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We consider the classical functional of the Calculus of Variations of the form
I(u) = / F(z,u(x), Vu(x)) dz
Q

where €2 is a bounded open subset of R™ and F': QxR xR™ — R is a given Carathéodory function;
the admissible functions u coincide with a given Lipschitz function on 092. We formulate some
conditions under which a given function in ¢ + WO1 P(Q) with I(u) < +00 can be approximated
by a sequence of functions uy € ¢+ Wolp(Q) NL>™ converging to u in the norm of WP, and such
that I(ug) — I(u). The problem is strictly related with the non occurrence of the Lavrentiev

gap.
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1. Introduction

Counsider the classical functional of the Calculus of Variations of the form
I(u) = / F(z,u(z), Vu(x)) dx
Q

where €2 is a bounded open subset of R" and F': 2 x R x R® — R is a given
Carathéodory function. We also consider a prescribed boundary function ¢ that
we will assume to be Lipschitz.

The existence of a minimizer of [ among the functions that share the same bound-
ary datum is well established in the Sobolev spaces W;’p (Q) == ¢+ W, P(Q), p > 1,
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under some suitable assumptions. For practical purposes, e.g., numerical approx-
imations of the minimizer and of the minimum level of I, it may be useful to
approximate a given function u such that F(x,u(x), Vu(z)) € L*(Q) with a se-
quence of functions (ug)x of a dense subset X N W;’p(Q) of W(;’p(Q), both in the
norm of WP and in energy, i.e., limy_, o I(ugx) = I(u): when this happens we
say that F is X-regular at u in W;’p(Q). When X = W(;’OO(Q), the validity of such
an approximation is referred to as the non occurrence of the Lavrentiev gap at w.
Its occurrence represents a difficulty in estimating the value of I(u) via standard
numerical methods.

In [2] we considered the autonomous functional

I(v) = /Q F(v, Vo) de,

with F'(s,&) convex, and we proved that this phenomenon does not occur, when-
ever I(u) is finite. A first and crucial step in the proof of [2, Theorem 1] is to
show that there exists a sequence (ug)y of bounded functions approximating u in
W(;’p(Q) such that limy_, o I(ug) = I(u), so that, using the definition above, F’
is L>-regular.

It is worth mentioning that, on the one hand, a key point in the proof of [2,
Theorem 1] is the convexity of the Lagrangian and, on the other hand, no examples
of the occurrence of the Lavrentiev phenomenon are known in the autonomous
case. This remark suggests that it is of some interest to try to detect classes of
Lagrangians, larger than the class of convex ones, that are W1*°-regular.

In this paper we make a first step in this direction studying the problem of en-
larging the class of functionals that are at least L°°-regular. This problem is
interesting also for numerical approximations of the minimum.

We emphasize the fact that, in the definition of X-regularity, we require the se-
quence of approximating functions to share the same boundary datum ¢. Building
approximating functions without this constraint is much simpler. For instance,
the minimizer of the celebrated example of the occurrence of the Lavrentiev phe-
nomenon in [1] may be easily approximated in norm and in energy by a sequence
of Lipschitz functions if one does not take care of the boundary datum.

Approximating a given function both in W!(Q) and in energy with a sequence
of bounded functions of W1(£2) is not always possible; a counterexample is given
in Example 3.3.

We formulate here in Theorem 3.5 a condition, other than convexity, that ensures
the L*°-regularity for F' at a given u € W$’p (Q) and give several examples of
Lagrangians for which the assumptions of Theorem 3.5 are satisfied. In particular
we introduce various classes of Lagrangians of the form

F(u,Vu) = a(u)g(Vu) + b(u)

that are L>-regular at any u € W(;’p () for which I(u) is finite. Our methods are
inspired by those of [4, 5, 2] and on Stampacchia truncation method.
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Notation

o  The scalar product of x,y in R™ is denoted by (z,y).

o The pointwise maximum (resp. minimum) of two functions u,v is denoted
by w Vv (resp. uAwv), um = uVO0 (resp u~ = (—u) V 0) is the positive
(resp. negative) part of .

o The subdifferential in the sense of Moreau-Rockafellar of a (non necessarily
convex) function g: R™ — R at & € R™ is the set

9g9() == {v € R™: g(§) — g(§) > (1, € — &) VEE€R™}).

o« For E CR" A(E) is the n-dimensional Lebesgue measure of E.
e 1pg is the indicator function of a set F, i.e.

1p(x) 1, ifz ekl
€Tr) =
P 0, otherwise.

2. Assumptions

e F:RxRXR" — R, (2,5¢) — F(x,s¢) is a Carathéodory function,
bounded below by (a(x),&) + B(x) for some a € L (Q;R"™), 8 € LY(Q).

e Q C R"is an open and bounded set.
o We define I(u) := / F(z,u, Vu)dz (the “energy”).
Q

« ¢ is a Lipschitz function on .

3. L*™-regularity
Definition 3.1. Let X be a set of functions. Let u € W(;’p(ﬂ) be such that
F(x,u,Vu) € L'(2). The Lagrangian F' is said to be X -regular at u (in Wdfp(Q))

if there is a sequence (ug ) in X N W;’p () such that (ug), converges in norm and
in energy to u, namely

(i) RETOO |ug — ullwre =0; and (ii) kgrfm](uk) = I(u).

F is said to be X -regular if it is X-regular at every u € Wd%’p (Q2) with the property
F(z,u,Vu) € L(Q). O

Remark 3.2. When X = W(;’OO(Q), the X-regularity of F' is equivalent to the
fact that, for every u € W1P(Q), there is no Lavrentiev gap at u. We emphasize
the fact that the sequence of approximating functions is required to satisfy the
same boundary condition as u. When X = L*(€Q2) we will simply refer to L>°(2)-
regularity as to L*°-regularity.

Example 3.3. (A Lagrangian that is not L*-regular) Let {2 be the unit disk of
R2. Let ¢ € WH1(Q) \ L3(Q) be Lipschitz in a neighbourhood of 9.
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Then ¢ minimizes
)= [ - o do
Q

in W(;l(Q) However, I(u) = +oo for any bounded function u. Indeed, if I(u) <
+00, then u — ¢ € L3(Q), so that if u is bounded then ¢ € L3(€2), a contradiction.

Example 3.4. When the Lagrangian F'(v, Vv) is autonomous and convez in the
joint variables, there is W% regularity for every u € W(;’p (Q) with the property
F(u,Vu) € L'(Q) (see [2]).

When F is non autonomous, a celebrated example [1] shows a polynomial F(z, s, &)
in R3 that is convex and superlinear in &, that is not W1>-regular in the space
of the absolutely continuous functions.

Theorem 3.5. Consider two sequences of affine functions

or, () =) + o, @ry(r) =, 1)+ 7y (kEN)

where £, &, are given vectors in R™ and (Tk,_)k and (Tkﬁr)k are monotonic se-
quences satisfying

lim 7, = —o0, lim 73, = 400 (1)
k—oo k—oo

Let u € W(;’p(Q) be such that F(z,u,Vu) € L'(Q) and

lim F(z,¢r+, Vg +)de =0, (2)
k=00 {u>pk,+}
lim F(x, k-, Vp_)dr =0. (3)
Fotee Hu<en, -}

Then F is L*™-reqular at u in WP ().

The next elementary result, based on the Convergence Dominated Theorem, will
be widely used in the proof of Theorem 3.5.

Lemma 3.6. Letu,h € L'(Q) and let (¥1.)1, be a sequence of measurable functions

such that lim Yg(xr) =+o00 a.e. v € Q.

k——+o0

Then lim |h| dz = 0.
k—+oc0 {u>wk}

Proof of Theorem 3.5. The proof is based on the truncation method. Let

or— ifu<e_,
Up =< U if prp- <u <,

ot A u> gy
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Since (g + )k (resp. (pk,—)k) converges uniformly to +o0o (resp. —oo), then uy = ¢
on Jf2 as soon as k is such that

—l¢lloe > max{py (z) : €}, [|9]lo < min{pri(2) : z € Q.

It follows that the sequence (ug)y converges to u in WHP(Q). Indeed, for k big
enough in such a way that ¢, + > 0 and @5 < 0, from Lemma 3.6 we obtain

/ |uk—u|pdx:/ |u—gok7_|pdx—|—/ |u — g4 [P dx
Q {u<er,-} {u>ek,+}

S/ |u]”d:v+/ |ulPde — 0 as k — +oo.
{u<pr, -} {u>pr,+}

Analogously,

/ |\Vu, — VulP de = / \Vepr,— [P dx + / \Vr+|P dx
Q {u<ep,-} {u>pk,+}

= / - — VulPdx +/ & — VulP dx
{u<er,-} {u>er,+}

<2F / €17 + |Vul? dx —|—/ 1E41P + |Vul? dz
{u<epr,-} {u>r,+}

tends to 0 as k — +o00. Moreover
T(uy) = / Fla,u, Vu) dz +
O, — <u<pp +

+/ F(.r,gok,_,Vgok,_)dx%—/ F(x, ¢+, Vop 1) de.  (4)
{u<pr, -}

{u>eor,+}

It follows from (2) and (3) that

lim 7I(ug) = lim F(z,u,Vu)dx = I(u),

k——+oo k——+o00 Gr,— <u<egp 4 N
due to the integrability of F(z,u, Vu). O]

In [2] we showed that if F'(s,&) is autonomous, then F is W regular in Wé’p(Q)
at every u € W;’p (Q) such that I(u) is finite. Here is a condition, other than
convexity, that ensures the L>-regularity of F'.

Proposition 3.7. Let F(s,&) = a(s)g(§) where a: R — [0,400], g: R" — R are
continuous, and g(§) > c|&| for some ¢ > 0.

Then F is L*-regular at any u € WH(Q) such that F(u,Vu) € L'(Q).
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Proof. Let ue W;l(Q) be such that F'(u, Vu) € L'(€). We show the existence of
sequences (7 — ) and (7 4+ )i, that satisfy (1) and (2) with & = £ = 0. Notice that

/ F(t,0)dr = \{u > t})a(t)g(0) ¥t > 0. (5)
{uzt}

t
Denoting A(t) := / a(s) ds, we have
0

/:Oo A{u > t})a(t) dt:/0+oo a(t)/Ql{uzt} du dt

= a(t)dtdr = A(u(z)) dx. 6
/{}/ (t)dt /{} (u(x)) (6)
We claim that A(u) € L*({u > 0}). (7)

Since F(u, Vu) = a(u)g(Vu) € L*(Q) then the growth assumption on g implies
that a(u)|Vu| € LY(Q). Let

t
ap = al{agk}, Ak(t) = / ak(s) ds Vk e N.
0
Since a € L>(§2) and Ax(0) = 0 then, from [3, Theorem 1.74],

Ag(u) € WHH(Q),  VAk(u) = ap(u)L{aw<ky Ve

The Sobolev inequality then yields

[Ak(u) = Ax(@)[lr < Cllar(u)Vully < Clla(u)Vully,

for some constant C' depending just on €2: in particular
[Ak(u)lly < [[Ae(@) 1 + Clla(u)Vully < [[A(P)[l1 + Cllau)Vull
for all & > ||¢]|c0- Now, for u(z) > 0,
u(x) u(z)
Ag(u(x)) = / ai(s) ds Ty / a(s)ds = A(u(x)).
0 0
Beppo Levi’s monotonic convergence Theorem implies that A(ul{uzo}) e L'(Q),

proving (7).
It follows from (7) and (6) that A({u > t})a(t) € L*(]0, +-00]); thus

liminf A({u > t})a(t) = 0.

t—+o00
As a consequence, there exists a sequence (74 ); satisfying

lim Mu > 74 }a(m,+) =0,

k——+o0
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so that, by (5), lim F(7+,0)dx =0.
k——+o0 {U>Tk,+}

Analogously, one obtains a sequence (7j,_); with the desired properties. Theo-
rem 3.5 yields the conclusion. Il

4. The non-oscillatory condition at infinity (NOC)

We introduce here Condition (NOC) that will ensure in Section 5 the L*-regu-
larity of a Lagrangian F. It is a property that is inspired by convex, auto-
nomous Lagrangians. If F'(s,¢) is autonomous and convex let, for every k € N5,

(qk, Crs) € OF (k,0). Then
Vs R F(s,€) = F(k,0) = qil(s — k) + (Gt §)- (8)

Thus, if (g,¢) € 0F(0,0), the monotonicity of the convex subdifferential gives

0 < (g — )k — 0) + (G — O)(0 — 0) = (g — Dk,
so that ¢, > g and (8) yields

Vs >k F(s,6) = F(k,0) 2 q(s — k) + (Ger, &) = —[als” + (Ges,6). (9)
Analogously, it turns out that there are (; - € R" and d > 0 such that
P (G 6), (10)

The non-oscillatory condition (NOC) imposes more general conditions than (9)—
(10) and is satisfied by a wider class of functions than autonomous and convex
ones. If 1 < p < n, we set p* = "2; recall that the embedding W'P(Q) C L7 ()
is compact. If p =1 we set p* =p = 1.

Vs < —k F(s,§) — F(—k,0) > —d|s

Definition 4.1. (Non-oscillatory condition at infinity (NOC)) The Lagrangian
F:OxRxR"—=R

satisfies the non-oscillatory condition (NOC) if there are:

(1) sequences (g )k and (g 4 )x of affine functions of the form

Or—(7) =, ) + e, P (w) = 0) + Ty Vo€

where £,,&_ are prescribed vectors in R™ and (734 )r and (7 ), are real
monotonic sequences with

lim 7, = —oc0, lim 744 = +o0, (11)
k=400 k—4o00

(2) a€ L. (R), ¢>0,d>0;

(3) sequences ((x.+ )k and (Cx,—)g in R™
such that, for all £ € N, the following conditions hold:
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(a
(b

) The maps x — F(x,¢r—, Vi), x — F(x, ¢+, Vo 1) are summable;
) forallz € Qs € R and £ € R,

F(z,5,8) > a(s){Ce+: € — &) + cF (2, 01,4+, Vipr 1) — dls|”", s> ek (), (12)
F(z,5,€) 2 a(s){Ge— & — &) + cF (2, 05—, Vior) —d|s”", s < gy (2). (13)
Remark 4.2. When £ = ¢, =0, points (1) and (2) in (NOC) become:
(1) The maps x — F(z,7,_,0), x — F(z,74,0) are in L'(Q);
(2) Forallz € Q, s€Rand ¢ € R,
F(x,5,6) > a(s)(Cer, &) + cF(x, 74, 0) — d|s|P” Vs > 734, (14)
F(x,5,6) > a(s)(Ce, &) + cF(z, 7, _,0) — d|s|”" Vs <71y . (15)

There are several cases in which an autonomous Lagrangian is allowed to satisfy

(NOC).

Proposition 4.3. (Validity of (NOC)) Condition (NOC) holds with {4 =& =0
whenever
F:RxR" =R, (s +— F(s,§)
is autonomous and one of the following conditions is fulfilled:
(1)  The map F is continuous. There exist real numbers oy, c_ and sequences
(Tk— ks (Te+ )k as in (11) such that, for all k,
Ek]k’,-i— Z a4, (qk,-ﬂ C]:_) S aF(Tk,-‘r) 0)7 (]_6)
qu,— < a_, <Qk,—; Ck,—) S 8F(Tk,—7 O)

(2)  The map (s,&) — F(s,€) is conver.
(3)  There exist continuous a,b: R =R, a >0, L: R" — R with 0L(0) # 0 and

F(s,&) = L(a(s)§) + b(s) Vs e R, £ € R". (17)

(4)  F(s,&) = a(s)g(&) +b(s) for some a,b: R = R continuous, a >0, g: R* —
R continuous. Moreover dg(0) # 0 and there are ¢ > 0,d > 0 and
(Tk,— ks (T4 )k as in (11) such that, setting o(s) = a(s)g(0) + b(s),

Vk €N o(s) > co(rpy) —d|s|P Vs> 7y,
VkeN o(s) >co(m, ) —dls|P” Vs<m,_.

,—

Proof. Notice first that the continuity of F' ensures the validity of point (1) of
Condition (NOC). It remains to prove that of point (2) of Definition 4.1; we
restrict ourselves to the proof of (12), that of (13) can be obtained by following
the same path. In what follows we consider (s,£) € R x R™.

(1) Assume (16). For every s € Rand £ € R” and k € N,

[F<S7£) > F(Tk,-‘m 0) + Qk,—I—(S - Tk,-‘r) + <Ck7+7€>'
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Since gx + > oy, for s > max{7 4, 1} we obtain
F(5,6) > F(7i4,0) + 0y (5 — 7ies) + (G €)
> F(7,4,0) = lag s + (Gt €),
showing the validity of (14), and thus of point (2) of Condition (NOC).
(2) The validity of (12) was shown in (9). It is nevertheless a consequence of (1).

Indeed let 7, 4+ := k + 1. Then if (g, () € OF (%,0), and (a4, () € 0F(0,0), the
monotonicity of the convex subdifferential gives

0 < (gr — o) (k+1) + (G — ¢, 0),
from which one deduces g > a...
(3) Let ¢ € OL(0). Since L(a(s)€) > a(s)(¢,&) + L(0), then, for any k € N
F(s,8) = L(a(s)€) + b(s) = a(s)((, &) + L(0) + b(s)
= F(k,0) + a(s){C, €),
so that (12) holds true, with 7 + := k and & = 0.
(4) If ¢ € 9g(0) then, for all k € N and s > 74 4,

F(s,€) = a(s)g (5) + b( ) = a(s)(9(0) + (¢, €)) +b(s)
> (als )) +a(s)(¢,€)
> (c ( a(7k,+)9(0) + 0(7k 4)) ) +a(s)(¢, )
= cF(7h 4, ) ( )¢, &) —d|s|”,
proving the validity of (12). O

Remark 4.4. Point (4) of Proposition 4.3 was expressed in a less general setting
n [2, (1.4a)—(1.4b)].

Example 4.5. Let a: R — R be continuous, a > 0. Then F(s,&) = a(s)|¢|P satis-
fies the conditions expressed in (3) of Proposition 4.3 with L(z) = |2|?, b(s) = 0.

In the case where F'(s,£) = a(s)g(&) +b(s), point (5) of Proposition 4.3 is fulfilled
under the following circumstances.

Proposition 4.6. Assume that F(s,§) = a(s)g(§) + b(s) for some a,b: R — R
continuous, a > 0, g: R" — R continuous. Then F' fulfils the non-oscillatory
Condition (NOC) if at least one of the following conditions hold:

(1)  F(s,&) = a(s)g(&) for some a: R — R conver, a > 0, g: R" — R continu-
ous. Moreover g(0) > 0 and dg(0) # 0.

(2)  The function g has a nonempty convez subdifferential at 0 and

a(s) = a(s)g(0) + b(s) = o1(s) + o2(s)

where, for some r >0 and D > 0,
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e The map oy is decreasing on | — 0o, —r] and increasing on [r,+00l;

o the map oy is O and satisfies |oh(s)| < D|s|P"~ for every |s| > r.

Proof. (1) If ais convex, let p(s) € da(s) for all s € R and set o(s) := a(s)g(0).
For all £ € N and s > k£ we have

o(s) — o(k) = (a(s) — a(k))g(0) = p(k)(s — k)g(0) = p(0)(s — k)g(0),

so that o(s) > a(k) —|p(0)g(0)||s|P* Vs> max{k,1}.

Analogously one obtains that

o(s) 2 o(—k) — [p(O)g(0)|s|”* Vs < —max{k, 1},

Therefore, the conditions of point (4) are fulfilled, with 7, := max{k,1},
Th— 1= —Tp+, ¢ = 1, d = [p(0)g(0)].
(2) Let ke NJk>r. Forall s > 7 4,

o(s) = a(k) = (01(s) — 01(k)) + (02(s) — 0a(k))
> 0y(s) — 09(k) > —Cls — kP s — k) > —C|s

DPx

Analogously, for s < —k < —r, o(s) > o(—k) — C|s|P+. Therefore, o satisfies the
conditions of point (4) of Proposition 4.3, proving the claim. O

Example 4.7. F(s,&) = a(s)g(&) + b(s) satisfies the (NOC) condition if the
functions a,b: R — R are continuous, a > 0, g: R" — R is continuous, dg(0) # ()
and, moreover, a,b are decreasing on | — oo, —r], increasing on [r, +oo] for some
r > 0. Indeed, in this case o(s) = a(s)g(0) + b(s) satisfies the monotonicity
condition expressed in point (2) of Proposition 4.6, with o1 = 7,09 = 0.

5. L*-regularity under the (NOC)
The non-oscillatory condition (NOC) is sufficient for the L*°-regularity.
Theorem 5.1. Assume that F satisfies (NOC). Then F is L*>-regular.

Proof. Let u € W(;’p(Q) with F(z,u,Vu) € L'(Q). From Theorem 3.5 it is
enough to show that (2) holds.

(a) We prove that

k—+o0

lim sup/ F(z, o5+, Vg ) dr <0. (18)
{u>pk+}

Let us first remark that a(u)(Vu — &;,(+) is bounded above by a summable
function. Indeed from (12) we know that, if u > ¢ 4,

p*
Y

CL(U)<VU - €+7 Ck,+> < F(ZL’, U, VU) - CF({L‘, Pk, +> v(zpk,-f—) + d|u
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and point (1) of Definition 4.1 ensures the integrability of F(z, vk 4+, Vg 4). It
follows from (12) that

/ F(z,u,Vu)dx > / a(u)(Cr4, Vu — &) da+
{u>pk,+}

{u>pp,+}

+ c/ F(z, o5+, Vg 4)de — d/ |u|p* dx,
{u>pp,+} {u>pr 1}

so that
1
/ F(z, o5+, Vg 1) de < — / F(z,u,Vu)dx+
{u>ep,+} ¢ {u>pp,+}
d . 1
+-— |ul? dx — - a(u){(Ce+, Vu — &) du. (19)
€ J{u>pr+} C J{u>pp 4}
Of course
lim F(z,u,Vu)dx = lim |ulP" da = 0. (20)
k=00 {u>pr 4} koo {u>pr,+}

Claim: There is k£, depending only on ¢ such that

/ a(u){Ce+,Vu— & )dx =0 VEk > k. (21)
{u>r, 1}

Let v € W;’p(ﬂ) N L>*(Q). For each s € R we set A(s) := / a(r)dr. Then
0

A(v) € WHP(Q), VA(v) = a(v)Vu.
From (11) we may choose k,, depending only on ¢, to be large enough in such a

way that
||l < min{ey+(z): € Q} Vk > k.

In this case we have

UV 4 = Pkt on 8, A(vV @r+) = Alpr,+) on €.

It follows that /(V(A(v Vop+) — Aler+)), Gt) dr =0,
0

or, equivalently,

/ a() (G, Vo —E)de =0 Yoe WP(Q)NLX(Q), Vk > ks
{v>ek,+}
Fix i € N. Applying the above equality to v :=ut A7 € W(;’p(Q) N L>®(Q) we get

/ a(u)(Crs, Vu—Er)de =0, VE> k. (22)
{izu>pk 4}
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By Fatou’s Lemma, from (22), for k > k, we obtain

o=timsip [ a(){Gr, Vu-do < [ alw(Gr Vu— &) da,
1—+00
- {i>u>pn,4} {u>ep 4}

from which we deduce that

[ atwGus V- gydnz0 vz ks
{u>pk,+}
We deduce (21) by applying the latter inequality both to the functions a(s) and
to its opposite —a(s).
The validity of (18) now follows from (19), together with (20) and (21).

(b) Let k € N. By applying (12), replacing s with ¢y 4, £ with £, and k with 0
and taking into account the monotonicity of (¢ 4(x)), we obtain

*

F(l’, Pk,+; v@k,-l—) 2 CF(I7 $0,4 > VSOO,-F) - d<90k,+)p )

thus

[ FaoeVantze [ FaeVando—d [ o do.
{u>pk 4} {u>er,+} {u>er,+}
The integrability of F(z, ¢+, Vo 1) and of |u[P" together with Lemma 3.6 yield

k——+oc0
{u>pp,+}

lim inf / F(z, ¢k +, Vg ) de >0,

which, together with (18), give the first equality in (2); the second one follows
similarly. Theorem 3.5 yields the conclusion. [

6. An example

The procedure followed here is based on the truncation method illustrated in
Theorem 3.5. It may happen that the latter does not apply, and nevertheless that
the Lagrangian is L*°-regular.

Example 6.1. Consider the functional

where B, is the unit disk in R2. The function u(z) = |z|7/% € 1 + Wy''(B,) is a
minimizer of I. Indeed I(v) > 0, for every v € 1+ W, (By) and I(u) = 0.

1 p
V| — 5 |v|3 dx vel+ Wol’l(Bl), (23)
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We consider the truncation of u with the sequence of functions

Pk,— = _ka P+ = ka ke N7
1
k if u(z) >k, ie., |z| < =,
ie., up(z) = .k (24)
2|72 ifu(x) < kie., = S lz| < 1.
We remark that u;, converges to u in W!(By) and
1 T3
I(w) = 5ok (Bk%) = Sk, (25)

However, for p > 3/4, the truncated sequence (uy)y is not a minimizing one.

Nevertheless it is quite easy to check that F is W'>-regular (and therefore L°°-
regular) at u, so that the Lavrentiev phenomenon does not occur. Let us consider
the sequence (vy) of functions in 1 4 Wy ">°(B;) defined by

1\—/2 1
1 £ 11
wir) = Pl (20
1 if 1 -2 <l|z[ <1
Then (vy)x converges to u in WP(Q) and I(vg) = % (1-(1-4)?) —0ask —

~+o00, proving the claim. This example suggests that, in dealing with Lagrangians
that are not convex in both the variables v and Vu, there may be approximating
sequences, different from those used in the proof of Theorem 3.5, that may in any
case lead to the L*>-regularity, or even to the non occurrence of the Lavrentiev

gap.
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