Asymptotic behavior of the energy integral of a two-parameter
homogenization problem with nonlinear periodic Robin boundary
conditions
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Abstract: We consider a nonlinear Robin problem for the Poisson equation in an unbounded periodically
perforated domain. The domain has a periodic structure, and the size of each cell is determined by a positive
parameter 6. The relative size of each periodic perforation is instead determined by a positive parameter e.
Under suitable assumptions, such a problem admits of a family of solutions which depends on € and §. We
analyze the behavior the energy integral of such a family as (¢, ) tends to (0,0) by an approach which is
alternative to that of asymptotic expansions and of classical homogenization theory.
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1 Introduction

In this paper we analyze the behavior of the energy integral of a family of solutions of a two-parameter
homogenization problem for the Poisson equation with nonlinear Robin boundary conditions in a periodically
perforated domain with small holes which has been introduced in [23] as the size of the periodicity cells and
of the holes degenerate to 0. We fix once for all

n €N\ {0,1}, and (@115 - -+ Gnn) €]0,+00[™,
and we introduce a periodicity cell
Q= H?:l]oﬁ ij[ .

Then we denote by ¢ the diagonal matrix

qi O 0

0 0

o= 0
0 0 nn

and by m,,(Q) the n dimensional measure of the fundamental cell ). Clearly, ¢Z"™ = {qz : z € Z"} is the
set of vertices of a periodic subdivision of R™ corresponding to the fundamental cell Q.
Then we consider m € N\ {0} and « €]0, 1] and a subset 2 of R" satisfying the following assumption.

Let € be a bounded open connected subset of R™ of class C""“.
Let R™ \ cI2 be connected. Let 0 € 2. (1.1)
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Next we fix p € Q. Then there exists ¢y €]0, +oo[ such that
p+eclQ CQ Ve €] — €o, €], (1.2)
where cl denotes the closure. To shorten our notation, we set
Qpe=p+el  VecR.
Then we introduce the periodic domains
S[Qp,e] = U (a2 +Qpe) , S[Qp,e]” =R"\ cIS[Qp ],
P

for all € €]—¢g, €o[. Then a function u defined either on cIS[Q2, (] or on cIS[,, ]~ is g-periodic if u(x+gprep) =
u(z) for all = in the domain of u and for all h € {1,...,n}. Here {es,..., e,} denotes the canonical basis of
R™. Next we introduce a dilation of the periodic domain S[Q, ]~ by setting

S(e,6)” = 6S[Qp.c]™ Y(e, d) €]0, €0[%]0, +o0].

The parameter § determines the size of the periodic cells of S(¢,d)”. Next we turn to introduce the data
of our problem. To do so, we fix p €]0,+oc[ and we consider the Roumieu function space C?, ,(R") of
g-periodic real analytic functions from R™ to R (see (2.2)), and we assume that

{fe}egl=coeo 1 @ real analytic family in Cg,wyp(]R”) , (1.3)

i.e., that the map from | —eg, o[ to C? , (R™) which takes € to f. is real analytic, and we assign a (nonlinear)

q,w,p
continuous real valued function
Ge Co(aﬂ x R)

satisfying certain regularity assumptions which we specify later (cf. (3.3), (3.13).) Then we consider the
following periodic nonlinear problem for the Poisson equation for each (e,d) €]0, 9[x]0, +00]

Au(z) = f(6~'x) Vo € S(e,d),
u is ¢ — periodic in S(e,0) ™, (1.4)
Fre—u(@) + GO ez = dp) u(@)) = 0 Var € 509,

where vs5q, . is the outward unit normal to 6§, . on 69€, .

In [23], we have identified a family of solutions of problem (1.4) for € and ¢ close to 0 and we have
analyzed what happens to the family of solutions when € and § tend to the degenerate value 0. In order to
do so, we have distinguished two cases which depend on the behavior of f 0 fedz as € is close to zero.

If fQ fedz is not identically zero in € €] — €g, €g[, our assumption (1.3) implies that there exist a unique
ny € N and a unique analytic function F' from | — €, €9[ to R such that

/Qfedxzean(e) Ve €] — €o, ol F(0)#£0. (1.5)

If instead fQ fedz is identically zero, we set by definition ny = 4+00. Then we consider separately case
ny >n—1and case ny <n — 1.
In case ny > n — 1, we assume that there exists c, € R such that

G(t,co)doy =0, Gu(t,co)doy £ 0, Gy(tyco) >0 vt € 092, (1.6)
o0 o0
where G, denotes the partial derivative of G with respect to the second argument. Then by [23] for € and §
small, problem (1.4) has a solution
u(e, 0,-) € C™(cIS(e,6)7),
where C™%(clS(e, ) ™) denotes the Schauder space of functions of class C™(clS(e,d) ™) with a-Holder con-
tinuous derivatives of order m.



In case ny < n — 1, we assume that there exist ¢, € R and 7o € [0, +o00[ such that

G(t,ci)doy — F(0)y =0, Gu(t,ci)doy #0, Gyu(t,ce) >0 Vit € 0Q. (1.7)
a9 a0

Again by [23], for all functions é(-) such that

€(+) is a function from ]0, +o0] to ]0, €], (1.8)
C e . d B
A E0) =0, e E ey = 0

and for ¢ small, problem (1.4) with e = é(J) has a solution
u(6,-) € C™(cIS(€(5),9)7).

In [23], we have investigated the behavior of u(e,d,-) and of u(d,-) and we have shown that they can be
represented in terms of real analytic maps of (€,d) and in terms of possibly singular at (0,0), but known
functions of (e, d) in case ny > (n — 1) and in terms of real analytic maps of (¢(8),d/é(6)»~V="1) and in
terms of possibly singular at (0,7p), but known functions of (é(5),4d/é(8)~V="¢) in case ny < (n — 1).

In the present paper, we turn to analyze the behavior of the corresponding energy integrals

Enle, 0] E/ |Dyu(e, 8, x)|? de Enl[d] E/ |Dyu(6, z)|* d (1.9)
QNS(e,8)~ QNS(&(5),8)~

in the cell Q as (¢, ) and ¢ tend to (0,0) and to 0, respectively. In particular, we pose the following question.

(*) What can we say on the function (¢, 0) — Enle, ] as (e, d) is close to (0,0) in ]0, €g[x]0, +00[ and what
can we say on the function 6 — En[d] as § is close to 0 in ]0, +o0[?

The asymptotic behavior of solutions of problems in periodically perforated domains has long been in-
vestigated in the frame of Homogenization Theory. It is perhaps difficult to provide a complete list of
contributions, and here we mention, e.g., Cioranescu and Murat [6, 7], Marcenko and Khruslov [25], and for
nonlinear Robin problems the work of Cabarrubias and Donato [4]. We also mention Maz’ya and Movchan
[26], where the assumption of periodicity of the array of inclusions has been released.

More generally, problems in singularly perturbed domains have been largely studied with the methods
of asymptotic expansions. Here, we mention, e.g., Ammari and Kang [1], Ammari, Kang, and Lee [2],
Bonnaillie-Noél, Dambrine, Tordeux, and Vial [3], Dauge, Tordeux, and Vial [10], Kozlov, Maz’ya, and
Movchan [15], Maz’ya, Movchan, and Nieves [27], Maz’ya, Nazarov, and Plamenewskij [28], Novotny and
Sokotowski [30].

Here instead, we wish to represent the functions in (x) in terms of real analytic maps as done for u(e, J, -)
and u(d, -).

The approach we exploited in [23] and in this paper for the analysis of nonlinear homogenization problems
has already been applied to investigate singular perturbation problems in domains with small holes (cf. e.g.,
[17].) Such a method has been exploited for singularly perturbed boundary value problems for the Laplace
equation in [18], for linearized elastostatics in [9] and for the Stokes equations in [8]. Concerning problems in
periodic domains we refer to [20], and in particular to [21] where the analysis of a two-parameter anisotropic
homogenization problem for a Dirichlet problem for the Poisson equation is carried out.

We also observe that boundary value problems in domains with periodic inclusions can be analyzed, at
least for the two dimensional case, with the method of functional equations. Here we mention, e.g., Castro,
Pesetskaya, and Rogosin [5] and Kapanadze, Mishuris, and Pesetskaya [14].

This paper is organized as follows. Section 2 is a section of preliminaries. In Section 3, we collect some
results of [23], where we analyze the behavior of the solutions of problem (1.4). In Section 4, we study the
behavior of the energy integral of the solutions of an auxiliary problem. In Section 5, we prove our main
results on the behavior of Enle, d] as (e, d) is close to (0,0) and of En[d] as ¢ is close to 0. At the end of the
paper, we have enclosed an Appendix with some technical results exploited throughout the paper.



2 Preliminaries and notation

We denote the norm on a normed space X by || - ||x. Let X and ) be normed spaces. We endow the
space X x Y with the norm defined by ||(x,y)||xxy = ||z]|x + |lylly for all (z,y) € X x Y, while we use the
Euclidean norm for R™. The symbol N denotes the set of natural numbers including 0. Let A be a matrix.
Then A;; denotes the (i, j)-entry of A. If A is invertible, A" and A~! denote the transpose and the inverse
matrix of A, respectively. Let D C R™. Then cID denotes the closure of D and D denotes the boundary of
D. We also set

D~ =R"\ clD.

For all R > 0, z € R", z; denotes the j-th coordinate of z, |x| denotes the Euclidean modulus of x in R”,

and B, (z, R) denotes the ball {y € R™ : |z —y| < R}. Let Q be an open subset of R™. The space of m times

continuously differentiable real-valued functions on €2 is denoted by C™(Q2,R), or more simply by C™ ().
Let € N\ {0}. Let f € (C™(Q2))". The s-th component of f is denoted fs, and Df denotes the

Jacobian matrix (afs) .Letn=(m,...,nn) €N |In| =n1+---+n,. Then D"f denotes 5 oy

_ — -
oz ) s=1,...,m, oz

1=1,....,n
The subspace of C™ () of those functions f whose derivatives D" f of order |n| < m can be extended with
continuity to clf2 is denoted C™(cl)). The subspace of C™(cl2) whose functions have m-th order derivatives
that are Holder continuous with exponent o €]0, 1] is denoted C™(clQ?) (cf. e.g., Gilbarg and Trudinger [13].)
The subspace of C"™(clf2) of those functions f such that ficions, (0,r) € C™(cl(2NB,(0, R))) for all R €
10, +00] is denoted C}72*(clf2). Let D C R". Then C™“(cl2,D) denotes {f € (C"™(cl))" : f(cl2) C D}.

We say that a bounded open subset €2 of R™ is of class C™ or of class C" %, if clf) is a manifold with
boundary imbedded in R™ of class C™ or C"™ %, respectively (cf. e.g., Gilbarg and Trudinger [13, §6.2].) We
denote by vq the outward unit normal to 9€2. For standard properties of functions in Schauder spaces, we
refer the reader to Gilbarg and Trudinger [13] (see also [16, §2, Lem. 3.1, 4.26, Thm. 4.28], [24, §2].)

If M is a manifold imbedded in R™ of class C"™*, with m > 1, « €]0, 1], one can define the Schauder
spaces also on M by exploiting the local parametrizations. In particular, one can consider the space C*:*(9£2)
on 0N for 0 < k < m with Q a bounded open set of class C"“, and the trace operator from C*%(clQ) to
CHF(0R) is linear and continuous. We denote by do the area element of a manifold M imbedded in R™. We
retain the standard notation for the Lebesgue space LP(M) of p-summable functions. Also, if X is a vector
subspace of L'(M), we find convenient to set

Xo{feX:/Mfda()}. (2.1)

We note that throughout the paper ‘analytic’ means always ‘real analytic’. For the definition and properties
of analytic operators, we refer to Deimling [11, §15].

Weset 0;j =1ifi=7,0;; =0ifi#jforalli,j=1,...,n.

If Q is an arbitrary open subset of R”, k € N, 3 €]0, 1], we set

CF(cQ) = {u € C*(clQ) : DVu is bounded Yy € N” such that |y| < k},

and we endow CF(clQ) with its usual norm

l[ull o i) = > sup [DVu(x)]  Vu € CF(clQ).
[yI<k zeclQ

Then we set
CEP (1) = {u € C*F(clN) : DYu is bounded ¥y € N™ such that |y| < k},

and we endow Cf’ﬁ (cl?) with its usual norm

||UHC:,[€(CIQ) = Z sup |D7u(33)| + Z | DV : CIQ|B Yu € Cf’B(CIQ),
Ik P [y|=k

where |D7u : cl|g denotes the S-Holder constant of D7u.



Next, we turn to introduce the Roumieu classes. For all bounded open subsets 2 of R” and p > 0, we set

ngp(clﬂ) = {u € C™(clQ) : sup HD ul|coan) < +oo}

IBI'

and
|| = o | DPul| Yu € C0 (cl)
ul|co = sup u| go ueC, (cI),
Co (cl0) T CO(clQ) 0

where | 8| = f1+- - +0, forall B = (B1,...,0n) € N*. Asis well known, the Roumieu class (Cg)p(le), Il - ||Co CIQ))

is a Banach space.
Next we turn to periodic domains. If € is an arbitrary subset of R™ such that cl) C @, then we set

Sl = (J (¢z+Q) =qZ"+Q,  S[Q” =R"\dS[Q)].
ZEL™

If k e N, 8 €]0,1], then we set
CE(IS[Q]) = {u € CF(IS[Q]) : u is ¢ — periodic}
which we regard as a Banach subspace of CF(cIS[(2]), and
C’f;*ﬁ(clS[Q]) = {u € CE’B(CIS[QD cuisq— periodic} )

which we regard as a Banach subspace of C}?(cIS[Q]). Then CH(cIS[Q] ™) and CFA(cIS[Q] ™) can be defined
similarly. If p €]0, +o0[, then we set

c?, (R "):{UGC;’O(R”): sup

q,w,p

o m, D ulenagy < +oo} (2.2

where C7°(R™) denotes the set of g-periodic functions of C>°(R"™), and

= Lm' || ? H cy ( )
ny = Sup D ul|coal Vu € w
(R™) BeNn 18! (clQ) qw,p

lullos
The Roumieu class (ng PR o, n)) is a Banach space. As is well known, if f is a ¢g-periodic real
analytic function from R™ to R, then there exists p €]0, 00| such that

fecy, (RY).

As is well known, there exists a g-periodic tempered distribution S, ,, such that

ASyn =Y 04—

ZEL™

n)’

where d,, denotes the Dirac measure with mass in gz (cf. e.g., [19, p. 84].) The distribution S, ,, is determined
up to an additive constant, and we can take

1 .
Sq,n(m):_ Z - e27m(q z) ,

2 1.2
cemmqoy (@42l 2]

in the sense of distributions in R"™. Moreover, S, ,, is even, and real analytic in R™\ ¢Z", and locally integrable
in R” (cf. e.g., Ammari and Kang [1, p. 53], [19, §3].)
Let S,, be the function from R™ \ {0} to R defined by

L 10g|x| Vo € R™\ {0}, ifn=2,

S”(x)z{ |2 vz e R*\ {0}, ifn>2,

(2 n Sn



where s, denotes the (n — 1) dimensional measure of 9B,,. S, is well-known to be the fundamental solution

of the Laplace operator.
Then the function Sy, — S, admits an analytic extension to (R™\ ¢Z"™)U{0} (cf. e.g., Ammari and Kang

[1, Lemma 2.39, p. 54].) We find convenient to set
Ryn =Sqn— S in (R™\ ¢Z™)uU{0}.
Obviously, Ry, is not a g-periodic function. We note that the following elementary equality holds
1

Sqnlex) = e"S, (z) + g(ég,n loge) + Ry n(ex),

for all x € R™ \ e 1¢Z™ and € €]0, +o0].
If  is a bounded open subset of R™ and f € L™ (1), then we set
P.[Q, fl(z /S x—y)f(y)dy Vr € R™.

If we further assume that 2 C Q, then we set

Py n[, f](x /Sqnx— (y) dy Ve e R™.

Let © be a bounded open subset of R™ of class C'* for some « €]0, 1[. If H is any of the functions S, .,
Ry and cl2 C @ or if H equals S, we set

v[0Q, H, pl(x) = . H(z —y)u(y) doy Ve e R",
_ 0
w[0Q, H, p)(x) = - am(y)H(x —y)uly) doy
= —/ va(y) - DH(z — y)u(y)doy, Vo € R",
o0
_ 0

= / vao(xz) - DH(xz — y)u(y) doy, Vo € 09,
o0

for all p € L?(09Q), where DH is the Jacobian matrix of H. As is well known, if u € C°(99), then
v[0R, Sy n, p] and v[0, Sy, u] are continuous in R”, and we set

er[aQ’ Sq,nv M] = U[@Q, Sq,na ,U']ICIS[Q] v [89, Sq,na ,U'] = ’U[@Q, Sq,nv MlclS[Q]—
vt[0Q, Sy, ] = V[0, S, pjcie v [09, S, 1] = V[0, S, |- -

Also, if p is continuous, then w[92, Sy n, i]jsjo) admits a continuous extension to cIS[S2], which we denote
by wt [0, Sqn, ] and w[OY, Sq.n, p]jsjo)- admits a continuous extension to cIS[Q2]~, which we denote by
w[0Q, Sq.n, ] (cf. e.g., [19, §3].)

Similarly, w[0S2, Sy, 1]jo admits a continuous extension to clf2, which we denote by w*[9Q, Sy, ;] and
w[08, Sp, p]jo- admits a continuous extension to cl2~, which we denote by w™[0€, Sy, u] (cf. e.g., Mi-
randa [29], [24, Thm. 3.1].)

In the specific case in which H equals S,,, we omit S,, and we simply write v[0€2, p], w[OQ, u], w. [0, ]
instead of v[0Q, Sy, p], WO, Sy, p], W [0, Sy, p1], respectively. Similarly, if H equals Sg,, we omit Sy,
and we simply write v, [0, u], wa[0Q, p], wq [0, ] instead of V[0, Sy pn, p], WO, Sy, 1], Wi[OQ, Sq.n, 1],
respectively.



3 Formulation of problem (1.4) in terms of integral equations

In [23], we have converted problem (1.4) in terms of integral equations. The first step consists in transforming
our problem so as to remove the parameter § from the domain of problem (1.4) and can be done by exploiting
the rule of change of variables. Indeed, a function u € C™%(clS(e, §) ™) satisfies problem (1.4) if and only if
the function

uf (1) = u(d-) € C™(clS(e, 1)7),
satisfies the following auxiliary boundary value problem
Auf(z) = 62 f(2) Vo € S(e, 1)~

uf is ¢ — periodic in S(e, 1)~ 51)
sl uf(z) + 6G(e M@ = p), ui(x)) =0V € O

We now wish to transform problem (3.1) into an integral equation. To do so, we need some notation. In
particular, if G € C°(09 x R), we denote by T the (nonlinear nonautonomous) composition operator from
C°(99) to itself which maps v € C°(9) to the function Tg[v] defined by

Ta](t) = G(t,v(t)) Yt € 00
Then we have the following result of [23].

Theorem 3.2 Let m € N\ {0}, a €]0,1[. Letp € Q. Let Q be as in (1.1). Let ey be as in (1.2). Let
{fe}ec)—co.e0] be as in (1.3). Let G € CO(OQ x R) be such that

T maps C™1*(9Q) to itself . (3.3)

Let (e,6) €]0,¢0[x]0,+00[. Then the map ulle,6,-,-] from the set of pairs (0,c) € C™ 1 (9N)y x R that
solve the equation

1 n—1
56(t) + /é)QVQ(t)DSn(tfs)G(s)doere /(9 vo(t) DRy (et — 5))0(s) dos (3.4)

Q

e (t,&e So(t — $)0(s) dos + €™ /d Ryn(elt = 5)0(s) do, ¢

o0
+462 {Pq,n[Q, fel(p + te) — / fe dquyn(et)} — 5% / fe dsSn(t)>
Q Q
+800(0)| DPy Q. £+ ) = [ fude DRy et
—561—"/ fedavg(t)DS,(t) =0 Vit € 09,
Q

to the set of u* € C™(cIS[Q, ]7) which solve the auziliary problem (3.1) and which takes (0,c) to the
function

u?le, 8,0, c] = wle, 5,0, ] (3.5)
+62 |:/ Sqn — fe dS—/ fedSSqn _p):|
where
—1 2 logf
e, 0.0,] = 000 Sy (6 =P et 0 [ oS, (36)

is a bijection.



As observed in [23], the right hand side of equation (3.4) contains two terms which may not converge as
(e,9) tends to (0,0):

5262_”/ feds and 561_"/ fedz. (3.7)
Q Q

If ny = +oo, i.e., if fQ fedz = 0 for all € €] — €, €9, then the above terms are identically equal to zero. If
instead ny < 400, the above terms can be rewritten as

52 TETN R (€) and ST R (), (3.8)

(cf. (1.5)).

Hence, we need to distinguish two cases: if ny > (n — 1), then the above terms in (3.7) have limit as
(€,6) tends to (0,0). Thus if ny > (n — 1) we can take the limit as (¢, d) tends to (0,0) in equation (3.4)
under appropriate regularity assumptions and obtain an equation which we address to as ‘limiting integral
equation’. Namely,

%H(t) + / V() DSt — 8)0(s) dos + Glt,c) =0 Yt € 9. (3.9)
o

If instead ny < n — 1, then the second term in (3.7) (or (3.8)) cannot have a limit as (¢, d) tends to (0,0),
and accordingly, we cannot take the limit as (¢, ) tends to (0,0) in equation (3.4) and we cannot identify a
‘limiting integral equation’. Hence, case ny < n — 1 requires a different treatment. Here we observe that if
we fix 79 € [0, 400[ and if we consider the pairs (e, d) of the graph of a function é from ]0, +-o00[ to ]0, o[ such
that (1.8) holds, then we can take the limit as ¢ tends to 0 in the terms of (3.7) (or of (3.8)) with € = €(9)
and obtain

lim 526(6)27”/ fesyds =0 and lim 5€(5)17"/ fesydr = o F(0).
Q Q

6—0 6—0

Hence, we can take the limit as ¢ tends to 0 in equation (3.4) with ¢ = €(0) under appropriate regularity
assumptions and obtain an equation which we address to as ‘limiting integral equation associated to o .
Namely,

%9(7&) + / va(t)DS,(t — 8)0(s) dos + G(t,¢) — o F(0)va(t)DS,(t) =0  Vt € 00. (3.10)
o0

3.1 Analysis of the integral equation (3.4) in case n; > n — 1.

In order to analyze equation (3.4) around the degenerate case in which (¢,4) = (0,0) and under the assump-
tion that ny > (n — 1) and to treat both case ny < +oo and case ny = 400 at the same time, we find
convenient to set

Ny =ny if ny <400, np=n-—1 if ny =400,

and to set F'(e) = 0 for all € €] — €, €[ in case ny = 4o00. Indeed, if so we have
/ fedx = € F(e) Ve €] — €g, €0l (3.11)
Q

both in case ny < 400 and case ny = +o0c. Then we have the following result of [23].

Theorem 3.12 Let m € N\ {0}, a €]0,1[. Let p € Q. Let Q be as in (1.1). Let €g be as in (1.2). Let
{fe}ee)—co.e0] b as in (1.8). Let ny >n —1. Let G € C°(9Q x R) be such that

Tg is real analytic in C™~1*(99Q) . (3.13)

Let ¢, € R be such that (1.6) holds. Let A, be the map from | — g, €o[xR x C™~1¥(92)g x R to C™~1:2(9Q)
defined by

Asle, 6,0, c(t) =

[N

0(t) + /{m va(t) DS, (t — s)0(s) dos



et /a () DRy (el = )0 do

+G <t, o€ Sp(t — 5)0(s) dog + 5e" Ry (et —s))0(s)dos + ¢
a0 a0

+6% [PynlQ, f)(p + te) — € F(€) Ry (et)] — 5262_n6ﬁfF(6)Sn(t>>

+000(0) | DP,1Q. 110+ ) = (DR, ()]
—0e' T T F(€)vq(t)DS, (1) Yt € 99,
for all (€,8,0,c) €] — €, €[ xR x C™~12(9Q)g x R. Then the following statements hold.

(i) Equation A.[0,0,6,c,] =0 is equivalent to the limiting integral equation (8.9) with ¢ = ¢, and has one
and only one solution 0, € C™~1(0N)y (see (2.1).)

(1) If (,9) €]0, 0[]0, +00[, then equation Ayle,d,6,c] =0 is equivalent to equation (3.4) in the unknown
(0,c) € C™=1(90) x R.

(iii) There exist (¢/,8") €]0,€0[x]0, +o0[ and an open neighborhood U of (0s,cs) in C™~1*(0Q)y x R, and
a real analytic map (O, Cs) from ] — €, €'[x] — &',8'[ to U such that the set of zeros of the map A, in
| =€, €'[x] = 8,0 [xU coincides with the graph of (O4,Cs). In particular,

(0,0,0], Cs[0,0]) = (0o, co) -

By Theorem 3.12, we can now define our family of solutions of the auxiliary problem (3.1) in case
ny>mn-—1
Definition 3.14 Let the assumptions of Theorem 3.12 hold. Then we set

Wie, d,x) = We, 6,0,[e, ], Cole, 8])(x) Vo € clS(e, 1),
Hed0) = wle,d,04lc,d), Cole, d])(x)

+42 [/ Sqn(z —8)fe(s)ds — / fedsSgn(xz —p) Vo € clS(e, 1),
Q Q

for all (e,0) €]0,€'[x]0,d[.

Then {u®(e, 9, )} e,6)€10,e[x]0,6' 18 a family of solutions of the auxiliary problem (3.1) in case ny >n — 1.

3.2 Analysis of the integral equation (3.4) in case ny <n — 1.

In order to analyze the integral equation (3.4) in case ny < n — 1, we replace the term de"/™1=" which
appears in (3.8) and which has no limit as (e, §) tends to (0,0) by a new variable v as in [23]. By doing so,
we obtain a new equation which depends on € and + and which is not singular in € and v and to analyze the
dependence of 6 and ¢ upon € and v, and we have the following result of [23].

Theorem 3.15 Let m € N\ {0}, o €]0,1[. Let p € Q. Let Q be as in (1.1). Let ¢y be as in (1.2). Let
{fe}ee)—co.e0] b€ as in (1.3). Let ny < n—1. Let G € CY(9Q x R) satisfy (3.13). Let ¢, € R, vg € [0, +00]
satisfy (1.7) (cf. (1.5).) Let A be the map from | — €g, €o[ xR x C™=12(9Q)g x R to C™~1(9Q) defined by

A* [67 s 97 C](t) =

DN | =

0(t) + / vo(t)DSy(t — s)0(s) dos
o9

+ent / vo(t)DRy..(e(t — s))0(s) dos
o0

+G (t, et St — 5)0(s) dos + 2D =ns / Ry n(e(t —5))0(s)dos + ¢

o0 o0



F2e2n=1)=2n; [PynlQ, f](p+te) — €™ F(e) Ry n(et)] — 726"_”7"}7(6)5”(75))

e T v (1) [ DPyplQ, £l (p + et) — G"fF(G)DRq,n@t)}
—vF(e)vq(t)DS,(t) Vte 0,
for all (e,7,0,c) €] — €, €0[xR x C™~1:2(9Q)y x R. Then the following statements hold.

(i) Equation A.[0,70,0,c.] =0 is equivalent to the limiting integral equation associated to vy (3.10) with
¢ = ¢, and has one and only one solution 0, € C™~1-2(0Q)o (see (2.1).)

(i) Let € be as in (1.8). Let & €]0,+oo, é(8) < eo. Then equation A.[é(5),56¢(8)™ "1 0,¢] = 0 is
equivalent to the integral equation (5.4) with € = é(8) in the unknown (0,c) € C™~12(9Q)y x R.

(iii) There exist € €]0, €y and an open neighborhood Ty of vy in R, and an open neighborhood U of (04, c.)
in C™=1(00)g x R, and a real analytic map (O.,Cy) from | — € ,€'[xTo to U such that the set of
zeros of the map A, in | —€,€[xTo X U coincides with the graph of (O, Cy). In particular,

(9*[0’ ’VO]’ C. [07 ’70]) = (9*7 C*) .

Next we observe that the limiting relations in (1.8) imply that there exists ¢’ €]0, +oo[ such that

4]

() €]0,€'[ 20— ely  V6€0,6]. (3.16)

In the following definition, we define our family of solutions of the auxiliary problem (3.1) in case ny < n—1.
We do so by means of the following.

Definition 3.17 Let the assumptions of Theorem 3.15 hold. Let §' €]0,+o00[ be as in (3.16). Then we set

WH(6,x) = WwE(D),d, 0.[E(8),5¢(0)™ T, CLIE(S), 6e(8)™ T (z)  Va € cIS(€(5),1)7,
Wt (5,2) = WwPE(d),d,0.[6(8),5¢(8)™ T, CLIE(S), 5E(8)™ T T](x)
+62 [/ Syl ) fe(s)(s) ds — /Q JesydsSgn(x —p)| Vo €clS(é(d),1)",

for all 6 €]0,0'] (see also (3.5), (5.6).)

By Theorem 3.15, {uf(J, ") }sejo,511 is a family of solutions of the auxiliary problem (3.1) in case ny <n — 1.

3.3 A functional analytic representation theorem for the family of solutions
{u* (€, 0, ) }e.6)e)0.e/[x]0,] and {uf (9, -)}sejo,or; of the auxilary problem (3.1)

As we shall see, in order to compute the energy integrals of the family of solutions {uf(e, 8, )} e.6)€10,e/[x]0,6]
and {u?(8,-)}sej0,5( we will exploit the Divergence Theorem. By doing so, we will need the analyze the
behavior of (suitable restrictions of) the families {u*(e, 8, )} (c.5)ej0,e/[x]0.6'f and {u* (8, ) }seo,5(-

We first have the following representation theorem for the family {u*(e, d, )} es)e)o,e[x]o,60 (cf. [23].)

Theorem 3.18 Let m € N\ {0}, a €]0,1[. Let p € Q. Let Q be as in (1.1). Let €g be as in (1.2). Let
{f}ee)—co.e0o b€ as in (1.3). Let ng > n—1. Let G € C°(9Q x R) satisfy condition (3.13). Let c, € R be
such that (1.6) holds. Let €', &' be as in Theorem 3.12 (iii). Then there exist a real analytic map V] 5q from
| —€,€[x] =0, to C™*(00N) and a real analytic map Pjhg, from | — €, €0 to C™*(0) such that

1

WHe, 5, p+et) = eV pale,d](t) + Cole, §]+52n62/f6 9B vteon,
7T

uH(e,6,p+et) = edViggle,8](t) + Cole,0] + 6°Pholel(t) Vi€ 99,
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for all (e,0) €]0,€[x]0,d'[. Moreover,
V3al0,0](t) = u(t)  Pholo](t) = /qum(p —s)fo(s)ds Vi e, (3.19)

where ub is the unique solution in Cl*(R™\ Q) of the ‘limiting boundary value problem’

Au=0 in R™\ clQ,
8871;(1‘)+G(£C,C<>) =0 Ve,

limg o u(z) = 0.

Finally,
uf = v [0, 0,], (3.20)

where O, is as in Theorem 3.12 (i).

Next we turn to introduce a representation theorem for the family of solutions {uﬂ(67')}5e]0’5/[ in case
ny <n—1 (cf. [23].)

Theorem 3.21 Let m € N\ {0}, a €]0,1[. Let p € Q. Let Q be as in (1.1). Let eg be as in (1.2). Let
{f}ee)—eo,eo be as in (1.3). Let ny < n—1. Let G € C°(0Q x R) satisfy condition (5.13). Let ¢, € R,
~o € [0, +o0[ satisfy (1.7). Let € €]0, €[, be as in Theorem 3.15 (). Let Ty be an open neighborhood of o
in R as in Theorem 8.15 (iii). Let € be as in (1.8). Let &' €]0,+o00| be as in (3.16). Then there exist a real
analytic map V, 5 from | — €, €'[xTg to C™*(0Q) and a real analytic map Ppq from | — e, €o] to C™(0Q2)
such that

WH(8,p + E(0)t) = &(8)dV oel€(0), 0¢(8)™ ~ V(1)

L), 0806+ 82,0 [ s ds BN
Q

2

vt € 09,

ub(8,p+ E(O)t) = €(6)0V po [é(8), 6¢(8)" " V)(1)
+CL[6(5), 5e(0)™ ~ (=D £ 2PLG ()] (t) Wt e dn,

for all § €]0,¢'[. Moreover,
Vaal00)(t) = () Piolol) = | Sunlp—s)als)ds Ve on,
Q

where b is the unique solution in C]>%(R™\ Q) of the ‘limiting boundary value problem’

loc
Au =0 in R™\ clQ,
(1) + G(x, ) — Foyova(z)DS,(z) =0 Vo € 09,

lim, 00 u(z) =0,

Finally,
uf =v7[09,6.], (3.22)

where 0, is as in Theorem 3.15 (i).

4 A functional analytic representation theorem for the energy in-
tegrals of the family of solutions {uf(e,d, ) }es)el0.01x)0,51 and of the
family of solutions {u*(d,)}scp0. of the auxilary problem (3.1)

As an intermediate step, in this section we first prove a formula for the energy integral of all solutions of
problem (3.1) by means of the following two elementary lemmas.

11



Lemma 4.1 Let the assumptions of Theorem 3.2 hold. Let (€,8) €]0, €o[x]0, +oo[. Let (6,c) € C™~1:2(9Q)¢x

R. Let uf[e, 8,0, c], wle,d,0,c] be as in (3.5), (3.6). Then we have
/ \Darif[e, 5,0, () da
Q\clQy

- _/ u?le, 8,0, (p + es)va(s) Dy (we, 8,0, c|(p + €s)) €2 do
00

—52 / Ple,p + eslva(s)Ds (wﬁ[e, 0,0,cl(p+ es)) " 2dog + 6% / |D, Ple, x]|? d
o0 Q

\clQp e

where

Ple, z] /S” s)fe(s ds—/fgdsSqnm—p) Ve e R"\ (p+qZ").

Proof. Since w[e, §, 0, c] is harmonic in S[Q2, ], equality (3.5) and the Leibnitz rule imply that
/ |D,uble, 8,0, c](x)|? da
Q\clp

= / |D,wi[e, 8,0, c](z) + 62D, Ple, x]|* dx
Q\clQyp

= / |D,wi[e, 8,0, c](x)|? de + 262 / D,w*[€,6,0,c](x) - Dy Ple, x] dz
\elQ, . \el2, .

+54/ \D., Ple, ]| da

Q\CIQP €

:/ div (w*[e, 8,0, c](z) Dyw*[e, 6,0, ] (x)) d
Q\CIQP e

+202 / Dytle, 8,6, ¢](2) - Dy Ple, a] dx + 8* / Do Ple, 2]l da
Q\clp, @\l

By the Divergence Theorem and by the g-periodicity of the harmonic function w[e, 6, 8, c|, we have

/ div (w[e, 8,0, c](z) Dyw*[e, 6,0, ] (x)) da
Q\cly
w?le, 8,0, c)(z)vq, . (x)Dawi(e, 8,0, c|(z) doy,

L.
= — / wu[E, 5,0, cl(p+ ES)I/Q(S)Dwﬁ[e, 0,0, c](p+ 63)6‘*1 do,
o
= — / wu [67 67 07 C] (p + ES)I/Q(S)DS (wﬁ[e’ 57 97 C] (p + 68)) En_2 do,s 7
on

and
262/ Dow*[€,8,0,c](x) - Dy Ple, z] dx
Q\cl2,
= 252/ div (D, whe, 8,0, ¢|(x)Ple, z]) dx
Q\clQy,

= 7252/ P[E,I}VQP‘F(I)DzWu[E, 3,0, c|(x)doy
0,

= —242 / Ple,p + es]va(s)Dwb[e, 8,0, ¢|(p + €s) doge™
o9

= 262 /ag Ple,p+ eslva(s)Ds (w e, 0,0 .c(p+es)) dose" 2.
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Then we have
/ |D uble, 8,0, d(x)|? d
Q\clQ
= 7/ Wi e, 8,6, c](p + es)ra(s) Dy (w e, 8,0, ¢](p +€s)) €% do,
G19)
7252/ Ple,p + es|va(s)Ds (wu[e, 8,0,c)(p+es)) doge?
a0

+54/ | D, Ple, x]|? de .
Q\cIQ

Hence, equality (4.2) follows by the identity

uf [€,6,0,c](p+es) = wu[e, 5,0,c|(p + es) + 62 Ple, p + es] Vs € 00
(cf. equality (3.5).) 0
Lemma 4.4 Let m € N\ {0}, a €]0,1[. Letp € Q. Let Q be as in (1.1). Let €y be as in (1.2). Let

{fe}ec)—co,eo[ e as in (1.3). Let Ple,] be as in (4.8) for all € €] — €g,€]. Then there exists an analytic
function F from ] — €o, €0] to R such that

/Q o IDePleslfar = PO - | S ( / fu(s ) (45)

—loge(/ fe(s ) Ve €]0, €] -

Moreover,
F(0) = / DA dr — 2 (/ fols ds) [ e DG @ =) do, (46)
w2 ([ stsras) a+ ([ osras) [ st -m e - pyam..
where

/ Sqn(x —8)fo(s ds—/ fodsRgn(z —p) Ve e (R™\ (p+qZ™))U{0}.
Proof. In order to shorten our notation, we set
Alet) = [ Syl =) ds = [ fedsRyn(e—p) Yo R\ G402 010},

and

w(e) = / feds
Q
for all € €] — €g, €9[. Next we note that
/ D, Ple, 2] de = / D, [Ale, 2] — o(€) S — p)]? da (47)
Q\ClQp € Q\CIQPvf
= / |D, Ale, x]|? dx — 2¢(e) / D, Ale,x]) - DSy, (z — p) dz
Q\clQ Q\cl2p e

(o) / |DaSo( — p)P do
Q\cl02
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0S,,
Ale, —p)do, 4.8
[, Aerlg e o (19)
= / Ale,p+ eslva(s) DS, (es) doge™ ! = / Ale,p + eslva(s) DSy (s) dog ,

oN o

for all € €]0, eg[, and that

oS oS
Sn(x — " (x—p)doy, = S (€8) —2 (es) doge™ ! 4.9
L, St pdn = | i) Thies) doue (19)
_ oS, 09 oS
= 2 Sp(s)=—=(s)dos + —21 —"(s)do,,
€ . (8)81/9 (s)do o og e o D0 (s)do

for all € €]0, eg[, and that if we choose a €]0, +o00[ such that clB,,(0,a) C Q, we have

/ %(8) dos :/ ﬂ(z) do, :/ Lt e, =1. (4.10)
PYRELZS B,,(0,a) OVB,,(0,a) OB, (0,a) |T]  snlz|"

We first consider the integral fQ\leP |D, Ale, x]|?> dz. Let V be an open bounded connected subset of R™ of
class C! such that

cd@ CV, cdVn(p+q(Z™\{0})=0.
Since Ry (- — p) is analytic in R™ \ (p + ¢(Z™ \ {0})), then R, ,(- — p) is analytic in an open neighborhood
of clV and there exists p €]0,4o00[ such that Ry (- —p) € CJ ,(clV). By assumption (1.3) and by [22,
Prop. A.2], possibly shrinking p, we can assume that the map from | — €, €o[ to C3 ,(clV) which takes € to
Py nlQ; feljcv is real analytic. Then once more by (1.3), the map from | — €, €[ to C&F,(CIV) which takes

€ to Ale, ||y is real analytic. Then Proposition A.2 (i) implies the existence of an analytic map F; from
] — €0, €0] to R such that

Fi(e) = / |D, Ale, x]|? da Ve €]0, €] -
Q\clQ,,«

The linearity and continuity of the restriction map from C9 (cIV') to L'(9€) and the analyticity of Ale, -]jc1v
in the variable € €] — g, €g[ imply that the map

oS,
fg(e)—/é)QA[e,x]ayQ(xp)dam Ve €] — €, €0l

is analytic. By Proposition A.1 of the Appendix, and by the analyticity of Ale, ]|y in the variable e €
] — €0, €0[, we deduce that the map from | — €, €9[ to C°(99) which takes € to the function Ale,p + €t] of the
variable t € 99 is analytic, and accordingly that the map F3 from | — €g, o[ to R defined by

Fs(e) = / Ale,p + eslva(s) DSy (s) do Ve €] — €, €0l
o0
is analytic. Then equalities (4.7)—(4.9) imply that

/ |D,Ple, z]|? dz = Fi(e) — 2¢p(€) Fal€) + 2p(€) F3(e)
Q\cl2,
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0Sn

a5, .
1@ [ Sl a-pdo, - [ 5,50
aQ vQ a0

g dop(e)? — 622—7: log e (€)? Ve €]0, e -

Hence, formula (4.5) follows by choosing F as the sum of the first four terms in the right hand side of (4.11).
We also note that

:i/U%AMdox—%ﬂD/ Amﬂas
Q

T —p)doy,
o g (x —p)

oS,
+2g0(0)/ Al0, plva(s)DS,(s)dos + @(0)2/ Sp(x —p)=—(x —p)do, .
90 aQ %)
Since [, va(s)DSy(s) dos = 1, formula (4.6) holds true (see (4.10).) O

Then we can prove the following representation theorem for the energy integral of the solutions of the
auxiliary problem (3.1).

Theorem 4.12 Let m € N\ {0}, o €]0,1[. Let p € Q. Let Q be as in (1.1). Let ¢y be as in (1.2). Let
{fe}ec)—co.e0] De as in (1.3). Let G € C°(9 x R) satisfy condition (3.13). Then the following statements
hold.

(i) Let ny > n—1. Let c, € R be such that (1.6) holds. Let ¢, §' be as in Theorem 3.12 (iii). Then there
exist a real analytic map EX from ] — ¢’ €[x] —8',8'[ to R and a real analytic map F from | — €, €[ to
R such that

/ |Du?(e, 6, 2)|? do = EX[e, 6]€" 6> +(54{]:(6)
Q\CIQP e

e ) S o)}

for all (e,0) €]0,€'[x]0,d'[. Moreover, F(0) is delivered by formula (4.6) and

£4[0,0] = / DU |2 da (4.13)
R\l

(i) Let ny <n—1. Let c, € R, o € [0, +00[ satisfy (1.7). Let € €]0,¢€0], be as in Theorem 3.15 (iii). Let
Ty be an open neighborhood of vy in R as in Theorem 8.15 (iii). Let € be as in (1.8). Let &' €]0,+o0|
be as in (3.16). Then there exist a real analytic map &l from | — €, [xTo to R and a real analytic
map F from ] — €, €[ to R such that

/ | Dy (8, )| do = EF[€(5), 0¢(8)™ ~(n=V]e(5)"6% + 54{f(é(5)) (4.14)
\cl2y e

oen dS., 2 o, ?
0 [ saa / o))~ 2 vogeto) / Fa()ds) |

for all 6 €]0,0'[. Moreover, F(0) is delivered by formula (4.6) and
&0 = [ Duifs. (4.15)
R7\clQ

Proof. (i) Let ¢/, ¢ be as in Theorem 3.12 (iii). By the definition of w¥(e, ,-), u¥(¢, 6, ) and by Lemma 4.1,
we have

/ |Douf (e, 8, ) |? da
Q\cl2y

= — / uﬁ(e, 0,p + et)vq(t) D, (wﬁ(e, d,p+ et)) "2 do,
o
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8 [ Ple,p+ ellva(t)Dy (e, 5.0, (p + et)) € doy + 6* / D, Ple, ]2 dx
o0 Q\cly,

for all (¢, 8) €]0, €'[x]0,8"[. Next we replace u?(e, d, p+et) in the right hand side by its representation formula
of Theorem 3.18. Since Ppq[-] is analytic, there exists an analytic map PJ yo[] from | — €, €0 to C™*(05)
such that

Paalel = Ppal0] + €P1 polel = Py nlQ, fol(p) + €P1 g€ Ve €] — €0, €0l ,
(see (3.19).) We also mention that

Ple,p + ] = Pyl@, £ (p + et) /Q . dsSy(ct)
02
= Pynlg, f)(p + et) — / fedse> S, (t) — / fods—="loge — / fedsRy (et)
Q Q 2 Q
O
= Pl le|(t) 7/ feds—="loge  Vite 09,
Q 27T
for all € €]0,€'[. Then we have
/ | Dot (e, 0, ) |? da (4.16)
Q\clﬂpy€

=2 [ L Vales810) + P pold0)}

xvq(t) Dy (wﬁ(e, 6, p+et)) doy

_En—z{co[e, 5]+ 82P, 0 [Q, fo]<p>} /a va(t)Dy (wi(e,0,p+et)) do

Q
d2.n
252 /SQ{PWL[Q, fol(p) + €P1 palel(t) — /Q fe d522—7’r log e}
xvq(t) Dy (w¥ (e, 0,p + et)) doy

+54/ |D, Ple, z]|? dz
Q\cly .

for all (e, 8) €]0, €'[x]0,d’[. Since wk(e, d,-) is harmonic in @ \ cl€, . and g-periodic, we have

6"_2/ v (t) Dy (wﬁ(e,é,p—&— et)) doy (4.17)
[219]
= / 0 w(e, 0, x) doy = i(,uﬁ(e, d,z)doy, =0,
80, 3Vﬂp,e aqQ dvg

for all (e,d) €]0,€'[x]0,d’[. Next we consider the first integral in the right hand side of (4.16). By the
definition of w(e, d,-), we have

Wi (e, 0,p+ et) = € Sn(t — 8)Os[e, 0](s) dos
o0
log e

or

+/ Gnil(qum(E(t — 3))90[6, 5](5) dO's + Co[ev 5} + 62,7152 / fe ds
oN @

for all t € e~ ! (cIS[Q,]~ —p) and for all (¢,6) €]0,€'[x]0,8'], and accordingly, the known formula for the
normal derivative of a single layer potential implies that

v (t) Dy (wﬁ(e, 6, p+et)) (4.18)

1
= 55590[6, 5](t) + ed /aQ va(t) DSy, (t — 5)Ose, 0](s) dos
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+e"o va(t) DRy . (e(t — s))Os[e, 0](s) dos Vit € 09,
o0
for all (e, d) €]0,€'[x]0,¢’[. Then (4.16)—(4.18) imply that
/ |Dyub (e, 8, )| do (4.19)
Q\clQy .
= e”-2<e5>2{ = [ [Viaale,816) + 5P ale (0)] [ 565le.81(0) + w. 092 ©cfe, 1))
sl © ’ 2
fenl / Vo (t) DRy (e(t — 5))O0le, 8](5) das] d
~ [ PLanld(0) 500800 + w02, 00 e 1))
e /m 0 () DRy (e(t — 5))Os[e, 0](s) das] dot}

+54/ | D, Ple, x]|? da
Q\clQy e

for all (¢,8) €]0,€'[x]0,48’[. Since for all j € {1,...,n} the map from | — €g, €[ x L} (9Q) to C™~1(9Q),
which takes (e, 6) to the function

/ Do, Ry (€t — £))0(s) dos vt € 00
o0

is analytic, and ©,, C, are analytic (cf. Theorem 3.12 (iii)) and w.[052, ] |5 is linear and continuous from
C™m=H(09) to itself and V] 5q, Pf 5 are analytic (cf. Theorem 3.18), we conclude that the map & from

] —€,€'[x] — &, to R which takes € to the coefficient of €"~2(e§)? in the right hand side of (4.19) is real
analytic. Then Theorem 3.12 (iii) and equality (3.19) imply that

££0,0] = — /8 V20,01 {;Qo(t) +w, [89,90](15)} do

0
= —/ uf ——ul do = / |Duf|? da
o Ovg R™\clQ

(cf. (3.20).) Indeed, v} is harmonic at infinity (see also Folland [12, Props. 2.74, 2.75, proof of Prop. 3.4].)
Then we take F as in Lemma 4.4.

We now prove statement (ii). Let V)5 be as in Theorem 3.21. By arguing as in statement (i), Lemma
4.1 implies that equality (4.14) holds if we set

e =- [ Q{v:,m le71(6) + 2Dy o M(w}
x{;@*[e,v](t) +wa[09, 0.6, (1)

L /aQ va(t) DRy (e(t — 5))O.[€, 7] (s) das} doy

for all (e,7) €] — €, €[xTy and if we take F as in Lemma 4.4. Then equality (4.15) also holds true and the
arulalyticity of & follows by Theorems 3.15, 3.21 and by the same argument of the proof of the analyticity of
&s. O

17



5 A functional analytic representation theorem for the energy in-
tegral of the family of solutions {u(e,d, )} s cp.ex0.#] and of the
family of solutions {u(d,-)} 5.5 of the original problem (1.4)

We now turn to analyze the behavior of the energy integrals (1.9) of u(e, d,-) and of w(d,-) in the periodic

cell @ as (¢, 9) tends to (0,0) and as ¢ tends to 0, respectively. In the spirit of this paper, we now represent

Enle, 6] in terms of analytic maps of (¢,6) in case ny > n — 1, and En[d] in terms of analytic maps of

(é(8),0¢(8)™~(=1Y in case ny < n — 1 when § is such that 4Q is an integer fraction of the cell Q. In other
words, we require that ¢ equals the reciprocal of some integer [ € N\ {0}.

Theorem 5.1 Let m € N\ {0}, a €]0,1[. Letp € Q. Let Q be as in (1.1). Let ey be as in (1.2). Let
{fe}ec)—co.e0] De as in (1.3). Let G € C°(9Q x R) satisfy condition (3.13). Then the following statements
hold.

(i) Let ng > mn —1. Let ¢, € R be such that (1.6) holds. Let €', §' be as in Theorem 3.12 (iii). Let &L rF
be as in Theorem 4.12 (i). Then there exists |, € N\ {0} such that

Enle,I7 ! = ¢"E2e, 171 + 12{f(e) (5.2)

s [ 85 an ([ o) 22 e ([ )|
[ 5.5 /Q fuls)ds )~ 2 log /Q f(s)ds) L,

for all € €]0,€'[ and I € N\ {0} such thatl > 1. (cf (1.9).)
(i) Let ny <n—1. Let cx € R, vy € [0, +00] satisfy (1.7). Let € €]0, e[, Ty be as in Theorem 3.15 (ii).
Let ¢ be as in (1.8). Let €, EL, F be as in Theorem 4.12 (ii). Then there exists l, € N\ {0} such that

Enfi~'] = e~ ) ekfe(r ), 1 te ) Y] + l_g{f@(l_l))

e [ 5.5 ([ gueas) - o) ([ fovos) b

for alll € N\ {0} such thatl>1. (cf. (1.9).)
Proof. We first consider statement (i). We first note that

Enfe, 8] = / Dyu(e,8,)|? da — / D (e, 6. 2/8)|? da
QNS(e,8)-

QNS(e,8)~
:/ |5—1Duﬁ(e,5,x/5)|2dx:/ 167 By | D (e,6,)|(2/6)|” dr W(e,8) €]0, ¢[x]0, 5[
QNS(e,6)~ Q

Next we apply Lemma A.3 to the function v(z) = E( 1)|Dyu?(e,6,)|? with § =71, for I € N\ {0}, 17! < &,
and we deduce that

1. _ _ 2
/Q () By | Do (e, 174, )21} de

- / (B | Dot (6,171, )| (9) 2 dyl? = / Dot (e, 17", )2 dyl?.
Q Q\ClﬂpF

Then Theorem 4.12 (i) implies that formula (5.2) holds for all [ € N\ {0} such that [ > I, = [(§')7}] + 1,
and the proof of statement (i) is complete. The proof of statement (ii) follows the same lines of the proof of
statement (i) by exploiting Theorem 4.12 (ii) instead of Theorem 4.12 (i). O

Next we introduce an estimate for the energy integrals of (1.9). To do so, we denote by [-]~ the function
from R to itself defined by
{ [a] ifacR\Z, (5.3)

[a] -1 ifa€cZ,



where [a] denotes the integer part of a for all a € R, and we prove the following.

Proposition 5.4 Let m € N\ {0}, « €]0,1[. Let p € Q. Let Q be as in (1.1). Let €y be as in (1.2). Let
{fe}ec)—co,e0] be as in (1.3). Let G € C°(02 x R) satisfy condition (3.13). Let F be as in Lemma 4.4. Let
G be the map from )0, [ to R defined by

_ —-n 8Sn 2 52,n ?
Gle) = Fle) — € o Sn% do </Q fe(s) ds) o loge </Q fe(s) ds) ,

for all € €]0, eo[. Then the following statements hold.

(i) Let ng > n—1. Let ¢, € R be such that (1.6) holds. Let €, §' be as in Theorem 3.12 (iii). Let &L be
as in Theorem 4.12 (i). Then the following inequalities hold

(671" {€"Exe, 0] + 6%G(e) } (5.5)

<[ iDaueda)Pde < (57 1 {ee 8]+ 5°G(0)
QNS(e,8)~
for all (e,0) €]0,€'[x]0,d'[. In particular, we have the asymptotic relation
/ Dau(e, 5,2)[2 dz ~ €"EL[e, 6] + 62G(e)  as (€,6) — (0,0)
QNS(e,5)~

(see also (3.11), (4.6), (4.13).)
(1) Let ny <n—1. Let c, € R, vy € [0, +00[ satisfy (1.7). Let € €]0,eo[ be as in Theorem 3.15 (). Let

Ty be an open neighborhood of o in R as in Theorem 3.15 (iii). Let € be as in (1.8). Let &' €]0,+o0]
be as in (3.16). Let ' be as in Theorem 4.12 (ii). Then the following inequalities hold
o118 {e(0)" €2 [E(), 0e(6)" =" V] + 682G (é(9) |
< / |Dyu(6, )| da
QNS(&(8),8)~
< (1671 + 1)6" {(6)"EEe(0), 56(0)™ =] + 5°G((0)) |
for all § €]0,6'[. In particular, we have the asymptotic relation

/ |Dou(6,2) | dx ~ &(8)" EL[E(6), 8e(8)™ ~ V] + 6°G(&(9)) ,
QS(&(9).6)~

as 0 — 0 tends to 0 (see also (1.5), (4.6), (4.15).)

Proof. (i) By applying Lemma A.3 of the Appendix to the function |D,u*(e, 6, )|, and by the dg-periodicity
of the function |D,u(e,d,-)|, and by Lemma A.5 of the Appendix and by Theorem 4.12 (i), we have

/ |Dyu(e, 8, x)|? do
QnS(e,8)~

> / \Dyule, 6,2) 2 do = [5-1]" / Dyule, 6, 2)|2 da
e @90 5(@\2p.0)
_ [5—1]”/ 16~ Dy (e, 5, 2)0)? dar = [5—1}%"—2/ Dt (e, 8,y)[ dy
3(Q\Q2p,c) Q\p e

= [671]"0" {626 2E e, 8] + 6°G(e)} V(e 0) €]0,€'[x]0,0'],

where

Z7(0)={2€Z": 6 (gz+Q) CQ} .
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Similarly, we have
/ Daule,6,0)? dz < (167" + 1)"6" {"8°52€X[c, 8] + 6°G(e)}
QNS(e,6)~

for all (e,d) €]0,€'[x]0,¢’[. Then the last part of the statement follows by (1.5), and by inequalities (5.5)
and by the limiting relation

. —1lmsn __ s —171— nsn __
(%IL%[(S "o —(%IL%([(S "+ =1.

To prove statement (ii), it suffices to argue as above for statement (i) and to exploit statement (ii) of Theorem
4.12 instead of statement (i). O

A Appendix

We first introduce the following variant of a result of Preciso [31, Prop. 1.1, p. 101].

Proposition A.1 Let ny, no € N\ {0}, p €]0,+00[, m € N, a €]0,1]. Let Q1 be a bounded open subset of
R™. Let 2y be a bounded open connected subset of R"? of class C*. Then the composition operator T from
CP ,(cl1) x C™*(clQy, Q1) to C™*(cl) defined by

Tu,v]=uov Y(u,v) € ngp(lel) x C"™*(clQg, ),
is real analytic.
Next we introduce the following technical statement.
Proposition A.2 Let m € N\ {0}, « €]0,1[. Let p € Q. Let 2 be as in (1.1). Let € be as in (1.2).

(i) Let p €]0,+oc[. Let W be an open neighborhood of c1Q. Then there exists a real analytic map G from
| — €0, €0[xCY ,(clW) to R such that

/ hdz = Gle,h]  V(e,h) €]0,6[xC) ,(cIW)
Q\Qp,e
G[O,h]/thz Yh e CJ (cW).

(#i) There exists a real analytic function Gy from ]| — eg, o[ to R such that

e?loge

o my () Ve €]0, €] -

/ Sgn(x —p)de = Gi(e) — 02,
Q\Qp,c

Moreover,

G1(0) = /qu,n(x—p) da.

Next we introduce the following lemma for dilated g-periodic functions.

Lemma A.3 Let v € L2 _(R") be a q-periodic function. Let V,, s be the function from R™ to C defined by

loc
Vi.5(x) = 6 tu(x/d) Vo € R,
for all § €]0,4o00[. Then we have

/ Vos(z)|?de = 5"72/|v|2dx V4§ €]0, 400,
oQ Q

/\VU71—1(x)|2dx = 12/|v|2dx Vi € N\ {0}.
Q Q
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Proof. We first note that if § €]0, 400, then we have
/ [Va.s5(z)|? do = / 167 w(x/8)? do = 5"72/ [v|? da . (A4)
6Q Q Q

Next we note that if § = 7', then Q differs by a set of measure zero from the set

QN < U 17 ez + Q)) = U (ITgz+17'Q) ,

z€Ln z€Zn, 0<z;<I—1

which is the union of a family of I sets, all of which are a translation of the cube [7'Q. Hence, formula
(A.4) implies that

/|Vv’171(:z:)|2dx:l”/ |Vv’lfl(x)|2dx:l”(lil)”fz/ \1}|2d:17:12/ |v\2dm.
Q =1Q Q Q

Then we have the following elementary lemma.
Lemma A.5 Let 6 €]0,+o0].
(i) The set Z=(8) ={2€Z": 6 (qz+ Q) C Q} has [~ 1]" elements.
(ii) The set ZT(0) ={2€Z": § (qz+ Q) # 0} has ([671]” + 1)" elements (see (5.3).)
(iii)
U Gez+s@)cQc (J (6gz+6cQ),
2€Z-(8) 2€Z+(9)

and

My U (0gz + 6cl@) \ U (0gz+46Q) | =0.

2€Z%(5) z€Z*(6)

Proof. (i) Clearly
Z7(0)={2€Z": 0< 2 <N;7(0) -1, Vje{l,...,n}},

where NN, (0) denotes the largest natural number such that

N; (6)éq55 < gj5
i.€., such that

— 1 .
N;(8) <0 Vie{l,...,n},

.e., NJ-_((S)Z[(S_l] Vie{l,...,n}.

As a consequence, the number of elements of Z~(J) equals [67]". Next we compute the number of elements
of the set Z1(d). Clearly,

ZP0)={2€Z": 0< 2 <N (0) -1, Vje{l,...,n}},
where N j+(5) denotes the smallest natural number such that
55 < N3 (0)dgj; ,

i.e., such that
—1 + .
0" < N; (0) Vie{l,...,n},
i.e.,
+rs\ _ [s—171—
N; &) =[0""]"+1.

Hence, statement (ii) holds true. Statement (iii) is an immediate consequence of the definition of Z*(§) and
of the equality my,(cl@ \ Q) = 0. O
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