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Abstract

We prove that the Gibbs measures p for a class of Hamiltonian equations written
A= J(— 2 u+ V' (|uP)u) (D)

on the real line are invariant under the flow of (T)) in the sense that there exist random variables
X(r) whose laws are p (thus independent from #) and such that 7 — X(z) is a solution to (T)).
Besides, for all ¢, X(f) is almost surely not in L? which provides as a direct consequence the
existence of weak solutions for initial data not in L2. The proof uses Prokhorov’s theorem,
Skorohod’s theorem, as in the strategy in [8] and Feynman-Kac’s integrals.
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1 Introduction and setting

1.1 Introduction

We prove the invariance of Gibbs measures on R under the flow of Hamiltonian equations using
Feynman-Kac’s theorem.
The problem is the following. We have a Hamiltonian equation that writes

o = J vy H(u) ()

where J is a skew symmetric (or anti Hermitian) operator and

H(u):—%fﬁAu+%fV(|u|2)

is the Hamiltonian of the equation and displays a purely kinetic part —% f u Au and a potential one
% f V(|ul?). The equation (2)) can be written

O = J(= A u+ V' (juP)uw).

Under these assumptions, the mass M(u) = % f lu|? is conserved under the flow of (2). We assume
that the equation is defocusing in the sense that V is non negative.

The type of equation that we have is mind is the non linear Schrédinger equation on R in the
case when u is complex valued and the modified Korteweg de Vries equation when u is real valued.

We prove that the Gibbs measure e #~M gy jg invariant under the flow of ().

The literature about Gibbs measure and their invariance under the flows of Hamiltonian equa-
tions on the torus is manifold. The interest started with the seminal paper by Lebowitz, Rose and
Speer [19]], and was carried on by the many works of Bourgain, see for instance [4! 3, [6] among
others. One can also mention [7, (11} [22] 24 26, 30, |32]] and references therein.

In some of these papers, what is proved is a strong invariance of the Gibbs measure p under
the flow ¢(#) of a Hamiltonian equation in the sense that the equation is p-almost surely globally
well-posed and for all p measurable set A and for all times ¢ € R,

pW ()1 (A) = p(A).

The strategy of the proof consists in approaching the problem by a finite dimensional one, use
Liouville’s theorem to get finite dimensional invariance and then pass to the limit.

The problem in dimension 2 or higher presents more difficulties, see for instance [6} 7, 15, 25]],
as the invariant measure is supported on spaces for which no good control on the flows is available.

On spaces of infinite volume, there are results using randomization to get existence of solu-
tions, (2} [3} 20, 23]].

On R, there are results of invariance under the flow of the Schrddinger equation with a quadratic
potential [9], that uses the fact that — A +|x[? has a discrete spectrum. There are results on the wave
equation [21,131] that uses the finite propagation of speed. There are results when the non linearity
is localised, [[12] [14]. Those results are of strong invariance.

We do not hope to achieve such a strong generic result on R for our generic equation (2). What
we prove is the following theorem.

Theorem 1. Under Assumptions[I}[2lon J and V, there exist a non-trivial measure p (independent
from t), a probability space (Q, A, P) and a random variable X, with values in C(R, D) such that



o forallt e R, the law of Xo(t) is p,
o X, is a weak solution of (2).

What is more, X (t) is almost surely a s-Holder continuous map, for s < L and the law of Xoo(t, X)
is absolutely continuous with respect to the Lebesgue measure and independent from x and t.

Remark 1.1. The properties of X are consequences of properties of p and ensure that X, is
almost surely not in L2. Indeed, as X« is Holder continuous, ifitisin L2, then Xoo(X) converges
towards O when x goes to co. And since the law of X« (x) does not depend on x, the probability
that it converges towards 0 at oo is less than the probability for X.(0) to be 0 which is null since
the law of X« (0) is absolutely continuous with respect to the Lebesgue measure.

Remark 1.2. This result can be deduced for the Schridinger equation from the paper by Bourgain,
[5\] who proves a stronger theorem in the case of a cubic non linearity, since he proves not only the
existence of a weak flow but also its uniqueness. A strong invariance result can be deduced from it.
The idea is to take the invariant measure on a box of size L with periodic boundary condition and
pass to the limit. On the other hand, our strategy allows us to obtain results for a wider class of
equations that in fact include, after some additional manipulations, also some variable coefficients
Schrodinger equations (see Appendix).

The strategy of our proof is inspired by [8]], in which the authors adapt to the contest of dis-
persive PDEs a technology already developed in fluid mechanics that essentially relies on the
application of Prokhorov’s and Skorohod’s Theorems. The idea is to construct a sequence of ran-
dom variables which solve some approximating equations for which the existence of an invariant
measure is standard to prove and then passing to the limit. This will produce the existence of a
measure and a random variable as in Theorem([I] The main difficulty in the present contest is due to
the infinite volume setting, which makes the approximating procedure significantly less intuitive,
together with the infinite speed of propagation. Nevertheless, we show that the only invariance
we need is the one of a finite dimensional problem and is obtained just by the application of Li-
ouville’s Theorem for finite dimensional Hamiltonian flows. The rest is reduced to proving that
the measure p is the limit of the invariant measures for the finite dimensional problems along with
some probabilistic estimates. The idea of the proof is the following.

We take L > 0 and build the Gibbs measure for the ODE

O = NnayJilny Vi Hr(u) 3)

where Iy, projects onto the Fourier modes in [-N(L), N(L)], and Jz is a periodisation of J.

1 _ 1
Hi(w) = 5 f WA f xV(ul)
y e

where y; is a smooth compactly supported function.
The Gibbs measure is given by

dpL(u) — Z—le—ZHL(Lt)+M(M)d£(u)

where £ is the Lebesgue measure and Z is a normalization factor (p is a probability measure). It
can be written ,
dpr(u) = Zp' e V0 dy ()



where Z; is a normalization factor and gy is the measure induced by the random variable
eikx/L

k+1 k
W —w(=
keZﬁ[—N%L,N(L)L] \/@ ( ( L ) ( L))

and W is similar to a Brownian motion. Letting N go to oo independently from L, we get that this
random variable converges in some sense to

f =Y~ (w(E) - w(l),

k2
keZ ,/1 + 1

and if we let L go to oo in &7, we get that it converges towards

£l (x) =

eikx
f0 = [ =i
V1 + k?
which is a known object called the oscillatory or Ornstein-Uhlenbeck process, we refer to [29] or
[16]. It induces a measure u.
Hence, if we take the limit only in the kinetic part of the Hamiltonian we get the measure

dpra(w) = Z7he V) dpu)

where Z; 5 is a normalization factor. If we let y;, go to the function constant to 1, we get thanks to
Feynman-Kac’s theory a non trivial measure p, which is described precisely in the book by Simon,
[29] pages 58 and onward.

The idea is that by choosing N(L) and y; appropriately then the sequence p; converges weakly
towards p. And this is heuristically sufficient to get the result.

Indeed, we then build v, which is the image measure p; under the flow ¢ (¢) of (). That
means that vy is the law of a random variable X} such that X; () = ¥ (#)X7(0) and such that the law
of X1(0) is pr. Thanks to the Prokhorov-Skorohod method, we can reduce the problem to proving
that the family (v, )., is tight in C(R, H,). The topology in space, driven by some Banach space H,,
is not so important, the only thing is that it has to be separable in order to apply the Prokhorov-
Skorohod method. The topology in time, though, has to be such that taking X.(f) = lim X ()
makes sense, that is why we choose C(R). This method has been used on dispersive equation in
[8L125]], and comes from the fluid mechanics literature, see for example [[1} [13]].

Using the invariance of p;, under ¢, we then reduce the problem to proving estimates on py,
and to proving that p;, goes to p (and not to something trivial). These results are consequences of
Feynman-Kac’s theory.

The paper is organized as follows : in the next subsection, we give or recall definitions and
notations, together with some preliminary probabilistic properties. We give the assumptions on
J,V,xr, N(L), and others.

In Section 2, we explain the Prokhorov-Skorohod method and reduce our problem to proving
estimates on py and its convergence towards p.

In Section 3, we prove the estimates and the convergence relying on our choices for y; and
N(L).

1.2 Assumptions and notations

We write (x) = V1 + x2and D = /1 - 92



Assumptions on the equation

Assumption 1. One chooses V in C? such that there exist C, ry, such that for all u € C,

0<V(uP) < Cy, (4)
V' (uhl < Cwy, (5)
V() < Cluy™. (©6)

One also requires that the operator — A +|x> + V(|x]?) has a non-degenerate first eigenvalue,
which should often be the case, see [27].

One may choose ry > 1.

Assumption 2. One chooses J such that there exist k € R*, C > 0, such that for all s €]0, %[,
u e L*(R),
ID**J(1 = pull2 < Cllull 2.

and such that for all o > 0, all u € H7*¥
ID7 Jull ;2 < Cllullgo+.

We also assume that if u is C* with compact support, then Ju also is.

We set for some test function u, Jpu(x) = np(x)J(nru)(x) if x € [-L, L] and Jyu(x) = Jpu(x —
x/L]L) otherwise where 77, is a C* function equal to 1 on [-L + 1, L — 1] and to O outside [L, L].
This defines J;, who inherits the properties on J, except the last one.

We have in mind J = i or J = 4, but one may choose J = ¥, ax(x)0% with a; C* bounded

functions whose derivatives are also bounded as long as J remains skew-symmetric.

Notations on measures Let W(k) be a centered complex Gaussian process defined on R with
covariance
E(WEW (D) = x>0 min(|k], |1])

where 0x;>0 = 1 if k and / have the same sign and 60 = 1 otherwise. This yields that
E(dW(k)dW () = 6(k — 1), and E((W (1) = W(s)]?) = |t — s|.

For further properties on Gaussian processes, we refer to [28]].
For all L > 0, we write

ikx/L

a0 = Y, ~—(W(52) - w()) g

ez ,/1+§—i L L

if the solution of the equation has values in C and

ix/L k+1 k
fu = e Y~ (w(E) - w(t))
keZ 1+ I’i—i

if the solution of the equation has values in R.




We write ¢ the limit when L goes to oo of this random variable, that is

&) = dw (k)

Jv=

in the complex case and

£(x) = dW(k))

S
in the real case.

We write f{ the restriction to low frequencies of &z, that is with N(L) a function that goes to
oo when L goes to oo,

ikx/L
£ (x) = MyéL(x) = > y (W(k - 1) - W(E))

keZN[-N(DLNL)L] /1 + f—i L L

in the complex case and we take its real part in the real case.
We write u; the measure induced by f{, u the measure induced by &, and y;, 1 the one induced

by &r.
With R(L) a function that goes to co when L goes to co, we write

R(L) )
ZL’S = fe_ -LR(L) V(|M(x)| )dxdﬂ(u)

and b
_ 2
o Lriy VP

dp1) = ) du(w).

We also write
7, = f (e PrawvieloPi g, ),

and _
o [xeVE P)dx
dpr(u) = duy.
Zy
What is more, we write
_ > o= JxeV(u)P)dx
ZL,] — f(e fXL(x)V(lfL(x)l Mx)dﬂL,l(u)s dpL,l(u) = 7 d,UL,l(u)-
L,

and
o= [xoVueoPydx

Zi>

Zroy = fe‘f)(L(x)V(IM(X)IZ)dxdﬂ(u)’ dpro(u) =

We recall that p is the limit when R goes to oo of

du(u).

e — [ VuP)dx

Zy

dp(u)

where Z’ is a normalization factor. It exists, is non-trivial, is carried by s-Holder continuous maps
for s < 5 and the law of u(x) induced by p is independent from x and absolutely continuous with
regard to the Lebesgue measure, see [29] pp 58 and onward.



Hence p is also the limit of p; 3 when L goes to oco.
We sum up the notations on measures in the following table

random variable | linear measure | Z | final measure
Finite dimension f{ ur Zr oL
Including high frequencies ér R Z11 PL1
L goes to oo '3 M Zr» PL2
in the kinetic energy
XL < l-r).RWL) 3 M ZL3 L3
R(L) — o0 & H P

Finally, we write vy, the image measure of p;, under the flow i, that is
vi(A) = prlult = Yr(Hu € A}.

Assumptions on y, N(L)
Assumption 3. Let R(L) be such that for L > 1,
Zp3> L7V,
This is possible because
f o= L VORI g )
is positive for all R > 0 and is equal to 1 if R = 0.
Assumption 4. Let R’(L) = R(L) + CLL where C is a (big) positive constant.

f

Assumption 5. We assume that y; is a C* function such that y;(x) = 1 on [-R(L), R(L)], and
xL(x) = 0 outside [—-R’(L), R’(L)] and yr(x) € [0, 1].

Under these assumptions, y; converges to 1 in (x)L.
Finally,

Assumption 6. Let N(L) > L* and assume N(L) > L'/37%9) where s is taken according to As-
sumption
Invariance
Proposition 1.1. We have that py is strongly invariant under the flow Y (t) of
O = ~TyyJ vy & u + My L vy VV (ul)u

in H*(Ty), forall s < % The map Iy is the projection onto the Fourier modes in [-N(L), N(L)].
In other words, the equation is globally well-posed on a set of full p;, measure and for all measur-
able sets A of H*(Ty) and all times t we have

LWL (A) = pr(A).

This is due to the fact that we are in finite dimension, thus Liouville’s Theorem applies, and
Hy(u) is invariant under 7 (t).



Some probabilistic properties We have that u is the complex or real valued oscillatory process,
also known as Ornstein-Uhlenbeck process: we recall that this means that

_ L ey
E(u(x)uy)) = € .

Its law is invariant under translations in x.
In the following proposition we collect some basic facts about oscillatory processes that will
be needed in the sequel.

Proposition 1.2. We have that for all p > 2, and s < %, there exists C such that for all x € R
ID*(€ = €)Wl | < CL™H(x).

The space L’ ba 18 short for the L” space of the probabilistic space where the Gaussian process
proba
W is defined.
This is due to the fact that D*(¢ — £1)(x) is a Gaussian variable hence

ID*E =Dl S ID°E =2 -

What is more,
ik eilklLx
(1+ k2)1/2—s B (1+ Lk]%)l/z_S)d

D~ = | | Wk

where k], = L™'[kL] = min{% > k|n € Z}. Since

’ eikx eiI_kJLx <x>

_ < 14212
(1 + k2)l/2=s 1+ ij%)l/z_s ~ L ( )

we get the result.

Proposition 1.3. From Feynman-Kac’s theory, we have that for all r > 2,s < %, there exists ¢y
such that for all x,y e R, L > 1,

f lu(0)|"dpr3(u) < ¢y s(1x]), and f %dpm(w < @rs(max(|xl, [yl)).
Proof. The first estimate is proved in [5]].

For the second inequality, we use the description of the measure. Let Ty be the operator
defined as Ty f(u) = — A f(u) + [ul> + V(|u>) - %, and let Qy be the eigenstate associated to the
non-degenerate first eigenvalue E(V) of Ty.

Let x,y € R and let R(L) > max(|x], [y]). We assume, without loss of generality, x > y. We
apply Theorem 6.7 in [29] page 57 with

_ Ju) - uy)y

G(u) |x _ y|1+sr

Qo(u(=R(L))Qy (u(—R(L)))Qo(u(R(L))Q (u(R(L)))e 2EVIRL),
We get on one hand that
f G(u)Qy (u(=R(L)))Qy " (u(=R(L))Qy (u(R(L)))Qy " (u(R(L))e*EVR D dpy 5(u)

8



is equal to

flu(X)—u(v)I’ L300,

|sr+1

and on the other hand that is equal to

loex — uy|”
Ixx Jpret ol-rw)dy ) Q0 (ur)Qy (uraye Y ROQy (uren)) Qv (u_rary)
e ROy iy e Y (g, 1) e BB (e ugrydu_goydiyducdug,-

By simplifying the Qy we get

lee(x) — u(y)l”
|x _ ylsr+1

fée_(}*R(L))fV(M_R(L), uy)e_(x_y)f"(uy, Mx)e_(R(L)_x)fV(ux, uR(L))du_R(L)duyduxduR(L)

dpr3(u) =

with
lux — uy|” 2E(V)R(L)

G(U_R(Lys thy, Uz, UR(L)) = Qo(u—rr))Q0(urr))e”

|)C |sr+1
Using the maximum principle, we get

lea(x) — u(y)lr luex — uy|” _ v 7
f L,3(u) < #QO(M—R(L))QO(”R(L))B 2E(IR(L) , 0+R(L))TO(M—R(L),uy)

|sr+l
eIy 1 )e RE=0T0(y upry)du_ryduydudug .

Integrating over u_g(zy and ug(z) yields

Ju(x) — u()l" e — uy|” .
I ylfri)l dpr3(u) < #QO(MX)QO(uy)e G0 (4w )duyduty.

We remark that the T as turned into T as we simplified with e 2EVIRL)

Now that we simplified the expression, we get

flu(X)—u(y)V S )_flu(X)—u(Y)I’d W

|sr+1 |sr+1

whose right-hand side does not depend on L and is uniformly bounded in x, y as a result of prop-
erties of the oscillatory process. We get

f luCx) — u@I” dprs() < Crs.

|sr+l
For R(L) < max(|x], [y]), we have
f jux) — uOl" 1 lu@ - )l
L

|sr+l L*3(M) = /4 |x — ylsr+1

dp(u)
where we have thanks to (3)), >~ < L', Thus, with
@s.-(x) = Cry max CL',
R(L)<x|

we get the result.



Norms Let S be the space induced by the norm

A5, = KO~ @D ™ fIiFa g, + KD~ @D ™0, fIl7 25, ®)

let H, be the space induced by the norm

I1£lle = IKx) " D™ fll 2 9)

and S be the space S = C(R, H,) normed by

11§ = sup(y A1 (10)

teR
The map ¢ is an even decreasing on R™ positive map that we specify later.

Assumption 7. We take s < % such that the embedding H® — L? holds for p = 2ry + 2,2ry and
2}"\/ + 4.

2 The Prokhorov-Skorohod method and the reduction to rough esti-
mates and convergence

2.1 The Prokhorov-Skorohod method
We start by giving Prokhorov’s and Skorohod’s Theorems.

Theorem 2.1 (Prokhorov). Let (vi); be a family of probability measures defined on the topological
o algebra of a separable complete metric space S. Assume that (vy)y is tight, that is, for all € > 0,
there exists a compact K¢ of S such that for all L, we have

vi(Kg) > 1 —¢.

Then there exists a sequence L, such that vy, converges weakly. That is, there exists a probability
measure on S, v such that for all functions F bounded and Lipschitz continuous on S, we have

Ey,, (F) = E/(F).
We refer to [18]], page 114.

Theorem 2.2 (Skorohod). Let v, be sequence of probability measures defined on the topological
o algebra of a separable complete metric space S. Assume that (v,), converges weakly towards a
probability measure v. Then there exists a subsequence vy, of (Vp),, a probability space (€2, A, P),
a sequence of random variable on this space (Xy); and a random variable X, on this space such
that

o for all k, the law of Xk is vy,, that is for all measurable set A of S, v, (A) = P(X;l(A)),
o the law of Xw is v,
o the sequence Xy converges almost surely in S towards Xo.

We refer to [17], page 79.
We get a corollary from the combination of these two theorems.

10



Corollary 2.3. Let (vp)r be a family of probability measures defined on the topological o algebra
of a separable complete metric space S. Let S s be a normed space. For all R > 0, let Bg be the
closed ball of S s of center 0 and radius R. Assume that

e forall R > 0, the ball Bg is compact in S,

o there exists C > 0 such that for all L, we have
[ g v < c.
Then, there exists a sequence L,, a probability space Q, A, P, a sequence of random variable on
this space (X,),, and a random variable X, on this space such that
e for all n, the law of X,, is vi,,
o the sequence X, converges almost surely in S towards X.

Proof. The proof uses Markov’s inequality :
vi(lulls, > R) < R*C

therefore
VL(BRS) >1-¢

for CR;?> < &. And Bg, is compact in S. Then, one can apply Prokhorov’s theorem and then
Skorohod’s theorem to conclude. O

We justify our choice for S ;. For now on, S and § are the spaces defined in the first section

@), @0

Proposition 2.4. Let B be the ball of S s of center 0 and radius R. For all R > 0, Bg is compact
inS.

Proof. The proof is classical so we keep it short. Let n be a C*(R,) function with compact
support. Assume that is such thatn(r) = 1ifr < 1,n(r) =0if r > 2.

Let f € Bg and let € > 0.

Let fT = n(t|/T)f. We have thanks to Sobolev’s inequality on the time norm,

If = fMlls < Ca@="2lifls,
where C is a universal constant. Thus,
If = s"lls < C(TY~'PR.

We choose T such that C(T)™'/?R < £.

32
Let fT-F = n(lF—f’) 7. We have, thanks to Sobolev’s inequality on the time norm

15 = fMls < el = oy ¢ = Mlleen,)

and thus
I = fMls < ) F A1 =) 2 M Izgm,) < CCDFVAR

11



where C(T') is a constant depending only on 7. We choose F such that C(T)F~'/*R < z.
Let fT:FX be n(lxil)fT’F. We have

IfTEX — fTF s < o, )XY T |5, < O(T, F)X™'R

where C(T, F) is a constant depending only on 7 and F. We choose X such that C(T, F)X~'R

3
Let fT-FXN _ n(‘N_‘zx) fTFX we have
IfPEXN — fEEXs < o, B XN I s, < OT, FX)NT'R
where C(T, F, X) is a constant depending only on 7, X and F. We choose N such that

C(T,F,X)N°R <

Wl o

Finally, we have that
IfTFXN)|g < C(T, F, X, N)R

where C(T, F, X, N) is a constant depending only on T, F, X, N.
What is more, fTF%N as a function on [-27T, 2T x [-2X, 2X], belongs to

Vect ({(t, x) > @itk

T JT
we ~LNI[-F.F]. ke ﬁm[—N,N]})

which is of finite dimension.
Hence, there exists a finite family of function fi, ..., fy, of S such that for all f € Bg,

Ne
T.FXN S £
fHExN el B (fi5)
k=1
where B3 (f;, %) is the open ball of § of center f; and radius g Therefore, for all f € Bg,
Ne
fel JB (o
k=1
which concludes the proof.

2.2 Reduction to rough estimates and convergence

Proposition 2.5. Assume that forallr > 2, s < % there exists a positive, even, decreasing on R*

map @1 and a constant C, s such that for all L

f (1 D*ull s o )L () < Cp

Then, there exists a positive, even, decreasing on R* map ¢ such that the Prokhorov-Skorohod
method applies, that is, there exists a sequence L,, a probability space (Q, A, P), a sequence of

random variables on this space (X,,), and a random variable X on this space such that
e for all n, the law of X,, is vi.

n’

o the sequence X, converges almost surely in S towards X.

12
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Proof. Given Corollary [2.3] all we have to do is prove that there exists C > 0 such that for all L,
we have

f 2 dvy(u) < C.

Since ¢ is positive, we can replace ¢1(x) by inf|_1 17 ¢ for x € [-1, 1] and the assumption is
still satisfied with a ¢ constant on [—1, 1] and we choose

( ) _ 901(0) ifx=0
= @1(Jx| + 1)  otherwise.

We have
f lull§ dve(u) = A+ B
with
_ -2 s— 2
A= [ [ oD w0l e v
and

B= [ [ a2 oo i
S JR

We use the definition of vy in terms of the flow i to get
A= f f drtey 2Dy (Oull g dpr )
H, JR

and

B= f f di(tylleD* ™ 0L (Dull} oL ().
H, JR
We can exchange the integral in time and in probability to get
A= [ [ 1D i ul g dort
R H,

and

B= [t [ D o oull s dort
R H,
We use the fact that y; (f)u solves the equation

0L (Ou = ~TyeyJ ey A YrOu + Oy J vy LV (WL @uP i (Ou

to get
B< f iy f e D* ™ Ty ey & Y (Oulls g dor )+
R H,

fR dr(ty™ f leD* Ty I vtV (W Oul W ul g dorw).
H‘P

We have ¢1(x) = ¢(|x| = 1) if |x] > 1 and ¢;(x) = ¢(0) otherwise. We have that A, D, and Iy,
commute. With our assumptions on J, V, s and x, Assumptions E], @, x compensates for the loss
of derivatives in J, and we have the embedding H* < L*v*2. We get for L > 1,

Bx f i)™ f 1 D* Y (Oull} g dipr () + f ()™ f k1 D* g1 (Ol dpr ().
R H, R H,
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We use the invariance of py under /7 (¢) to get

A= [ [ 1D ulg dontw
R H,

and thus
As fR dity™ fH k1 D*ull]s g dpr(u)
¢
and

Bs [ a? [ heDudonto+ [ a? [ hointls R dputo
(3 (3

Using that (£)~2 is integrable, we get
AL CCyy

and
B < C(CZ,S + C2rv+2,s)

which concludes the proof. O

Proposition 2.6. Assume that p; — p weakly in H,. Assume that for all r > 2, s < % there exist
C, s and @1 such that for all L

f (||901Dsu||22(R))dpL(u) < C,»,s.

Then, the random variable X, given by the Prokhorov-Skorohod method satisfies
o forallt € R, the law of X« is the weak limit of pr,, p, and thus do not depend on time,
e X, is a weak solution (in the sense of distribution) of

A =—J pu+ IV (ul)u.

Proof. The fact that the law of X (¢) is p at all times is due to the fact that X,, converges almost
surely in § = C(R, Hy). Hence for all ¢, X,,(f) converges almost surely towards X(¢) in H,. Since
the almost sure convergence implies the convergence in law, we get that the law of X, is the limit
of the laws of X,,(#), pr,, and hence is p.

Let us prove that X, is a weak solution to
du=J ru— IV (|u)u.

We have that
0 Xeo —J A Xoo

is almost surely the limit in terms of distributions of
0. X, — II,JII, A X,

where Hn = HN(L,,)‘
Indeed, let f be a C* with compact support test function of R2. Since f has compact support,
for L big enough, we get

LTI X) = (f IX)| < (O = LT, X

+ [ F X = Xeo)

14



where (-, -) is the inner product and IT, when applied to f stands for the Fourier multiplier IT, f(k) =
(k) f(k) where 77,, is a C® function which is equal to 1 on [-N(L,), N(L,)] and to O outside
[-N(L,) — i N(L,) + len]. Since X,, converges towards X, in S, X,(¢) converges towards X, (?)
in H,, hence

((J = I JTL) £(0), X ()] < I = ILJIL,) f (Ol sup 1X, (Dl < (T = TL,JTLa) fl sup [ Xalls

where || - || is the norm of the dual of H,. We have
I(J = T JTL) £ = lle™" XD = T, JTL) £l 2
As f(¢) has a compact support, we get

I - < sup (¢ CUONIDAI = T JTL) FD)l2.
Xesupp .

Since J — I1,,J1II,, = (1 — I1,)J + IL,J(1 —II,) and thanks to Assumption 2] we have for o > 0,
ID*(J = I1,JI1,) fO)ll ;2 < N(Lp) ™7 1 f Ol gers2xs

from which we deduce,

LX) = (f, TXe)| < Lo f(<z>go‘1<x><x>||f<r)||H(r+zK)N<Ln>—"+
t,X)Esupp

sup  (OITFONIXn = Xeolls
(t,x)esupp f

which goes to 0 when n goes to oo.
Besides, we have

IV (1XoolH)Xeo = V/ (1Xul) Xl < IV (Xeol X = Xeol + sup [V Xul(1Xeo| + [XuDIXeo = Xil-
[ Xoo 21X 2]

With the hypothesis on V, Assumption[I]} we get
|V’(|X00|2)Xoo - V/(|Xn|2)Xn| < <X00>rV|Xn - X00| + ((Xooyv + <Xn>rv) IXn|(|X00| + |Xn|)|Xoo - an-

Therefore, for all weight functions g

llg(e, (XY (™ (V (IXeo )Xo = V' (X)Xt (i) <
(1 + llgCx, DXz + llg(x, DXL 12 + llg e, DXn 21172 )™ o)™ (Koo = Xl 2

By taking the L' norm in probability, we get

llg(x, 1x) ™ oty 2 (V' (X)X oo =V (IXal )Xol oy <
(1+ llgCe, DX N2 + llge, DX 22 + 118, X5 2112 Iy @ty (Xeo = Xl 2y

With a suitable choice for g, and for » = ry or r = ry + 2, we get, using Sobolev’s estimates,
lece. 0, < B( [ 0 2aleD KRS )

15



We exchange the integrals in time and probability to get

llgCx. OX;II2, < f ()2 diE(|lp1 D* Xl )

Given the law of X,, this yields

51 DXl ) = f (ko1 D*ul: g o) < Cavy.

From which we deduce

llgCe, D) {2V (1 X ool Xoo = V(X)X 1 o) S
(14 Coryos + Coryas I 0> (Koo = X2 2y

For
1120 () ™0 (Koo — Xl 2 (o)

we fix some time ¢ and consider
1)~ o(Xeo (1) = X))l 20

We proceed as in the proof of the compactness of Bg in S to get that for all £ > 0, there exists X, N
such that for all n,

€)™ (X = Xy 2@y < elle1D* Xall 2.
We integrate in probability to get

10 ™ (X = XM 2wy < €lle1 D Xall2iaxgy < €VCos
We recall that C,  does not depend on n. Hence, we have
1) ™ (X e () = Xl 205m) < Cus8 + IK0) ™ @Xeo N = XN 0D 200 -
We use the fact that (Xoo(t)X’N - X,),(’N (1)) belongs to a space of finite dimension to get
1) (Koo (YN = XN D)l 2(0xm) < CT, N Xeo (YN = XN D),
and finally
1160~ (Koo (YN = XN D)l 2 0xmy < CLT NI Xeo(2) = X (1)l
Integrating in time yields
1K) 08y Koo = Xl 2 oy < €2 + C1(T, NYE( f %nxmm - X,(0)I12)
which gives

160 (00K oo = X2 oy < C28 + C1 (T, NIE([1Xeo = Xl ).

By the dominated convergence theorem, E(IIXoo - anlg) converges towards 0. Indeed, Let R > 0,

and let f;, = |[ X0 — anlé, let g, = 17,<rfs. We have that g, converges almost surely towards 0 and
gn 1s bounded. Hence, E(g,) converges towards O by DCT. Besides, f, = g, + 17,5z f, and

E(1ssrfy) < VP(fn > RE(V? < RTE(f2).
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Finally, E(f?) < B(|IXall$ + [IX,]I$) is uniformly bounded in n.
From that we deduce that

llgCe, D) o)V (1Xeol )Xo = V(X)X L1 oy

goes to 0 when n goes to co. Since yr goes to 1 in (x)L>, we get that

llg(x, (XY 20t (V' (1X ool Xeo = X1, V/ (IXal )Xl 1 o)

goes to 0 when n goes to oo, which ensures that almost surely, up to a subsequence, x,, V' (1X )X,
converges towards V' (IXoo*) X in the norm ||g(x)‘21,0(t)‘6 ‘|l (rxr)- Hence, almost surely, up to a
subsequence, and in the sense of distributions

T xr, V' (Xal)Xn) — TV (IXeol*)Xeo.
Finally, almost surely, up to a subsequence, we have that
0 = 0, Xy + I, JT, A Xy, = T T,V (IX0 )X,

converges towards
0 Xoo +J A Xeo = IxL, V' (1Xeol) Xoo

which ensures that almost surely,

0 Xeo + J A Xoo = Ix1, V' (I XeoHXoo = 0

3 Proofs of the estimates and convergence

3.1 Estimates

We recall the assumptions on yz, Assumption [5} It is a C* function such that y;(x) = 1 if
x € [-R(L), R(L)], xr(x) = 0if x ¢ [-R’(L),R’(L)] and yr(x) € [0, 1]. And we recall that R(L) has
been chosen small enough such that

R(L)

Zi3 = E(e_ k) V(lf(")lz)dx) > 176,

and that R’(L) has been chosen close enough to R(L) such that R’(L) — R(L) < ﬁ with C a
constant big enough.

Proposition 3.1. forallr > 2, all s < % there exists C,s and a positive, even, decreasing on R*
map ¢ such that for all L

(lkprD*ully ) VoL () < Crs.
We divide the proposition into four lemmas.

Lemma 3.2. We have

17



R(L)

E(|e— Txevaery _ = Lpay VOER) 2) <7,

which ensures in particular Zy » > Zy 3(1 — Zi 3

2
E(’e— SV _ = [V eP)|) < 78

which ensures in particular Zy 1 > Z;3(1 — 27y, 3),

fi2n12
E(‘e— Jxaviey _ = [xeviel )<z,

which ensures in particular Zj, > Z; 3(1 — 3Zy,3).

Lemma 3.3. There exists a positive, even, decreasing on R™ map ¢ such that for all r > 2, all
s < % there exists C,.s such that for all L

o [xvieP) - o= LVl e
E ’— D - D ‘ < Cy.
( ZL,l “‘Pl gLIILZ(R) ZL ”901 é‘:L”LZ(R) ) r,s
Lemma 3.4. There exists a positive, even, decreasing on R™ map ¢ such that for all r > 2, all
s < %, there exists C,.s such that for all L

o= Jxevae) o o= JxeVaEr o
[l D, ~ e Dl ) < o
Lemma 3.5. forallr > 2, all s < % there exists C,.; and a positive, even, decreasing on R* map
@1 such that for all L
o= JaviEP) o
E(Tn«w €lly2z,) < Crs:

Proof of Lemma[3.2] We have

R(L)

= E(|e— Jxeve?) _ = L) VOEP)

2 P
) <5(] [ b - 1ramanivien])
R
and exchanging the order of integration we get
I< fdxdyD(L(x) = 1i—r@) RO (Y) — 1[—R(L),R(L)](y)|E(V(|§(x)|2)V(|§(y)|2))

and since V(If(x)lz) < (£(x))"V and since the law of ¢ is invariant by translation, we get that

E(VIE@PHVIEDP) < E(E@x)Y™)

is less that a constant depending only on V. Hence

2
IS ( f ber(x) — 1[—R(L),R(L)](X)|)
and given the Assumptions[5|on y; this yields

I <IR(L) - RL)? <cL™

18



which gives the first result assuming that the constant C in the definition on R'(L) = R(L) +
has been chosen big enough.
We also have

1
CVL

Il = E(|e— Jxavaely _ o= [xevae?)

) < B( [ batvag?) - viePyr).

With the assumption on V', Assumption (1} we get that

VII < f XLMEQYV !+ GGy s 6= £l -
Thanks to Proposition[I.2] we have that
I = &nllps < (L2

and that
IKEC™ + L™ s

is uniformly bounded in x and L. Therefore,
Vi1 < L7 fXL(x).

Choosing R(L) small enough such that f xr{(x) < cL'/® with ¢ small enough we get
-2/3 4
n<r?*=z,

For :
11 = E(’e— JxuVOePy _ o= [xevag Py

)

VIII < f XL||<§{(x)>rV” + (fL(x)>rV+1||L‘;mbﬂ”§{ —fLIIL;;m .

ba

we have

We have that f{ — &1 is a Gaussian hence

S f
— < - .
g, — el Lo S g, — &l 2.

The L? norm to the square is given by

11 dy
Ie] - &R, = ~— SN2 f ——.
‘proba kEZ,|k|/ZL>N(L) 1+ ;{7 L (1 +y ) /

What is more,
&L G+ ey e

is uniformly bounded in x and L. Therefore, with the choice of N(L), Assumption [0 we have
VI < Lt f XL-

Choosing R(L) small enough such that f XL < cL with ¢ small enough we get
-1 4
HI<L <Z4

which concludes the proof. O
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Proof of Lemma[3.3] Let

o [xuvie?) o JxuviEl?)

A:H’ 7 oDl - ——

1 Dl )
The proof of this lemma and the next one are new compared to the other proofs. They rely on the

fact that by choosing appropriate N(L), R(L), the measure p; converges towards p.
We have

A<A| +A;
with
e haviar) - f XLVl
Al = E(‘ ZL,] - ‘”‘PID §L||L2(R))
and
P ALHARD
m=m————¢MDﬁm—wmﬁmﬁ

By Holder’s inequality, we have

f2
e~ JxaVEr) o= [xViEgP) o2
| Elo1 D*ELII7)" 2.

AlsE(| A

Aslong as ¢; is in L' and s < 1, we have that

E(lle1 D€Ll

is uniformly bounded in L (but not in r, s). Hence,

A < ZLE(‘e_ Jxavae? _ e [xeVaElP

s AL

Ziy  Zit

Thanks to Lemma[3.2] we get
1/2
ZL3 Z3

A1 < + R
"Y1 22705 T (1-3203)2(1 - 2Z13)

which goes to 0 as L goes to oo and hence is bounded.
By Holder’s inequality, we have

E(e 2/ uvaf[P))l/z

A < 2 (Bl D& IS~ + Edllgr DY€L ™) B lpr DY L - €DII) .

We have that
E(”(,D DS§L||4(V 1))1/4

is uniformly bounded in L (but not in r, s) as long as ¢y is in L!. Therefore,
Ar 5 (Z)PE(le1 DL - EDIE) V.
‘We have that
EleiD* €~ DI = i D€L~ €Dl 1oy
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and by Minkowski’s inequality, since 4 > 2, we can exchange the norms to get
EdllerD* €~ €D < o D*EL =~ Dl s,

Given &7 and .f{, we have that for all x,

s _f —1/4+s/2 dy 1/4
D€L = €D, S N(L) ( f —(1+y2)3/4_s/2)

and thus
E(llo1D*& - €Dl s N4 g1 |2

Hence, as long as ¢ is in L? we have
Ay S N(LV4127 (1 = 37, 5)71?
and given the estimate on Z 3, Assumption 3 and Assumption[6] we have
Ar s (1-3213)"2
which is bounded.

Proof of Lemma Let

o= JxeviaP) L ALD)

A= E(| ZL’] ||901DS§L||22(R) ZL, ”(P]D g”LZ(R)’
We have
A<A+A
with
o Jxvaer) e = [xuvaed)
Al =E ’ ZL’] Z |||()01D §||L2(R))
and
o Jxevae?
Ay = B( 7 llgr D€l — g D€ ).

By Holder’s inequality, we have

_ V(& I? - V(leP?
) e it
Zr Zi> L

A < E(’

As long as ¢ isin L' and s < % we have that
E(le1 D*&l75)"?
is finite. Hence,

A< LE(‘e— DoV _ o= [aevier)
ZL)

Zi1
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Thanks to Lemma[3.2] we get

12
Z13 Zr3

1S + 2 3\
1-2Z15  (1-2Z3)(1 -2 5)

which goes to 0 as L goes to oo and hence is bounded.
By Holder’s inequality, we have

E(e 2/ xeViglyl/2

Ar < (Edlpr DL + Blllor D€ ™) 4)Edler1 D€ = £0)lI7)"™.

Zr1 L

‘We have that

E(llgr D&

is uniformly bounded in L as long as ¢ is in L!. Therefore,

Ay  (Zp) PE(lei DY (€ - Dl

We have that
Elpr D€ = €0ll2)"" = 1D € = €Dl 12wy

and by Minkowski’s inequality, since 4 > 2, we can exchange the norms to get
Elg1 D¢ = 0ll;2)""* < 1D = EDllpgey it -
Given ¢ and &7, we have that for all x,
ID*(€ =€) < (L2

and thus

1
Elle1D'¢ = €0l < T ller (ol

Hence, as long as ¢;(x) is in L? we have

1
2 S
L'2Z]12(1 - 22, 3)12

and given the estimate on Z; 3, we have

1
L5/12(1 _ 2ZL,3)1/2

Ay <

which goes to 0 as L goes to co and hence A; is bounded.

Proof of Lemma Let
o= JxviEP)

N r
B - E ZL’2 ”‘PID g”LZ(R))

‘We have
B<Bi+B;
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with
o vty L, VOER)

B =% 7 7

o1 D€l )

and "
_ 2
o Ly Vie®)

By = B(—— —— 1Dl

By Holder’s inequality and for the same reasons as in the proof of Lemma 3.4 we have

B < ZL (| - Pxeve?y _ g L) Vet

L2

R(L)

) 2)1/2 ( e V(|§|2))|ZL,2 - 713
Z1p713

From Lemma[3.2] we get

172
Z13 Z5

+
2 2
-z, 1-Z],

B <

which is uniformly bounded in L.
For B,, we have

ke D*uli2, < " @D ullZs iy

nez

with a,, = supy, .17 ¢1.- We also have that | DSu||? can be described as

L2([n,n+1])

Ju(x) — u@)®
DSull? = ||ull;2 +f dxdy————=—
I “L2([n,n+1]) llull, ([n,n+17) s 1 Y |x — y|1+2s

and by symmetry in x and y

Ju(x) = u@)?
D’u u +2 Loy dxdy—>—.
I ||L2([n n+l1]) = Ml 2 ey f[n,n+1]2 x|yl dxXdy b — y|1+2s

Besides, we have with

o Lraty V)
dpr3(u) = Z du(u),
L3
l/r

= |l1 D* M||L' LR

We use the description of ||¢1 D°ul|;> to get

2 2
S YA o B

Since r > 2, by the triangle inequality, we get

2/r 2101 7S,,112
BZ S Zan”D l/l” ;L,3’L2[n’n+1]

and by using the description of [|D*ull2((+17)s
2/r 2 =112
S Z e s L)) F 2lja ;,Ly3,L2([n,n+1]2))

lu()—u(y)|

where i(x,y) = Ly 5 -
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By Minkowski inequality, since r > 2, we can exchange the norm in probability and the one
in space to get

2/r 2011112 2
B, < Z an(”“”L2([n,n+1],L;m) + 2||“||L2([n,n+1]2,L;,L3))'
- 3 :

We have .
o= Lry V)
r — r
ol = E(—ZL,3 0ol
and

e f—RR((LL)) V(|§|2) |§()C) _ é:(y)lr)

~r
it =1 E
I ”L,’]L3 [xI=[yl Z13 |x — y|r/2+rs

Thanks to Proposition[I.3] there exists ¢, such that
lu(Oll;: < @r(Ix))
PL3

and
e, VI, < @rlxhle = yI772

This is due to Feynman-Kac’s integrals and the dependence in x is due to different rates of point-
wise convergence in terms of x.
Therefore, we have

5 n+1 2 n+1 -
I gy, < [ 67D [ byl v
, n n
and since —1 + % > —1, we get

2/r 2 1/r2 1/r)2
Bz S Zan(”()or ”LZ([H’,,H_]] + 2”901‘ ||L2([n,n+1]))'
n

Choosing ¢; small enough such that the series converges, and positive, even, decreasing on R*,
we get the result. O

3.2 Convergence

Proposition 3.6. The family (p1); converges weakly in H, towards p when L goes to .

Proof. Let F be a bounded, Lipschitz continuous function on S'.
We have
E,(F)-E, (| <I1+1I+1I+1V

with
I = [By(F) =By, (F)
= [Ep,(F) =5, (F)
= EpLYZ(F)—EpLYI(F)|

A%

EPL,I(F) - EPL(F)|‘
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We have that I goes to 0 when L goes to co by Feynman-Kac theory.
We have

= Jey VAR = [xavaer)

IT'< E(|F(§)|’e Zr3 - Zro |)

which thanks to Lemma|[3.2] and the fact that F is bounded, satisfies

Il < CFZL’3

where Cr is a constant depending only on F' and hence goes to 0.

We have
= [xwvaer) e~ L)

e
111 < E(|F(§)T2 - F(gL)TD.

Since F is bounded and Lipschitz continuous we have that

R AL RIS P (57D

_ -1/2 _A2\1/2
11 < Cr 7 7 )+ Crz; Bl - 8122,

The norm of H,, is weak enough to get

€L = Elly < IKXY (€L = Olip2

from which we deduce
E(léL - €)' < LYV,

Since 2212/2 ~ LY12 and by Lemma we get that /11 goes to 0 when L goes to oo.
Finally,

o JxeVie vl xLV(gLP)
1v <E(|F - FEh———|
(|Fe 7, D
Since F is bounded and Lipschitz continuous we have that
A P AL DB DAY (5D " o
- - - /2
1V < Cr| 7 7|+ Crz PRl - 1)
We have ‘ _
E(le - €12 < B(x) ™" & - eDIE)? s N < L7
Since Z;ll/z ~ L'12_and by Lemma we get that IV goes to 0 when L goes to co. O

A Variable coefficients equations

As mentioned in the introduction, we can generalize Theorem |[1|to include also the case of asymp-
totically flat variable coefficients. We devote this appendix to sketch the necessary modifications
needed in order to prove the following

Proposition A.1. Let a(x) be a positive map such that there exist constants C € R and y > 1 such
that
a(x) < C{x)77.
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Let V satisfying assumptions (I). We consider the equation
i = —0((1 + a)dcu) + V' (|ul*u). (11)

Then, there exists a non-trivial measure p (independent from t), a probability space (Q, A, P) and
a random variable X, with values in C(R, D) such that

o forallt e R, the law of Xo(t) is p,
o X is a weak solution of (2)).
Proof. We introduce the change of variable y = ®(x) with ®’(x) = —L_ for every x. Then we set

1+a(x)
v(y) = u o ®1(y) so that v satisfies, for u solution of (TT)

-1
2y + V/(vP)v.

= ————§
T @)™

We then get
0w =JvVy; HWv)

with J = W skew-symmetric and with the Hamiltonian given by

H@y) = %fﬁ(—A)v + f(l +a)o DMV (V).
The difficulty is now that V is replaced by
(L+a) o @~ MV (vP)
which depends on y. Anyway we can write
H = Hy + Hper
with |
Ho(v) = H() = 5 f V(=) + f V(v*) and H ey, = f ao ® MV

Notice that Hy falls within the assumptions of Theorem 1| and therefore defines, in the sense we
have seen above, an invariant measure p given by

e LT ovaE o)y
dp(u) = (12)‘300 Z dur.

On the other hand, notice that a o ®~!(y) is positive and such that
lao @' )| < )7

therefore, Hper; = f ao @‘1(y)V(|v|2) can be seen as a perturbative term, as Hp, is p a-s well-
defined and e~Hren € L}). The proof of Theorem|l|can then be reproduced in this new setting to get
Proposition[A.T} indeed, the approaching equations are perturbations of the ones in the setting of
Theorem [Tk .

i
(1+a)od!

(compare with (3))), and the corresponding approached measures are perturbative as well.

v =Ty, Uny Vi He(u)
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