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Abstract We consider a nonlinear Robin problem for the Poisson equation in an
unbounded periodically perforated domain. The domain has a periodic structure,
and the size of each cell is determined by a positive parameter 6. The relative
size of each periodic perforation is instead determined by a positive parameter e.
We prove the existence of a family of solutions which depends on € and § and we
analyze the behavior of such a family as (e, d) tends to (0,0) by an approach which
is alternative to that of asymptotic expansions and of classical homogenization
theory.
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1 Introduction

In this paper, we consider a nonlinear Robin problem for the Poisson equation in
a periodically perforated domain with small holes. We fix once for all

n €N\ {0,1}, and (11, -+, qnn) €]0, +o00[",
and we introduce a periodicity cell
(2 EEIY?Zl]O7QHjL

Then we denote by ¢ the diagonal matrix

qi11 0 e O
0 ... 0
a=|
0 0 ... gnn

and by my,(Q) the n dimensional measure of the fundamental cell Q. Clearly,
qZ"™ = {qz : z € Z™} is the set of vertices of a periodic subdivision of R™ corre-
sponding to the fundamental cell Q.

Then we consider m € N\ {0} and a €]0,1[ and a subset {2 of R" satisfying
the following assumption.

Let 2 be a bounded open connected subset of R™ of class C"".

Let R™ \ clf2 be connected. Let 0 € £2. (1.1)
Next we fix p € Q. Then there exists ey €]0, +o00[ such that
p+ecl2 CQ Ve €] — eo, €0, (1.2)
where cl denotes the closure. To shorten our notation, we set
pe=p+ef Vec R.

Then we introduce the periodic domains

S[2p.e] = U (g2 + 2p.e) S[$2p.c] " =R"\ cS[2p,],

2€Zn

for all € €] — €, €o[. Then a function u defined either on clS[f2, ] or on cIS[{2, ]
is g-periodic if u(z 4+ gnnen) = u(z) for all z in the domain of u and for all
h € {1,...,n}. Here {e1,..., en} denotes the canonical basis of R". Next we
introduce a dilation of the periodic domain S[{2, ]~ by setting

S(e,8)” = S[2p,e] ™ V(e, 0) €]0, e0[%x]0, +00].

The parameter 0 determines the size of the periodic cells of S(¢,d) ™. Next we turn
to introduce the data of our problem. To do so, we fix p €]0, +oo[ and we consider
the Roumieu function space Cg’% »(R™) of g-periodic real analytic functions from
R™ to R (see (2.2)), and we assume that

{fe}ec)—eo,eo] 18 a real analytic family in C’EI)M",(R")7 (1.3)
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i.e., that the map from | — €o, eo[ to C.,, ,(R™) which takes € to fe is real analytic,
and we assign a (nonlinear) continuous real valued function

G e C°(00 x R)

satisfying certain regularity assumptions which we specify later (cf. (3.4), (4.7).)
Then we consider the following periodic nonlinear problem for the Poisson equation
for each (¢,0) €]0, eo[x]0, +00[

Au(z) = fo(67 ) Va € S(e, )™,
u is 6q — periodic in S(e, )™, (1.4)
u(z) + G e Ha — op),u(z)) = 0 Vo € 5002,

BV(;QPVS

where vsgp, . is the outward unit normal to 042 on §92p .

Our first goal is to identify a family of solutions of problem (1.4) for € and §
close to 0. Our second goal is to analyze what happens to the family of solutions
when € and § tend to the degenerate value 0.

We distinguish two cases which depend on the behavior of |, o fedy as € is close
to zero.

If fQ fe dy is not identically zero in € €] — €, €o[, our assumption (1.3) implies
that there exist a unique ny € N and a unique analytic function F' from | — €, €o[
to R such that

/Qf€ dy = €™ F(e) Ve €] — €o, €0l , F(0)#0. (1.5)

If instead fQ fedy is identically zero, we set by definition ny = 4o00. Then we
consider separately case ny > n —1 and case ny <n — 1.
In case ny > n — 1, we look for a family of solutions u(e, d, -) such that

o) limee 51— (0.0) u(€, 0, d-) exists in the C"™ “-norm on the compact subsets of R"™
(e,6)—(0,0)
(p+ qZ™).
(00) lime,5)—(0,0) (€, 6, 6(p + €)) exists in the C"“-norm on the compact subsets
of R™\ £2.

Now by a result of [15, Prop. 4.4 (ii)], one can prove that if such a family exists,
then the limit of the rescaled family of (¢) must necessarily be a constant. Thus in
order to show the existence of such a family, we assume that there exists ¢, € R
such that

G(t,co)dor =0, Gu(t,co)doy #0, Gu(t,co) >0 vVt € 012,

FYe; e
(1.6)
where GG, denotes the partial derivative of G with respect to the second argument,
and we prove that for € and ¢ small, problem (1.4) has a solution

u(e,d,) € C™*(cIS(e,8) ),

where the symbol C"%(clS(¢, §) ™) denotes the Schauder space of functions of class
C™(cIS(e,6)7) with a-Holder continuous derivatives of order m (see Definition
4.12.) The constant ¢, plays the role of the limiting value of the rescaled solutions

of (¢).
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In case ny < n — 1, our problem displays a higher degree of singularity and
we cannot readily identify a limiting problem as (e, d) tends to (0,0), but instead
we can do so if we take the limit as (e, ) tends to (0,0) in a restricted way (see
discussion after (3.12).) So for each 79 € [0, +oo[ and for each function é(-) such
that

€(+) is a function from ]0, +oo to ]0, €o[, (1.7)
(}L)Inoe((s) :0’ }% é\(é)(n—l)—nf =70,

we look for a family of solutions u(d,-) defined on cIS(e,§)” with € = €(d) such
that

(*) limg_ o u(d, §-) exists in the C™ “-norm on the compact subsets of R™\ (p 4+ ¢Z™).
() lims_ou(d,0(p + €(d)-)) exists in the C™ “-norm on the compact subsets of
R™\ 0.
Then again by [15, Prop. 4.4 (ii)], one can prove that if such a family exists, then
the limit of the rescaled family of (*) must necessarily be a constant. Thus in

order to show the existence of such a family, we assume that there exist c. € R
and o € [0, 4+o00[ such that

Gt ) dot — F(0)y0 = 0, / Gult,cu)dor £ 0, Gult,er) > 0Vt € 092,
a0

(1.8)
and we prove that for all functions é(-) as in (1.7) and for § small, problem (1.4)
with € = €(d) has a solution

o5

u(d, ) € C"™(cIS(é(8),8) ),

(see Definition 5.7.) The constant c. plays the role of the limiting value of the
rescaled solutions of (x).

The goal of our paper is to investigate the behavior of u(e, d, ) and of u(4, -) as
(¢,60) and ¢ tend to (0,0) and to 0, respectively. In particular, we pose the following
question.

() What can we say on the function (¢, ) — u(e,d, ) as (¢, 9) is close to (0,0) in
10, €0[x]0, +oc[, and what can we say on the function § — u(d,-) as § is close
to 0 in 0, +oc0[?

The asymptotic behavior of solutions of problems in periodically perforated do-
mains has long been investigated in the frame of Homogenization Theory. It is
perhaps difficult to provide a complete list of contributions, and here we mention,
e.g., Khruslov [23], Mar¢enko and Khruslov [38], Cioranescu and Murat [9,10],
and for nonlinear Robin problems the work of Cabarrubias and Donato [7]. We
also mention Maz’ya and Movchan [39], where the assumption of periodicity of
the array of inclusions has been released.

More generally, problems in singularly perturbed domains have been largely
studied with the methods of asymptotic expansions. Here, we mention, e.g., Am-
mari and Kang [1], Ammari, Kang, and Lee [2], Bonnaillie-Noél, Dambrine, and
Lacave [4], Bonnaillie-Noél, Dambrine, Tordeux, and Vial [5], Dauge, Tordeux, and
Vial [17], Kozlov, Maz’ya, and Movchan [25], Maz’ya, Movchan, and Nieves [40],
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Maz’ya, Nazarov, and Plamenewskij [41], Novotny and Sokolowski [45], Ozawa
[46], Ward and Keller [49].

Here instead, we wish to represent the functions in question (}) in terms of
real analytic maps of (¢,0) and in terms of possibly singular at (0,0), but known
functions of (e,d) in case ny > (n — 1) and in terms of real analytic maps of
(€(8),6/¢(6)™~Y~"7) and in terms of possibly singular at (0,7o), but known func-
tions of (£(6),8/é(8)™ ™Y1 in case ny < (n—1).

One of the main advantages of our approach is that it allows to justify the
possibility to expand the solutions or related functionals in terms of convergent
power series and of known functions of the singular perturbation parameters. In-
deed, for example, if we know that a certain functional associated to u(e, d,-) can
be expressed in terms of real analytic functions and known functions of (¢, d), then
we can expand the real analytic functions into power series and thus we can de-
duce representation formulas consisting of convergent power series and explicitly
known maps (so as for example for the expressions of Theorem 8.5 (i), (ii), and of
[34, Thm. 3, Cor. 1] for the energy integral of the solutions of a linear Dirichlet
problem.)

Moreover, the coefficients of the power series expansions can be computed by
solving some explicit systems of integral equations. The expression of such systems
for the case of a Dirichlet problem in a bounded domain with a small hole has
been obtained in [16].

This paper is a first step in the analysis of nonlinear homogenization problems
by exploiting a method which has already been developed for singular perturbation
problems in domains with small holes (cf. e.g., [27].) Such a method has been ex-
ploited for singularly perturbed boundary value problems for the Laplace equation
in [28-30], for linearized elastostatics in [13,14] and for the Stokes equations in [11,
12]. Concerning problems in periodic domains we refer to [32,43,44], and in par-
ticular to [36] where the analysis of a two-parameter anisotropic homogenization
problem for a Dirichlet problem for the Poisson equation is carried out.

We also observe that boundary value problems in domains with periodic inclu-
sions can be analyzed, at least for the two dimensional case, with the method of
functional equations. Here we mention, e.g., Castro, Pesetskaya, and Rogosin [§],
Drygas and Mityushev [19], and Kapanadze, Mishuris, and Pesetskaya [24].

2 Preliminaries and notation

We denote the norm on a normed space X by ||-||x. Let X and ) be normed spaces.
We endow the space X’ x )Y with the norm defined by ||(z, y)||xxy = ||zl x + |lylly
for all (z,y) € X x ), while we use the Euclidean norm for R™. The symbol N
denotes the set of natural numbers including 0. Let A be a matrix. Then A;;
denotes the (i, j)-entry of A. If A is invertible, A* and A~" denote the transpose
and the inverse matrix of A, respectively. Let D C R"™. Then clD denotes the
closure of D and OD denotes the boundary of . We also set

D~ =R"\ cD.

For all R > 0, z € R", z; denotes the j-th coordinate of x, |z| denotes the
Euclidean modulus of z in R", and B, (z, R) denotes the ball {y € R™ : |z —
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y| < R}. Let {2 be an open subset of R™. The space of m times continuously
differentiable real-valued functions on {2 is denoted by C™ (§2,R), or more simply
by C™(£2).

Let r € N\ {0}. Let f € (C™(£2))". The s-th component of f is denoted fs,
and Df denotes the Jacobian matrix (gfs) - Letn=(m,...,nn) € N",

Ty

pi T

|9l =n1+---+nn. Then D7 f denotes Mﬂ#ﬂ"' The subspace of C™ (§2) of those
functions f whose derivatives D" f of order |n| < m can be extended with conti-
nuity to clf2 is denoted C™ (clf2). The subspace of C"(clf2) whose functions have
m-th order derivatives that are Holder continuous with exponent « €]0,1] is de-
noted C™“(clf2) (cf. e.g., Gilbarg and Trudinger [21].) The subspace of C"*(cl{2)
of those functions f such that ficiore,0,r) € C™(cl(£2 N B,(0, R))) for all
R €]0,+o00[ is denoted C2“(clf2). Let D C R". Then C™“(clf2,D) denotes
{f € (C™ ()" : f(cl2) C D},

We say that a bounded open subset {2 of R™ is of class C™ or of class C™¢, if
clf? is a manifold with boundary imbedded in R™ of class C™ or C""%, respectively
(cf. e.g., Gilbarg and Trudinger [21, §6.2].) We denote by v the outward unit
normal to 02. For standard properties of functions in Schauder spaces, we refer the
reader to Gilbarg and Trudinger [21] (see also [26, §2, Lem. 3.1, 4.26, Thm. 4.28],
37, §2].)

If M is a manifold imbedded in R"™ of class C™“, with m > 1, a €]0, 1], one
can define the Schauder spaces also on M by exploiting the local parametrizations.
In particular, one can consider the space C**(8£2) on 92 for 0 < k < m with
2 a bounded open set of class C™%, and the trace operator from C*%(clf2)
to C*(912) is linear and continuous. We denote by do the area element of a
manifold M imbedded in R™. We retain the standard notation for the Lebesgue
space LP(M) of p-summable functions. Also, if X is a vector subspace of L'(M),
we find convenient to set

on{feX:/Mfdo:O}. (2.1)

We note that throughout the paper ‘analytic’ means always ‘real analytic’. For the
definition and properties of analytic operators, we refer to Deimling [18, §15].
Weset 6;; =1ifi=j4,06;,;,=0ifi#jforalli,j=1,...,n.
If £2 is an arbitrary open subset of R", k € N, 5 €]0, 1], we set

CE(cl2) = {u € C*(cl2) : D u is bounded Vv € N™ such that |y| < k},

and we endow CF (clf2) with its usual norm

lullcpeay = Y sup [DTu(@)|  Vu € Cy(clf).
IyI<k ZEC?

Then we set
CPP (1) = {u € CMP(c1N) : D7u is bounded Yy € N" such that |y| < k},

and we endow C’f # (c102) with its usual norm

||u||C;c,;f(Cm) = Z sup |D7u(zx)| + Z | D7 : cl82| Yu € C’{f’ﬂ(clﬂ),
) [y <k PE? Ivl=k
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where |[D7u : clf2|g denotes the S-Holder constant of D7 u.
Next, we turn to introduce the Roumieu classes. For all bounded open subsets
2 of R"™ and p > 0, we set

Cgvp(clﬂ) = {u € C™(clf2) : sup ||D ull o) < —|—oo}

IBI'

and

plP!

lullcs  (10) = sup |ﬁ|, IDPullcony  Vu € CS ,(clf),
where 8| = 1+ - + ﬂn for all 8 = (B1,...,Bn) € N™. As is well known, the
Roumieu class (C&Acl()), - Ilco p(clﬂ)) is a Banach space.

Next we turn to periodic domains. If {2 is an arbitrary subset of R™ such that

clf2 C Q, then we set

Sil= (J (z+ Q) =qZ"+ 2,  S[Q” =R"\dS[)].

zZEL™

If k € N, 8 €]0, 1], then we set
C’g(clS[Q]) = {u € CE(S[N)) : uis g — periodic} ,
which we regard as a Banach subspace of CF (cIS[£2]), and
C(I;’B(CIS[Q]) = {u € Cf’ﬁ(CIS[QD Duis g — periodic} ,

which we regard as a Banach subspace of C:’B(CIS[.Q]). Then CF(cIS[£2]”) and
CFP(cIS[£2]7) can be defined similarly. If p E]O, +ool, then we set

ng H(R™) = {u € CP(R™): sup HD ull o) < —l—oo} (2.2)

|/3’\'
where Cg°(R™) denotes the set of g-periodic functions of C°°(R™), and

\ \
lullco, @) = Sup |5|, ID ullcog)y  Vu € Cgu p(R™).

The Roumieu class (C’gwp(R") Il llco

q,w,p
known, if f is a g-periodic real analytic function from R™ to R, then there ex-
ists p €]0, +o0o[ such that

(Rn)) is a Banach space. As is well

€ Cau,p®R").
As is well known, there exists a g-periodic tempered distribution Sq,» such that
ASq n — Z 5(12 -
. Q)

where dq. denotes the Dirac measure with mass in ¢z (cf. e.g., [31, p. 84].) The
distribution Sq,, is determined up to an additive constant, and we can take

_ 1 2mi(q tz)
qun(x) - = Z n(Q)47r2|q_1Z‘2e )

z€Z"\{0}
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in the sense of distributions in R™. Moreover, Sy, is even, and real analytic in
R™\ ¢Z", and locally integrable in R™ (cf. e.g., Ammari and Kang [1, p. 53], [31,
§3].)

Let Sy, be the function from R™ \ {0} to R defined by

5 (o) = 4 o0 loglal Vo e R"\ {0}, ifn=2,
n(l') = m‘mﬁ—n Vo € R \ {O}, ifn> 27

where s, denotes the (n — 1) dimensional measure of 9B,,. Sy, is well-known to be
the fundamental solution of the Laplace operator.

Then the function Sq,» — Sn admits an analytic extension to (R™ \ ¢Z™) U {0}
(cf. e.g., Ammari and Kang [1, Lemma 2.39, p. 54].) We find convenient to set

Rgn = Sqn — Sn in (R™\ ¢Z2™)u{0}.

Obviously, Rq,» is not a g-periodic function. We note that the following elementary
equality holds

n 1
Syn(ex) = €™ Sn(x) + 5 (B2,nlog€) + Rgn(ez), (2.3)

for all x € R™ \ e *¢Z™ and € €]0, +oo].
If 2 is a bounded open subset of R™ and f € L°°({2), then we set

Pal2, fl(z) = /D Su(z—y)fy)dy VoeR".
If we further assume that 2 C @, then we set
Pynlf2, fl(x) = /Q Som(z—9)f(w)dy Yz eR".

Let 2 be a bounded open subset of R™ of class C*** for some o €]0,1[. If H
is any of the functions Sq n, Rq,n» and clf2 C @ or if H equals Sy, we set

002, H, pl(x) = /a H@ =yl de, Ve R,
w02, 1)@ = [ 5t = ity doy

_ / vo(y)- DH(z — y)u(y)doy Vo €R",
o5

_0
o0 va()

= / vo(z) - DH(x — y)u(y) doy Vo € 012,
a0

w092, H, p)(z) = H(z —y)u(y) doy

for all u € L?(02), where DH is the Jacobian matrix of H. As is well known, if
p € C°(00), then v[092, Sq,n, u] and v[DS2, Sy, ] are continuous in R™, and we set

'U+[8.Q, Sq,n: F"] = U[ag, qun» :UJ] |c1S[£2] v [897 Sq,n, :UJ] = 0[899 Sq,nv /L]\CIS[Q]*
U+[897 Sn7 /J/] = 1)[897 S'ﬂd /J/]\CI.Q vi[a‘Qa Sﬂa /’[’] = ’U[a‘Qa STU M]|Cl(2— .
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Also, if p is continuous, then w[0§2, Sq n, 1|5 admits a continuous extension
to cIS[f2], which we denote by w'[962, Sgn, u] and w[092, Sg n, pjs2)- admits a
continuous extension to cIS[{2] ™, which we denote by w™ [042, S¢,n, u] (cf. e.g., [31,
53].)

Similarly, w[042, Sy, ]| admits a continuous extension to clf2, which we de-
note by w [092, Sy, 1] and w[02, Sy, 1] |- admits a continuous extension to cl2™,
which we denote by w™[042, S, p] (cf. e.g., Miranda [42], [37, Thm. 3.1].)

In the specific case in which H equals Sy, we omit S, and we simply write
v[002, p], w[0R2, p], w«[092, p] instead of v[D2, Sn, u], W[O, Sn, ], W[02, Sn, u],
respectively. Similarly, in case H equals Sq,n, we omit Sq,, and we write vq[012, u],
wq[002, p], wq,«[002, p] instead of v[02, Sqn, p], W[O2, Sq,n, p], W«[O2, Sq.n, u], re-
spectively.

3 Formulation of problem (1.4) in terms of integral equations

As a first step, we transform our problem so as to remove the parameter ¢ from the
domain of problem (1.4). We do so by exploiting the rule of change of variables.

We observe that a function u € C™“(clS(¢, §) ™) satisfies problem (1.4) if and
only if the function

ut () = u(d) € C™(cS(e,1)7),

satisfies the following auxiliary boundary value problem

Auf(z) = 6% fo(x) vz € S(e, 1),
uf is q — periodic in S(e,1) ™, (3.1)
81,21“; uf (z) + 0G(e H(z — p),ub(z)) = 0 Vo € D2y c .

In order to convert problem (3.1) into an integral equation, we need some notation.
If G € C°(002 x R), we denote by T the (nonlinear nonautonomous) composition
operator from C%(812) to itself which maps v € C°(0£2) to the function Tg[v]
defined by

Telv](t) = G(t,v(t)) vVt € 042.
We also need the following Lemma. For a proof we refer to [32, Lem. 3.2].

Proposition 3.2 Let m € N\ {0}, « €]0,1[. Let I be a bounded open connected
subset of R™ of class C™ such that R™ \ cll is connected and such that cll C Q.
Then the map M[-,-] from C™ (1) x R to C™*(9N) defined by

Mp, €)(x) = vg[0L, p)(z) + & Vo € 0L,

for all (u, &) € C™*(9)o x R is a linear homeomorphism from C™ 5% (dl)g x R
onto C™*(0l) (see (2.1).)

We now transform problem (3.1) into a problem for integral equations by means
of the following.
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Theorem 3.3 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let eo
be as in (1.2). Let {fe}eq [ be as in (1.3). Let G € C°(002 x R) be such that

Tg maps C™ ™ 1*(892) to itself . (3.4)
Let (e,6) €]0, e0[x]0, +o00[. Then the map u'le,d,-,-] from the set of pairs (0,c) €
C™=12(912)9 x R that solve the equation
Loy + / Vo (D) DS (t — $)0(s) dos (3.5)
2 00
fenl / Vo (t) DRy (e(t — $))8(s) do
o0

+G<t,6e So(t — 5)0(s) dors + 56"—1/ Ryun(e(t — 5))0(s) dos +
a0

o0

2 [Pq,n[Q,fs](erte)— / fedqu,uet)} e [, dysnm)
Q Q
ovalt) [DPq,n[Q, fl(p + et) /Q fedyDRq,n(eﬂ}
setm / Fodyvo()DSa(t) =0 Vi € 092,
Q

to the set of uf € C™(cIS[2y.c]7) which solve the auziliary problem (3.1) and
which takes (0,c¢) to the function

u'le, 8,0, ¢] = w'le, 8,0, (3.6)
+62 V Sqn (- —y)fe(y)dy — /fedySqn( - )}

where

e, 8,0,c = V[0, Sqm, 00(e (- — P))] + ¢+ Szn” /fe yBE . (37)

is a bijection.

Proof By classical properties of volume potentials (cf. e.g., [35, Prop. Al]) and by
the rule of change of variables, a function u* € Cy*(clS(e,1)7) solves problem
(3.1) if and only if the function

W' =uf - §° UQ Sqn(-—y) fe(y) dy—/Qfe dySq,n('—p)] ,

satisfies the following boundary value problem

Aw¥(z) =0 Vx € S(e, 1),
w* is ¢ — periodic in S(e, 1),

(@) = ~06( o - ) )

81/91,7F
40 o Sl = )0 dy ~ o fedySontz =) )

_52W [fQ Sq.n(x —y)fe(y)dy — [ fe dySan(z — P)} Vo € 082p.c .
(3.8)




Homogenization for a nonlinear Robin problem 11

If uf € Cq"*(clS(e,1)7) solves problem (3.1), then Proposition 3.2 implies that
there exists a unique pair (6,c) € C™*(912) x R such that

/ 50(c (y — p)) doy = 0, (3.9)
[oXp
and such that
@) = 07 [02p.e,80(e (- — p))]() + ¢ + 62 n52/ fody loge z € dS(e, 1)
By the rule of change of variables, we can rewrite (3.9) as
/ 0do=0. (3.10)
an

Then the third equation of (3.8) and classical jump properties of single layer
potentials imply that

S00( (@ = ) + 14,2 [02p.,00( 7 (- ~ )] ()

e (e—1<w )00 50 (- — p)](x) +

14 U Som (@ — ) fely) dy — /fedysq’ (@-p /fe 62n10g1)

0 [/ San(e — ) foly) dy — /fedySqn(w— »|.

81/9

for all x € 82, , which we rewrite as
S0(0) + / Vo () DS (t — $)0(s) dos + €™ / Vo () DRy (e(t — $))0(s) dos
oN o0
_ (eloge)
- —G<t, 5 /(m Sult = )0(s) o+ 82,06 5D [ 9o
—|—e"715/ Rgn(e(t —8))0(s)dos + c
a0
£ PunlQ i+ et) - / fedy (27750
+%52,n(10g O) + Ryn(et) ) / I dy 02,n loge})
~bv(t) | DP,[Qu 110+ ) - [ gy D50 + DRy (ct)
= —G<t, 65/ Sn(t —s)0(s) dos + e"_lé/ Ryn(e(t —8))0(s)dos + ¢
0N o
£8Pl flp+t) - [ et + Ryn(et)| )

—dvn(t) {DPq,n[Q,fe](wet)— /Q fedy(el’"DSn(t)+DRq,n(et))} vt € 002,
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(see (3.10).) Hence, (6, ¢) belongs to C™~1%(942) x R and satisfies equation (3.5).
Conversely, if (6, ¢) belongs to C™ 5% (9£)o x R and satisfies equation (3.5), then
by reading backward the above computations, we see that the function uﬁ[e, 9,0,c]
delivered by (3.6), (3.7) satisfies problem (3.1).

On the other hand, if (01, c1), (02,c2) € C™ 1*(902)o x R and if

u¥le, 8,01, 1] = u[e, 8, 02, ca] ,

then
wﬁ[e, 9,01,c1] = w" [€, 0,02, c2] ,

and thus the uniqueness of Proposition 3.2 implies that 61 = 62, c1 = c2, and thus
the proof is complete. a

Next we observe that the left hand side of equation (3.5) contains only two
terms which may not converge as (e, ) tends to (0,0). Namely,

52627"/ fedy and 5(—:17n/ fedy . (3.11)
Q Q

If ny = 400, i.e., if fQ fedy = 0 for all € €] — o, €0[, then the above terms are
identically equal to zero. If instead ny < 400, the above terms can be rewritten
as

S2M IR (e) and ST R (e, (3.12)

(cf. (1.5)).

Now we distinguish two cases. If ny > (n — 1), then the above terms in (3.11)
have limit as (¢, d) tends to (0,0). Thus if ny > (n — 1) we can take the limit as
(¢, ) tends to (0, 0) in equation (3.5) under appropriate regularity assumptions and
obtain an equation which we address to as ‘limiting integral equation’. Namely,

20(0) +/ Vo (D) DSn(t — $)0(s) dos + G(t,c) =0 VEedQ.  (3.13)
l°k9]

If instead ny < n—1, then the second term in (3.11) (or (3.12)) cannot have a limit
as (€,0) tends to (0,0), and accordingly, we cannot take the limit as (e, d) tends
to (0,0) in equation (3.5) and we cannot identify a ‘limiting integral equation’.
Hence, case ny < n — 1 requires a different treatment. Here we observe that if we
fix v0 € [0,+o00[ and if we consider the pairs (e, d) of the graph of a function é
from ]0, +o00[ to ]0, eo[ such that (1.7) holds, then we can take the limit as § tends
to 0 in the terms of (3.11) (or of (3.12)) with € = €(d) and obtain

. 2 A 2—n _ . ~ 1—n X —
lim 5%¢(5) /Q famdy=0 and  lim 5é(5) /Q Feoydy = 10 F(0).

Hence, we can take the limit as § tends to 0 in equation (3.5) with e = €(4) under
appropriate regularity assumptions and obtain an equation which we address to
as ‘limiting integral equation associated to vo’. Namely,

%B(t)—l—/ vo(t)DSn(t—s5)0(s) dos+G(t,c)—vF(0)ve(t)DSs(t) =0 Vie 012.
o0

(3.14)
We now turn to analyze equation (3.5) and we do so by treating separately case
ny >n—1and case ny <n — 1.
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4 Analysis of the integral equation (3.5) in case ny > n — 1.
We first analyze the ‘limiting integral integral equation’ (3.13) by means of the
following.

Theorem 4.1 Let m € N\ {0}, o €]0,1[. Let p € Q. Let §2 be as in (1.1). Let
G € C°(02 x R) be such that (3.4) holds. Let co € R be such that

/ G(t,co)dor =0. (4.2)
EYe)

Then the following statements hold.

(i) The limiting integral equation (3.18) with ¢ = co has a unique solution 6, €
C™ b (902)0 (see (2.1).)

(i) The ‘limiting boundary value problem’

Au =0 in R™\ clf?,
i (z) + Gz, c0) = 0 Va € 092, (4.3)

limg oo u(z) =0,
has one and only one solution u} € CI™*(R™\ ) and
ub =07 [092,0,] . (4.4)

Proof By classical the classical Fredholm Theory and by Schauder regularity re-
sults, equation (3.13) has a unique solution 6, in C™*(9£2). Then assumption
(4.2) and equality w[042,1]jp, = 1/2 imply that [,,60.doc = 0 (cf. e.g., Fol-
land [20, Props. 3.11, 3.37 | and [28, Thm. 5.1(i)].) We now consider statement (ii).
By classical jump relations of the normal derivative of a single layer potential and
by equation (3.13) with ¢ = ¢, the function b =0~ [042, 0,] satisfies the boundary
condition of the limiting boundary value problem (4.3). Since [, 6o do = 0, the
function u} = v~ [042,0,] satisfies the limiting condition of (4.3). Since R” \ clf2 is
connected, the uniqueness of solutions for problem (4.3) follows by classical results
on the exterior Neumann problem for harmonic functions (cf. e.g., Folland [20,
Thm. 3.40].) 0

We are now ready to analyze equation (3.5) around the degenerate case in
which (¢,6) = (0,0) and under the assumption that ny > (n — 1). In order treat
both case ny < +oo and case ny = +o0o at the same time, we find convenient to
set

N =nf if ny < 400, ng=n-—1 if ng =400,

and to set F(e) = 0 for all € €] — €, €o[ in case ny = +00. Indeed, if so we have
/ fedy =€ F(e) Ve €] — €o, €0l , (4.5)
Q

both in case ny < 400 and case ny = +o0, and
F0)#0 if ny <400, F0)=0 if ny =+4o00.

Then we are ready to introduce the following.
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Theorem 4.6 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let eo
be asin (1.2). Let { fe}eg) (beasin (1.8). Letny > n—1. Let G € C°(02 xR)
be such that

—€0,€0

Tg is real analytic in C™ ™ %(842). (4.7)

Let co € R be such that (1.6) holds. Let Ao be the map from | — €o,e0[XR X
C™ 12 (02) x R to C™ ™12 (002) defined by

Aole, 8,0, dJ(t) = %G(t) + /BQ Vo () DSn(t — $)0(s) dos
4ol /8 () DRy u(elt = )0(s)do

e (t, Se [ Sult— $)8(s) dos + 56"—1/ Ry (e(t — 5))0(s) dos +
a0

o0

+6” [PynlQ, F(p + te) = € F(e) Ryyn(et)] ~ 5262*”6’3@(6)5”@))

Lova() [DPq,n[Q, J)p +t) - eﬁfF<e>DRq,n<et>}
—0e' T F(e)va(t)DSn(t) Yt € 812,

for all (€,6,0,c) €] — €0, o[ xR x C™1%(92)o x R. Then the following statements
hold.

(i) Equation As[0,0,0,cs] = 0 is equivalent to the limiting integral equation (3.13)
with ¢ = co and has one and only one solution O, € C™ 1*(812)¢ (see (2.1).)
(i) If (¢,0) €]0,€e0[x]0, +o0[, then equation Asle,d,0,c] = 0 is equivalent to equa-
tion (3.5) in the unknown (0,c) € C™~1*(902)¢ x R.
(iti) There exist (¢',6") €]0,e0[x]0,+0co[ and an open neighborhood U of (8., co) in
C™1(902)o xR, and a real analytic map (O, Co) from | —¢' € [x] 5,8 to
U such that the set of zeros of the map Ao in]—€',€'[x] — 8,8 [xU coincides
with the graph of (O, Cs). In particular,

(5[0, 0], Cs[0,0]) = (0o, co) -

Proof Statement (i) and (ii) are an immediate consequence of Theorem 4.1 and of
the definition of As. We now turn to show that A, is analytic in a neighborhood of
(0,0, 0, co). We first note that the maps from | — ep, eg[x L' (8£2) to C™~1:%(812),
which take (e, ) to the functions

Joo Ran(e(t — s))0(s) dos vt € 012,

S50 Ox; Rgn(e(t — 5))0(s)dos Vje{l,...,n} vVt € 012, (4.8)
are real analytic (cf. [35, Lem. A.7 (i)].) Then the analyticity of Ry, and ana-
lyticity results on the composition operator imply that the map from | — €, €]
to O™ 1(902) which takes € to the function Ry n(et) of t € 012 is real ana-
lytic (cf. Bohme and Tomi [3, p. 10], Henry [22, p. 29], Valent [48, Thm. 5.2,

p. 44].) Moreover, by assumption (1.3) and [35, Lem. A.7 (ii)], the maps from R
to C™~1*(912) which take € to

PinlQ, fl(p+et)  Vtedn,
02, PynlQ, f)(p+et) Vie€{l,...,n} Vtean,
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are analytic. Then the analyticity of A, follows by the linearity and continuity of
v[092, ] |90 from C™~1%(982) to C™*(942), and by the linearity and continuity
of w.[062, ] |55 from C™~ 12 (992) to itself, and by the continuity of the pointwise
product in Schauder spaces, and by assumptions (1.3), (4.7).

Next we turn to prove that the differential (g )A6[0,0,0,,co] of A at the
quadruple (0, 0, 0, co) with respect to the variable (6, ¢) is a linear homeomorphism
from C™~1%(902)o x R onto C™~>*(912). By standard calculus in Banach space,
the differential of A, at (0,0, 0., co) with respect to the variable (0, ¢) is delivered
by the following formula

_ 1- _
010.0)46[0.0, 00, o] (0.0) = 50(0) + [ va()DS,(t ~ 5)8(s) o + Gt co)e
o

vt € 012,

for all (A,¢) € C™ 1*(002)o x R (see also [28, Prop. 6.3], which ensures the
existence of Gy.) We now show that 04 )A6(0,0,0.,cs] is a bijection. To do so,
we show that if h € O™~ 1*(942), then the equation

8(070)A0[0707907CO](§7E) = h‘a (49)

has a unique solution (8,¢) € C™ 1*(92)o x R. If equation (4.9) holds, then
¢ € R must necessarily satisfy the equation

/ h(t) — Gu(t, co)edor = 0. (4.10)
oN

Indeed, [, [5ove(t)DSn(t — $)0(s)dosdos = [, $0(s)dos = 0 (cf. e.g., Fol-
land [20 Prop. 3.19].) Thus we must have

_ faghda
= —9< 4.11
T oo Gult,co) do (4.11)

(cf. (1.6).) If we choose ¢ as in (4.11), then equality (4.10) and known classical
results ensure that there exists a unique § € C™ > (92) such that

%9(15) +/ vo(t)DSy(t — 8)0(s)dos = h(t) — Gu(t,co)e  Vt€ 00,
o8

(ct. e.g., Folland [20, Prop. 3.37] and [28, Thm. 5.1 (i)].) Then equality (4.10) and
the computations following (4.10) imply that farz 0(s)dos = 0. Hence, equation
(4.9) does have a unique solution for each h € C™~1*(9£2) and 0(0,6)A6[0, 0, 0, co]
is a bijection. Then the Open Mapping Theorem implies that 94, c)A4[0,0, 0, co]
is a homeomorphism. Since A, is analytic, statement (iii) is an immediate con-
sequence of statements (i), (ii) and of the Implicit Function Theorem in Banach
spaces (cf. e.g., Deimling [18, Thm. 15.3].) O

We are now ready to define our family of solutions of the auxiliary problem
(3.1) in case ny > n — 1. We do so by means of the following.
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Definition 4.12 Let the assumptions of Theorem 4.6 hold. Then we set

w(e,8,2) = whle, 8, O0e, 8], Cole, 8]](x) Vo € clS(e, 1),
u?(e,8,z) = w'e, 8, O[e, 8], Cole, 8]) ()

+62 |:/Q Sqn(x —y)fe(y) dy — /Q fedySqn(z —p)| Vo €clS(e, 1),

for all (¢,6) €]0,€'[x]0,8[ (see also (5.6), (3.7).)

Then {u*(e, §, )} (e,8)€)0,e/[x]0,5'] is a family of solutions of the auxiliary problem
(3.1) in case ny > n — 1 and our aim is to analyze the behavior of such a family
as (¢, 9) tends to (0,0).

5 Analysis of the integral equation (3.5) in case ny < n — 1.

We first analyze the ‘limiting integral integral equation associated to vo’ (3.14) by
means of the following.

Theorem 5.1 Let m € N\{0}, a €]0, 1[. Let 2 be as in (1.1). Let G € C°(0N2xR)
be such that (3.4) holds. Let c. € R, vo € [0, +o0[, Fo € R be such that

G(t,c*)d()’t — Foy=0. (5.2)
o0
Then the following statements hold.

(i) The limiting integral equation associated to vo (3.14) with ¢ = ¢« and with
F(0) replaced by Fo has a unique solution 0, € C™5*(982)o.
(i) The ‘limiting boundary value problem’

Au=0 in R™\ clf?,
() + G(, ¢x) — Foyova(z)DSp(z) = 0 Vo € 012, (5-3)

limg— oo u(xz) =0,

has one and only one solution ul € CI™*(R™\ ) and

ul = 07[002,0.]. (5.4)

Proof Let a €]0, +o0o[ be such that clB, (0,a) C (2. Since S, is harmonic in R™\ {0},
we have

/ Vo () DS (1) dot
an

It
= VB, (0, (t)DS’ﬂ(t) doi = / P doy=1.
/(‘;]Bn(o,a) (0,a) 9B, (0,a) Sna +1

Then condition (5.2) implies that

G(t, C*) — ’YQFol/Q(t)DSn(t) doy =0,
oN
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and accordingly statement (i) follows by the classical Fredholm Theory and by
Schauder regularity results (cf. e.g., Folland [20, Props. 3.11, 3.37] and [28, Thm.
5.1(1)].)

We now consider statement (ii). By classical jump relations of the normal
derivative of a single layer potential and by equation (3.14) with ¢ = ¢, and
with F(0) replaced by Fo, the function u% = v~ [042,6.] satisfies the boundary
condition of the limiting boundary value problem (5.3). Since farz 0« do = 0, the
function u! = v~ [812, 0,] satisfies the limiting condition of (5.3). Since R™ \ cl{2 is
connected, the uniqueness of solutions for problem (5.3) follows by classical results

on the exterior Neumann problem for harmonic functions (cf. e.g., Folland [20,
Thm. 3.40].) a

Now the idea is to replace the term 6™ 1= which appears in (3.12) and
which has no limit as (e, 9) tends to (0,0) by a new variable v and to obtain a
new equation which depends on € and ~ and which is not singular in € and ~ and
to analyze the dependence of # and ¢ upon € and . To do so, we introduce the
following.

Theorem 5.5 Let m € N\ {0}, o €]0,1[. Let p € Q. Let 2 be as in (1.1). Let g
be as in (1.2). Let { fe}ce]—ey,eo] e asin (1.8). Letny <n—1. Let G € C° (002 xR)
satisfy (4.7). Let cx € R, 7o € [0, +00[ satisfy (1.8) (cf. (1.5).) Let A be the map
from ] — €0, eo[ xR x C™1¥(902)g x R to C™ 1 (90) defined by

Acley,0,6)(0) = 0() + /m Vo (D) DS (t — $)0(s) dors

4+ [ va(ODRy(elt - 9)6(s) dor
o0
+G (t, yer T / S (t — $)0(s) dos 4+ 2D / Ryn(e(t —s))0(s)dos + ¢
EYe) Cle)
+y 2T P W [Q, fl(p + te) — € F(€)Ry,n(et)] — €™ F(€)Sn (t))

T g (1) [DPq,n[@ flp+et) - e"fF(e)DRq,Aet)}
—YF(e)va(t)DSn(t) VYt e 12,

for all (¢,7,0,c) €] —€o, o[ xR x C™ ™ 1*(902)o x R. Then the following statements
hold.

(i) Equation A«[0,70,6,c«] = 0 is equivalent to the limiting integral equation as-
sociated to vo (8.14) with ¢ = ¢« and has one and only one solution 0. €
C™ (9020 (see (2.1).)

(i) Let € be as in (1.7). Let § €]0,4o00[, €(8) < eg. Then equation

AL[E(8),6e(8)™ "1 0,c] =0

is equivalent to the integral equation (3.5) with e = é(0) in the unknown (6,c) €
c™ 2 (002)0 x R.

(iii) There exist € €]0,e0] and an open neighborhood Ty of yo in R, and an open
neighborhood U of (Ax,cx) in C™ 1%(002)0 x R, and a real analytic map
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(0.,C4) from | — €,€'[xIb to U such that the set of zeros of the map A.
in]—¢,¢[xIo xU coincides with the graph of (O«,Cy). In particular,

(©+]0,70], C«[0,70]) = (O, cx) -

Proof Statement (i) is an immediate consequence of Theorem 5.1. Statement (ii)
follows by Theorem 4.6 (ii) and by the definition of A.. By the same arguments
of the proof of Theorem 4.6 (iii), the operator A. is analytic.

Next we turn to prove that the differential 9 )A«[0,70,0x,cx] of A« at the
quadruple (0,70, 0+, c+) with respect to the variable (6, c¢) is a linear homeomor-
phism from C™™1%(9£2)0 x R onto C™~1*(912). By standard calculus in Banach
space, the differential 0(g,c)A+[0,70, 0, cx] of A at (0,70, 0x,cx) with respect to
the variable (0, ¢) is delivered by the following formula

0(0,c)A+[0, Y0, O, c+](0,¢) = %@(t) + /c’m vo(t)DSh(t — 5)0(s) dos + Gu(t, cx)C

vVt € 912,

for all (6,¢) € C™ 1*(802)o x R (see also [28, Prop. 6.3], which ensures the ex-
istence of G,,), and we have already proved that the linear operator in the right
hand side is a linear homeomorphism from Cm_l’a(OQ)o x R onto Cm_l’a(OQ)
(ct. Theorem 5.1 (i).) Since A. is analytic, statement (iii) is an immediate con-
sequence of statements (i), (ii) and of the Implicit Function Theorem in Banach
spaces (cf. e.g., Deimling [18, Thm. 15.3].) O

By the limiting relations in (1.7), there exists ¢’ €]0, 4+-o0o[ such that

)

é(0) €]0,€'[ W

€l V6€0,8]. (5.6)
We are now ready to define our family of solutions of the auxiliary problem (3.1)
in case ny < n — 1. We do so by means of the following.

Definition 5.7 Let the assumptions of Theorem 5.5 hold. Let &' €]0,+o0o[ be as
in (5.6). Then we set

W (0, 7) = WP[E(0), 6, 0.[6(8), 5e(8)™ ], Cu[é(6), 66(8)™ T ) (w)
Va € cIS(é(8), 1),
W (8, ) = WHE(9), 8, ©.[(6), 6e(6)" ", CL[e(8), 6e(8)™ ] ()
+52 |:/Q Sqn(x — y)fé(6) (y)dy — /Q fé(é) dySqy.n(z —p)
Va € cIS(€(9),1),

for all & €]0,8'[ (see also (5.6), (3.7).)

By Theorem 5.5, {uﬁ(é, ~)}56]0,5,[ is a family of solutions of the auxiliary problem
(3.1) in case ny < n — 1 and our aim is to analyze the behavior of such a family
as ¢ tends to 0.
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6 A functional analytic representation theorem for the family of
solutions {uf(e,d, )} (e,8)€]0,e'[x]0,57[ and {u? (s, *)}sejo,57 of the auxilary
problem (3.1)

We first introduce the following lemma.

Lemma 6.1 Let m € N\ {0}, « €]0,1[. Let p € Q. Let {2 be as in (1.1). Let €y be
asin (1.2). Let {fe}ee)—cq,eo[ b as in (1.3). Let € €]0, eo[. There exist p" €]0, +oo[

such that the map Pe- from | — €o, eo[ to Cy o, i (cIS[$2p,c-]7) defined by

Peld(@) = /Q Sam( — ) fe(y) dy - /Q fedySon(c —p) Vo€ cS[2pe]”

(6.2)
for all € €] — €0, €0 is analytic.

Proof By assumption (1.3) and [35, Prop. A.2], there exists p’ €]0, p] such that the

map from | —eg, eg[ to quwm’ (cIS[£2p,e+] ), which takes € to Py n[Q, fe]lCIS[QPYG*]f is

analytic. Since Sq,» (- —p) is analytic in R™\ (p+¢Z") and cIS[{2p -] is contained

in R™\ (p+qZ"), possibly shrinking p’, we can assume that Sq (- —P)lcis[, -]~ €
ngwyp/ (cIS[2p,e<]7). By assumption (1.3), the integral fQ fedy depends analyti-
cally on e. Hence, Pc- is analytic. |

We are now ready to prove a representation theorem for the family of solutions
{u?(€,8, ) }(e,6)€10,e/ [ x]0,67[-
Theorem 6.3 Letm € N\{0}, a €]0,1[. Letp € Q. Let £2 be as in (1.1). Let o be
as in (1.2). Let {fc}ee)—eq,eo[ be as in (1.3). Let ny > n—1. Let G € C°(992 x R)
satisfy condition (4.7). Let co € R be such that (1.6) holds. Let p’, Per be as

in Lemma 6.1 for all € €]0,¢e0[. Let €, &' be as in Theorem 4.6 (iii). Then the
following statements hold.

(i) Let 2 be an open subset of R™ with nonzero distance from p+ qZ™. Then there
exist €5, €]0,€'[ such that

clf? C S[2p.e]” Ve € [—€g,€p],

and ey €0, €[ such that clS[Qp,E;.?]_ C S[§2p,c]” for all e € [—ep,€5], and a
real analytic map Vs, s, .. 1- from] —eg,e5[x] — 8,8 to C’;”’C’(CIS[Qp@E]*)
such that ’

loge

27

uH(e,6,2) = " 6Vogin, . - [6,6](2) + Cole, 6] + 62,n6° / fo dy o8¢
Q

WH(e,8,2) = "oV gia . 1-[6,0)(x) + Cole, 6] + G2,n07 / fody
Q

« ]~
2

517 2w
2 —
+0 Pe*ﬁ[e](x) Vo € clS[Qp,%] ,
for all (€,8) €]0,e5[x]0,8'[. Moreover,

Vost,.-[0,01=0  VzedS[e]”  Cof0.0]=co. (6.4)
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(i) Let 2 be a bounded open subset of R™ \ cl§2. Then there exist €5, €J0, €'[ and
a real analytic map V| 5 from]—eg €5 [x]—0",8'[ to C™(clf?) and a real
analytic map Pg, from | — eo, €0 to C™(clf2) such that

p+ecl2 C cIS[2,.]” Ve€]l —ep 65,0

loge
27

U (€,0,p + et) = €0V, 5[€,0)(t) + Cole, 0] + 6°PHle](t) Vi € clf2,

w¥(e,8,p + et) = €0V, 5le,0](t) + Cole, 0] + 527n52/ fedy Vt € clf2,
’ Q

for all (e,0) E]O,GQT[X]O,(S'[. Moreover,
VIa0.000) =i PHONO = [ Suntp-w)fody Ve ad.

(i) There exist a real analytic map V3 50 from | — €€ [x] —¢&',8'[ to C"™(042)
and a real analytic map Phgq from ] — eo, €0 to C™*(012) such that

I
WHe,8,p+ et) = eV pole, 8)(8) + Cole, 8] + G2, / ey
Q

vt € 012,

u(€,6,p + et) = 6V onle, 8](t) + Cole, 8] + 6> Pholel(t)  Vte d2,  (6.5)
for all (¢,6) €]0,€'[x]0,8'[. Moreover,

Vioal0.01(t) = ub(t)  Pholo](t) = /Q Som(p—v)foly)dy Vi€ a0

(6.6)
(iv) There exist €1 €]0,€¢'[, 61 €]0,8[ and two analytic maps JY from | —e1,€1[x] —
81,01[ to R and JS from ]| — €1, €e1] to R such that

/ (e, 8,3) dz = JP[e, 8] + 82,002 JS[e] log e V(e,8) €]0, e1[x]0, 61
Q\Clgp,e

Moreover,
F(0
JT[0,0] = comn(Q)  JS[0] = %mn(Q)
Finally, if fQ fedy =0 for all € €] — €0, €0, then we can take J3 equal to 0.

Proof We first consider statement (i). Let €5, € be as in Lemma A.12 (i) of the

Appendix. By Definition 4.12 of w¥(e, d,-) and u®(e, 8, -), and by (6.2), we have
wh(e,8,2) = " F / Sqn(x —p—€8)06Os]¢, 8](s) dos ,
o0

loge
21
uf(e,0,) = wi(e,6,2) + 6°Pe [e](x)  Va € cIS[2pe] 7,

+C<>[e,5]+52,n52/Qf€dy

for all (¢,8) €]0,€'[x]0,6'[. Thus we find natural to set

V<>7§[Qp,5}2]’ [e,d](x) = o Sqn(x —p — €8)Ose,0](s) dos Vo € CIS[QP,EB]_ ,
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for all (¢,0) €] — €5,€p5[x] — 6',6'[. Now it suffices to show that the right hand
side of the above definition defines a real analytic map from | — e, e5[x] — ', 8’|
to Cg"* (cIS[f2p,ex ] 7). Let V be an open bounded connected subset of R™ of class

C"' such that
cdQ CV, AV N (g2 +clf2pe) =0 Vz € Z"\ {0},

Let W = V\clﬂp,eg. Since Sq,n(x—p—es) is analytic in (e, x, s), a result on integral
operators with real analytic kernels and with no singularity (cf. [33, Prop. 4.1 (i)]),
and the analyticity of ©, imply that the function from | — €g, e5[x] — §",46[x to
C™*(clW) which takes (e, d) to the function

/ Sqn(x —p —€5)Os[e, 0](s) dos Vo € clW,
o0

is real analytic. Since the restriction operator from cIS[{2p.c-|™ to clW induces

an isomorphism from C7*“(cIS[{2,cx |™) onto the subspace of C"™*(clW) of the

restrictions to clW of g-periodic functions of CIS[QP,%]_, we conclude that the

function from | —€g, €5[x] — &', [ to C§"*(cIS[2p,c: ] 7) which takes (e, ) to the

above integral for x € cIS[f2,c-]” is analytic. Also, equality (6.4) follows by the

definition of V; g(¢, . 1- and by Theorem 4.6 (iii) and by the membership of 0 in
22

C™ L2 (002)o.

We now turn to prove statement (ii). By assumption, there exists R > 0 such
that cl2 C B,,(0, R). Then we set 2* = B, (0, R) \ clf2. Let €n- . be as in Lemma
A.12 (ii) of the Appendix with €1 = €. Then we take eg . = eg« .

It clearly suffices to show that V . and Pg. exist and are analytic and then
to set V;Q and Pg equal to the composition of the restriction of C™%(cl2%)
to C™(clf2) with Ve - and Pg., respectively. By definition of w(e,d,-) and
uf(e,d,-) and by equality (2.3), and by equality J50 ©sl€, 8] do = 0, we have

W (e,6,p + et) = €5 / S (t — 5)Ose, 5](s) dors (6.7)
on

+/ "Ry n(e(t — 5))O0le, 8](s) dos + Cole, 8] + 62.n6° / Fody'o8€
a0 Q 2
(e, 6,p+ et) = w(e,6,p + et)

+62 {Pq,n[Q, fel(p + et) — /Q f.dyS. ,n(et)]

=ed Sn(t — 5)Os[€,0](s) dos + / € Ry m(e(t — 5))Ose, 8](s) dos
o0 on
log e
27

FCole,8] + Sand?c™ F(0)12BE 4 52 [Pq,n[cz, F)p+ et)

_eﬁfF(e) (62_nSn(t) + 52,n1;% + Rq,n(et))] ,
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for all t € cl2* and for all (¢,6) €]0,€eg ,.[x]0,8'[. Thus we find natural to set

,T

Vs o+[€, 6] = o Sn(t — 8)Os]e, 6](s) dos (6.8)

n—2
+ /m 2 Ry n(e(t — $))Osle, 6(s) dors

Po-[e](t) = PynlQ, fel(p + €t) (6.9)
—"IT2TE(€) S (t) — € F(€) Ry n(et)

for all t € cl2* and for all (¢,0) €] — €5 ,, €5 .[x] — §',6’[. Now it suffices to
prove that the right hand sides of (6.8), ,(6.9)’deﬁne real analytic maps from
| —€gmea X — §’,6'[ and from | — €5, €5, 10 C%(cl827), respectively. Since
v[02, ]c102+ is linear and continuous from C™ 12(902) to C™*(cl2*), Theorem
4.6 (iii) implies the analyticity of the map which takes (e, d) to v[012, Os e, 0]]|c12+ -
Next we consider the second integral operator in the right hand side of (6.8). Since
cl2* — 942 is compact, possibly shrinking €5 We can assume that

e(t—s) € (R"\ ¢z™) U {0} V(e t,s) €] —€g €5 ,[xcl2" x 02, (6.10)

Then we note that the maps from | —€g ., €5 [ to C™*(942) and to C™(cl2¥)
which take € to eidgy; and to €idc o+ are real aﬁalytic, respectively. Then a result on
integral operators with analytic kernels of [33, Prop. 4.1 (i)] implies that the map
from | —e€g ., €5 [xC™*(002) to C™*(cl2¥) which takes (e, #) to the function

/ Ry n(e(t —s))0(s)dos Vt € cl2*, (6.11)
on

is analytic. Then we conclude that the map ng o~ is analytic. We also note that
Vs 2+[0,0] = v[092,0,] = ub (cf. (4.4).) Then the analyticity of Ry, and ana-
lyticity results on the composition operator imply that the map from | — €o, €o[
to C™~1*(902) which takes € to the function Ry n(et) of t € 812 is real analytic
(cf. Bohme and Tomi [3, p. 10], Henry [22, p. 29], Valent [48, Thm. 5.2, p. 44].)
Then by Theorem [35, Prop. A.7 (ii)] and by the analyticity of F, it follows that
Po- is analytic. By setting e = 0, we obtain the formula for Pg.[0].

Next we prove statement (iii). We define VJ 50[e,d](t) and Pjqe](t) to be
equal to the right hand side of (6.8) and (6.9) for all ¢t € 92, respectively. Then
equality (6.7) for t € 942 implies the validity of the equalities (6.5). The analyticity
of V5 anle, 6] and Py €] follows by the same arguments of the proof of statement
(iii) with cl£2* replaced by 0£2. We also note that (6.10) with cl£2* replaced by 012
holds for all € €] — €9, €0[. Indeed a point p + et with ¢ € 92 can equal p + es + gz
with s € 92 and z € Z" only if z = 0.

Next we prove statement (iv). We first set

wi(e,8,z) ="t Sy (x—p—es)0Ose, 8](s) dos+Cole, 8] Va € clS[2.d] ™,
o0n

for all (¢,8) €]0,€'[x]0,d[. By Definition 4.12 of w(e, d, -), we have

loge

? v.’E S ClS[.ng}i 5

wﬁ(e7 d,x) = wg(e, d,x) + 62,,152/ fedy
Q
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for all (e, 8) €]0,€'[x]0,d’[, and accordingly

/ uu(e, 5, x)dx = / w%(e, 0,x)dx
Q\cl2, . Q\cl2, .

l%%%@\m%g+f/ Py.nlQ, £)(x)
2 Q\cl2, .

—€ F(€)Syn(x — p)dzx

+02,,0%€™ F(€)

for all (¢,8) €]0,€[x]0,6'[. By equality (6.5), the function wf(e,d,-) is the only
solution in Cg"*(clS[§2,,c]”) of the Dirichlet problem

Aw=0 in S[{2p,]7,

w is ¢ — periodic in S[§2p.]

w(p + et) = edVy gnle, 0](t) + Cole, 8] Vt € 092,

for all (¢,6) €]0,€'[x]0,6’[. Then Lemma A.4 of the Appendix and the limiting
relation

li e, d,x) =
(6,6)11%070)0)1(6, ,x) = Co0,0]

for all z € R™ \ (p+ ¢Z") and Corollary A.5 of the Appendix imply the existence
of €1 €]0,¢'[ and §1 €]0,6'[ and of an analytic map Ji from | — €1, e1[x] — 1, 61
to R such that

JY[e, 0] = / wh(e, 8, z) dx V(e §) €]0,€1[x]0, 1],
Q\clf2, .

jf[0,0] = CO[OvO]mn(Q) = Comn(Q)-

By assumption (1.3) and by [35, Prop. A.2], there exists p’ €]0, p] such that the
map from | — €, o[ to ngwyp, (R™) which takes € to Pyn[Q, fe] is real analytic.
Then Proposition A.8 (i) of the Appendix implies the existence of an analytic map
JS from ] — €0, €0[ to R such that

‘/ PynlQ. fldz = JS[d Ve €10, <o, (6.12)
Q\Clnp,s

EM:A%MQMM-

By Proposition A.8 (ii) of the Appendix, there exists an analytic map G1 from
] — €0, €0] to R such that

e2loge

/ Sym(@ — p)dz = G1(€) — dam ma() Ve €l0,eol, (6.13)
Q\CI‘QP,e

G1(0) = /qu,n(xfp) dz.

Hence, we conclude that

/ (e, 5,3) dz = T2, 6] + 62 T3] + Ga.n62e™ F(e) 128C
Q\cl$2, . 2T

[mn(Q) — €"mn(82)]

e2loge

—5%" F(e)G1(€) + 6°€™ F(€)da.m mn(02)

™
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for all (¢,8) €]0, €' [x]0,d'[. Thus if we set
J{[e, 8] = JPle, 8] + 62 J5 €] — 6% F(€)Ga(e),

T3 = F(©) | 5-ma() + (ma(Q) = ma(2) - | |

for all (€, 0) €] — €1, e1[x] — 61, 01[, then statement (iv) holds true. O
Next we turn to introduce a representation theorem for the family of solutions
{u? (s, )}sejo,s0) in case ny <n — 1.

Theorem 6.14 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let g
be as in (1.2). Let { fe}ee]—ey,eo] e asin (1.8). Letny <n—1. Let G € C° (002 xR)
satisfy condition (4.7). Let cx € R, y0 € [0, 00| satisfy (1.8). Let € €]0, €0, be
as in Theorem 5.5 (). Let Iy be an open neighborhood of o in R as in Theorem
5.5 (iii). Let p', Pe- be as in Lemma 6.1 for all € €]0,¢e0[. Let € be as in (1.7).
Let &' €]0, +oo| be as in (5.6). Then the following statements hold.

(i) Let 2 be an open subset of R™ with nonzero distance from p+ qZ™. Then there
exist €5 €]0,€'[ such that

AR CS[2p]” Ve€ [—€5.€5],

and €5 €0, €5 such that cIS[2p,e. ] C S[(2p.]” for all € € [—egp,€5], and
85 €]0,0'[ such that

e0) €l0,epl, s Ve,  Vs€l0,65], (6.15)

and a real analytic map Vi s, . 1- from]—eg, ep[x10 to Cg»*(cIS[§2p,ex ]7)
such that ’

WH(0,) = €0)" T V. gl .. 1- [6(9), 6(8)" T V] ()
+C>k [€(5), 6€(6)nf_(n_1)] + 52,77,62 / fé(&) dyM )
Q 27

Wt (6,7) = 0)" T 0V sia, .. - [606), 06(0)™ ] ()

ny—(n— log é(6
+CLE0), 60" V] 4 G2 [ o) B0
Q 27
+0*Pes [(9))(x) Vo €S2y ] 7,
for all § €]0,85[. Moreover,
Visie, .- 1-[0,7%] =0 Vo € CIS[Qp,egr , C«[0,v] = ¢« - (6.16)
e

(ii) Let 2 be a bounded open subset of R™ \ cl§2. Then there exist €. €10, €'[ and
55, €0, 8’ and a real analytic map V*’"ﬁ from ] —€5 . GQ,T[XFO to C™ % (cl2)
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and a real analytic map P from | — eo, €0 to C™(clf2) such that
é0) €0,eq, [, e " Ve v €0,d5,],
p+E6)cl2 CalS[2, e VI €)0,64,1[,
WH(8,p+ E(B)1) = E(0)VL 5[é(0), 56(8)™ ~ V(1)

FCL[2(8), 56(8)™ V] 4 6,682 /fe(a)d log6(5)

Vt € clf2,
uf (8, p + &(8)t) = &(8)8V! 5[é(8), 5e(8)™ " V](#)
+C.[é(5), 56(5)’” (D] L §2PLI(D)|(t) Vit € clf2,

for all 6 €]0,65 ,.[. Moreover,

VI ol0,00)(0) = ui(t)  PR0](E) = /Q Sanp—w)foly)dy Ve,

(6.17)
(i) There exist a real analytic map V, 5o from ] — € €' [xIy to C™*(812) and a
real analytic map Ppo from | — eo, e0] to C"(992) such that

wﬁ(5,p+ €(0)t) = €(6)dVi gnlé(d), 5€(5)nf7(n71)](t) 6.15)
+C.[6(8),06(8)™ ™" H] 4+ 5,0° /ﬁ(a)d 1°g6(5)

vt € 012,

ut(8,p + &(8)t) = E(8)8Vi p0lé(8), 66(6)™ ~ V(1)
+CL[6(5),56(8)™ V] 4 §2Phoe(8)](t) Ve an,

for all § €]0,8’[. Moreover,
Vioal0 o)) =0 Pholl®) = | Sunlp-viho(w)dy vt o

(iv) There exist e1 €]0,€¢' | and an open neighborhood I't of o contained in Iy and
two analytic maps Ji, J5 from ] —e1,e1[x It to R and 61 €]0,6'[ such that

é0) €)0,e1[, ()" Ve  Vs€0,6],

and
/ u (68, 2) da = J[e(8), 6e(8)™ ~ ("]
Q\clf2, & (5)
+302,,0°€(0)™ J3[€(8)] log é(8) V& €]0,81].
Moreover,
Ji10.750] = eemn@ 55100 = TP (Q)

Finally, if fQ fedy =0 for all € €] — €0, €0[, then we can take J3 equal to 0.
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Proof Let €5, €3 be as in Lemma A.12 (i) of the Appendix. The existence of J
as in (6.15) is an immediate consequence of the limiting relations in (1.7). By
Definition 5.7 of w#(4,-), we have

w(8,2) = e(6)" ! / Sz —p—&(8)s)004[é(5),5¢(8)™ ~ "~ V)(s) dos
o0

+C, [6(5)’5€(5)nf*(n71)] + 52,n52/ fé(é) dyl()g €(9)
Q 2
uf(6,2) = wH(6,2) + 6°Pe: [€(0))(w) Vo € cIS[2ye2] 7,
for all 6 €]0,65[. Thus we find natural to set
Vst -6 = [ Sunle—p—e)Oule](s)dos Vo € cIS[2yey],

o092

for all (€,7) €] — €g,en[xT0. By the analyticity of ©. and by the very same
argument of the proof of Theorem 6.3 (i), the map V*’g[gpe* |- is analytic. By
0

Theorem 5.5 (iii) and by the membership of 6. in C™~1*(902)o, we deduce the
validity of (6.16).

We now turn to prove statement (ii). Then we take 2° and €p5 ,. = €o- . as
in the proof of Theorem 6.3 (ii). The existence of dg , is an immediate conse-
quence of the limiting relations in (1.7). It clearly suffices to show that V. . and
Po+ exist and are analytic and then to set V*T’ 5 and Pg equal to the composi-

tion of the restriction of C"%(cl2*) to Cm’o‘(clfl) with V[ 5. and Pg-, respec-
tively. By definition of w#(,-) and u*(d,-) and by equality (2.3), and by equality
J50 ©«l€,0] do = 0 and by the same computations of (6.7), we have

WH(8,p+ e(0)t) = €(8)8 | Su(t— $)O.[6(8),6e(8)™ ~ " V(s)dos  (6.19)

o8
+ [0 R (E0)(t - 9)01[6(6), 52(6)" " V) (s) dor
o0
HCL[600). 060" )+ 82,00 [ fugn BN
Q 2

u*(6,p + €(d)t)
— &(6)6 /a  Sult = ). [e(3). 66(5)" " V(s do

" / €(8)" " ORqn(€0)(t — 5))Ox[é(8),66(8)™ ~ " V](s) dors
o0

log €(6)

+C.[6(6), 86(8)™ ™"V 4 82,0 0%E(8)™ F(6(8)

62 {pq,n[cz, fes))(p + €(0)1)

—é(8)™ F(&(5)) (6(5)2_"Sn(t) + 52,71% + qun(e(a)t)ﬂ ,
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for all ¢ € clf2* and for all § €]0,d5 ,.[. Thus we find natural to set

,T

Vialen] = o Sy (t — 5)Ou[e,7](s) dos (6.20)

+ /arz € * Ry n(e(t — 5))Oule,7](s) dos ,

Po-[e](t) = PynlQ, fel(p + €t) (6.21)
—€ T2 R (€) S (t) — € F(€)Ry.n(et),

for all t € cl2” and for all (¢,7) €] —€g ., €5 .[xIo. Now it suffices to prove that
the right hand side of (6.20), (6.21) define real analytic maps from l—€p €5 [x10
and | — €5 ., €5 .[ to C™%(clf27), respectively. We have already proved that P+
is analytic and that the second equality in (6.17) holds (see proof of Theorem 6.3
(ii).) By arguing precisely as in the proof of Theorem 6.3 (ii), and by exploiting
the analyticity of ©., we can prove that V" . is analytic. We also observe that

Vi 2-[0,70](t) = /(9 . Sn(t — 5)0+[0,70](s) dos = /B . St — 8)0x(s) dos = ul(t)

Vi € cl2*,

(cf. (5.4).) Next we prove statement (iii). We define V; 50[€,7](t) and Py [e](t)
to be equal to the right hand side of (6.20) and (6.21) for all t € 942, respectively.
Then equality (6.19) for ¢ € 942 implies the validity of the equalities (6.18). The
analyticity of V. 5q[e,7] and Ppq,[e] follows by the same arguments of the proof
of statement (ii) with clf2* replaced by 9f2. We also note that (6.11) with cl2*
replaced by 9f2 holds for all € €] — €9, €0[. Indeed a point p + et with ¢ € 942 can
equal p + es + gz with s € 92 and z € Z"™ only if z = 0.
Next we prove statement (iv). We first set

wi(6,2) = &(5)" ! /8 , Sgn (@ —p — €(6)8)86.[€(6), 5¢(8)™ ~" ) (s) dos
+CL[E(6),06(8)™ ™" Va € ISR, 5)]
for all § €]0,d’[. By Definition 5.7 of w*(J, -), we have

log é(9)

o Vr € CIS[.Qp’g((;)]_ s

H(6,9) = £ (6,9) + 528" [ o) dy
Q

for all § €]0,4’[, and accordingly

/ u* (6, z) d = / wg((s, x)dx
Q\cl$2, ¢(5) Q\cl$2, ¢(5)

log €(9)
27

+62/ Pyn[Q; fe(s)) ()
Q\ClQp,g(ts)

—€(0)" F(é(6))Sqn(z — p) da

+02.00%€(8)™ F(e(8)) ma(Q\ cl2, o(5))
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for all § €]0,4'[. By equality (6.18), the function wg (9,-) is the only solution in
Cq"“(cIS[£2p ¢(5y] ) of the Dirichlet problem

Aw =0 in S[pré((;)]i 5
w is ¢ — periodic in S[£2, ¢(5)] ",
w(p + E(6)t) = &(8)" "1 8e(8)™ IV 50 [€(8), 6€(8)™ T HH(t)

+CL[€(8), 6¢(8)™ ~n T vVt € 042,

for all 6 €]0,0’[. By Theorems 5.5 (iii) and 6.3 (iii), the function " =" 7V, 5o [e, 7]+
C.[e,v] is real analytic in (e,) €] — €, €'[xI'v. Moreover, such a function equals
é(0)" T 8e(8)™ TV 5 ol€(8), 0€(8)™ T 4+ Cu[€(5), 66(8)™ T if we set € =
é(0), v = 6¢(8)™ ™! for § €]0,6’[. Then Lemma A.4 of the Appendix and the
limiting relation

lim @} (8,2) = Cu[0,7%0]  Vz € R™\ (p+ qZ")
5—0

and Corollary A.5 of the Appendix imply the existence of €1 €]0,¢€| and of an
open neighborhood I'1 of 4o in R contained in Iy and of an analytic map J; from
] — e1,e1[x 11 to R and of §1 €]0,d’[ such that

é(8) €]0, 1], se() =D epr €081,
Tre(6), 66()™ ~" 1] = / G )de V6 €]0,a],
Q\cl$2, ¢(5)

jl* [07 "/0} = C. [vao]m"(Q) = C*m"(Q) .

Next we define J3 = J3 as in (6.12) and and Gy as in (6.13). Hence, we conclude
that
f X[ ~ ny—n+1 2 Fkra
/ W6, 2) dz = J[E(6), 66(5) |+ 82 T3 ()]
Q\clf2, ¢(5)

+62,n02(8)™ F(£(6)) 28 (1, (Q) — £(0) mn(92)]

27
A~ 2 ~
—0%E(0)™ F(&(5))G1((8)) + 5%@)“-@(&(5))52,“W

for all 6 €]0,61[. Thus if we set

Jilen] = Jile, ] + (e D)2 T ] — (v T2 F(e)Gale)

T3l = F©) [ -mn(2) + (ma(Q) = mn(2)5-|

for all (¢,7) €] — €1, €1[xI1, then statement (iv) holds true. o
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7 A convergence result for the solutions of the auxiliary problem (3.1)

We now plan to analyze the behavior of the family {uﬁ(e, d,)}(e,5)€)0,¢/[x]0,6[ and
of the family {u*(d,)}sej0,5/[ in a Lebesgue space as (e,8) tends to (0,0) and
as 0 tends to 0, respectively. The difficulty here is that the domain clS(e, 1)~ of
u(e,,-) depends on € and that the domain cIS(é(8),1)~ of u*(d,-) depends on 4.
Then we extend such functions ‘by zero’ to the whole of R™, and we analyze the
behavior of the extensions as (¢, d) tends to (0,0) and as ¢ tends to 0, respectively.
Thus if v is a function from cIS(¢,§)™ to R, we denote by E( 5)[v] the function
from R™ to R defined by

_ fw(x) Vx € cIS(e,8) 7,
E(.s)[v](z) = {0 Vr € ICR" \ clS(e, 6) ™.

Then we have the following.

Proposition 7.1 Let m € N\ {0}, a €]0,1[. Let p € Q. Let §2 be as in (1.1). Let
€0 be as in (1.2). Let {fe}ec)—cy,eo be as in (1.8). Let G € C° (002 x R) satisfy
condition (4.7). Let r € [1,+00[. Then the following statements hold.

(i) Letny > n—1. Let co € R be such that (1.6) holds. Let €', 6 be as in Theorem
4.6 (ii). Let {(g5,0;)}jen be a sequence in ]0,€'[x]0,8'[ which converges to
(0,0). Then

J

for all bounded open subsets V' of R™.

(i) Let ng < n—1. Let cx € R, vo € [0, 400[ satisfy (1.8). Let € be as in (1.7).
Let &' be as in (5.6). Let {5;}jen be a sequence in ]0,8'[ which converges to 0.
Then

i}rgo E(sj,l) [uﬁ (Ej: 5j7 )} = Co in LT(V) 5

jli{go E(e(aj),l)[uﬁ(@', )] = e in L"(V),
for all bounded open subsets V' of R™.
Proof We first show that

sup |uﬂ(5j,5j7x)| < +o0. (7.2)
xEclS[QI,,SJ]*

By Definition 4.12, it suffices to show that

sup Sup |wn(€j7 5j7 .T)| < +00, (73)
jEN :ceclS[prsj]*

2
sup sup 05
jEN weclS[prEj]*

[ Sunte = I @y~ [ 1o, dySunte —p)| < +00. (7.9
Q Q

We first prove (7.3). Since w'[e;, 85, Oo[e, 0;], Co e, 8;]] is harmonic and g-periodic,
the Maximum Principle implies that

sup  sup  |wf(e;,05,2) <sup sup  |wP(e;,05,7)].
JGNIL‘ECIS[QPYEJ.]7 JENCCGBQP_W
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Then equality (4.5) and Theorem 6.3 (iii) imply that

sup sup  [wH(e;,8,0)]
JjeN xEOQp)EJ
. s o8
<sup sup |€;0;V5 a0le;,0;1(t) + Colej, 65] + d2,mje; " Fej) ——| < +o00,
jENtean 2
and accordingly inequality (7.3) holds true. Indeed, V¢ 5, and Cs are continuous
at (0,0) and F is continuous at 0. Next We consider inequality (7.4). By assumption
(1.3) and [35, Lem. A.2], there exists p’ €]0, p] such that the map from | — eq, €0

to ng o (R™), which takes € to Py,n[Q, fe] is analytic. Since Cq w,p (R™) is con-

tinuously imbedded into CP(R™), we have

5 [ Sunle=)1es )] < sp sup [83Pyal. £ 1) < .

sup sup
JEN zeclS[£2,, <j 1= JjEN zeR?
(7.5)

Then equality (4.5) implies that

sup sup 632« / fe, dySqn(z — p)‘

jEN zecIS[2, .. ]~ Q

’ (s ) (7.6)

<sup  sup 5]25?fF(5j)Sq,n(x —-p)| .
jeN mEclS[QP,E].]*

Since —AzSq.n(z—p) = oy >0 for all z € R™\ (p+¢Z"), the function Sy, (-—p)

is super-harmonic and satlsﬁes the strong Minimum Principle in R™ \ (p + ¢Z").
Accordingly,

ny
min e 7S T —mms S + te;
wecifiy. |- j an( p) o an(p j—D)

log €5

. ne 2— n
= min (ajfaj "Sn(t) +e57 02,0

Jnin sijq,n(ajt)> Vj e N.

Since Rgy,n is continuous at 0 and ¢ > n—1, we conclude that there exists M; € R
such that ~
i " Sym(x—p) > M VjeN. 7.7
:cEclg[lfl?Ipl,sj]7 R (x p) o ! 7 < ( )
On the other hand we know that Sg (- — p) is continuous and g-periodic in R™ \
(p+qZ™) and that
lim Sgn(zx —p) = im (Sn(x —p) + Rgn(x —p)) = —00.
T—p T—p
Accordingly, Sq,» (- —p) is bounded from above and there exists M2 €]0, +o00[ such
that B
sup e Sqn(x —p) < My Vj e N. (7.8)
meclg[ﬂpysj]*
By combining (7.5), (7.6), (7.7) and (7.8) and the continuity of F' at 0, we conclude
that (7.4) holds true. Hence, (7.2) is also true. Now Theorem 6.3 (i) implies that

lim E(e 1)[ (5j75j7 ) =co a.e. in R™

j—oo
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Hence, the Dominated Convergence Theorem in the set @) and the g-periodicity of
E., 1 [uf(e;,0;,-)] imply the validity of statement (i). Similarly, in order to prove
statement (ii), we prove that

sup |Uﬁ(5ja z)| < +o0, (7.9)
mEclS[Qp,s(«sj)]_

and we invoke the Dominated Convergence Theorem in the set Q. As above, in-
equality (7.9) follows by inequalities (7.3) and (7.4) with £; and w*(e;,d;, ) re-
placed by €(8;), w*(8;, ), respectively. We can prove such inequalities by replacing
Colej, 851, Vi 0les: 651 by Cx[€(85), 6;6(8;)™ ~ " D], VI o q[é(8;), 8;€(85)™ 1],
respectively, and by exploiting the same argument of the proof of statement (i)
and Theorems 5.5, 6.14 (iii) instead of Theorems 4.6, 6.3 (iii). ad

8 A convergence result for the solutions of problem (1.4)

As we have already said at the beginning of section 3, a function u € C™ “(clS(¢, ) ™)
satisfies problem (1.4) if and only if the function u?(-) = u(8-) € C™(cIS(e, 1)),
satisfies the auxiliary boundary value problem (3.1). Thus we can now introduce
a family of solutions for problem (1.4) by means of the following.

Definition 8.1
(i) Let the assumptions of Theorem 4.6 hold. Then we set

w(e, 6,x) = wi(e, 6,2/8)  Va e cS(e,8)”,
u(e, 8, ) = u'(e, 8, 2/8) Vx € clS(e, 6) 7,

for all (¢,6) €]0,€'[x]0,8[.
(ii) Let the assumptions of Theorem 5.5 hold. Let §' €]0,+oo[ be as in (5.6). Then
we set

w(d,z) = W (8,2/8)  Va € cS(E(6),0),
u(d,z) = u(6,2/8) V€ cS(&(6),68),

for all & €]0,8'[.

By Theorems 4.6 and 5.5, {u(e,d,)}(c,s)€]0,e/[x]o,5'[ i a family of solutions of
problem (1.4) in case ny > n — 1, and {u(d,)}sejo,571 is a family of solutions of
problem (1.4) in case ny < n—1. Our aim is to analyze the behavior of such families
as (e,0) tends to (0,0) and as § tends to 0, respectively. To do so, we exploit the
results on the families of solutions of the auxiliary problem (3.1), which we have
introduced in Definitions 4.12 and 5.7.

In particular, we note that Theorem 6.3 (i), (ii) implies that the family of
solutions {u(e, d, ) }(c,5)e]0,¢/[x]0,5'[ Satisfies conditions (¢), (¢0) of the introduction,
and that the limit of (¢) is precisely the constant ¢,. Similarly, Theorem 6.14 (i),
(i) implies that the family of solutions {u(d, ) }5ej0,s, satisfies conditions (*), (¥x)
of the introduction, and that the limit of () is precisely the constant c..

Next we show the validity of the following convergence theorem in Lebesgue
spaces.
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Proposition 8.2 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let
€0 be as in (1.2). Let {fctec)—co,co] be as in (1.3). Let G € C°(092 x R) satisfy
condition (4.7). Let v € [1,+00[. Then the following statements hold.

(i) Letny > n—1. Let co € R be such that (1.6) holds. Let €', §' be as in Theorem
4.6 (iii). Let {(g;,0;)}jen be a sequence in ]0,€ [x]0,8'[ which converges to
(0,0). Then

im E(Ej,&j)[u(€j7 5j7 )] =Co in LT(V) s

— 00

J

for all bounded open subsets V' of R™.

(i) Let ng < n—1. Let cx € R, vo € [0,400[ satisfy (1.8). Let € be as in (1.7).
Let &', be as in (5.6). Let {5;};en be a sequence in |0, 8’| which converges to 0.
Then

Jim Ees;),6)[u;, )l =cx  in L'(V),

for all bounded open subsets V' of R™.

Proof By Lemma A.10 of the Appendix, there exists C €]0, 4+o00[ such that

IE(., 6,y [u(e;, 85, )] — collrvy = B, 6,0 [u* (€5, 85, +/0)] — collr(vy
=B, 1y[u* (g5, 65, )](-/6) = collLr(v)
< C||E(e_,»,1)[uﬁ(51a 8, )] —collLr@y VieN.

Then the statement follows by Theorem 7.1 (i). The proof of statement (ii) follows
the same lines by replacing Theorem 7.1 (i) with Theorem 7.1 (ii). |

The result above is akin to those obtained by variational methods, although
here the methods are completely different. We now exploit our methods to de-
scribe the convergence of the families of solutions {u(e,d,-)}(e,6)ej0,¢/[x]0,57] and
{u(d, ) }se)o,61 as (€,9) tends to (0,0) and as d tends to 0, respectively, in the spirit
of the present paper.

We first note that if 2 is a nonempty open subset of R™, then

on (R" \ cIS(e, 5)‘) £0,

whenever (e, 0) is sufficiently close to (0,0). Hence, u(e,d,-) is not defined in the
whole of 2 for (e,4) sufficiently close to (0,0), and we cannot hope to describe
the behavior of u(e, 8, -) as we did for u*(e, §, -) in Theorem 6.3. Similarly, u(é, -) is
not defined in the whole of 2 for § sufficiently close to 0, and we cannot hope to
describe the behavior of u(4,-) as we did for u*(,-) in Theorem 6.14. Hence, we
must resort to a different avenue.

We first fix r € [1,4o00[ and we identify E(. s)[u(e,d,-)] and B (s),s)[u(d, )]
with the corresponding functionals in the dual of the space of functions of L” (R")
with compact support, where 7’ is the conjugate exponent to r, and we would like
to describe the ‘weak’ behavior of E( 5)[u(e,d,-)] as (¢,0) tends to (0,0) and of
E(¢(5),6)[u(6, -)] as & tends to 0 in terms of analytic maps. More precisely, we would
like to describe the behavior of the integrals

/ E (.5 [u(e,0,)]¢dx, / E((5),6)[u(9,)]p dz (8.3)
RTI, RT’L
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as (€,0) tends to (0,0) and as § tends to 0 in terms of analytic maps, for all
elements ¢ with compact support of LT/(]R”). At the moment however, we cannot
do so for all elements ¢ with compact support of L (R™), but only for all the
elements ¢ which belong to a certain dense subspace T4 of LTI(R") of functions
with compact support, which we now turn to introduce by means of the following
technical statement of [36, § 9]

Proposition 8.4 Let T, be the vector subspace of L™ (R™) N L*(R™) generated by
the set of functions

{Xs@+v 1 (5,9) € (QN]0, +oo[) x R"} .

(i) If r € [1,40o0], then the space Tq is dense in L"(R™).
(i) If ¢ € Tq, then there exist yi,...,yr € R™, and A1, ..., A\r € R, and s €
QNJ0, +oo[ such that

P(z) = Z A Xy +sQ(T) a.a. x € R".
1=1

Next we turn to analyze the behavior of the integrals in (8.3) with ¢ € 74 as
(¢,0) tends to (0,0) and as § tends to 0, respectively. In the spirit of this paper,
we represent the integrals in (8.3) in terms of analytic maps evaluated at specific
values of (e, d) and 4, respectively. Namely, at values of § such that the periodic
cell Q) is a certain integer fraction of the periodicity cell Q. More precisely, we
require that ¢ equals the reciprocal of some integer [ € N\ {0}. To do so, we first
introduce the following technical statement.

Theorem 8.5 Let m € N\ {0}, a €]0,1[. Let p € Q. Let £2 be as in (1.1). Let
€0 be as in (1.2). Let {fe}ec)—cy,eo be as in (1.8). Let G € C° (002 x R) satisfy
condition (4.7). Let r € [1,+00[. Then the following statements hold.

(i) Letny > n—1. Let co € R be such that (1.6) holds. Let €', §' be as in Theorem
4.6 (ii). Then we have the following.
(j1) Let s €]0,+oc0[. Let § € R™. Let €1, 61, Ji, J5 be as in Theorem 6.3 ().
Then

| Berluer™ s Mg do
= s"J e, 1 8] + Gans™ (17 s)2€™ J5[e] loge,

for alll € N\ {0} such thatl > s/é61 and for all € €]0, €1]. Moreover,

s"Jf[(),O]:/ CoXg+sQ AT .

n

Finally, if fQ fedy =0 for all € €] — €0, €0, then we can take J3 equal to 0.

(j1j1) Let ¢ € T4. Let s € QN]0,4o00[ be as in Proposition 8.4 (ii). Then there
exist real analytic maps Ho, 4 from | —e1,€1[x] —0d1,01] to R and ro,qg from
| —e1,€e1] to R such that

/}Rn E, 19 [u(e, l_ls, )¢ dx

= 5" H, ple, 17 s] 4 02,n8" (1 "s)%€™ H, »[€] log e
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for alll € N\ {0} such thatl > s/é1 and for all € €]0, €1]. Moreover,

s"Ho,[0,0] :/ copdx .

n

Finally, if fQ fedy =0 for all € €] — e, €o0[, then we can take I—ifo,(z, equal to
0.

(1) Let ny < m —1. Let cx € R, v € [0,+00[ satisfy (1.8). Let €', Iy be as in
Theorem 5.5 (ii4). Let € be as in (1.7). Let &' be as in (5.6). Then we have the
following.

(j2) Let s €]0,+o0[. Let § € R™. Let 61, €1, I'1, Ji, J5 be as in Theorem 6.14
(). Then

/}Rn E(é(lfls),lfls)[u(lilsa )Xg+sq dx

= s"Jre(t ), 1 tse(1 T s)m (Y]

+02,n8" (17 s)%e(1™ " s)™ log e(I™ ' s) J5[e(I™ " s)],

or all 1 € N\ {0} such thatl > s/8'. Moreover,
[

s"J7[0,70] = / Cx Xg+sQ dT .
]Rn

Finally, if fQ fedy =0 for all € €] — eq, o[, then we can take J5 equal to 0.

(j2j2) Let ¢ € Tq. Let s € QN|0, +o0] be as in Proposition 8.4 (ii). Then there exist
real analytic maps H, 4 from ]| — e1,e1[xI"1 to R and H, 4 from | — e1, €1
to R such that

/ E(é(l—ls),l—ls)[u(é(lils)alilsa')]¢d$
]Rn

= s"H, 4[e(17 s),1 Lse(17 s)™r ~(n 1)
+02,n8" (17 8)%e(I " 8)™ H. g[e(17 " s)] loge(1™'s)

for alll € N\ {0} such thatl> s/&'. Moreover,

S"H*,¢[O,'yo]=/ cepdzx .

n

Finally, if fQ fedy =0 for all € €] — €0, €0, then we can take fI*7¢ equal to
0.

Proof By Lemma A.11 of the Appendix and by Theorem 6.3 (iv), we have
/R Ei-1s) [u(e, l715> Nxg+sq dz
= [ Bl ol N 5 l) do

= s"/ E(e,l)[uﬁ(e, I's, ) da = s"/ uf (e, 17 s, ) da
Q

Q\cle2, .

= s"J{[e, 1 5] 4 s 0ol 257" IS €] log €
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for all | € N\ {0} such that [ > s/’ and for all € €]0, €'[. Hence, (j1) holds true.
Similarly, we now prove (j2). By Lemma A.11 and by Theorem 6.14 (iv), we
have

An E(é(l—ls)’l—ls)[u(lils, ')]X§+SQ dx

= Sn/ Ecq-1on[uf (s, )] de = Sn/ uf(I7s, ) d
Q Q\el2,, -1,
= " Ji[e(l s), 1 tse(17 )~ (n Y]
45" 80,0l 25717 s)™ J5[e(1™ )] log (1t s)

for all I € N\ {0} such that | > s/&’. Hence, (j2) holds true. Since ¢ is a finite
linear combination of translations of functions such as xg+sq, statements (jij1)
and (j2j2) are an immediate consequence of statements (j1) and (j2), respectively.
]

A Appendix

We first introduce the following variant of a result of Preciso [47, Prop. 1.1, p. 101].

Proposition A.1 Let ni, na € N\ {0}, p €]0, 400, m € N, a €]0,1]. Let £21 be a bounded
open subset of R™1. Let {22 be a bounded open connected subset of R™2 of class C'. Then the
composition operator T from ngp(clfh) x C™(clf22,821) to C™*(clf22) defined by

Tlu,v] =uov VY(u,v) € CY ,(clf21) x C™(clf2a, £21),
is real analytic.

Then we introduce the following statement of [43, Lem. 3.8, Prop. 3.14, Rmk. 3.15].

Theorem A.2 Let m € N\ {0}, o €]0,1[. Let p € Q. Let 2 be as in (1.1). Let ey be as in
(1.2). Let § € C™%(82). Then there ewist e1 €]0,e0] and an open neighborhood I' of § in
C™(812) and a real analytic map (A[-,-],€[,"]) from | — e1,e1[xXI" to C"™*(82)o x R such
that the only solution cle, g] € Cg"*(cIS[{2p,e] ™) of the Dirichlet problem

Au(z) =0 Vz € S(e, 1),
u is ¢ — periodic in S(e, 1),
u(p + te) = g(t) vt € 012,

is delivered by the formula
sle, gl(@) = wy [02p,c, e, gl(e ' (- = p))(@) +Ele, 9] Vo € cIS(e, 1),
for all (e,g) €]0,e1[xI". Moreover,
(1[0, 91,£00,g)) = (7,8,
where (7},£) € C™*(882)o X R is the only solution of the equation
—%mw[ag,ﬁ] +€=G ondn.

Also,

E/ grdo,
o0n

where ¥ € C™~1:2(90) is the only solution of the problem

1
——T 4 w.[002,7] =0 on 912, / Tdo=1. (A.3)
2 a0
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In order to compute &, the following lemma, is sometimes useful.

Lemma A.4 Let the same assumptions of Theorem A.2 hold. Then

_lim sle.gl() =€ Vo eR™\ (p+qZ").
10,e1[xXI">(e,9)—(0,9)

Proof Since
sle, gl(zx) = —e™ 1 /E;ﬁ v (8)DSqn(x —p — es)ne, g](s) dos + é[e,g] Vz € clS[2p,] 7,

for all (e,7) €]0,e1[xT", the statement follows by the continuity of 7 and £ at (0, 3), and by
the continuity of DSq,, in R™ \ (p + ¢Z™). O

Then we deduce the validity of the following corollary.
Corollary A.5 Let the same assumptions of Theorem A.2 hold. Then there exist ¢1 €]0, €o],

and an open neighborhood I' of § in C™*(082), and an analytic map J1 from ]| — ey, e1[xT"
to R such that

sle,gldz = Jile,g] V(e g) €]0,e1[xT.
A\

Moreover, J1[0, 3] = mn(Q) [5, 7 do, where 7 is the only solution in C™~1:%(82) of problem
(A.8).

Proof We first observe that
[ daddo= [ w2 ilele (-p)](@) datéle ghma(Q\2p0) (A6)
Q\clf2y ¢ Q\clf2y ¢
for all (e, g) €]0, e1[xI". Next we note that
[ w02pilede ¢ - @) da (A7)
Q\clf2y ¢

_— / / va, . () DSqn(z — y)ile, gl(c "L (y — p)) doy dz
Q\Clnp,e 89;},5
— S a

- — z —y)ile, g](e H(y — v i doy dx
-/ . 205 L, Senle =0l 0 = D) v, () do

[ z_j(n @ [, Sunle Wil WD), W) doy do
- Zl [ @) [ Sunlelt = )ife, () (vis); dodore=2
- Zl [ wa®); [ $ut=sie.dl) (o), dosdaee
+‘$§:e<eloge>j§:jl [ wat)sdee [ ile.gl(s)wa(); do.
+§ [ wa®); [ Rutelt = Dile.sl()va(), dosdoe >
=3 [ walw)s [ Sutt= il sle)vn (o), dodore
2 Jon

Jj=1
+2::1/ (va(t); /M Rgn(e(t — 8))ile, g)(s) (va(s)); dosdore®™ 2,
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for all (e, g) €]0, e1[x . Thus it is natural to define J; as the map from | —e1, €1 [xI" to R which
takes (e, g) to the sum of the right hand side of (A.7) and of the term {[e, glmn (Q \ 2p,c) =

é[e, gl(mn(Q)—€e"my(£2)) in the right hand side of equality (A.6). By classical potential theory,
the operator v[042,]|9¢ is linear and continuous from C™~1:%(9£2) to C™*(912). Then the
continuity of the pointwise product in C™~1%(9£2) and the analyticity of 7[-,-] imply the
analyticity of the first sum in the right hand side of (A.7). Then the analyticity of the map in
(6.11), and the continuity of the product in C™~1:*(92) and the analyticity of 9[-, -] imply
the analyticity of the second sum in the right hand side of (A.7) in the variable (e, g). The
analyticity of £[-,] implies the analyticity of the term &[e, g](mn(Q) — €®mn(£2)) upon the
variable (e, g). Hence, Ji[-, -] is real analytic from | — 1, e1[xI" to R. Finally,

J110,3] = ma(Q)E[0, 3] = mn(Q)E = mn(Q) /6 Fada,

where 7 is the unique solution of problem (A.3). O

Next we introduce the following technical statement.

Proposition A.8 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let €y be as
(i) Let p €]0,400[. Then there exists a real analytic map G from ] — eo,eo[xcg,p(le) to R
such that

/ hdz = Gle,h] (e, h) €]0,€0[xCY ,(clQ)
Q\2p,c
G[O,h]:/thz Wh e OO (clQ).

(it) There exists a real analytic function G1 from | — €g, €o[ to R such that

2]
/ Sqm(z —p)dz = G1(e) — Gom 2 mn(2) Ve €]0, e
Q\12p,c 2m

Moreover,

G1(0)=/QSq,n(zfp)d:v.

Proof For the existence of G, we follow the proof of Lemma 2.2 of [30] and we note that
fQ\QP  hdx = fQ hdz — € [, h(p + €s) ds for all (¢,h) €]0,e1[xCY (clQ), and we define G
as the map from | — €, eO[XCB’p(le) to R which takes (e, h) to the right hand side of such
an equality. The analyticity of G follows by Proposition A.1. The formula for G[0, h] follows
by the definition of G. Next we turn to prove statement (ii). By identity (2.3) and by the rule
of change of variables, we have

/ Sqn(x —p)dx = / Sq,n(x —p)dx
Q\2p,c Q

2

1

_62/ S () dt — 53, 8¢
0 21

mnp(2) — e"/ Rg,n(et)dt Ve €]0, o -
2
Then we can set
Gi(e) z/ Sy (@ — p) do — 52/ S () dt — e"/ Ron(et)dt Ve €] — eo,eol.
Q 2 n

By the analyticity of Rq,, in (R™\ ¢Z™) U {0} and by analyticity results on the composition
operator (cf. Bchme and Tomi [3, p. 10], Henry [22, p. 29], Valent [48, Thm. 5.2, p. 44]), we
deduce that the map from | — €g, e9[ to C™*(clf2), which takes € to the function Ry (et)
of the variable ¢ € clf2 is real analytic. Then by the continuity of the linear operator from
C™“(clf2) to R which takes a map to its integral, the function G is analytic from ] — €, €g|
to R. Then we obviously have G (0) = fQ Sq,n(z — p) dz. O
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Next we introduce the following inequality for dilated g-periodic functions, which we prove
by arguments akin to those of Braides and De Franceschi [6, ex. 27, p. 20]. We denote by us
the function from R™ to C defined by

ugs(z) = u(x/d) Vz € R", (A.9)
for all § €]0, +oo[ and for all g-periodic functions u € L{,_(R™). Then we have the following.

Lemma A.10 Let r € [1,400[, g €]0,400[. Let V be a bounded open subset of R™. Then
there exists C' €]0, +oo| such that

llusllzr(vy < CllullLr (@) V4 €]0,60[,
for all g-periodic u € L} (R™).

Proof Since V is bounded, there exists a family {Zl}ls:l of points of Z™ such that

Ve lJ@a+dQ).
=1

Then the g-periodicity of v implies that

fus(v)|" dy < / Jus ()] dy = / fu(z)|" das™
/V ; qz;+clQ ; 51

qzj+6—1clQ

|u(x)|” ded™ = s/ |u(z)|” dxd™

<>/
Z 5Lz +([671]+1)cl@ (6~14+1)cl@

=1

< Cr/ |u(z)|" de Vo €]0, 9o,
Q

for all g-periodic u € L} (R™), where
1/r
C=s'r sup ([0 +1)"6" < 400,
§€]0,d0[
and where [§71] denotes the integer part of §1. O

Next we introduce the following lemma for dilated g-periodic functions.

Lemma A.11 Letu € Ll (R™) be a g-periodic function. Let §j € R™, s €]0, +oo[, I € N\ {0}.
Then the following equality holds

/ e (&)X 400 (@) d = 87 / ude,
R™ Q

(see (A.9).)

Proof Since ug,; is 1~ 1sg-periodic, it is also sq-periodic and accordingly,

/Rn Us/1(®)Xg+sQ (%) dx = /

g+

us 1 (x) dz = / U1 (w) dz .
sQ sQ

Next we observe that

U @+'@ce,  m |\ U (e=+17'Q|=0.

0<z;<l-1 0<z;<i-1

Accordingly, the [~!sg-periodicity of ug,1(-) implies that

ugp(@)de = [ ugy(w)dal”
v/sQ /sl 1Q
= [ ettt = [t ae s = [ e,
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Finally, we introduce the following elementary lemma of [32, Lem. A.5].

Lemma A.12 Let m € N\ {0}, a €]0,1[. Let p € Q. Let 2 be as in (1.1). Let eg €]0, +o0[
be as in (1.2). Let 1 €]0, eo-

(i) Let 2 be an open subset of R™ with a nonzero distance from p + qZ™. Then there exist

5 €10, €1[ such that

clf2 C S[2p.c]~ Ve € [—ep 5],
and e €]0, €5 [ such that
CIS[QP7€%]7 C S[2p,e]™ Ve € [—6("176(2} .

(ii) Let 02 be a bounded open subset of R™ such that 28 C R™ \ clf2. Then there exists

€ot, €0, 1] such that

p+eclf CQ, p+ et CS[2p.c]” Ve € [~ent . eqp ) \ {0}
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