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Abstract

We study the dependence of the first eigenvalue of the Finsler p-Laplacian and
the corresponding eigenfunctions upon perturbation of the domain and we generalize
a few results known for the standard p-Laplacian. In particular, we prove a Frechét
differentiability result for the eigenvalues, we compute the corresponding Hadamard
formulas and we prove a continuity result for the eigenfunctions. Finally, we briefly
discuss a well-known overdetermined problem and we show how to deduce the Rellich-
Pohozaev identity for the Finsler p-Laplacian from the Hadamard formula.
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1 Introduction

Let F be a positive, one-homogeneous, convex function in RY and p €|1, +oo|. In this paper
we deal with a class of operators of the form

Qpu = div(Fp_l(Du)Fg(Du)), (1)

acting on real-valued functions u defined on an open connected subset  of RY, (by F; we
denote the gradient of F'). This class includes the standard p-Laplacian
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which is obtained when F' is the Euclidean modulus, as well as the pseudo-p-Laplacian

i o (|ou|"? ou
i1 8% c%z al’z

which is obtained when F (&) = (va & [P)M/P for all € € RYN. The operator in (1) is often
called anisotropic p-Laplacian or Finsler p-Laplacian and has been studied in several papers,
see e.g., [1, 6, 7, 12, 13, 18, 28|. Clearly, operator (1) is of interest mainly for N > 2 since for
N =1 one obtains only the standard p-Laplacian. Thus, also for the purposes of the paper
itself, we shall tacitly assume throughout the paper that N > 2, although, in principle, this
is not really required. Here we consider the eigenvalue problem associated with Q,

— Qpu = Mu[P"2u, in Q, 2)
u =0, on 02,

where ) is assumed to be of class C*, « € (0,1]. It is well known that the eigenvalue
problem (2) admits a unique eigenvalue \,(2) associated with a positive eigenfunction, which
is simple and isolated, see e.g., |6, 15].

Our aim is to analyze the dependence of \,(£2) on €2. To do so, we adopt the approach
developed in [21] for the standard p-Laplacian and we extend the corresponding results to
the general case. Namely, we consider a suitable class of domains which are represented as
diffeomorphic images of € via a diffeomorphism ¢ : Q — ¢(Q) of class C', we study the
map which takes ¢ to the eigenvalue \,(4(€2)), we prove a Frechét differentiability result for
dependence of A\, (¢(2)) on ¢, and we compute the corresponding Hadamard formula for the
Frechét differential, see Theorems 4.1 and 4.2. We also prove that the uniquely determined
positive normalized eigenfunction w, , associated with A,(¢(€2)) depends with continuity on
¢ in the sense that its pull-back u, 4 o ¢, which is a function defined in the fixed domain €2,
varies continuously in C*(Q) upon variation of ¢, see Theorem 3.1.

Finally, we briefly discuss how our results provide a motivation for the study of the
well-known overdetermined problem (28) associated with the Faber-Krahn inequality for the
Finsler p-Laplacian and we show how to deduce the Rellich-Pohozahev identity (32) from
the Hadamard formula.

We note that domain perturbation problems have been extensively studied in the Eu-
clidean case for the Dirichlet Laplacian as well as for more general elliptic operators and
there is a wide related literature, see e.g., [2, 3, 10, 8, 21, 25, 26| and the references therein.
In particular, we refer to the monograph [17| where the method of domain transplantation
via diffeomorphisms is extensively applied and to [9] for a collection of Hadamard-type for-
mulas. For the case of quasi-linear PDEs, much less is available in the literature and we
refer to [11, 16, 21] for the analysis of the standard p-Laplacian and to [4] for a p-Laplacian
problem involving a Hardy potential.

2 Preliminaries and notation
Throughout the paper we will consider a convex even 1-homogeneous function

RN 5 € F(€) € [0, 4o,

2



that is, a convex function such that

F(t) = [t[F (&), (3)
for all t € R, ¢ € RY and we assume that
alg| < F(§), (4)

for all £ € RY, for some constant a > 0. The hypotheses on F imply there exists b > a such
that

F(8) < blgl,
for all ¢ € RY. Moreover, throughout the paper we will assume that p €]1,00[ and that
F e C*(RY \ {0}), and
[FP)ee(€) is positive definite in RY \ {0}. (5)

The hypothesis (5) ensures that the operator Q, defined in (1) is elliptic, hence there
exists a positive constant v such that

Z %(F”l(n)F& (m)&&; = 7’77|p72\5’2’ o

ij=1

for all n € R™\ {0} and for all £ € R". We recall that the polar function F°: RY — [0, +-00]
of F' is defined by
F°(v) = sup (&, v)

cer\ oy F(§)

for all v € RY, where (£,v) denotes the scalar product of £ and v. It is easy to verify that
also F° is a convex function which satisfies properties (3) and (4). Furthermore,

(€, v)
Fv) =
) gei}v”\){()} Fe(g)’

for all v € RY. From the above property it holds that

(& m| < FEF°(n),  V&neRY.
The set
W={¢cRY: F°@¢) < 1}

is called Wulff shape centered at the origin. We put ky = |W)|, where |W| denotes the
Lebesgue measure of W. More generally, we denote with W, (x) the set xo + rWV, that is
the Wulff shape centered at ¢ with measure kxr¥, and W,(0) = W,.

We also recall the following properties of F' and F° (see e.g. [5]):

(Fe(),6) = F(¢), (FE(6).€)=F°(),  vEeRY\{0}

)= Fo(Fe(§)) =1, V& eRY\ {0},
) = F(OF (Fe(€))=¢  vEe R\ {0}



Let © be a bounded open subset of RY and p €]1,00[. We recall that the eigenvalue
problem (2) has to be considered in the weak form, which means that the unknown u belongs
to the standard Sobolev space W, () and satisfies the equation

|7 (D) Fe(Du)- DTy = A [ fup ey, 7)
Q Q

for all ¢ € W,?(Q). We observe that in this paper the elements of RV are thought as row
vectors and that the inverse and transpose of a matrix M are denoted by M~! and M7T
respectively.

Note that if u € I/VO1 P(€2) is a non-trivial solution to the previous equation, then choosing
¢ = wu in (7) and using Euler’s homogeneous function Theorem, yield the equality A =
Jo F*(Du) dz/ [, |ulP dx which suggests that the smallest eigenvalue, denote by A,(€), is
positive and has the following variational characterisation

/Fp(Du) dx
() = min t :

weW P (@)\{0} / uf? da
Q

(8)

In fact, the following known results hold, see e.g., [6, 15].

Theorem 2.1. If p > 1 and Q is a bounded open set in RN there exists a function u, €
W, P(Q) which achieves the minimum in (8), and satisfies the problem (7) with A = A, ().
Moreover, if Q2 is connected, then \,(Q2) is simple, that is, the corresponding eigenfunction
is unique up to a multiplicative constant, and the first eigenfunction has constant sign in 2.
Finally, if in addition Q is of class CY* with o €]0,1] then uy is of class CYP(Q) for some
B €0, al.

We recall the scaling and monotonicity properties of A\,(€2) in the following lemma the
proof of which can be carried out as in the case of the classical p-Laplacian.

Lemma 2.2. Let Q be a bounded open set in RY. Then the following properties hold.
1. Fort >0 it holds \,(t€2) = t7PA,(Q2).
2. If Q is an open set contained in 0 then M\y() > A, ().

3. If1 < p<s<+oo then p[A,(Q)]VP < s[A(Q)]Y5.
3 Domain perturbation and stability of eigenfunctions

In order to study the dependence of A,(§2) with respect to the variation of the domain
2, we consider problem (7) in a class of domains which are parameterized by means of
diffeomorphisms defined on a domain 2. More precisely, we fix a bounded domain (i.e., a
bounded connected open set) §2 of class C** with a € (0, 1] and we set

D, (Q) = {(b € CH(Q,RY) : ¢ is injective and detD¢ () # 0, for all x € Q} :
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The space CH*(Q, RY) is endowed with its standard norm defined by
1Pl 1.y vy = WX Dllo0; [V lloos [Va}

where | - |, denotes the usual Holder semi-norm.

The set @, () is an open subset of C1*(Q, RY); moreover, also ¢ (£2) is a bounded
connected open subset of RY of class C1* and 9¢ (Q) = ¢ (9Q) for all ¢ € D, (), see [22]
and [23] for details.

For ¢ € @, (), we consider the smallest eigenvalue \,(¢(§2)) of problem (7) in the
domain ¢(2) and we set

Moo = Ap(0(2)).

We observe that since the open set ¢ (£2) has a regular boundary, the corresponding
eigenfunctions attain the boundary value zero in the classical sense. It follows that there
exists a uniquely determined eigenfunction of A, 4, denoted by wu, 4, such that

/¢>(Q) lupe [Pdy =1 and wu,4 (y) >0 Vye (), 9)

and such that u, , € CY#(¢(Q)) for some 3 €]0, a]. In particular we have that

[ rwou
App =  min it

WEC(%(Q)\{O} / |S0|p dy
#(2)

_ / F? (Duyy ) dy, (10)
»(2)

where CZ(Q) denotes the space of functions in C*(Q) which vanish at the boundary of €.

We plan to study the differentiability of the map which takes ¢ € ®;, () to A\, 45 € R.
To do so, we first analyze the dependence of the eigenfunction corresponding to A, 4, with
respect to ¢. We stress the fact that the domain of wu, s, changes when ¢ is perturbed, hence
we will not consider u, 4 itself but its pull-back

Up,p = Up,p © O,

which is defined in the fixed domain €.

Using a change of variable we rewrite problem (7) on ¢ (Q2) into an eigenvalue problem
defined in €2 which is solved by v, 4. More precisely, for ¢ € 1, () and A € (0, +00), it is
easy to see that a function u € Wy™* (¢ (Q)) satisfies the eigenvalue problem (7) on ¢(€) if
and only if the function v := u o ¢ belongs to W, 7? () and satisfies the equation

[ F (Do (06)) Fe (Do (06)) - (D))" - DT det D
— )\/Q [v|P*vp| det Dg|dx,  (11)

for all ¢ € Wy (Q). Moreover,



Aps = /Q F? (Dupg - (D¢)™" ) | det Dg|dz.

In what follows we denote the inverse matrix of D¢ with J, that is J = (D¢)~!.
The following result on the continuous dependence of the function v,, on ¢ € 1, ()
holds.

Theorem 3.1. Let p > 1 and Q be a bounded domain in RY of class CH* with o € (0, 1].
The function which maps ¢ € 1, (Q) to vy, € CH(Q) is continuous.

Proof. Let ¢ € D, , (2) be fixed, and let us consider a sequence ¢,,, n € N, which converges
to ¢ in 1, (2). We want to prove that there exists a subsequence ¢, , m € N, of ¢, such
that v, 4, converges tov, 5 in C L(Q). First of all we observe that u, 4, is bounded. Indeed,
see [15], there exists a constant C' = C' (N, p, F') such that

[p,6nlloc < CAp [[tp,00 Iy - (12)

Let W be bounded open set (for example, a ball or a Wulf shape) with closure striclty
contained in QE(Q) As in [21, Prop. 2.1], by the strong convergence of ¢, to ¢ one can see
that W is contained in ¢,(2) for all n sufficiently large. Recalling that the eigenvalues are
monotone with respect to domain inclusion, we get

)‘p,dm < )‘p(W)v (13)

for all n sufficiently large. By (12), (13), Holder inequality and (9) we get
[tp.,ll oo < Ch,

with C7 > 0. In particular
Sup [0y, 1. # . (14)

neN

By rewriting (11) in a simpler form, we see that functions v, 4, satisfy the equation

divA(¢n, z, Dvy g, ) + B(én, 2, 0p4,) =0
in the weak sense, where A, B are defined by

A(¢,2,Q) = F'1(CJ) Fe (GJ) J"| det Do(x)] (15)
B(¢,7,2) = MNpg|ldet Do(x)||2|P %2
forall z € Q,¢ e RV \ {0}, € &,,(Q) and 2z € R.

Let My > 0 be fixed. We claim that there exists an open neighborhood V of <Z; and
c1, ¢y € (0,4+00) such that

"L OA; (¢, )
> —(52‘” )'rzmj > a1 |¢]P 7 ml?, (16)
ij=1 J

‘0%11 g%xac)’ S 02|C|p_2a (17)
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1A (¢, 2,¢) — Ay, Q) | < ca M+ |z —y|* (18)

‘B<¢>szz)‘ SCQ (1+|<|>p’ (19>

for all ¢ € V,z,y € Q,¢ € R*\ {0} and 2z € (—My, My).

Indeed, condition (16) follows by condition (6) and a continuity argument. Condition (17)
follows observing that F¢ is zero homogenous and using a continuity argument. Condition
(18) and (19) follow using (3) and reasoning as Lemma 3.1 of |21].

Clearly, ¢, € V for all n € N sufficiently large, say for n > i, hence conditions (16)-(19)
are satisfied with ¢ replaced by ¢,. Thus, by (14) we are in position to apply the boundary
regularity result in [24], which assures that there exists a constant K > 0, such that

o, € CP(Q) and vyl 5 < K,

for all n > 7. The thesis follows recalling that C#(Q) is compactly imbedded in C'() and
using standard regularity results. O

4 Differentiability result and Hadamard formula

Theorem 4.1. Let p > 1 and Q be a bounded domain in RY of class CY, with o € (0,1].
Then the function which maps ¢ € @1, (Q) to N, is of class C'. Moreover,

Dy (1) = /¢ ) 7 (D) = el o) i (w067 dy (20)

- p/ Frt (Dup,g) Fe (Duy,g) - (D (w ° Cb_l))T : (DUP@)T dy,
»(Q)

for all ¢ € @14 (Q) and v € C* (Q,RY).

Proof. We consider the following real-valued functional

b oy — Jo 7 (Dv- (Dg)™") | det Dg|da
o= Joo [vl7] det Dolde ’

defined for all (v, ¢) € Cf (2) \ {0} x 1,4 (Q2). Since the map
¢ €D, (Q) = (Dp) " € C(QRVNN)

is real-analytic, by exploiting the continuity of the functions ¢ — 04R (v) and ¢ — v, 4 (see
Theorem 3.1), we can use the same argument in [21| to prove that the map ¢ — A, 4 is
continuously Frechét differentiable and that its Frechét differential at any point ¢ € Dy, (92)
is given by the formula

dA, 5(¢) = 0 R (v, 5) (V)
which is valid for all ¥ € Ct (Q,RY) .



Now we fix ¢ € C'* (Q,R") and we compute 9y R (v, 5)(). To this end let 6 > 0 be

such that ¢, 1= ¢+t € 14 (), for all t € (—4,0). Putting Ry, (v, ;) = & where

N = / F? (Do, ; - (D)) | det Dt dr,
Q
and
D= / [0, 57| det Déy|dz,
Q
by standard calculus we obtain

4D
dt

= [ gl divndy,
t=0 $(Q)

and

dN
dt

- T
t=0 - p/¢~>(ﬂ) F 1(Dup,q3)FE(Dup,¢~>) -(Dx)" - (Dup,ci;) dy

+ / F?(Du,, ;) divxdy,
?($2)

~ -1
where y = o <¢>> . Putting all together and recalling (9) and (10), formula (20) follows.
[l

For any vector n € R™ \ {0}, we set
np = Fe(n), —— =Du-np.

A consequence of the previous result is the following generalization of the Hadamard
formula to the anisotropic setting.

Theorem 4.2. Let the same assumptions of Theorem 4.1 hold. Let ¢ € Oy, (2) be such
that () is of class C*°, for some 6 € (0,1]. Then

Do) = (1-p) /8 oy FOuP (067 -vio

= (1-p) /%(Q) !

Oy (Yoo vdo, (21)
for all ¢ € CHe (ﬁ, ]RN), where v is the unit outer normal to 0¢(£2).

aI/F

Proof. To shorten our notation, we set u = w,, 4. Recall that by classical boundary regularity
results, there exists 4 € (0,1) such that u € C1¥# ((;5 (ﬁ)), hence the right hand side of (21)
is well defined, and u = 0 on 9¢ (2). The possible lack of C? regularity of u leads us to
consider a family of approximating problems, as often done in the literature (we refer to
[16, 20] for the case of the p-Laplacian, to [30] for the Finsler Laplacian and to [8] for the
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Finsler p-Laplacian). As done in |8, Lemma 3.2 and [30, Theorem 2.6], consider a family of
sufficiently regular real-valued convex functions V), with ¢ > 0, defined in R™ such that
V() converges to FP /p together with the first order derivatives, as ¢ — 0. To be more
specific, following [8, Lemma 3.2], we take V() = (F2 +¢)% /p, with € > 0. Then we consider
the boundary value problem

—div (VO (Du.)) = Apolul2u, in 6(0), (22)
— on 0¢ (),

where we recall that Vg(g) denotes the gradient of V). By the same proof in [8], classical
regularity results (see e.g. [19]) assure that there exists a solution u. to problem (22) such
that u. € W22(¢(2)) N CY(4(Q)) for some v € (0,1), and |u.| < My, with My a constant
independent of . Moreover, the C'"7 estimates in [24] imply that u. — u in C* (¢(€2)) up
to subsequences.

Now we approximate the first term of the right-hand side of (20). In order to shorten

-1
our notation we set y = 1o <¢> . Using the Divergence Theorem and recalling that u = 0
on 0¢(2), we get

/ (pV(E) (Du.) — )\p7¢]u\p) divydy
*(Q)

0
= / pVE (Du.) xjvdo — / e ( V) (Du,) — Apolul?) x;dy.
96(Q) ¢() YYj
Note that here and in the sequel the summation symbol is omitted.
Now we take into account the second term of the right hand side of (20). Reasoning as

before, by the divergence Theorem, we get

[V (D) (0N (Du) Ty = —p [V (Du) G
$() 06() Yi

%ijid(f (23)

o (e) Bu.
2 Jo0) 3 (V& (Duc) ayj) X;dy.

We first consider the second integral of right hand side of (23). Recalling that u. are
solutions to problem (22), we obtain

9 ( (©) 3“6)
/qb(Q) Ay \ & ( >ayj !
ou 0*u
= div (V. Du, —Exdy—i—/ v Du.)———x;dy
/¢><m < e )) Ay; 7 Sy © ( >ayjayi ’

o Ou OV (Duy,)
=)\ / ulf?u Ex«dy—l—/ ———x;dy.
D, ¢ o) ‘ ’ ayj J o) ayj J

Substituting in (23), we get
g g aue
_p/ VO (Due) - (DX)" - (Due)" dy= — / A )(Dus)a—Xj’/idU
»(2) 99(92) Yj

o Ou, OV (Duy,)
— P, / |ul” 2u—xdy+p/ ——x;dy.
% Joe) dy; ™ o) Oy



It follows that
/ (pV(E)(Dus) — )\p,¢|u|p) divydy
#(82)
‘p/ oV (Due) - (DX)T - (Due)" dy
H(Q

0
2/ pV & (Du.)y,vido + Aw/ 5. ) Xy
26(9) ¢(Q) YYi

() Ou, p—2 Ou,
— Ve (Dus)=—xvido — pA,, / |ul X;dy. (24)
/a¢(9) ‘i dy; ™ P #(Q) 39 !
Taking € — 0 in (24), we have
[ @ (D) = Aylup) dividy
?($2)

—p / FP~Y(Du) Fe (Du) - (Dx)T - (Du)" dy
(82

0
:/ P (Du) X]dea—i-)\p(z)/ s (|ul?) x;dy
96(Q2 #(Q) 9Yj
ou p—2 ou
—p Du )Fe, (Du) o, —X;vdo — Py s |ul Ua_deZ/
(02 ?(Q) Yj
= / F? (Du) x;vjdo — p/ FP~1 (Du)F, (Du) %Xjuida. (25)
96() 06(Q2) Yj

Now since u = 0 on 9¢(Q2) and u € C* (¢ (Q)), it follows that Dulyyq) = 8 Sev, so by the
homogeneity of F' it follows that

—p/ FP~! (Du) Fy, (Du) %ijida = —p/ F? (Du) x - vdo. (26)
06(6) Oyj 06(0)

Finally, by Theorem 4.1, using equalities (25) and (26), we obtain

Whyo(t) = (1 - p) / oy Dy do (27)

which is the first equality in (21). Recalling that Du = F*v, it follows that

ou ou P ou P ou P
FP(Du) = F? =|—F —F,
(w) = 17 (i) = [Ger )| = |Gero o] = o)
which combined with (27) provides the validity of the second equality in (21). O

5 Corollaries

In this section we briefly discuss two immediate corollaries of the previous section.
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5.1 Overdetermined problem

As in the Euclidean case, formula (21) naturally leads to the formulation of an overdeter-
mined problem. Indeed, let us assume that the assumptions of Theorem 4.2 hold and let us
consider the functionals J; and J, defined on @y, (2) by Ji(¢) = A, and Jo(¢) = |(Q)|
for all ¢ € 1, (). If ¢ is a critical point for J; under the volume constraint |p(2)| = ¢
for a fixed constant ¢ > 0, then KerdJs(¢) C KerdJ;(¢), hence d.Jy(¢) = rdJ2(¢) for some
k € R (the Lagrange multiplier). This means that

(1—p)/8¢(9) @bo(q;)1.Vd0:ﬁ/a¢(ﬂ)¢o<q~5)l.yda,

for all ¢ € O (ﬁ, RN).

P
Thus, ag;,; ‘ = r/(1 —p) on 0¢(£2), and this implies that Bgy—p;’ is also constant because

uyp 4
8VF

the function w, 4 doesn’t change sign.
In conclusion, ¢ is a critical point for J; under the volume constraint above if and only if

ag 2 g constant on 0¢(€2). In other words, u, , solves the following overdetermined problem
Vp )

—div (FP" (Dtyg) Fe (Duuyp)) = Aps [up gl tpp,  in 6(S2),
Upp = 0, on d¢ (), (28)
%Up,qb = constant, on 0¢ ().
System (28) is satisfied when ¢ (€2) is homotetic to a Wulff shape. This can be deduced
either by the symmetry result in [14, Theorem 2.4] or by the Faber-Krahn inequality which
assures that if W is the Wulff shape centered in the origin such that |W| = |4 (2) |, then
AW) < Ap(9(€2)), see e.g. [6]. On the other hand, it is proved in [29] that if system (28)
is satisfied then € is homotetic to a Wulff shape. We note that the same conclusion holds
for the overdetermined system
—div (F?7! (Du) F¢ (Du)) =1, in ¢(9),
u =20, on 0¢ (), (29)
-9 4 = constant, on 0¢ (),

8l/F

as it is has been proved in [12].

5.2 Rellich-Pohozaev identity

Given a bounded domain Q be in RY of class C**, with a € (0, 1], we consider a family of
dilations (1 + ¢)$2 of 2 which can viewed as a family of diffeomorphisms ¢, = I +tI, t € R.
By differentiating with respect to ¢ and applying formula (21) with ¢ = ¢ = I, we obtain

! t_oz(l—p)/aQ

21
By Lemma 2.2 we get that A\, 4, = A, (L +¢) Q) = (1 +1¢)" X, (). If we derive this last
expression with respect to t, we obtain

d
% >\P7¢t

p

Oups x - vdo. (30)

aVF

= L@t nma@)

= — P (). (31)

t=0

t=0
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Combining (30) and (31), we obtain the following Rellich-Pohozaev identity

x - vdo. (32)

P Jsa
Formula (32) holds not only for the first eigenvalue but for any eigenvalue. In fact, the
following theorem holds.

Theorem 5.1. Let p > 1 and Q be a bounded domain in RY of class C*%, with a € (0, 1].
Let X be an eigenvalue of equation (2) and u be a corresponding eigenfunction normalized by

|ullLr) = 1. Then
—1
A=" /
p a0

Since the Hadamard formula for the Finsler Laplacian is currently proved only for the
first eigenvalue, the proof of the previous theorem in the case of an arbitrary eigenvalue
cannot be performed as above. However, one can adapt the same argument used in [20] for
the p-Laplacian and based on the original approach of F. Rellich [27].

ou |*
81/1:

- vdo.

Proof. As done in the proof of Theorem 4.2 one may follow the approximation argument
of [8, Lemma 3.2] or [30, Theorem 2.6] and consider the approximating family of boundary
value problems (22) defined in 2. Reasoning as [§8], classical regularity results (see e.g. [19])
assure that there exists a solution u. to problem (22) such that u. € W?22(Q) N C(Q) for
some v € (0,1), and |u.| < My, with My a constant independent of e. Moreover, the C'!7
estimates in |24 imply that u. — u in C* (ﬁ) up to subsequences. Reasoning as in [20], one
can multiply both sides of the first equality in (22) by Zk L Tk 3“5 and integrating, it follows
that

B 0 (©) ou, 0 © b2 ou,
/ “ (V (Du )6xk) + 8% — (V¥ Duy,)) —)\/ | UL kdm. (33)

Here and in the sequel the Summatlon symbol is omitted. By applying the Divergence
Theorem to both sides of the previous equality and letting ¢ — 0, we get

0 0
- / o FP~Y(Du) Fe, (Du) — vy do + / FP=Y(Du)Fe, (Du)—
o0 O Oy (34)
1 N N
+— | xxFP(Du)ypdo — — | FP(Du)dx = ——,
D Joq P Ja p
where the last equality follows since |lu||r() = 1. Finally, the statement follows using the
properties of F' and recalling that FP(Du) = 8‘971;
[
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