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SYMMETRIC DOUBLE BUBBLES IN THE GRUSHIN PLANE*
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Abstract. We address the double bubble problem for the anisotropic Grushin perimeter P, o > 0,
and the Lebesgue measure in R?, in the case of two equal volumes. We assume that the contact
interface between the bubbles lies on either the vertical or the horizontal axis. We first prove
existence of minimizers via the direct method by symmetrization arguments and then characterize
them in terms of the given area by first variation techniques. Even though no regularity theory
is available in this setting, we prove that angles at which minimal boundaries intersect satisfy the
standard 120-degree rule up to a suitable change of coordinates. While for @ = 0 the Grushin
perimeter reduces to the Euclidean one and both minimizers coincide with the symmetric double
bubble found in |10], for @ = 1 vertical interface minimizers have Grushin perimeter strictly greater
than horizontal interface minimizers. As the latter ones are obtained by translating and dilating the
Grushin isoperimetric set found in [19], we conjecture that they solve the double bubble problem
with no assumptions on the contact interface.
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1. INTRODUCTION

1.1. General framework

For a volume measure V and a perimeter measure P on an n-dimensional manifold M, an m-bubble cluster
is a family of m > 2 pairwise disjoint sets {E; C M : 4 =1,...,m} such that P(E;) < +00 and V(F;) < 400
foralli=1,...,m. Given v; > 0 for i = 1,...,m, a minimal bubble cluster problem on (M, P,V) consists in
finding solutions of the minimization problem

infd Pp(E): E =) E c M, V(E;) = v ¢, (P)
=1
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where {E; : i =1,...,m} is an m-bubble cluster and & is given by
1 m
E PM\ E)+ =
Zp(E) =5 \E)+5 E:

For m =1, (]ED is the isoperimetric problem. When M is either the Euclidean space, the n-dimensional
sphere S™ or the hyperbolic space, endowed with the Riemannian perimeter and volume, minimizers are
known to be metric balls, see [27].

Regarding the case m > 2, Plateau experimentally established in [25] that soap films are made of constant
mean curvature smooth surfaces meeting in threes along an edge, the so-called Plateau border, at an angle of
120 degrees. These Plateau borders, in turn, meet in fours at a vertex at an angle of arccos(f%) ~ 109.47
degrees (the tetrahedral angle). Existence and regularity of minimizers of (]ED in the Euclidean setting
(R™, P,.£™) were proved by Almgren in his celebrated work [1]. Here, P denotes the standard De Giorgi
perimeter and " the n-dimensional Lebesgue measure. Plateau’s observations were rigorously confirmed
by Taylor in [28] (a proof of the same result in higher dimensions n > 4 was announced in [29]). The case
n = 2 was treated separately in [22].

When m = 2, (]ED is the double bubble problem. This is the type of problem that we address in this paper
for an anisotropic perimeter, called the Grushin perimeter, see Section In the Euclidean setting, the
natural candidate solution is the so-called standard double bubble given by three (n — 1)-dimensional spherical
cups intersecting in an (n — 2)-dimensional sphere at an angle of 120 degrees (for equal volumes v; = vg,
the central cup is indeed a flat disc). The first proof of this result for n = 2 was given in |10] exploiting the
analysis carried out in [22]. A second proof appeared in [8]. The case n = 3 was established first in [13] for
equal volumes and then in |14] with no restrictions. The case n > 4 was finally solved in [26].

The double bubble problem has been addressed also in other spaces. For Ml = S" the problem was
completely solved for n = 2 in [17], while for n > 3 only partial results are available, see [5,/7]. The double
bubble problem was completely solved on the 2-dimensional boundary of the cone in R?, where minimizers
are either two concentric circles or a circle lens, see [15], and on the flat 2-torus, where five types of minimizers
occur, see [6].

For m > 3, problem (]ED is still unsolved even in the Euclidean case and presents several interesting open
questions, see [16, Part IV]. The case M = R?, m = 3 was solved in [30]. For a detailed review on minimal
partition problems, see [16}23].

1.2. Our setting

In this paper, we address problem (]ED for m = 2, where M = R2?, V = #? is the 2-dimensional Lebesgue
measure and, for « > 0, P = P, is the Grushin a-perimeter given by

PaE:sup{/ Op01 + |x|“0 dxdy : 1,02 € CHR?), sup 2 4+ 2§1} 1.1
(E) E( P1 + [2]|*Oyp2) dzdy < 1,2 ()WV% v3 (1.1)

for any .#2-measurable set £ C R2. For o = 0, the perimeter in reduces to the standard Euclidean
one in R2. The a-perimeter is naturally associated with a Carnot—Carathéodory structure in R? called the
Grushin plane, i.e., the manifold R? endowed with the vector fields X = 9, and Y = |z|*9,. An essential
feature of P, is its invariance under (Euclidean) vertical translations (x,y) — (x,y+ h) for h € R. Moreover,
the Grushin plane (R?, P,,.#?) is homogeneous with respect to the intrinsic anisotropic dilations given by

(,y) = 6x(z,y) = Az, A\ 1y) for all A > 0 and (z,y) € R?, that is,
L2ON(E)) = XLAE),  Pa(0r(E)) = NP (E),

see [19, Proposition 2.2].
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The case m = 1 in problem (]ED was completely solved in this context in [19], where the authors showed
existence and uniqueness up to dilations and vertical translations of the Grushin isoperimetric set. This is
E, ={(z,y) € R?: |y| < ¢a(|z]), |z| < 1}, where the profile function ¢, : [0,1] — [0, +00) is given by

™

Yaolx) = /5 sin®t(¢) dt, for z € [0, 1]. (1.2)

rcsin x

See also [12] for a generalization to higher dimensional Grushin structures.

We remark that a regularity theory for almost minimizers of the a-perimeter is not yet available. We refer
to [18,]20,21] for some partial results in the strictly related setting of Heisenberg group. For this reason,
the case m = 2 in problem (]ED cannot be addressed in full generality for the Grushin perimeter following
the approach of [10,/22]. As a matter of fact, a candidate solution of the double bubble problem in the sub-
Riemannian setting has not been proposed yet. In this paper we study possible configurations and formulate
a “standard double bubble conjecture” in this context. To this purpose, we study the case of two equal
volumes and we assume that the contact interface between the two bubbles is contained in one of the two
coordinate axes.

1.2.1. The problem for vertical interfaces

For any .#%-measurable set E C R?, let
ET* =En{(z,y) € R*:z > 0}, E~* =En{(z,y) e R*: 2 <0}. (1.3)

For a given v > 0, we define the class of admissible sets as

" (v) = {E CR?: E is Z*-measurable, £*(E") = £*(E~") =v}. (1.4)
The first problem that we treat is
inf{#Z2(E): E € o"(v)} (1.5)
where, for any F € &/*(v), we let
1
PE(E) = i(Pa(EJ“””) + Po(E™") 4 Py (E)) € [0, +oc]. (1.6)

When o = 0, we simply write 2§ = 2*.
1.2.2. The problem for horizontal interfaces

For any .#?-measurable set E C R?, let
EtY =En{(z,y) e R*:y >0}, E7Y =En{(z,y) e R*:y < 0}. (1.7)
For a given v > 0, we define the class of admissible sets as
#Y(v) = {E CR?: E is Z*-measurable, £*(E"Y) = Z*(E7Y) =v}. (1.8)
The second problem that we treat is
inf{ZY(E): E € &¥(v)}, (1.9)
where, for any E € &/¥(v), we let

PY(E) = %(PQ(E“/) + Po(E7Y) + Po(E)) € [0, +09). (1.10)

Again, when a = 0, we simply write 2§ = Y.
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1.2.3. Main results

Existence of minimizers to problems and is proved in Theorems and respectively. Our
approach to characterize them is based on a rearrangement technique which has its own interest (see Section
and Theorems which exploits the existence of a change of coordinates that transforms the Grushin
plane (R2, P, .#?) in the transformed plane (R%, P,.#,,). Here, P is the standard Euclidean perimeter and
M, is a weighted area, see Section Thanks to this rearrangement we deduce symmetry of minimizers,
which yields a complete characterization of the minimal double bubbles with constrained vertical and hori-
zontal interface by a first variation argument (see Theorems . Our main results are resumed in the
following theorem.

Theorem 1.1. Let v > 0. Then solutions to problems (1.5, (1.9) exist. Moreover, the following statements
hold.

1) If E C R? is a solution to (1.5)), then, up to vertical translations, we have

E={(z,y) €R*: |y < f(lz]), |2 <7},

where f € C([0,7]) NC>(]0,r[), r €]0,+o0[, is defined by

x 1 [e3%
flz) = b e u +
klert ) Vi

for all x € [0,7], where r = —3- and

1 1

,tl_ta_i_l a+2

k=— 2/2(2 ) dt :
vJ_1 V1—t2

2) If E C R? is a solution to (1.9)), then, up to vertical translations, we have

By ({5 (i () < 2)).

where @4 [0,1] — [0, +00] is the isoperimetric profile defined in (1.2)) and

L1y e A\
= |- E)-2 [ —— at .
v () o V1-t2

Both double bubbles with constrained interface in (R?, P,,.#?) consist of three smooth curves with con-
stant mean a-curvature (see Figures @, . Even though they do not satisfy the 120-degree Plateau’s
rule in the Grushin plane, they do satisfy it in the transformed plane (R?, P,.#,,), see Sections
This new phenomenon gives some insights about the possible structure of the singular set of minimizers in
this sub-Riemannian context.

In conclusion, by comparing the two minimal double bubbles in the case o = 1, see Remark [5.7], we obtain
a candidate solution to the general double bubble problem for the Grushin perimeter: the configuration with
vertical interface has perimeter strictly greater than the one with horizontal interface. This establishes a
connection with the standard double bubble in the Euclidean setting: in fact, the minimal double bubble
with horizontal interface is obtained by translating and dilating the Grushin isoperimetric set found in [19],
similarly to the Euclidean case. This leads us to conjecture that this configuration may solve the double
bubble problem with no assumptions on the contact interface.
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2. PRELIMINARIES ON THE GRUSHIN PERIMETER

2.1. Representation formulas

We start recalling some representation formulas for the a-perimeter that we will use in the sequel. Let
E C R? be a bounded open set with Lipschitz boundary. Then

P,(E) = /615 (NE,l(oc,y)2 + |x|2aNE’2(a?,y)2)1/2 dt (x,y), (2.1)

where Ng(z,y) = (Ngi(z,y), Ng2(z,y)) is the (outward) unit normal to OF at the point (z,y) € OF.
Formula (2.1) is proved in [19, Theorem 2.1]. Let D = (a,b) C R be a bounded open interval and let
p,%: D — R be two bounded Lipschitz functions on D. Consider the open epigraphs

E,={(z,y)eR*:z€D, y>op)}, Ey={(z,y)eR*:yeD, x>y}

The sets £, and E, have finite a-perimeter in the cylinders D x R and R x D respectively. Moreover,
formula (2.1]) implies that

Pa(BaD xB) = [ PP da, (2.2)

and

Pa(EyiR x D) = /D VIT W) dy. (2.3)

2.2. Transformed plane

As observed in |19], there exists a change of coordinates that allows us to identify the Grushin plane
(R?%, P, £?) with the transformed (Grushin) plane (R%, P, . #,), where P is the Euclidean perimeter and
M, is a weighted 2-dimensional Lebesgue measure. Precisely, consider the functions ®, ¥: R? — R? defined
as

a+1’

Clearly, the functions ® and ¥ are homeomorphisms with ®~! = ¥ and, for any £ # 0, |det J®(&,n)| =
|(a+1)¢|"a+1. By [19, Proposition 2.3], for any .#?>-measurable set E C R?, the transformed set F = U(E)
satisfies

B(en) = (sen@lla+ VeI, 0). W) = (s 20 ) (2.0

P(F) = Pa(E),  Mao(F) = /F (a4 Ve dedn = 22 (E). 25)

2.3. Grushin isoperimetric set
By [19, Theorem 3.2], the following isoperimetric inequality holds. For any measurable set E C R? with
L%(E) < +00, we have
LE) < c(a)Pa(B)+H, (2.6)
where ¢(a) > 0 is a constant depending only on o > 0. The equality in (2.6 is achieved on the Grushin
isopertmetric set

Eo = {(z,y) € R? : Jy| < pa(lz]), |z <1}, (2.7)
where the isoperimetric profile o [0,1] = [0, 4] is given by (1.2)) and we let o, = ©4(0). The isoperimetric
set is unique up to dilations and vertical translations. Observe that the isoperimetric profile satisfies

xa+1

Pu () = —ﬁ
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for all z €]0,1[ and that

a+1
a+2

P.(E,) :2/: sin®(t) dt, L*E,) = P.(E,).

We remark that the boundary of the isoperimetric set E, is not smooth. Precisely, if & € N, then 0F,, is
Co*t1 but not C**2 around the y-axis.

2.4. Additional terminology

We conclude this section introducing some additional terminology. We say that a set £ C R? is z-
symmetric (respectively, y-symmetric) if (z,y) € E implies (—z,y) € E (respectively, if (z,y) € F implies
(x,—y) € E). For every t € R, we define the sections

Ef ={yeR: (t,y) € £}, E! ={z €R: (z,t) € E}. (2.8)

The set E is z-convex (respectively, y-convez) if the section E} (respectively, the section E¥) is an open
interval for every t € R. Moreover, the set E is y-Schwarz symmetric (respectively, z-Schwarz symmetric) if
it is both y-symmetric and y-convex (respectively, z-symmetric and a-convex). We denote by .7, the class
of #2-measurable, x-symmetric sets in R? and by <, the class of & 2_measurable and y-Schwarz symmetric
sets in R%. The classes ., and .} are analogously defined. Finally, a set E € ., is z-transformed-convex
if U(ET*) is convex. A y-transformed-convez set is defined similarly.

3. A REARRANGEMENT IN THE HALF-PLANE

3.1. Preliminaries

In this section we introduce a rearrangement that decreases the a-perimeter of suitable symmetric sets in
the admissible class ([1.4). Thanks to the change of variables , it is enough to work in the Euclidean
plane, so that along all this section we can assume a = 0. In the following, we let H = [0, +0co[xR be the
closed right half-plane and H+ =]0, +00[xR the open right half-plane.

Definition 3.1. Let A C R be a measurable set. The essential inf of A is defined as
essinf A = sup{t € R : £ (AN] — oo, t[) = 0}.

The essential sup of A is defined in the analogous way. Note that .#!(A) = 0 if and only if either essinf A =
400 or esssup A = —co.

Lemma 3.2. Let E C H be a measurable set such that E € /7. Up to modify E on a negligible set, the
functions Ag, pg: R — [0,400] given by

p(t) = LYHEY), op(t) =essinf EY, teR,

are even on R, monotone and left-continuous on ]0,+o00l. In particular, Ag is non-increasing and ¢g is
non-decreasing on |0, 4+o00].

Proof. Since E is measurable, the horizontal section E} is measurable for a.e. ¢ € R, so that the functions
Ag,pp: R — [0,400] are well-defined a.e. Moreover, since E € .7, we have EY = EY, for every t € R
and EY C EY for every 0 < s < t. Thus Ag (respectively, ¢g) is equivalent to a function even on R and
non-increasing (respectively, non-decreasing) on ]0, +00[. Since a monotone function can only have countably
many discontinuities in its domain, the conclusion follows. O
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3.2. Rearrangement and first properties

Let £ C H be a measurable set such that £ € .. Let Ag,op: R — [0, 4+00] be the functions given by
Lemma Let dom pg be the set of points where ¢p is finite. By Definition [3.1] it is enough to work on
dom pg. Let D = {dj : k € N} C]0,+oo| be the set of discontinuity points of the function ¢g in dom .
For all k£ € N, we set

gk = ((pr(di+) — @r(dr)) — Ap(dr) = Ae(dr+))) " > 0. (3.1)
We define the function 75: R — [0, +00] as
() =) jkX(@eroo)(t),  tER. (3.2)
keN

Note that 7 is even on R, non-decreasing and left-continuous on |0, 4+o0c[, and such that 7g(t) < ¢g(t) for
t € dom . We thus define the horizontal rearrangement of E as

E* ={(z,y) eR? 1y € domyp, 0<z—pp(y) +7ly) < Ae(y)}. (3.3)

It is easy to see that E* C H is measurable and such that E* ¢ #y. The following result shows that the
rearrangement defined in (3.3]) does not modify z-convex sets.

Lemma 3.3. Let E C H be a measurable set such that E € 7. Let E* C H be as in (3.3). If EY is
equivalent to an interval for a.e. t € R, then E* = E up to negligible sets.

Proof. Up to a modification of E on a negligible set, we can directly assume that

E={(z,y) eR*:yedomepg, 0<z—vr(y) <e(y)}, (3.4)

see [16, Lemma 14.6]. Therefore, we just need to prove that 7g(y) = 0 for every y € R. Todo so, let 0 < s <t
and note that EY C EY because E € & By (3.4)), this means that

les(t), ep(t) + As(t)| C Jee(s), vr(s) + As(s)|

for 0 < s < t, so that (pg(t) —er(s)) — (Ae(s) — Ag(t)) < 0. Recalling (3.1) and the definition of 75 in (3.2)),
this concludes the proof. O

3.3. Approximation lemma and elementary inequalities

In the proof of the main result of this section, Theorem [3.6] below, we will need the following approximation
result. See also |11, Lemma 2.1].

Lemma 3.4. Let E C H be a measurable set such that £?(E) < 400, P(E) < 400 and E € ;. There
exists a sequence (Ey)ren C H of bounded open sets with polyhedral boundary such that Ej € S and, as
k — +oo,
xe, = xg in L',  P(Ey) - P(E), P(Eg;HY)— P(E;HY).
Proof. Since £%(E) < +00, it is not restrictive to assume that E is bounded, see [16, Remarks 13.12]. Let
us set ~
E= {(Ivy) € R?: (|1‘|,y) € E}7
the symmetrization of E with respect to the y-axis. It is immediate to see that E € .%, N &, is bounded

with P(E) < 400 and P(E;90H) = 0. By [16, Theorem 13.8], there exists a sequence (E)ren of bounded
open sets with smooth boundary such that

Xg, — Xg in LY, P(E}) — P(E), (3.5)
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as k — +oo. Arguing as in the proof of [11, Lemma 2.1], one can prove that (Eg)ren C 7% N - Now let
us set By = Ep N H' for each k € N. Since P(E) = 2P(F; Ht) and P(E},) = 2P(Ey; H') by symmetry,
from (3.5)) we deduce that

XB, = xpin L', P(Eg;HY) — P(E;HY), (3.6)

as k — +o0o0. We claim that P(Ey) — P(E) as k — +o00. Indeed, by (3.6)), it is enough to show that
P(Ey;0H) — P(E;0H) (3.7)
as k — 4oo. Recalling (3.6)), the limit in (3.7) follows by the definition and the continuity of the trace
operator for BV functions on bounded open sets with Lipschitz boundary, see |2, Theorems 3.87 and 3.88]
(see also [9, Theorem 5.6]). By a standard approximation by linear interpolation and a diagonalization

argument, one can replace (Ey)ren with a sequence of bounded open sets with polyhedral boundaries. O

In the proof of Theorem below, we will need the following elementary inequalities, which we prove here
for the reader’s convenience.

Lemma 3.5. Let N > 1 and let ap € R™ for allk=1,...,N. Then

> N-d (3.8)

= 2
leg;l L+ fag|* + \/ 1+ ‘Zﬁ;l ak’

and thus, in particular,

2

N -1

>
- N .
23 =1 VI fa[?

14

N N
D Vitlanf =1+ 1> a
k=1 -

k=1

Proof. We have

N 2 N
<Z\/1+|ak|2> =N+ Jal+2 > VI +an)(1 + [ar]?)
k=1

k=1 1<h<k<N
and
N 2 N
1+ Zak :1+Z\ak\2+2 Z (ah,ak>,
k=1 k=1 1<h<k<N

Therefore, by Cauchy-Schwarz inequality, we get

N 2

>

k=1

) (-

N1tz Y (VO [al) ~ fana)) > N -1
1<h<k<N
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and thus

N

S VITar -

k=1

(S viTTar) - (142w

- 2
Z;cvzl 1+ [ag|* + \/ 1+ ‘25:1 ak‘

N -1
> ,
2
S VI F TP+ 1+ [

2
which is (3.8)). In particular, we have Zi\;l V1+tag? > 4/1+ ‘Zgzl ak‘ and so from (3.8]) we deduce (3.9).
U

3.4. Rearrangement theorem

We are now ready to prove the main result of this section. The argument follows the strategy outlined in
the proof of [16, Theorem 14.4].

Theorem 3.6. Let E C H be a measurable set such that £*(E) < +o0o, P(E) < 40 and E € Sy Let
E* C H be the set defined in (3.3). Then £*(E*) = Z*(E), E*X € .} and

min{P(E) — P(E*), P(E;H") — P(E*;H")} > 0. (3.10)
Moreover, equality holds in (3.10) if and only if EY is equivalent to an interval for a.e. t € R, in which case
E* = E up to negligible sets.
Proof. We divide the proof in two steps.

Step 1. Let us assume that E is a bounded open set in R? with polyhedral boundary and that the outer
unit normal to E (that is elementarily defined at #'-a.e. point of OF) is never orthogonal to e;. By this
assumption and by the implicit function theorem, we get that

M N(h)
E= U (z,y) eR*:y e IFUI, , z € U ]uﬁ(y),v’,ﬁ(y)[ , (3.11)
h=1 k=1
M N(h)
oE =) |J T, i u ) Ul (o, IF U T;).
h=1 k=1

Here {I;} h=1,. s a finite family of non-overlapping bounded intervals such that

M
Lfclo,4ocf, Iy =-5f, I=JILfur,
h=1

where [ = {t eER: LYEY) > O} and uf,vF: R — [0,400[, with h = 1,..., M, k = 1,..., N(h), are affine
even functions on R such that u’,fb < v’,fb on I,J{ and ufl (respectively, v’,fb) is non-decreasing (respectively, non-
increasing) on 0, +oo[, see Figure [1l For D C R and u: D — R, we denote by I'(u, D) = {(2,t) e R? : z €
D,t =u(z)} the graph of u over D.
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Figure 1. If F is a bounded open set with polyhedral boundary, with outer unit normal never
orthogonal to e, then F is parametrized as in (3.11). In particular, uf = vf on 0I N OI,.
Moreover, if 8I; N8I, # @ and 1 < k < N(h), then either uf = v}, or there exists 1 < j < N(i)

such that uf = v/ and v} = v/ on 8I; N I),. These two properties, guaranteed by (3-11)), imply the
continuity of Ag, @ and 7.

The function Ag: I — [0, 4+o0[ of Lemma [3.2]is given by

As(y) = > vily) —ui(y), VyeILiul,.

We claim that, since £ € .7, 0E N JH is a symmetric interval centered at the origin and
OENOH = {y € R:pp(y) =0} = ¢35 (0).
Indeed, settting
h=max{h=1,...,M: forall r <h, ul(y) =0 for every y € I7 UL}

or h = 0 if the condition in brackets is empty, we get

P
OENOH = | J I uT,.
h=1

(3.12)

Now, let us set inf I,J{ = dp_1, Sup Ih+ = dj. By construction, the discontinuity points of g belong to the
finite set D = {dj, : h =1,..., M }. Therefore, the function 75: I — [0, +oo[ defined in (3.2)) is given by

h—1

() = 3 (ubpr () = w}(d) Xar ooy (W))W € I U}
=1

Let also

a(y) =¢ey) —ely), yel
and

o(y) =a(y)+re(y), yel.
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OE* NOH

Figure 2. In general, the amount of perimeter on 9H of a bounded open set E with polyhedral
boundary is increased by the rearrangement defined in (3.3)), so that P(E;0H) < P(E*;0H).
Precisely, the set OE* N OH coincides with the connected component of {¢% = 0} containing
OENOJOH.

The functions @, are affine, even, non-negative and continuous functions on I such that & < ¥ and

(respectively, ©) is non-decreasing (respectively, non-increasing) on I™ = IN|0, +-o00[. Recalling (3.3)), we thus
find that

E* = {(z,y) eR® 1y € I, w € Jaly), o(y)[},
OE* =T(a, 1) UT(3,1).

In particular, we get that £?(E*) = 2?(E) and E* € .7 Note that
vex(y) =uly) <prly) yel,
so that OE N OH C OE* N 9H. Thus
P(E;0H) < P(E*;0H). (3.13)

Indeed, let

h= max{h=1,...,M : for all r < h, ul(y) is constant on I;" U I, }

or h = 0 if the condition in brackets is empty. Then, we get h > h, and hence

-

OE* NOH = U YUl =EndH)U | ) U, (3.14)

>
I
>

see Figure [2|
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We now prove that P(E*) < P(E). We have

N(h)

—Qﬂfz¢w| Y2+ /1412 dy,

P(E*) :2/ VIF|@]2 + 1+ [0)2 dy
I+

N(h)
_ 22/ L |(up) 2+ |1+ (b)) + Y (F) = (wh))] | dy.
h=1 k=2

By inequality (3.9) in Lemma we obtain that

N
W+|P+Z/HIWM¢H%W—1HM%ZWW%@Q
N(h) -1

2
TP + S0 U+ kY2 + 1+ Iy

and therefore P(E*) < P(E) since N(h) > 1 for every h. The inequality above allows us to deduce some
more precise information. Let D C I be the set of those ¢ € I such that E} is not an interval, so that
N(h) > 2 if and only if Ihi ND = @. Then we get

1

dy
nD T+ (v} |2+Zk2\/1+‘ I|2+\/1+|(U§)/2

M
P(E)— P(E*)>2 Z /

Since clearly it holds

M N(h)
E>Z2Z/+ L )24+ 37 11l 2 4+ /1 + (b2 dy,
o1/ I nD P

by Cauchy-Schwarz inequality we deduce that
(P(E) — P(E*))P(E) > £*(D)>. (3.15)
In addition, from (3.13)) we deduce that

P(E;H") — P(E*;H") > P(E*;0H) — P(E;0H) >0
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We can also obtain a stronger inequality. Indeed, by (3.12) and (3.14), we have
N(h)
P(E;HT) fzz/ V14| (v \2+Z\/1+| ’|2+\/1+|(v’,§)'|2dy

N(h)

+22/Z\/l+l VI2+ 1+ ()12 dy,

h=h+1"Tn k=1
NAESTTIE dy+2/ VIR dy
¥

2

P(E*;HY) :2/

Itn{a>0}

N(h)

h
=2 [ b+ S (b - )| d
k=2

N(h) 2

b2 3 [ TR 1 e 3 (- )|
k=2

h=h+1 I

Then, since h > h, arguing as before we get that

(P(E;HY) — P(E*;HT))P(E; HY) > £*(D)>.

Step 2. Let E C H be a measurable set such that .£?(E) < +oo, P(E) < 400 and E € .. By
Lemma m there exists a sequence (Ej)ren of bounded open sets with polyhedral boundary such that

E, CH, Ey € 7, (3.16)
and, as k — +oo,
XE, — Xg in L', P(E;) —» P(E), P(Ey;HT) — P(E;HY). (3.17)

Without loss of generality, we can assume that for every k € N the outer unit normal to Ej, is never orthogonal

to e; while keeping (3.16)) and ( - Let us set
Iy ={y e R: Ag,(y) >0}
and Dy, C Iy, the set of those ¢ € Ij such that (Ex)Y is not an interval. Applying step one to each Ej, we get

P(E¥) < P(Ey),  P(EX;H') < P(Eg;HY), (3.18)

LN (Dy)? < min{(P(Ek) — P(E}))P(Ey), (P(ByHY) - P(E;;HJF))P(E/C;HJF)}- (3.19)

By Tonelli’s theorem, we have
L*Ey ANE) = /fl((Ek)Zt’ AEY) dt > / Mg, (t) — Ag(t)| dt = KQ(E,:' A E*). (3.20)
R R
In particular, x px — Xgx in L' and, by the lower semicontinuity of the perimeter,
k

P(E*) <liminf P(EX),  P(E*;HT) <liminf P(EX; HY). (3.21)

k—+oo k——+oo
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By (3.17) and (3.18)), from (3.21]) we deduce (3.10)). In addition, from (3.19)), we get
limsup.#" (Dy)? < min{(P(E) — P(E*))P(E), (P(E;H")— P(E*;H"))P(E;HT)}.

k—+o00
In particular, if either P(E*) = P(E) or P(E*; H") = P(E; H'), then xp, — 0 in L*(R) as k — +oc.
Since (3.20) implies that x(g,)» — xpy in L'(R) for ae. t € R, as well as x;, — xs in L'(R), we may
apply [16, Propositions 12.15 and 14.5] to find that

lkiminf X1\0x O P(ER)Y) > x1(t)P(EY) for a.e. t € R.
— 400
Moreover, by Fatou’s lemma, we have

/P(E;J) dt < liminf P((Ey)Y) dt = 2liminf £ (I}, \ Dy) = 2.2(I).
By the one-dimensional isoperimetric inequality, P(E}) > 2 for a.e. t € R. Therefore, P(E}) = 2 for a.e.

t € I. By |16 Proposition 12.13], for every such ¢, EY is equivalent to an interval. Thanks to Lemma
this concludes the proof. O

3.5. Boundary regularity

We conclude this section showing that z-convex and y-Schwarz symmetric sets are bounded and have
Lipschitz boundary.

Proposition 3.7. Let E C H be a measurable set such that £*(E) < 400, P(E) < +o0 and E € ;. If E

is xw-conver, then E is bounded and OF is piecewise Lipschitz. In particular, if E C H, then E* is bounded
and OE* is piecewise Lipschitz.

Proof. Let Ag,pp: R — [0,+00] be as in Lemma Since E is z-convex, up to .Z?-negligible sets we can
write

E= {(m,y) €ER?:ycdomyp, 0<z—9py) < )\E(y)}7 (3.22)
see |16, Lemma 14.6]. Since E € ., there exists b € [0, +o00] such that dom ¢ =] —b, b[ up to £'-negligible
sets, so that E C Rx] — b,b[ up to .#?-negligible sets. Thus, by and |3, Proposition 3.2], we get
4b < P(E), so that b < iP(E) < +o0. Observe that, since E € ., we have that 0 € dom . Hence,
Lemma yields E C [¢£(0), pr(0) + Ag(0)] x R up to £?-negligible sets. Moreover, up to .#>-negligible
sets, we can write

E={(z,y) €R*: |y < f(2), z € [pr(0),0£(0) + Ap(0)]} (3.23)
for some non-negative f € L'([¢£(0), ¢£(0) + Ag(0)]). Thus, again by [3| Proposition 3.2], we get 2Ag(0) <
P(E), so that Ag(0) < 1 P(E) < 4oc. This proves that E is bounded.

Now, let us define

F={(z,y) eR*:yedomyg, 0<|z|<¢py)},
G={(z,y) ER?:y €domyp, 0< |z| < vp(y)+ Ae(y)}.

We have F' C G and E = (G \ F)N H. By the properties of o and Ag, we have that G € ./ N .7 and
Fe ;N Let us set

F={(z,y) eR*: (Jz|,b—|y|) € F}.
Then F € .7 N ;. Arguing as in the proof of [19, Theorem 3.1] (see also [12, Section 5.1]), we conclude

that G and OF are both union of the image of four Lipschitz curves. As a consequence, OF is piecewise
Lipschitz. This proves that OF is piecewise Lipschitz and the proof is complete. O
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4. THE DOUBLE BUBBLE PROBLEM FOR VERTICAL INTERFACES

4.1. Existence of minimizers with vertical interface

4.1.1. Reduction to more symmetric sets

In this section we prove the existence of solutions to problem ((1.5)). The following result restricts the class
of admissible sets to more symmetric ones. For the notation we refer to Section [2.4]

Theorem 4.1 (Reduction). Let v > 0 and let E' € /%(v) with Z5(E) < +oo. There exists E € &*(v) N
S NSy, bounded and x-transformed-conver, such that &5 (E) < P5(E). Moreover, in the case a > 0,

E € ., is equivalent to a x-transformed-convex set if and only if @£(E~) = PZ(E). In addition, there exist
r €]0,+oo[ and f € C([0,r]) N Lip;,.(]0,7]) such that

E={(z,y) eR*:|y| < f(lzl), || <7} (4.1)

Proof. We split the proof in several steps. To avoid heavy notation, during the proof we will omit the
z-superscript for the sets ET* defined in (1.3)).

Step 1: x-symmetrization. It is not restrictive to assume that P, (E') < P,(E~) (otherwise, we can reflect
E with respect to the y-axis). We thus define

E'={(z,y) eR*: (|z],y) € ET}.

Clearly, E' € &/%(v) is z-symmetric. We claim that 2% (E') < 2%(E). Indeed, this is equivalent to prove
that 2¢(F') < P%(F), where F = U(E), F! = ¥(E') and V is as in (2.4). By De Giorgi’s Structure
Theorem (see |16, Theorem 15.9] for instance), the perimeter measure of F is given by up = #' L 0*F
where 9*F is the reduced boundary of F. We thus have

F)= 3 (P(F) + P(F*) + P(F")
=P( F)+ P(ET) —min{ (9" (FF) 0 {¢ = 0}), 1 (0"(F) n {£ = 0}) }
> 2P(FF) — A (0"(FF) N {€ = 0}) = P4(F).

Step 2: vertical Steiner symmetrization. The set F'* = W(E?) is {-symmetric and satisfies F1.+ = U(ELT).
By (2.5), we have

P(F') = Po(EY), Mo(F) = Z2(BY),
P(FY") = P (EYY), M (FYT) = ZL%(EYT).

Let F? be the Steiner symmetrization of F! in the 7-direction, i.e.,

F? = {(t,n) eR?:|p| <

with the notation (2.8)). F?7 is the Steiner symmetrization of F1'* in the n-direction. By [4, Theorem 1.1]
(see also [3, Theorem A] for a more general statement), we have P(F2) < P(F') and P(F>T) < P(F'"), so
that 22¢(F?) < 2¢(F'). Moreover, if 2¢(F?) < 2¢(F1), then F' (or, equivalently, F'**) is not equivalent
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to an n-convex set. In addition, since L1 ((F1)$) = Z1((F?)%) for all t € R, by Tonelli’s theorem we get

ML) = /

+oo
IRCERaes dtdn:/o (o + 1)t~ =57 2L ((FYE) dt

+oo
= [ N+ g L () de = (P
Letting E? = ®(F?), where ® is as in (2.4), we get that E? € &/*(v) N, N.7; satisfies Z%(E?) < 2%(E"),
with strict inequality if E' is not equivalent to a y-convex set.

Step 3: horizontal rearrangement. Let F? = W(E?). Note that F>T C {£ > 0} is such that .Z,(F>71) <
+o00, P(F*T) < 400 and F*>* € .. We claim that £%(F;) < 4oo. Indeed, let G be the Steiner
symmetrization of F? in the ¢-direction, i.e.,

L(( 2,43\
6! ={ (e ere sl <« ZUEY,
with the notation (2.8). Arguing as in the proof of [19, Theorem 3.1], we have .#,(G') > Mo (F>T).
By [4, Theorem 1.1], we have P(G') < P(F?7). In addition, by Tonelli’s theorem, we also have .Z?(G') =
L2(F?71). Now, if P(G') = P(F%T), then either #?(F?%) < +00 (and we have nothing to prove) or F%+
is equivalent to R2. But if F27T is equivalent to R?, then .#,(F?%) = +oco, which is a contradiction. So,
assume that P(G') < P(F?7T). The set G' is equivalent to an open &-Schwarz and 7-Schwarz symmetric
set. Again, arguing as in the proof of [19 Theorem 3.1], its convex hull G = co(G') is open and satisfies
My(G?) > My (GY), LAHG?) > L?(GY) and P(G?) < P(G'). Since any open convex set with finite
perimeter is bounded, the set G2 is bounded and thus .#?(G?) < +oo, which immediately implies that
L2(F?71) < 400 as claimed.
We can thus apply Theorem to the set F2%. We define

F?={(&n) €R*: (& In]) € F>*}
where 3+ = (F21)X. Then F3+ ¢ Sy is §-convex, LA(F3T) = L2(F*7T) and
min{ P(F*%) — P(F*"), P(F>*;{¢ > 0}) — P(F>*;{¢ > 0})} >0,
with equality if and only if F%¥ is equivalent to a ¢-convex set. Therefore 22¢(F3) < 22¢ _EF 2) with equality

if and only if F27% is equivalent to a &-convex set. We claim that ., (F3%) > .#,(F?%). Indeed, by the
definition of the horizontal rearrangement in (3.3), we have that

0 < essinf(F>1)] < essinf(F>1)], LH(F3T]) = L2((F2D)]), (4.2)
for a.e. t € R. Now let A C [0, +oo[ be a .#!-measurable set with finite measure and let B =]a,a + Z1(A)[
for some 0 < a < essinf A. Since the function & — &7, with 8 = —557 and £ > 0, is decreasing, we have

[eacs [ ¢ ae (4.3)
A B

Indeed, note that inequality (4.3) is immediate if A is an interval, since in this case B = A — a. Thus we can
directly assume that a = essinf A. Note that inequality (4.3) follows if we prove that [ A\B €8 de < J B\A &8 dg,

since
B _ B B B8 B _ B8
/Af a= [ d€+/A\B£ dfs/mg d§+/B\A5 dé—/Bé d.
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On the other hand, since £1(A) = £ (B) and essinf(A \ B) > esssup(B \ A), we have that

/ &P de < LA\ B) (essinf(A\ B))? < ZY(B\ A) (esssup(B \ A))? < / &P de.
A\B B\A

Thus, by Tonelli’s theorem and (4.2), we conclude that .#, (F>) > .#,(F?*) as claimed. In conclusion,
setting B = ®(F?), we have that E* € &/"(v) N.%, N .7} is such that E** is z-convex and satisfies
LAE3) > L2(F?) and 22(E®) < 22(E?), with strict inequality if and only if E*¥ is not equivalent to a
r-convex set.

Step 4: converification and regularization. Let F3 = WU(E?) as in the previous step. Since F+ € Sy
is &-convex, has finite .Z2-measure and finite perimeter, by Proposition F37 is bounded and OF3*
is piecewise Lipschitz. Arguing as in the proof of |19, Theorem 3.1], the convex hull F4* = co(F371) is
&-convex, y-Schwarz symmetric and satisfies

P(F*T) < P(F3%),  P(FYF{E>0}) < P(F*F;{¢ > 0}) (4.4)

and, since F3+ c 4T,
Mo (F¥T) > Mo (F5T).
Note that the inequalities in (4.4)) are strict if F>T is not equivalent to a convex set. Let us set

Ft={(&n) e R?: (I¢|,n) € F4T}
and E* = ®(F*). Then E* € %, N . is a-transformed-convex and satisfies
PUEY) < PUEY), LB > LEY).
Moreover, since F* is convex, there exist 0 < a < b < +o00 and ¢ € C([a, b]) N Lip,,.(Ja, b]) such that

={(&n) eR?: |n] < p([€]), a < || < b

We claim that the set

F={(&,n) €R?: |n] < o] +a), €] < b—a}

satisfies @E(F‘r’) PE(F*), with strict inequality if min{a,¢(a)} > 0. To prove the claim, recall that
PE(FY) = L(P(F' )+ (F“ ) + P(F"))) for i = 4,5 and notice that F> = F5% U F5~, where F5* =
F4* —(a,0), F>~ = F*~ + (a,0). Since P is invariant under translations, we have that

P(F5%) = P(F*T),  P(F>")=P(F“"). (4.5)

Moreover, we have
P(F®) = 2P(F5*; {€ > 0}) = 2P(F4*; {¢ > a}).
If @ = 0, the latter is equal to P(F*). On the other hand, if a > 0, there holds
=2 [P(FY"{€ > a}) + 250 (FY T n{E=a})]
2 [P(FYT;{¢ > a}) + 2¢(a)] (4.6)
2P(FV*{€ > a}) = P(F®),

\

where the last inequality is strict if also ¢(a) > 0. By (4.5 and (4.6) the claim follows. By Tonelli’s theorem,
it is easy to see that ., (F®) > .#,(F*), with strict inequality if a > 0. We set E> = W(F®). Note that
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E° € N7, is such that E>% is z-convex, 2-transformed-convex and of the form (4.1). Moreover it satisfies
LAEP) > LAEY), PE(E°) < PE(E*), with strict inequalities if E* was not already of the form (4.1]), see
also |11, Lemma 2.2, Step 1] for an alternative proof.

Step 5: scaling and conclusion. We can now set E = 65(E®) with A > 0 such that £?(E) = £%(E). In
fact, we have

AN AL E) = L2(F°) = L2(EY) > L2(E®) > L%(F?) = L%(EY) = £%(E)

and
N4 p2(E) < PL(E°) < 2L(E*) < PLUE®) < PLE?) < PL(E') < PL(E).

Therefore, we must have A € (0,1], with A < 1 if E € ., is not equivalent to a x-transformed-convex set in
the case o > 0. This concludes the proof. O

4.1.2. Ezistence of minimal double bubbles with vertical interface
We are now ready to prove the existence of minimizers to problem (1.5).

Theorem 4.2 (Existence of minimizers with vertical interface). Let a > 0 and fiz v > 0. There exists a

solution E* € o/*(v) NS N7y, bounded and z-transformed-convez, to the minimal partition problem (L.5)).

Moreover, there ezist v €]0,+o00[ and f € C([0,r]) N Lip,;,.(]0,7]) such that

B = {(z,y) €R?: [y| < f(|a), |2| <r).

Proof. We study the existence of solutions by the direct method of the calculus of variation. By Theorem [4.1]
the class of admissible sets can be restricted to

B (v)={E e d"(v): E€ N <, bounded, z-transformed-convex, as in (4.1) }.

By the isoperimetric inequality (2.6), for any E € %”(v) we have that PZ(E) < k for some constant
k = k(a,v) €]0, 400 depending only on o > 0 and v > 0.

We claim that any E € %%(v) is contained in the rectangle [—a,a] x [—b,b] for some a,b €]0,+o0]
depending only on a,v > 0. Fix E € %%(v). By Theorem [1.1] there exist rg €]0, +o0c[ and fr € C([0,rg]) N
Lip;,.(]0,7g[) such that

E={(z,y) €R*: |yl < fe(lz]), |2 <rp}.
Thus, by the representation formula , we get

oz+1
k> P,(E™™) >2/ V@2 + fro(x 2da:>2/ % do = 2 b:i-l

and thus 2a°*! < (a+1)k. In particular, the convex set F+¢ = ®(E*®) is bounded and contained in [0, @] x R
for some a depending on a and «. Let

b= max{fl(Ff) ‘te [0,&]}.

Then, by convexity, we get k > P(FT¢) > /a2 + 2b2, which immediately implies that b depends only
on a,v > 0.
Now, let (Er)nen C %% (v) be a minimizing sequence for the problem (|1.5)), namely

P5(En) < Cup (1+4)
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where C§,;p := inf{PZ(E) : E € &/*(v)}. Note that C§;, > 0 because of the isoperimetric inequality (2.6)).
The sets Fj, = W(E},) are contained in the bounded set ®([—a,a] x [—b,b]). Moreover, by (2.5)), we have
P*(Fy) = P%(Ep) < k for all h € N. The space of function of bounded variation BV (R?) is compactly
embedded in L}OC(RZ) and therefore, possibly extracting a subsequence, there exists a measurable set F' C
®([—a,a] x [—b,b]) such that xp, — xr a.e. and in L*(R?). Letting E = ®(F), it follows that xg, — XE
a.e. and in L'(R?). Up to negligible sets, we have that E € %%(v). Thus there exist r €]0,+oo| and
f € C([0,r]) NLip;,.(]0,7]) such that

E={(z,y) eR*: Jy| < f(Ja]), 2| <r}.
Moreover, by the lower semicontinuity of the a-perimeter, we have

PE(E) < liminf &% (ER) = Cip,

h—+oo

which implies that E is a minimum. This concludes the proof. O

4.2. Characterization of minimizers with vertical interface

4.2.1. Regular minimizers

In this section, we solve the minimal partition problem (|1.5). In Theorem we proved the existence of
a minimizer £ € &/*(v) N7, N.7; that is bounded, z-transformed-convex and of the form

E={(z,y) e R?: |y| < f(lzl), |a] <7} (4.7)

for some z-profile function f € C(]0,7]) NLip;,.(]0,7[) with r €]0, +00[. We call such a minimizer a z-regular
minimizer. If E is a xz-regular minimizer, then

PT(E) = 2£(0) + 4f(r) + 4/(: V1 (@) dr. (4.8)

where 22 is defined in (L.6). By Theorem[{.1] any minimizer E € @&/*(v)N.%, of problem (LF)) is a z-regular
minimizer. Lemma below guarantees that if there exists a unique z-symmetric minimizer up to vertical
translations, then this must be the unique minimizer of problem (1.5 up to vertical translations.

Lemma 4.3. Assume that problem (1.5)) has a unique x-symmetric minimizer Eq € o (v)N.%, up to vertical
translations. Then Eq is the unique minimizer of problem (1.5)) up to vertical translations.

Proof. Let E € o/(v) be a minimizer of problem (|1.5). Consider the set
E* = {(z,y) €R?: (|z],y) € E**}.

Then E* € o/%(v)N.Y; satisfies ZZ(E*) < £2(F). By the minimality of E, we must have 222 (E*) = Z%(E).
Thus E* is also a minimizer of problem (1.5) and it is z-symmetric, so E* = Ey up to vertical translations.
In particular, Et% = Ea' ¥ up to vertical translations. With a similar argument, we also get =% = E;* up

to vertical translations. Since Ej is x-symmetric, this implies that £ = Ey up to vertical translations. 0

4.2.2. Characterization and examples

We are now ready for the main result of this section. In Theorem [{.4] below, we prove that, given v > 0
and v > 0, the z-regular minimizer of problem (1.5)) is unique and has smooth boundary far from the y-axis.
By Lemma and Section this is the unique minimizer of problem (1.5 up to vertical translations.
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Theorem 4.4 (Characterization of minimal double bubbles with vertical interface). Let a > 0, v > 0 and
let E € o/%(v) NSNSy be a reqgular minimizer of problem (1.5) as in (4.7) for some profile function
f € C(]0,7]) N Lip;,.(]0,7[) with r €]0,4+00[. Then E is unique and its profile function is given by

1 kz+ 3 t(% _ t)oc

=g L, Ve

2 [l gt N\

In particular, we have f € C*(]0,r[) and r = —3.. Moreover, f satisfies f(0) >0, f(r) =0, f'(r) = —oc.
In addition, if « > 0 then f/(0) = 0 and f has a strict maximum at x = —i. Finally, the minimum of

problem (1.5)) is given by

(4.9)

for all x € [0,r], where

|

Z(E)

2 /5 2-0G -0 . (4.11)

e e
Proof. We split the proof in several steps.

Step 1: differential equation for the profile. We perform a first variation argument. Let ¢» € CS°(]0,7[) be
such that [ ¢ dz = 0. For € € R small, consider the set

E. = {(z,y) € R*: [y < f(jz]) +ev(|al), |x| < r}.

Note that E. € &/*(v) for all ¢ € R small, since f(x) > 0 for every = €]0,r[ by definition. Then, by (4.8))
and the minimality of E, after an integration by parts we find

B Ti fl
5_0_4/0 dx < (f/)2+x2a>wd$.

Thus, by the fundamental lemma of the Calculus of Variations, there exists a constant k € R such that

0= dZ5(Ee)
o de

!
Ly (R (S " (4.12)
dx (f/)Q + 2
for all x €]0, r[. Integrating, we get
!
I SR (4.13)
(f/)Q + T2«

for all  €]0,7[. Thus f’ exists at every point z €]0, 7] and satisfies sgn f'(x) = sgn(kz + d) for all z €]0,r].
Therefore

f(@)? (1= (kz 4+ d)?) = 2°*(kx + d)®
for all « €]0, r[, which implies |kz + d| < 1 for all « €]0,r[. In particular, we deduce that |d| < 1 and

x®(kx + d)

1= (kx+d)?

for all z €]0,r[. As a consequence, f € C*°(]0,r[). By the regularity theory of A-minimizer of perimeter, the
boundary OF is smooth far from the y-axis. Therefore, we must have

f(x) = (4.14)

J6)=0  and  f(r)=lim f'(x) = —o,

=T
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By the expression of f’ in (4.14]), this implies that k # 0 and kr + d = —1. As a consequence, since r > 0

and |d| <1, we get k < 0andde€]—1,1].
Step 2: proof of f(0) > 0. Passing to the limit in (4.14) as x — 0 we must have that

£(0) i= lim f'(z) € [0, +oc].

Assume that f(0) = 0 by contradiction. We distinguish two cases.
Case A: f'(0) €]0,4+00]. For any € > 0 sufficiently small, we define f.: [0,7] — [0, +00[ by setting

We then consider the set
Ee = {(z,y € R?) : |y| < fe(lz]), || <r}.

PEE,) = PE(E)+2f(e) +4/OE % — \/x2e + f(x)? dx

Note that

and

LB = LUE) +4 / CF(e) — f(a) da.

L2(E) \ 7
Ae = (XQ(E})) <1 and F. =0y_(FE.).

We thus define

Then F. € @/%(v) and PZ(F.) = \oT122(E.). We claim that 2%(F.) < 2%(E) for any ¢ > 0 sufficiently

small. A direct computation gives

A5 (Fe)

a2l = 2p/(0) € [0,

e=0

and the claim follows from the Taylor’s expansion of the function € — Z?%(F.). But this contradicts the

minimality of E.
Case B: f'(0) = 0. For any ¢ > 0 sufficiently small, we define f.: [0,7] — [0, 4+o00[ by setting

L) = {f(ers) x €[0,r —¢]

0 x €lr—e,rl.

We then consider the set
Ee:={(z,y € R?) : |y| < fe(|a]), |z| <r}.
Note that

Pi(Be) = PL(E) +2f(e +4/ V(e =)o+ fi(z)? de — 4 /de

L*E.) = L*E) - 4/8 f(z) dzx
0

_ (2B _
)\5 = <a§/ﬂQ(E‘5)) >1 and FE = (S)\E (Es)

and

We thus define
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Then F. € &/%(v) and P%(F.) = \eT1P2(E.). We claim that 222(F.) < 2%(E) for any ¢ > 0 sufficiently
small. A direct computation gives

T 2a0—1

= —4 —_—
—o 0 /22 £ [(x)?
and the claim follows from the Taylor’s expansion of the function € — &, (F.). But this contradicts the

minimality of F.

Step 3: proof of d =
that [ ¢ dz =0 and v

dZ5(Fr)

d 0
e xr <

( ) = 0. We perform a first variation argument. Let ¢» € C°°(]0,r[) be such

1
5 an
(r ) . For ¢ € R small, consider the set

E. = {(z,y) € R : [y| < f(lz]) +ev(|zl), || <7}

Note that E. € &/*(v) for all ¢ € R small, since f(x) > 0 for every = € [0,7[ by step 2. Then, by (4.8) and
the minimality of F, similarly as in step 1, we find

_dZa(E)| _ L A
0=—z L 2¢(0) +4 A T dz = (2 — 4d) ¥(0).

The last equality follows by an integration by parts recalling (4.12)), and the assumptlons on 1. By the

arbitrariness of v, we find d = % Recalling the expression of f’ in , we get f/(0) = limgo f/(z) =0
for all a > 0.

Step 4: characterization of the profile. By the expression of f’ in (4.14)), for « € [0, r] we can compute

f(x) = / e

1
/ kt+ _ 1 kx5 t(% _t)oc it (415)
W1 kt+ |k|D‘Jr1 -1 V1 —t2
using the information kr + % = —1 found in step 1. Integrating the function f on [0,r] using its expres-

sion (4.15)), we get

T 2 T ka:+% t(l _ t)a
=2 der = ———— —2__~ dtdx =
v=2 [ fo) dr |k|a+1 / / e

% 1 _ ) z t(l _ t)a+1
= 5 / / MG 207 g = 5 / 2 dt
|k|a+ CR[ ) VT2
applying Fubini’s theorem, which immediately gives (4.10)). By (4.8) and (4.14)), we can also compute

P2(B) = +4/ Va2 (@) dx =

2 %t(——t a2 (kz + 1)2
=_ dt +4 dr =
kletl ) | V1I—2 + / \/ 1— (kx + ) “

_ 2 %t(——t) ds / (z-1°
k[t o V1= Ikla+1 S V1I—12
2 (2121

ke / Vi

Nl=

dt
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using the information kr + % = —1 found in step 1. This concludes the proof. O

Figure 3. The minimizer of problem (|1.5)) in the Euclidean case a = 0.

Example 4.5 (The Euclidean case). In the Euclidean case a = 0, the z-profile function defined in (4.9)) can
be explicitly computed and we find

o= (o) (- 5)

for all z € [0,7], where k = _\/@ by (4.10). This is the profile function of a circle of radius ﬁ and

center (0, ﬁ) In particular, we have f/(0) = % and the angle v = arctan f/(0) is given by
s 0 us n . 1 27
=— = — +arcsin| = | = —
T3 2 2) 7~ 3"

see Figure [3l Thanks to Theorem up to Euclidean translations, the unique minimizer of problem (1.5
for o = 0 is the symmetric double bubble found in [10].

Example 4.6 (The Grushin case). In the Grushin case o = 1, the profile function defined in (4.9) can be
explicitly computed and we find

f(x)—L T 4 arcsin 1—|—/€3€ + l—km 1- k:;zc—f—1 i
S 2k2 1\ 2 2 2 2

for all x € [0,r], where k = — 1/ % by (4.10]), see Figure Thanks to Theorem up to vertical
translations, this is the z-profile function of the unique minimizer of problem (1.5 for oo = 1.
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Figure 4. The minimizer of problem (1.5 in the Grushin case a = 1.

() (b) (c)

Figure 5. The profile angle at the interface in problem (L.5): (a) the Euclidean case oo = 0; (b)
the Grushin case o > 0; (c) the transformed Grushin case a > 0.

4.2.3. Profile angle at the vertical interface
By Theorem for any o > 0 the x-profile function of the minimizer of problem (|1.5) meets the vertical
interface at an angle

v= g + 9, 9 = arctan f(0),

see Figure In the Euclidean case a = 0, we have ¥ = &, as we found in Example accordingly to
the well-known regularity theory. In the Grushin case a > 0, instead, we have ¥ = 0, which means that

the minimizer of problem (I.5)) has a C'!'-boundary consisting of two symmetric curves joining the vertical
interface at two triple points with right angles. However, if we transform the Grushin plane (R?, P,, #?)
into the Euclidean plane with weighted volume (R2, P,.#,) using the maps defined in (2.4), then the set

F = U(E) has &-profile function f: [0, 7] — [0, 400 given by

PN

f© =1 ((a+197),  celo)



TITLE WILL BE SET BY THE PUBLISHER 25

N potl
where 7 = )

that the profile angle at the interface in the transformed plane is given by 4 = § + 9, where

and f:[0,7] — [0,+o00[ is the z-profile function of E. An elementary computation shows

z—0 %

0 = arctan f’(O) = arctan (Hm f’(m)) = arctan (%) =T

In other words, the problem ([1.5)) reformulated in the transformed plane (R2, P,.#,,) has a unique minimizer

consisting of two symmetric curves joining the vertical interface at two triple points with angles <.

5. THE DOUBLE BUBBLE PROBLEM FOR HORIZONTAL INTERFACES

5.1. Existence of minimizers with horizontal interface

5.1.1. Reduction to more symmetric sets

In this section we prove the existence of solutions to problem (1.9). The following result restricts the class
of admissible sets to more symmetric ones.

Theorem 5.1 (Reduction). Let v > 0 and let E € o/¥(v) with PY(E) < 4o00. There exists E € o/¥(v) N
SN .S, bounded and y-transformed-convex, such that 2Y(E) < PY(E). Moreover, in the case a > 0,
E € 7 is equivalent to a y-transformed-convex set if and only if PY(E) = PY(E). In addition, there exist
r €]0, +oo[ and g € C([0,7]) N Lip;,.(]0,r[) such that

E={(x,y) € R?: |z] < g(lyl), Iyl <r}. (5.1)

Proof. The proof is similar to the one of Theorem [£.I]and we just sketch it. To avoid heavy notation, during
the proof we will omit the y-superscript for the two sets EY defined in (1.7).

Step 1: y-symmetrization. It is not restrictive to assume that P, (E™) < P,(E~) (otherwise, we can reflect
E with respect to the z-axis). We thus define

E' = {(a:,y) eR?: (z,]y]) € E*}.

Clearly, E' € &Y (v) is y-symmetric. As in step I of the proof of Theorem one can prove that 22 (E') <
Step 2: horizontal Steiner symmetrization. Let F1 = W(E'), where ® is as in (2.4), and let F'? be the
Steiner symmetrization of F'! in the ¢-direction. Precisely, recalling the notation introduced in (2.8)),

PL(F1YT
P ={ener g < T
Clearly, F>% is the Steiner symmetrization of F** in the ¢-direction. Arguing as in step 2 of the proof of
Theorem we have 2"(F?) < 2"(F'). Moreover, if 2"(F?) < &"(F*), then F! (or, equivalently, F1:)
is not equivalent to an &-convex set. Arguing as in the proof of [19, Theorem 3.1], we also have .Z,, (F* 1) <
Mo (F*T) with equality if and only if F%7 is equivalent to a &-convex set. We define E? = ®(F?), where ®
is as in (2.4). By construction, we get that E? € &/*(v) N .7} N .7, satisfies 2Y(E?) < 2Y(E') and
L?(E?) > £%(F') with strict inequality if E' is not equivalent to a z-convex set.

Step 3: horizontal rearrangement. Let F? = W(E?), where ® is as in (2.4). Note that F%T c {n >0}
is such that ./Z,(F*") < 400, P(F*%) < 400 and F>T € .77. As in step 3 of the proof of Theorem

we have .Z2(Fy) < +o00. Up to perform a rotation of 90 degrees, we can thus apply Theorem to the set
F2+. We define
F?={(&n) e R?: (& [n]) € F*T}
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where F3* = (F2T)*. We thus find that F>* € %" is n-convex, £?(F**) = £?(F>*) and
min{ P(F>") — P(F>%), P(F>*;{n > 0}) — P(F*";{n>0})} >0,

with equality if and only if F>% is equivalent to a n-convex set. Therefore 22" (F3) < 2" (F?), with equality
if and only if F27T is equivalent to a n-convex set. By Tonelli’s theorem, we also have that ., (F>T) =
Mo (F>T). We thus set E = &(F?). We have that E? € &/%(v) N.¥} N.¥, is such that E>T is y-convex
and satisfies £2(E3) = £%(E?) and 2Y(E3) < 2Y(E?), with strict inequality if and only if E*7 is not
equivalent to a y-convex set.

We can now conclude as in step 4 and step 5 of the proof of Theorem with minor modifications. We
leave the details to the reader. O

5.1.2. Ezistence of minimal double bubbles with horizontal interface
We are now ready to prove the existence of minimizers to problem (1.9)).

Theorem 5.2 (Existence of minimizers with horizontal interface). Let o > 0 and fix v > 0. There exists a
solution E* € o,(v) N} NS, bounded and y-transformed-convez, to the minimal partition problem (1.9).
Moreover, there exist r €]0, +oo[ and g € C([0,7]) N Lip;,.(]0,r[) such that

E* = {(z,y) e R* : [z < g(ly]), [y <r}.

Proof. The proof is similar to the one of Theorem [£:2] By Theorem the class of admissible sets can be
restricted to

P (v) ={F € &Y(v): E € &, N.¥, bounded, y-transformed-convex, as in (5.1)}.
By the isoperimetric inequality (2.6), for any E € 2%Y(v) we have that ZY(E) < k for some constant
k = k(o,v) €]0, +oo[ depending only on o > 0 and v > 0.
We claim that any F € %Y(v) is contained in the rectangle [—a,a] x [—b,b] for some a,b €]0,+o00[

depending only on o,v > 0. Fix E € %Y(v). By Theorem (5.1), there exist rg €]0,+o00] and gg €
C([0,rg]) N Lip,;,.(]0,7£[) such that

E={(z,y) e R*: 2| < gu(ly]), |yl < g}

Thus, by the representation formula (2.3)), we get

TE
b2 PuE) 22 [\ 14 gu0) g, (0)? dy > 20
0

and thus 2b < k. In particular, the convex set F*7 = ®(E*Y) is bounded and contained in R x [0, b] for some
b depending on b and «. Let

a:= max{fl(Ff) ‘te [O,B]}.
Then, by convexity, we get k > P(F*+") > \/2a2 + b2, which immediately implies that a depends only

on «,v > 0. The proof can now be concluded similarly to the one of Theorem (4.2]), with minor modifications.
We leave the details to the reader. O
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5.2. Characterization of minimizers with horizontal interface

5.2.1. Regular minimizers

In this section, we solve the minimal partition problem (1.9)). In Theorem we proved the existence of
a minimizer £ € /¥(v) N.7; N7, that is bounded, y-transformed-convex and of the form

E={(z,y) € :|a] < g(ly). lv| <} (5.2

for some y-profile function g € C([0,7]) N Lip;,.(]0, ) with r €]0, +oo[. We call such a minimizer a y-regular
minimizer. In case of a y-regular minimizer F, the functional (|1.10]) takes the form

9(0) g(r) T
PY(E) = 2/ % dx + 4/ % dx + 4/ V14 g(y)2ag'(y)? dy. (5.3)
0 0 0

By Theorem any minimizer E € &/¥(v) .7, of problem is a y-regular minimizer. By Lemma
below, if we prove that there exists a unique y-symmetric minimizer up to vertical translations, then this must
be the unique minimizer of problem up to vertical translations. The proof of Lemma [5.3]is analogous
to the one of Lemma [£3] and we omit it.

Lemma 5.3. Assume that problem (1.9) has a unique y-symmetric minimizer Ey € &/Y(v)N.%, up to vertical
translations. Then Eq is the unique minimizer of problem (1.9)) up to vertical translations.

5.2.2. Characterization and examples

We are now ready for the main result of this section. In Theorem [5.4] below, we prove that, given o > 0
and v > 0, the y-regular minimizer of problem (|1.9) is unique and has smooth boundary far from the z-axis.
By Lemmal[5.3|and and Section this is the unique minimizer of problem (1.9)) up to vertical translations.

Theorem 5.4 (Characterization of minimal double bubbles with horizontal interface). Let a > 0, v > 0
and let E € &/Y(v) NF NSy be a y-reqular minimizer of problem (1.9) for some y-profile function g €
C([0,r]) NLip,;,. (0, 7]) with r €]0,4+00[. Then E is unique and is given by

51 ({(:zz,y) eR?: (z,lyl ~ Pan (@)) € Ea})

where pq: [0,1] = [0, +00] is the isoperimetric profile defined in (1.2)) of the Grushin isoperimetric set E,
recalled in (2.7) and

E

h:[1<.$2(E)—2 égwdtﬂw (5.4)
: D2 o= . .

The y-profile function of E is given by

a(y) =+ (

- (9)) o

for all y € [0,7]. In particular, g € C=(]0,7[) and r = h~(@+D (?"a—i-goa (@)), where o = ©q(0).
Moreover, g satisfies g(0) > 0, g(r) = 0, ¢'(r) = —oo and ¢(0)%¢’(0) = % Finally, the minimum of
problem (1.9) is given by

o (1 - 12]52) dt] . (5.6)

(e
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Proof. We split the proof in several steps.

Step 1: differential equation for the y-profile. We perform a first variation argument. Let ¢ € C°(]0,r|)
be such that for ¥ dy = 0. For € € R small, consider the set

E. = {(z,y) e Rt || < g(ly]) +ev(yl), |yl <7}

Note that E. € &7¥(v) for all € € R small, since g(y) > 0 for every y €]0, r[ by definition. Then, by (5.3]) and
the minimality of F, after an integration by parts we find

[T s w4 9)* () )
e=0 4/0 { 1+g(y)*g'(y)? dy( 1+g(y)2ag/(y)g>}1/’(y) y-

Thus, by the fundamental lemma of the Calculus of Variations, there exists a constant ¢ € R such that

_ dZY(E.)
- de

0

ag(y)*g'(y)® _d< 9)**g'(y) >=c 5.7)
L+g()?eg'w)?  \V1+g)*9 ()’

for all y €]0,r[. In addition, by the regularity theory of A-minimizers of perimeter, the boundary OF is
smooth far from the y-axis. Therefore we must have g € C*°(]0, r[).

Step 2: xz-profile near the point (x,y) = (0,7). Since E is y-transformed-convex, there exist d,17 > 0 and
f e C([-94,0]) NLipy,.(] — 9,0[) such that

OEN{(z,y) ER*:x € [-6,8], y€[r—m,r+n]} = {(z, f(z)) € R*: 2 € [-5,6]}.

Performing a first variation argument and arguing as in the proof of [19, Theorem 3.2], we find a constant

b < 0 such that

f(a) = sen(e) 2
V1 —b2x?

for all €] — 4, d[. In particular, up to a dilation and a vertical translation, the function f: [—4, ] — [0, +00)

conincides with the Grushin isoperimetric profile recalled in (L.2). For z € [0,6] and y € [f(0),7] we have

y = f(x) if and only if z = g(y). As a consequence, we must have

(5.8)

g(r)=0,  ¢'(r):= lim¢'(y) = —o0. (5.9)

Yy—r

Moreover, we have

- flew) byt
for all y €]f (), r[. Inserting (5.10) in (5.7)), we get b = c.

Step 3: g has a strict maximum in |0, r[. Define G: ]0,r[— R by setting

J) = () () = o = VI P9 (5.10)

Gly) = 9(y)**g'(y) (5.11)

V1+g(y)*eg (y)?

for all y €]0,7[. The differential equation in (5.7) can be rewritten as

&) —alW ay) = — (5.12)
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for all y €]0,7[. Fix yo €]0,r[. Then, integrating (5.12)), we have

G(y) =g(y)° (gﬁ;ﬁ‘;& — C/yj g(cff)a> (5.13)

for all y €]0,r[. Combining (5.11)) and (5.13)), we get

9(y)*9'(y) _ Glw) [V dt
T+9()% g )? 9" /y 9(t)° (5.14)

for all y €]0, r[. Thus ¢’ can change sign at most one time on the interval ]0, r[, because the function appearing
on the left-hand side of is strictly monotone since g(y) > 0 for all y €]0,r|[.

By contradiction, assume that ¢’ does not change sign on ]0, 7], so that, by , g'(y) <0 for all y €]0, r[.
Therefore, by the implicit function theorem, we can extend the function f: [—4,d] — [0, +oo[ to the interval
[—g(0), g(0)]. Note that we must have that g(0) > 0, since g(r) =0 by and since we are assuming that
g’ < 0on |0,r[. We can thus repeat the argument contained in step 2 for all z € [0, ¢(0)] and y € [0,r] and
deduce that

/ L - V1-cg(y)? _ /1-c2g(0)
= 10 = 10 = < .
g(0) g}gog W) ilao cg(y)et? cg(0)etlt  — 0 (5.15)
passing to the limit in (5.10) as y — 0, because ¢ < 0 as we found in step 2.

We perform a first variation argument. Let ¢ € C2°([0,7)) be such that forw dy = 0. For € € R small,
consider the set

Ee = {(z,y) € R?: |2| < g(ly]) + ev(ly]), Iyl <r}.

Note that E. € «7¥(v) for all ¢ € R small, since g(y) > 0 for every y € [0,7[. Then, by (5.3) and the
minimality of F, we find

o= WZaE) | o p0yg0)° (1 -

de e=0

29(0)°9'(0) ) |
T+ 909 (07

By the arbitrariness of 1), we deduce that

9090 1 5.16)
EF OO

Therefore we must have ¢’(0) > 0, contradicting (5.15).

We conclude that ¢’ must change sign exactly one time on the interval ]0,7]. So there must be a point
9 €]0, 7] such that ¢’(§) = 0, ¢’(y) > 0 for y €]0,9[ and ¢'(y) < 0 for y €]§,r[. In particular, g has a strict
maximum point at y = g.

Step 4: symmetry with respect to § and proof of g(0) > 0. We prove that g is symmetric with respect to
§. Indeed, define §(y) := g(29 — y) for all y € [2§ — r,29] N [0, r]. Then §(§) = g(9) and §'(§) = —¢'(§) = 0.
A direct computation shows that § solves the differential equation found in and the conclusion follows
by the Cauchy-Lipschitz theorem. This proves that there is A > 0 such that

E={(z,y) €R*: (z,|y| - 9) € 65(Ea)}, (5.17)

where E, is the Grushin isoperimetric set recalled in (2.7)).
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We now prove that g(0) > 0. Assume g(0) = 0 by contradiction. For any ¢ > 0 sufficiently small, we
define g.: [0,7] — [0, 4o00[ by setting

_Jely+e) zel0,r—¢f
9:(4) = {0 x € [r—e,rl.

We then consider the set
Ee = {(z,y € R?) : |z| < ge(ly]), lyl <7}

238 = 238) + 2L [T G dy

a+1

Note that

and .
L) = 2B) -1 [ gl) dy
0
We thus define

2E a2
Ae = ('g ( )) >1 and F. =0y)_(E.).

Then F. € @/¥(v) and PY(F.) = \eTL2Y(E.). We claim that 22Y(F.) < 2Y(E) for any ¢ > 0 sufficiently
small. A direct computation gives
aPYE)|
de =0 N
and the claim follows from the Taylor’s expansion of the function ¢ — Z?¥(F.). But this contradicts the
minimality of E.
We conclude that g(0) > 0. Therefore, we can repeat the first variation argument presented in step & and
we have ((5.16)). Simplifying, we get the necessary condition

1

7 (5.18)

9(0)%¢'(0) =

Step 5: characterization of the profile. We introduce a family of sets (F;) 0,1 constructed as follows.
Let 7 € [0,1] and define

E, = {(xay) eR?: (.’L’, |y| - 9004(7—)) € Ea}7
where E, C R? is the Grushin isoperimetric set recalled in (2.7). Then we have

PY(E;) =2P,(E,) + 2/ x® dx — 4/ vaze + ¢! (z)? dx. (5.19)
0 0

and
L%E,) =22%*(E,) — 4/0 o () dr + 479a(T). (5.20)
We thus define
Fr = 60, (Er) = 0, ({(2.y) € B : (2, ly| — (7)) € Ea}) | (5.21)
where
A = <$22(27)> o (5.22)

for all 7 € [0,1]. By construction, for any 7 € [0, 1] there exist 7. > 0 and a smooth function g.: [0,7;] —
[0, +00[ such that

Fr={(z,y) eR*: |z| < g (Iyl), Iyl <rr}.
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A straightforward computation gives r, = A2"1(¢,(0) + 4 (7)) and

9r(y) = et (P Dy = eal)) (5.23)

for all y € [0, 7;].
We claim that any minimizer of problem (1.9) of the form (5.17) can be written in the form (5.21)) for
some 7 € [0, 1] depending on §, A > 0. Indeed, the set in (5.17)) can be rewritten as

E =4 ({(:E,y) cR?: (a: ly| g?\—(a“)) € Ea}) :

Therefore, recalling that E is a y-regular minimizer as in (5.2]), we must have

{(@y) e R : Mol < g (X)), yl <} = {(@.) € B : o]y - §5~*D) € Ea )

and so (A\~Lg(AtDy) ¢y — gA=(@+tD)) € 9E, for all y € [0,7]. Thus we must have that [y — gA~(@+D| =
0o (A g(A@t D)) for all y € [0, 7], from which we deduce that g(y) = Ay’ (A7t y — g]) for all y € [0, 7].
Comparing this function with the one in , we conclude that 7 = 30;1(335\’(0‘“)) and the claim follows.

We now look for the values of 7 € [0, 1] such that the y-profile g, satisfies the necessary condition .
Starting from 7 a direct computation gives

V1—r72

9:(0)=7X\, and g.(0)= Nagatt

for all 7 6 [0 1]. Inserting these Values in |-D and simplifying, we obtain 7 = 7. Settlng hr = A7,

formulas and ( . ) follow by (5.19) and (5.23)) respectively. Note that, by (5.20) and (| , we get
ta—',—l
hot2y = —2/ / dtdm+fgoa( )

T e _ /ltaH V3
— 2(E,) 2/0 /Omdxdt ﬁgmdt—k\/g@a(Q)

V3

5 5 ta+2
=L (Fy) — 2 / dt
(Ea) . Airn
and (5.4]) follows immediately. This concludes the proof. O

Example 5.5 (The Euclidean case). In the Euclidean case a = 0, the y-profile function defined in (4.9)) can
be explicitly computed. Recalling ([1.2)), we have

z
wo(z) = / sin(t) dt = cosarcsinz = /1 — 22
a

rcsin x

for all 2 € [0,1]. Thus
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|
zr‘w

2~

Figure 6. The minimizer of problem (1.9) in the Euclidean case o =0

+ and center (5,0). In particular, we have ¢/(0) = -

for all y € [0,r], where h = \/@ and 7 = 3 by (5.4). This is the profile function of a circle of radius
1

VA
given by

and the angle v = 7 + 4, with ¥ = arctan ¢'(0), is

7r+ ¢ 1 2
= —+4arctan | —= | = —
’y 2 \/g 37

see Figure @ Thanks to Theorem up to Euclidean translations, the unique minimizer of problem (1.9)
for o = 0 is the symmetric Standard Double Bubble found in [10].

Figure 7. The minimizer of problem (|1.9) in the Grushin case a = 1.

Example 5.6 (The Grushin case). In the Grushin case « > 0, the profile function defined in ([5.5) cannot
be explicitly computed. For oo = 1, recalling (1.2)), we have

™

2
v1(z) = / sin?(t) dt (arccosx +zv1-— gcQ)
arcsin x

N =
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V3y _ 2r43v3 s .
for all 2 € [0,1] and so ¢1(%5>) = =75*=. In addition, we can explicitly compute
1
3

hz[i(.f?El —2/ ﬁ ﬂ :3%. (5.24)

Thus
gw) = $or* (|n2y - 2=5343))

for all y € [0, 7], where r = %ﬁ. By (5.18)) we have ¢'(0) = m 3 50 that the angle v = £ + 4,
with ¢ = arctan ¢’(0), is given by
T 4 arctan [ { 2
= — + arctan —
773 3v )’

see Figure [7l In particular, v = 2% if and only if v = %

5.2.3. Profile angle at the horizontal interface

() (b) (©)

Figure 8. The profile angle at the interface in problem (1.9): (a) the Euclidean case a = 0; (b)
the Grushin case o > 0; (c) the transformed Grushin case « > 0.

By Theorem for any o > 0 the y-profile function of the minimizer of problem (1.9)) meets the horizontal
interface at an angle

y= g + 9, ¥ = arctan g’ (0),

see Figure [§] In the Euclidean case a = 0, we have ¢ = g, as we found in Example [5.5 accordingly to the
well-known regularity theory. In the Grushin case o > 0, instead, we have

¥ = arctan <g(0)1°‘\/§> = arctan K\Q/}%) . \}3] .

However, if we transform the Grushin plane (R?, P,,.#?) into the Euclidean plane with weighted volume
(R%, P, #,,) using the maps defined in (2.4)), then the set FF = ¥(E) has n-profile function §: [0, 7] — [0, +o0|
given by

9(n) = g™

1 EO,,
| n € [0,r]



34 TITLE WILL BE SET BY THE PUBLISHER

where g: [0,7] — [0, 4+00[ is the y-profile function of E. An elementary computation shows that the profile
angle at the interface in the transformed plane is given by 4 = 7 + 9, where

) = arctan §(0) = arctan (g(0)“g’(0)) = arctan (%) = %

In other words, the problem ([1.5)) reformulated in the transformed plane (R2, P,.#,,) has a unique minimizer

consisting of two symmetric curves joining the vertical interface at two triple points with angles <.

Remark 5.7 (Comparison of the two minimal bubbles for « = 1). Having in mind the general problem (]ED
for m = 2, we want to understand which of the two double bubbles characterized in Theorems[4.4]and [5.4 may
be a candidate solution to the double bubble problem for equal areas in the Grushin plane (R?, P,,.#?). Since
the expressions of the values of problems and given in and are not easily comparable
for an arbitrary o > 0, we restrict our analysis to the case o = 1.

Besides its computational manageability, the case o = 1 is of particular interest since it is connected
with the Heisenberg group H'. This is the framework of the famous Pansu’s conjecture about the shape of
isoperimetric sets, see [24], which is still unsolved. Pansu’s set can be obtained by rotating the set E,, in
for & = 1 around the vertical axis in R3. Our analysis might give some insights on the candidate solutions
to the double bubble problem in H'.

Now let E, and E, be the minimal bubbles given by Theorems and respectively. From and

Example [4.6] we get
2

3 =z
P(E,) = PP(E,) = (9V/3 + 87)* (5) “uf,
while from (5.6) and Example we get

(SN

3\ 2
P1(EBy) = P{(E,) = 3(5) v
Thus £ (E,) < Z1(E;). Motivated by this comparison and by the fact that E, is obtained by translating

and dilating the Grushin isoperimetric set, we conjecture that £, may be the solution of the double bubble
problem for equal areas in the Grushin plane.
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