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This paper concerns an N -order problem in the calculus of variations of minimizing the func-
tional

∫ b

a
Λ(t, x(t), . . . , x(N)(t))dt, in which the Lagrangian Λ is a Borel measurable, non au-

tonomous, and possibly extended valued function. Imposing some additional assumptions on
the Lagrangian, such as an integrable boundedness of the partial proximal subgradients (up to
the (N−2)-order variable), a growth condition (more general than superlinearity w.r.t. the last
variable) and, when the Lagrangian is extended valued, the lower semicontinuity, we prove that
the N -th derivative of a reference minimizer is essentially bounded. We also provide necessary
optimality conditions in the Euler-Lagrange form and, for the first time for higher order prob-
lems, in the Erdmann-Du Bois-Reymond form. The latter can be also expressed in terms of
a (generalized) convex subdifferential, and is valid even without requiring neither a particular
growth condition nor convexity in any variable.

Keywords: Calculus of variations, minimizer regularity, higher order problems, necessary condi-
tions, Weierstrass inequality, Erdmann-Du Bois-Reymond condition.
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1. Introduction
In this paper, we consider the following calculus of variations problem:

(CV)


Minimize I(x) :=

∫ b

a

Λ(s, x(s), x(1)(s), x(2)(s), . . . , x(N)(s))ds

+Ψ
(
(x, x(1), . . . , x(N−1))(a), (x, x(1), . . . , x(N−1))(b)

)
,

over arcs x ∈ WN,m([a, b],R),
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where N ≥ 1 is an integer, m ≥ 1 is a real number, Λ: [a, b]×RN+1 → R∪{+∞}
is a given Borel measurable function and Ψ: RN × RN → R ∪ {+∞} is a given
extended valued function non identically equal to +∞. Here, x(k)(·) is the k-th
derivative of the function x ∈ WN,1([a, b],R) (interpreting x(0)(·) = x(·)), and we
sometimes write ẋ(·) or d

ds
x(·) for the first derivative x(1)(·) to simplify notation.

We know that problem (CV) has a solution if (x0, x1, ..., xN) 7→ Λ(t, x0, x1, ..., xN)
is lower semicontinuous, xN 7→ Λ(t, x0, x1, . . . , xN−1, xN) is convex and uniformly
coercive (cf. [8]). A classical issue in this context concerns the possibility to
establish the conditions needed, in addition to the existence hypotheses above, to
obtain the essential bounded N -th order derivative of a reference minimizer. The
significance of a positive answer to this question is explained by the fact that the
N -th order derivative essential boundedness allows to derive first order necessary
conditions and to use numerical methods to detect minimizers, which in general
would not be valid if the mere existence hypotheses are in force.
The case when N = 1 corresponds to establish Lipschitz regularity of minimizers
and has been extensively studied in the literature for a broad class of problems
involving vector valued arcs x(·), covering even situations in which Λ is not nec-
essarily convex or coercive in ẋ, cf. [1, 3, 4, 5, 6, 7, 12, 13] and the references
therein (for an advanced result in the theory of necessary optimality conditions,
we also refer to the recent paper by Ioffe [11]). For higher (N > 1) order prob-
lems the N -th derivative essential boundedness of a reference minimizer x∗(·) was
demonstrated in [8] analysing the ‘Tonelli set’ associated with x∗(·) (i.e. the set
of points t ∈ [a, b] such that x(N)

∗ (·) is unbounded near t), when, in addition to
the existence hypotheses, the Lagrangian is real valued and satisfies the following
assumptions:
(A1) Λ is locally bounded, (x0, x1, . . . , xN) 7→ Λ(t, x0, x1, . . . , xN) is locally Lips-

chitz continuous (uniformly in t),
(A2) The partial limiting subdifferential ∂L(x0,...,xN−1)

Λ is integrably bounded when
evaluated along the minimizer.

This result remains true whenN = 2 for autonomous Lagrangians when we replace
(A2) by a less restrictive condition, see [10]:
(A2)′ The partial limiting subdifferential ∂Lx0

Λ is integrably bounded when eval-
uated along the minimizer.

(Observe that 0 = N − 2 in this case, and it is not necessary to evaluate the
limiting subdifferential of Λ also w.r.t. the xN−1 variable as in (A2).)
The question whether a condition on partial subdifferentials involving only up to
the xN−2 variable could take the place of (A2) also for general N (including the
case N > 2) was investigated in [9], substituting (A2) with
(A2)′′ The partial subdifferential ∂L(t,x0,...,xN−2)

Λ is integrably bounded when eval-
uated along the minimizer.

The higher order regularity result of [9] was obtained for problems involving real
valued arcs x(·), combining two main approaches used for regularity analysis: the
Tonelli set theory (mentioned above) and a time reparameterization.
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The major contribution of our paper is to show that higher order regularity results
can be derived employing the time reparameterization alone, and for a wide class
of Lagrangians, including possibly extended valued Λ’s. The two main sets of
hypotheses that we consider can be summarized as follows:
(a) The finite case: Λ is a Borel measurable real valued function and satis-

fies a (generalized) growth condition, the partial proximal subdifferential
∂P(t,x0,...,xN−2)

Λ is integrably bounded in a neighborhood of the reference min-
imizer, uniformly on xN ;

(b) The extended valued case: Λ is a lower semicontinuous (w.r.t. all variables
except possibly xN−1) and satisfy a (generalized) growth condition, the partial
proximal subdifferential ∂P(t,x0,...,xN−2)

Λ is integrably bounded (uniformly on
xN).

Another important feature is that we provide not only first order necessary condi-
tions in the Euler-Lagrange form together with a Weierstrass type condition, but
also, without requiring any kind of growth condition nor convexity, an Erdmann-
Du Bois-Reymond condition which can be expressed in terms of a (partial) convex
subdifferential. It turns out, in particular, that Λ

(
t, x∗(t), . . . , x

(N−1)
∗ (t), ·

)
is con-

vex in the direction x(N)
∗ (t). These are an extension to N ≥ 2 (for scalar problems)

of the results obtained in [1, 2] established there for N = 1 (for vectorial prob-
lems).
The generalized growth condition considered in our paper is more general than
the superlinearity of xN 7→ Λ(t, x0, . . . , xN) and represents a sort of violation of
the Erdmann-Du Bois-Reymond condition when |xN | → +∞.
Notation. Throughout this paper we denote R+ := {r ∈ R : r ≥ 0}. If X is
a subset of Rk, coX is the convex hull of X. If f : X → R ∪ {+∞} is a given
extended valued function and x ∈ dom(f) := {x ∈ X : f(x) < +∞}, then the
proximal subdifferential ∂Pf(x) of f at x is the set of elements ζ ∈ Rk such that
there exist M ≥ 0 and η > 0 satisfying:

f(x′)− f(x) +M |x′ − x|2 ≥ ζ · (x′ − x), for all x′ ∈ B(x, η),

where B(x, η) is the closed ball with center x and of radius η. The limiting
subdifferential of f at x ∈ dom(f) is defined by

∂Lf(x) := {ζ ∈ Rk : ∃xi → x, ζi ∈ ∂Pf(xi) s.t. f(xi) → f(x) and ζi → ζ}.

We recall that, if f is real valued and locally Lipschitz at x, the Clarke generalized
gradient ∂Cf(x) at x coincides with the convex hull co ∂Lf(x) of ∂Lf(x). Given an
extended valued function ϕ(·, ·) of two vector variables (x, y) and a point (x̄, ȳ) ∈
dom(ϕ), we denote the proximal (resp. limiting, Clarke) partial subdifferential of
ϕ(·, ȳ) at x̄ by ∂Px ϕ(x̄, ȳ) (resp. ∂Lx ϕ(x̄, ȳ), ∂Cx ϕ(x̄, ȳ)).
For a given minimizer x∗(·) of (CV), we introduce the auxiliary Lagrangian
L : [a, b]× R× ]0,+∞[ → R, defined for all (t, ξ, r) ∈ [a, b]× R× ]0,+∞[ by:

L(t, ξ, r) := Λ(t, x∗(t), ẋ∗(t), . . . , x
(N−1)
∗ (t), rξ). (1)
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We shall make use of the partial convex subdifferential of L with respect to r at
(t, ξ, r0), which is defined by:

∂rL(t, ξ, r0) := {p ∈ R : L(t, ξ, r)− L(t, ξ, r0) ≥ p(r − r0), ∀r ∈ ]0,+∞[ } . (2)

We denote by L the σ-algebra of the Lebesgue subsets of [a, b], by Bk the σ-algebra
of the Borel subsets of Rk, by Lm([a, b],Rk) (m ≥ 1) the space of Lm functions
for the Lebesgue measure, that are defined on [a, b] and take values in Rk, and
by ‖ · ‖Lm its usual norm. The set of essentially bounded functions defined on
[a, b] and taking values in Rk is written L∞([a, b],Rk) and ‖ · ‖∞ its usual norm.
The space of absolutely continuous functions defined on [a, b], taking values in Rk,
with derivative in Lm([a, b],Rk) is written W 1,m([a, b],Rk) and endowed with the
norm:

‖f‖W 1,m := ‖f‖∞ + ‖ḟ‖Lm .

We denote by WN,m([a, b],Rk) the space of functions defined on [a, b], taking
values in Rk which are N−1 times continuously differentiable and whose (N−1)-
th derivative belongs to W 1,m([a, b],Rk). We endow this space with the norm

‖f‖WN,m :=
N−2∑
i=0

‖f (i)‖∞ + ‖f (N−1)‖W 1,m .

To simplify notation we shall often write

Λ
(
t, x∗, . . . , x

(N−1)
∗ , x(N)

∗

)
instead of Λ

(
t, x∗(t), . . . , x

(N−1)
∗ (t), x(N)

∗ (t)
)
.

2. Hypotheses

We shall consider two different sets of hypotheses on Λ for a given local WN,m

local minimizer x∗(·) for (CV): (Sx∗) and (S∞
x∗).

Hypothesis (Sx∗) The function

Λ: (t, x0, x1, . . . , xN−2, xN−1, xN) 7→ Λ(t, x0, x1, . . . , xN−2, xN−1, xN)

takes values in R and is BN+2-measurable. There exists ε∗ > 0 and an L × B1-
measurable function k : [a, b]× ]0,+∞[→ R+ such that:

t 7→ k(t, 1) ∈ L1([a, b],R+),

and, for a.e. t ∈ [a, b], for all σ ∈ ]0,+∞[, the map:{
[a, b]× RN−1 → R,
(s, x0, . . . , xN−2) 7→ Λ(s, x0, . . . , xN−2, x

(N−1)
∗ (t), σx

(N)
∗ (t)),

(3)

is Lipschitz continuous on B((t, x∗(t), . . . , x
(N−2)
∗ (t)), ε∗)∩([a, b]×RN−1) with Lip-

schitz constant k(t, σ).
Remark 2.1. Making use of hypothesis (Sx∗), we deduce that for a.e. t ∈ [a, b],
if ζ is a vector in ∂C(t,x0,...,xN−2)

Λ(t, x∗(t), . . . , x
(N)
∗ (t)), then |ζ| ≤ k(t, 1). Notice

also that (Sx∗) is satisfied whenever Λ depends only on xN−1 and xN .
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Hypothesis (S∞
x∗) The function

Λ: (t, x0, x1, . . . , xN−2, xN−1, xN) 7→ Λ(t, x0, x1, . . . , xN−2, xN−1, xN)

takes values in R ∪ {+∞} and is BN+2-measurable. There exist a measurable
set E ⊂ [a, b] of full measure, strictly positive constants ε, c and λ, functions
d, β ∈ L1([a, b],R+) such that the following conditions are satisfied:

(i) the function (s, x0, . . . , xN−2, xN) 7→ Λ(s, x0, . . . , xN−2, x
(N−1)
∗ (t), xN) is lower

semicontinuous for all t ∈ [a, b],
(ii) for all t ∈ E, we can find 0 < σ1(t) < 1 < σ2(t) < +∞ for which:{

Λ(t, x∗(t), . . . , x
(N−1)
∗ (t), σ1(t)x

(N)
∗ (t)) < +∞

Λ(t, x∗(t), . . . , x
(N−1)
∗ (t), σ2(t)x

(N)
∗ (t)) < +∞;

(4)

(iii) for every t ∈ E,
every (s̄, x̄0, . . . , x̄N−2) ∈ B((t, x∗(t), . . . , x

(N−2)
∗ (t)), ε) ∩ ([a, b]×RN−1),

and xN ∈ R, we have

|ζ| ≤ c
(
|(1, x̄1, . . . , x̄N−2, x

(N−1)
∗ (t))|

+ Λ(s̄, x̄0, . . . , x̄N−2, x
(N−1)
∗ (t), xN) + λ|xN |)

)
+ d(t) (5)

for all ζ ∈ ∂P(s,x0,...,xN−2)
Λ(s̄, x̄0, . . . , x̄N−2, x

(N−1)
∗ (t), xN);

(iv) for all t ∈ E, there exists εt > 0 such that the function

(s, x0, . . . , xN−2) 7→ Λ(s, x0, . . . , xN−2, x
(N−1)
∗ (t), xN),

is Lipschitz continuous on the ball B((t, x∗(t), ẋ∗(t), . . ., x(N−2)
∗ (t)), εt) with

Lipschitz constant β(t), uniformly with respect to
xN ∈ B(x

(N)
∗ (t), εt) ∩ dom(Λ(t, x∗(t), . . . , x

(N−1)
∗ (t), · )).

The growth assumption (Gx∗). For every selection Q(t, ξ) of ∂rL(t, ξ, 1),

(Gx∗) lim
|ξ|→+∞

∂rL(t,ξ,1)̸=∅

|Λ(t, x∗(t), . . . , x(N−1)
∗ (t), ξ)−Q(t, ξ)| = +∞,

uniformly for a.e. t ∈ [a, b], which means that for any M > 0, we can find a set
E ⊂ [a, b] of full measure, and a real R > 0 satisfying for all (t, ξ) ∈ E ×R and all
Q(t, ξ) ∈ ∂rL(t, ξ, 1):

|ξ| ≥ R ⇒ |Λ(t, x∗(t), . . . , x(N−1)
∗ (t), ξ)−Q(t, ξ)| ≥M.

Observe that condition (Gx∗) is satisfied independently of a minimizer x∗(·) when
for every selection Q(t, x0, . . . , xN−1, ξ) of (∂rΛ(t, x0, . . . , xN−1, rξ))r=1 and for ev-
ery compact set K ⊂ RN , we have:

lim
|ξ|→+∞

(∂rΛ(t,x0,...,xN−1,rξ))r=1
̸=∅

|Λ(t, x0, . . . , xN−1, ξ)−Q(t, x0, . . . , xN−1, ξ)| = +∞,

uniformly for a.e. t ∈ [a, b] and for all (x0, . . . , xN−1) ∈ K.



186 J. Bernis, P. Bettiol, C. Mariconda / Higher Order Problems ...

Remark 2.2. (Interpretation of (Gx∗)) Assume that Λ(t, x∗(t), ..., x(N−1)
∗ (t), ξ) <

+∞ and let Q(t, ξ) ∈ ∂rL(t, ξ, 1). Then

L(t, ξ, r)) ≥ ϕ(r) := L(t, ξ, r) +Q(t, ξ)(r − 1), for all r > 0

and P (t, ξ) := ϕ(0) = L(t, ξ, 1)−Q(t, ξ) is the intersection with the z axis of the
‘tangent’ line z = ϕ(r) to 0 < r 7→ L(t, ξ, r) at r = 1.
Condition (Gx∗) thus means that the ordinate P (t, ξ) of the above intersection
point goes to ∞ as |ξ| goes to ∞, for those points ξ where 0 < r 7→ L(t, ξ, r) has
a nonempty convex subdifferential at r = 1.

r⇠
<latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit><latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit><latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit><latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit><latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit><latexit sha1_base64="wQsJFWIRDUIqG4chtuZ9mfOkx9I="></latexit>⇠1
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Figure 2.1: Condition (Gx∗)

Remark 2.3. (1) If Λ is smooth in the last variable, (Gx∗) becomes

lim
|ξ|→+∞

|Λ
(
t, x∗(t), . . . , x

(N−1)
∗ (t), ξ

)
− ξ · ∇xN

Λ(t, x∗(t), . . . , x
(N−1)
∗ (t), ξ)| = +∞,

uniformly for a.e. t ∈ [a, b].
(2) If Λ is convex in the last variable, (Gx∗) is satisfied whenever for every selection
φ(t, ξ) of the convex subdifferential ∂ξΛ

(
t, x∗(t), . . . , x

(N−1)
∗ (t), ξ

)
, we have

lim
|ξ|→+∞

|Λ(t, x∗(t), . . . , x(N−1)
∗ (t), ξ) − ξ · φ(t, ξ)| = +∞,

uniformly for a.e. t ∈ [a, b].

Condition (Gx∗), which was considered in the case N = 1 in [2], extends analogous
conditions considered in [3, 12] in the autonomous case. This growth condition
(Gx∗) is satisfied in the superlinear case. More precisely, assume that Λ satisfies
both conditions below:
(a) Λ(s, x0, . . . , xN) is bounded on an annulus along x∗(·): there exist ρ > 0, and
M > 0 such that, for almost every t ∈ [a, b] we have:

(Bx∗) |xN | = ρ⇒ Λ
(
t, x∗(t), . . . , x

(N−1)
∗ (t), xN

)
≤M.
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(b) Λ is uniformly coercive along x∗(·) w.r.t. the last variable: there exists a

function θ : R+ → R satisfying lim
r→+∞

θ(r)

r
= +∞, such that for a.e. t ∈ [a, b] and

every xN ∈ R:
(Cx∗) Λ

(
t, x∗(t), . . . , x

(N−1)
∗ (t), xN

)
≥ θ(|xN |).

(This also covers hypothesis (H3) used in [9], where θ(·) is taken positive valued and
Λ satisfies the following estimation Λ(t, x∗(t), . . . , x

(N−1)
∗ (t), xN) ≥ θ(|xN |)−β|xN |,

where β > 0.) Then it may be shown as in [2, Proposition 2] that (Gx∗) is valid.
Notice however that there are Lagrangians that have just a linear growth with
respect to xN but nonetheless satisfy (Gx∗), for example Λ(t, x0 . . . , xN) = |xN | −√

|xN |.

Remark 2.4. Assume that Λ is bounded on bounded sets in the following sense:
For every bounded set K ⊂ RN , the following property is satisfied: there exist
ρ > 0 and MK > 0 such that, for almost every t ∈ [a, b], every (x0, . . . , xN−1) ∈ K
and any xN ∈ R:

|xN | = ρ⇒ Λ(t, x0, . . . , xN−1, xN) ≤MK .

Assume additionally that Λ is uniformly coercive in the following sense: there
exist an increasing function θ : R+ → R such that limr→+∞(θ(r)/r) = +∞, a
function h : RN → R that is bounded on bounded sets, and a constant α > 0, for
which the following property holds: for all (t, x0, . . . , xN) ∈ [a, b]×RN+1 satisfying
|xN | ≥ α|(x0, . . . , xN−1)|:

Λ(t, x0, . . . , xN−1, xN) ≥ θ(|xN | − α|(x0, . . . , xN−1)|)− h(x0, . . . , xN−1).

Then Λ satisfies the two conditions (Bx∗) and (Cx∗) above for any function x∗(·) ∈
WN,1([a, b],R), and it yields that the growth condition (Gx∗) is also valid for any
function x∗(·) ∈ WN,1([a, b],R).

3. Main results

We establish here a new necessary condition and a subsequent regularity result
for minimizers of (CV).

3.1. Necessary conditions

Weierstrass type conditions
Theorem 3.1. Let x∗(·) be a WN,m local minimizer for (CV). Assume that Λ
satisfies (Sx∗). Then there are two – mutually non exclusive – cases:
(i) The function x∗ is a polynomial function whose degree is at most N−1 ≥ 1.
(ii) There exists an arc (p0, . . . , pN−1) ∈ W 1,1([a, b],RN) for which the following

Weierstrass type condition is satisfied:
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for all u ∈ ]0,+∞[ and for a.e. t ∈ [a, b]:

(W) Λ

(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− Λ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥

(u− 1)
(
p0(t) + p1(t)ẋ∗(t) + . . .+ pN−1(t)x

(N−1)
∗ (t)

)
.

Moreover (ṗ0, ṗ1, ṗ2 + p1, . . . , ṗN−2 + pN−3, ṗN−1 + pN−2)

∈ ∂Ct,x0,...,xN−2
Λ(t, x∗, ẋ∗, . . . , x

(N)
∗ ) for a.e. t ∈ [a, b]. (6)

Theorem 3.2. Let x∗(·) ∈ WN,m([a, b],RN) be a minimizer for (CV). Assume
that Λ satisfies (S∞

x∗). Then there are two – mutually non exclusive – cases:
(i) The function x∗ is a polynomial function whose degree is at most N−1 ≥ 1.
(ii) There exists an arc p := (p0, . . . , pN−1) ∈ W 1,1([a, b],RN) for which the

following Weierstrass type condition is satisfied: for all u ∈ ]0,+∞[ and for
a.e. t ∈ [a, b]:

(W) Λ

(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− Λ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥

(u− 1)
(
p0(t) + p1(t)ẋ∗(t) + . . .+ pN−1(t)x

(N−1)
∗ (t)

)
.

Moreover, for a.e. t ∈ [a, b], ṗ(t) belongs to the set

co
{
ω ∈ RN :

(
ω + γ(t), p0(t) + p1(t)ẋ∗(t) + . . .+ pN−1(t)x

(N−1)
∗ (t)

)
(7)

∈
(
∂L(s,x0,...,xN−2,u)

Λ
(
s, x0, ..., xN−2, x

(N−1)
∗ (t), x(N)

∗ (t)/u
)
u
)

(s,x0,...,xN−2)=z∗(t)
u=1

}
,

with γ(t) := (0, 0, p1(t), . . . , pN−2(t)) and z∗(t) :=
(
t, x∗(t), . . . , x

(N−2)
∗ (t)

)
.

Remark 3.3. (1) We observe that the inequality (W) of Theorems 3.1 and 3.2
is a Weierstrass type condition which is an extension (to the case N ≥ 2) of the
results [1, Theorem 4.1] and [1, Theorem 4.3].
(2) Assume that Λ is of class C2 with respect to t, x0, . . . , xN−2. Then we have

∂Ct,x0,...,xN−2
Λ
(
t, x∗, ẋ∗, . . . , x

(N)
∗

)
=
{
∇t,x0,...,xN−2

Λ
(
t, x∗, ẋ∗, . . . , x

(N)
∗

)}
,

hence the arc p := (p0, . . . , pN−1) satisfies the following equations: for all s ∈ [a, b]
p0(s) = p0(a) +

∫ s

a

∇tΛ
(
τ, x∗, ẋ∗, . . . , x

(N)
∗

)
dτ ,

p1(s) = p1(a) +

∫ s

a

∇x0Λ
(
τ, x∗, ẋ∗, . . . , x

(N)
∗

)
dτ ,

and for a.e. s ∈ [a, b], for all i = 2, . . . , N − 1,

ṗi(s) = −pi−1(s) +∇xi−1
Λ
(
s, x∗, ẋ∗, . . . , x

(N)
∗

)
.
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Erdmann-Du Bois-Reymond type conditions
The change of variable r = 1/u in (W) yields the following equivalent version of
Theorems 3.1 and 3.2.
Corollary 3.4. Let x∗(·) be a WN,m local minimizer for (CV). Assume that Λ
satisfies (Sx∗) (resp. (S∞

x∗)). Then there are two – mutually non exclusive – cases:
(i) The function x∗ is a polynomial function whose degree is at most N−1 ≥ 1.
(ii) There exists an arc p := (p0, . . . , pN−1) ∈ W 1,1([a, b],RN) for which the

following equation is satisfied: for all r ∈ ]0,+∞[ and for a.e. t ∈ [a, b]:

(Wr) Λ
(
t, x∗(t), . . . , x

(N−1)
∗ (t), rx(N)

∗ (t)
)
− Λ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥

(r−1)
(
Λ(t, x∗(t), ..., x

(N)
∗ (t))−(p0(t)+p1(t)ẋ∗(t)+. . .+ pN−1(t)x

(N−1)
∗ (t))

)
,

where p satisfies (6) (resp. (7)).

Remark 3.5. Condition (Wr) is a sort of variational form of an Erdmann-Du
Bois-Reymond equation. Indeed, if Λ is smooth and satisfies (Sx∗), Corollary 3.4
implies that:

x(N)
∗ (t) · ∇xN

Λ
(
t, x∗, . . . , x

(N)
∗
)
=

Λ
(
t, x∗, . . . , x

(N)
∗
)
− (p0(t) + p1(t)ẋ∗(t) + . . .+ pN−1(t)x

(N−1)
∗ (t)),

where p satisfies the conditions expressed in Remark 3.3 2). Whereas, under the
(nonsmooth) more general hypotheses of Corollary 3.4, we obtain that

Λ
(
t, x∗(t), ..., x

(N)
∗ (t)

)
− (p0(t) + p1(t)ẋ∗(t) + ...+ pN−1(t)x

(N−1)
∗ (t))∈∂rL(t, x

(N)
∗ (t), 1),

for a.e. t ∈ [a, b], where L and ∂rL are defined in (1) and (2).
Condition (Wr) is also a relaxation type result, namely the convexity of the func-
tion Λ(t, x∗(t), . . . , x

(N−1)
∗ (t), · ) along the direction x

(N)
∗ (t).

3.2. Regularity results

Here, the additional growth conditions (Gx∗) and (Cx∗) play a central role.
Theorem 3.6. Let x∗(·) be a WN,m local minimizer for (CV).
(i) Assume that Λ satisfies (Sx∗) and (Gx∗), then x

(N)
∗ ∈ L∞([a, b],R).

(ii) Assume that Λ satisfies (S∞
x∗) and (Gx∗), then x

(N)
∗ ∈ L∞([a, b],R).

An immediate consequence of Theorem 3.6 and the discussion about the above-
mentioned conditions (Bx∗) and (Cx∗) is the following corollary.
Corollary 3.7. Let x∗(·) be a WN,m local minimizer for (CV).
(i) Assume that Λ satisfies (Sx∗), (Cx∗) and (Bx∗), then x

(N)
∗ ∈ L∞([a, b],R).

(ii) Assume that Λ satisfies (S∞
x∗), (Cx∗) and (Bx∗), then x

(N)
∗ ∈ L∞([a, b],R).
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Next proposition shows that, if the Lagrangian Λ is convex w.r.t. xN , then we
can relax the condition (Sx∗) and invoke a weaker (merely local in σ) version of
it. This result provides an extension of [9, Theorem 2.1].
Proposition 3.8. Let x∗(·) be a WN,m local minimizer for (CV), in which we
assume that Λ : [a, b]× RN+1 → R is Borel measurable and
(H)′ xN 7→ Λ(t, x0, x1, . . . , xN−2, xN−1, xN) is convex for every

(t, x0, x1, . . . , xN−2, xN−1);
(Sx∗)′ There exist ε∗ > 0, σ∗ ∈ ]0, 1[ and a L × B1-measurable function

k : [a, b]× [1−σ∗, 1+σ∗] → R+ such that t 7→ k(t, 1) ∈ L1([a, b],R+), and,
for a.e. t ∈ [a, b], for all σ ∈ [1− σ∗, 1 + σ∗], the map:{

[a, b]× RN−1 → R,
(s, x0, . . . , xN−2) 7→ Λ(s, x0, . . . , xN−2, x

(N−1)
∗ (t), σx

(N)
∗ (t)),

(8)

is Lipschitz continuous on B((t, x∗(t), . . . , x
(N−2)
∗ (t)), ε∗) ∩ ([a, b] × RN−1)

with Lipschitz constant k(t, σ).
Then, the same conclusions of Theorem 3.1 are valid. If moreover, Λ satisfies
(Gx∗), then x

(N)
∗ (·) belongs to L∞([a, b],R).

4. Proofs of Theorem 3.1 and Proposition 3.8

We shall make use of the following technical lemma, which has been used and
proved in [1, Lemma 7.1].
Lemma 4.1. Let (zk)k∈N be a sequence of invertible functions in W 1,1([a, b],R)
that satisfies the following properties:
(a) for all k ∈ N, zk(a) = a and zk(b) = b,
(b) there exists α > 0 such that żk(t) ≥ α, for all k ∈ N and for a.e. t ∈ [a, b],
(c) the sequence (zk)k∈N converges to Id in W 1,1([a, b],R), where Id : t 7→ t.
Then for all x ∈ W 1,m([a, b],R), there exists a subsequence of (x ◦ z−1

k )k∈N that
converges to x in W 1,m([a, b],R) as k goes to +∞.

4.1. An auxiliary control problem (CP)

We consider the following extension Λ̃ of Λ to the whole space RN+2: for all
(t, x0, . . . , xN) ∈ RN+2,

Λ̃(t, x0, . . . , xN) :=


Λ(a, x0, . . . , xN), if t ≤ a,

Λ(t, x0, . . . , xN), if t ∈ [a, b],

Λ(b, x0, . . . , xN), if t ≥ b.

(9)

We introduce also the auxiliary Lagrangian ℓ : [a, b] × RN × R → R, which is
defined by:
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for all (t, z, u) ∈ [a, b]× RN × R, where z = (z0, z1, . . . , zN−1),

ℓ(t, z, u) :=

{
Λ̃
(
z, x

(N−1)
∗ (t), x

(N)
∗ (t)
u

)
u, if x(N)

∗ (t) is defined and u > 0,

0, otherwise.

Fix any integer j ≥ 2. We shall consider the following control problem:

(CP)



Minimize J(z, u) :=

∫ b

a
ℓ(s, z(s), u(s))ds, over the arcs z∈W 1,1([a, b],RN )

and L − measurable controls u : [a, b] → R such that:

ż(s) = f(s, z(s), u(s)), for a.e. s∈ [a, b], u(s)∈
[
1

j
, j

]
, for a.e. s∈ [a, b],

z(a)=
(
a, x∗(a), ẋ∗(a), ..., x

(N−2)
∗ (a)

)
, z(b)=

(
b, x∗(b), ẋ∗(b), ..., x

(N−2)
∗ (b)

)
,

where f : [a, b]× RN × R → RN is defined by:
f(s, z, u) := uANz + ubN(s), for (s, z, u) ∈ [a, b]× RN × R,

with bN(s) := 1 if N = 1, bN(s) := (1, 0, . . . , 0, x
(N−1)
∗ (s)) if N > 1, and AN := 0

if N = 1, 2 and

AN :=



0 0 · · · · ·
0 0 1 0 · · ·
0 0 0 1 0 · ·
· · · · · · ·
· · · · 0 1 0
· · · · · 0 1
· · · · · · 0


if N > 2.

We say that a trajectory/control pair (z, u) is admissible for the problem (CP)
whenever ż(s) = f(s, z(s), u(s)) and u(s) ∈

[
1
j
, j
]

for a.e. s ∈ [a, b],

z(a) =
(
a, x∗(a), ẋ∗(a), . . . , x

(N−2)
∗ (a)

)
, and z(b) =

(
b, x∗(b), ẋ∗(b), . . . , x

(N−2)
∗ (b)

)
.

Observe that the differential equation ż(s) = f(s, z(s), u(s)), can be rewritten in
an extended form (in the case N > 2): for a.e. s ∈ [a, b]

ż0(s) = u(s), ż1(s) = u(s)z2(s), ż2(s) = u(s)z3(s),
...

żN−2(s) = u(s)zN−1(s), żN−1(s) = u(s)x
(N−1)
∗ (s).

(10)

Moreover any solution (z, u) to the control system in (CP) satisfies ż0 = u ≥ 1
j

a.e., hence z−1
0 exists and is Lipschitz continuous with Lipschitz constant bounded

above by j.
Using the fact that x∗ is a minimizer for the problem (CV), we can deduce that
a natural minimizer to the control problem (CP) is the trajectory/control pair
(z∗, u∗) defined by:

u∗(s) := 1 and z∗(s) :=
(
s, x∗(s), ẋ∗(s), . . . , x

(N−2)
∗ (s)

)
, for all s ∈ [a, b].
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Lemma 4.2. For all ε > 0, there exists ρ > 0 such that, for any admissible pair
(z, u) ∈ W 1,1([a, b],RN)× L for (CP) we have:

‖z − z∗‖W 1,1 ≤ ρ⇒ ‖z1 ◦ z−1
0 − x∗‖WN,m ≤ ε, (11)

in which z1 = x∗ if N = 1.

Proof. The case N = 1 is an immediate consequence of Lemma 4.1, so we
continue considering N ≥ 2. Assuming that (11) is not satisfied, then we can
find ε0 > 0 and a sequence of admissible pairs for the control system in (CP), say
(zk, uk)k∈N, zk := (zk0 , . . . , z

k
N−1) such that:

‖zk − z∗‖W 1,1 ≤ 1

k + 1
and ‖zk1 ◦ (zk0 )−1 − x∗‖WN,m > ε0. (12)

We define yk := zk ◦ (zk0 )−1 and we write yk = (yk0 , y
k
1 , . . . , y

k
N−1).

For each k ∈ N, we have (yk1)
(i) = zki+1 ◦ (zk0 )

−1 for all i = 0, . . . , N − 2, and
(yk1)

(N−1) = x
(N−1)
∗ ◦ (zk0 )−1. As a consequence if i ≤ N − 3, we obtain:

‖(yk1)(i) − x(i)∗ ‖∞ ≤ ‖zki+1 ◦ (zk0 )−1 − zki+1‖∞ + ‖zki+1 − x(i)∗ ‖∞,

≤ sup
|t−t′|≤ 1

k+1

|zki+1(t)− zki+1(t
′)|+ 1

k + 1
≤ M + 1

k + 1
, (13)

where M := max{‖x(i)∗ ‖∞ + 1, i = 1, . . . , N − 2}.
On the other hand, for i = N − 2, we have:

‖(yk1)(N−2) − x(N−2)
∗ ‖∞ = ‖zkN−1 ◦ (zk0 )−1 − x(N−2)

∗ ‖∞,

≤ sup
t∈[a,b]

∫ t

a

|x(N−1)
∗ ((zk0 )

−1(s))−x(N−1)
∗ (s)|ds ≤ |b−a| sup

|t−t′|≤ 1
k+1

|x(N−1)
∗ (t)−x(N−1)

∗ (t′)|.

Therefore by uniform continuity of x(N−1)
∗ (·) we deduce that:

‖(yk1)(N−2) − x(N−2)
∗ ‖∞ −−−−→

k→+∞
0. (14)

We now claim that ‖(yk1)(N−1) − x(N−1)
∗ ‖W 1,m −−−−→

k→+∞
0, (15)

(possibly for a subsequence we do not relabel). Since (yk1)
(N−1) = x

(N−1)
∗ ◦ (zk0 )−1,

this is equivalent to prove that:

‖x(N−1)
∗ ◦ (zk0 )−1 − x(N−1)

∗ ‖W 1,m −−−−→
k→+∞

0.

The sequence (zk0 )k∈N satisfies all the hypotheses of Lemma 4.1. Applying it to
the reference arc x = x

(N−1)
∗ confirms the claim.
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From (13), (14) and (15), we deduce that for all k ∈ N:

‖zk1 ◦ (zk0 )−1 − x∗‖WN,m = ‖yk1 − x∗‖WN,m −−−−→
k→+∞

0,

which contradicts (12).

Proposition 4.3. The trajectory/control pair (z∗, u∗) is a local W 1,1-minimizer
for (CP), i.e. there exists ρ > 0, such that, for any admissible pair (z, u) for
(CP), we have: ‖z − z∗‖W 1,1 ≤ ρ⇒ J(z, u) ≥ J(z∗, u∗).

Proof. Let ε > 0 such that x∗(·) is an ε-minimizer for the WN,m topology. We
invoke Lemma 4.2 to obtain a real ρ > 0 such that (11) is satisfied.
Take any admissible pair (z, u) for (CP) such that ‖z − z∗‖W 1,1 ≤ ρ, and define
y ∈ W 1,1([a, b],RN) by y = z ◦ z−1

0 .
We claim that y1 ∈ WN,m([a, b],R) is a solution of the reference problem (CV).
Indeed, we have y(N−1)

1 = x
(N−1)
∗ ◦ z−1

0 and y
(i)
1 = yi+1 = zi+1 ◦ z−1

0 for all i =
1, . . . , N − 2. Recalling the conditions satisfied by z at a and b, in particular
z−1
0 (a) = a, z−1

0 (b) = b, we obtain:(
y1, . . . , y

(N−1)
1

)
(a) =

(
x∗, . . . , x

(N−1)
∗

)
(a), and(

y1, . . . , y
(N−1)
1

)
(b) =

(
x∗, . . . , x

(N−1)
∗

)
(b). (16)

Using the change of variable t = z0(s), we obtain:∫ b

a

ℓ(s, z(s), u(s))ds =

∫ b

a

Λ̃

(
z(s), x(N−1)

∗ (s),
x
(N)
∗ (s)

u(s)

)
u(s)ds

=

∫ b

a

Λ̃
(
y(t), x(N−1)

∗ (z−1
0 (t)), ż−1

0 (t) x(N)
∗ (z−1

0 (t))
)
dt

=

∫ b

a

Λ
(
t, y1(t), ẏ1(t), . . . , y

(N−1)
1 (t), y

(N)
1 (t)

)
dt.

We recall that, from (11), we have ‖y1−x∗‖WN,m ≤ ε. Since x∗(·) in a ε-minimizer
for the problem (CV). It follows from (16) that:∫ b

a

Λ
(
t, y1(t), ẏ1(t), . . . , y

(N)
1 (t)

)
dt ≥

∫ b

a

Λ
(
t, x∗(t), ẋ∗(t), . . . , x

(N)
∗ (t)

)
dt.

We deduce that:

J(z, u) =

∫ b

a

ℓ(s, z(s), u(s))ds ≥
∫ b

a

ℓ(s, z∗(s), u∗(s))ds = J(z∗, u∗),

which concludes the proof.
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4.2. Application of the maximum principle to (CP)

We employ the maximum principle [6, Theorem 22.26] to the optimal control prob-
lem (CP) and the reference minimizer (z∗, u∗). In our case it is easy to see that
all the assumptions of [6, Theorem 22.26] are satisfied and the only detail which
requires particular attention is to prove the appropriate Lipschitz regularity of ℓ.
Lemma 4.4. If ε∗ > 0 and k : [a, b]× ]0,+∞[→ R+ are given by hypothesis (Sx∗),
then for a.e. t ∈ [a, b] and for all σ ∈ ]0,+∞[, the application{

R× RN−1 → R,
(s, x0, . . . , xN−2) 7→ Λ̃(s, x0, . . . , xN−2, x

(N−1)
∗ (t), σx

(N)
∗ (t)),

(17)

is Lipschitz continuous on B
(
(t, x∗(t), ..., x

(N−2)
∗ (t)), ε∗

)
with Lipschitz constant

k(t, σ).

Proof. Take σ ∈ ]0,+∞[ and any t ∈ [a, b] such that (Sx∗) is satisfied and two
vectors z, w in the ball B((t, x∗(t), . . . , x(N−2)

∗ (t)), ε∗). We can always assume that
z0 ≤ w0.
Using (Sx∗), if both z0 and w0 are in [a, b], the inequality is easily verified.
If z0 ≤ w0 ≤ a. We have:∣∣∣Λ̃(z, x(N−1)

∗ (t), σx(N)
∗ (t)

)
− Λ̃

(
w, x(N−1)

∗ (t), σx(N)
∗ (t)

)∣∣∣
=
∣∣∣Λ(a, z1, ..., zN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)
−Λ
(
a, w1, ..., wN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)∣∣∣

≤ k(t, σ)|(a, z1, . . . , zN−1)− (a, w1, . . . , wN−1)| ≤ k(t, σ)|z − w|.

If z0 ≤ a ≤ w0 ≤ b, we have:∣∣∣Λ̃(z, x(N−1)
∗ (t), σx(N)

∗ (t)
)
− Λ̃

(
w, x(N−1)

∗ (t), σx(N)
∗ (t)

)∣∣∣
=
∣∣∣Λ(a, z1, ..., zN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)
−Λ
(
w0, w1, ..., wN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)∣∣∣

≤ k(t, σ)|(a, z1, . . . , zN−1)− (w0, w1, . . . , wN−1)| ≤ k(t, σ)|z − w|.

If z0 ≤ a < b ≤ w0, we have:∣∣∣Λ̃(z, x(N−1)
∗ (t), σx(N)

∗ (t)
)
− Λ̃

(
w, x(N−1)

∗ (t), σx(N)
∗ (t)

)∣∣∣
=
∣∣∣Λ(a, z1, ..., zN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)
−Λ
(
b, w1, ..., wN−1, x

(N−1)
∗ (t), σx(N)

∗ (t)
)∣∣∣

≤ k(t, σ)|(a, z1, . . . , zN−1)− (b, w1, . . . , wN−1)| ≤ k(t, σ)|z − w|.

The cases a ≤ z0 ≤ b ≤ w0 and a < b ≤ z0 ≤ w0 can be proved in a similar
way.
We are now ready to show the required Lipschitz regularity of ℓ.
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Lemma 4.5. There exists a L × B1-measurable function k̃ : [a, b] ×
[
1
j
, j
]

such

that t 7→ k̃(t, 1) ∈ L1([a, b],R+), and for almost every t ∈ [a, b], we have:

z1, z2 ∈ B(z∗(t), ε∗), u ∈ R ⇒ |ℓ(t, z2, u)− ℓ(t, z1, u)| ≤ k̃(t, u)|z2 − z1|.

Proof. Define k̃(t, u) := k

(
t,
1

u

)
u.

The function k̃ is L × B1-measurable and t 7→ k̃(t, 1) = k (t, 1) is in L1([a, b],R+)
by hypothesis (Sx∗).

Take any z1, z2 in B(z∗(t), ε∗) = B
(
(t, x∗(t), . . . , x

(N−2)
∗ (t)), ε∗

)
and u ∈

[
1
j
, j
]
.

Pick any t ∈ [a, b] at which the Lipschitz continuity of (Sx∗) holds. From Lemma
4.4, we have:

|ℓ(t, z2, u)−ℓ(t, z1, u)| ≤ u

∣∣∣∣Λ̃(z2, x(N−1)(t),
x(N)(t)

u

)
−Λ̃

(
z1, x

(N−1)(t),
x(N)(t)

u

)∣∣∣∣
≤ k

(
t,
1

u

)
u |z1 − z2| ≤ k̃(t, u) |z2 − z1|.

For η ≥ 0, we define the Hamiltonian of the problem (CP):

Hη(t, z, p, u) = p · f(t, z, u)− ηℓ(t, z, u)

= u
(
p0+p1z2+p2z3+ . . .+pN−2zN−1+pN−1x

(N−1)
∗ (t)

)
−ηℓ(t, z, u).

Applying [6, Theorem 22.26] for each integer j ≥ 2, there exist an arc p j =

(p j
0 , . . . , p

j
N−1) ∈ W 1,1([a, b],RN), a scalar η j ∈ {0, 1} and a set of full measure

Ej ⊂ [a, b] such that the following properties are satisfied:
(i) The nontriviality condition: (η j, p j(t)) 6= 0, for all t ∈ [a, b],

(ii) The adjoint inclusion:

−ṗ j(t) ∈ ∂Cz H
η(t, · , p j(t), u∗(t))|z=z∗(t), for all t ∈ Ej, (18)

(iii) The maximality condition:

Hη j

(t, z∗(t), p
j(t), u∗(t)) = sup

u∈[ 1j ,j]
Hη j

(t, z∗(t), p
j(t), u), for all t ∈ Ej. (19)

(Note that for this problem, the transversality condition (p j(a),−p j(b)) ∈ R2N

does not provide useful information.)

From the maximality condition (19), for all u ∈
[
1
j
, j
]

and every t ∈ Ej we have:

u(p j
0 (t) + p j

1 (t)ẋ∗(t) + . . .+ p j
N−1(t)x

(N−1)
∗ (t)− η jℓ

(
t, z∗(t),

x
(N)
∗ (t)

u

)
≤ p j

0 (t) + p j
1 (t)ẋ∗(t) + . . .+ p j

N−1(t)x
(N−1)
∗ (t)− η jℓ

(
t, z∗(t), x

(N)
∗ (t)

)
,
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which implies that for any u ∈
[
1
j
, j
]

and every t ∈ Ej:

η jΛ
(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− η jΛ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥ (u− 1)(p j

0 (t) + p j
1 (t)ẋ∗(t) + . . .+ p j

N−1(t)x
(N−1)
∗ (t)). (20)

Proof of Theorem 3.1
We need a lemma which allows us to handle the abnormality phenomenon (η j = 0)
that can arise when we apply the maximum principle.
Lemma 4.6. Assume that there exists an arc p = (p0, ..., pN−1)∈W 1,1([a, b],RN)
such that:

p(t) 6= 0, for all t ∈ [a, b], (21)
p(t) · f(t, z∗(t), 1) = 0, for a.e. t ∈ [a, b], (22)

−ṗ(t) = AT
Np(t), for a.e. t ∈ [a, b], (23)

where AT
N is the transpose of the matrix AN . Then N ≥ 2, and x∗(·) is a polynomial

function with degree at most N − 1.

Proof. We introduce the following control system, in which ν(·) is a control
function in L1([a, b],R):{

ẇ(s) = ANw(s) + ν(s)f(s, z∗(s), 1) for a.e. s ∈ [a, b],

w(a) = 0.
(24)

Take any solution (wν , ν) to (24). For almost every s ∈ [a, b], we have:

ẇν(s) · p(s) = ANwν(s) · p(s) + ν(s)f(s, z∗(s), 1) · p(s),

Using successively (23) and (22) gives us:

ẇν(s) · p(s) = ANwν(s) · p(s) = −wν(s) · ṗ(s), for a.e. s ∈ [a, b].

This implies that d
dt
(p ·wν) = 0 a.e. and since wν(a) = 0, p ·wν = 0 in [a, b]. Since

p(s) 6= 0 for all s ∈ [a, b], for any ν ∈ L1([a, b],R) the arc wν(·) remains in the
hyperplane {w ∈ RN : w · p(s) = 0}, for all s ∈ [a, b]. Therefore system (24) is
not reachable at any time s ∈ [a, b].
Solving system (24), the reachable set at time b is:

R(b) :=

{∫ b

a

ν(s) e(b−s)AN f(s, z∗(s), 1)ds : ν ∈ L1([a, b],R)
}
.

From what precedes, p(b) 6= 0 and for any ν ∈ L1([a, b],R),∫ b

a

ν(s) p(b) · e(b−s)AN f(s, z∗(s), 1)ds = 0.
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In particular, choosing ν : s 7→ p(b) · e(b−s)ANf(s, z∗(s), 1) yields:

p(b) · e(b−s)AN f(s, z∗(s), 1) = 0, for all s ∈ [a, b]. (25)

If N = 1, by definition, we have e(b−a)A1f(s, z∗(s), 1) = 1 and (25) gives that
p(b) = 0, which is a contradiction. If N = 2, by definition, e(b−a)A2f(s, z∗(s), 1) =
(1, ẋ∗(s)) for all s ∈ [a, b]. From (25) we have that:

p0(b) + p1(b)ẋ∗(s) = 0, for all s ∈ [a, b].

Since p(b) 6= 0, this implies that p1(b) 6= 0. We obtain ẋ∗(s) = −p0(b)
p1(b)

for all
s ∈ [a, b], which implies that x∗(·) is a polynomial function with degree 0 or 1.
Assume now that N > 2. A standard development of the exponential function
e(b−s)AN shows that for every s ∈ [a, b]:

e(b−s)AN f(s, z∗(s), 1)

=
(
1,

N−2∑
k=0

(b− s)k

k!
x(k+1)
∗ (s),

N−3∑
k=0

(b− s)k

k!
x(k+2)
∗ (s), . . . , x(N−1)

∗ (s)
)
.

From equation (25), we first deduce that (p1(b), . . . , pN−1(b)) 6= 0 since p(b) 6= 0.
Moreover, differentiating both sides in (25), we obtain that for a.e. s ∈ [a, b]:(
p1(b)

(b−s)N−2

(N−2)!
+ p2(b)

(b−s)N−3

(N−3)!
+ . . .+ pN−2(b)(b−s) + pN−1(b)

)
x(N)
∗ (s) = 0.

Observe that the term that multiplies x(N)
∗ (s) is a linear combination of linearly

independent polynomials with coefficients which cannot be all simultaneously zero.
This implies that x(N)

∗ (s) = 0 for almost every s ∈ [a, b], hence x∗(·) is a polynomial
function whose degree is less or equal to N − 1.

Assume first that, for some j0 ≥ 2, η j0 = 0. Then by nontriviality, p j0(t) 6= 0 for
all t ∈ [a, b]. Using (18), we have that:

−ṗ j0(t) = AT
Np

j0(t) for all t ∈ Ej0 .

The maximality condition (20) in the abnormal case combined with the continuity
of the functions p j0(·), ẋ∗(·), . . . , x(N−1)

∗ (·) gives:

p j0(t) · f(t, z∗(t), 1) = 0, for all t ∈ [a, b].

Then invoking Lemma 4.6, we deduce that x∗(·) is a polynomial function whose
degree is at most N − 1.
We now assume that η j = 1 for all j ≥ 2 and to complete the proof of Theorem
3.1 we employ a compactness argument. For every integer j ≥ 2, we denote
αj := (‖p j‖∞ + 1) and define (p̃ j, η̃ j) := α−1

j (p j, η j).
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From Remark 2.1, we deduce that for a.e. t ∈ [a, b]:

| ˙̃p j(t)| ≤ |AT
N p̃

j(t)|+ α−1
j k(t, 1) ≤ ‖AN‖+ k(t, 1), for all j ≥ 2, (26)

where ‖AN‖ is the matrix norm induced by the vector norm ‖(p0, . . . , pN−1)‖ =
maxi=0,...,N−1 |pi|.
Estimate (26) shows that the sequence ( ˙̃p j)j≥2 is equi-integrable. Then there
exists (p̃, η̃) ∈ W 1,1([a, b],RN) × [0, 1] such that, for a subsequence we do not
relabel, (p̃ j)j≥2 converges to p̃ in L∞([a, b],RN), ( ˙̃p j)j≥2 converges to ˙̃p weakly in
L1([a, b],RN) and (η̃ j)j≥2 converges to η̃. We define (p, η) := (p̃, 0) if η̃ = 0 and
(p, η) := (η̃−1p̃, 1) if η̃ > 0. We also define Ẽ :=

⋂
j≥2Ej, which is a set of full

measure as an intersection of such sets.
Fix any t ∈ Ẽ and u ∈ ]0,+∞[. There exists j0 ≥ 2 such that, for all j ≥ j0,
u ∈ [1/j, j]. Then for all j ≥ j0:

η jΛ

(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− η jΛ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥ (u− 1)(p j

0 (t) + p j
1 (t)ẋ∗(t) + . . .+ p j

N−1(t)x
(N−1)
∗ (t)).

Multiplying both sides of the inequality by α−1
j and passing to the limit as j goes

to +∞, we deduce that:

η̃Λ

(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− η̃Λ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥ (u− 1)(p̃0(t) + p̃1(t)ẋ∗(t) + . . .+ p̃N−1(t)x

(N−1)
∗ (t)). (27)

If η̃ = 0, (27) gives p̃(t) · f(t, z∗(t), 1) = 0. (28)
If η̃ 6= 0, dividing both terms in (27) by η̃, we deduce that (p, η) satisfies the
maximality condition (20) for all t ∈ Ẽ and every u ∈ ]0,+∞[.
It remains to prove that the adjoint inclusion is also satisfied by (p, η). Define the
function rj(t) := |α−1

j − η̃|k(t, 1), and note that (18) gives:

˙̃p j(t) ∈ −∂Cz H η̃(t, z∗(t), p̃
j(t), 1) + B(0, rj(t)), for a.e. t ∈ [a, b],

with ‖rj‖L1 −−−−→
j→+∞

0. Invoking [13, Theorem 2.5.3], we deduce immediately that
˙̃p(t) ∈ −∂Cz H η̃(t, z∗(t), p̃(t), 1) for a.e. t ∈ [a, b], implying that p satisfies (6). If
η̃ 6= 0, we divide this differential inclusion by η̃ and we obtain that (18) is satisfied
by the pair (p, η), for a.e. t ∈ [a, b]. Dividing by η̃ both terms in (27), we conclude
that (W) is satisfied for all u ∈ ]0,+∞[ and a.e. t ∈ [a, b].
If η̃ = 0, then p̃ satisfies ˙̃p(s) = −AT

N p̃(s) for a.e. s ∈ [a, b] and ‖p̃‖∞ = 1, which
implies that p(s) = p̃(s) 6= 0 for all s ∈ [a, b]. Recalling (28), we invoke Lemma
4.6, and deduce that x∗(·) is a polynomial function whose degree is less or equal
to N−1.
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Proof of Proposition 3.8.
The proof of Proposition 3.8 follows along the same lines of the proof of Theorem
3.1, except that, when we apply the maximum principle to the auxiliary optimal
control problem, the maximality condition is valid only for u ∈ [ 1

1+σ∗
, 1
1−σ∗

] (from
(Sx∗)′). The extension of this property to the set {u ∈ ]0,+∞[} is a consequence
of (H)′ invoking a well known convexity argument (cf. [9, 13]).

5. Proof of Theorem 3.2

5.1. An auxiliary control problem (CP2)

Employing a standard ‘truncation argument’ which allows to extend local prop-
erties of a given function to global ones (cf. [13]), we introduce the Lagrangian
Λ̂ : [a, b]× RN × R −→ R ∪ {+∞},

Λ̂(t, (s, x0, ..., xN−2), xN) :=


Λ̃(s, x0, . . . , xN−2, x

(N−1)
∗ (t), xN),

if |(s, x0, ..., xN−2)−(t, x∗(t), ..., x
(N−2)
∗ (t))| ≤ ε,

Λ̃
(
π(s, x0, ..., xN−2), x

(N−1)
∗ (t), xN

)
, otherwise,

where

π(s, x0, ..., xN−2) := (t, x∗(t), ..., x
(N−2)
∗ (t)) + ε

(s,x0,...,xN−2)−(t,x∗(t),...,x
(N−2)
∗ (t))

|(s,x0,...,xN−2)−(t,x∗(t),...,x
(N−2)
∗ (t))|

is the projection of (s, x0, ..., xN−2) over the sphere of center (t, x∗(t), ..., x(N−2)
∗ (t))

with radius ε, and Λ̃ is the extension of the Lagrangian Λ to RN+2 defined
as in (9). The function Λ̂ is clearly Borel measurable, (s, x0, . . . , xN−2, xN) 7→
Λ̂(t, (s, x0, . . . , xN−2), xN) is lower semicontinuous for all t ∈ [a, b]. Moreover Λ̂
satisfies a global (stronger) version of condition (S∞

x∗) (iii). More precisely, for
every (t, (s̄, x̄0, . . . , x̄N−2), xN) ∈ E × RN × R, we have

|ζ| ≤ c(|(1, x̄1, ..., x̄N−2, x
(N−1)
∗ (t))|

+ Λ̂(t, (s̄, x̄0, . . . , x̄N−2), xN) + λ|xN |)) + d(t) (29)

for all ζ ∈ ∂P(s,x0,...,xN−2)
Λ̂(t, (s̄, x̄0, . . . , x̄N−2), xN).

Fix any integer j ≥ 2 we set ℓ̂ : [a, b]×RN ×R → R∪ {+∞} by: for all (t, z, u) ∈
[a, b]× RN × R,

ℓ̂(t, z, u) :=

{
Λ̂
(
t, z, x

(N)
∗ (t)
u

)
u, if x(N)

∗ (t) is defined and u ∈ [1/j, j],

+∞, otherwise.

We also consider the following control problem, which differs from (CP) since
it allows to consider extended valued Lagrangians and incorporates the ‘control
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constraint’ in the integral term:

(CP2)



Minimize J(z, u) :=
∫ b

a

ℓ̂(s, z(s), u(s))ds,

over arcs z ∈ W 1,1([a, b],RN)

and L-measurable functions u : [a, b] → R such that:
ż(s) = f(s, z(s), u(s)), for a.e. s ∈ [a, b],

z(a) = (a, x∗(a), ẋ∗(a), . . . , x
(N−2)
∗ (a)),

z(b) = (b, x∗(b), ẋ∗(b), . . . , x
(N−2)
∗ (b)),

Observe that ℓ̂ is an extended valued function (the value +∞ might arise for some
t ∈ [a, b], even if u ∈ [1/j, j]), so we cannot invoke [6, Theorem 22.26]. However,
the structure of the function f allows us to employ the hybrid maximum principle
[5, Theorem 5.3.1].

The definition of ℓ̂ has the following consequence: any admissible trajectory/con-
trol pair (z, u) to (CP2) with a finite cost is also an admissible trajectory/control
pair for (CP). This gives the same minimizing property to the pair (z∗, u∗) for
the problem (CP2).

Lemma 5.1. The pair (z∗, u∗) is a local W 1,1-minimizer for (CP2).

We check that all the relevant hypotheses of [5, Theorem 5.3.1] are satisfied. First
of all, we observe that the function f is Lebesgue measurable in the time variable
t, and continuously differentiable with respect to (z, u).

We claim that ℓ̂(t, ·, ·) is lower semicontinuous for all t ∈ [a, b].

Fix any t ∈ [a, b]. We can assume that x(N)
∗ (t) exists otherwise the lower semi-

continuity is an immediate consequence of the definition of ℓ̂. Take any point
z=(z0, ..., zN−1) ∈ RN and u∈R. Assume first that u∈ ]−∞, 1/j[ or u∈ ]j,+∞[.
Since ]−∞, 1/j[ and ]j,+∞[ are open subsets, the definition of ℓ̂ yields:

+∞ = lim inf
(z′,u′)→(z,u)

ℓ̂(t, z′, u′) ≥ ℓ̂(t, z, u) = +∞.

Now assume that u ∈ [1/j, j] and z0 ∈ ]a, b[. Recalling that Λ̂ satisfies (S∞
x∗)(i), we

have:

lim inf
(z′,u′)→(z,u)

ℓ̂(t, z′, u′) ≥ lim inf
{(z′,u′)→(z,u) : , u′∈[1/j,j]}

ℓ̂(t, z′, u′)

= lim inf
{(z′,u′)→(z,u) : , u′∈[1/j,j]}

Λ̂

(
t, z′,

x
(N)
∗ (t)

u′

)
u′

≥ Λ̂

(
t, z,

x
(N)
∗ (t)

u

)
u = ℓ̂(t, z, u).
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On the other hand, if u ∈ [1/j, j] and z0 ≤ a or z0 ≥ b, then using the definition
of Λ̂ and (S∞

x∗) (i), we once again obtain that:

lim inf
(z′,u′)→(z,u)

ℓ̂(t, z′, u′) ≥ ℓ̂(t, z, u),

confirming the claim.
We proceed to check that the appropriate growth conditions are satisfied by f
and ℓ̂. From the global version of (S∞

x∗) (iii) (see (29)), there exist strictly positive
constants c, λ and d ∈ L1([a, b],R+) such that, for all (t, (s̄, x̄0, . . . , x̄N−2), xN) ∈
E × RN × R,

|ζ| ≤ c
(
|(1, x̄1, . . . , x̄N−2, x

(N−1)
∗ (t))|

+ Λ̂(t, (s̄, x̄0, . . . , x̄N−2), xN) + λ|xN |
)
+ d(t), (30)

for any ζ ∈ ∂Ps,x0,...,xN−2
Λ̂(t, (s̄, x̄0, . . . , x̄N−2), xN).

Take a bounded subset K of RN . Let (t, z, u) ∈ [a, b]×K×R such that ℓ̂(t, z, u) <
+∞. We have ‖∇zf(t, z, u)‖ = u‖AN‖ ≤ j‖AN‖.

We claim that there exist cK > 0 and dK ∈ L1([a, b],R), such that, for all (ν, ψ) ∈
∂P(z,u)ℓ̂(t, z, u), we have:

|ν|(1 + ‖∇uf(t, z, u)‖)
1 + |ψ|

≤ cK

(
|f(t, z, u)|+ ℓ̂(t, z, u) + dK(t)

)
.

Observe that it is enough to prove that for all ν ∈ ∂Pz ℓ̂(t, z, u):

|ν|(1 + ‖∇uf(t, z, u)‖) ≤ cK

(
|f(t, z, u)|+ ℓ̂(t, z, u) + dK(t)

)
. (31)

Fix any ν ∈ ∂Pz ℓ̂(t, z, u). We can find ζ ∈ ∂Ps,x0,...,xN−2
Λ̂
(
t, z, x

(N)
∗ (t)/u

)
such that

ν = uζ. Moreover, from (30) we obtain (recall that z = (z0, . . . , zN−1)):

|ζ| ≤ c
(∣∣∣(1, z2, . . . , zN−1), x

(N−1)
∗ (t)

)∣∣∣
+ Λ̂

(
t, (z0, . . . , zN−1), x

(N)
∗ (t)/u

)
+
λ

u
|x(N)

∗ (t)|
)
+ d(t). (32)

Note that since z ∈ K and x(N−1)
∗ (·) is bounded on [a, b], for some constant c̃ > 0,

we also have:

1 + ‖∇uf(t, z, u)‖ = 1 + |ANz + b(t)| ≤ 1 + |(1, z2, . . . , zN−1, x
(N−1)
∗ (t))| ≤ c̃.

Hence from (32) we have:

|ν|(1 + ‖∇uf(t, z, u)‖) ≤ c̃c
(
|f(t, z, u)|+ ℓ̂(t, z, u) + λ|x(N)

∗ (t)|+ j

c
d(t)

)
.
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Recalling that t 7→ λ|x(N)
∗ (t)| is in L1([a, b],R) since x∗ ∈ WN,m([a, b],R), we

define dK(·) := j
c
d(·) + λ|x(N)

∗ (·)| and cK := c̃c, confirming (31).
To better handle the abnormal case that can arise from the maximum princi-
ple, we need some information about the first coordinate of ∂∞(z,u)ℓ̂(t, z∗(t), 1) and
∂L(z,u)ℓ̂(t, z∗(t), 1), which are provided by the following lemma.

Lemma 5.2. (1) For a.e. t ∈ ]a, b[, if (ν, ψ) ∈ ∂∞(z,u)ℓ̂(t, z∗(t), 1) then ν = 0.
(2) For a.e. t ∈ ]a, b[, if (ν, ψ) ∈ ∂L(z,u)ℓ̂(t, z∗(t), 1) then |ν| ≤ β(t).

Proof. (1) Recalling the characterization [13, Theorem 4.6.2] of asymptotic lim-
iting subgradients, there exist a sequence (zi, ui)i∈N such that ℓ̂(t, zi, ui) < +∞
for all i ∈ N and (zi, ui) −−−−→

i→+∞
(z∗(t), 1), a sequence (hi)i∈N of positive real num-

bers such that hi ↓ 0, and a sequence (νi, ψi)i∈N in RN+1 for which the following
property is satisfied:

∀i ∈ N, h−1
i (νi, ψi) ∈ ∂P(z,u)ℓ̂(t, z

i, ui) and (νi, ψi) −−−−→
i→+∞

(ν, ψ).

For each i ∈ N, there exists a vector ζi ∈ ∂P(s,x0,...,xN−2)
Λ̂
(
t, zi, x

(N)
∗ (t)
ui

)
such that

h−1
i νi = uiζi. Also, from the definition of Λ̂ and hypothesis (S∞

x∗) (iv) for Λ, there
exists it ∈ N for which:

|ζi| ≤ β(t), for all i ≥ it.

Hence we obtain: |ν| ≤ lim sup
i→+∞

uihi|ζi| ≤ lim sup
i→+∞

uihiβ(t) = 0,

which implies ν = 0.
(2) There exist a sequence (zi, ui)i∈N such that (zi, ui) −−−−→

i→+∞
(z∗(t), 1) and

ℓ̂(t, zi, ui) −−−−→
i→+∞

ℓ̂(t, z∗(t), 1) and a sequence (νi, ψi)i∈N in RN+1 satisfying:

(νi, ψi) −−−−→
i→+∞

(ν, ψ) and (νi, ψi) ∈ ∂P(z,u)ℓ̂(t, z
i, ui), for all i ∈ N.

As in the proof of (1), for all i ∈ N, there exists ζi ∈ ∂P(s,x0,...,xN−2)
Λ̂
(
t, zi, x

(N)
∗ (t)
ui

)
such that νi = uiζi.
From (S∞

x∗)(iv), there exists it ∈ N for which |ζi| ≤ β(t), for all i ≥ it. Hence we
obtain |ν| = limi→+∞ ui|ζi| ≤ β(t), which concludes the proof of Lemma 5.2.

For η ≥ 0, we define the Hamiltonian of the problem (CP2):

Ĥη(t, z, p, u) = p · f(t, z, u)− ηℓ̂(t, z, u)

= u
(
p0 + p1z2 + p2z3 + . . . pN−2zN−1 + pN−1x

(N−1)
∗ (t)

)
− ηℓ̂(t, z, u).
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Applying [5, Theorem 5.3.1] to (CP2) for each j ≥ 2, there exist an arc p j =

(p j
0 , . . . , p

j
N−1) ∈ W 1,1([a, b],RN), a scalar η j ∈ {0, 1} and a set of full measure

Ej ⊂ [a, b] such that the following conditions hold:
(i) The nontriviality condition: (η j, p j(t)) 6= 0, for all t ∈ [a, b],

(ii) The maximality condition:
for all u ∈ [1/j, j] s.t. Λ(t, x∗(t), . . . , x

(N−1)
∗ (t), x

(N)
∗ (t)/u) < +∞,

Ĥη j

(t, z∗(t), p
j(t), u∗(t)) ≤ Ĥη j

(t, z∗(t), p
j(t), u), for all t ∈ Ej, (33)

(iii) The adjoint inclusion: for all t ∈ Ej, ṗ j(t) ∈

co
{
ω∈RN :

(
ω+AT

Np
j(t), f(t, z∗(t), 1) · p j(t))

)
∈∂L,η

j

(z,u) ℓ̂(t, z∗(t), 1)
}
, (34)

where ∂L,η
j

(z,u) ℓ̂(t, z∗(t), 1) = ∂∞(z,u)ℓ̂(t, z∗(t), 1) if η j = 0, and ∂L(z,u)ℓ̂(t, z∗(t), 1)

if η j = 1.
In particular from (33), we obtain the following equation: for a.e. t ∈ Ej and
every u ∈ [1/j, j] such that Λ

(
t, x∗(t), . . . , x

(N−1)
∗ (t), x

(N)
∗ (t)/u

)
< +∞,

η jΛ

(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
u− η jΛ

(
t, x∗(t), . . . , x

(N)
∗ (t)

)
≥ (u− 1)

(
p j
0 (t) + p j

1 (t)ẋ∗(t) + . . .+ p j
N−1(t)x

(N−1)
∗ (t)

)
. (35)

Observe that condition (35) can be expressed using Λ instead of Λ̂ since, from the
definition of Λ̂, we have

Λ̂
(
t,
(
t, x∗(t), . . . , x

(N−2)
∗ (t)

)
,
x
(N)
∗ (t)

u

)
= Λ

(
t, x∗(t), . . . , x

(N−1)
∗ (t),

x
(N)
∗ (t)

u

)
.

5.2. Compactness argument

Let I be the set I := {j ≥ 2, η j = 0}. Two cases may occur: I is either infinite
or finite.
Assume first that I is infinite. Then we can extract a subsequence (we do not
relabel) such that (p j, η j)j≥2 satisfies ηj = 0 for all j ≥ 2. Then by nontriviality,
p j(t) 6= 0 for all j ≥ 2 and all t ∈ [a, b]. For all j ≥ 2, we define p̃ j(t) := p j(t)

∥p j∥∞ .
Using (34) and property 1) of Lemma 5.2, we have that:

| ˙̃p j(t)| ≤ |AT
N p̃

j(t)| ≤ ‖AN‖ for all j ≥ 2 and for all t ∈ Ẽ ,

where Ẽ :=
⋂

j≥2Ej is a set of full measure. This implies that the sequence ( ˙̃p j)j≥2

is equi-integrable. Then there exists (p̃, η̃) ∈ W 1,1([a, b],RN)× {0} such that, for
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a subsequence we do not relabel, (p̃ j)j≥2 converges to p in L∞([a, b],RN), ( ˙̃p j)j≥2

converges to ṗ weakly in L1([a, b],RN) and (η̃ j)j≥2 converges to 0.
Since ˙̃p j(t) = −AT

N p̃
j(t) for all j ≥ 2 and a.e. t ∈ [a, b], we invoke [13, Thm 2.5.3]

and obtain that ˙̃p(t) = −AT
N p̃(t) for a.e. t ∈ [a, b]. Recalling that ‖p̃‖∞ = 1, this

implies that p̃(t) 6= 0 for all t ∈ [a, b].
Passing to the limit in (35), we have that for almost every t ∈ [a, b],

(u− 1)(p(t) · f(t, z∗(t), 1)) ≤ 0, for all u ∈ ]0,+∞[

such that Λ
(
t, x∗(t), . . . ,

x
(N)
∗ (t)

u

)
< +∞.

Then, invoking hypothesis (S∞
x∗)(ii), we then obtain p(t) · f(t, z∗(t), 1) = 0 for

a.e. t ∈ [a, b], and by the continuity of p(·), x∗(·), . . . , x(N−1)
∗ (·), we derive that

p(t) · f(t, z∗(t), 1) = 0 for all t ∈ [a, b]. Using Lemma 4.6, we deduce that x∗(·) is
a polynomial function whose degree is less or equal to N − 1.
Assume now that I is finite. Extracting a subsequence if so needed, we can
assume that ηj = 1 for all j ≥ 2. We define αj := ‖p j‖∞ + 1 for all j ≥ 2 and
(p̃ j(t), η̃ j) := α−1

j (p j(t), η j). We obtain that, for a.e. t ∈ [a, b]

˙̃p j(t)∈co
{
ω∈RN :

(
ω+AT

N p̃
j(t), f(t, z∗(t), 1) · p̃ j(t))

)
∈α−1

j ∂L(z,u)ℓ̂(t, z∗(t), 1)
}
.

As a consequence of property (2) of Lemma 5.2, we deduce that:

| ˙̃p j(t)| ≤ ‖AN‖+ α−1
j β(t) ≤ ‖AN‖+ β(t), for a.e. t ∈ [a, b].

This implies that the sequence ( ˙̃p j)j≥2 is equi-integrable. Then there exists a
pair (p̃, η̃) ∈ W 1,1([a, b],RN) × [0, 1] such that, for a subsequence (we do not
relabel), (p̃ j)j≥2 converges to p̃ in L∞([a, b],RN), ( ˙̃p j)j≥2 converges to ˙̃p weakly in
L1([a, b],RN) and (η̃ j)j≥2 converges to η̃.
Employing a standard argument (cf. [13, pages 250–251]), we obtain that for a.e.
t ∈ [a, b]:

˙̃p(t) ∈ co
{
ω ∈ RN :

(
ω + AT

N p̃(t), f(t, z∗(t), 1) · p̃(t))
)
∈ η̃∂L(z,u)ℓ̂(t, z∗(t), 1)

}
.

If η̃ = 0, we proceed as in the first case, and conclude by Lemma 4.6 that x∗(·)
is a polynomial function whose degree is less or equal to N − 1. If η̃ > 0, then
p := η̃−1p̃ satisfies (7) and (W) of the theorem.

6. Proof of Theorem 3.6

Regularity of the minimizer. From Theorem 3.1 or 3.2, we deduce that x∗(·)
is a polynomial function or that the Weierstrass condition (W) is satisfied. If x∗(·)
is a polynomial function, then x

(N)
∗ (·) is obviously essentially bounded on [a, b].

We therefore assume without restriction that condition (W) is valid for an arc
(p0, . . . , pN−1) ∈ W 1,1([a, b],RN). From Corollary 3.4, condition (Wr) is satisfied
for the same arc (p0, . . . , pN−1).
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Recalling the definition of L and ∂rL, (Wr) implies that for a.e. t ∈ [a, b]:

Λ
(
t, x∗(t), . . . , x

(N)
∗ (t)

)
−
(
p0(t) + p1(t)ẋ∗(t) + . . .+ pN−1(t)x

(N−1)
∗ (t)

)
∈ ∂rL(t, x

(N)
∗ (t), 1). (36)

Let Q : [a, b]× R → R be a map such that for a.e. t ∈ [a, b]

Q(t, x(N)
∗ (t)) = Λ

(
t, x∗(t), ..., x

(N)
∗ (t)

)
−
(
p0(t)+p1(t)ẋ∗(t)+....+pN−1(t)x

(N−1)
∗ (t)

)
.

We set M := 1 + ‖p0 + p1ẋ∗ + . . . + pN−1x
(N−1)
∗ ‖∞. From the growth condition

(Gx∗), we can find a set of full measure E ⊂ [a, b], and a constant R > 0 satisfying:

∀(t, ξ)∈E×R, Q(t, ξ)∈∂rL(t, ξ, 1), |ξ| ≥ R ⇒ |Λ(t, x∗(t), ..., ξ)−Q(t, ξ)| ≥M,

that is to say:

∀(t, ξ) ∈ E × R, Q(t, ξ) ∈ ∂rL(t, ξ, 1), |ξ| ≥ R

⇒ |p0(t) + p1(t)ẋ∗(t) + ...+ pN−1(t)x
(N−1)
∗ (t)| ≥M.

From the definition of M , we immediately deduce that |x(N)
∗ (t)| ≤ R for a.e.

t ∈ [a, b], which concludes the proof of the theorem.
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