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Abstract. We construct essentially all the irreducible modules for the multipa-
rameter quantum function algebra F¥ [G], where G is a simple simply connected
complex algebraic group, and ¢ is a root of unity.

1. Introduction

In this paper we continue the study of the representation theory of the
multiparameter quantum function algebra F#[G] which began with [CV2],
[CV3]. Here ¢ is a primitive ¢-th root of unity in the complex field C, and ¢
is a ¢ — good integer. In [CV2] we showed that F#[G] contains a central sub-
algebra isomorphic to the coordinate ring of G, where G is a simple simply
connected complex algebraic group. Given a simple module V' over F?[G],
one can define its central character in G. It turns out that the representation
theory of F¥[G] is constant on the varieties Xy, , := B~w1 B~ N BwyB,
where wi, wy are in the Weyl group, and B, B~ are opposite Borel sub-
groups. This allows us to study the representation theory of F¢[G] by means
of certain localized quotients F?[Gly, w, of FZ[G). In [CV3] we showed
that these are Azumaya algebras, so that their spectrum S ., coincides
with the spectrum of their centers. Moreover S¥. . is a Galois covering of
Xw, w,- Here we are interested in the construction of simple modules over
F?[G]. Such problems have been studied by Levendorski and Soibelman for
compact groups in [LS], and by Hodges, Levasseur and Toro in the algebraic
case at generic ¢ in [HLT].

The main result of this paper is to show that the procedure introduced
in [DP] for the construction of simple modules over F.[G] also works in the
multiparameter case (Theorem 3.5). For each pair (wq,wz) in W x W, we
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shall therefore construct all the simple F¥[G}-modules lying over a dense
subset of Xy, w,-

We also show that the representation theory of F¥[B] is closely related
to the representation theory of F.[B] (Theorem 4.6). We shall first recall
the definition of the objects we deal with, and results from [DP], [CV2] and
[CV3].

Notations.

We denote by C the complex numbers, by R the reals, and by Z the integers.

Let A = (a;;) be a finite indecomposable Cartan matrix of rank n. To
A there is associated a root system @, a simple Lie algebra g and a simple
simply connected algebraic group G over C. We fix a maximal torus T of G,
and a Borel subgroup B containing T'. We denote by h the Lie algebra of T'.
Then @ is the set of roots relative to ), and B determines the set of positive
roots T, and the simple roots {ay, ..., a,}. Let RP be the real subspace of
h* spanned by the roots. This is a Euclidean space, endowed with the scalar
product (a;, ;) = dia;;. Here {dy,...,d,} are relatively prime positive
integers such that if D is the diagonal matrix with entries dy,...,d,, then
DA is symmetric. P is the weight lattice, Q the root lattice, and W the
Weyl group; s; is the simple reflection associated to oy, {wi,...,w,} are
the fundamental weights and p = Y., w;. We denote by wy is the longest
element of W, B~ := wpBwy. Let N be the number of positive roots.
Let wg = s;, ...5;, be a reduced expression of wg. Then one gets a total
(convex) order on &* by

B = Ui,y B2 = 3i1aiza"-7ﬁN = 83 -+ Siy_ Uiy

Let g be an indeterminate over C. We put k = C(q); R = C[g,q7!].
Moreover, for i = 1,...,n we put ¢; = q%.

The multiparameter (or twisted) quantum group U (g) is a k-Hopf alge-
bra whose comultiplication depends on a parameter ¢. The conditions we
assume on ¢ are the following:

¢ is an endomorphism of RP, skew relative to ( , ),

R € 2Q.

Let 7; := %cpai = Zj yjiay, for every 1 = 1,...,n. The conditions on ¢
are then equivalent to

(1.1) Y = (yi5) € Ma(2) N (DAY An (),
where A, (Z) is the group of antisymmetric integral matrices. In particular
the ¢’s form a lattice isomorphic to A, (Z).

For technical reasons we shall also assume

(1.2) @P C 2P.
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This assumption is not essential, but allows us to give a better description
of the picture.

Remark. The extra condition (1.2) corresponds to the condition that also
AY A~! is integral. We note that (1.1) implies that AY A~! is integral if
G is not of type By, with n > 3. In fact, DAY (DA)™! is integral, since
'Y = ~DAY(DA)~!. Hence, if D = 1 or det(A4) = 1, then AY A~! lies in
M, (Z). We are left with the cases B, or C,. In these cases det(4) = 2,
so that 2471 lies in M,,(Z), hence 2AY A~! is integral. If G is of type Cy,
a direct evaluation of A~! allows us to prove that AY A~! is integral. For
type By, with n > 3, one may have Y integral, but AY A~! not integral.
Note that anyway (1.1) always implies P C P.

We still denote by ¢ the endomorphisms of h* and of P induced by
¢. The multiparameter simply connected quantum group Uj*¥(g) is the k-
algebra generated by the elements E;, F;, Ky fori=1,...,nand A in P
satisfying suitable g-analogues of the Serre relations (cf. [R], [DKP]), and
with the Hopf-algebra structure given by

AyE;=E;®K _;,+ Koy4r; ® By, (€,Ei=0, (Sy,Ei=-K_,FE;,
A‘PFi:Fi®K—ai+Ti+K—Ti®Fia Ethi =03 Sthzz —FiKaia
A(pK)\:K)\(@K)\, 6¢,K)\=1, S(pK)\IK_)\.

Note that the counit and the antipode are independent of ¢.
U¢ (g) is the k-subalgebra generated by the E;’s, Fi’s and K for 8 in Q.
We also consider the subalgebras

U° = k[Kg | B € Q)
Ug(b%) =k[E; ,Kg |i=1,...,n,8€Q)],
US(b™) =k[F;,Kp |i=1,...,n,8€Q].

Let wo = s;, ...8;, be a reduced expression of wy, and let 31,...,8n5
be the convex ordering of ®* associated to this reduced expression. Then
(according to Lusztig) one defines root vectors Eg, ..., Eg, in U7 (b¥) and
Fﬂl"' . 7F5N in Uf(b—)

Let C be the category of finite dimensional representations of U#(g) on
which the spectrum of the K,,’s consists of powers of g. The multiparame-
ter quantum function algebra F¥[G] is the k-vector space generated by the
matrix coefficients from C. We recall that given V in C, v in V and f in
V*, the matrix coefficient ¢y, is defined by ¢y, (z) = f(zv) for every z in
Ug(g)- F[G] is a sub-Hopf algebra of the restricted dual of U?(g). When
¢ = 0, one of course gets the Hopf algebras studied in [DL], [DP]. Since this
case plays a major role even in the study of the general case, throughout
this paper we shall refer to it as to the classical case. Whenever we con-
sider algebras in the classical case, we shall drop the 0. In particular it is
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clear that F{[G] is Fy[G] as a coalgebra. Given a dominant weight A, let
V() be the irreducible U#(g)-module with highest weight A. Then F?[G]
is linearly spanned by the matrix coefficients of the V(A)’s (recall that v in a
U¢(g)-module V' has weight p if Kg.v = q®B)y for every B in Q). The Hopf
algebras I'[T], F¢[B] and F¢[B~] are defined by restricting the elements of
F#[G] respectively to U°, U#(b%) and UZ(b7).

The following formula relates the twisted case to the classical case. If V7,
V2 are in C, then

1 —
(1'3) m<P(cf1,v1 ® cfzﬂlz) = qz((tﬁm,ﬂz) ((p)\l,h))m()(cfhvl ® cfz,vz)7

where v; is in (V;),, and f; is in (V;*),, for i = 1,2 (cf. [CV2]).
From this, one can deduce the commutation rules among the ¢y ,. If V,
W are in C, then

((1+<P)u1,uz)—((1+tp)/\1,Az))m(p (Cpwo ® Cov)

+ Z mtp(cwi,wi ® c¢isvi)’

My (Co0 © Cpw) =g
(1.4) S

where v is in V,,,, ¢ is in (V*)y,, w is in W, and % is in (W*),,. The
weights of v;, ¢;, w; and ; are respectively pu; — 5;, A1 — Vi, po + G; and
A2 +7;, where 3; and ; are in @, and for each ¢ at least one of 3; and +; is
nonzero (this comes from (1.2.2) in [DP], and (1.3). It can also be directly
deduced from the R-matrix of U¢(g), as in [HLT]).

All the various actions considered in [DP] can also be used in the twisted
case. So FP[G] is naturally a left Uf(g) ® U¥(g) module. For a,b,c in
U¢(g), f in FY[G] we have

((a®b)f)(c) = f(S(a)ch).

This is independent of ¢, and we get the decomposition

FPGI = @D VZuor ® Voupa
AP+

of left U¥(g) ® U¢ (g) modules.

We finally recall that the generalized braid group B associated to ® acts
on each irreducible module V/(A) (cf. [DL]). Given w in W, let t,, be the
element of B associated to w. For every X in P*, choose a lowest weight
vector v_y in V{—wg)) and a highest weight vector ¢, in V(—woA)* such
that ¢y (v_)) = 1. We put

A A
Ziy T Gy (da)w—n Cow = Cohrsty, -1 (v_n)

We shall write 2z, (resp. () for 22 (resp. ¢8).
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2. The twisted case

In order to construct simple modules over F¢[G], the results from [CV3]
are crucial. For convenience of the reader, we recall them, and give the proof
of one of the statements.

We put FY = F,K,,,Ef = E;K,,. Then
A B = Ef ® 1+ Kqip)a: € B,

2.1
( ) Achi(p :F;p®K_(1_Lp)ai +1®F,:p

We introduce the k-subalgebras

Dq‘ﬂa‘i‘ = k[FiwyK(l—kp))\ I 1= ].,...,TL,)\ € P] y

Dy = EIEf,Kayoa |i=1,...,n,A € P].
D¢t and Dy~ are sub-Hopf algebras of U;%(g), as follows from (2.1) and
easy calculations with the antipode. Note that there is a natural inclusion

of algebras
+ + - -
Dy < DJ, Dy™ < D,.

We recall that one has perfect Hopf algebra pairings

((K-pyr Ka) + g™,
(Ka-p)r Es) =0,

(Ff,E;) w8 (q7 " —a)™h,
L (F?,Kqa) — 0.

Typ * (Dq(p’-ln)op ® U(}p(b+) — k, 3

(Ko Ka) = g™,
(K@+o)r Fi) =0,

(Bf,Fy) = bi5(@ — g7 )™
L (E';p,Ka) — 0.

Tt (D& )op @UL(bT) = ,

The subscript op means opposite comultiplication. They induce Hopf alge-
bra isomorphisms (cf. [CV2])

F¢IB] = (D )op , FY[BT] = (DF op.

We are interested mainly in the multiplicative structure of F£[B] and
F#[B~], hence on the algebras D¢t and D~

One can define, for each of the above algebras, suitable integer forms over
R, and then specialize at ¢ = ¢, where £ is a primitive ¢-th root of one in
C, to obtain the C-algebras F?[G], F#[B] and F#[B~|. Here { is a positive
odd integer, prime to 3 if G is of type G2. The forms R¢[G], RZ[B*] and
R?[B~] are defined in the same way as in [DL]. We recall the forms of
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D@+ and D~ For every § in @, we put e := (g5 - qEI)EgK%Wj and
1§ = (g — q[‘;l)FgK%(pﬁ, where gg := ¢(##)/2, Then we define

R?[‘B], = R[fg7K(1—cp))\ l IB € (I)+’>‘ € P],

RZ[B7] = Rlef, Katp)r | B€ T, X € P).

One has
(2.2) Rf[BJr] o R?[B]' , R?[B"] o R?[B“]’.

as R-algebras.
Our aim is to define ideals J¢ of F#[B] for every w in W, and show that

as sets they are independent of ¢. We consider the Hopf algebra pairing (cf.
[cVv1))

Tt (k[F1,..., Fn, Kx | A € P])0p®k[E‘f,...,E,‘f,K(1+¢)a laeQl—k
(KA>K(1+L/J)Q) = q—()\,a),
(K)\,Ef) = 0,
(F, BY) = 607" — )™
(Fi K(149)a) + 0.

For every i, let &; : P — Z be given by A — ((1 — @)\, a;), and let n; be the
positive integer such that d;n;Z is the image of &;. Consider the subalgebra
Ug(b;) of U (b) generated by Ef and K (j;ﬁ_(p)ai. This is a sub-Hopf algebra
by (2.1). Via the pairing #,, we can consider S; := k[F;, K£'] as an algebra
of functions on U¥ (b;). Restriction of maps from U# (b) to U¥ (b;) gives rise
to the algebra homomorphism

pf: DOT = 5

whose image is k[F;, KI.,]. Here, pf maps FY to 0 if j # 4, F to F;,
and K(1_y), to K{=02ed/d - yye ohgerved that D¢t is a subalgebra
of D}. Then pf coincides with the restriction of p; to D$". Similarly
we consider the algebra T; := k[KX'] as an algebra of functions on 7;"% :=
kK (ﬂa )]+ Restriction of maps from U (b) to T gives rise to the algebra
homomorphism

nf: DYt = T

Here, n{ maps F to 0 for j =1,...,n, and Ky to Kf,(il_‘p)’\’a")/di.

Let w be in W, and let w = s;, ...s;, be a reduced expression. Choose
a reduced expression wg = S;, ... 54 Si,,, - -- Siy and consider the algebra
homomorphism

N
¢ : F#[B] 25 F?|B]® F#[B|®...® F¢[B] — @58, R &1 7,
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The second arrow in the definition of n{ is given by the isomorphism between
F¢[B] and D¢*, and the map

Pi®.. .Qp; N .. '®7]iN:Dq<p,+ ®...8 D;O’+ — ®l.:=1‘gis ® ®£V=k+17;s'
N copies

We claim that ker(n}) = ker(n). Note that
5, ®85,0..08, 8T, ®..0 Ty
is an algebra of linear functions on

UP(b;,) @UE(63,) @...0UL(6:,) T2 ®...0 T

Tl in
We consider

(2.3) HE = P VZyor ®v-a
AEPT

which, as a vector space, is independent of ¢. H¥ is an algebra by [DP, Sec.
2.3] and (1.3). Let r7: F?[G] — F§¢[B] be the restriction homomorphism.

Lemma 2.1. The restriction of rﬁ to HY extends to an isomorphism be-
tween H?[z;'] and F¥[B].

Proof. We observe that normality of z. follows from (1.4). The result then
comes from Lemma 2.3 in [DP] and (1.3). O

We identify H¥ with its image in F’[B].
Definition 2.2. We put J? :=ker(n}), I} := JZ NHE.
We denote by U%® the subalgebra k[K(144)a| @ € Q).

Proposition 2.8. The decomposition in (2.3) is the decomposition of H¢
under the action of 1 @U%%.

Proof. (2.3) is the decomposition of # into weight spaces under the action
of 1 ® U°. The result follows from the fact that (1 + ¢)Q spans RP. [

Proposition 2.4. I? = I;.

Proof. ker(m,) NH is a direct sum of weight spaces under U (Proposition
2.4 in [DP]). Similarly one proves that ker(n¥) N # is the direct sum of
weight spaces under U%¥. Now, for A in Pt we have
1 P N\T Te+1 =
(E;;i) Tt (E’k) kK(fiw)aik-)-l o Kz‘lN'HP)aiN U-a =

M Tk [Tk+1 TN
q EzlEsz ...Kaz,NU_)\

Xig
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for some integer M. Hence
ker(my) N (VX @ v-x) = ker(mg) N (V7,5 ® v_x)
and we are done. [J
Note that U%»¥ @ U%% acts on H¥ giving the weight space decomposition

1= P VZr)r-s®v-n

AEPT BeQt

Since ker(nY) is invariant under U%¥ @ U%¥, ker(n¥) N'H¥ is the direct sum
of U%¥ @ U%¥ weight spaces.

Proposition 2.5. J! = J;.

Proof. From (1.3) we get

1
(2.4) M (Cru_y B C_pp) = q2(¢p’ﬂ)m0(cf,v_x ® C—p,p)s

where f is in (VX \)x-p-

Now let ¢y be in ker(my) N (VX » ® v_x), and write ¢y = 3 dp,», where
dgx = fa®wv_y , with fgz of weight A — 3. By the observation preceding the
proposition, dg » lies in ker(7y) for each § and, by (2.4)

M (dp A @ Cpp® ... ®Cpp)

(2 5) r copies
: 1
= g2 Pmg(dsp @ cp,p ® .. -® Cpyp)-
r copies

Recall that we have J = Il[c_, ], J& = Ix[c=p,p] (2e is invertible in
F?[B], with inverse c_,,). We prove that I/[c_, ] = Ix[c-p,,]. Let d be
in (V*, 2)a—p ® v—x. It is enough to show that if d lies in I} (= I{), then

Mp(d®C_pp®...® c_p,p) liesin Jy and mo(dQ@c_p, ® ... @ c_pp) lies in
T copies r copies

J?, for each r. This follows by (2.5). O

Example. The quotient F?[B]/J¢ is the commutative (polynomial) alge-
bra generated by K(;_,)x, A in P. It is clearly contained in the algebra
generated by K, A in P, and in this case these algebras are isomorphic.

The algebra F?[B]/J¢, is isomorphic to the subalgebra of Dq“”+ generated
by F;P, K(l—(p))n Ain P.

We are now in a position to deal with roots of 1. The map 7 induces
a map of integral forms, which specializes to ﬂik at ¢ = . We denote by
J¥), the kernel of 7% . Since it does not depend on the reduced expression

. @
84, - - - 83, of w, we shall write J?,, for J_,.
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A similar construction can be done for F#[B~]: this allows us to define
the ideals J$'~, J¢. of F[B~], F?[B~] respectively. For every (w;,ws)
in W x W, we put

T, = ()TN, ® FY[B™] + FY[B]® J5,7),

IE sy = (V) (I, ® FE[BT] + FE[B]® JE3,).

Here v¢ is the map induced by

7% : R?[G] 5 R¢[GI®R¢[G]— R¢[BI®R?[B7].

q

Let w, wy and wy be elements of W. We define

Fép[B]w ZFe[B]/ng[ZEI] H Fs‘p[G]wl,wz = [ ] 6‘(1}1,11)2[ 1;11’ w_gl]‘

We now recall the definition of ¢-good integer (cf. [CV2]) and the main
theorem in [CV3]. Denote by 9 the isometry (1 — ¢)(1+ @)t of RP. For
(w1, ws) in W x W, we put

s = 1— widwy, 971 1 RP — RQ.
We consider the ring Z¥ = Z[(2d; ... d,, det(1 — ¢))~]. It is clear that Z*P
and Z¥(Q are invariant under 9. Note that the image of Z¥ P lies in Z¥Q.
In fact one can introduce the group of isometries W¥ of RP generated by
the reflections s, for v in &+ U¥®T. Then for each of these reflections, and
for each X in P, we have 5,()\) — X € Z*Q.

Define () to be the least positive integer for which, for every (wi,ws)
in W x W, the image of Z?[{(p)'|P under e, ., is a split summand of
Z¥[¢(p)~Q. An integer m is said to be a @-good integer if it is prime to
the 2d;’s, det(1 — ¢) and £(¢). From now on £ is assumed to be ¢-good. We
denote by S the ring Z*[¢(p) 1]

Definition 2.6. We denote the map (1 + )w1(1 — ¢) — (1 — @)wa(1 + ¢)
by 07, u,- We put ¢ = &(wi) + £(ws) +1k(5, ., )-

We recall that ¢f, ,, is the dimension of a symplectic leaf of G contained
in Xy, w, := B wiB™ N BwyB, with respect to the Poisson structure on
G induced by ¢ (cf. [CV2]). It is clear that rk(6%, ,,) = rk(ef ,,,) for
every (wy,wp) in W x W. In fact the map A — s;w1(1 — @)X defines an
isomorphism from ker(éY, ,,,) onto ker(ef ., ).

The spectrum of F¥ [G]wl .w, 18, by definition, the set of equivalence classes

of irreducible representations of F¥ [Gly, w,- If Aisin P, write A = Ay —A_,
with A1, dominant weights. We put 2, := Zat (zi‘,‘ )~! and similarly for ().
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Definition 2.7. Let (w;,ws) be in W x W. We put

Py w, = Pnker(dy ,,.), T ., =SpecC[FE .1
Moreover, for A in P§ = we put
@ _ L (1=-p)A 149)A
/\,'wl,wg - Z’EUl lp) C:lljzz( Lp) -

The main result in [CV3] is

Theorem 2.8. Let £ be a ¢-good integer, and let (wy,wz) be in W x W.
Then

a) FZ[Gly, w, is an Azumaya algebra of degree ¢3¢0 v

b) the center of F#[Glu, uw, is the C[Xy, u,]-algebra generated by df; , .
for Ain Py

c) the spectrum of Ff[Gly, w, 15 a Galois covering of Xy, u, with Galois
group {z € T¢ ,, | z*=1}. O

We need a more precise description of the center Z% of F2[Glyy w,-

1,W2

One shows (with the same argument used in [DP]) that Z7 . contains
the coordinate ring C[Xy, u,], and the algebra Zf , = CldS,, o, | A €
P, ,]- Then

C[le,wz] n Z]ip,wl,wg = (C[dlw)\,wl,wz | AE szl,wg]

and

@ — ©
Z’u}1,'lU2 - C[Xw1,wz] ®C[Xw1,w2]ﬂZf,wl‘w2 Zl,wl,wz'

If we denote by S% the spectrum of F¥[G]y, w,, which identifies with

wi,Wa
P @ ;

Spec Zg) ,,,, then S¥ is the fiber product

S £y v
wy, W2 w1, W2

P £—th power
S

le,w2 ? Tzfl W2

where all the maps are induced by inclusion.

3. The main result

In this section we construct essentially all the simple modules over F#[G].
Our purpose is to show that the procedure used in [DP] can also be used in
the twisted case. We need a lemma about Euclidean spaces.
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Lemma 3.1. Let V be a Euclidean space, w an isometry of V, and r, the
reflection relative to the nonzero vector v. Then

veker(w—1)" = Im(r,w—1)=Imw—-1) & <v>,
vEker(w — 1)t = Im(w—1)=TIm(r,w—1) @ <v>.

Proof. 1t is clear that ker(w — 1) = Im(w — 1). By intersecting with
<wv>"*, it follows that tk(w —1) — 1 < rtk(r,w —1) < rk(w —1)+1. Suppose
v € Im(r,w — 1), and let v be in ker(w — 1). Then (wy,v) = 0, so that v
lies in ker(w — 1)*, since ker(w — 1)* is w-invariant.

Case 1: v ¢ker(w — 1)+. Then we must have v € Im(r,w—1), so that
ker(r,w—1) <<wv>1. Moreover we get ker(r,w—1) <ker(w—1), and finally
ker(ryw—1)=ker(w—1)N<v>1 and Im(r,w—1)=Im(w—1)® <v>.

Case 2: v € ker(w — 1)*. We show that in this case we have v ¢
ker(r,w — 1)1. Then we conclude as in case 1. Let K := ker(w — 1)*. We
still call w the isometry induced by w on K. Note that w — 1 is invertible
on K. We put z = (w+ 1)(w — 1)"*v. Then —v + z lies in ker(r,w — 1),
and z is orthogonal to v since the endomorphism (w + 1)(w — 1)7! of K is
skew. Hence v gker(r,w — 1)+, and we are done. [J

Corollary 3.2. Let w be an isometry of RP, and r, the reflection relative
to the nonzero vector v. Then

Pnker(ryw — 1) = PNker(w — 1)N <v>1  if v € ker(w — 1)+,
PNker(w — 1) = PNker(ryw — )N <v>L1  if v € ker(w — 1)1,
The next lemma is a crucial step in our construction. We recall that S is
the ring Z¥[£(p) 1.

Lemma 3.3. Let (wi,wq) be in Wx W, a in ®. If rk(e?
rk(e? 1, then there exists A in SPMker(e?

sawl 11)2)

) such that

Sw‘UJQ )

t (A

Proof. Let w = wdw;"9~1. We have Im(w—1) = Im(squ— 1)@ < o >
by Lemma 3.1. We show that the same decomposition holds over S. Since
(w—1)SP is a split summand of SQ, and « lies in Im(w—1)NQ, it follows that
a lies in (w—1)SP. Since for every A in P, we have (1-w)\ = (1—s,w)\ —
2((2:\(;‘)’)01, we get (1-w)SP=(1-s,w)SP & Sa. Let (z1,...,7,) be an 5-
basis of (1 — sqw)SP. Then (a,z1,...,z,) is an S-basis of (1 —w)SP. But
(1-w)SP is a split summand of SQ, so that (a,z1,...,z,) can be extended
to an S-basis (o, £1,... s &r,Y1,--.,¥ys) of SQ. Since the pairing SP x SQ —
S is perfect, we can consider the dual basis (A, A1,..., Ar, fi1,..., ) in SP.
It is then clear that (A,a) =1, and (A\,z;) =0 foreveryi=1,...,r. [

Wy, wg)

We can now start the construction of simple modules. The one-dimensio-
nal modules are exactly those lying over the points of the torus T. The Pi-
card group is described in the same way as in the classical case (c¢f. Theorem
10.8 in [DL]). In fact we already showed that F¥[Ge.e = F:[G)e,e = C[T).
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Next we consider the part S¢, . of the spectrum, where s; is a simple reflec-
tion. We know that the algebra F""[ 1/J¢ is isomorphic to the subalgebra
of D"” generated by F{, K(;_,x, A in P. Moreover, since z;, corresponds
to the element, qugfiK(l_w)p for some integer m, it follows that FP[G]s, .
is isomorphic to the algebra C[F7,(F?)™, Ki—_o)x | A € Pl. As in the
classical case, this algebra is the ordinary Laurent polynomial ring in n — 1
variables over a quantum torus C[z*!,y*!], with 2y = nyz, 7 a primitive
£-th root of one. To prove this, we consider the map &; previously defined.
Choose w{ in P such that ((1 — ¢)w?, ;) = d;in;, and let Aq,..., A1 be
a basis of ker &. We can take 2 = I, y = K(1_p)up, i = K_y)ay, for
i=1,...,n— 1. Note that zy = ¢%"iyx, and that ¢%™ is also a primitive
£-th root of one, since £ is prime to d; and to det(1 — ¢). Therefore the rep-
resentation theory over the strata X, . and X, ,, is completely described.

For the induction step we consider the map introduced in [DP, Sec. 5.2].
Let (wy,w2) bein WxW, s; a simple reflection such that £(s;w1) = £(w;)+1.
We denote by

$¢: FY1G) = FPIG)/ IS, o © FY(GY/ T,

the map obtained by composing A with projections. Note that it is inde-
pendent of ¢, by Proposition 2.5. It can be specialized to € and it gives rise,
after localization, to

d)e: FE(‘p[G]Siwlyw2 - Fép[G]Si,e ® FELP[G]’WUUJT
Lemma 3.4. Suppose £(s;w1) = £(w1) + 1, and let X be in P. Then

1) ¢€(z§‘iw1) — zs:()\) ® z
2) ws(g\)z) = Ce ® sz

Proof. This comes from Lemma 5.2 in [DP]. [

Take wy, we in W such that £(s;w1) = £(wy) + 1. In the notation of
the Introduction, let (p,q) be in S¢ . x S¢ ., and let V; and V, be the
corresponding irreducible representatlons of F?[G]. Then dim(V;) = ¢,
dim(V,) = g7 In light of the discussion after Theorem 2.8, we may
suppose that p = (g1,5), ¢ = (g2,1), with g1 in X, ¢, s in T ,, ga in Xy, 0,
and ¢ in Ty, ,,,- Then V;, ® V; lies over the point gi1gz of Xstwl,wz. The sim-
ple modules lying over Xy, «, all have dimension 03w, By Lemma
3.1, we have two cases.

1) €8y wp = €5y T2 We get dim(V,@V,) = £3%w1.s | 50 that Vr®V,
is irreducible. We can describe explicitly the map

je: S N

81,6 whwz 8iW), W

we obtained.
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Let X be in P?

S;wy, W’

s;wy(1 — @)X = wi(1 — ). Then 9. (d

1-p)A w 1 A . .
d;le Y ;‘;1( 2 Ze 2(140)X Jies in S¢ e, since given a, § in P, one has that

22 2P lies in S,, . if and only if (1 + p)a = (1 — )8 and s;a = . Let
0= w(l- ga))\ + wa(1 4+ @)A. We have (1 — ¢)d = 2w;(1 — @)X, so that
§=2(1— @) twi(1 — ). If we prove that ¢ lies in 2P, say § = 2y, then
we have Zwl(l —@)A w2(1+<P))\ d(p e

From (1 - ¢)6 = 2w (1 - )/\ we get § = 2wi(1 — @)X + pd. Since by
assumption @P C 2P, it follows that ¢ lies in 2P. Hence 9. (d

Our assumption implies that A is in P ,, and

_ L wi(l-g)x w2(1+tp)>\
51w17w2:)‘) = Zs; Ze ®

31“’1:"”21)\) -

d? o ey -1wr(1—pyr ® Dy 1 1 we define
u?: TE X TE oy = Ty gy (8:1) = Ry

by R(A) = s((1 — @) twi(1 — @)A)E(A) for every X in P£,, ,,, then 5% is
given by ij((gla 3)7 (927t)) = (9192, (37t))

One may define the product of p and ¢ by p-, ¢ = 7¥(p, q), so that V, @V,
has central character p -, g.

Suppose ¢ in Xg,u, 0, is such that g = g1g» for some g1 in Xy, ¢, g2
in le,m We show that for every (g,h) in S¢,,, ,,, there exists s in
T ) 1 in T1f1 ;W such that (g’ h) = jw((glv )) (927t)) Let (>‘15 v 7>‘7"+1)
be a ba31s of P$1 w, Such that (A1,...,Ar) is a basis of P¢,, .., and put
pi = (1= @) lwi(l — @)X fori =1,...,r. Choose s in T , such that
(91,5) lies in SE, .. We then define t on P, ,,, by t(A;) == h(A ) (i)~ 1 for
i=1,...,r, and t(Ary1) = ¢, with ¢ = ga(€A,11). By the compatibility
conditions between g and h, it follows that (go,t) lies in S, . Then it is
clear that j%((g1,5),(92,1)) = (g,h).

2) ¢? =c¥ By Corollary 3.2, we have

5{W1,W2 wy,wWa”

P’lfl,H)g = P;fwl ’11120 < (1 + (p)wl—laz >J-

We prove that, as in the classical case, V, ® V; is the direct sum of £ simple
modules. In this case the center Z7,, .., of Ssﬂu1 w, does not act on V, ®V,
by a central character. Consider the map

Ps W w2 ——)Z/EZ, A (wl(l—cp))\,az)+£Z

We claim that +y is surjective. By Lemma 3.3, there exists p in SP N
ker(e%,,,, u,) Such that (p,0;) = 1. Let A = (s;w1(1 - ¢)) ™', and let r be
an integer, invertible in S, such that rA liesin P. Then (s;wi(1—@)r), o) =
r, which is prime to é since £ is p-good. Therefore v is surjective. It
follows that ker(7y) = Pg ., +€PZ,, w,- Let Zo,s;w, w, be the subalgebra

of Z%,,, w, corresponding to the coordinate ring of Xs,w,,w,. We put

w @ »
Z2 ,8i W1, Ws ZO,Siwl,wz [d)\,s,-wl,wz I A€ Pw1 wg]
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Since df) siwywp €810 Zo s, wy for every Ain PZ,, o, and

[ 14
Zsz'wl,wg Zoasz'wl sWa ®Zﬁysi'w11’w2021,siw1,wg Zl,siwl,'wgi we get

|4 @
2,8;wy,we = Zo 8 W1,W2 ®ZO sywy,weNZE Jw.wy [dA;Siwl,'wz

| A € ker(v)].

The inclusion of Z2 83101 w2

: 8¢ - §¢

into Z¢,, ., 8ives rise to the Galois covering

@
= Spec Zzasiw17w2

S{w1, W2 8iWq,Wa
with Galois group cyclic of order £. Moreover SpecC[ s wl,w2 | A € ker(y)]
is isomorphic to T¢ wz/ker(fy)i, where ker(y): 1= {t € T¢,, 4, | z(t) =1
for every = € ker(7y)} is cyclic of order £.
Suppose Ais in P¥ .. Then, as in case 1, (1 — @) lwi(1 — @)X lies in

d* @
. and ¥(d7. wl,wz,)\) 51,6,(1—<P)_1’W1(1—(p))\ ® dwl,wg’)\. Therefore we get
a morphlsm

(P S-(Spue X ‘5’51 w2 - SﬁwlyU)Z
and ZF, ., ., acts by the central character p -, ¢ := j¥(p,q) on V, ® V.

More explicitly, if (Ag, ..., A) is a basis of P;Pwl w, Such that (Ay,...,A.) is
a basis of P$, ., then ker(y) =< £Xg,A1..., A >, and j%((g1,5), (g2,t)) =
(g192, k), where h(A) = s((1 — @)t (1 — <p))\)t(/\) for every A in P¥ ., ,
and h(l)\[)) = d(spi’whuu,f)\o (9192)

The fibers of v¥ consist of £ simple modules of dimension dim(V, ® V,)/Z.
Therefore to prove that V, ® V; is the direct sum of the representations in
(v p. » ¢, it is enough to show that there exists A in P?,, . such that
diwl ws,» Das at least £ distinct eigenvalues on V,, ® V; (each eigenspace is
then an F¥[G]-submodule, and each of these has a composition series with
factors of the same dimension). Let A be in P¥ , with (wi(1—9)A a;) =

Siwy, w2
md; = d; mod £. Then

1=@)A wa(1+¢)A 1—@)A 14+o)X

¢6(df,w1 wah) = z;‘i‘( P Zwa(l+e) @)ZT(U1 ®) Cfﬁf( +e)X,

To show that df , .
zé"i‘(l “D)AZLUQ(H‘F))‘ has ¢ distinct eigenvalues on Vj.

Under the isomorphism between F?[B] and Df”f, for every p in P, zE

z¥ are mapped, up to nonzero multiplicative constants, to (F)* Ka_pyu

K(1_p)u, respectively, where k = (u,c;)/d;. Hence zwl(l PR jwa (1)) 4
mapped to (F)™K(1_), for some p in P. From the representation theory
of the quantum torus, and the fact that m = 1 mod £, it follows that
(Ff)™K(1-4), has £ distinct eigenvalues on V,, and we are done.

As in case 1, one can show that if g in X4, w, is such that g = g1g2 for
some g1 in Xy, ¢, g2 in Xy, w,, then for every (g, k) in Ss wiwes PHETE exXists
s in Ts ,e? tin Tzfl wa such that (gah) - ]w((glas)) (g2at))

We have therefore proved the announced generalization of the results
obtained by De Concini and Procesi in the classical case.

has ¢ distinct eigenvalues, it is enough to show that
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Theorem 3.5. Let £ be a @-good integer. Suppose s;, wi and wo are el-
ements of W, such that s; is a simple reflection and £(s;wy1) = £(wy) + 1.
Let (p,q) be in S¢, , x 8§, ,,, and let V,,, Vy be the corresponding simple
F?[G]-modules. Then

1) if k(6% ) =1k(8%, ,,,) + 1, there is a morphism

SiWy,Wa wy,W2

3% 8., % S8, ., = S

wi,We SiwW1,W3

such that V, ® V, is the simple module corresponding to j%(p, q);

2) if 1k(6%, 4, w,) = TK(05), 4,) — 1, there are the morphisms
7% S5ie X St wy = Shiwiwe A VP S84 0, = S8,

such that V, ® V4 is the direct sum of the simple modules in the fiber
)~ (p, @)
Similarly one constructs simple modules over points of Xii

Lwys;) =L(wy) +1. O

For every (wy,ws) in W x W, let XS,I,W be the dense subset of X, w,
of elements in the image of the iterated multiplication map

ws; when

h k
HXSit,e X HXE,S]'T _—) le,uu

t=1 r=1

for some reduced expressions w; = s;, ...si,, wa = Sj, ...8;5. We have
therefore constructed all the simple F¥[G]-modules lying over points of

0
U X'UJ1 »W32

(wl,wg)GWxW

Moreover, as in the classical case, we get

Corollary 3.6. Let (wy,ws), (wi,wh) in W X W be such that {(wyw]) =
(wy)+£(wh) and L(wowh) = £(w2)+£L(wh). Suppose U, V are simple F¥|G]-
modules lying respectively over a point ofXS,hw2 and of thi,w;' ThenUQV
15 semisimple. []

4. The solvable case

In this section we consider the solvable case. Our aim is to determine
a relation between the representation theory of F¥[B] and F;[B]. So we
assume that £ besides being ¢-good, is also prime to the bad primes of G.

The inclusion of R-algebras R¥[B]' < Ry[B]' gives rise to the inclu-
sion of C-algebras Cf < C., where C¢ is the specialization of R¢[B]’
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at ¢ = ¢ (cf. [DL] §6). If we consider the central subalgebra C¢; =
CUSEE Koi—p)r | @ € B+, X € P, then we get
(41) Cs 0 < C
Sinpe Spec Cgo = B = Spec C; g, and C,  is finite over C’zo, we get a sur-
jective morphism f,: B — B (since the inclusion (4.1) is not of coalgebras,
[ is not a homomorphism).

Using the isomorphism (2.2) between RZ[B*] and Ry[B]’, we get an
isomorphism ¢: F#[B] — C¢, and therefore the injection ¥ of C-algebras
from FZ[B] into F.[B] by composing

F?[B] “5 c¥ & 0, 'S F(B.

Consider the image Zy of the Frobenius morphism (Theorem 1.6 in [DP], §3
in [CV2]) F{:C[B] — F#[B], which is independent of . Under 12, Z, is
mapped onto C;f o- It follows that ¥ induces an injection j¥ of Z; into Zj.
The corresponding map between spectra is the map f,, defined above.

To describe f, we may assume € = 1. We observe that the vanishing
ideals of T' and U (the unipotent radical of B) in C[B] correspond to the
ideals Z,, := (f¢ | @ € @) and J, = (K(1—p)» — 1| A € P) in CY. Since
I, C T and J, C J, f, induces the restrictions

fw|T‘T — T, f¢|U: U—U.

It is clear that f<P|T is a homomorphism with kernel isomorphic to P/(1—¢)P,
while f<P|U is the identity.

The Poisson structure {-, _},, on B is defined via the natural isomorphism
between R¢[B*]/(¢ — 1) and C[B] in the following way (cf. §1.5 in [DP],
§3.1 in [CV2]). Given f, g in C[B] we have

[fag]ﬁp

{fv }KP (q_ 1)a

where f, § are representatives of f, g in RﬂBJF]. Since {59(f),7%(9)} =
](p({fhg}‘/)) fOl‘ cvery f7 g in C[BL

ftp: (Ba{a}) — (B,{v}(p)

is a Poisson morphism. Our aim is to prove that f,(X,) = X,, for every w
in W (here X,, = B-wB~ N B).

For this purpose we consider the algebra automorphisms of F,[B] intro-
duced in [DP], §4.5. For ¢ in T, we have t(K)) = t*(K)), t(fg) = fg for
every A in P, B in . Moreover J, ,, is stable under the action of T'. We
introduce another group of automorphisms of F.[B]. Let Q¥ = Hom(Q,C"),
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and v in QV. Let z be an element of weight 8 in C.. We put v(z) = ¥z. Ex-
tending v by linearity, we get an algebra automorphism of F[B], such that
v(Ky) = Ky, v(fg) = B” fs, leaving J; ,, stable. For every ¢ in T, we define
the character v; by %t = =398 , and we define the algebra automorphism
¥t by ¥1(g) = vet(g). Note that

(4.2) De(Kx) =tNKy),  he(fE) = fE

We identify T with the group {¢; | ¢ € T'}. It follows from (4.2), that T
fixes C¢.

Definition 4.1. We put T, := {t € T"| tt=9)F =1},

Proposition 4.2. The morphism f, is an unramified Galois covering with
Galois group P/(1 — ¢)P.

Proof. The group T,, acts trivially on C¥. Since ¢;(K,) = t*(K»), and T,
has character group P/(1 — ¢)P, it follows that T, acts transitively and
faithfully on the fibers of f,. [

We now prove that f,(X,) = X,. We have to show that i?(Jy ) C
Jiw. To check this inclusion, it is convenient to work with the pairings.
The integral form I'¢(b;) of U¥(b;) is the R-algebra generated by Ef(p),
(K(“f)“i ;0), p>0,t>1,and K(ﬂ_(p)ai. Ef(p) is the ¢-analogue of Lusztig’s
divided power, and

K(1+<p)ai§ 0y _ f‘[ K(1+<P)Otiqi1_s -1
t B 51 '
g;

s=1

The integral form of 7;"¥ is the R-algebra I';» (i) generated by (K(“f)“i;o),

t>1,and K (ilj_(p) ;- We also denote by I'#(t) the R-algebra generated by
T, T

We fix w in W, and a reduced expression w = s;, ... 54, -
Lemma 4.3. f,(Xy) = Xy.

Proof. Tt is enough to show that f,(X,) C Xy, since f, is finite, and
X, is irreducible ([J] §A.4.5). Let a be in CY. We have to show that if
7(a, z¥) = 0 for every monomial z¥ of type

©

® @
is m

¢ 9 _ :
¥ =uf .oufmg omy,

with u,‘f;, m; in the corresponding C-algebras I'Y(bi;), 1% (is), then

n(a,z) = 0 for every monomial z of type

L= Uy oo Ugy My g -0 - My,
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with u;,, m;, in T1(b;;), T'] (45) respectively. We may assume a to be homo-
geneous of weight 4. Then

(4.3) o= can(fo)™ . (FE) Ka—pp
(r)
with » = (rn,...,71), >, 7if; = B. There is a natural way to associate a

monomial of type w) ...uf mf m{ to a monomial of type

ters - T
Uiy« Uiy, My, - My, 50 that B corresponds to B, and K1 4¢)q,; t0 Ko,

For short we write f¢ for (f;’N)"N e (fgl)”. It is enough to show that
w(a, EM) = 0 with

E=EP EPY, Mel(.

Now W(f(pK'{l—go}/\aEM) = W(A(f(p}’{(l—go)k)vM®E) = 7T(K%go,6+(1—<p)/\7M)ﬂ{f¢3E)a
since ¢ = 1. Besides, m,(fK 1o, EYM¥) = 1, (Ap ([ K1), MP R E¥) =
To(K(1-p)r, M?)m(f¥, E®). Note that

W@(K(l_w)w}{(me) - q~(#,(1+<p)a) — q—((l—qo)n,a) = 1(K(1-p)us Ka),

so that 7, (K (1_pyu, M?) = 7(K(1_p)u, M), and = (f%, E¥) = (¥, E), by
Lemma 1.5 in [CV2], since ¢ = 1. From (4.3), it follows that aK ~1,p lies
in ¢1(J1,w). Then q lies in ¢;(J1,4), and we are done. []

Corollary 4.4. Lety be in X,. Then the fiber of y is contained in X ..

Proof. By Lemma 4.3, there exists z in X,, such that f,(z) = y and, by
Proposition 4.2, the fiber of y is the orbit of z under T,,. Since the auto-
morphisms 1, leaves J, ., stable, the claim follows. []

Proposition 4.5. f,(X,) = X, for every w in W.

Proof. Let z be in X,,. By Lemma 4.3, f,(z) lies in X,,. Hence there exists
y in W, with y < w in the Bruhat order such that f,(z) lies in X,. By
Corollary 4.4, z lies in Yy. But £ was in X, so that w < y. Hence y = w,
and f,(z) lesin X,,. O

It also follows that f,: X,,—X,, is an unramified Galois covering with
Galois group P/(1 — @) P.

Remark. Since ¢ is a Poisson morphism, if @ is a symplectic leaf of (B, {, }),
then f,(O) is contained in a symplectic leaf O¥ of (B, {,},). If O is con-
tained in X, it follows from Proposition 4.5, that O% is also contained in
Xy We have dimO = £(w)+rk(1—w) = £(w)+rk((I+p)w(1—p)—(1-p) (1+p)) =
dimO¥. :
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We can now determine a relation between the representation theory of
F.[B]¥ and F.[B]. Suppose V is a simple F,[B]-module, with central char-
acter b in X,,. Then via ¥, V becomes an F#[B]-module V¥, with central
character f,(b) in X,, by Proposition 4.5. But then, by the previous re-
mark, every factor in a composition series of V¥ has dimension equal to the
dimension of V. Hence V¥ is simple, and we get a map

F,:Spec F.[B] — Spec F?[B].

On the other hand, for every b in B, the C-algebras F¥[B]/m,F¥#[B], where
my is the vanishing ideal of b in Zg, have all dimension £3™ 2, Moreover,
for every b in B, the composite map

F¢|B] < F.[B] — F.[B)/myF.[B|

is surjective since (£,det(1 — ¢)) = 1, and its kernel contains my, ). Since
dim F,[B]/myF,[B] = dim F£[B]/my @) F¥[B], i¥ induces the isomorphism

if: F2[B)/my, 4 F¥|B] — F.[B]/msF.[B].

It follows that, for every b in B and every M in Spec F¥[B] lying over
[ (b), there exists a unique V' in Spec F;[B] lying over b, such that M = V¥.

Theorem 4.6. Let b be in B, and let {by,..., by} be the fiber f71(b).
Then m = det(1 — @), and for every M in Spec F¥[B] lying over b, the fiber
F;l(M) consists of m simple F.[B]-modules Vi,...,Vy,, one over each b;,
and it consists of a single orbit under the action of P/(1 — ¢)P.

Proof. We only need to prove the last statement. The group T acts in
a natural way on Spec F.[B] via the automorphisms ; previously intro-
duced. Let V be in F; 1(M), with central character g. Then it is clear that
F,(t(V)) = M for every ¢ in T,,. Since t(V) lies over 9;(g), it follows that
F7A(M)={t(V)|teT,}. O

We summarize the previous results in the following diagrams. Recall we
denote by x? the central character map from Spec F.[B]¥ onto B.

SpecF.[B] ~% SpecF.[B? Spec F.[Blw —% SpecF.[B)%,
{ e -
fo fo
B — B Xw — X’w

for every w in W.
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