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Abstract .  We construct essentially all the irreducible modules for the multipa- 
rameter quantum function algebra F~[G], where G is a simple simply connected 
complex algebraic group, and ~ is a root of unity. 

1. I n t r o d u c t i o n  

In this paper we continue the study of the representation theory of the 
multiparameter quantum function algebra F~[G] which began with [CV2], 
[CV3]. Here s is a primitive g-th root of unity in the complex field C, and 
is a ~ -good integer. In [CV2] we showed that F~[G] contains a central sub- 
algebra isomorphic to the coordinate ring of G, where G is a simple simply 
connected complex algebraic group. Given a simple module V over F~[G], 
one can define its central character in G. It turns out that the representation 
theory of F~[G] is constant on the varieties X101,w 2 := B-wlB-  A Bw2B, 
where wl, w2 are in the Weyl group, and B, B -  are opposite Borel sub- 
groups. This allows us to study the representation theory of F~[G] by means 
of certain localized quotients F~[G]101,10 ~ of F~[G]. In [CV3] we showed 
that these are Azumaya algebras, so that their spectrum S~1,10~ coincides 
with the spectrum of their centers. Moreover S ~ is a Galois covering of 101 ~W2 

X101,105. Here we are interested in the construction of simple modules over 
F~[G]. Such problems have been studied by Levendorski and Soibelman for 
compact groups in [LS], and by Hodges, Levasseur and Toro in the algebraic 
case at generic q in [HLT]. 

The main result of this paper is to show that the procedure introduced 
in [DP] for the construction of simple modules over F~[G] also works in the 
multiparameter case (Theorem 3.5). For each pair (Wl, w2) in W • W, we 
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shall therefore construct all the simple F~[G]-modules lying over a dense 
subset of Xwl,w2. 

We also show that the representation theory of F~[B] is closely related 
to the representation theory of F~[B] (Theorem 4.6). We shall first recall 
the definition of the objects we deal with, and results from [DP], [CV2] and 
[CV3]. 

Nota t ions .  

We denote by C the complex numbers, by R the reals, and by Z the integers. 
Let A = (aij) be a finite indecomposable Cartan matrix of rank n. To 

A there is associated a root system ~, a simple Lie algebra ~ and a simple 
simply connected algebraic group G over C. We fix a maximal torus T of G, 
and a Borel subgroup B containing T. We denote by b the Lie algebra of T. 
Then ~5 is the set of roots relative to b, and B determines the set of positive 
roots 9 +, and the simple roots {~1,-. -, c~n}. Let RP be the real subspace of 
~* spanned by the roots. This is a Euclidean space, endowed with the scalar 
product (c~i,~j) = diaij. Here {d l , . . . , dn}  are relatively prime positive 
integers such that if D is the diagonal matrix with entries d l , . . . ,  dn, then 
DA is symmetric. P is the weight lattice, Q the root lattice, and W the 
Weyl group; si is the simple reflection associated to ai, {wl, . . .  ,w~} are 
the fundamental weights and p = ~ i=1 coi. We denote by w0 is the longest 
element of W, B -  := woBwo. Let N be the number of positive roots. 
Let wo = si~ ... sis be a reduced expression of w0. Then one gets a total 
(convex) order on q~+ by 

~1 = OLil, ~2 ~ S i l O L i 2 , ' ' ' , ~ N  = Si I " ' 'SiN-IOLilv �9 

Let q be an indeterminate over C. We put k = C(q); R = C[q,q-1]. 
Moreover, for i = 1, . . .  ,n  we put qi ~ qd~. 

The multiparameter (or twisted) quantum group U~(g) is a k-Hopf alge- 
bra whose comultiplication depends on a parameter ~. The conditions we 
assume on qo are the following: 

is an endomorphism of RP, skew relative to ( , ), 
c 2Q. 

1 Let Ti := ~ a i  = EjyjioLj, for every i = 1, . . .  ,n. The conditions on 
are then equivalent to 

(1.1) Y := (Yi j )  e M n ( ~ )  N (DA)-IAn(Z),  

where An (Z) is the group of antisymmetric integral matrices. In particular 
the ~'s form a lattice isomorphic to An(Z). 

For technical reasons we shall also assume 

(1.2) ~oP c__ 2P. 
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This assumption is not essential, but allows us to give a better description 
of the picture. 

Remark. The extra condition (1.2) corresponds to the condition that  also 
A Y A  -1 is integral. We note that (1.1) implies that AYA -1 is integral if 
G is not of type B~, with n > 3. In fact, DAY(DA) -1 is integral, since 
t y  = _DAY(DA)- I .  Hence, if D = 1 or det(A) = 1, then AYA -1 lies in 
Mn(Z). We are left with the cases Bn or Ca. In these cases det(A) = 2, 
so that  2A -1 lies in Mn(X), hence 2AYA -1 is integral. If G is of type C~, 
a direct evaluation of A -1 allows us to prove that AYA -1 is integral. For 
type Bn, with n > 3, one may have Y integral, but AYA -1 not integral. 
Note that  anyway (1.1) always implies ~oP _C P. 

We still denote by ~o the endomorphisms of 0* and of P induced by 
~o. The multiparameter simply connected quantum group Uq~'~(9 ) is the k- 
algebra generated by the elements Ei, Fi, K~ for i = 1 , . . . ,  n and A in P 
satisfying suitable q-analogues of the Serre relations (cf. JR], [DKP]), and 
with the Hopf-algebra structure given by 

{ A~Ei = Ei | K_~{ + Ka{+.{ | Ei, 

A~F{ = F{ | K_~+.~ + K_., | F{, 

A~Ka : Ka | K~, 

{ c~Ei = O, 

c~Fi = O, 

c~K~ = 1, 

{ S~Ei = - K _ ~ E i ,  

SvFi = - F i K ~ ,  

S~KA = K_A. 

Note that  the counit and the antipode 
Uq ~ (1~) is the k-subalgebra generated 

We also consider the subalgebras 

are independent of ~. 
by the Ei's, Fi's and K# for fl in Q. 

u ~ = k[Kz I # Q], 

U (b +) = k [Ei ,K#  ] i  = 1 , . . . , n , / 3  e Q], 

= k[f ,K  I i = 1 , . . .  e Q]. 

Let Wo = sil . . .  SiN be a reduced expression of w0, and let f l l , . . . , tgN 
be the convex ordering of 4> + associated to this reduced expression. Then 
(according to Lusztig) one defines root vectors E & , . . . ,  E#N in U~(b +) and 

F i l l , . . .  ,F/~ N in Uq~(b-). 
Let C be the category of finite dimensional representations of Uq ~(~) on 

which the spectrum of the Kay's consists of powers of q. The multiparame- 
ter quantum function algebra Fq~[G] is the k-vector space generated by the 
matrix coefficients from C. We recall that given V in C, v in V and f in 
V*, the matrix coefficient Cf,v is defined by Cl,v(X ) : f(xv) for every x in 
Ua~(9 ). Fq~[G] is a sub-Hopf algebra of the restricted dual of U~(~). When 

= 0, one of course gets the Hopf algebras studied in [DL], [DP]. Since this 
case plays a major role even in the study of the general case, throughout 
this paper we shall refer to it as to the classical case. Whenever we con- 
sider algebras in the classical case, we shall drop the 0. In particular it is 
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clear that F~[G] is Fq[G] as a coalgebra. Given a dominant weight )`, let 
Y()`) be the irreducible U~(~)-module with highest weight )`. Then Fq~[G] 
is linearly spanned by the matrix coefficients of the V(),)'s (recall that v in a 
U~(g)-module V has weight # ifK~.v = q(t',~)v for every fl in Q). The Hopf 
algebras FIT], F~ [B] and Fq ~ [B-] are defined by restricting the elements of 
Fq~[G] respectively to U ~ U~(b +) and U~(b-). 

The following formula relates the twisted case to the classical case. If V1, 
V2 are in C, then 

(1.3) m~(cf~,v~ | cf2,v2) = q�89 | cf2,v2), 

where vi is in (V~)~, and fi is in (Vi*)x , for i = 1, 2 (cf. [CV2]). 
From this, one can deduce the commutation rules among the cr If V, 

W are in C, then 

(1.4) 
m~(c,,v | cr = q((l+~)t'~#'~)-((l +~)~':~2))m~(Cr | cr 

+ | 

where v is in Vu~, r is in (V*)~, w is in Wt~ 2 and r is in (W*)~.  The 
weights of vi,r and r are respectively #1 - ~ i ,  ),1 - 7 i ,  #2 + fli and 
)`2 +7i ,  where ~i and 7i are in Q+, and for each i at least one offli and 7i is 
nonzero (this comes from (1.2.2) in [DP], and (1.3). It can also be directly 
deduced from the R-matrix of U~(g), as in [HLT]). 

All the various actions considered in [DP] can also be used in the twisted 
case. So Fq~[C] is naturally a left U:(9)  | Uq~(9) module. For a, b, c in 
U~(9), f in F~[G] we have 

((a | b)y)(c) = f(S(a)cb). 

This is independent of ~, and we get the decomposition 

AEP+ 

of left Uq~(9) | U~(9) modules. 
We finally recall that the generalized braid group B associated to �9 acts 

on each irreducible module V()`) (cf. [DL]). Given w in W, let t~ be the 
element of B associated to w. For every )` in P+,  choose a lowest weight 
vector v_~ in V(-wo)~) and a highest weight vector r in V(-wo)`)* such 
that r = 1. We put 

We shall write zw (resp. ~w) for z~ (resp. ~P). 
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2. The  twis ted  case 

In order to construct simple modules over F~[G], the results from [CV3] 
are crucial. For convenience of the reader, we recall them, and give the proof 
of one of the statements. 

We put F/~ = FiK~-~, E~ = EiK~-~. Then 

(2.1) AvE l = E l @ 1 + K(l+v)~ | E l ,  

A~F/~ = F.~ | K-(1-~)a~ + 1 | F/~. 

We introduce the k-subalgebras 

D~ '+ = k[F~, K(1-v)A l i = 1 , . . . ,  n, A e P] , 

D~'-  = k[EI,K(I+~)A [i  = 1 , . . . , n ,A  E P]. 

Dq ~,+ and Dq ~,- are sub-Hopf algebras of U~C'v(9), as follows from (2.1) and 
easy calculations with the antipode. Note that there is a natural inclusion 
of algebras 

Dq ~'+ _< D +, Dq ~'- _< Dq. 

We recall that one has perfect Hopf algebra pairings 

| +) k, 

{ (K0_v)~,K~) ~ q-(~,~), 

( K ( I _ ~ ) ; ~  , E i )  ~-~ O, 
F v 5 -1 ( i  , E j )  F-+ i,j(qi - qi) -1,  

F ~ ( 

[ (K(l+~)~,Ks) ~ q(A'~), 

-- ~ ' -  Uq~(b - )  k, (K(I+~)A, Fi) ~-+ 0, 
~ : (Dq )op | ~ (EI ,F j )  ~ 5i,j(qi - -1 -1 qi ) , 

(EI,K ) o. 

The subscript op means opposite comultiplication. They induce Hopf alge- 
bra isomorphisms (cf. [CV2]) 

Fq~[B] ,~ (D~q,+) Fq~[B-] N (D~, -)  = op , ~ q op.  

We are interested mainly in the multiplicative structure of Fq~[B] and 
Fq~[B-], hence on the algebras Dq ~'+ and Dq ~,-. 

One can define, for each of the above algebras, suitable integer forms over 
R, and then specialize at q = e, where c is a primitive g-th root of one in 
C, to obtain the C-algebras F~[G], F~[B] and F~[B-]. Here g is a positive 
odd integer, prime to 3 if G is of type G2. The forms Rq~[G], Rq~[B +] and 
R~[B-] are defined in the same way as in [DL]. We recall the forms of 
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Dq ~,+ and Dq ~,-. For every fl in ~+, we put e~ :-- (qfl - q ~ ) E ~ K } ~ f l  and 

fff := (qfl - q~ I )F~K�89  where q~ := q(~,~)/2. Then we define 

R~[B]' = R[f ; ,Ko_~):~ I fl e (P+,)~ �9 P], 

R~q[B-] ' -- R[e~,K(~+~);~ I fl �9 <P+,)~ �9 P]. 

One has 

(2.2) R~[B +] =~ R~[B]' , R~[B-]  =~ R~[B-] ' .  

as R-algebras. 
Our aim is to define ideals J~ of F~ [B] for every w in W, and show that 

as sets they are independent of ~. We consider the Hopf algebra pairing (cf. 
[CV1]) 

#~: (k[F~,. . . , G , K ~ ,  I A e P])op | k[E~, . . .  ,E~ ,Ko+~)a  I c~ e Q] -+ k 

(K;~,K(I+~)a) ~-+ q-(~'~), 

(K~,E~) ~4 O, 

- 

(Fi, K(I+~)~) ~+ 0. 

For every i, let &~ : P  --+ Z be given by A ~-~ ((1 - p)),, hi), and let ni be the 
positive integer such that diniZ is the image of &i. Consider the subalgebra 
U~(bi) of U~(b) generated by E l and K • This is a sub-Hopf algebra 

by (2.1). Via the pairing ~ ,  we can consider Si : -  k[Fi, K • as an algebra 
t z i  J 

of functions on U~(bi). Restriction of maps from Uq ~ (b) to U~(bi) gives rise 
to the algebra homomorphism 

: ' +  

whose image is k[Fi, g+ln~w~J]. Here, p~ maps F y  to 0 if j r i, F~ to Fi, 

and K0_~)  ~ to .~r"(0-~)~'a~)/d~. We observed that D~ ,+ is a subalgebra 
of D +. Then p~ coincides with the restriction of p~ to D~ '+. Similarly 
we consider the algebra ~ := k K ~  ] as an algebra of functions on := 
krK +1 ~ Restriction of maps from Uq ~ (b) to Ti *'~ gives rise to the algebra t (l+~)a~l" 
homomorphism 

r/~: D~ '+ --+ Ti 

�9 T (  ( ( 1 - v ) A ' a ~ ) / d l  Here, ~?~ maps F f  to 0 for j = 1, . . , n ,  and K(1-~)~ to ~.w, 
Let w be in W, and let w = s~ . . .  s~ k be a reduced expression. Choose 

a reduced expression wo -- s i~. . .  SikSik+~... Si~ and consider the algebra 
homomorphism 

~r k~ : Fq~[B] ~ Fq~[B] | F~[B] |  | F:[B] -+ | Sis ~ | 
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The second arrow in the definition of Tr~ is given by the isomorphism between 
Fq~[B] and Dq ~,+, and the map 

k p~l|174 | |174 D~ '+ | 1 7 4  '+ -~ | @ ~ | 
N copies 

We claim that ker(~r~) = ker(~r~). Note that 

s~ |  |  | si~ | T~§ |  | T~ 

is an algebra of linear functions on 

u~(~,) |174 | 174  *,~ | | 
. . . .  Zk§ . . . .  ZN 

We consider 

(2.3) ~ '  -- ~ V* -woA Q V-A 
A6P+ 

which, as a vector space, is independent of T. N~ is an algebra by [DP, Sec. 
2.3] and (1.3). Let r~: F~[G] ~ F~EB ] be the restriction homomorphism. 

Lemma 2.1. The restriction of r~ to ~ extends to an isomorphism be- 
tween ~/~[z~ -11 and Fq~[B]. 

Proof. We observe that normality of z~ follows from (1.4). The result then 
comes from Lemma 2.3 in [DP] and (1.3). [] 

We identify ~ with its image in F~[B]. 

Def in i t ion  2.2. We put J~ := ker(Tc~),/~ := J~ • ~/~. 

We denote by U ~ the subalgebra k[K(l+~)al a E Q]. 

P r o p o s i t i o n  2.3. The decomposition in (2.3) is the decomposition of 7-I ~ 
under the action of 1 | U ~176 

Proof. (2.3) is the decomposition of 7 / in to  weight spaces under the action 
of 1 | U ~ The result follows from the fact that (1 + ~)Q spans I~P. [] 

P r o p o s i t i o n  2 .4 .  I~ ~ = Ik. 

Proof. ker(Trk) n 7/ is a direct sum of weight spaces under U ~ (Proposition 
2.4 in [DP]). Similarly one proves that ker(Tr~) n 7/ is the direct sum of 
weight spaces under U ~ Now, for ), in P+,  we have 

(E~I) ~1 (E~)~k K~;_~I ,~  K rN v_~ -- 
" " " [ ~0] "kq-1 " " " (I+~P)~iN 

M ~ r l  F r ~ f ( r k + l  r~v 
q rJ i  1 . . . . .  

--~k ~-~k+~ .Ka~ Nv_~ 
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for some integer M. Hence 

V* V *  ker(Tr~) N ( -woA | v_A) = ker(zrk) VI ( -woX | V-A) 

and we are done. [] 

Note that U ~ | U ~ acts on 7/~ giving the weight space decomposition 

AEP+ j~EQ+ 

Since ker(Tr~) is invariant under U ~ | U ~ ker(Tr~)NT-/~ is the direct sum 
of U ~ | U ~ weight spaces. 

P r o p o s i t i o n  2.5. J~ = Jk. 

Proof. From (1.3) we get 

(2.4) "'�89176 v @ C_p,p), 

where f is in (V*~0A)A_ ~. 

Now let cA be in ker(Trk) N (V*~o ~ | v-A), and write CA = ~ d~,A, where 
d~,A = f~ | v_~ , with fZ of weight )~ - ft. By the observation preceding the 
proposition, dZ,A lies in ker(Trk) for each/3 and, by (2.4) 

(2.5) 
my (d~,)~ | c_p,p |  | c_o,p) 

r copies 

= q�89 | C_p,p |  | C_p,p). 
r copies 

Recall that we have J~ = I~[c_p,p], Jk -- Ik[c_p,p] (ze is invertible in 
Fq~[B], with inverse c_p,p). We prove that I~[c_p,p] = Ik[c_p,p]. Let d be 
in (V_*~o~)A_ z | v-A. It is enough to show that if d lies in Ik (= I~), then 
m~(d  | C_p,p |  | c_p,p) lies in Jk and mo(d | c_p,p |  | C_p,p) lies in 

r copies r copies 

J~, for each r. This follows by (2.5). [] 

E x a m p l e .  The quotient Fq~[B]/J~ e is the commutative (polynomial) alge- 
bra generated by K(1-~)A, )~ in P.  It is clearly contained in the algebra 
generated by KA, )~ in P,  and in this case these algebras are isomorphic. 

The algebra F~[B] /J~  is isomorphic to the subalgebra of Dq ~'+ generated 
by F~,  K(1-~)A, A in P. 

induces We are now in a position to deal with roots of 1. The map ~r k 
a map of integral forms, which specializes to 1re, k~ at q = ~. We denote by 
J~e,k the kernel of 7rE, k.~ Since it does not depend on the reduced expression 
sil . . .  sik of w, we shall write J~w for J~k" 
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A similar construction can be done for F~[B-] :  this allows us to define 
the ideals ~'-  J~ , -  of F~[B-], F~[B-] respectively. For every (w~, w~) 

' ~  ~ ~ W  

in W • W, we put 

~0~ m 
: | r : [ s - ]  + S [B] | ), 

~d) 1 ~W 2 

: | +  f[B] | 
~ W  2 ] �9 

Here 7~ is the map induced by 

Let w, wl and w~ be elements of W. We define 

We now recall the definition of ~-good integer (cf. [CV2]) and the main 
theorem in [CV3]. Denote by ~ the isometry (1 - ~)(1 + ~)-1 of ~P .  For 
(wl,w2) in W • W, we put 

e ~ ---- 1 - ~71~t/721~ - 1  : ]~P  ---+ ~ Q .  
W l  (//22 

We consider the ring Z ~ = Z[(2dl . . .  dn det(1 - ~))-1]. It is clear that Z~P  
and Z~Q are invariant under ~. Note that the image of Z~P  lies in Z~Q. 
In fact one can introduce the group of isometrics W ~ of R P  generated by 
the reflections sv for v in (b + U ~ + .  Then for each of these reflections, and 
for each A in P ,  we have sv(A) - A E Z~Q. 

Define g(~) to be the least positive integer for which, for every (wl, w2) 
in W x W, the image of Z~[g(~o)-l]P under %1 ~ ,~2 is a split summand of 
Z~[g(~)-I]Q. An integer m is said to be a ~-good integer if it is prime to 
the 2di's, det(1 - ~) and ~(F). From now on g is assumed to be ~-good. We 
denote by S the ring Z~[g(~)-l]. 

Def in i t ion  2.6. We denote the map (1 + ~)w1(1 - ~) - (1 - ~)w2(1 + ~) 
by 5~ W e  p u t  c ~ = g (Wl)  -]-~(w2) ~- rk(C~l ,W 2). ~JJ 1 ~lU 2 " r 1 l~/J2 

We recall that c ~ , ~  is the dimension of a symplectic leaf of G contained 
in Xw~,w2 := B - w l B -  n Bw~B, with respect to the Poisson structure on 
G induced by ~0 (cf. [CV2]). It is clear that rk(5~,w=) = rk(e$1,~) for 
every (w~,w2) in W x W. In fact the map I ~+ SiWl(1 - ~ ) t  defines an 
isomorphism from ker(6$~,~2 ) onto ker(e$~,w2 )" 

The spectrum of F~[G]~,w2 is, by definition, the set of equivalence classes 
of irreducible representations of F~ [G]w~,w2. If A is in P,  write A = A+ - A _ ,  

A+ A_ -1 with A+, dominant weights. We put z~ := zw ( z ~ )  and similarly for ~ .  
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Definition 2.7. Let (w~,w2) be in W • W. We put 

P~  = P [ 3 k e r ( 5 ~ , ~ , e ) ,  T ~ = S p e c C [ P w  ~ w ]. 
"t~l ~W2 W 1 (U32 1~ 2 

Moreover, for )~ in P~,w~ we put  

d ~ = z(~-~))~Vw~(~+~)~ 

The main result in [CV3] is 

T h e o r e m  2.8. Let ~ be a ~-good integer, and let (Wl,W2) be in W • W. 
Then 

a) F~ [G]w~,w2 is an Azumaya algebra of degree ~�89 ; 
q9 b) the center of F~[G]w~,~ is the C[X~,w~]-algebra generated by d ~ , ~  

for A in P~ �9 W l  ~W2 ~ 

c) the spectrum of F~[G]w~,w~ is a Gatois covering of Xw~,w~ with Galois 
g r o u p  {x �9 T~,w ~ ] x ~ = 1}. [ ]  

We need a more precise description of the center Z ~ of F~[G]wl,w2. 
~tJ 1 ~TJJ2 

One shows (with the same argument used in [DP]) that  Z ~ contains 
W l  ~ 2  

the coordinate ring C[Xwl,w2], and the algebra Z ~ i,w~,w2 -- C[d)~,w~,w2 I )~ �9 
P~,~2]" Then 

C[Xw~,~,2] N Zl,w~,w 2 = C[d~,w~,w~ I ~ �9 

and 

Zl,wl , w 2  �9 Z ~ ,~  = C[Xwl ,~]  |  , ~ l n z ~ ,  ,~2 

If we denote by S ~ the spectrum of F~[G]wl,~2, which identifies with W l  ~W2 

Spec Z ~ then S ~ is the fiber product 

W l  ~D2 W l  IW2 

l 
Xwl ,w~ ~ T~ W 17~tJ2 

power  

where all the maps are induced by inclusion. 

3. T h e  m a i n  r e s u l t  

In this section we construct essentially all the simple modules over F~[G]. 
Our purpose is to show tha t  the procedure used in [DP] can also be used in 
the twisted case. We need a lemma about  Euclidean spaces. 
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L a m i n a  3 . 1 .  
reflection relative to the nonzero vector v. Then 

v e k e r ( w - 1 )  • ==> I m ( r v W - 1 ) = I m ( w  

v � 9  • ~ I m ( w - 1 ) = I m ( r ~ w  

Proof. I t  is c lear  t h a t  ker (w - 1) • = I m ( w  - 1). 
< v >• it follows t h a t  rk (w - 1) - 1 < rk(rvw - 1) _< 

Let V be a Euclidean space, w an isometry of V, and rv the 

- 1 )  @ < v >  , 

- 1) | < v > .  

By in te r sec t ing  wi th  
rk (w - 1) + 1. Suppose  

v ig I m ( r ~ w  - 1), and  let  7 be  in ker (w - 1). T h e n  (wT, v) = 0, so t h a t  v 
lies in ke r (w - 1) • since ker(w - 1) • is w- invar ian t .  

Case 1: v !~ ke r (w - 1) • T h e n  we mus t  have v E I m ( r v W -  1), so t h a t  
k e r ( r v w -  1) < <  v > •  Moreover  we get  ker(rvW- 1) < k e r ( w -  1), and  finally 
k e r ( r v w -  1) = k e r ( w -  1)n  < v > •  and  Im(rvW-  1) = I m ( w -  1)|  < v >.  

Case 2: v E k e r ( w -  1) • . We show t h a t  in this  case we have  v 
ker(rvW - 1) • T h e n  we conclude  as in case 1. Le t  K := ker (w - 1) • We 
still  call  w the  i s o m e t r y  induced  by  w on K .  Note  t h a t  w - 1 is inver t ib le  
on K .  We p u t  z = (w + 1)(w - 1 ) - i v .  T h e n  - v  + z lies in ke r ( rvw - 1), 
a n d  z is o r t h o g o n a l  to v since the  e n d o m o r p h i s m  (w + 1)(w - 1) -1  of  K is 
skew. Hence  v e k e r ( r v W  - 1) •  and  we are  done.  [ ]  

C o r o l l a r y  3 .2 .  Let w be an isometry of IRP, and rv the reflection relative 
to the nonzero vector v. Then 

P N k e r ( r v W - 1 ) = P n k e r ( w - 1 ) N < v >  • i f v ! g k e r ( w - 1 )  •  

P n k e r ( w - 1 ) = P n k e r ( r ~ w - 1 ) N < v >  • i f v E k e r ( w - 1 )  • 

T h e  nex t  l e m m a  is a crucia l  s t ep  in our  cons t ruc t ion .  We recal l  t h a t  S is 
the  r ing  Z ~ [ g ( ~ ) - I ] .  

G a m m a  3 .3 .  Let (wl,w2) be in W x  W,  a in ~. / f  r k ( e ~ w l , ~ )  = 
rk(e~l , , ,2  ) - 1 ,  then there exists A in SPNker(e~s~w~,w2) such that (A, a ) - - 1 .  

Proof. Let  w = wl~gw21O -1. We have I m ( w - 1 )  = I r a ( s a w - I ) |  a > 
by  L e m m a  3.1. We show t h a t  the  s ame  d e c o m p o s i t i o n  holds over  S. Since 
( w - 1 ) S P  is a spli t  s u m m a n d  of S Q, and  a lies in I m ( w - 1 ) N Q ,  it follows t h a t  
a lies in ( w - 1 ) S P .  Since for every  ~ in P ,  we have ( 1 - w ) A  = ( 1 - s a w ) k  - 
2(w~,a) ^ 

r we get  ( 1 - w ) S P =  ( 1 - s a w ) S P  ED Sa. Let  ( x l , . . . , x ~ )  be  an  S-  

bas is  of  (1 - saw)SP.  T h e n  (a,  x l , . . . ,  xr) is an  S-bas i s  of  (1 - w ) S P .  B u t  
( 1 -  w ) S P  is a spl i t  s u m m a n d  of  SQ,  so t h a t  (a ,  x l , . . . ,  x r )  can  be  e x t e n d e d  
to  an  S-bas i s  (a ,  x l , . . .  , x r , y l , . .  . ,y~) of SQ. Since the  pa i r ing  S P  x SQ --+ 
S is pe r fec t ,  we can  consider  the  dua l  basis  (A, ;~1 , . . . ,  At, # l , . . . ,  #s)  in SP.  
I t  is t h e n  clear  t h a t  (A, a )  = 1, and  ()h x~) -- 0 for every  i = 1 , . . . ,  r .  [ ]  

We can  now s t a r t  the  c o n s t r u c t i o n  of s imple  modules .  T h e  one-d imens io-  
na l  m o d u l e s  are exac t l y  those  ly ing over  the  po in t s  of  the  to rus  T.  T h e  Pi-  
c a rd  g roup  is desc r ibed  in the  s ame  way  as in the  classical  case (cf. T h e o r e m  
10.8 in [DL]). In  fact  we a l r eady  showed t h a t  F~[G]e,e TM F~[G]e,e ~ C[T]. 
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Next we consider the part  S ~ of the spectrum, where si is a simple reflec- 8i ~ 

tion. We know tha t  the algebra Fq~[B]/J~ is isomorphic to the subalgebra 
of D~ '+ generated by F~, K(i_~)~, ~ in P.  Moreover, since Zs~ corresponds 
to the element qmf~K(i_~) p for some integer m, it follows tha t  F~[G]s~,~ 
is isomorphic to the algebra C[F~, (F~) -1, K(i-~)~ I )~ E P]. As in the 
classical case, this algebra is the ordinary Laurent polynomial ring in n - 1 
variables over a quantum torus C[x +i,  y+i], with xy = ~?yx, ~? a primitive 
~-th root of one. To prove this, we consider the map &i previously defined. 
Choose w~ in P such tha t  ((1 - ~)w~, a~) = d~ni, and let ~ 1 , . . . , ) % - i  be 
a basis of ker &i. We can take x = F/~, y = K ( i _ ~ ) ~ ,  xi = K(i_~)~7 , for 

i -- 1 , . . .  , n  - 1. Note that  xy = gdiniyx~ and tha t  gd~ni is also a primitive 
g-th root of one, since g is prime to di and to det(1 - ~). Therefore the rep- 
resentation theory over the s t ra ta  Xs~,e and Xe,~ is completely described. 

For the induction step we consider the map introduced in [DP, Sec. 5.2]. 
Let (wi, w2) be in W x  W, s~ a simple reflection such tha t  ~(s~wi) = g (wi )+ l .  
We denote by 

the map obtained by composing A with projections. Note tha t  it is inde- 
pendent  of ~, by Proposition 2.5. It can be specialized to c and it gives rise, 
after localization, to 

L e m m a  3.4. Suppose/(SiWl) = ~(Wl) + 1, and let A be in P. Then 

1) ~ -~1(~) z, ~ 
2) ~ a )' = | 

Proof. This comes from Lemma 5.2 in [DP]. [] 

Take wl, w2 in W such tha t  i(siwl) = ~( 'Wl)  -~" 1. In the notat ion of 
the Introduction,  let (p, q) be in S~s~,e x Swl,w:,~ and let Vp and Vq be the 
corresponding irreducible representations of F~[G]. Then dim(Vp) = l, 

-- g~%~,~2. In light of the discussion after Theorem 2.8, we may dim(Vq) ~ ~ 
suppose tha t  p -- (gi, s), q = (g2, t), with gi in X~,~, s in T ~ g2 in X~,w~ Si~e' 
and t in T ~ Then Vp | Vq lies over the point gig2 of Xs~wl w2 The sim- 

ple modules lying over Xs~ ,w2  all have dimension l i c ~ , ~ 2 .  By Lemma 
3.1, we have two cases. 

= : ~ ~ c s i w l ' w 2  SO tha t  V p |  1) c ~ c ~ +2.  We get dim(Vp| 1 
8iWl ~D2 Wl ~W2 

is irreducible. We can describe explicitly the map 

S ~ j~:  S ~ x S ~ I , ~  2-~ 8i~e 8iWl ~32 

we obtained. 
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Let  A be in P~s~w~,~. Our assumption implies tha t  A is in P ~ , ~  and 

SiWl(1 ~)A w~(1 ~)A. Then  Cs ~ w~(1-~)~ w~(l+~)~ - = - ( d ~ , w ~ , ~ , ~ )  = z ~  ze | 

. w~(1-~)~ w~ (1+~)~ S ~ since given a , /9  in P ,  one has tha t  dw~,w~,:~, Zs~ ze lies in s~,e, 
z~z~e lies in Ss~,e if and only if ( l + ~ ) a  : ( 1 - ~ ) ~  and s / a  : a. Let  
5 := Wl(1 - ~)A + w2(1 + ~)A. We have (1 - ~)6 : 2w~(1 - ~o)A, so tha t  

: 2(1 - ~)-~Wl (1 - ~)A. If we prove tha t  6 lies in 2P,  say 6 : 2#, then  

~ ( ~ - ~ ) ~ z [  ~(~+~)~ - d~ we have Zs~ - s~,e,~" 
From ( 1 - ~ ) 6 =  2 w ~ ( 1 - ~ ) A w e g e t  6 =  2 w ~ ( 1 - ~ ) A + ~ 6 .  Since by 

assumption ~ P  C_ 2P,  it follows that  6 lies in 2P.  Hence = 

ds~ e , (~_e)_~(~_~)~ @ d~,w~,~. If we define 

T ~ u~: T ~ x T ~ , ~ - +  ( s , t ) ~ h ,  s i t e  8 i W l  lw2 , 

by h(A) -- s((1 - ~ ) - 1 w 1 ( 1  - ~ ) , ~ ) t ( , ~ )  f o r  every A in P~  then j~  is 8i W l  ~W2 ' 

given by j~((gl, s), (g2, t)) = (gig2, u ~ (s, t)). 
One may define the product  of p and q by p.~ q = j~  (p, q), so tha t  Vp | Vq 

has central  character  p .~ q. 
Suppose g in Xs~w~,w~ is such tha t  g = gig2 for some gl in Xsi,~, g2 

in Xw~,w2. We show tha t  for every (g,h) in S ~ there exists s in 
81"H)l ~W2 ' 

T ~ t in T ~ such tha t  (g,h) = j~((gl,s)),(g2, t)). Let (A1,.. ,At+l)  8i ,e  ' W l  ~W2 

be a basis of P~  such tha t  (A~,.. A~) is a basis of P~  and put  ~lJ1 ~ZO2 " , 8 i W  1 ~W2 ' 

#/ := ( 1 - p ) - ~ w ~ ( 1 - ~ ) A ~  f o r i  = 1, , r .  C h o o s e s i n T  ~ such tha t  

t(Ai) := (gl, 8) lies in S v We then define t on P~,w~ by h(Ai)s(#i) -~ for 
8i ~e" 

i = 1 , . . . , r ,  and t(Ar+~) = c, with c ~ = g2(~Ar+j.  By the compatibi l i ty  
Then  it is conditions between g and h, it follows that  (g2, t) lies in Sw~,w ~. 

clear tha t  j~((g~, s), (g2, t)) = (g, h). 
2) c ~ = c~l,w ~. By Corollary 3.2, we have 

8i2D1 ~W2 

P ~  ~ < (1 + p)wllai >_L 
W l ~ W  2 ~ P ~ i W l ~ W 2  ~ 

We prove that ,  as in the classical case, Vp | Vq is the direct sum of g simple 
does not act Vp | Vq modules. In this case the center Z~Wl,W~ of S s ~ , ~  on 

by a central  character.  Consider the map 

: P ~  -+  Z / g Z ,  A ~ (w1(1  - ~ ) A ,  a i )  + g Z .  
8 i W l  IW2 

We claim tha t  7 is surjective. By Lemma 3.3, there exists # in S P n  
ker(es~wl,w~) such tha t  ( # , a i )  = 1. Let A = (siwl(1 - p ) ) - l # ,  and let r be 
an integer, invertible in S, such tha t  rA lies in P.  Then  (s iwl(1-~)rA,  ai) = 
r,  which is prime to g, since f is p-good. Therefore V is surjective. It  
follows tha t  ker(7) = P~  + ~P~ Let Zo,s~wl be the subalgebra W l  ~W2 8i~Dl ~W2 �9 IW2 

of Z ~ corresponding to the coordinate  ring of Xs~l,W~. We put  
8 i W l  ~W2 

Z ~ Zo,siwl ~ p~ 
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lies in for every A in P~ and Since d~,s~w 1 ,w2 Zo,s~wl ,w~ s~w~ ,w2 , 
Z ~' Z e we get s iwl ,w2 = Zo , s iw l ,w2  @zo,si~i,~2nz~,~i~i,~ 2 1,siwi ,w2,  

Z ~o d ~o 
2,s iwl ,w2 = Zo,siWl,W2 @Zo,siwl ,w2nz~,siwl ,w2 C[ A,siwl,w2 [ A ~ ker(7)]. 

The  inclusion e Z ~ gives rise to the Galois covering of Z~,s~wl,w2 into s~,w~ 

-~ " -  Spec ~,~ : Ssiwi,w 2 -~ Ssiwi,w 2 .-- Z2,s~wi,w 2 

with Galois group cyclic of order ~. Moreover SpecC[d~,s~w~,w 2 I A E ker(7)] 

is isomorphic to T ~ . .  / ker(7) • where ker(7) • := {t e T ~ [ x( t )  : 1 
i w 1  , w 2  ~ 8 i ~ J  1 ~'UJ 2 

for every x E ker(7)} is cyclic of order l. 
Suppose A is in P~  Then,  as in case 1, (1 - ~o)-1w1(1 - ~)X lies in 

P~  and ~ d ~ s~ ,e  r = s~,~,(1-~)-~w~(1-~)), | d~w~,w2,:~" Therefore  we get 
a morphism 

j~:  S ~ x ~' S~ 8i  ~e ~7111~W2 ~ $ i W l  lW 2 

and Z2,s~,~v2 acts by the central character  p .~ q := j~'(p, q) on Vp | V~. 
More explicitly, if (A0, At) is a basis of P~ such tha t  (A~,.. , At) is 

�9 , �9 , 8 1 W l ~ W  2 " 

a basis of P~  then ker(~,) = <  ~A0, A~.. , )~r > and j~((g~,  s),  (g2, t)) = W l  ~W2 ' " ' 

(g~g2, h),  where h(A) = s((1 - p)-~w~(1 - qo)A)t(A) for every A in P~' 

and h(lAo) ~ (g~g2). = ds~w~,w~,eA o 
The  fibers of u~ consist o f t  simple modules of dimension dim(Vp |  

Therefore,  to prove tha t  Vp | V~ is the direct sum of the representat ions in 
(u~)-~p-~, q, it is enough to show that  there exists )~ in P~  such tha t  8iWl ~W2 
ds~w~,w~,~ has at least g distinct eigenvalues on Vp | Vq (each eigenspace is 
then  an F~[G]-submodule,  and each of these has a composit ion series with 
factors of the same dimension). Let A be in P~w~,w~, with (w~ ( 1 -  p)A, c~i) = 
md~ - d i  mod ~. Then  

(ds~w~,~:,:~) = si e w~ ~w2 �9 

To show tha t  d ~ has ~ distinct eigenvalues, it is enough to show tha t  
8i~lJl ~W2 ~ 

w~(~-~)A w~(~+~)x 
z~ z~ has ~ distinct eigenvalues o n  Vp. 

Under the isomorphism between Fq~[B] and Dq ~'+, for every # in P + ,  z~,  

ze ~ are mapped,  up to nonzero multiplicative constants,  to ~ k (F~)  K0_~)~ ,  
w~ (1-~)AZew2 (lq-qg)A is K(1 -~) . ,  respectively, where k = (it, a i ) / d i .  Hence zs~ 

mapped  to ~ m (F~) K(~_~).  for some It in P.  From the representat ion theory  
of the quantum torus, and the fact tha t  m -: 1 rood g, it follows tha t  

qo rn (F~)  K(~_~).  has g distinct eigenvalues on Vp, and we are done. 
As in case 1, one can show that  if g in Xs~w~,~,~ is such tha t  g = g~g~ for 

some g~ in Xs~,~, g2 in Xw~ w~ then for every (g, h) in S~' there  exists 
s in T ~ t in T ~ such tha t  (g, h) = j~O((g~, s)) ,  (g2, t)). 

84 ~ ' W l  ~W2 

We have therefore proved the announced generalization of the results 
obta ined by De Concini and Procesi in the classical case. 
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T h e o r e m  3.5. Let ~ be a ~o-good integer. Suppose si, w, and w2 are el- 
ements of W,  such that si is a simple reflection and l(SiWl) = g(wl) + 1. 
Let (p, q) be in S~, e x S~wl,w2, and let Vp, Vq be the corresponding simple 
F~[G]-modules. Then 

1) if rk(5~Wl,W2 ) -~- rk(6~,w~) + 1, there is a morphism 

j~: S ~ • ~ --+S~ S i ~e Wl ~1)2 8 i W I ~W2 

such that Vp | Vq is the simple module corresponding to j~(p, q); 
= 1,  there are the morphisms 

~~ 
~~ and u ~ : S ~~ --+ Ss~w~,w 2 J~: S~8i,e )< S'~1,?/J2 --~ SSiWl,W 2 8ilt) l,W 2 

such that Vp @ Vq is the direct sum of the simple modules in the fiber 
(u~)-l j~(p,  q). 

Similarly one constructs simple modules over points of X~w, w,2sj when 

= + 1 [] 

For every (Wl, w2) in W x W, let X~ be the dense subset of Xw~,~ 
of elements in the image of the iterated multiplication map 

h k 

U X s i t , e  x H Xe,syr --~ XWl,W2 
t = - I  r - ~ l  

for some reduced expressions wz = s i , . . .  Sih~ W2 : S j l . . .  8jk.  W e  have 
therefore constructed all the simple F~ [G]-modules lying over points of 

U X~ 
(wl,w2)cwxw 

Moreover, as in the classical case, we get 

! ! C o r o l l a r y  3.6. Let (Wl, %U2) , (Wl, ~12) in W x W be such that g(WlW~l) = 
~(wl) +~(w~) and ~(w2w~) = ~(w2) +~(w~2). Suppose U, Y are simple F~[G]- 
modules lying respectively over a point of X~ and of X~ 2. Then U | V 
is semisimple. [] 

4. The  solvable  case 

In this section we consider the solvable case. Our aim is to determine 
a relation between the representation theory of F~[B] and Fz[B]. So we 
assume that ~ besides being ~o-good, is also prime to the bad primes of G. 

The inclusion of R-algebras R~[B] I < Rq[B] I gives rise to the inclu- 
sion of C-algebras C~ < C~, where C~ is the specialization of R~[B]' 
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at q = e (cf. [DL] w If we consider the central subalgebra C ~ - 
r  - -  

C[(fa ~) , Ke(1-~o))~ I a 6 ~+, )~ 6 P], then we get 

(4.1) C~,o _< Ce,o. 

Since Spec C~0 = B = Spec CE,0, and Ce,0 is finite over C~0 , we get a sur- 
jective morphism fv: B > B (since the inclusion (4.1) is not of coalgebras, 
fv is not a homomorphism). 

Using the isomorphism (2.2) between R~[B +] and R~[B]', we get an 
isomorphism ~ :  F~[B] -+ Cy, and therefore the injection i v of C-algebras 
from F~[B] into F~[B] by composing 

P~ [B] '~ ~ CV~ ~ C~ ~ F~ [B]. 

Consider the image Z0 of the Frobenius morphism (Theorem 1.6 in [DP], w 
in [CV2]) ~_: C[B] > F~[B], which is independent of ~. Under ~ ,  Z0 is 
mapped onto C~0. It follows that i v induces an injection j~ of Z0 into Z0. 
The corresponding map between spectra is the map fv defined above. 

To describe fv we may assume E --- 1. We observe that the vanishing 
ideals of T and U (the unipotent radical of B) in C[B] correspond to the 
idealsZ v := (f~ [ a  6 4 + ) and Jv  = ( K 0 - v ) ~ - i  [ A 6 P )  inC1 ~. Since 
Z v C Z and Jv  C J ,  fv induces the restrictions 

f~IT:T ) T, fvlu: U > U. 

It is clear that f~lT is a homomorphism with kernel isomorphic to P/(1-~)P, 
while f~lU is the identity. 

The Poisson structure {_, _}~ on B is defined via the natural isomorphism 
between R~[B+]/(q - 1) and C[B] in the following way (cf. w in [DP], 
w in [CV2]). Given f ,  g in C[B] we have 

{I, g}~ - []' 9]v mod (q - 1), 
q - 1  

where ] ,  ~ are representatives of f ,  g in R~[B+]. Since {j~(f) , j~(g)} = 
jv({f ,g}~)  for every f ,  g in C[B], 

f~: (B, {, }) ~ (B, {, }~) 

is a Poisson morphism. Our aim is to prove that f~(X~) = Xw for every w 
in W (here Xw = B - w B -  N B). 

For this purpose we consider the algebra automorphisms of Fe[B] intro- 
duced in [DP], w For t in T, we have t(K~) = t~(K~), t(fz) = fz for 
every A in P,  fl in ~+. Moreover Je,w is stable under the action of T. We 
introduce another group of automorphisms of F~[B]. Let QV = Hom(Q, C*), 



SIMPLE MODULES OVER F~[G] 131 

and u in QV. Let x be an element of weight fl in C~. We put  u(x) = /9"x .  Ex- 
tending u by linearity, we get an algebra automorphism of F~[B], such that  
u(K~) = K~, , ( f z )  = fl~fz, leaving Je,w stable. For every t in T, we define 

the character  ut by ~'~ = t-�89 ~z, and we define the algebra automorphism 
Ct by Ct(g) = vtt(g). Note that  

(4.2) r  = t~(K:0,  r  -- f~.  

We identify T with the group {r 
fixes Cy. 

D e f i n i t i o n  4.1.  We put  T~ := {t 

P r o p o s i t i o n  4.2.  The morphism 
Galois group P/(1  - ~)P.  

I t E T}. It follows from (4.2), that  T 

6 T i t  (*-~)P = 1}. 

fe  is an unramified Galois covering with 

Proof. The group Tv acts trivially on C~. Since Ct(KA) = t~(Ka), and T~ 
has character  group P/(1  - ~)P, it follows that  Tv acts transitively and 
faithfully on the fibers of f~. []  

We now prove that  f ~ ( X ~ )  = X~ .  We have to show that  ie(Jl,~) C_ 
Jt ,~.  To cheek this inclusion, it is convenient to work with the pairings. 

The integral form F~(bi) of Uq~(bi) is the R-algebra generated by E ~(p) i ' 

(K(~+~),~;0~ > O, t > 1, and K +i E$ (p) t J ~ P - - (l+~)a~" is the ~-analogue of Lusztig's 
divided power, and 

s=l qi - 1 

The integral form of T//*'e is the R-algebra Fq '~(i) generated by ~(K(l+~)"~t ;0), 
t > 1, and K • We also denote by Fq~(t) the R-algebra generated by 

- (i+~)a~" 

We fix w in W, and a reduced expression w -- sil . . .  sik. 

L e m m a  4.3.  f~ (X~)  = Xw.  

Proof. It is enough to show that  f~(Xw)  C_ Xw,  since f~ is finite, and 
Xw is irreducible ([J] w Let a be in C~. We have to show that  if 
~v(a,  x e) = 0 for every monomial x ~ of type 

x e = u~ u e m e m~N 
' ' "  i k  i k + ~  " ' "  

with u ~. m. ~ in the corresponding C-algebras F~(bij) ,  ~lP*'e(i~ s j, ~ then 
~j  ' Ts 

~r(a, x) = 0 for every monomial x of type  

X ~ U i l  . . . ? - t i k T $ % i k +  1 �9 �9 �9 T h i N ,  
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with uir mi, in F,(bi~), F~(is) respectively. We may assume a to be homo- 
geneous of weight/3. Then 

(4.3) a :  ~ c(~,:,)(Q~) ~ re~~ -..~aZ~] K(1-~o)A, 
(~,~) 

with r = (rN, �9  , r l ) ,  ~ r i ~ i  : /3. There is a natural  way to associate a 
monomial  of type u~ u~ m. ~ m[~ to a monomial of type 

�9 " " ~ k  ~ k n U l  " " " 

Ui~ . . .  ui~mi~+, . . .  raiN, so that  E~ corresponds to Ei, and K(l+~)a~ to K~,.  

For short we write f~  for ( f ~ ) ~ . . .  ( f ~ ) m .  It is enough to show tha t  
u(a, E M )  = 0 with 

E = E! m) E (p~) M e F~(t). 
~ 1  �9 �9 �9 i k  ' 

Now 7r(f~K(I_~F,,EM ) = ~Aff~K(>_~),M |  = ~(K�89 
since q = 1. Besides, 7c~(fVK(l_~)x,E~MV) = ~-~ (A~(fvK(l_~)a), M ~ |  ~) = 
7c~(K(~_v)~, M ~ ) ~ ( f  ~, E~). Note tha t  

%o(K(1_~)~, K(I+~)~) = q-(~,0+~)~) = q-((1-~)~,~) = rc(K(l_~),,  Ks ) ,  

so tha t  7r~(K(I_,)u,M ~) = 7r(K0_v)v,M),  and 7r(f~,E ~) = ~r(fV, E),  by 
Lemma 1.5 in [CV2], since q = 1. From (4.3), it follows tha t  a K _ � 8 9  lies 

in Ll(Jl,w). Then a lies in ~l(Jl,w), and we are done�9 [] 

C o r o l l a r y  4.4. Let y be in Xw�9 Then the fiber of y is contained in Xw.  

Proof. By Lemma 4�9 there exists x in Xw such tha t  f~(x) = y and, by 
Proposit ion 4.2, the fiber of y is the orbit of x under T~. Since the auto- 
morphisms et  leaves Je,w stable, the claim follows. [] 

P r o p o s i t i o n  4.5. f~(X~)  = X~ for every w in W. 

Proof�9 Let x be in Xw. By Lemma 4.3, f~(x) lies in Xw. Hence there exists 
y in W, with y < w in the Bruhat  order such tha t  f~(x) lies in Xy. By 
Corollary 4.4, x lies in Xy. But x was in X~, so that  w < y. Hence y = w, 
and f~ (x) lies in Xw. [] 

It also follows tha t  f~: Xw-+Xw is an unramified Galois covering with 
Galois group P/(1 - ~)P. 

Remark�9 Since ~o is a Poisson morphism, i fO  is a symplectic leaf of (B, {, }), 
then  f~(O) is contained in a symplectic leaf (9 ~ of (B, {, }~). If O is con- 
tained in Xw, it follows from Proposition 4�9 tha t  O * is also contained in 
Xw. We have dimO = g ( w ) + r k ( 1 - w ) = ~ ( w ) + r k ( ( l + ~ ) w ( 1 - ~ ) - ( 1 - ~ ) ( l J ~ ) ) =  
dimO% 
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We can now determine a relation between the representation theory of 
Fe[B] ~ and Fe[B]. Suppose Y is a simple Fe[B]-module, with central char- 
acter b in Xw. Then via i ~, V becomes an Fe~[B]-module V ~~ with central 
character f~(b) in X~ by Proposition 4.5. But then, by the previous re- 
mark, every factor in a composition series of V ~ has dimension equal to the 
dimension of V. Hence V ~ is simple, and we get a map 

F~: Spec Fe[B] > Spec F~[B]. 

On the other hand, for every b in B, the C-algebras F~[B]/mbF~[B], where 
mb is the vanishing ideal of b in Z0, have all dimension ~dimB Moreover, 
for every b in B, the composite map 

FJ[B] F [B] 

is surjective since (g, det(1 - ~o)) = 1, and its kernel contains mf~(b). Since 
dim F~ [B]/mDF~ [B] = dim F S [B]/mi~ (b)FS [B], i~ induces the isomorphism 

i[: F~[B]/mf~(b)Fe~[B] > I%[B]/mbFe[B]. 

It follows that, for every b in B and every M in Spec F~[B] lying over 
f~(b), there exists a unique V in Spec FE[B] lying over b, such that M = V ~~ 

T h e o r e m  4.6. Let b be in B, and let {bl , . . . ,  bm} be the fiber f~l(b). 
Then rn = det(1 - ~ ) ,  and for every M in Spec Fe~[B] lying over b, the fiber 
F~I(M) consists of m simple FE[B]-modules V1,...,  Vm, one over each bi, 
and it consists of a single orbit under the action of P/(1 - ~o)P. 

Proof. We only need to prove the last statement. The group T acts in 
a natural way on Spec Fe[B] via the automorphisms Ct previously intro- 
duced. Let V be in F~I(M),  with central character g. Then it is clear that 
F~o(t(V)) = M for every t in T~. Since t(Y) lies over Ct(g), it follows that 
F j I ( M )  = {t(V) [ t e T+}. [] 

We summarize the previous results in the following diagrams. Recall we 
denote by X ~ the central character map from SpecFE[B] ~ onto B. 

SpecFe[B] F*> SpecFe[B] ~ SpecFE[B]w - ~  SpecF~[B]~ 

B f% B Xw ~+ Xw 

for every w in W. 
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