh” and

y 1
D*(ww) 0050 = g [ | Tnul
My, <R> Br
Write x(r) = (r)~17272. We use as in the hyperbolic case that

[ xo0 [ oot == ["xw [ [ae oo

which yields

/Mh, X(r)/dtgb*l(tﬂ Vnul? = /Ooo X/@)@»é /By /dt¢*1(t)| T ul?

We have —x'(y)(y) = (1+2n2)y{y) =277 which is integrable since 12 > 0 and thus

[xo) [ao @1 gnu < sp 7 / y JERCIEAT

from which we deduce the result. O

This concludes the estimates for the LHS, we now deal with the RHS.

Lemma 5.8. Under the hypothesis of Theorem 1.2, there exists C' such that for
every u solution of the linear Dirac equation, we have the following estimate

‘ AP puddpu + Vrr - Vaipou| < C||Hu(t)] L2(m,,)-
M},, Mh,
Proof. We can essentially repeat the proof in the hyperbolic case. The only differ-
ence is that to have Rj + 4m bigger than a positive constant, we need m > 0. [

The second estimate of Theorem 1.2 is deduced in the same way as in the hyper-
bolic case.

5.3. Sub-flat type metrics. We consider another specific case, which is d(r) = r"

with2—v2<n< %. With this choice we have

_An — 3n?
22
As 0, Ry is negative (as long as R, is non negative), we may have that it can

compensate losses due to the bi-Laplacian.
Let us take, inspired again by the choice in the asymptotically flat case,

1 4dn — 3n?
+ Ry and 9, Ry =~ — IR (81)

Rh r3 rntl K

r

@ ifr<R
LAY E e n

Notice that with this choice g € C2. Moreover, we note the following properties :
_ 1 _ n+l
o for r < R, we have ¢} = > and Aptr =

e For r > R, we have ¢}, > 0, hence % <R < (n<+R1))R'

Besides,

Aptpr = (n+ 1)%1»12-
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From these relations we can deduce,
(n+1)
R(R)
Note that 9; is non negative, increasing and bounded by "T“ and that ApYpR

is bounded by n + 1.
We start with the terms in |u|? in the LHS.

Nipp = — §(r—R) —1,gR(n+1)(n — 2)r3(R)~%.

Lemma 5.9. Assuming that n > 2—+/2, there exists C,, > 0, such that if min R,, >

C,, then
/ /dt¢_1(t)|u\2dm <
Sy

C, s%p ( - /Mh(A;Qﬂ/)R + % Vh Ry - Vhl/JR)/dtfb_l(t)Wz)

n—1
sup Y

Proof. Write

~(kn + 5 U Re- Vatn) = Fesd(r = B)+ falr) + 9a(0)
with
fr(r) = —1r§R% Vh Rh - V¥R
and
on(r) = (G5 (n+ D=2~ = 5 74 Ric- ) Lo
We have

ntl — L H)ul? = (n E L) |ul?dr
[ B [t = 0T [ [ wputas

We have that ¢, is non negative and that 01 Ry, is non positive, thus fr(r) > 0,
therefore

[ 1wt / b6~ (£) uf? > 0.

Since 01Ry, is non negative, and ¥ > % we have

R 1
> —Nr 3 - =
gr(r) > R ((n +1)(n—2)r 231Rh)1T>R,
and replacing 01 Ry, by its value,

R(_n2—2n—|—4 _3 , nRy

> — .
gR(r) - <R> 2 r ’/‘"+1)1T>R

We factorise by 772 to get

R n?—2n+4 o1
gr(r) > SR ( - > +nRyr >1T>R.
Note that n? — 2n + 4 is always positive and that 2 — n > 0. Hence for » > Ry =
n?—2n+4 1/(2=n) . . .
(m) , gr(r) > 0, which implies

R n?—-2n+4 B
/ gr(r)|ul? 2/ gR(T)|u\2dr2—77/ =3 2.
My, R<r<Ry (R) 2 Rer<R
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We have

/RSTSRD 7"3/dt¢>’1(t)IU\2 = /drr"*3 /Sr/dtgbl(t)uﬁd,{

n—1 Ro
< supy / /dt¢71(t)|u|2dm/ (ryr—2dr.
v () S, R
Since "
o B Ro)
rVr2dr < {Fo ,
|t <
we have

O et Lk PO 2
[, o [ o™ @l = - s T [ [ s o

Combining this inequality with the ones involving fr and the Dirac delta, we get

- [ @kont iRy i) [ a0l

> (n+1)%LR/dt¢*1(t)\u|2dK—%"Hm@sgp y:y; /Sy/dw*l(t)m\?

we take the supremum over R to get

s%p ( — /M (A;QJ/JR + % Vi Ry Vhl/JR)/dtQS_l(t)Mg)
> ((n+1)- wm@) sup y:y_; /S /dt¢_1(t)\u|2.

Notethatn—i—l—%:%(2+\/§—n)(n—(2—ﬂ) hence if n > 2 — /2,

ni(_”; 14)_ 7 > 1. Take inf R, sufficiently big such that Ry is sufficiently small to have
2(n+1)
R —_—
(Fo) < n?—2n+4
With these conditions, (n +1) — %(R@ > 0, and we get the result. O

Lemma 5.10. Let n €]2 — /2, %} and n > 0. There exists Cy, ,, such that if for all
22,23, R, > C, then

1
1)~/ M| 22 g,y < Crsup <—/ (D3R + 5 VaRuVnr) /dt¢_1(t)|u|2)-
R Mhp
Proof. We have

1) =32 )22 0y = /M (r) 3= / dtd(8)|uf?

B [y [ [ g

We get
o n—1
||<7">73/277]u||i2(/\49) S/ dr<r>7272’7rsupy / /dt¢*1(t)\u|2dn
0 v (Y) Sy
and we use the previous result to conclude. O

We deal with the terms in /xu in the left hand side of the virial identity.
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Lemma 5.11. We have for all R,

2 D2(¢R)iﬂ'mpjuzi/ Juf2.
M (R) )

For all 5y > 0 there exists Cy, ,, such that
_1/9— 1 _
)72 Tl agy < Conmsnp 7 [ [ dts™' O vl
R (R) /B,
Proof. We have
.. 1 ..
D2()" = vy and if ij # 1 D2(dr)" = 5 ZhY (4f),

from which we deduce that above R, since 9, is non negative and non decreasing,
we have
D2(wR)ij6iDiuDju Z 0
and under R, since ¢f, = 0ok
oW n
D2(1/)R) ]DiuDju Z ﬁ‘ Vh u|2.

Therefore,

2 D2 (¢ 8iﬂ8-u2i/ ul?.
o, RO = gy f L

Let x(r) = (r)=1=2". We have

1) ~/277 Gl 0,y = /M Xm/ dte~ ! (t)| vn ul®.
h

h

Given that x(r) = — [ x'(y)dy, we get

o0
1) ~Y2 7" 7 w3,y = — / dyX’<y>/B / dte ™ ()| 7n ul*.
0 Yy
We deduce
/o o 1 _
)2 O lfagan,y < = [ X Gswp s [ [ deo o) 9l
0 r (R) /B,

We have —x/(y)(y) = (1 + 2172)%(7")_1_27’27 hence —x'(y)(y) is integrable and we
get the result. O

We now deal with the LHS.
Lemma 5.12. Under the hypothesis of Theorem 1.2, there exists C such that for

every u solution of the linear Dirac equation, we have the following estimate

[ svmmsou / ntbr - Vntiddu| < C|Hu(t)| 12 oa,).
My, My,

Proof. We can essentially repeat the proof in the hyperbolic case. The only differ-
ence is that to have R, 4+ 4m bigger that a positive constant, we need m > 0. [

The third estimate of Theorem 1.2 is deduced in the same way as in the hyperbolic
case.
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