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THE DEGREE OF THE TANGENT AND SECANT VARIETY TO
A PROJECTIVE SURFACE

ANDREA CATTANEO

ABSTRACT. In this paper we present a way of computing the degree of the
secant (resp., tangent) variety of a smooth projective surface, under the as-
sumption that the divisor giving the embedding in the projective space is
3-very ample. This method exploits the link between these varieties and the
Hilbert scheme 0-dimensional subschemes of length 2 of the surface.

INTRODUCTION

In this paper we study the link between the secant variety of a smooth projective
complex surface S and the Hilbert scheme of 0-dimensional subschemes of length 2
of S. In particular, when the embedding of S in the projective space P™ is given by a
2-very ample divisor, then (cf. [12]) we can identify the Hilbert scheme Hilb* S with
the subvariety of the Grassmannian G(1,n) parametrising all the secant lines to S.
We can then write (the class of) Hilb? S as a linear combination of Schubert cycles
of G(1,n), and we expect the coeflicients of this linear combination to have some
geometric meaning. In particular, they should reflect how the surface is embedded
in P*. As a consequence, denoting by h the very ample divisor which embeds S
in P™, we expect these coefficients to depend both on some intrinsic invariant of
the surface, such as K2, and on some properties of the embedding, such as the
degree h? of the embedded surface. Our purpose is then to explicitly compute
these coefficients and give also their enumerative interpretation: it turns out that
one of them is exactly the degree of the secant variety of the embedded surface,
whose value is computed in Theorem [5.1

Under the assumption that the divisor A is 3-very ample, we can study in an
analogous way the subvariety of the Grassmannian G(2,n) parametrising the tan-
gent planes to S (i.e., the image of the Gauss map of S). As a result, we give a
formula for the degree of the tangent variety to S in Theorem [(.31
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We shall say that these results can be obtained also in other more classical ways,
for example as an application of the double point formula (see, e.g., [I14, Theorem
9.3] or [I1} §0]), but in our exposition we want to emphasize and exploit the link
between the enumerative properties of the surface S and the geometry of its Hilbert
scheme Hilb? S. Nevertheless, our formulae are quite simple and explicit and we
can easily apply them to some examples of special interest: the case of a generic
projective K3 surface and the case of the Veronese surfaces in P".

Our method, in principle, can also be used to study higher secant varieties to
surfaces embedded by k-very ample divisors, but there are some difficulties. First
of all, the growth of the dimension of the higher secant varieties forces one to work
with higher-dimensional Schubert cycles in the Grassmannian G(k — 1,n), which
leads to a corresponding growth in the complexity of the computations. Moreover,
in this paper we exploit a fact which is peculiar of the Hilbert scheme Hilb* S,
namely that it can be defined as a quotient of the blow up of S x S in the diagonal.
This is not the case for Hilb" S with k > 2 (cf. Remark [T)), and as a consequence
in order to compute the degree of the higher secant varieties one needs to be more
careful with the intersection theoretic arguments we propose here.

The structure of the paper is as follows. In Section [Tl we recall the construction
of the secant variety and of the Hilbert scheme of a projective surface, explaining in
the last part the relation between them. In Section 2] we give some general results
on the secant variety to a projective surface: in particular, we determine the class of
the variety parametrising the secant lines to .S in the corresponding Grassmannian;
we give an explicit enumerative interpretation of all the coefficients involved and
compute all of them except the one corresponding to the degree of the secant variety
of the surface. In Section [3] we focus on the subvariety parametrising the tangent
planes to the surface: writing its class in the cohomology ring of the Grassmannian
as a combination of Schubert cycles, we can provide an enumerative interpretation
of the coeflicients which appear. In Sectionwe recall some facts on the intersection
theory in the Hilbert scheme, and determine the intersection number we will need
in Section Al to compute the degree of the secant and tangent variety. In Section [
we exploit a linear relation and the intersection numbers computed in the previous
Sections to prove our main results: in Theorem [5.I] we compute the degree of the
secant variety and in Theorem [5.3] the one of the tangent variety. Finally, in Section
we specialise our result in two concrete situations, the one of K3 surfaces and of
the image of P? under the m-th Veronese embedding.

Conventions. Throughout we will work over the field C of complex numbers.
Moreover, we always implicitly assume that the embedded surfaces are non-defec-
tive, meaning that their secant and tangent variety have the expected dimension,
ie., dimSecS = 5 and dim Tan S = 4 (this will be a harmless constraint, see the
discussion in Section[6.2)). As a consequence, from Section 2] we will always consider
surfaces S C P" with n > 5.

1. THE SECANT VARIETY AND THE HILBERT SCHEME

In this Section we briefly recall the definition and the construction of the secant
variety SecS to a smooth projective surface S as well as of the Hilbert scheme
Hilb? S parametrising the 0-dimensional subschemes of length 2 of S. Our main
references are [I3] §1(a)] and [} §6] respectively.
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We introduce here the notation we use throughout the paper for the Grass-
mannians: Grass(k,n) denotes the Grassmannian parametrising the k-dimensional
subspaces of a complex n-dimensional vector space, while G(k, n) denotes the Grass-
mannian parametrising the k-dimensional subspaces of a complex n-dimensional
projective space. Hence G(k,n) = Grass(k 4+ 1,n + 1).

1.1. The secant variety. Let S C P" be a smooth projective surface, which is
not contained in any hyperplane. Consider the map

f: (Sx9NAs — G(1l,n)
(P,Q) —  line (P, Q),

where Ag is the diagonal of S x S. Let T'(S) be the closure of the graph of f in
P"xP"x G(1,n), and 3(S) be the image of I'(S) in G(1,n) under the projection on
the last factor. Then 3(S) is the subset of the Grassmannian which parametrises
the lines which are secant to S.

In order to define the secant variety, we consider the incidence variety

I={(z,]) eP" xG(1,n) |z el},

and restrict it to the set of secant lines: we let ¥ B(S) be the inverse image in I of
3(S) under the projection on the second factor. The secant variety, Sec S, of S is
the image of ¥B(S) in P™.

We have then the following situation (we denote by pr the projections, and use
the subscripts to indicate the factors):

P" x P" x G(1,n) D r(S) $B(S) CICP"xG(1,n)
% pr3 pr2 pr1
S xS 3(S) Sec S

We recall that

(1) priz is the blow up of S x S along Ag;

(2) prs is generically finite, and if the generic secant line cuts S in m distinct
points, then it is m(m — 1) : 1. In particular:
(a) if n =3, and S is a surface of degree d, then m = d,
(b) if n > 3, then by [13, Theorem 1.8] or [I7, Corollary 2.7, Corollary 2.8]

we have m = 2, and so prs is 2 : 1;
(3) pro is a Pl-bundle;
(4) the fibre pr *(x) represents all the secants passing through = € Sec S.

1.2. The Hilbert scheme. Let S be a projective surface. The (second) symmetric
product S of S is the quotient of S x S by the involution exchanging the two
factors: it is the variety representing the effective 0-dimensional cycles on S, and
it is singular along the image of the diagonal. Let ¢ : Hilb®>.S — S® be the
blow up of the singular locus. We obtain then a smooth variety, whose points
parametrize the O-dimensional subschemes of length 2 of S. The morphism ¢ is
called the Hilbert-Chow morphism.

Another way to define the Hilbert scheme Hilb? S is to blow up S x S along the
fixed locus of the involution, i.e., the diagonal Ag, and then take the quotient of
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the blown up variety by the induced involution. This leads to the commutative
square

SxS—"-85x%x8 (2)

|k
Hilb? § —=—~ 5@,

and we recall that the action induced on §_>\</S by the one on S x S acts as the
identity on the exceptional divisor.

Remark 1.1. We can define Hilb* S as the variety parametrising the 0-dimensional
subschemes of S of length k. The first of the two constructions we recalled for
Hilb? S generalises to the Hilbert schemes Hilb* S. However, the second one does
not generalise: call A;; the subset of S* of the k-uples (z1,...,2;) with x; = z;,
and let A =7 (U” Aij); then A is the singular locus of S and e coincides

with the blow up of A only on an open part of S*) (the image in S of the set
of k-uples with at most two equal entries), whose complement has codimension at
least 3 (cf. [, §6, p. 766]). Because of this, the methods we will describe may be
hard to generalise to higher dimensional secant varieties.

1.3. k-very ampleness. We now recall the concept of k-very ampleness (cf. [8]
§2] and [12]). Let S be a surface, and h be a divisor on it. Fix a 0-dimensional
subscheme Z of S of length k + 1, defined by the ideal sheaf 7z, and consider the
exact sequence

0—7Z7®0g(h) — Og(h) — Oz @ Og(h) — 0.
This sequence induces the long cohomology sequence
0 — H°(S,I,005(h)) — H°(S,05(h)) =% H*(Z,0;005(h)) — ..., (3)

and we say (cf. [I2] Definition 0.1(iii)]) that h is k-very ample if the restriction map
resz in @) is onto for every 0-dimensional subscheme Z of length at most k + 1.

It is immediate to see that O-very ampleness is equivalent to global generation,
and that 1-very ampleness is equivalent to very ampleness. Moreover, any (k — 1)-
very ample divisor h induces a map

©r_1 : Hilb* § — Grass(k, H*(S, Os(h))*), (4)
associating to any 0-dimensional subscheme of length k of S the point representing

the k-dimensional subspace H°(Z, Oz ® Og(h))* in H°(S, Os(h))*. The answer to
the question whether this map is an embedding is given in the following Theorem.

Theorem 1.2 ([12] Main Theorem)]). The map pr—1 defined in @) is an embedding
if and only if h is k-very ample.

1.4. The link. We begin to see the link between the Hilbert scheme and the secant
variety since the diagrams (Il) and (@) overlap:

rS)=58x58 e S xS

/ prs

Hilb? S ¥(S) C G(1,n).
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As observed, the action on S x S is the one exchanging the two factors, and
fixes the diagonal Ag. The induced action on S X S coincides with this one outside
the exceptional divisor, and fixes it pointwise. This implies that the morphism

prs : S xS — 3(S) is constant on the orbits of the action, and so we have a
morphism ¢ making the following diagram commute:

I(S)=5x5 (5)

/ prs

Hilb? § 4 (9).

We now want to compare this map with the map ¢ defined in ().

Lemma 1.3. Let h be a very ample divisor on the surface S. Then the maps @1

of @) and ¢ of @) coincide.

Proof. Since both ¢, and ¢ are morphisms, it suffices to show that they agree set-
theoretically on a dense open subset of Hilb?S. We will consider then the open
subset obtained as the complement to the exceptional divisor of the Hilbert—Chow
morphism . This open set parametrises the length 2 subschemes of S supported
on two distinct points.

Use h to embed S in P* = P(H°(S,Os(h))*). Let Z be a 0-dimensional sub-
scheme of S of length 2, defined by the ideal sheaf Iﬂhose support consists of

the distinct points P and Q. Consider then (P, Q) € S x S a lift of Z, and observe

that via the identification S x S = T'(S) this point corresponds to (P, Q, (P, Q)).
As a consequence, pri3(P,Q, (P, Q)) = (P,Q), and since this expression is clearly
symmetric in P and @) we deduce that

©(Z) = line through Z in P(H’(S, Os(h))*)

on this open subset.

We will now show that ¢;(Z) admits the same description on the open subset we
are considering. Since Og(h) is a very ample line bundle on S, we have the short
exact sequence

0 — H°S, Tz ® Og(h)) — H°(S,05(h)) — H*(Z,0, @ O5(h)) — 0,
whose dual
0 — HY(Z, 0z ® Og(h))* — H°(S,05(h))* — H"(S,Tz ® Og(h))* — 0
shows that HY(Z,0z ® Og(h))* = Ann H°(S,Zz @ Og(h)). But then

01(Z) = line P(H*(Z,0z @ Os(h))*) in P(H°(S, Og(h))*) =
= line P(Ann HY(S,Z; ® Og(h))) in P(H?(S, Og(h))*) =
= line through Z in P(H®(S, Og(h))*).

O

Corollary 1.4. Let h be a very ample divisor on the surface S. Then the morphism
v of (@) is an embedding if and only of h is 2-very ample.

Proof. In fact this is true for @1 of @) by Theorem [[.2l O
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Remark 1.5. Let S be a surface embedded in P" by means of the very ample
divisor h. The map i1 defined in (@) associates to any 0-dimensional subscheme
Z of length k of S the point representing the linear subspace of P" spanned by Z,
i.e., the unique (k — 1)-dimensional linear subspace of P" containing Z.

Thanks to this geometric description it is now easy to see that if the embedding
of S in P" is given by a 2-very ample line bundle, then (the image of) S contains
no lines.

Proposition 1.6 (|6} (0.5.1)]). Let S be a surface and h be a very ample divisor
on it. If there exists a divisor | such that | ~P' and deg Og(h)|, = 1, then h is not
2-very ample.

Proof. This Proposition is a classical result on k-very ampleness (see, e.g., [§] or [6l
(0.5.1)]), it also follows directly from the geometric description of the map ¢ given
in the proof of Lemma [[L3] as we show now.

Assume by contradiction that h is 2-very ample. In particular, it is very ample
and so embeds S in P" = P(H°(S, Og(h))*) in such a way that [ is a line contained
in S. From Lemma [[3 we deduce that the map ¢ is constant on Hilb?{ C Hilb? S,
with value the point of G(1,n) corresponding to the line I, thus contradicting the
fact that ¢ is an embedding. O

Remark 1.7. Assume that S is embedded in P"™ by means of a k-very ample
divisor h, with k > 2. This embedding has the property that for any 0-dimensional
subscheme Z of S of length k, the linear subspace spanned by Z intersects S exactly
in Z (a priori, it could have cut on S a subscheme of higher length containing 7).
In particular:

(1) If k > 2, then for any 0-dimensional subscheme Z of S of length 2 the secant
line spanned by Z has no further intersections with S. As a consequence,
a tangent line meets S only in the tangency point, and so we deduce that
for any P € S we have TpS NS = {P}.

(2) If k > 3, then for any pair of distinct 0-dimensional subschemes Z, Z’ of
S of length 2, the secant lines spanned by Z and Z’ are either disjoint or
they meet in a point of S. In fact, if they intersect away from S, then
these two lines span a plane which contains a length 4 subscheme of S,
which contradicts the 3-very ampleness of h. As a consequence, each point
in Sec S \ S belongs to one and exactly one secant line. In particular,
any pair of tangent planes are disjoint, i.e., for P, € S we have that
TpSNTgS # @ if and only if P = Q.

2. THE SECANT VARIETY IN THE GRASSMANNIAN

In this Section we want to present a strategy to determine the degree of the
secant variety of a smooth surface.

Let S be a smooth projective surface, embedded in P by means of the very ample
divisor h: call d = h? the degree of S in P™. In this Section we assume that n > 5
and that h is 3-very ample: as a consequence we have Hilb* S ~ %(S) C G(1,n).
We want to determine the class [X(.5)] of ¥(S) in the cohomology ring of G(1,n),
so we begin this Section describing the Schubert cycles we are interested in the
Grassmannian.
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As a matter of notation, we will denote by A a generic k-dimensional linear
subspace of P*, and given a subvariety W in a manifold V' we denote by [W] the
class of W in the cohomology ring of V.

Throughout this Section, we refer to [15] §1.5] both for the notation for Schubert
cycles (04,,... q),) and the intersection theoretic properties that we use. In particular,
we recall that the Schubert cycle oq, .. o, in Grass(k,n) parametrises all the Ay C
V,, such that

.....

dim(Ap N Lyp—jg1-a;) >0 for all ¢,

where V,, is a complex vector space of dimension n and 0 = Ly C L; C ... C
L, 1CL,=YV, is a complete flag in V,.

2.1. The variety of secant lines in the Grassmannian. The dimension of
Grass(2,n + 1) is 2(n — 1), and the Pliicker map embeds it in PV ~! with N =
(";‘1) = @ The Pliicker embedding is induced by the linear system associated
to the Schubert cycle 01,0, which represents (i.e., its points are in bijection with)
all the lines in P" which meet a fixed A,,_2. This means that

(n+2)(n—1) .
P =5, :G(1,n) —P 2 , P*(H) = 01,0,
where P is the Pliicker embedding and H is a hyperplane in P".
There are three Schubert cycles of codimension 4 in G(1,n):

(1) 04,0, which represents all the lines in P meeting a fixed A,,_s5;

(2) 03,1, which represents all the lines in P" contained in a fixed A,,—; and
meeting a fixed A,,—4 C A,_1;

(3) 02,2, which represents all the lines in P™ contained in a fixed A,_s.

There are three Schubert cycles of dimension 4, i.e., of codimension 2(n — 3), in
G(1,n):
(1) 0p—1,n—5, which represents all the lines in P" contained in a fixed As;
through a fixed point P € As;
(2) 0n—2.n—a, which represents all the lines in P" contained in a fixed A4 and
meeting a fixed line Ay C Ay;
(3) on—3n—3, which represents all the lines in P" contained in a fixed Ag.

Remark 2.1. We have then that o,_3 ,—3 ~ G(1,3), that 0,,—2 ,—4 is isomorphic
to the Schubert cycle 029 C G(1,4) and finally that 0,1 ,,_5 ~ P*.

These Schubert cycles intersect according to Table [

L~ louofosifons]
On—1,n—5 1 0 0
On—2n—4 0 1 0
On—3n—3 0 0 1

TABLE 1. Intersection table of the Schubert cycles of dimension
and of codimension 4 in G(1,n).

Since h is at least 2-very ample on S, we can write

[Z(S)] = Q0p—-1,n-5 + ﬂgn72,n74 + YOn—-3,n—3, (6)
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and we want to compute the coeflicients «, 8 and . Thanks to table [I we have
that

a=[X(9)] 010, B=[ES) 031, 7=I[E(9)] 022
By the 2-very-ampleness of h (and Remark [[7)), a line cutting S in 2 points can
not have further intersections with S, and so we can characterize ¥(S) C G(1,n)

" 2(S) ={l € G(1,n) |length(INS) = 2}. (7)

2.2. Enumerative meaning of the coefficients. In this Subsection we give an
enumerative meaning of the coefficients «, 5 and 7 introduced in (@). We compute
two of them in this Section in terms of numerical properties of the surface, and
compute the last one in Section [B

We start by determining +. Since v = [E(S)] - 02,2, by (@) it coincides with the
number of lines in P™ which are contained in a given A,,_5 and meet S in 2 points.
Now, a generic A,,_5 cuts d = h? distinct points on S, and so we have at most (g)
lines. Since h is at least 2-very ample, no three of those points lie on the same line
(cf. Remark [[7]), hence this gives a proof of the following Lemma.

Lemma 2.2. The value of the coefficient ~v in (@) is

1h2(h2 —1).

7:2

Now we determine .

Remark 2.3. In this Remark we explain an easy consequence of the Jacobian
criterion for smoothness, which will be used in the proof of Lemma 2.4 and Lemma
Let S C P™ be a smooth variety and let H be a smooth hypersurface not
containing S. Let P € SN H: choosing a set of (local) equations fi,..., fi, for S
and an equation f for H which are centred in P, we have that P is singular for
SN H if and only if

o5 S or
8x0|P 6177,‘P
g-ﬁ g-L
rk ol o le <n-—dim(SNH)=n—dimS + 1.
Ofw ... Ofn
aIQ‘P 81777,IP

As the submatrix (afi ) has rank n — dim S since P is a smooth point,
1<i<m

Ox Ip
0<j<n
hence the condition that P is singular for SN H becomes equivalent to TpS C TpH.
In the following, we will use this observation when S is a smooth non-degenerate

surface and H a is hyperplane.

Since 8 = [2(5)] - 03,1, by ([@) it coincides with the number of lines in P" which
are contained in a given A, _1, meet a given A,,_4 C A,_1 and cut S in 2 points.

Lemma 2.4. Let S C P" be a surface embedded by a 3-very ample divisor h. Let
C = SNA,—1 be an irreducible smooth hyperplane section of S. Then the coefficient
B in [@) coincides with the degree of the secant variety of C in Ay,—1, and its value
18
1
B= 5(h?(hz’ —4) —h-Kg).
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Proof. For a generic choice of A,,_1 C P, the curve C = SNA,,_1 is an irreducible
and smooth curve of genus

1
9(C) =1+ 5h- (K5 + ),

where K is a canonical divisor on S, and its degree in A,,_; is d = h2.
A line [ contained in A, _; and meeting S in a length 2 subscheme can be of the
following types:

(1) 1is a secant of C;
(2) 1 is a tangent of C;
(3) 1 is tangent to S in a point P of C, but [ is not the tangent of C' at P.

Assume we are in the third case: then A,,_; contains [ and the tangent line TpC to
C at P, since C is smooth. Then A, _1 contains the linear subspace generated by
these two lines in A,,_1, i.e., TpS, and by Remark[2.3]this implies that C is singular
at P, which is a contradiction. Hence a line [ C A, _1 meeting S in 2 points is of
the first or second kind. Then [ is contained in the secant variety of C'in A,,_1.

The secant variety Sec C' is a threefold contained in A,,_1, and so  can as well be
computed as the degree of SecC' in A,,_1: a generic linear subspace of codimension
3 meets this secant variety in a point which is not on C, and such a point uniquely
determines a secant line by the 3-very ampleness of h by Remark [[71 By [13
Theorem 4.3] or [I, Theorem 3.5], the degree of the secant variety to a smooth
curve of genus g and degree d is

deg Sec C = (d;1> - g,

which in our case says that
1
B = 5(h2(h2 —4)—h-Kg).
O

The proof of Lemma 24] can be adapted to show that the coefficient « in (@) is
the degree of the secant variety to S in P™.

Lemma 2.5. Let S C P" be a surface embedded by a 3-very ample divisor h. The
coefficient o in ([O)) coincides with the degree of the secant variety of S.

Proof. Since o = [2(S)] - 04,0, by (@) it coincides with the number of lines in P"
which meet a fixed A,,_5 and cut S in 2 points. The secant variety of S is 5-
dimensional, so a generic linear subspace of codimension 5 cuts Sec S in deg Sec S
distinct points which do not lie on S. By the 3-very ampleness of h and Remark [[.7]
each such point determines uniquely a secant line to S and the Lemma follows. [

(n+2)(n—1)
2

The degree of ¥(S) in P under the Pliicker embedding P can easily be
computed in terms of the coefficients «, 8 and . As the restriction of the hyper-
plane class to the Grassmannian is the Schubert cycle o1, this degree coincides
with

deg(ai o - [E(S)]).

Using Pieri formula, we can compute that 0‘1110 = 04,0 +303,1 + 2022, and

deg(a o - [B(S)]) = a + 35 +27. (8)
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To determine the value of « is then the same as to determine the degree of
aio - [B(S)).

3. THE TANGENT VARIETY

In the same spirit we defined the secant variety to a surface S embedded in P™,
we can define the tangent variety to S in the following way. We consider the Gauss
map

T: S — G(2,n)
P — TPS,

and the incidence relation
I'={(z,7) e P" xG(2,n) |z € 7} CP" x G(2,n).
We denote T(S) =imT C G(2,n), and then define
Tan S = pri(pry *(T(S))) C P".

Observe that we can describe Tan S as well as the variety given by the union of all
the (embedded) tangent planes to S:

TanS = {z € P" |z € TpS for some P € S}.

Remark 3.1. Let S be a surface embedded in P" by means of the very ample
divisor h. As a consequence of Remark [[.7] we have that if H is 2-very ample then
T is injective.

3.1. The variety of tangent planes in the Grassmannian. Assume from now
on that the embedding of S in P is induced by a 2-very ample divisor h. We
want to describe T(S) in terms of the 2-dimensional Schubert cycles of G(2,n) =
Grass(3,n + 1).

We give a brief description of the Schubert cycles involved. In codimension 1
we have the cycle o1 o0, representing the set of all the planes in P" intersecting a
given A,_3. The map induced by o1, is the Pliicker embedding in PN (with
N=("31)-

In codimension 2 we have the cycles

(1) 02,00 parametrising all the planes of P™ which intersect a given A, _4;

(2) 01,1,0 parametrising all the planes of P which intersect a given A,,_» in (at
least) a line.

Finally, in dimension 2 we have the cycles

(1) on—2.n—2mn—a parametrising all the planes of P™ which are contained in a
given Ay and contain a given line A; C Ay;

(2) 0n—2.n—3n—3 parametrising all the planes of P™ which are contained in a
given A and pass through a given point P € As.

Remark 3.2. Observe that o,_2,-2,-4 is isomorphic to the Schubert cycle
02.2,0 g G(2, 4), and that On—2n—3n—3 = ]P)2.

The intersection table among these cycles is given in table
We can write

[T(S)] = 0/0'7172,7172,7174 + ﬁ/0n72,n73,n73; (9)

and we want now to determine the values of o’ and 3'.
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I - | 9200 [ 9110 |

On—2,n—2n—4 1 0
On—2,n—3,n—3 0 1
TABLE 2. Intersection table of the Schubert cycles in G(2,n).

3.2. Enumerative meaning of the coefficients. As we have the description
T(S) ={m € G(2,n) |~ is tangent to S}, (10)

we can give an enumerative meaning to the coefficients o’ and £ in ().

We start with 8’ = [T(S)] - 01,1,0, which by ([I0) corresponds to the number of
tangent planes to S intersecting an (n — 2)-dimensional linear subspace in at least
one line.

Let Ao = Ap—1NA,_;, and call C = SNA,—1 and C’ = SNA/,_;. For a generic
choice of A,,_1, A],_; we have that C' and C” are smooth curves meeting transversely
in d = h? distinct points. Let P be one of these points: then the lines TpS N A,_1
and TpS N A/ _, are distinct and meet only at P. So TpSNA,_1 NA,_, = {P},
and this means that no line contained in TpS can be contained in A, _o. As
a consequence, if we have a line contained in TpS N A,_2, we can assume that
PeS~A, .

Lemma 3.3. The point P € S~ A,,_2 is such that TpS N A,_2 is a line if and
only if there is a curve T in the pencil generated by C' and C' which is singular at

P.

Proof. Let P be a point such that TpS N A,,_5 contains a line [. Since P ¢ A,,_o,
there exists a unique hyperplane H in the pencil of hyperplanes through A,_o
passing through P. Let I' = SN H, then I" is a curve in the pencil generated by C'
and C’, and since | C ‘H and P € H we deduce that TpS C H which implies that
T is singular at P (see Remark [23]).

Viceversa, let T' be a curve in the pencil generated by C' and C’ which is sin-
gular at P. Then I' is the intersection of S with a hyperplane H in the pencil
of hyperplanes through A,,_s, and TpS C H since I' is singular at P. But then
TpSNA,_o =TpSNHNA,_1 = TpSNA,_1 is a line by the Grassmann formula. [

We can then conclude that
B= Y #Sing0),
C€Pencil in |h]
which is a number we can determine.
Lemma 3.4. The value of 8’ in @) is
B = Xtop(S) + h - (2Ks + 3h).
Proof. The surface S is embedded in P" by means of the 2-very ample divisor h,

hence for a pencil of curves in |h| the generic curve C' is smooth of genus 1 + %h .
(Kgs + h) and its topological Euler characteristic is

Xeop(C) = —h - (K + h).

The generic singular curve has only one node, and so its topological Euler charac-
teristic is —h - (Kg+ h)+ 1. Finally, the base points of the generic pencil are d = h?
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distinct points. We blow up S in these points to find a surface S having a fibration
S — P! induced by the pencil. In this setting /3’ corresponds to the number of
singular fibres, i.e., to the degree of the discriminant locus of the fibration: we can
compute this degree by means of topological methods. Denote by F' the generic
(smooth) fibre of the fibration, by A C P! the discriminant locus and by Fsing the
singular fibre over the points of A. Choosing the pencil generically, A consists of 5’
distinct points and Fgsine has only one node. Since S is obtained from the surface
S after the blow up of d points, we have that Xtop(S) = Xtop(S) + d. But then:

Xtop(S) +d = Xtop(S) =
- Xtop(]P)1 N A) * Xtop (F) + Xtop(A) * Xtop (FSing) -
= 2=-0)(h (Ks+h)+p(=h-(Ks+h)+1),
and this allows us to conclude that 5" = Xiop(S) + h? 4 2h - (K5 + h), which proves
the Lemma. O

Now we focus on o = [T(5)]-02,0,0. By ([I0) its value corresponds to the number
of tangent planes to S meeting a given (n — 4)-dimensional linear subspace A,,_4
of P™. Such a A,_4 is the intersection of 4 hyperplanes, say A,_1, A}, _;, A”_; and
A" .. it is not restrictive to assume that each of them cuts S in a smooth curve

and that A,_4, NS =a.

Remark 3.5. Under the assumption that C = S N A,_; is smooth, we have that
A, intersects any tangent space Tp.S in a line. In fact, by the Grassmann formula
we have dim(A,,—; N TpS) > 1, and finally that dim(A,—1 N TpS) = 2 if and only
if TpS C A,,—1 which happens if and only if C' is singular at P (see Remark 2.3)).
Moreover, this line is the tangent line to C' in P.

Lemma 3.6. Let S C P" be a surface embedded by a 3-very ample divisor h. The
number o in (@) is the degree of Tan S in P", and it coincides with the number of
tangent lines to S which intersect a given A,_, C P™.

Proof. For Q € S, we write lg = TS N Ay,—1 (and analogously define I, and so
on). Let {P} = lg N g, we have the following possibilities:

(1) P =Q is one of the d points where A,,_1 N A/, meets S.

(2) Q is one of the finite number of points which determine a tangent space
TS where lg = lg. 1t is easy to see that this number is finite since each
such ) determines a tangent plane meeting a A,,_o in at least a line, and
we know that there are at most 3’ such planes.

(3) lg # l and P # Q. This is the generic situation, and we observe that in
this case the point P determines uniquely three data: the tangent plane it
belongs to (here is where the 3-very ampleness come into play, in view of
Remark [[7)), a tangent line in this tangent plane (the line through P and
@), and a length 2 non-reduced subscheme of S (obtained as the intersection
of that tangent line with .5).

This shows that the intersection of A,—1 N A}, _; with Tan S is a surface, with
the property that all but a finite number of its points determine uniquely a tangent
plane, a tangent line and a non-reduced length 2 subscheme. When we intersect
again Tan S with A”_; and A/’ | we get on this surface a finite number of distinct
points (this number equals the degree the surface in A,,_3) and so the number of
tangent panes to S which intersect a given A,,_, is the same as the degree of Tan S
as well as the number of tangent lines to S which intersect that given A,,_4. O
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3.3. Reduction to the Grassmannian of lines. In this Section we assume that
the divisor h embedding S in P™ is 3-very ample. Lemma [3.6] allows us to compute
the number o/ = [T(S)]-02,0,0 in the Grassmannian G(1,n) rather than in G(2,n).
In fact, the set of lines intersecting a given A,,_4 is described in G(1,n) by the
codimension 3 Schubert cycle o3, while the set of non-reduced subschemes is
the image of the exceptional divisor F of the Hilbert-Chow morphism under the
embedding ¢ : Hilb> S < G(1,7n). Hence, calling X the image of E in G(1,n), we
have

Oé/: [X]'O’gyo. (11)
In the Grassmannian G(1,n) we have the codimension 3 cycles

(1) 03,0 representing all the lines in P™ meeting a given A,,_4,
(2) 02,1 representing all the lines in P™ contained in a A,_; and meeting a
giVeH An73 - Anfl;

and the 3-dimensional cycles

(1) 0y—1,n—a representing all the lines in P" contained in a given A4 and through
a fixed point P € Ay,

(2) 0n—2n—3 representing all the lines in P™ contained in a given A3 and meeting
a fixed line A1 C As.

We can then write
[X] = alon—l,n—4 + Bnan—2,n—3u (12)

and we observe that the notation o’ in this Section is coherent to the one used in
@ thanks to Lemma B0 and (IT).

Lemma 3.7. Let S C P" be a surface embedded by a 3-very ample divisor h, and
let C'=SNA,_1 be an irreducible smooth hyperplane section of S. The coefficient
B" in [@2) coincides with the degree of the tangent variety of C in A,_1, and its
value s

B =h-(Ks+3h).

Proof. Observe that 8 = X - 021 is the number of tangent lines to S which are
contained in a given A,_; and meet a fixed A,_3 C A,,_1. Choosing A,,_; such
that the curve C = S N A,_1 is smooth, it is easy to see that 3" is the degree
of the tangent variety to the curve C' in A, _1: as in the proof of Lemma 2.4] the
smoothness of C' implies that a tangent line to S contained in A,_; must be a
tangent line to S N A,_1.

By [I, Proposition 3.3], the degree of the tangent variety of a smooth curve
of degree d and genus g in P" is 2d + 2g — 2: in our case we have d = h? and
29— 2=h-(Kg+h), and so we get

B’ =2h*+h-(Ks+h).
O
Remark 3.8. We have a linear constraint among o’ and ”: the Pieri formula

implies that o} ; = 030 + 202,1, and so we see that [X] -0}, = o/ + 25" is the
degree of X under the embedding induced by P = ¢|5, |-
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4. INTERSECTION NUMBERS IN THE HILBERT SCHEME

In this Section we recall some facts about the intersection theory of Hilb? S. We
mainly focus on the following situation: given an ample divisor h on a surface .S,
we let H be the divisor induced by h on Hilb? S and E = 26 the exceptional divisor
of the Hilbert-Chow morphism; we want to compute the intersection numbers H*,
H36, H%5%, H6® and 6*.

To fix the notation, we recall and complete the diagram (2)) with the exceptional
divisor of the blow up 7:

SxS—1>85x%x8 Dl 5x5s
Pl lﬂ PL ‘/U
Hilh? § —= > 5@, St §x § =5,
pr2

where ¢ : § — S x S is the diagonal embedding and p : D — S is the structure
map of the projective bundle ]P’(NS‘SXS) ~ P(T'S) under the isomorphism D ~
P(Ng|sxs). Given an effective divisor h on S we write h; = prih, so hi + hs is
invariant under the action exchanging the two factors. As a consequence there
exists a divisor H on Hilb? S such that p*H = n*(hy + hs); this H is the divisor
induced by h on Hilb? S.

The map p which was defined as a quotient map on S x S can equally be viewed
as the order 2 covering of Hilb? S branched along the exceptional divisor E of the
Hilbert—Chow morphism and defined by the line bundle O,z 5(6), where ¢ is a
divisor such that E = 26. It follows, e.g., from [3] Lemma 1.17.1], that p*E = 2D
and p*0 = D. Moreover, by [14, Example 8.3.12] we have that for every pair of
cycles 2 and y on Hilb? S the equality

Lo
vy =5z py)

holds, and this allows us to determine the intersection numbers we are interested

in as intersection numbers in S x S rather than on Hilb? S.

The structure of the Chow ring of S x S is related to that of S x S by [14]
Proposition 6.7] for what concerns the additive structure and by [14] Example
8.3.9] for what concerns the multiplicative structure: for every cycle y,3' on S x S
and z, 2’ on D we have

Y-ty =0ty -y,
et - jut’ = ju(er(Npgig) -2 - 2),
ny - et = Ju((p7i7Y) - 7).
In our situation, we observe the following:
(1) as i is the diagonal embedding, i*(h; 4 ha) = 2h;
(2) as D ~ P(T'S) is the projective bundle associated to the tangent bundle
TS of S, writing ¢ = ¢1(Op(1)), we have N = Op(-1) and so

D|SxS
a(N, = —( satisfies the relation

|5Ax’s)

¢ +p*er(TS)¢ + prea(TS) = 0.
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As a consequence of this discussion, we can compute the intersection numbers
H* H3§, H?*6%, H5? and 6*. Indeed:

H* = %P;If = 1n*(h1 + ho)* = 36RIA3 =
= 3h*h%;

H% = Lp*H3p"5 = Ln*(h + h2)D = Lip* (ha + ho)*j.(1p) =
= 5Jp%i"(h1 + ha)? = %j*p*@h) =

+
>

H?0% = 5p*H?p*0% = 3" (h1 + h2)*D? = 31" (h1 + h2)® - ju(1p)ju(1p) =
(=€) = =34+ (P"i* (h1 + h2)? - ¢) =

H§® = 30" (hy + ho)D - D* = 35 (p* (21))5(=C) = ju(p*h - %) =
= —Jp*h-pal(TS)- () =
= h-Kg;
0= 35(jlp)*- (j*lg)z = 5J:(Q)3x(C) = —54:(¢%) =
= §(Xtop(5)_KS)-
The following result is an easy observation, and it gives a condition to transfer

the ampleness of a divisor & on S to a divisor on Hilb?S built from the induced
divisor H.

Lemma 4.1 ([9, §2]). Let S be a smooth surface, with a 2-very ample divisor h.
Then the divisor H — & on Hilb® S is very ample.

Proof. Since h is 2-very ample we get an embedding

Hilb? S Grass(2, H(S, h)*)

lPl{icker

]P)N—l

)

where the first arrow is the immersion (). By [9 §2], the pull-back of the hyper-
plane divisor of PY~! under the composite embedding is H — §, which is then a
very ample divisor on Hilb? S. O

5. THE DEGREE OF THE SECANT AND TANGENT VARIETY OF A SURFACE

In this Section we compute the degree of the secant (resp., the tangent) variety
of a surface S, which is embedded in P* = P(H%(S, Og(h))*) by means of a 3-very
ample divisor h. By Lemma[2Z.5] this amounts to compute the value of the coefficient

a in ([@).

Theorem 5.1. Let S be a surface embedded in P* = P(H(S,Os(h))*) by means
of a 3-very ample divisor h. The degree of the secant variety to S is

degSec S = = (h*h? — 10h* — 5h - Kg + X10p(S) — K3).

1
2
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Proof. To compute the degree of Sec S we make use of () together with Lemma
24 and Lemma 22 the embedded variety 3(S) has degree

5 3
deg[2(9)] - 01g=a+38+2y=a+ §h2h2 —Th? — 5.
On the other hand, by Lemmal4.Iand the intersection numbers computed in Section
- 1
deg Ulﬂoflm) = (H —0)* = 3h*h? — 12h* — 4hKg + 5(me(S) - K3),
and so we can now compute the value of «. 0

As 019 is the Schubert cycle representing the lines intersecting a codimension 2
linear subspace, from the proof of Theorem [E.1] we deduce the following result.

Corollary 5.2. Let S be a surface embedded in P™ = P(H?(S, Og(h))*) by means
of a 3-very ample divisor h.
(1) There are 3h*h* — 12h* — 4hKs + %(X10p(S) — K3) lines meeting S in 2
points and four (n — 2)-dimensional linear subspaces in general position.

(2) The degree of (S) under the Plicker embedding of G(1,n) is

1
BI°h? = 12h% — 4hKs + 3 (xiap(S) — K3).

We focus now on the tangent variety Tan S.

Theorem 5.3. Let S be a surface embedded in P* = P(H(S, Os(h))*) by means
of a 3-very ample divisor h. The degree of the tangent variety to S is

deg Tan S = 6h° + 4hKg + K& — X10p(9).

Proof. By Lemmal[3.6], we only need to compute the value of o in (IZ). By Remark
and Lemma [377] we have that
o +2hKg + 6h*

is the degree of the embedded exceptional divisor E of the Hilbert—Chow morphism
under the natural inclusion @). As F = 2§ and this embedding is induced by (the
restriction to £ of) ¢|g_s|, we can compute this degree also as

E-(H—-6)=25-(H—06)* =120 + 6hKs + K2 — Xtop(9).
Equating these two expressions leads to o/ = 6h? + 4hKg + K2 — Xtop(S). O
Combining Theorem B3] with Lemma B4 we have that (@) reads as

[T(S)] = (6h2 + 4h'KS + Kg‘ - Xtop(S))0n72,n72,nf4+
+  (Xtop(S) +h - (2Ks+3h))0n—-2n-3n—3-

From this expression we easily deduce the following facts.
Corollary 5.4. Let S be a surface embedded in P™ = P(H(S, Og(h))*) by means
of a 3-very ample divisor h.

(1) There are (Kg + 3h)? tangent planes to S which intersect two (n — 3)-
dimensional linear subspaces in general position.

(2) The degree of T(S) under the Plicker embedding of G(2,n) is
(Ks + 3h)2.
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(3) The degree of E under the Pliicker embedding of G(1,n) (i.e., the degree of

the variety parametrising the tangent lines to S) is
12h% + 6hKs + K& — Xtop(S).

Proof. Observe that both the number of tangent planes to S which intersect two
(n — 3)-dimensional linear subspaces in general position and the degree of T (.5)
under the Pliicker embedding of G(2,n) can be computed as

[T(9)] 'U%,O,O = T(S) (020040110 =

(6h? 4+ 4hK s + K% — Xtop(S)) + (Xtop(S) + h - (2Ks + 3h)) =
= 9h2 4+ 6hKg+ KZ =

(Ks + 3h)%

Analogously, the degree of E under the Pliicker embedding of G(1,n) is given by
[X]- 07y =12h" + 6hKgs + K& — Xtop(9).

6. TWO EXPLICIT EXAMPLES

In this Section we will use Theorem [5.I] and Theorem [5.3] to compute explicitly
the degree of the secant and tangent variety in two concrete examples.

The first one is the one of the K3 surfaces, and was the original motivation for
the paper (see Remark [6.4]). We focus mainly on the case of the generic projective
K3 surface, i.e., those having Picard group of rank 1, because in this case we can
link directly the k-very ampleness of the generator of the Picard group with its
self-intersection.

The second one concerns the surfaces V,,, obtained as the image of P2 under the
m-th Veronese embedding.

6.1. Embedding of K3’s in P". Let S be a K3 surface with Pic.S = Z - h, where
h is a very ample divisor on S and h? = 2t for some ¢ > 2. Then we have an
embedding ¢ : S — P! = P(HY(S, Og(h))*). In this Section we study the the
k-very ampleness of h, and in particular we determine the integer k such that h is
k-very ample but not (k + 1)-very ample.

The main tool is the following result by Knutsen, which improves general results
of Reider (see [19] and [5]) in the case of K3 surfaces.

Theorem 6.1 ([I8, Theorem 1.1]). Let L be a nef and big divisor on a K3 surface
and let k > 0 be an integer. Then the following are equivalent:

(i) L is k-very ample;

(ii) L? > 4k and there is no effective divisor D satisfying

2D2< LD <D?>4+k+1<2k+2
2D2 =LD <= L ~2D and L2 < 4k + 4 (13)
D?2=k+1<= L~2D and L? = 4k + 4.

In our situation it is easy to see that the generator h of Pic S is very ample for
t > 3 (e.g., by using results in [20]), here we address the question of finding a bound
for its k-very ampleness. As a direct application of Theorem [6.1] we can show that
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h is [%]—very ample, but not ([%} + 1)—Very ample. Indeed if h is k-very ample,

then by Theorem we conclude that
t
h224kw2t24kwk§§.

So h is not k-very ample for k > [%} +1. To show that h is k-very ample for k < [%]
we only have to show that there is no divisor D = ah, with a > 0, satisfying (I3).
In particular, we will show that the inequality 2D? < 2k + 2 is never satisfied. In
fact, since 2k + 2 < ¢t + 2, from 2D? = 4ta® < 2k + 2 <t + 2 we deduce that

2 t+2 1 1 11 1

i TitucitiTy
and so that a = 0.

It follows easily from this observation that h is 3-very ample if ¢ > 6. As a
consequence we can state the following version of Theorem [5.1] and Theorem [(.3] for
the generic projective K3 surface. To deduce it, just recall that for a K3 surface S

we have Kg = 0 and xop(S) = 24.

Proposition 6.2. Let S be a K3 surface with an ample divisor h such that Pic S =
Z-h and h? =2t. Use h to embed S in P*T1. Ift > 6, then

(1) the degree of the secant variety to S is
degSec S = 2(t — 2)(t — 3);
(2) the degree of the tangent variety to S is
deg Tan S = 12(t — 2).

Remark 6.3. If S is a non-generic K3 surface, then Pic S has rank greater than
1. In this case, if h is a 3-very ample divisor on S with h? = 2t, then under the
embedding of S in P(H°(S,Os(h))*) provided by ¢,| we can compute the degree
of the secant (resp., tangent) variety with the same formulae as in Proposition [6.2]
The only difference is that to prove the 3-very ampleness of h, the condition ¢ > 6
is still necessary but not sufficient, and we need to use the characterization given
by Theorem

Remark 6.4. In the paper [10] the authors determine the automorphism group
of the Hilbert scheme of two points on a generic projective K3 surface, showing
that there are at most two automorphisms and giving a characterisation of the
cases when there is a non-trivial automorphism. Up to now there is no geometric
description of this extra automorphism: the present paper was written while trying
to achieve a description, as an automorphism induced by a more natural one defined
on the secant variety of the K3 surface.

6.2. The Veronese embeddings of P2. As a final application, we want to com-
pute the degree of the secant and tangent variety to the (image of the) m-th
Veronese embedding of P2, i.e., of the surface V,,, = vy, (P?) where
m—+2\
Vm = @\Oug(mﬂ ZPQ — P( m ) 1.

Before we apply Theorem [E.Iland Theorem B3] to this situation, we need to take
a little digression on the expected dimension of the secant variety. The expected
dimension of the secant variety to a smooth projective surface is 5, nevertheless
there exist surfaces whose secant variety has lower dimension. Such surfaces are
called defective, and their classification was a matter of interest for the Italian
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school of algebraic geometry: we mention Palatini, Scorza, Terracini and Severi
who worked on this topic. So we can give a classification for the smooth projective
defective surfaces.

Theorem 6.5 ([16], (5.37), (6.17), (6.18)]). Let S C P™ be a surface.

(1) If S has degenerate tangent variety, then either S lies in a P3, or else is a
cone or a developable ruled surface.

(2) If S is defective, then either S is a cone, the tangential ruled surface of a
curve in P4, or else S lies in a P°.

(3) In this last case, if moreover the tangent variety is non-degenerate, then
either S lies in P* or else S is the Veronese surface Vs.

Remark 6.6. If we restrict to the case of smooth projective surfaces embedded in
P with n > 5, we see easily that the only defective such surface is the Veronese
surface V5. The degree of its secant variety is classically known, see, e.g., [I5 p.
179-180], and its value is deg Sec V5 = 3.

Remark 6.7. If we consider the Veronese embeddings of P", given by v, ., =
©|Own (m)|, then the problem of determining the dimension of the higher secant

varieties Sec’ v, (P") was solved by the Alexander-Hirschowitz Theorem (see [2]):
they all have the expected dimension, except for a finite number of cases where the
dimension lowers.

We consider now the variety V,,,, switching from the language of divisors to the
language of line bundles for ease of notation. As it is explained in [7, Lemma 0.3.5],
the tensor product of k very ample line bundles gives rise to a k-very ample line
bundle, and as a consequence we have that Opz(m) is 3-very ample for m > 3
(observe that we are discarding the value m = 2 in view of Remark [6.6). Recalling
that Kpe = Op2(—3) and that xtop(P?) = 3 we easily deduce the following result.

Proposition 6.8. Let V,, C P(an)_l be the image of P? under the m-th Veronese
embedding V,,, with m > 3. Then

1
deg SecV,,, = §(m —1)(m — 2)(m?* + 3m — 3), deg Tan V,,, = 6(m — 1)2.
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