
1. Introduction
The transport, retention, and deposition of organic matter, whether it be seeds, propagules, or small eggs, 
are fundamental processes for wetlands ecosystems (Merritt & Wohl, 2002; Nilsson et al., 2010; Peterson 
& Bell, 2012). The transport of particles within vegetated areas is a rather complex problem. On one hand, 
plants increase vertical diffusivity and thus reduce the longitudinal hydrodynamic dispersion (Nepf, Mugni-
er, & Zavistoski, 1997; Nepf, 1999). On the other hand, the interactions with the vegetation strongly affect 
the fate of particles, promoting their retention, as well as the mechanical dispersion, due to the different 
paths traveled by particles through the canopy (Chang et al., 2008; Nepf, Mugnier, & Zavistoski, 1997).

Depending on the particle and plant characteristics, the mechanisms of interaction can be manifold. For 
instance, plants can directly intercept small heavier-than-water or neutrally buoyant particles, such as sedi-
ments or seeds, or exploit other mechanisms such as electrostatic attraction or retention due to the recircu-
lating zone in the wake behind the stems (Espinosa-Gayosso et al., 2013; Rubenstein & Koehl, 1977; Shime-
ta & Jumars, 1991; White & Nepf, 2003). Floating particles are also subjected to the capillary force arising 
from the interaction between the menisci of both the floating body and piercing-surface stems (Chambert & 
James, 2009; Peruzzo et al., 2013; Vella & Mahadevan, 2005). In addition, the large-size particles are slowed 
down when colliding with the plant because of their inertia, or they are arrested by the plants' net-like struc-
ture, that is, the so-called net trapping mechanism (Defina & Peruzzo, 2010).

The trajectory of a particle flowing and slaloming through emergent vegetation is thus rather unpredictable, 
and a stochastic approach to describe particle propagation is preferable. Defina and Peruzzo (2010) pro-
posed a specific random walk model in order to study the transport of floating particles within a canopy of 
mimicked vegetation. In the model, the path traveled by a particle through emergent vegetation is described 
according to a Lagrangian approach. The mechanisms leading a particle to collide with or be retained by 
the vegetation are not described in detail, but the effects of vegetation on the propagation of a particle are 
taken into account by introducing a set of probabilities to assess how often the particle may interact with, 
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and then either be permanently captured or temporarily trapped by the stems. Although purely stochastic in 
the model, the probabilities of interaction and retention of the particle are actually closely related to the col-
lision efficiency of the stem (, defined as the ratio of span within which particles can collide with the stem 
and the stem diameter, where this span is dependent on hydrodynamics) (Espinosa-Gayosso et al., 2015; 
Liu et al., 2018; Palmer et al., 2004; Peruzzo et al., 2012, 2016). Specific experiments have also been carried 
out to assess the retention time of floating particles in different flow conditions, highlighting the existence 
of two retention time-scales. Short retention times are associated with the slow-down process that a parti-
cle experiences when it hits a stem, rolls around it and interacts with its wake before it continues to move 
downstream; long retention times are associated with the temporary trapping of particles by capillarity or 
through the net trapping mechanism (Peruzzo et al., 2012).

To date, the Lagrangian stochastic approach has proven more than suitable to describe the propagation of 
particles and their interactions with the vegetation. However, the Lagrangian stochastic model is extremely 
demanding, both on input data and computational costs at large scales. To overcome this drawback, when-
ever possible, upscaling from the local interaction processes between particles and stems is desirable, and 
this means moving from the Lagrangian to the Eulerian approach.

Advection-diffusion models have been widely and successfully applied to describe the transport of particles 
through vegetation by assuming that the particle transport is driven by the mean flow velocity (Cunnings 
et al., 2016; Nepf, Mugnier, & Zavistoski, 1997; Nitto et al., 2013; Richards et al., 1995; Shi et al., 2020). 
Recently, Liu et al. (2020) assessed an Eulerian model including the mechanical dispersion due to the slow-
down of particles interacting with the vegetation stems, but to the best of our knowledge, an advection-dif-
fusion model that includes long-time retention mechanisms is lacking. Note that long-time retention is 
often the main process promoting particle dispersion at large scales.

This study aims at covering this gap in knowledge by presenting an advection-diffusion model, whose pa-
rameters are strictly related to those of the Lagrangian stochastic model proposed by Defina and Peruz-
zo (2010), which also accounts for long-time retention processes and particle removal by vegetation.

2. Methods
Since we want to develop an Eulerian model whose parameters are strictly related to those of the Lagrangi-
an stochastic model, a short description of the latter model is given below. It is also worth pointing out that 
the stochastic model, originally developed to describe the transport and diffusion of floating particles, can 
be applied also to the case of moderately heavier than water or neutrally buoyant particles.

2.1. The Stochastic Model

The stochastic model, proposed by Defina and Peruzzo (2010), considers the generic trajectory traveled by a 
particle with velocity U  within a region of emergent vegetation; the trajectory is dissected into segments or 
sections with length  1 /s n , n being the stem density. Within each section, the particle has the proba-
bility iP of interacting with a stem, and probability 1 iP  of flowing downstream undisturbed.

When a particle collides with a stem, it can be slowed down, with probability sP ; temporarily trapped, with 
probability tP; or permanently captured, with probability cP . When a particle is temporarily trapped, it stays 
on place for a random time. Based on the experimental results of Defina and Peruzzo (2012), we can assume, 
as a good approximation, this random time is exponentially distributed with a mean value, T . Details on the 
mechanisms that cause temporary or permanent captures can be found in Defina and Peruzzo (2010, 2012). 
The layout of the model is shown in Figure 1.

The typical time delay in the particle propagation produced by slow-down events is of order one second, 
which is much shorter than temporary trapping events (Defina & Peruzzo, 2010; Liu et al., 2020). Accord-
ingly, and for the sake of simplicity, slow-down events are neglected in this work, that is, when a slow-down 
event is predicted to occur, with probability 1s t cP P P   , we assume that the particle behaves as if it did 
not interact with the stem at all.
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2.2. The Eulerian Model

Modeling the large-scale dispersal of particles within regions of emer-
gent vegetation with the Lagrangian stochastic model is extremely bur-
densome, and a model based on the Eulerian approach is far preferable. 
The problem then consists of relating the parameters of the stochastic 
model, namely, iP, cP , tP, T , U , and n or s, to the parameters of a standard 
transport and diffusion model, including a first-order decay


2

2 ,m
c c cU D c
t x x
     
  

 (1)

where c and mU  are the particle concentration and the mean transport 
velocity, respectively, D is the longitudinal diffusion coefficient; and  is 
the capture rate coefficient that controls the fraction of particles that are 
permanently captured by vegetation per unit time.

The propagation of the particles described by Equation  1 is 1D with 
the x-direction corresponding to the local streamwise direction, which 
is also the direction of the principal axis of inertia. Accordingly, the 1D 
model can easily be extended to the 2D case once specified the diffusion 
in the transverse direction (e.g., as found by Nepf, Sullivan, and Zavis-
toski (1997)) that allows to construct the 2D diffusion tensor.

The spatial distribution of permanently captured particles can then be 
estimated as

 ,pc
c

t





 (2)

with pc  the concentration of permanently captured particles.

As stated above, the three parameters introduced in Equation 1, namely, ,mU D and , need to be assessed by 
relating them to the parameters governing the stochastic model. For this purpose, the results of the stochas-
tic model are compared with the analytical solution of Equation 1. In particular, the propagation of a cloud 
of particles, of unit mass, released in 0x   at 0t   is simulated with the stochastic model. The solution to 
Equation 1, by prescribing ( , ) 0c t   as boundary condition, and ( ,0) ( )c x x , with  ( )x  the Dirac delta 
function, as initial condition, reads




2( )1( , ) exp .
44

mx U t
c x t t

DtDt

     
 

 (3)

It is worth noting that, since the mass is unitary, at each instant t the concentration ( , )c x t  represents the 
probability density function of the particle position.

The transport velocity mU . Along a generic trajectory of length L through the stem array, a particle is as-
sumed to step through 0 /m L s  sections, each containing one stem; at each step, the probability that a 
particle collides with the stem and remains temporarily trapped is i tPP . Let T  be the mean retention time, 
that is, the mean time a particle remains attached to a stem at each temporary trapping event. Then the 
mean time, t, taken by a particle to traverse the length s is given by the sum of the travel time,  /s U , and 
the retention time, i tPPT  weighted by the fraction (1 )i cPP  of active particles, that is, particles that are not 
removed from the flow by being permanently captured by vegetation

 ,
1

i t

i c

PPTst
U PP

 
 

where U  is the particle velocity while freely flowing downstream without any interaction; this velocity can 
be approximated with the bulk flow velocity. The above equation can be rearranged to read

 (1 ),st
U

  (4)
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Figure 1. Layout of the stochastic model, adapted from Defina and 
Peruzzo (2010).
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with
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The mean transport velocity mU , that is, the mean velocity of a particle including its temporary stops, is then 
given by
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 (5)

The parameter φ. To assess the parameter , we refer to the case without diffusion in the Eulerian model, 
and hence without temporary trapping events in the stochastic model, and consider the spatial distribution 
of permanently captured particles as time goes to infinite; in this case, ( , )pc x t    follows an exponential 
law (Peruzzo et al., 2012)
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When t  , the distribution is given by the previous equation truncated at the distance x Ut , that is,
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In the absence of diffusion ( 0D  ) and of temporary trapping events ( 0tP  ) the transport velocity mU  
reduces to U , as stated by Equation 5 and 1 is rewritten as

 .c cU c
t x
   
 

 (8)

With the initial condition given by the Dirac delta function, ( , 0) ( )c x x , and boundary condition 
( , ) 0c t  , the solution of the above equation reads

 ( , ) ( ).tc x t e x Ut  (9)

With this distribution of particles concentration, and assuming ( , 0) 0pc x  , Equation 2 can be solved to give

 /( , ) ( / ),x U
pc x t e H t x U

U
  (10)

where ( )H x  is the Heaviside step function. Equivalently, Equation 10 can be written as

 /
( , ) .

0

x U

p
e x Utc x t U

x Ut


   

 (11)

From the comparison of the above Eulerian solution with the solution of the stochastic model given by 
Equation 7, we have


 

ln(1 ).i c
U U PP

s
    (12)

We recall that the velocity U  in the above equation is actually the transport velocity mU  that reduces to U  
when the diffusion is negligible. Consequently, in the presence of diffusion and temporary trapping events, 
the capture rate coefficient is still given by Equation 12 provided that the velocity U  is replaced with mU .

The diffusion coefficient D. The diffusion of particles transported in a turbulent flow is mainly due to the 
mixing mechanism promoted by turbulence. However, in vegetated flows there are additional mechanisms 
acting to enhance dispersion (Nepf, Mugnier, & Zavistoski, 1997; White & Nepf, 2003). One mechanism is 
associated with the back-flow region within the wake behind the plant stems that may temporarily detain 
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the flowing particles; this mechanism turns out to be effective only when the particle size is much smaller 
than the stem diameter. A more effective mechanism, which produces the so-called mechanical or hydro-
dynamic dispersion, arises because of the non-uniform transport velocity within the stem array, and the 
different length of the paths traveled by the particles while slaloming through the stems (Nepf, Mugnier, & 
Zavistoski, 1997). In the case of floating particles, the temporary trapping by capillarity or by net trapping 
mechanism, and the associated time delay taken by particles to propagate, largely enhances the longitudinal 
dispersion.

The probability that a floating particle experiences k  temporary trapping events while traversing 0m  sections 
of length s, has a binomial distribution (Nepf, Mugnier, & Zavistoski, 1997)

0

0
( ) 1 ,

1 1

k m k
i t i tk

m
i c i c

PP PP
P k C

PP PP

                
 (13)

with 
0

k
mC  the binomial coefficient. The mean number of delays is 0 / (1 )i t i cm m PP PP  , and the variance is

 2
00

1 .
1 1

i t i t
m

i c i c

PP PP
m

PP PP
       

 (14)

After experiencing a moderately large number of sections, the binomial distribution tends toward a normal 
distribution with the same mean and variance; accordingly, for the case of a cloud of particles released just 
upstream of the vegetated area, with zero variance, after a period of time 0t m t , the spatial variance will 
be

 2 2 2
0

( ) ,mt  (15)

with  a suitable longitudinal length. In addition, the variance grows linearly with time as (Fischer 
et al., 1979; Rutherford, 1994):

 2( ) 2 ,t Dt (16)

with D the diffusion coefficient. We further assume  0 mU T , with 0 a calibration factor, and combine 
Equations 5 and 14–16 to yield
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By comparing the concentration distribution provided by the stochastic model with that provided by the 

Eulerian model, we find 2
0 (2 ) / (1 )

1 1
i t i t

i c i c

PP PP
PP PP

  
  , and hence, we obtain
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The above diffusion coefficient can be added to those stemming from other mechanisms promoting particle 
dispersal, for example, mechanical and turbulent diffusion (Nepf, Mugnier, & Zavistoski, 1997). As it will be 
shown in Section 3, the long time trapping mechanism is prevalent in most cases, so that the other mecha-
nisms promoting diffusion can be often neglected.

Overall, the parameters of the Eulerian model are given by the following set of relationships

2
3

1

1 .
2(1 ) (1 )

ln(1 )


m

i t

i c

m
i c

UU

PPD U T
PP

U PP
s







ìïï =ïï +ïï é ùïï ê ú= -í ê úï - +ï ë ûïïïï = - -ïïî

 (19)

The reliability of the solution here proposed, that is, Equation 19, will be assessed in the next Section through 
the comparison of the predictions of the two approaches; in this regard, a simple non-dimensional analysis 
of the parameters of the stochastic model is useful. The stochastic model is governed by the parameters iP, 
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tP, cP , U , s, and T ; these parameters can be grouped as i tPP , i cPP , and /UT s. In this way, the parameters 
of the Eulerian model, in non-dimensional form, that is, /mU U , 2/D U T , and T , as given by Equation 19, 
can all be written as a function of the above three non-dimensional parameters.

3. Results and Discussion
In this Section, the results of the application of the stochastic model are compared with the solution of the 
Eulerian model. In particular, the propagation of a cloud of particles released in 0x   at 0t   is simulated 
both by the stochastic and the Eulerian model.

The diffusion process described by the Lagrangian stochastic model can be considered as Fickian once all 
the particles experience a sufficient number of interactions. In fact, at the very beginning of the propagation 
process, a fraction of the cloud of particles has never interacted with the vegetation and hence has moved 
downstream with velocity U ; all these particles, at the generic instant, t, are accumulated at x Ut  and the 
spatial distribution of the concentration is there truncated. We then need that this fraction of particles be 
extremely small and hence negligible. The fraction of particles, C, that at time t has not yet interacted with 
any stem is

(1 ) .
UT t

s T
i c i tC PP PP   (20)

Let minC  be the fraction of particles that can be assumed negligibly small; according to Equation 20 we have



( ) .
(1 )

min

i c i t

ln Ct
T UT ln PP PP

s


 

 (21)

From the analysis of the results provided by the stochastic model, 410minC   is found to be an acceptable 
threshold. An additional and independent lower boundary for the relative time /t T  stems from the require-
ment that the initial binomial distribution must have time to evolve and approach a Gaussian distribution; 
this occurs when / 10 20t T   .

If 0cP  , the progressive reduction of the number of the uncaptured particles makes the statistical analysis 
of the results, provided by the Lagrangian stochastic model, extremely demanding, particularly in the last 
stage of depletion of the transport process. For this reason, it is useful to consider an upper limit for the 
relative time /t T . A simple estimate of the number of uncaptured particles as time progresses is given by 
the spatial integration of Equation 11 that yields

1 .tpC e  (22)

Actually, Equation 11, and hence Equation 22, can be established when diffusion is neglected; however, the 
results of the present numerical analysis show that Equation 22 provides a sufficiently accurate estimate 
even in the presence of diffusion. In this study, the statistical analysis is limited by relative times such that 

p p maxC C , with 95%p maxC  . Combining Equation 19 for  with Equation 22, this condition can be re-
written as

1 (1 ).
(1 ) (1 )

i c i t
p max

i c i c

PP PPt ln C
T PP ln PP

 
 

  (23)

It is worth stressing that constraint Equation 23 does not necessarily need to be satisfied. Nevertheless, it 
must be said that, when the fraction of uncaptured particles is very small, for example, smaller than 5%, the 
relative error might be non-negligible while the absolute error is; this is the reason we confidently limited 
the statistical analysis to relative times that satisfy the above constraint.

In the stochastic model, the non dimensional parameters i tPP , i cPP , and /UT s are allowed to vary in the 
following ranges

 30 0.9, 0 0.1, 0 / 10 .i t i cPP PP UT s      (24)

The transport velocity mU . Figure 2 compares the mean transport velocity mU  given by the Equation 5 with 
the mean transport velocity msU  computed with the stochastic model. After a relatively short initial time, 
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/ 10t T  , the transport velocity predicted by Equation  5 well corre-
sponds to the one computed with the stochastic model. On the contrary, 
at the very early stage of the simulations, advection is the only process 
affecting the fate of the particles in the Lagrangian scheme, since only a 
small fraction of the particles interact with the vegetation. In this condi-
tion, that is, when / 1t T , the velocity of the cloud centroid is close to 
U  and hence 1ms mU U   .

The capture coefficient φ. To check the validity of Equation 12, predict-
ing the parameter , we compare, in the absence of diffusion and tem-
porary trapping processes, the spatial distribution of the permanently 
captured particles, pc , computed with the stochastic model to that given 
by the Eulerian model, which is also referred to as dispersal kernel (Na-
than & Muller-Landau,  2000). Figure  3 shows an example, among the 
many comparisons performed, of the fate of one cloud of 500 particles; 
the good agreement generally found between the analytical solution of 
the Eulerian model, given by Equation 11, and the results provided by the 
stochastic model, confirms the correctness of Equation 12.

In the presence of temporary trapping events, and hence of diffusion, we cannot compare the distribution 
( , )pc x t  computed with the stochastic model with the solution of Equation 2 since no analytical solution of 

this equation is available when the distribution ( , )c x t  is that given by Equation 3; in this case, the validity 
of Equation 12 is checked by estimating with the two models the amount of captured particles at different 
times. This procedure is illustrated later in the text.

The diffusion coefficient D. The validity of Equation 18 relating the diffusion coefficient to the parameters 
of the stochastic model is preliminarily checked when the permanent capture is inhibited, that is,  0  
in Equation 1 and cP  = 0 in the stochastic model. In this case, if we release a cloud of particles with zero 
variance just upstream of the stem array ( 0)x  , at 0t  , the variance,  2, of the cloud grows linearly in 
time according to Equation 16.
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Figure 2. The ratio /ms mU U  between the transport velocity computed 
with the stochastic model and that given by Equation 5 as a function of 
the relative time /t T . msU  has been determined by averaging over 510  
realizations.

Figure 3. Example of the spatial distribution of captured particles concentration, pc , at different times /tU s; the 
analytical solution of the Eulerian model, given by Equation 11 and denoted with red lines, is compared to the results 
provided by the stochastic model, denoted with small black dots. In this example the parameters of the stochastic 
model are U  = 0.05 m/s, n = 625 2m  and hence s = 0.04 m, iP = 0.3, cP  = 0.05, and tP = 0. The concentration ( , )pc x t  
computed with the Lagrangian model is estimated by releasing one cloud of 500 particles.
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Let   be the relative diffusion coefficient,  2/ ( )D U T ; according to Equation 18 we have


 31 ,

2(1 ) (1 )
i t

i c

PP
PP

 
     

 (25)

and Equation 16 can be rewritten as

 2 .t
UT T

 (26)

Figure 4 shows some examples of the non-dimensional variance  2 2( )UT  as it varies with the relative time 
/t T  for some values of the coefficient  ; the results of the stochastic model, denoted with different symbols, 

strictly overlap the continuous curves given by Equation 26, with minor differences when / 5t T  .

The ability of Equation 18 to predict the diffusion coefficient is also checked by comparing the results pro-
vided by the stochastic model with the solution given by Equation 3 under different conditions.

The concentration distribution. An example of the comparison between the particle concentration distribu-
tions computed with the Lagrangian and the Eulerian models at different relative times, /t T , when the cap-
ture process is inhibited ( 0cP  ) is shown in Figure 5. The Gaussian solution satisfactorily predicts the par-
ticle distribution, despite the slight positive asymmetry that does not allow the model to perfectly capture 
the tails of the concentration. The fit between the computed and predicted concentration improves with 
increasing /t T , as the equilibrium condition between longitudinal advection and retention is approached. 
It is worth noting, in Figure 5b, that when / 5t T   the distribution ( , )c x t  is truncated at 5x UT ; this is 
consistent with Equation 20 that gives . 3 48.610 10minC C   . With the data of this example, the con-
centration is approximately distributed as a Gaussian when / 9.7t T   as given by Equation 21.

As an example, Figure 6 compares the particle concentration distributions computed with the Lagrangian 
and the Eulerian models at different relative times, /t T , when the permanent capture process is allowed. 
Although the probability cP  is relatively small ( 2%cP   in panel a) and 5%cP   in panel b)), the number 
of flowing particles reduces quite rapidly. Importantly, we observe that the cloud centroid is slightly slow-
er than that computed when 0cP  ; however, also in this more complex scenario, the Eulerian solution 
describes satisfactorily the time evolution of the particle concentration. In this example, as well, when 

5%cP   (Figure 6b), the spatial distribution of the uncaptured particles at / 5t T   is truncated at 5x UT  
for the same reason discussed above.

The many simulations and comparisons performed allow us to conclude that when / 10t T   and 0cP   
the transport velocity and the diffusion coefficient provided by the stochastic model are ultimately time-in-
dependent. For this reason, the values of these parameters computed with the stochastic model when 

/ 10t T   can confidently be compared with the corresponding theoretical values.
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Figure 4. Comparison between diffusion predicted by the stochastic model and that computed with the Eulerian 
approach by demonstrating the non-dimensional variance  2 2( )UT  varies with time /t T  for some values of the 
coefficient  . In the Lagrangian model, the variance has been determined by averaging over 410  realizations.
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Figure  7 compares the relative transport velocity /mU U  and the non dimensional diffusion coefficient 
2/D U T  computed with Equations 5 and 18, respectively, with the corresponding parameters, denoted with 

/msU U and 2/sD U T , evaluated with the stochastic model at / 20t T   when the permanent capture is 
inhibited: the agreement is very good.

It is worth noting that, regardless the presence of the permanent capture process, the interaction between 
particles and vegetation, and in particular, slow-down and temporary capture processes, promotes the re-
duction of the particles average velocity, that is, the transport velocity, that can be one order of magnitude 
smaller than the mean flow velocity. This important effect of the particle-vegetation interaction is often 
neglected in the standard advection-diffusive models, in which mU U  is assumed.

In the contemporary presence of temporary and permanent capture events things become complicated. A 
first important consequence is that the parameters of the Eulerian model become time dependent. Figure 8 
shows an example of how the transport velocity mU  varies with time, from / 10t T   to the upper boundary, 
given by Equation 23, and corresponding to when 95% of particles are permanently captured. Accordingly, 
the transport and diffusion process described by the Lagrangian stochastic model could not be transposed 
into an equivalent standard Eulerian model.

To make this point more clear, let us consider the case when permanent capture is inhibited. After some ini-
tial time, an equilibrium condition is reached so that the rate at which particles become temporarily trapped 
equals the rate at which temporarily trapped particles become free again and flow downstream with velocity 
U . On the contrary, when both temporary and permanent capture events affect the particle flow, the above 
equilibrium condition cannot be achieved. This is because the number of uncaptured particles reduces in 
time so that the number of particles that become temporarily trapped at time t is smaller than the number 
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Figure 5. The spatial distribution of particle concentration at different times /t T ; the analytical solution of the 
Eulerian model, denoted with thick lines, is compared to the results provided by the stochastic model, denoted 
with circles. In these examples the permanent capture is inhibited by assuming 0cP  ; the other parameters of 
the stochastic model are U  = 0.05 m/s, n = 625 2m  and hence s = 0.04 m, iP = 0.1, ) ta P  = 0.5, T  = 100 s, and 

) tb P  = 0.3, and T  = 25 s. The concentration ( , )c x t  computed with the Lagrangian model is averaged over 510  runs.
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of particles, previously trapped, that become free again at time t. This mechanism promotes the reduction of 
the number of particles that are temporarily trapped at time t. However, the number of uncaptured particles 
reduces faster so that, as time progresses, the ratio of particles that are staying temporarily trapped to those 
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Figure 6. The spatial distribution of particle concentration at different times /t T ; the analytical solution of the 
Eulerian model, denoted with thick lines, is compared to the results provided by the stochastic model, denoted 
with circles. In both these examples U  = 0.05 m/s, n = 625 2m  and hence s = 0.04 m, iP = 0.1, whereas tP = 0.5, 

cP  = 0.02, and T  = 100 s are assumed for the case a); tP = 0.3, cP  = 0.05, and T  = 25 s, are assumed for the case b). Thin 
dotted lines are used to show the spatial distribution of particle concentration when cP  is set to zero. The concentration 
( , )c x t  computed with the Lagrangian model is averaged over 510  runs.

Figure 7. Comparison between the relative transport velocity /mU U  (panel a) and the non dimensional diffusion 
coefficient 2/D U T  (panel b) computed with Equations 5 and 18, respectively, with the corresponding parameters, 
denoted with /msU U and 2/sD U T , evaluated with the stochastic model at / 20t T   when 0cP  . In both plots, 
the coefficient of determination, 2R , is larger than 0.99.
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that are freely flowing increases and hence the mean velocity, that is, the transport velocity, mU , reduces in 
time. The same mechanism is responsible for the time reduction of the diffusion coefficient.

This point is rather interesting since we can state that the transport and diffusion process that includes some 
decay has memory of its previous conditions. Therefore, when modeling scenarios where the rate of per-
manent capture is relevant, an Eulerian model should strictly account for the history of particles propaga-
tion. However, the differences between the Lagrangian and the proposed Eulerian solutions are moderately 
small, especially when compared with the uncertainties that typically affect the estimation of the transport 
velocity and diffusion coefficient when dealing with the flow through vegetated areas.

Figure 9 collects the results of more than 400 cases with i cPP , i tPP , and /UT s varying in the ranges given 
by Equation 24, and for different values of the relative time /t T . Black circles denote all cases when the rel-
ative time is in the range bounded by the lower and upper limits given by Equations 21 and 23, respectively; 
gray circles denote cases when the upper constraint for /t T , that is, Equation 23, is violated, whereas small 
white circles denote cases when the lower constraint Equation 21 is violated.

Figure 9a shows the ratio between the transport velocity computed with the stochastic model, msU , and 
the one given by Equation 5, as a function of /i c i tPP PP. When the capture probability is relatively small, 

/ms mU U  is close to one, while it gradually reduces with /c tP P increasing. When the relative time is allowed 
to increase beyond the upper limit given by Equation 23, as expected, /ms mU U  further decreases. On the 
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Figure 8. The ratio between the transport velocity computed with the stochastic model, msU , and the one given by 
Equation 5, as a funtion of the relative time, /t T ; in both panels 2%cP   and / 100UT s  . Relative time varies 
from / 10t T   to the upper boundary, given by Equation 23.
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Figure 9. a) The ratio between the transport velocity computed with the stochastic model, msU , and the one given 
by Equation 5, as a funtion of /i c i tPP PP; b) the ratio between the diffusion coefficient computed with the stochastic 
model, sD , and the one given by Equation 18, as a function of /i c i tPP PP; c) the non-dimensional capture rate 
coefficient given by Equation 19, T , against the one computed with the stochastic model, sT .
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contrary, when the lower boundary for /t T  given by Equation 21 is violated, the ratio /ms mU U  remains 
close to one; the reason for this behavior is that the transport velocity is nearly equal to the velocity U  when 

/t T  is small because particles experienced only a small number of long time trapping events; therefore 
ms mU U U  .

The same reasoning explains the behavior of the diffusion coefficient shown in Figure 9b when the lower 
limit for the relative time is satisfied. When constraint Equation 21 is violated, that is, when /t T  is small, 
the diffusion coefficient computed using the results of the Lagrangian model is larger than that predicted 
by Equation 18, because the rates of temporarily retained and resumed particles are far from being in equi-
librium and the spatial variance increases more than linearly with time.

The capture rate coefficient, , is weakly affected by the long time trapping events; Figure  9c confirms 
that Equation 19 predicts accurately the particle removal rate when  0.1T  ; some inaccuracies can be 
observed only when  0.15T  ; however, at this removal rate, the fraction of captured particles increases 
very quickly. For instance, with  0.15T  , Equation 22 predicts that more than 75% of the particles initially 
released is permanently captured at /t T  = 10, and more then 99% is permanently captured at /t T  = 30. 
Accordingly, the inaccuracy in estimating the rate of capture by Equation 22 is not significant.

On the whole, given the large uncertainties that typically affect the estimation of the transport velocity and 
diffusion coefficient when dealing with the flow through vegetated areas, we can conclude that Equation 19 
can confidently be used to assess the parameters of a standard transport and diffusion model for particles 
propagating through emergent vegetation.

Comparison with available experimental results. As mentioned in Section 2, we use the experimental re-
sults of Defina and Peruzzo (2012) to show that, in flow regimes typically observed in natural wetlands, the 
transport velocity can be much smaller than the flow velocity and the diffusion coefficient can be much 
greater than that found for turbulent diffusion and mechanical dispersion. Defina and Peruzzo (2012) re-
ported a series of experiments on the propagation of floating particles through emergent vegetation. The 
experiments were carried out in a 6 m long flume and the model plant canopy consisted of plastic plants, 
randomly arranged over a 3 m long test section; plant density was pn  = 86.7 2m , and hence  0.107s   m, 
and bulk flow velocity was in the range 3.3 13.3U    cm/s. Wooden particles were released just upstream 
of the canopy and their paths through the vegetation were recorded by a camera to estimate the proba-
bilities iP, cP , tP, and the duration, T , of temporary trapping events. The results of these experiments are 
summarized in Table 1.

Using Equations 5 and 18, we find a transport velocity, mU , in the range from 0.88 to 3.06 cm/s and a dif-
fusion coefficient, D, in the range from 50 to 570 2cm /s, respectively. It is worth noting in Table 1, that the 
transport velocity, mU , is up to five times smaller than the flow velocity, U .

We also estimate the diffusion coefficient due to turbulence and mechanical dispersion using the model 
proposed by Nepf (1999); for this purpose we recall that each plastic plant used in the experiments by Defina 
and Peruzzo (2012) was composed of approximately 120 leaves with a diameter d  2 mm; accordingly, the 
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exp. i cPP i tPP s (cm) T  (s) U  (cm/s) mU  (cm/s) D ( 2cm /s) tD  ( 2cm /s)

1B 0.394 0.060 10.7 90 3.3 0.88 48.8 0.2

2B 0.287 0.065 10.7 88 5.0 1.06 74.1 0.3

3B 0.130 0.049 10.7 85 6.7 1.68 175.4 0.4

6B 0.047 0.032 10.7 80 13.3 3.06 568.2 0.8

Note. exp. denotes the same label of experiments as the One reported in Table 1 of Defina and Peruzzo (2012); mU  is the transport velocity computed with 
Equation 5, D is the diffusion coefficient computed with Equation 18, and tD  is the diffusion coefficient computed with the model proposed by Nepf (1999).

Table 1 
Parameters of the Eulerian Model Estimated From the Experimental Results of Defina and Peruzzo (2012)
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number of leaves per unit area is 210400n m . Using these data with Equation 8 of Nepf (1999) we find 
the diffusion coefficients tD  listed in Table 1 that turns out to be dramatically smaller than those produced 
by the temporary trapping mechanism. The temporary trapping is hence the main mechanism promoting 
the longitudinal dispersion of seeds. This is further confirmed by comparing the results of the experiments 
performed by Defina and Peruzzo (2012) with those performed by Liu et al. (2020), in the same hydrody-
namic condition, and in which the longitudinal dispersion depends on the slow-down of particles colliding 
with the stems. Liu et al. (2020) estimated coefficients of dispersion ranging from 2 to 4 2cm /s, that are much 
smaller than those induced by long-time temporary trapping (see Table 1).

Interestingly, the scheme here proposed is effective also when considering slow-down processes or, equiv-
alently, short-time trapping mechanisms. Nepf, Mugnier, and Zavistoski (1997) measured the longitudinal 
dispersion coefficient by releasing a conservative solute through an array of cylinders. In these experiments 
the mean flow velocity was 6U   cm/s and the cylinders, with a diameter d = 6 mm, were randomly dis-
tributed with density n = 1530 2m . They also found a mean transport velocity 5.5mU   cm/s and a dis-
persion coefficient 21.2 0.4 cmD   /s. The delay of the solute particles propagation was mainly related to 
their trapping in the wake behind each cylinder. Accordingly, the mean retention time is likely comparable 
to the mean period of vortex shedding; with a cylinder Reynolds number 360dRe  , the Strouhal num-
ber is 0.2St   and hence / 0.5T d U St   s. On assuming that the probability that the solute particles 
being trapped in the wake behind a cylinder, that is, the probability i tPP , is given by the fraction of volume 
occupied by the wakes, we have 0.06i tPP  . With these estimates, Equations 5 and 18 give mU  = 5.6 cm/s 
and D = 1.0 2cm /s, respectively. Both these values compare favorably with those found in the experiments.

4. Conclusions
This paper presents an Eulerian model for the advection, diffusion, and removal of buoyant particles within 
regions of emergent vegetation. The model parameters are estimated based on the parameters of the more 
detailed stochastic Lagrangian model proposed by Defina and Peruzzo (2010, 2012) and suitably designed 
for the same purpose.

The impact of the temporary trapping events on the advection and diffusion of the floating particles is 
very large. On one hand, the transport velocity dramatically reduces compared to the bulk flow veloc-
ity. On the other hand, the diffusion largely increases resulting in dispersion coefficients dramatical-
ly larger than those predicted by the classical mechanical dispersion theory (e.g., Nepf, Mugnier, and 
Zavistoski (1997)).

When the permanent capture by vegetation is inhibited, the proposed relationships between the parameters 
of the Lagrangian stochastic model and those of the Eulerian model are very accurate. On the contrary, in 
the contemporary presence of diffusion and permanent capture events,a standard advection-diffusion mod-
el could not be strictly used to describe the propagation of floating particles through emergent vegetation. In 
this condition, the parameters of the model become time-dependent, see, for example, the transport veloci-
ty, mU , in Figure 8. Nevertheless, the impact of time dependency is relatively small and the solution given by 
the proposed relationships satisfactorily predicts the Lagrangian propagation of floating particles through 
emergent vegetation; in most of the investigated conditions the error is smaller than 15%.

The time dependence of the parameters of the Eulerian model in the presence of permanent capture events 
is an interesting and important issue. It deserves further investigation in order to model floating particle 
dispersion through vegetation more accurately.

Data Availability Statement
The data used in this study are available at http://researchdata.cab.unipd.it/id/eprint/427.
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