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STRICHARTZ ESTIMATES FOR THE SCHRODINGER
EQUATION FOR THE SUBLAPLACIAN
ON COMPLEX SPHERES

VALENTINA CASARINO AND MARCO M. PELOSO

ABSTRACT. In this paper we consider the sublaplacian £ on the unit complex
sphere §27+1 c C"*1 equipped with its natural CR structure, and derive
Strichartz estimates with fractional loss of derivatives for the solutions of the
free Schrodinger equation associated with £. Our results are stated in terms of
certain Sobolev-type spaces that measure the regularity of functions on §27+1
differently according to their spectral localization. Stronger conclusions are
obtained for particular classes of solutions, corresponding to initial data whose
spectrum is contained in a proper cone of N2.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In the last two decades the dispersive properties of evolution equations have
been extensively investigated and successfully applied in different contexts, such as
the local and global existence for non-linear equations, the well-posedness theory
in Sobolev spaces and the scattering theory. Dispersive and smoothing properties
are now essentially well understood for the Schrédinger equation in the Euclidean
setting, where both LP — L? bounds and Strichartz estimates have been proved for
a wide class of linear and non-linear problems.

In this paper, we study the dispersive properties of the free Schrédinger equation
associated with the sublaplacian £ on the unit complex sphere $2"*+! in Cntl,
n>1:

(1.1) 10w+ Lv=0

v(0, z) = vy,

where vg € L?(S?"*1) and £ denotes the sublaplacian, that is, the operator defined
by

(1.2) Li=— ) MMy, + MM,
1<j<k<nt1
with Mj;, = Z;0,, — Zx0.,. The operator £ is a densely defined, self-adjoint,
positive, and subelliptic operator on S?"*! [Ge] and it coincides with the real part
of the Kohn-Laplacian acting on functions [Lee]; see also [MPR]. The sublaplacian £
may be considered as the subriemannian analogue of the Laplace—Beltrami operator
on a Riemannian manifold; see e.g. [JeLee].
Our main result is a Strichartz estimate for the solution v of (1.1).
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Strichartz estimates are a family of space-time bounds on solutions of (1.1),
which provide a useful tool to control the norm of the solutions. In particular, using
the notation LY LY := LP(I;, LY(R")), we bound the LY LI norm of v by means of
a suitable mixed Sobolev norm, denoted by ||vg]| x(rs), of the initial datum.

In order to describe the mixed Sobolev spaces X' (") we start from the classical
decomposition of the space of square integrable functions on S?7+1,

(1.3) L2(52n+1) — @ H“/,
£,0'=0

with H%¢ being the space of complex spherical harmonics of bidegree (¢,¢") [VIK,
Ch. 11].

This decomposition is the joint spectral decomposition of £ and the Laplace—
Beltrami operator A on S2"*1 since the subspaces HY are eigenspaces both
for A with eigenvalue prp = (€ + ¢')(£ + ¢ + 2n), and for £ with eigenvalue
Ao = 200 + n(f+ é/).

Now fix M > 1 and define

(1.4) V={(0)eN>: ¢/M < ' <ML},

and & to be its complementary region in N2. Observe that when (¢,¢') € V, then
feer = Aggr, while if (€,0') € €, that is, if ¢/ < ¢/M or M{ < (', then i ¢ grows as
max (¢, )%, while Ay varies between max (¢, ¢') and max(¢, ¢')2.

Hence, we are led to introduce appropriate Sobolev-type spaces that measure the
regularity of functions differently according to their spectral localization. For r > 0
we denote by W7 (S?"*1) the standard non-isotropic Sobolev space, for instance
defined as the image of L?(S?"*1) under (I + £)~"/2.

We now define XJE;’S)(S%H) as the space of all functions u € L?(S?"*1), spec-
trally decomposed as u = Zfz/:o Ug,prs Ug g € ’H,Z’Z', such that

> we €W(SHY,
/M <l <M¢

while the complementary sums

Z Up 0 Z Up g € WS(SQW—H).

0 <e/M 0'>Me

It may be seen as a natural fact that we need to consider a two-parameter scale
for the Sobolev spaces, since (1.3) is a two-indices decomposition of L?(S?"+1).

The Strichartz estimates that we are able to prove for solutions of (1.1) are
expressed in terms of X Jg,s) norms and are derived as a consequence of some kind

of dispersive estimates. We denote by @ := 2n + 2 the homogeneous dimension of
S§2n+1 (see also Section 2).

Theorem 1.1. Let S?*t! denote the unit complex sphere in C*1 and let £ be
the sublaplacian, defined by (1.2). Let p > 2, q < +oo satisfy the admissibility
condition

(1.5) +

< | O
l\3.|©

"IN
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Define

o= 1/m )], e,
(L6) e {4/37 ifn=1.

Let M > 1 be fived. Then, if I is any finite time interval and s > sy or s > s, for
n > 1, there exists a constant C = C(s,I, M) > 0 such that any solution v of (1.1)
satisfies the estimate

(1.7) ||UHLP(]7LQ(S27L+1)) <C HUQHXZ(é/pg/p)(S%Jrl) .

While there exists a vast literature on Strichartz estimates and their applica-
tion to the non-linear Schrédinger equation for the Laplace—Beltrami operator on
Riemannian manifolds (see the comments below), little is known in the case of the
sublaplacian on CR manifolds, even in the case of the Heisenberg group H,,. In-
deed, since the Heisenberg group H,, is biholomorphically equivalent to the unit
sphere S?"*! with the north pole removed via the Cayley transform, Theorem 1.1
should be in particular compared with results concerning the Schrédinger equation
on H,,.

H. Bahouri, P. Gérard and C.-J. Xu in the seminal paper [BaGX] prove that
no global in time dispersive estimate may hold for solutions of the Schrodinger
equation on H,; see also the more recent work by Gérard and S. Grellier [GG1,
GG2]. However, the same lack of dispersion occurs on S?"*!/ and, in addition,
no local in time dispersive estimate can hold, as we shall observe in Section 3.
Nonetheless, we are able to prove local Strichartz estimates for the solutions of
(1.1) by substituting the dispersive estimate for the Schrédinger propagator et~
by a family of dispersive estimates for the frequency localized operator e~ (h2L).
This idea originally appeared in [BaCh] and [Tat], and has been successfully applied
in the work of Burq, Gérard and Tzvetkov [BuGT1,BuGT2|. In Theorem 3.1 we
prove such spectrally localized dispersive estimates by means of a careful analysis
of the oscillation of the infinite sum, depending on the two indices £ and ¢/, that
defines the integral kernel of the operator e®**¢(h2L). The proof of Theorem 3.1 is
quite delicate and occupies a good portion of the present paper. One might wonder
if the same technique could apply to the Heisenberg framework, and this topic will
be the object of further investigation.

It is interesting to compare our results with the known ones in the Riemann-
ian framework. Consider a Riemannian manifold (M, g) of dimension d and the
Schrodinger equation

(1.8) i0su + Agu =0,
’LL(O, x) =Uo,

where A, denotes the Laplace-Beltrami operator on (M, g). Then Strichartz esti-
mates of solutions of (1.8) are usually of the form

(1.9) [ull Lo~ 7,20(M)) < Clluollzs(my
where p, g, d satisy the scale-invariance condition
2 d d
1.10 -+ - =_.
(1.10) PRI

Here and in what follows, we denote by H* the classical Sobolev space on M, which
may be defined as the image of L2(M) under (I + A,)~%/2. The key ingredient
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2634 VALENTINA CASARINO AND MARCO M. PELOSO

to prove (1.9) is given by some dispersive estimates, that is, estimates of the L*°
norm of solutions of (1.8) at a fixed time ¢.

When M = R", the theory is basically well established and one can choose s = 0
and T = oo in (1.9), thanks to the essential contributions by Strichartz, Ginibre
and Velo, and Keel and Tao [Str, GiV,KT].

When M is a generic Riemannian manifold, the situation is more involved and
the geometry, as it is well known, plays an essential role.

On compact manifolds the dispersive effect is generally weak. Nonetheless, Burq,
Gérard and Tzvetkov, generalizing the earlier work of J. Bourgain on tori [Boul,
Bou2|, proved an estimate like (1.9) on any compact and boundaryless manifold
M, with s = 1/p, with a loss of derivatives with respect to the flat Euclidean case,
but again with a gain of 1/p derivatives in comparison to the bounds indicated
by Sobolev embeddings [BuGT2|. Later, Blair, Smith and Sogge proved Strichartz
estimates with s = 4/3p both for a compact Riemannian manifold with boundary
and for a compact manifold M without boundary, endowed with a Lipschitz metric
g [B1SSol] (see also [BISSo2], where these results have been recently improved).

Then the spirit of Theorem 1.1 is that if the initial datum vg is spectrally localized
in a proper angular sector V in IN? defined as in (1.4), then we are able to prove
a Strichartz estimate like (1.9), where the H® norm of the initial datum at the
right-hand side is replaced by the standard non-isotropic norm W#/?, for any index
s such that s > 2[1 —1/(n+1)]if n > 1 or s > 4/3 if n = 1. Thus there is a
gain of 2/(n + 1)p derivatives (2/3p in the one-dimensional case) in comparison to
the bounds indicated by non-isotropic Sobolev embeddings. If the initial datum vy
is spectrally localized in the complementary region, that is, for instance, if vy =
ZO<E’<E/M hee, hep € H'' | then our techniques only lead to an estimate like
(1.9), with the H*® norm of the initial datum at the right-hand side replaced by the
standard non-isotropic norm W?2/?_ thus providing no improvement with respect to
the Sobolev embedding.

The problem of optimality for Strichartz estimates is in general open, also in
the Riemannian set-up. As it is well known, the Strichartz estimate proved in
[BuGT?2] is not sharp, unless in the case p = 2, in the class of compact Riemannian
manifolds, since J. Bourgain proved that for the flat torus (R/27Z)? the Strichartz
estimate holds for p = ¢ = 2 with loss of ¢ derivatives, for every € > 0 [Boul, Bou2].
Moreover, Burq, Gérard and Tzvetkov were able to improve their intermediate
Strichartz estimates in some specific geometries, like spheres and Zoll surfaces
[BuGT3, BuGT4]. In our framework, some sharp bounds for the eigenfunctions
of the sublaplacian on S?"*1 recently proved by the first author [Cal,Ca2], do not
suffice to prove the optimality in (1.7).

It is worth noticing that different approaches, which have been succesfully used
in the Riemannian context (we refer in particular to [BuGT3,BuGT2]), are pos-
sible and could be used to prove optimal bounds, at least for intermediate (p, q).
In particular, it would be interesting to prove multilinear estimates for spectral
projections associated to £ on the complex sphere, as well as to prove intermediate
Strichartz estimates by following the Fourier analytic approach by Bourgain.

We would also like to point out that the compact manifold S?"*!, beyond the
pioneering works of G. Folland and D. Geller [Fol, Ge], has recently attracted a lot
of interest in connection with its CR structure; we refer, in particular, to the recent
papers [BrFM, BauW, CowKS] and to [Cal, Ca2, CaP1].
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The paper is organized as follows. In Section 2 we start recalling the basic facts
about harmonic analysis on the complex sphere. Then we recall the definition of the
standard isotropic and non-isotropic Sobolev spaces on the sphere and introduce the
mixed Sobolev spaces. In Sections 3 and 4 we prove the basic dispersive estimates
for solutions of (1.1) localized at high frequencies. Our proof hinges on a repeated
use of the Poisson summation formula, specifically adapted in the key Lemma 4.4 to
our case. Following a classical approach, we then deduce in Section 5 the Strichartz
estimate (1.7) from the dispersive bounds. Optimality will be discussed in Section
6, where we also make a comment on other possible admissibility conditions.

We shall use the symbol C' to denote constants which may vary from one formula
to the next, and | x| to denote the greatest integer at most z. The symbol ~ between
two positive expressions means that their ratio is bounded above and below.

2. PRELIMINARY FACTS AND NOTATION

In this section we recall some basic facts about spherical harmonics and their
relation to the the analysis on the complex sphere.

For n > 1, we denote by C™*™! the (n + 1)-dimensional complex space equipped
with the scalar product (z,w) := z1W1 + -+ + 2p41Wnt1, 2, W E C"t! and by
527+ the unit sphere in C*+1,

5277,"1‘1 — {Z = (Zl,...,Zn+1) e C’I’L-‘rl : <Z,Z> = ].}.

The sphere S?"*1! is a strongly pseudoconvex CR manifold and thus endowed
with subriemannian structure. The Carnot—Carathéodory distance associated with
the operator L is equivalent to the so-called Kordnyi distance d,

(2.1) d(z,w) =1 — {z,w)|"/*

z,w € S* T see [Nal.

The homogeneous dimension Q of S?"*! that will play a relevant role in our
analysis, is given by Q := 2n + 2, since it is well known that Vol(B(z,7)) ~ 79,
where B(z,7) denotes the ball centered at z € $?"*1 with radius r > 0.

2.1. Spherical harmonics and spectral projections. Consider the space
L2(S?"+1) | equipped with the inner product

(ro)s= [ @G dolo)

where do is the Lebesgue surface measure, which is invariant under the action of
the unitary group U(n + 1).

For non-negative integers £, ¢, HEY s the vector space of the restrictions to
S§2n+1 of harmonic polynomials p(z, Z), homogeneous of degree £ in z and of degree
¢ in z. A function in H% is called a complex spherical harmonic of bidegree (£,').

When ¢ = 0, the space H*? consists of holomorphic polynomials and #H%*
consists of polynomials whose complex conjugates are holomorphic.

The subspaces H%* have finite dimension dg ¢ given by

A+l (l+n—1\ (' +n—-1
(22) dg)g/ _HT< /-1 >< 01 >
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2636 VALENTINA CASARINO AND MARCO M. PELOSO

L+
deo =dog = ( , n)
if £ or ¢ equals 0.

Moreover, the subspaces H%Y are U (n + 1)-invariant, pairwise orthogonal and
their sum is dense in L?(S?"*!); more explicitly, if we denote by the symbol m ¢

if £,/ > 1, and by

the orthogonal projector mapping L2(52"1) onto H%Y', then each function f €
L?(S?"*1) may be decomposed in a unique way as

—+o0

(2.3) f=> muf,

£,0'=0
where the series converges unconditionally to f in the L2-topology.
A special role in HE s played by the so-called zonal functions. Let {Y,f’é },
k=1,...,d¢s, be an orthonormal basis for HY . For (z,w) € §27+1 x §2n+1 get

dg gr

Zoo(zw) == Y Y () (w).
k=1
Then, for all f € H% we have
(2.4 1@ = [ 1) 2 (ew) dotw).
SQn 1

Since H%*' is finite dimensional, the above pairing makes sense for all f € L?(S?7+1).
For each fixed point w € S?"*1 the function f(w) = Zyp(-,w) is in H and

is constant on the orbits of the stabilizer of w in U(n + 1), which is isomorphic to

U(n). In other words Z; ¢ (2, w) depends only on (z,w), and we write

(2.5) (z,w) = e™ cos, 0 €[0,7/2], we0,2m).

With an abuse of notation, we will also denote by Z; ¢ the function depending on
the 1-dimensional complex variable (z,w), that is,
Zg’g/ (<Z, w)) = Zg)g/(z, w) .
An explicit formula for the zonal function Z, » € ’HL]’W, for ¢/ > ¢ > 1, is given
by
dee O(n—1)!

il — N S W
o (Ot = 1)'6 =0 (cos )" EPZ( )((:0529)7

(2.6) Zg)g/(eiw cos 9) =

) is the Jacobi poly-

where ws, 11 denotes the surface area of S?"*1 and Pénfll%/
nomial; see [Sz].
For the case ¢/ < ¢, it suffices to recall that Zy o (2, w) = Zp ¢(w, 2).
Since Po(nfl’g) =1, if ¢ = 0 the zonal function is given by
1 {4+ n\——¢
Zyo(z,w) = ( ) zZ,w) .
otz = —— ("))

The following bound for the zonal functions is well known and appears in [Fo3].
For any z,w € S?"*! we have

(2.7) Zee (z,0)] < ——
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Finally, it is easy to check that the orthogonal projector m, »» may be written as
mee f(2) = / fw)Ze e (z,w) do(w) .
§2n+1

2.2. Classical and non-isotropic Sobolev spaces. Recall the decomposition
(1.3) of L2(527+1). Each subspace H!' is an eigenspace both for Laplace Beltrami
operator A with eigenvalue pig ¢ := (£ 4+ ¢')(£ + ¢ + 2n), and for £ with eigenvalue
Ao =200+ n(l + (). For these and other properties of £ we refer the reader to
[Ge] and [RU].

The non-isotropic Sobolev spaces on the complex sphere can be defined in terms
of suitable powers of I + L or, equivalently, in terms of suitable powers of the
conformal sublaplacian D := L + ”2—2; see, for instance, [Fo2]. More precisely, for
1 <p < oo we set

(2.8) WrP(S2 ) = {f € LP(S?"FY) (I + L)% f € LP}.

The operator (I + E)T/ 2 can be defined locally transferring the analogous operator
from the Heisenberg group via the Cayley transform; see [Fo2, § 3].
We will mostly deal with the case of L-integrability, and we simply write W
for W™2. For functions in W" we have the identity
+oo
(T+L)72f= > 1+ o) Pmppf.
£,/=0

Then, W7 is a Hilbert space under the inner product

(howei= [ (1+LyRf T+,

For s > 0, we shall denote by H*®(S?"*1) the classical Sobolev space on S2"+1,
defined as in (2.8), with the operator I + L replaced by the operator I + A. In
particular, H® is endowed with the norm

s 1/2
Wl = (0 (U pee) lmee fI3)

£,'=0
The following inclusions follow:
H® CW* C H2

For both isotropic and non-isotropic Sobolev immersion theorems in a CR setting
we refer to the seminal papers [Fo2] and [FoSt], where results are proved in the
framework of Heisenberg groups. Anyway, it is not difficult to check that the same
inclusions hold on complex spheres.

2.3. Mixed Sobolev spaces. We now introduce a family of Sobolev-type spaces
that measure the regularity of functions differently according to their spectral lo-
calization.

Fix a constant M > 1 and define the proper cone V = V), in N2,

(2.9) Vi={(0): (/M <l < M},
and the pair of edges £ = &y,
(2.10) E={,0): V' <t/M or {' > Ml}.
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2638 VALENTINA CASARINO AND MARCO M. PELOSO

We define the corresponding spectral projections
Ty = Z .0 and TE = Z T8 -
¢/ M<e' <M 0<L/M or £>M¢
We then introduce the corresponding spaces of spectrally localized functions:
L3(S2" ) = {u e L*(S*™1h) : u = mpu}
and
LE(S*H) = {u e L*(S*") : u=meu}.
We define the mixed Sobolev spaces X (%) = X](V;’S)(S%H) as
(2.11)  x™) = {ue L*(S*") . mpu e W' (S*) and meu € W*(S*" 1)},

with norm given by

1/2
ull o) = ( > A+ de) meeulia+ Y (1 +/\é,e')s||7fe,e'u||2m) :
(e,£ev (eehHee

Notice that the norm depends on M although it will not be explicitly indicated.

In general, given a function space )Y C L2(SQ"+1), we denote by )y and Ve
respectively, the subspaces of ) of the functions that are spectrally localized in V
and &, respectively. Then, we have

XS =Wy N
For the mixed Sobolev spaces X("*) we have the following elementary result

that gives embedding in the Lebesgue spaces and comparison with the classical
non-isotropic Sobolev spaces.

Proposition 2.1. Let M > 1 be fized. Given r,s > 0 the following properties hold
true:

(1) If min(r,s) > Q(3 — %), then for all u € C*°(S?"*1) we have
lulle < Cllullxes -
(2) Ifu e Cyy, then
[ull s ~ lullwr & [luflar,
: 11
and, for min(r, s) > (2n+1)(5 — 7).
lullze < Clluflxes -
(3) For all u € C* such that mgpu =0 for min(¢,¢') > M, we have
ull ey = Nlullwr & [lull grrz-
The constants involved in the above estimates depend on M.

Proof. (1) It suffices to recall the embedding theorems for the non-isotropic Sobolev
spaces W". Theorem 5.15 in [Fo2| entails that if u € C5°, then ||u| L« < C|lullwr2
ifr>Q(% - %) The result now follows easily.

Next, for u € Cj7 we have

[l ~ >, G+dee) meeuli= Y (140> |meull3
L/M <l <MP L/ M <l <ML

~ > (L) meeul.
6/ M<t'<ME
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The second statement in (2) now follows from the classical embedding theorem for
the Sobolev space H°(S?"+1).

Finally, (3) follows at once since, for min(¢, ') < M, (1 + \po) = (1 + pee)'/2.

O

3. THE DISPERSIVE ESTIMATE

In this section we study the dispersive properties for solutions of the Schrodinger
equation that are spectrally localized.

The solutions of (1.1) do not satisfy in general a dispersive estimate, either
globally (as constant solutions show for large t) or locally in time. A similar lack of
the dispersive effect was noticed by Burq, Gérard and Tzvetkov in the Riemannian
case on compact manifolds as well (see [BuGT2]).

Indeed, if we could prove a dispersive estimate of the form

C

||eit£||(L1(S2”+1),L°°(52"+1)) < W

for some gy > 0 and for some ¢ > 0, then the L> norm of eigenfunctions of the
sublaplacian should be controlled by the L' norm, and this is not true in general
(see Theorem 3.1 in [Ca2], where bounds are proved for the L! norm of zonal
functions).

However, it is possible to prove a family of dispersive estimates on small time
intervals related to the frequencies of the data that will suffice for the proof of the
Strichartz estimates (see [BaCh| and [Tat] for a first application of this idea).

In this paper, we are able to prove different dispersive estimates for data v that
are spectrally localized according to a double decomposition of the spectrum.

We introduce a spectral cut-off. Let ¢ be a non-negative smooth function with
support contained in the interval [a,b], with 0 < a < b < co. For h € (0,1], we
consider the operator

<p(h2£) . L2(52n+1) _>LQ(S2n+1)7

defined by the functional calculus for the sublaplacian.
Next, we fix a smooth cut-off function ¢ with compact support in [1/M, M],
where M > 1 is a (large) constant.

Theorem 3.1. Let ¢, be smooth cut-off functions defined as above. Let p,p’ be

such that 1—17 + 1% =1, p €[1,2]. Then the following estimates hold:

(i) Let sy, be as in (1.6) and let s > s, if n > 1, or s > s, if n = 1. Then
there exist c,Cs > 0 such that for all vg € C>®(S?"*1), for all h € (0,1],
(3.1)

| 32 e oo (e /omee (wo)

£,0>0

< gl
Lp' (§2n+1) ‘t|Q/2(%_i) Vo||Lr(S2n+1)

for allt € I := [—ch®, ch?].
(ii) Then there exists C > 0 such that for all vy € C*°(S** 1), for all h € (0,1],
(3.2)

‘ Z eitAz,/z’@(hz/\é7Z/)(1—¢(£//€))7TZ7€’(U0)’

£,0'>0

for all t € I := [—h? h?].

Cs
WHUOHLP(S%H)
>

Lp/(52n+1) -
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Remark 3.2. We point out that the index s which determines the length of the
time interval I in (3.1) and (3.2) is subject to the following upper bound. For, the
kernel of the operator e®®*y(h%L) is given by

Ky(t,z,w) = Z eit’\@v@’ga(h2)\u/)Zg)g/(z,w).
£,0'=0
Reasoning as in [BuGT?2], we have
||eit£(p(h2£)||(Ll,Lm) = ||Kh(t, Y ')||Loo(s2n+1 X §2n+1) ZCHKh(t, ° ~)HL2(SQW,+1X52W,+1)

60=0 A gr~h—2

> hil <€§25>1/2 = h"cjrp

where in particular we used (2.2). Then estimates like (3.1) or (3.2) for p = 1 imply
|t] < ch for some ¢ > 0, that is, s > 1.

Proof of Theorem 3.1. For all t € R we have
||€iw80(h2£)’00||L2 < Cllvol| 2.

Thus, as a consequence of the Riesz-Thorin Theorem and Young’s inequality, it
suffices to prove the following estimates:

. C
ity pr 2 /
33) || X A0 < T
£,0>0
for all |t| < h®, where s > s, :=2[1 —1/(n+1)] and
; C
ity g 2 /
(3.4) H Z;OE o gp(h /\K’él)(l B 77/}(6 /E))ZZ’ZI Loo(S2n+1x §2n+1) < ‘t|Q/2

for all |t| < h2.
In order to prove Theorem 3.1 we break the proof of (3.3) and (3.4) into a few
steps, that now we summarize.

Step 1. We prove both estimates when (i) h > &¢, where g9 > 0 is a fixed constant
and (ii) when |t| < h2. This second case proves in fact that both (3.3) and (3.4)
hold for these values of ¢ and in particular establishes (3.2) in Theorem 3.1.

Step 2. Recalling (2.6) and (2.5), we prove (3.3) when (z,w) = €™ cos § varies in a
fixed compact set of the unit disk, that is, when 6 € [e1,7/2], for some £; > 0.

Step 3. Next, we assume that h? < |[t| < h® and 0 < h < &g, and prepare to
estimate

+oo
|3 e phn il 1) Zar (2, 0)
£,0'=1
when (z,w) varies outside the compact set fixed in Step 2, that is, when 0 < ;.
First we need to distinguish between the diagonal case ¢ = ¢ and the sums

over £ > (' and ¢ < . To do this, we introduce an even cut-off function 7y,
identically 1 for |£] < 1/4 and identically 0 for |¢] > 1/2, and the two cut-off
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functions 7+ (£) = X(0,400) [1 — no(jzf)], supported respectively on £ > ¢’ and £ < ¢'.
Accordingly, we decompose the sum above as
K+ KT+ K~

by writing 1 = no(¢' — ) + np. (¢ =€) +n_ (' = £).

The estimate for KO turns out to be trivial, while, in order to estimate K+, we
need another decomposition. Clearly, it suffices to consider the case of KT, which
is supported when £/ > /.

We need to distinguish between the cases 6§ < 1/¢' (recall that ¢/ = max{¢’,(})
and § > 1/¢'. Thus we introduce a cut-off function x; supported in [0,2], set
X2 =1 — x2 and split KT as K" (w,0) + K, (w,0), where, for j = 1,2,

+oo
K;r(w, 0) := Z e (BN o)L J0)n . (0 — Ox; (040 +n)0) Zyp(2,w).
L0=1

Step 4. Here we prove the estimate for K5 (w, 6).

Step 5. Finally, we prove the estimate for Kzi(w,Q) and complete the proof of
Theorem 3.1.

Step 1. We begin proving that the estimate (3.3) is trivial in two cases: when h > gq
and in the low frequency case, that is, when [t| < h%. In this case, the oscillations
of the exponential function are ineffective.

In [CaP1] the authors proved a restriction-type lemma for blocks of spectral
projections associated to the sublaplacian on S?"*!. A key ingredient in the proof
was the following estimate.

Lemma 3.3. Let 1 < a < b be fired. Then there exists a constant C > 0 depending
only on n such that

(3.5) > (+0)<Ch(b—a+log(b+1)).
)\g‘gle(a,b]

Lemma 3.4. There exists a constant C > 0 such that the estimates (3.3) and (3.4)
hold in the following cases:

(1) whent € I,

(ii) when h > €q, for allt € I,

where Iy and I are defined in Theorem 3.1.

Proof. For z,w € S?*1 |t| < h?, using (2.7) and Lemma 3.3 we have

‘ Z eiw\e‘e'(p(h2>\g)g/)ZLzl(Z,’w)‘
a/h?<N, g <b/h2

de _
= D R T )
a/h2<hg g <b/h2 UL 2, <b/he

c C
< h2n—2 Z (t+¢6) < DEEEN

a/h2</\e,z'<b/h2

for a suitable positive constant C.
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If [t| < h2, conclusion (i) follows at once. If h > g, (ii) also follows at once,
since
h7(2n+2) < 682h72n < 50—2|t|7Q/2.

This proves the lemma. O

Observe that this lemma in particular proves the estimate contained in (3.4)—
fact this is the trivial part of the estimate, and it provides no improvement with
respect to the Sobolev embedding theorem.

Step 2. The dispersive estimate (3.1) also follows easily when (z,w) varies in a
compact subset of the unit disk, as a consequence of the following result. First we
recall the following estimates for Jacobi polynomials (see e.g. [BoCl, page 231]):

e if0<6<3,
(@) Cg—l/ze_a_% if0<# < gv

3.6 P, 0)| < :

(3.6) ’ g (cos)| < C€_1/2|7T—9\_ﬁ_5 if%§9<7r,

Lemma 3.5. Let 0 < &1 < § be fized and set
Koy o= {(z,w) € ST x §*"*1: (2, w) = €™ cosb, we[0,2n], 0 € [e1,7/2]}.

Then, there exists C > 0 such that

; C
(3.7) sup et (W Mg o) Zo o (2, w) | < .
(z,w)EK<, Z;;O |t‘Q/2

Proof. The proof is simple since again in this case we do not need to consider the
oscillations of the kernel. By symmetry in the parameters ¢ and ¢, in (3.7) it
suffices to consider the case ¢/ > /.

Assume first that 6 € [e1, §]. In this case, for (z,w) € K., we have, using the
first inequality in (3.6) and (2.2),

Z eitkel/ (p(h2)\g’g/)Z(7g/ (Z, w) ’

0,0'>1

gy~ ‘PZUF LE=8) (cos 20)
00>1

< hzgfz > (4 ¢)(cos )"~
a/h?< X 1 <b/h?

Le/R] Le/R] C

C le/h] Le/h] v v
_h2n2(z Z )(cos ) +Z2£ Z cos ) )ShQ”’

£=0 ¢'—¢=0 £=0 ' —£=0

since 0 € [e1,7/4].
Next, when 6 € [r/4,7/2), we observe that the sum vanishes when 6 = 7/2 and
then we split it into two parts. Recalling that we are assuming ¢ < ¢ we set

Er={((,0')) e N*: a/h* < Xy <b/h* £>1/|m — 20|},
Ey={((,0)) e N*: a/h* < Ao <b/h? £<1/|m—20|}.
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Then we have

> e (b he) Zew (2 w))|

>6>1

< Z (h*Aee)| Zew ((2,w))] + Z (W* o) | Zoor ((2,w))]
(0,0)EE, (£,0)EE,
= 51 + 52 .
Using the last inequality in (3 6) we have
S <C Z 0)" 4‘P£(n—17£'—£) (cos 29)’
(€, eE1
d ’ / U
<Cc Y h(mj2-0)f

(4,¢")EEL

. Le/h) Le/h] 1
—('—¢ —(—t
(=0 0—f=
C
< 2
An analogous bound may be proved for Sy using the third inequality in (3.6);
we finally obtain (3.7). O

4. THE MAIN ESTIMATE

Step 3. Now we turn to the estimate (3.1). As a consequence of what has been
proved in Steps 1-2, from now on we may assume that h is sufficiently small, and
precisely that 0 < h < gg, and that t € A where

(4.1) Aw={t: B*<|t| <ch’}.

Recall also that, because of the presence of the cut-off function v in (3.1), we
may consider the parameters ¢, ¢ to be such that 1/M < ¢'/¢ < M, where M > 1
is a fixed (large) constant.

Starting from (3.3) we now wish to show that for every x > 0 there exists C' > 0
such that
+oo
iAo o (2 ' 1
(4.2) sup ‘ S e (WP A g (L /) Zee (2, w)] < C

2n+k’
(z,w)eQ =1 h

for all ¢t € A, where
Q= {(2,w) € S¥ x S2"* 1 (z,w)e™ cos B, where 0 <6 <&y, we[0,2m)}.

We shall need to differentiate the proof between the cases n =1 and n > 1 only
at the end of Step 5, so that we will not distinguish between different values of n
until Proposition 4.11.

We notice that we may assume ¢ > 0, since passing to the complex conjugate in
(4.2) would change Z; ¢ into Zy 4.

It turns out to be convenient to further simplify the problem by separating the
cases L=/, 0 < ¢ and £ > /.

We can do this by introducing yet another cut-off function. We let 79 be an
even cut-off function, identically 1 for || < 1/4 and identically 0 for |§| > 1/2.
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Then we write 1 = 19(&) + 17— (§) + (), where n1(€) = (1 = 10(£)) X[o, +o0) (£E)-
Accordingly, we decompose the sum in (4.2) as

(4.3) K+ Kt + K.

It is easy to estimate K9, since it coincides with the sum in (4.2) restricted to
the diagonal terms £ = ¢/, and in this case the sum reduces to a summation in one
variable.

Lemma 4.1. For allt € A we have

+oo
; 1
(4.4) sup Z et o(W* N o (€ =€) Zowr (2, w)‘ < CW .
(2w)€Q T pr—q
Proof. We easily check that
400 .
sup Z et (WX )0 (L — ) Zo o (2, w)‘
(2w)€Q Ty pr—y
400 )
= sup ‘ Ze”’\f’fap(h%\g,g)ZM(Z,w)’
(z,w)eQ =1
400 1
< C‘ Zw(h2)\e,e)()\z,z)n_14 < CW
=1
for all t € A. (]

We are left with the estimate of K*(w,6), where

(4.5) K*(w,0) := Z e (BN o )ne (0 — O (€ [0 Zy o (2, w) .
0,0=0

Our proof of (4.2), with the inner sum replaced by K*, hinges on Lemma 4.2
below and on Lemma 4.4, which will be proved in Step 4.

First, we need a representation of the Jacobi polynomials Péa’ﬁ ) showing ex-
plicitly the dependence on the parameters. To this end, we use a very precise

representation of Péa’ﬁ ) due to A. Fitohui and M. M. Hamza [FiH]. We denote by
J, the Bessel function of order v.

Lemma 4.2. Let o > —%, 8> —1, and d be a positive integer. Then
(4.6) (sin6) O‘H/Q(cos 9) BH/ZPG(ZQ”B)(COS 20)

D(d+a+1 S Jaip(NO) | pm
_ %W (Zepczgp(ﬁ,e)% +6 “Rm,sz)),

p=0

where N :=2d+ a+ [+ 1, the functions Q2,(5,0) are polynomials of degree 2p in
B and analytic in 6 € [0,7/2), and

(4.7) R,y = O(N~(@Fm+3/2))

as N — +oo, uniformly in 6 € [0, 5 — €], € > 0 being arbitrary.
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Proof. This is just a restatement of Theorem 4 in [FiH]; notice however that the
parentheses are missing on the right-hand side of (6.6) in [FiH]. By formula (6.6)
in [FiH], setting = 20 and B,(z) = Q2,(5,0) (and calling N what is called 2N in
[FiH]), we immediately obtain (4.6).

Next, the functions B,(x) are recursively defined by

(48) Bow) =1, (2" By (@) = —a? (B () 4+ 22 B ) 4 x(2)By(a) ).

= (i) (e )+ (1) v

and it turns out that the B,(z) are analytic for x € [0, 7) (see Section 6.3 in [FiH]).

From the recursive relation (4.8) it is easy to see that the functions B, are
polynomials of degree 2p in the index 3. (We point out that, for our purposes, the
dependence on « is not relevant, since « = n— 1, and it is not related to the indexes
£, ¢ while 8 = |¢' — {].) In fact, the recursive relation can be restated by saying
that

where

—2Bpi1 = Hppq ((L + X)Bp) )
where H,, 1 is the integral operator (3.3) in [FiH], independent of o and 3, and L
is the differential operator given by Lu = u” + =224/, Now, the statement about
the dependence on § follows easily by induction. Hence, Q2,(8, 6) is a polynomial
of degree 2p in # and analytic in 6 € [0, 7).
The statement about the remainder term R, n(6) is explicit in Theorem 4 (see
formula (6.6) again) in [FiH]. O

We are going to apply Lemma 4.2 so that we observe that in our case « =n —1,
d=min{/,¢'} and § = |¢/ — ¢|; hence N ={+ ' +n.

In what follows we denote by g;, §;» polynomials of degree j,j’ resp., in the
indicated variables, that again may have a different expression from one line to the
next. Then, we write

b+04+n (0 +n—-1 0 +n—1)!
(4.9) 7 ( 01 ) =+ +”)W = Ngn-1(£)
and
I'(¢+n -
(4.10) M) o),

Then, using (2.6), (4.9) and (4.10), writing (z,w) = €™ cos @, in the case ¢/ > ¢
we have

Zy o (z,w) = i Ngn_1(¢") eiw =0 (sin®) /2 (cosb) _1/2§n_1 (0)9'/?
Wan41
- Jn_14p(NO
x ( 3 07Qu, (8,0 ki) 9m+1vem,N<0>>
p=0
=b(0)e“ O Ng,_1(0")Gn_1(0)
“ Jn—14p(N6) i
2 +p m—n-+2
(411) X (;9 pQQp(B,@)w"‘Q Rm,N(@)),

where b denotes an entire function of 6.
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If ¢ > ¢' we simply switch the roles between ¢ and ¢ in the formula above.
Then, in order to estimate (4.2) it suffices to bound the modulus of

ei[t’\e*e'w(élfm@(hQ)\M/)1/1(5//5)771(f — U YNgn—1(€')gn—1(0)

m
Jn—14p(NO) _
2p n—1+p m—n-+2
X (;9 Q2p(579) (Ne)n—l-‘rp +0 Rm,N(e) :

We need to distinguish the cases when N6 remains bounded and when it is
bounded from below. Then, let x; be a smooth cut-off function with compact
support such that 0 < x; < 1, x1(z) =1 for 0 <z <1 and x;(z) = 0 for & > 2,
and set x2 = 1 — x1. Therefore, for j = 1,2 we write

(412) K;t (w, 0) = Z ei[t)‘“/Jr”(”J)]<p(h2)\g7g/)1/;(£’/€)
a/h2<X, o <b/h?

X N (£ = L)YNgn-1(£')gn-1(€) x;(NO)

“ Jn_14p(N6) _

2 n—1+4+p m—n-+2
X (;9 szp(ﬁ,e)W‘f‘e Rm,N(9)> .
Remark 4.3. We observe that the eigenvalue Agp = 2[(€ +n/2)(¢' +n/2) — n?/4]
and we set

n n
4.13 k=0+— E=0+=.
(4.13) + 3 +3

Notice that we may consider the quantities g,_1,g,_1 as functions of k, k' resp.,
and write N = k + k’. We adopt the convention that if n is odd, then the symbol
>k x>1 shall denote the sum over a suitable subset of N shifted by 1/2.

Moreover, the condition h%X, s € supp ¢ becomes

ap, ’ bh
where we set
a n h2n? d b b n h2n?
ap = — an = - .
Ty Ty

For simplicity of notation we take 0 < a’ < aj and b > by, for all h < 1. We also
set ¢ = V.
The cut-off function ¢(h*X ) can be written as
(W) = o(h*(2kK — n®/2)) =: @i (R°kK) .

We remark that Lemma 4.4 holds true if the cut-off function ¢ is replaced by a
family of functions ¢. converging in the Schwartz norms to ¢ as € — 0. Since the
dependence on h of ¢, is ineffective, with an abuse of notation, we again write ¢
to denote the functions .

The cut-off function ¥ (£/¢"), supported when 1/M < ¢/¢' < M, is changed into

G((k—n/2)/(K —n/2)) =)k, k).

Observed that v is a cut-off function having support contained in the set {1<
k/k' < M}. Finally, notice that the support condition of ¢ implies that

n/2 <kk <d/h.
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With the change of parameters (4.13), the quantity 5 remains unchanged, and
the phase function t[As, + wf] becomes 2t[kk’ + wB — n?/4] and we may absorb
the factor 2 in the parameter ¢.

Step 4. We now wish to estimate the modulus of Ki(w,6), as defined in (4.12).
We will consider the case of K 1+ , the other one being completely analogous.
It suffices to estimate the modulus of

Z( S R G2k )k, K )X (N0 (= K)N g1 ()1 (R)

p=0 \ k,k'>n/2

X 670 (5,6) 1*”(N9)>

(Ng)n 1+p

Y IR Y (kK (K~ k) (N6)
k,k/>n/2
X Ngn-1(K)gn-1(R)0™ "R n(6)

(4.14)

ZK F(w,0) + KT (w,0).
p=0

Since Ry, n(0) = (’)(m) uniformly for 6 € [0, 5 — 1], for &1 > 0, we can
easily estimate the modulus of the error term K;{r( ,0, N) by simply taking the
modulus inside the sum. Observing that x — 2" 1p(x) is also a smooth function
with compact support, and choosing m = max(n — 2,0),

RER )] = | 3 Dk 5, K O — Ka(NO)
kk'>n/2

X Ngu 1 (K)gn -1 (R)0™ "Ry, (6)]

C L¢'/h] L' /h) 1
2 / 2 "\n—1
S 2 L ek |
k=n/2k'=n/2

L'/h] L<'/R]

c 1
< 2. 2
= 712n—2 /\1/2
k k=n/2k'=n /2 k+k /
c

uniformly in w and 6 € [0,&;]. Therefore, with m = max(n — 2,0) we have
C
Lo+
(4.16) [ER " (w,0) ‘ = pen—1/2

for all n > 1.

We turn to the estimate of the main term in (4.14), with m = max(n — 2,0).
In order to take advantage of the oscillations of the kernel we need the following
estimate for oscillating sums. We denote by f(£) the Fourier transform of an

integrable function f and defined by f(f) = fRf(x)e_%”fda:.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2648 VALENTINA CASARINO AND MARCO M. PELOSO

Lemma 4.4. Let ¢ € C(R), suppy C [a,b], 0 < a < b < o0, and let o be a
symbol in S°. Let p € R and set dist(u,Z) > &, for some § > 0. Then for every
L > 1 there exists a positive constant Cp, > 0, depending only on ¢ and o, such
that for §,e > 0 with 0 < € < 9§, we have that

L-1
(4.17) ‘ Z 627”'“’“30(5@0(/9)’ < O max {%’ 1},

keZ
as e — 0.

Proof. Let 1, 7 be such that ¢ = 7;, oc=T.
We consider first the case o = 1. By the classical Poisson summation formula

1> e p(ek)| = | 3 e ik (k)| = | S we(k + )]

kEZ keZ k'€Z

Cr 1
(4.18) <EN
© ey

where 9. (z) = e (e ta).
We may assume |u| < %, so that dist(u, Z) = |u| > & and

> < L+2/+m%dx
) -

e (1+ )T T (1 1y )

1 +oo 1
gﬁ—i—%/ 4Ldy.
(1+2) —oo (1+1yl)

Therefore,

’ Z e27rluk Ek CL (% + 2¢ /+oo ;L dy)
(1+9) —o (1+1yl)

keZ e
L—1
<Cp,—+C
L(5+5)L

5L71
S CLmaX{(S—L71},

proving (4.17) in the case o = 1.
Next we suppose that o belongs to classical symbol class S°. Notice that

plek)o(k) = Go(k)F(k) = (e x 7) (k) = (b +m1/2).) (k).

Thus we may repeat the previous arguments as in (4.18) to obtain

Z 2717.#k €I€ ‘7 ‘ 26271'“”6 1/}*71/6) ) (k)’

keZ keZ
= | Z (v * 71ye) (K + )|
k'eZ
(4.19) <G > !

K p| L7
5 wez (1 + |—El‘|)
where (' does not depend on ¢ as long as the Schwartz norms of (¢ * 71 ,.) are

uniformly bounded in e. This happens if and only if the Schwartz norms of (qp*ﬁ /5)
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are uniformly bounded in €, as ¢ — 0. Now

(& 71/0) (2) = Pla)7ya(z) = p(a)o(/e).

Since o € 8Y, it is straightforward to check that

’D wo(-/e))( ‘— ‘ Zc/ga(j 7 51 o) (x/e)
( |
<CZ‘“"” N e

<CZ‘¢(3 ) (x i +a)

since supp ¢ C [a,b] and a > 0. The statement now follows. a

Remark 4.5. Tt is worth noticing that, by choosing as a symbol ¢ a smooth cut-
off function with compact support, the estimate (4.17) may be proved also for
truncated sums.

Lemma 4.6. For N =k +k and 8 = |k’ — k| set

n 1+p(N9)

a1k, k') = ny (K — k)b (k, k)% Qap (B, 0) (- 1 (N6)
Then o1 1s a symbol of order 0 in k', depending on the parameters 6 and k, with

norm uniformly bounded in such parameters.

Proof. We wish to show that, considering k' = £ as a continuous parameter, oy is
a smooth function of ¢ and, for each non-negative integer k, there exists a positive
constant C' = CY, independent of k and 6 € [0,7/2 — &1], such that

0Fa1(§)] < C1+ g ~*

Notice that since £’ > 1 we may assume that we have extended o7 to be identically
0 when &£ < 1/2.

Since the Bessel function J,, of integral order v is analytic and has a zero of order
v at the origin, it is clear that o; is smooth and bounded uniformly in . Moreover,
recall from Lemma 4.2 that Q2,(8, 6) is a polynomial of degree 2p in 5 and analytic
in 6 € [0, §). Hence, since x1(N0) = 0 for N6 > 2, we have that, on the support of
X1, 0 <2/N < C/¢, implying that

Q2 (5, 0)]

|02pQ2p(ﬂa 9)| S C N2p )

which is bounded, as £ — 400, uniformly in 6.
Next we consider the derivatives. If the derivative falls on the factor 2P Q2p(8,0)
we simply lower the degree of the polynomial of £ and then obtain the estimate

|0 [0°P Q2 (8,0)]| < C%,

as £ = +o0, uniformly in @, as we required.
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It the derivative falls on the factor WFM, since the derivative of the Bessel

function of order v satisfies the identity J},(2) — 2J,(z) + J,—1(2), again we obtain

that
’8 |: n— 1+ZD(N0)
“L(Ng)n-1+r
as & — +00, uniformly in 6.
If the derivative falls on x; it produces an extra factor 6, which is less than C/¢.
Hence,

1

ch((ﬂ%)gcg,

0co1 ()] < O+ )"
as [¢] — 400, uniformly in 6.
Finally, if the derivative falls on 1 it produces a factor of the order of k /&2 which
is less than or equal to C/|{], as & = +oo.
The argument can be repeated for all higher order derivatives, so the lemma is
proven. O

We wish to apply Lemma 4.4, and this leads us to analize the phase function
tkk’ + w(k’ — k). Recall that A has been defined in (4.1) and that, as observed
earlier, by passing to the complex conjugate, we may assume ¢ > 0. We then
introduce the set of indices in IN?:

V={(kK’): kk >n/2, d/h* <Kk <V/h* 1/M <k/K <M, |k—k'|>1/2}.
We set moreover
(4.20) Vi =Vn{(kk): K>k} and  V_=Vn{(kK): K <k}
Finally, we introduce the space of parameters (¢, w)

R:=[h? h*] x [0,27) C A x [0,27).

Lemma 4.7. On V, we set p(k) = (tk +w)/2m and p' (k') = (w — tk')/2w. Then
there exist a constant 0 < v < 1 and two regions Ry, Ry in the (t,w)-space such
that R C URy and for all (t,w) € R;, i € {I,II}, one between the following two
conditions:
(I) dist(u(k),Z) > vtk for all (k, k') € Vy;

(IT) dist(p'(k'), Z) > ~tk' for all (k, k') € V1
holds.

An analogous statement holds in the case of V_.

Proof. We begin by observing that (k, k') € V4 implies that 1 < k < k' < [//h]
so that, for ¢ € [h?, h®], we have
(4.21) n* < Lo < - < ch®™' < ¢ /(4n),
2r T 2w 2w
if h < gq is sufficiently small and for some positive, small enough c;.
Let Ry = {(t,w) € [h%,h*] x [0,27) : 0 < ¢ < w < 27 — ¢1}, with ¢; as above.
Then (I) holds for (¢,w) € Ry since for m an integer,

tk
[P =] > [ - >0
47r 4’
Replacing w by 27 — w we may assume now that —c; < w < ¢;. In this case,
notice that dist(u, Z) = 5|tk 4+ w| and dist(¢/, Z) = 5= [tk’ — w|.
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Then, if w > 0, we have that %% > 1 5o that in this case (I) holds.

If w < 0, we then have that tktk/“ > 1, so that in this case (II) holds. O

Proposition 4.8. There ezists a constant C' > 0 such that

|KL*(w,0)] < O|t|n+1’

uniformly in w and 0 € [0,e1], for all |t| € [h?, ch®].

Proof. Recall the definition of K}*(w,#) introduced in (4.14).
Using Lemma 4.6 we have that

Kpt(w,0)= > ethh el =kl (n2 5k )N gy 1 (k) g1 (K)ors (K) -
k,k'>1

Notice that gn—1(k")gn-1(k) = "1k 4+ lower order terms. Thus, we es-
timate the higher order terms, the other ones being estimated in a similar way,
giving rise to a better bound. Hence, it suffices to estimate

(422) ‘ Z ei[tkk/-i-w(k/_k)]@(thk/)Nkn—lk/nflal(k/) ,
k,k'>n/2

and we distiguish two cases according to whether condition (I) or (II) in Lemma
4.7 holds, respectively.

Case (I). We assume that dist(u(k),Z) > ~tk for all (k, k") € V4 and for some
0 < v <1, so that |tk + w| > 27tk for all kK > 1. Starting from (4.22), we wish to
estimate

m e
‘ Z Z ez[tk:k +w(k _k)]tp(thkl)NkJn_lk/n_lUl(k, k/)
k=n/2k'=n/2
L/n | L)
< h2n 3 \ S e IRl (B2 ) (2 ) "o (, K
k=n/2 k'=n/2
o lem e 1
(4.23) =Y k‘ ST W IRk ) (B2RK) " oy (k k)
k=n/2 k'=n/2

Notice that it suffices to bound the first sum on the right-hand side of (4.23) above.

We now apply Lemma 4.4 to the inner sum of the first term on the right-hand
side of (4.23) above, with

u = [tk + w]/2m, § =tk > yh’k = ¢,

and cut-off function z — 2™y and with the aid of Lemma 4.6.
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Hence we obtain that for every L > 1 the right-hand side of (4.23) is less than
or equal to a constant times

|_C /h] LC//hJ 2 L—1
c 1 [/ (h2E)E=D
1)< — —| ——+1
h2n > kmax( 5L >—h2n > k< (th)L +
k=n/2 k=n/2
C B2(L-1) Lc'/n] 1
< hQn( L ) k—2+10g(1/h))

k=n/2

1 1
S C<ﬁn+1 + h2(n+n) >’

for any given « > 0, if we choose L =n + 1.
Therefore, for ¢ such that h2 < t < h® for every s > s,,, we have

1 C c
h2(n+r) — ¢2(n+k)/s — ¢ntl’

Hence, for all t € A we obtain

(4.24) |K,y ™ (w,0)] < |t|n+1 .

This proves the statement in Case (I).

Case (II). We now assume that dist(u'(k'),Z) > ~tk’ for all (k, k') € V4 and for
some 0 < 4/ < 1, so that |tk’ —w| > 2w (h2K')Y, all k& € N. In this case, again we
start from (4.22), apply Lemma 4.4 to the inner sum with

= [tk' —wl]/2m, § = qtk' > YRk =,

and cut-off function ™y and with the aid of Lemma 4.6.

We have that

Z HIRR oK =R o 2k YN K ™ oy (e, &)
kk'>n/2
lc'/h) 1 L¢'/h]
n
<o S | ST e k) (R2RR) o (k. )

k’*n/Q k=n/2
Le'/n] Le'/n]

(4.25) h2n Yy k" 37 e o2k ) (WK o (e K) |-
k'=n/2 k=n/2
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As in the previous case we may limit ourselves to consider the first sum in (4.25),
the estimate for the latter one being analogous. We have

Le'/h) 1 Le'/h)

1 — n
o O | D e (k) (h2 k) o (k, k’)‘
k'=1 k=1
§ Q[agﬂi (th,/)(L—l) o
- h2n = k! (tk/)L

O/ p2(L-1) Lc'/n]

1 1
<C(W+W>,

choosing L = n + 1, for any £ > 0.
Arguing as in (4.24) in Case (I), for h% < |[t| < h® we obtain

— +1log(1 /h)>

(4.26) |Kp ™ (w,0)] < C|t|n+1 .

The result now follows. O

Step 5. Finally, we wish to estimate the modulus of K3 (w, ), as defined in (4.12).
Again, we consider only the case of K .

In this case, it turns out that it suffices to take m = 0. We introduce the same
spectral decomposition as in (4.3). Thus, we are led to consider the remainder term

K3, 0)] = | D el Bk ), Ky (K = ) xa(NO)
kk'>n/2
X Ngo 1 (K)gn 1 ()0™ 2Ry (0)

o L/ L/ gm—n-+2

2 / 2 nn—1
< h2n—2 Z Z ‘ (h"kk") (h"KK') Nn+m—1/2‘
k=n/2k'=n/2

R L N L TRy

< h2n 2 Z Z N9 n— 1/2Nm

k=n/2 k’*n/2

so that, by choosing m = 0, we obtain

(a:21) K3 (@.0)] < o

for all n > 1, uniformly in w and 6 € [0,24].
Thus, for j = 2 we are led to consider the main term in (4.12), that is,

THw,0) = > IR (R2RR ) (e, K Yy (K — B)x2(NO)
k,k/>n/2

(4.28) X Ngn—1(k")gn—-1(k)
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Recall that in this case we have that N > 1. Then we use the asymptotic
expansion of the Bessel function J,

1 1T 1 —ix —3/2
Jy(l’) = mpl(aj)e + me(x)e + O(I‘ / )7

for some bounded functions p;, and write T (w,8) = T1 + T2 + T3, where, for
J=12,

(429) Tj (W7 9) — Z 6i[tkk’+w(k’fk):|:9(k+k’)]@(thk/)J)(k7 k/)7’}+(1€/ _ :ZC)

kok/>n/2
N 1
X Ngn—l(kl)gn—l(k)mpa‘(]\m)m(zve)
and
Ty(w,0) = Y e E R0k ) (kK (K — )
Kok >1
AV 1 —3/2
X Ngn-1(k")gn-1(k) (NO)" 1X2(N9)O((N9) )
Lemma 4.9. For N=k' +k, and 8=k — k, set
~ 1
koK) = (kK )y (K — k) ——— o (NO)R(NG),
o2k, k") = (k, K")n( )(Ne)"*am( JR(NO)
where
p](Na) fO'f'Tj,j:].,Q,

4.30 R(NO) =
(4.30) (V) {(N@)l/2 O((NO)=3/%)  for T3.

Then o2 is a symbol of order 0 in k' (k resp.), depending on the parameters 0
and k (k' resp.), with norm uniformly bounded in such parameters.

Proof. As in Lemma 4.6 we wish to show that, considering k' = £ as a continuous
parameter, oy is a smooth function of £ and, for each non-negative integer m, there
exists a positive constant C = C,,, independent of k and 6 € (0,e7), such that

0 o2 (E)| <CA+ )

and we may assume that we have extended o9 to be identically 0 when £ < 1/2.
Since x2(N@) = 0 for N < 1 it follows that oy is smooth and bounded as
& — 400, uniformly in 0 and k.

Next we consider the derivatives. It the derivative falls on the factor o L

0"~z

(or on W in the case of Tx), using the condition N§ > 1 we easily obtain,
respectively, that

o[ g eV K —m)| < 05

N
and

}85[ Ay RNk K (K W RING)| < O < ©

as £ = +oo, uniformly in 6.
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If the derivative falls on p;(N6), by means of formula (15) in [St, p. 338] we
observe that
~ 1 1
0 (€0) 77 | (k, K my (K — k) ———x2(NO)| < C=
| g[ijam(s )R 0~ 1) (V)| < O
where ay, j, j = 1,2, are suitable coefficients.
If the derivative falls on y2, we notice that x5(£) = 0 unless 1 < ¢ < 2, so that
1 ~ 1 1
e O [Xa(NO) Gk, K s (K — )| < CO < O < C,
\(Ne)n,% Do(NOJIk Kny (F — k)| < 00 < O; < O
and the same is true when R(N0) is defined as in the latter case of (4.30).
Finally, if the derivative falls on the remainder term O((N¢)~3/2) in the latter
case of (4.30), we have
1 7 / / —3/2 ‘
— <
gy X (VORI K (o [0(0) )| < 0

Hence,

<C

|

1
N

|Ocoa(€)| < CL+ €N,
as |¢| = +oo, uniformly in 6.

The argument can be repeated for all higher order derivatives. In particular,
when the derivatives involve the term O((N6)~3/2), we may use formula (8),
p. 334 in [St], proving that this term behaves like a symbol of the expected order.
Thus the lemma is proven. O

In the case of YT we still need to use the oscillation of the phase and hence
Lemma 4.4. Let R;, Ry be as in Lemma 4.7; Since the ph~ase in this case is
tkk'+w(k' —k) £0(k+ k'), and 0 > 0, we write § = £6 and let |0| vary in [1/N, 1].
We then introduce the space of parameters (t,w, ),

Ry :={(t,w,0) € [A*,h*] x [0,27) x (—e1,€1) : 0] < tN/M; or |6] > M Nt},
where M7 > 2(1+ M) is a large constant.

Lemma 4.10. Let 6 be such that 1 < N|A|. Let V be defined as in (4.20). For
(k, k') € Vy, set pg = (th+w+0)/2m and ply = (tk' —w +0) /27, Then, there exist
a constant vy > 0 and finitely many regions in Ry such that for all (t,w, 5) belonging
to one of these regions, at least one between the two conditions

(IIT) dist(po,Z) > vtk for all (k, k') € V4,
(IV) dist(uy, Z) > vtk for all (k, k') € V4
holds.

Proof. We begin observing that if either || < tN/M; or || > M;Nt, then there
exists a constant C' > 0 such that

(4.31) |tk + 6] > Ctk and [tk + 0| > Ctk' .

Then we split the proof into a few cases.

Case 1. Let Ry := {(t,w,é) ERy :0<cy <w<2m— cl}, where ¢; > 10e; is a

small constant. Then (III) holds for (t,w,f) € Ry since
tk 0] _ a1 thk e

. . 1
dist(pe, Z) > dlst(w/27r,Z)—%—% > 5 or T or > Cl(__—’l'()__ﬂ' > vtk

forall k=1,...,¢/h, as a consequence of (4.21).
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Hence, possibly replacing w by 27 — w, we may assume that |w| < ¢, that
dist(p2, Z) = |tk + w + 0]/27 and that dist(u, Z) = |tk — w + 6]/27. Notice that
now we may assume that 8 < 0 since otherwise (III) holds on Ry and (IV) on Ry,
where Ry, Ry are defined in Lemma, 4.7.

Case 2. Let Ry i1 == {(t, w, 5) € Ry : |w| < cat }, where ¢y > 0 is a small constant.
If (t,w, ) € Ry 1, then (ITT) holds for all (k, k') € V,, since
th +w+ 0] > |th + 0] — |w| > t(Ck — ) >tk

provided that co is small enough.
Case~3. Next suppose cot < |w] <ea. If w > 0, then, if t]@ +60> 0, (II1) holds. If
tk + 6 < 0, we first observe that |6| > M;tN. Indeed, if |8| < tN/Mj, then

~ 1 1 tk
0 < —tlk+ k)< —thk(1+ M) < —

since we chose My > 2(1 4+ M). Thus tk + 6 > 0, contradicting the hypothesis.
Now it is easy to conclude that condition (IV) holds, since
th' + 0 < tk' — M1tN <0,
so that B 3
[tk' + 0 —w| = w + |tk' + 0] > CtkK'.
If w <0, then, if tk 46 < 0, (IT) holds as a consequence of (4.31). If tk + 6 > 0,
we notice that 6] < MiltN. Then condition (IV) holds, since

~ 1 1 M
tk' +0 >tk — —tN >tk'(1 — —) — —tk'
+6> VR > tk'( Ml) YR >0,
provided that M; > 1+ M, so that |[th’ + 6 — w| = |w| + tk' + 0 > Ctk'. 0

Proposition 4.11. There exists a constant C' > 0 such that, for all |t| € A when
n > 1, and for all h? < |t| < Ch*/3 whenn =1,

|Tj (w 5 9)‘ S O—|t|"+1

uniformly in w and 6 € [0,e1], for j =1,2.

Proof. Recall that Y; have been defined in (4.29). Next, we fix a smooth cut-off
function ¥ with compact support in [1/M;, M;], where M; > 1is a (large) constant.
For j = 1,2 we decompose T; by setting

Tjw,0) = D TG (W) (k, K i (K — )

k,k'>1
Nagw1 (6 )in_1 (k
X x2(N6) (]Gé)n)l 1) (o) [1 - w(o/tN)]
+ Z ei[tkk’-ﬁ-w(k’—k)i@(k-{-k/)]So(h2kk/),¢;(k, k/)77+(k/ _ k)
k,k'>1

Ngn—1(K)gn—1(k)

X x2(N9) (Ngyn—172

01 (NO)U(0/1N)
(432) =: T]"l(w, 6‘) =+ Tj,g(w, 6‘),
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We also have
Tg(w, 0) _ Z ei[tkkur“’(k'—k)]go(hzk'k:’)N(k:k’)"_lag(k, kl) )
ko' >1
For Y ;. we argue as in the proof of Proposition 4.8 and divide into the cases in
which (III) or (IV) hold, respectively. If, for instance, (IIT) holds, then as in the
proof of Case (I) in Proposition 4.8, we have
C L¢'/h] L' /h]

|Tj71(w,9)| S W Z ‘ Z 6ikl[tk+w+§](P(th‘k/)N(thk‘l)n_ldg(N)‘
k=1 k'=1

c Le'/h) 1 [/ (k) | +1 -
< W - ezk: [thrw:I:O]@(h2kk/)(h2kk/)no,2(]v)‘
k=1 k'=la’/(h?k)]
C Le'/n) 10/ (RPk) | +1 )
=D DL D DR T e
k=1 k'=la’/(h?k)]
< C
— h2n+ﬁ’

for any k > 0, uniformly in w and 6 € [0, 1], by proceeding as in the proof of (4.24)
by means of Lemma 4.10. The proof in the case in which condition (IV) holds is
analogous to the proof of (4.26) in Proposition 4.8, and it is omitted.

Finally we estimate Y, . In this sum we take advantage of the fact that 6/tN
is bounded above and below from zero. We have

2n—1
20w, 0)] < C D @(h?kk )k, K )y (k’—k)m(Ne)W\y(e/tN)
k,k'>1
9 N2n—1

<C Y @(hPRE (kK e (K _k)(NQt)Tl/?

k,k'>1

2
St" 75 Y e(PRK )Pk, k)
k,k'>1
C C

S tn—1/2p2 S tn+1+1/n—1/2"

since ¢ < h*, so that h=2 < t72/5 < ¢t~(*+1)/n Thus when n = 1

C
ITj2(w,0)| < =
for all K2 < |t| < ch*/3, while if n > 1
C
ITj2(w,0)] < s

for all |t| € A. Finally, we observe that T3 may be treated as the sum in (4.22) by
means of Lemma 4.7, so that

1
|T3(w,0)’ é CW;
uniformly in w and 6 € [0,&1], for all |¢| € [h?, ch®]. O
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Thus, as a consequence of the decompositions (4.14) and (4.28), of Propositions
4.8 and 4.11, by also using (4.16) and (4.27), if n > 1 in (4.12) we obtain

C

|K1i(w,6‘) + Kf(wﬁ)’ < [T

uniformly in w and 6 € [0, 7/2 — £1], so that we finally get (4.2), that is,
+o00 1

sup | Y e o(hPNg )b (€/0) Zo (va)‘ <C

2n+kK’
(zw)ea | oy h

for allt € A, n > 1. When n = 1, as a consequence of Proposition 4.11 we get

+oo

; 1

sup ‘ > 6“’\“/<P(h2)\e,e')¢(5//£)ze,e'(Z,w)‘ <C=
(z,w)€EQ 0,0'=1 3

for all [t| € [h2, ch?/3].
This concludes the proof of Theorem 3.1. O

5. THE STRICHARTZ ESTIMATE

In this section we complete the proof of Theorem 1.1.
Following a classical pattern we invoke a result by Keel and Tao [KT]. Consider
the family of operators

U(t) := xs(t) e p(h%L),
where t € R, h € (0,1], xs denotes the characteristic function of the interval J and
|J| = h*, where, if n > 1, we will select either o = s > s,, (with s, given by (1.6))
or  =2. If n =1, we will select either &« > 4/3 or a = 2.

Then U(t) satisfies the energy estimate ||U(t)| 2,2y < C for some positive
constant C and the following untruncated decay estimate:

IUOU () voll =[x (t = 7)™ o (R Lywo| o=
C

: WHUOHE(SQ"H)

for all t, 7 € R, t # 7. Hence Theorem 1.2 in [KT] yields the following result.

Proposition 5.1. For any fized ¢ € C§°(Ry), there exists a constant C > 0
such that for all h € (0,1], for any interval J of length |J| < h® and for all
vp € C*°(S* 1) the following estimate holds:

) 1/p
(5.1) ([ e eyt at) ™ < Cluolos

for all pairs (p, q) # (2, +00), satisfying (1.5), where oo =2 if vg € CZ and a > s,
ifvo € C, and €,V are defined in (2.9) and (2.10). Here C' depends only on p,q,n
and s.

Finally, in order to prove the Strichartz estimate (1.7) we shall need an easy
consequence of the Littlewood—Paley decomposition for the sublaplacian £ on the
complex sphere. More precisely, we shall use the following result.
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Theorem 5.2. Let ¢ € C°(Ry) and ¢ € C°(R) such that

o0

(5.2) B+ Y@ PN =1, AeR.

Jj=1

Then for 2 < g < oo there exists a constant Cy such that
- Y 1/2
(5:3) IS lzagszesny < Co( DOl gacsonry + (Z l6@ 5 L) fFugszney) ):

for f € LI(S*n+1),

This result and the Littlewood—Paley decomposition are of independent interest
(see the recent paper [Bouc| for a discussion of analogous inequalities in the Rie-
mannian case) and may be easily deduced from the multiplier theorem in [CowKS].

End of the proof of Theorem 1.1. Let vy € C5F, vo € Cg° respectively, and o = s >
Sn, a = 2 respectively.

By writing [-1,1] = Uszl Jk, with Ji intervals, |Jx| &~ h* and N ~ h™%, we
have

1
[l ezl dt<z / € o(h2C)uo 7,
—1
< ON ol
é Chia”UO”iQ )

so that

Lo 1/p
(5.4) ([ 1ee gyl i) " < Chelru]o
1

Now, let ¢ € C§°(R+) be such that @ ¢ = ¢. Then (5.4), with ¢ replaced by ¢ and
the initial datum ¢(h%L)vo, gives

! 1/p
([ 1 gy el i) < CherPlp(iL)unlo.
-1
that is,

! itL 2 p L/p —a/p 2
65 ([ ol ar) " < oo ol

-1

We now apply Theorem 5.2 to f = v(t) = e vy and then we take the LP-norm
with respect to the variable ¢t on [—1, 1] and obtain that

”U”LP([fl,l],LQ(S%H))

o0 ‘ ' 12
< C(HUO||L2(S2TL+1) + H <Z ||elt£’l/}(2_2]£)v0‘|%q(52n+1)) ‘
j=1

LP(HJD) '
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Next, let vy be any function in C>(S?"*1). Since p > 2, by Minkowski’s integral
inequality we have

= Lo ) 1/2
H(Znez B Loldugsonn) |

Le([-1,1])

+o0o ” e
(Z / le“y (2 2]E)vOHLq(Sszrl) ) >
- -2 2/p\ /2
< (Z (/1 |t (2 2J£)7Tvvo||iq(s%+l)dt> )
= /=
+oo 1 ‘ ‘ .
(S ([ 1eenr el goyn)™)
=1 /=

+oo
€ (3 254/ (2 Ly s o))
=1

1/2

1/2

fooo ) 1/2
+ (30 24P (@ Lymevl2a g
j=1
< Cl|vol| x¢s/po2/m)

where we used, in particular, the Strichartz estimate (5.5) for the spectral trunca-
tions. This yields (1.7). Analogous arguments lead to

= itL —27 2 1/2
(S le v epuolass)) |
Jj=1

for all s > 4/3, when n = 1. |
The following result follows at once from the Strichartz estimates (1.7) and the
Minkowski inequality.

v
Lo(-1 1]) H OHX( /p.2/p)

ofy 2 1. Q — @
Corollary 5.3. If p and q satisfy st =3.p2 2, ¢ < 00, then for all'T > 0
and for all s > s,, s defined by (1.6), if n > 1, or for all s > 4/3 if n = 1, there
exists C' = C(p, T, s) such that for every f € L' ([=T,T], X*/»2/?) we have

t
(5‘6) H /0 ez(t_t )Cf(tl)dtlHLp([,T,TLLq(s%H)) < CHf”Ll([—T,T],X@/Pv?/P))~

6. FINAL REMARKS

6.1. Discussion of optimality. Strichartz estimates proved in Theorem 1.1 are,
in general, not sharp. To study optimality, we may use some sharp estimates for
the joint spectral projections 7 ¢/, proved by the first author in [Cal, Ca2].

More precisely, consider an eigenfunction of the sublaplacian £ corresponding to
the eigenvalue N = Ay ¢, and then take the solution of the homogeneous Schrédinger
equation v(t, z) = e~ .y, with initial datum vy = he . Here hy g is a spherical
harmonic in H%¢ such that

1 a(l/q,n 1/q,n
_(AZ,E’ + 1) (1/a )(£+€/+ 1)ﬁ( /e )HhLZ/HLz(SQn-f-l),

(6.1)  |heer||La(szntry > c
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where
SR (R EE R P EL =3
a(l/q,n) = . .
s(g—3) if 2<q<23E
and
1 . 2n+1
5 lf q Z 2?’
B(l/gn) =132 1 9 < 2< 212n+1
(n+3)(3-3) if 2<qg<2iH.

We refer to Theorem 3.1 and Proposition 3.4 in [Ca2] for the details.
Then we have

||UHLP(I,L‘1(S2"+1)) = (/ (/
S2n+1

1/th“,

q p/a Y/
A he’g,(z)‘ da(z)) dt)

La (S2n+1)

(A +1)° alt/am ((+0+1) R T [[2(s2041).

QIHA

Now if (¢,¢') € V, for some fixed proper cone V, defined as in (2.9), and if p,q
satisfy the admissibility condition (1.5), then
1 «@
HUHLP(I,L‘I(S2"+1)) > a(/\é,l’ + 1) +ﬁ/2‘|hé7[’||L2(S?n+l) = ||’U0||Wa+ﬁ/2($’2n+1) .

It is easy to check that s/p > s, /p > a+ /2 so that this estimate does not provide
the sharp bound.
If (¢,0) € £, where € is defined as in (2.10), then

1 «
||’U||LP(I7L(1(S27L+1)) > E()\g o+ 1) +5||hf,él||L2(S?n+l)

E()\g o+ 1) Z ||hg)g/HL2(52n+1) ~ E||UQHW471/pQ(S2n+1).

Now observe that
4n 2

pQp

1
n+1

(1-

):sn, forn>1,

so that )
lollzr (1, Lacsznsnyy 2 Fllvoll, 201/

for all (p, q) satisfying (1.5). Anyway, in Theorem 1.1 we proved that if (f ) eé,
then the critical index is 2/p, instead of s,,. In other words, the index s > £ [1— n—+1]
in Theorem 1.1 would be sharp, up to the loss of ¢ derivatives, if we Were able to

prove an estimate like (1.7) with the space X'(3/P:2/P)(§27+1) replaced by W*/P.

6.2. Comparison with other subriemannian frameworks. As recalled in the
Introduction, it has been proved in [BaGX] that no (global in time) dispersive
estimate may hold for solutions of the Schrédinger equation on H,,. Anyway, the
situation seems to be less rigid on the reduced Heisenberg group h,,, defined as
h, : C" x T, with product

(z,e")(w, e“/) = (z 4w, ei(t+tl+$mzw)) ,

with z,w € C™, t,s € R, due to the compacteness of the center. We point out that
there is an intimate connection between the reduced Heisenberg group and the unit
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complex sphere, since h,, turns out to be a contraction of $?"*1 (see [CaCi] for
more details about the construction of this contractive map). A detailed discussion
of (local in time) dispersive estimates and of Strichartz estimates for solutions of
the Schrodinger equation on h,, requires some additional care and will be presented
elsewhere.

6.3. Discussion of the admissibility conditions. Admissibility condition (1.5)
has been directly inspired by the scale invariance condition (1.10) on a Riemannian
compact manifold of dimension d (which in turn has been inherited by the euclidean
space R?), with the dimension d replaced by the homogeneous dimension Q. Any-
way, on the CR sphere the notion of dilation, which leads to (1.10) in the euclidean
context, is not intrinsic. An interesting possibility could be investigating scaling
conditions in the subriemannian framework of the reduced Heisenberg group, where
dilations are well defined as Ao(z,t) = (A21, ..., Azp, A%t), and then importing them
on §2n+1,
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